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Abstract: This study aims to explore the complex interactions between an internal solitary wave and
an external force using the Benjamin-Ono equation as the theoretical framework. The investigation
encompasses both asymptotic and numerical approaches. By assuming a small amplitude for the
external force, we derive a dynamical system that describes the behavior of the solitary wave
amplitude and the position of its crest. Our findings reveal three distinct scenarios: (i) resonance
between the solitary wave and the external force, (ii) oscillatory motion with closed orbits, and
(iii) displacement from the initial position while maintaining the wave direction. However, through
numerical simulations, we observe a different relationship between the amplitude of the solitary wave
and its crest position. Specifically, for external forces of small amplitude, the simulations indicate
the presence of an unstable spiral pattern. Conversely, when subjected to external forces of larger
amplitudes, the solitary wave exhibits a stable spiral trajectory which resembles the classical damped
mass-spring system.
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1. Introduction

Considerable research efforts have been devoted to studying weakly nonlinear models
that describe the evolution of internal waves. Prominent among these models are the
Korteweg-de Vries (KdV) equation, which applies to shallow water, the Intermediate
Long Wave (ILW) equation, suitable for fluids of finite depth, and the Benjamin-Ono (BO)
equation, which pertains to deep water dynamics [1–4]. These established models exhibit
captivating characteristics, including the presence of periodic and solitary wave solutions
that persist over time. However, it is essential to recognize that these model equations
possess certain limitations that restrict their applicability to more generalized problems.
Notably, they are valid only within specific depth ranges, thereby imposing a significant
constraint on their practical utility.

The renowned Benjamin-Ono equation

ut + c0ux −
3c0

2h1
uux +

c0h1

2ρr
H[uxx] = 0, (1)

is commonly used to study the perturbed interface between two inviscid fluids of constant
densities of a flat rigid lid and infinity depth. Here, h1 is the thickness of the upper layer
with density ρ1, ρ2 is the density of the lower fluid, ρr = ρ1/ρ2 < 1 is the ratio between the
densities of the lighter fluid (upper layer) and the heavier one (lower layer) and c0 is the
linear speed given by

c2
0 = gh1
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ρr
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)

, (2)
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where g is the acceleration of gravity. More details of the geometry of the problem is
depicted in Figure 1. The elevation of the interface in the position x and time t is denoted
by u(x, t) andH denotes the Hilbert transform defined as

H[u(x, t)] =
1
π

∫ +∞

−∞

u(y, t)
y− x

dy. (3)
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Figure 1. Sketch of the problem. The interface y = u(x, t) at time t in Cartesian coordinates Oxy,
which separates two inviscid fluids of constant densities ρ1 and ρ2. The upper layer, with a thickness
of h1, is bounded above by a rigid wall, while the lower layer extends infinitely in depth.

One of the key issues in water wave research is the investigation of the interaction
between solitary waves, which are symmetric waves with respect to their crest which
propagates through space at a constant speed without a change in its shape or size,
and a heterogeneous medium. Various frameworks have been employed to study this
problem. Integrable models, such as the Korteweg-de Vries (KdV) and modified KdV
(mKdV) equations, have been explored extensively [5–16], as well as nonintegrable models
including the Whitham [17,18], and the Schamel equation [19]. However, to the best of our
knowledge, the study of this phenomenon within the framework of the Benjamin-Ono (BO)
equation has not been addressed in the existing literature. The inclusion of an external force
in Equation (1) introduces intriguing physics problems. For instance, the external force
commonly arises in two scenarios: (i) a pressure distribution is applied at the free surface
of the upper layer [20,21], and (ii) the external force can represent bathymetry [20,22,23].
The latter case can effectively model flow over a mountain in the atmosphere when the
upper layer extends to infinity. These two cases are depicted in Figure 2.
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<latexit sha1_base64="m8W8QkvuTheuVHJu4c+KW3438uk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gN+DgGvXiMaB6QLGF2MpsMmZ1ZZmaFZcknePGgiFe/yJt/4yTZgyYWNBRV3XR3BTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjvzO09UaSbFo0lj6kd4JFjICDZWeqim1UG54tbcOdAq8XJSgRzNQfmrP5QkiagwhGOte54bGz/DyjDC6bTUTzSNMZngEe1ZKnBEtZ/NT52iM6sMUSiVLWHQXP09keFI6zQKbGeEzVgvezPxP6+XmPDaz5iIE0MFWSwKE46MRLO/0ZApSgxPLcFEMXsrImOsMDE2nZINwVt+eZW06zXvsnZxX680bvI4inACp3AOHlxBA+6gCS0gMIJneIU3hzsvzrvzsWgtOPnMMfyB8/kDoheNYQ==</latexit>y

<latexit sha1_base64="SR+rNYmNbDXg8jf52dfBZo8qVV8=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrskPo5ELx4xCpLAhswOszBhdnYz02skhE/w4kFjvPpF3vwbB9iDgpV0UqnqTndXkEhh0HW/ndzK6tr6Rn6zsLW9s7tX3D9omjjVjDdYLGPdCqjhUijeQIGStxLNaRRI/hAMr6f+wyPXRsTqHkcJ9yPaVyIUjKKV7spP5W6x5FbcGcgy8TJSggz1bvGr04tZGnGFTFJj2p6boD+mGgWTfFLopIYnlA1pn7ctVTTixh/PTp2QE6v0SBhrWwrJTP09MaaRMaMosJ0RxYFZ9Kbif147xfDSHwuVpMgVmy8KU0kwJtO/SU9ozlCOLKFMC3srYQOqKUObTsGG4C2+vEya1Yp3Xjm7rZZqV1kceTiCYzgFDy6gBjdQhwYw6MMzvMKbI50X5935mLfmnGzmEP7A+fwBoJKNYA==</latexit>x

<latexit sha1_base64="g+4G1VyHOxAfrCOZbrnlxBZq4so=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IU/DgWvXisYGqhDWWznbRLN5uwuxFK6W/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlk4yxdBniUhUO6QaBZfoG24EtlOFNA4FPoaj25n/+IRK80Q+mHGKQUwHkkecUWMlvzrsedVeueLW3DnIKvFyUoEczV75q9tPWBajNExQrTuem5pgQpXhTOC01M00ppSN6AA7lkoaow4m82On5MwqfRIlypY0ZK7+npjQWOtxHNrOmJqhXvZm4n9eJzPRdTDhMs0MSrZYFGWCmITMPid9rpAZMbaEMsXtrYQNqaLM2HxKNgRv+eVV0qrXvMvaxX290rjJ4yjCCZzCOXhwBQ24gyb4wIDDM7zCmyOdF+fd+Vi0Fpx85hj+wPn8Aa5qjfQ=</latexit>

h1

<latexit sha1_base64="yakd67aS/8de4pJFp7soqiG8OkE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IU/DgWvXisYGqhDWWz3bRLN5uwOxFK6W/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlQKg6777RTW1jc2t4rbpZ3dvf2D8uFRyySZZtxniUx0O6SGS6G4jwIlb6ea0ziU/DEc3c78xyeujUjUA45THsR0oEQkGEUr+dVhr17tlStuzZ2DrBIvJxXI0eyVv7r9hGUxV8gkNabjuSkGE6pRMMmnpW5meErZiA54x1JFY26CyfzYKTmzSp9EibalkMzV3xMTGhszjkPbGVMcmmVvJv7ndTKMroOJUGmGXLHFoiiTBBMy+5z0heYM5dgSyrSwtxI2pJoytPmUbAje8surpFWveZe1i/t6pXGTx1GEEziFc/DgChpwB03wgYGAZ3iFN0c5L86787FoLTj5zDH8gfP5A6/vjfU=</latexit>

h2

<latexit sha1_base64="przLYRaQzBjN+TTtUzxvH8oGyIU=">AAAB+HicbVDJSgNBEO2JW4xLRj16aUyEiBBmAi7HoB48RjALJEPo6fQkTXp6hu4aMQ75Ei8eFPHqp3jzb+wsB018UPB4r4qqen4suAbH+bYyK6tr6xvZzdzW9s5u3t7bb+goUZTVaSQi1fKJZoJLVgcOgrVixUjoC9b0h9cTv/nAlOaRvIdRzLyQ9CUPOCVgpK6dLwalx9PODRNAMJwUu3bBKTtT4GXizkkBzVHr2l+dXkSTkEmggmjddp0YvJQo4FSwca6TaBYTOiR91jZUkpBpL50ePsbHRunhIFKmJOCp+nsiJaHWo9A3nSGBgV70JuJ/XjuB4NJLuYwTYJLOFgWJwBDhSQq4xxWjIEaGEKq4uRXTAVGEgskqZ0JwF19eJo1K2T0vn91VCtWreRxZdIiOUAm56AJV0S2qoTqiKEHP6BW9WU/Wi/VufcxaM9Z85gD9gfX5A5wPkcU=</latexit>

f(x + �t)

<latexit sha1_base64="bQo7DNr4YxiEY5sdkrerw78T8ps=">AAAB8XicbVDLSsNAFL2pr1pfVZduBluhgpSk4GMjFN24rGAf2IYymU7aoZNJmJmIIfQv3LhQxK1/486/cdpmodUDFw7n3Mu993gRZ0rb9peVW1peWV3Lrxc2Nre2d4q7ey0VxpLQJgl5KDseVpQzQZuaaU47kaQ48Dhte+Prqd9+oFKxUNzpJKJugIeC+YxgbaT7cnIZVx5P9HG5XyzZVXsG9Jc4GSlBhka/+NkbhCQOqNCEY6W6jh1pN8VSM8LppNCLFY0wGeMh7RoqcECVm84unqAjowyQH0pTQqOZ+nMixYFSSeCZzgDrkVr0puJ/XjfW/oWbMhHFmgoyX+THHOkQTd9HAyYp0TwxBBPJzK2IjLDERJuQCiYEZ/Hlv6RVqzpn1dPbWql+lcWRhwM4hAo4cA51uIEGNIGAgCd4gVdLWc/Wm/U+b81Z2cw+/IL18Q3iso/C</latexit>

y = u(x, t)

<latexit sha1_base64="IKeR7HyX8wyJc4QLB30R/vkvDoY=">AAAB73icbVDLSgNBEOyNrxhfUY9eBhPBU9gN+DgGvXiMYB6QLGF2MpsMmZ1ZZ2aFsOQnvHhQxKu/482/cbLZgyYWNBRV3XR3BTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1K321VgOvOqgXHFrbga0SrycVCBHc1D+6g8lSSIqDOFY657nxsZPsTKMcDor9RNNY0wmeER7lgocUe2n2b0zdGaVIQqlsiUMytTfEymOtJ5Gge2MsBnrZW8u/uf1EhNe+ykTcWKoIItFYcKRkWj+PBoyRYnhU0swUczeisgYK0yMjahkQ/CWX14l7XrNu6xd3NcrjZs8jiKcwCmcgwdX0IA7aEILCHB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AQRYj08=</latexit>⇢1

<latexit sha1_base64="ZIIgRdqKi93h3T5fl1J5xaa+4eo=">AAAB73icbVDLSgNBEOyNrxhfUY9eBhPBU9gN+DgGvXiMYB6QLGF2MpsMmZ1ZZ2aFsOQnvHhQxKu/482/cbLZgyYWNBRV3XR3BTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1K321VgO6tVBueLW3AxolXg5qUCO5qD81R9KkkRUGMKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LBU4otpPs3tn6MwqQxRKZUsYlKm/J1IcaT2NAtsZYTPWy95c/M/rJSa89lMm4sRQQRaLwoQjI9H8eTRkihLDp5Zgopi9FZExVpgYG1HJhuAtv7xK2vWad1m7uK9XGjd5HEU4gVM4Bw+uoAF30IQWEODwDK/w5jw6L86787FoLTj5zDH8gfP5AwXdj1A=</latexit>⇢2

<latexit sha1_base64="m8W8QkvuTheuVHJu4c+KW3438uk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gN+DgGvXiMaB6QLGF2MpsMmZ1ZZmaFZcknePGgiFe/yJt/4yTZgyYWNBRV3XR3BTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjvzO09UaSbFo0lj6kd4JFjICDZWeqim1UG54tbcOdAq8XJSgRzNQfmrP5QkiagwhGOte54bGz/DyjDC6bTUTzSNMZngEe1ZKnBEtZ/NT52iM6sMUSiVLWHQXP09keFI6zQKbGeEzVgvezPxP6+XmPDaz5iIE0MFWSwKE46MRLO/0ZApSgxPLcFEMXsrImOsMDE2nZINwVt+eZW06zXvsnZxX680bvI4inACp3AOHlxBA+6gCS0gMIJneIU3hzsvzrvzsWgtOPnMMfyB8/kDoheNYQ==</latexit>y

<latexit sha1_base64="SR+rNYmNbDXg8jf52dfBZo8qVV8=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrskPo5ELx4xCpLAhswOszBhdnYz02skhE/w4kFjvPpF3vwbB9iDgpV0UqnqTndXkEhh0HW/ndzK6tr6Rn6zsLW9s7tX3D9omjjVjDdYLGPdCqjhUijeQIGStxLNaRRI/hAMr6f+wyPXRsTqHkcJ9yPaVyIUjKKV7spP5W6x5FbcGcgy8TJSggz1bvGr04tZGnGFTFJj2p6boD+mGgWTfFLopIYnlA1pn7ctVTTixh/PTp2QE6v0SBhrWwrJTP09MaaRMaMosJ0RxYFZ9Kbif147xfDSHwuVpMgVmy8KU0kwJtO/SU9ozlCOLKFMC3srYQOqKUObTsGG4C2+vEya1Yp3Xjm7rZZqV1kceTiCYzgFDy6gBjdQhwYw6MMzvMKbI50X5935mLfmnGzmEP7A+fwBoJKNYA==</latexit>x

<latexit sha1_base64="g+4G1VyHOxAfrCOZbrnlxBZq4so=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IU/DgWvXisYGqhDWWznbRLN5uwuxFK6W/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlk4yxdBniUhUO6QaBZfoG24EtlOFNA4FPoaj25n/+IRK80Q+mHGKQUwHkkecUWMlvzrsedVeueLW3DnIKvFyUoEczV75q9tPWBajNExQrTuem5pgQpXhTOC01M00ppSN6AA7lkoaow4m82On5MwqfRIlypY0ZK7+npjQWOtxHNrOmJqhXvZm4n9eJzPRdTDhMs0MSrZYFGWCmITMPid9rpAZMbaEMsXtrYQNqaLM2HxKNgRv+eVV0qrXvMvaxX290rjJ4yjCCZzCOXhwBQ24gyb4wIDDM7zCmyOdF+fd+Vi0Fpx85hj+wPn8Aa5qjfQ=</latexit>

h1

<latexit sha1_base64="yakd67aS/8de4pJFp7soqiG8OkE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IU/DgWvXisYGqhDWWz3bRLN5uwOxFK6W/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlQKg6777RTW1jc2t4rbpZ3dvf2D8uFRyySZZtxniUx0O6SGS6G4jwIlb6ea0ziU/DEc3c78xyeujUjUA45THsR0oEQkGEUr+dVhr17tlStuzZ2DrBIvJxXI0eyVv7r9hGUxV8gkNabjuSkGE6pRMMmnpW5meErZiA54x1JFY26CyfzYKTmzSp9EibalkMzV3xMTGhszjkPbGVMcmmVvJv7ndTKMroOJUGmGXLHFoiiTBBMy+5z0heYM5dgSyrSwtxI2pJoytPmUbAje8surpFWveZe1i/t6pXGTx1GEEziFc/DgChpwB03wgYGAZ3iFN0c5L86787FoLTj5zDH8gfP5A6/vjfU=</latexit>

h2
<latexit sha1_base64="lpvP/k8YBIrkjv6kTpKmUxmID3o=">AAACAXicbVDJSgNBEO2JW4xb1IvgpTERIsEwE3C5CEE9eIxgFkiGoafTkzTpWeiuEcMQL/6KFw+KePUvvPk3dpaDJj4oeLxXRVU9NxJcgWl+G6mFxaXllfRqZm19Y3Mru71TV2EsKavRUISy6RLFBA9YDTgI1owkI74rWMPtX438xj2TiofBHQwiZvukG3CPUwJacrJ7+cHFcc9JysOiV3gotq+ZAILhKO9kc2bJHAPPE2tKcmiKqpP9andCGvssACqIUi3LjMBOiAROBRtm2rFiEaF90mUtTQPiM2Un4w+G+FArHeyFUlcAeKz+nkiIr9TAd3WnT6CnZr2R+J/XisE7txMeRDGwgE4WebHAEOJRHLjDJaMgBpoQKrm+FdMekYSCDi2jQ7BmX54n9XLJOi2d3JZzlctpHGm0jw5QAVnoDFXQDaqiGqLoET2jV/RmPBkvxrvxMWlNGdOZXfQHxucPrNGVHg==</latexit>

y = �h2 + f(x + �t)

<latexit sha1_base64="bQo7DNr4YxiEY5sdkrerw78T8ps=">AAAB8XicbVDLSsNAFL2pr1pfVZduBluhgpSk4GMjFN24rGAf2IYymU7aoZNJmJmIIfQv3LhQxK1/486/cdpmodUDFw7n3Mu993gRZ0rb9peVW1peWV3Lrxc2Nre2d4q7ey0VxpLQJgl5KDseVpQzQZuaaU47kaQ48Dhte+Prqd9+oFKxUNzpJKJugIeC+YxgbaT7cnIZVx5P9HG5XyzZVXsG9Jc4GSlBhka/+NkbhCQOqNCEY6W6jh1pN8VSM8LppNCLFY0wGeMh7RoqcECVm84unqAjowyQH0pTQqOZ+nMixYFSSeCZzgDrkVr0puJ/XjfW/oWbMhHFmgoyX+THHOkQTd9HAyYp0TwxBBPJzK2IjLDERJuQCiYEZ/Hlv6RVqzpn1dPbWql+lcWRhwM4hAo4cA51uIEGNIGAgCd4gVdLWc/Wm/U+b81Z2cw+/IL18Q3iso/C</latexit>

y = u(x, t)

<latexit sha1_base64="IKeR7HyX8wyJc4QLB30R/vkvDoY=">AAAB73icbVDLSgNBEOyNrxhfUY9eBhPBU9gN+DgGvXiMYB6QLGF2MpsMmZ1ZZ2aFsOQnvHhQxKu/482/cbLZgyYWNBRV3XR3BTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1K321VgOvOqgXHFrbga0SrycVCBHc1D+6g8lSSIqDOFY657nxsZPsTKMcDor9RNNY0wmeER7lgocUe2n2b0zdGaVIQqlsiUMytTfEymOtJ5Gge2MsBnrZW8u/uf1EhNe+ykTcWKoIItFYcKRkWj+PBoyRYnhU0swUczeisgYK0yMjahkQ/CWX14l7XrNu6xd3NcrjZs8jiKcwCmcgwdX0IA7aEILCHB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AQRYj08=</latexit>⇢1

<latexit sha1_base64="ZIIgRdqKi93h3T5fl1J5xaa+4eo=">AAAB73icbVDLSgNBEOyNrxhfUY9eBhPBU9gN+DgGvXiMYB6QLGF2MpsMmZ1ZZ2aFsOQnvHhQxKu/482/cbLZgyYWNBRV3XR3BTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjv3O09UaSbFg5nG1I/wSLCQEWys1K321VgO6tVBueLW3AxolXg5qUCO5qD81R9KkkRUGMKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LBU4otpPs3tn6MwqQxRKZUsYlKm/J1IcaT2NAtsZYTPWy95c/M/rJSa89lMm4sRQQRaLwoQjI9H8eTRkihLDp5Zgopi9FZExVpgYG1HJhuAtv7xK2vWad1m7uK9XGjd5HEU4gVM4Bw+uoAF30IQWEODwDK/w5jw6L86787FoLTj5zDH8gfP5AwXdj1A=</latexit>⇢2

<latexit sha1_base64="m8W8QkvuTheuVHJu4c+KW3438uk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBhPBU9gN+DgGvXiMaB6QLGF2MpsMmZ1ZZmaFZcknePGgiFe/yJt/4yTZgyYWNBRV3XR3BTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VN8CaciZoyzDDaTdWFEcBp51gcjvzO09UaSbFo0lj6kd4JFjICDZWeqim1UG54tbcOdAq8XJSgRzNQfmrP5QkiagwhGOte54bGz/DyjDC6bTUTzSNMZngEe1ZKnBEtZ/NT52iM6sMUSiVLWHQXP09keFI6zQKbGeEzVgvezPxP6+XmPDaz5iIE0MFWSwKE46MRLO/0ZApSgxPLcFEMXsrImOsMDE2nZINwVt+eZW06zXvsnZxX680bvI4inACp3AOHlxBA+6gCS0gMIJneIU3hzsvzrvzsWgtOPnMMfyB8/kDoheNYQ==</latexit>y

<latexit sha1_base64="SR+rNYmNbDXg8jf52dfBZo8qVV8=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrskPo5ELx4xCpLAhswOszBhdnYz02skhE/w4kFjvPpF3vwbB9iDgpV0UqnqTndXkEhh0HW/ndzK6tr6Rn6zsLW9s7tX3D9omjjVjDdYLGPdCqjhUijeQIGStxLNaRRI/hAMr6f+wyPXRsTqHkcJ9yPaVyIUjKKV7spP5W6x5FbcGcgy8TJSggz1bvGr04tZGnGFTFJj2p6boD+mGgWTfFLopIYnlA1pn7ctVTTixh/PTp2QE6v0SBhrWwrJTP09MaaRMaMosJ0RxYFZ9Kbif147xfDSHwuVpMgVmy8KU0kwJtO/SU9ozlCOLKFMC3srYQOqKUObTsGG4C2+vEya1Yp3Xjm7rZZqV1kceTiCYzgFDy6gBjdQhwYw6MMzvMKbI50X5935mLfmnGzmEP7A+fwBoJKNYA==</latexit>x

<latexit sha1_base64="g+4G1VyHOxAfrCOZbrnlxBZq4so=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IU/DgWvXisYGqhDWWznbRLN5uwuxFK6W/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlk4yxdBniUhUO6QaBZfoG24EtlOFNA4FPoaj25n/+IRK80Q+mHGKQUwHkkecUWMlvzrsedVeueLW3DnIKvFyUoEczV75q9tPWBajNExQrTuem5pgQpXhTOC01M00ppSN6AA7lkoaow4m82On5MwqfRIlypY0ZK7+npjQWOtxHNrOmJqhXvZm4n9eJzPRdTDhMs0MSrZYFGWCmITMPid9rpAZMbaEMsXtrYQNqaLM2HxKNgRv+eVV0qrXvMvaxX290rjJ4yjCCZzCOXhwBQ24gyb4wIDDM7zCmyOdF+fd+Vi0Fpx85hj+wPn8Aa5qjfQ=</latexit>

h1

<latexit sha1_base64="yakd67aS/8de4pJFp7soqiG8OkE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IU/DgWvXisYGqhDWWz3bRLN5uwOxFK6W/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlQKg6777RTW1jc2t4rbpZ3dvf2D8uFRyySZZtxniUx0O6SGS6G4jwIlb6ea0ziU/DEc3c78xyeujUjUA45THsR0oEQkGEUr+dVhr17tlStuzZ2DrBIvJxXI0eyVv7r9hGUxV8gkNabjuSkGE6pRMMmnpW5meErZiA54x1JFY26CyfzYKTmzSp9EibalkMzV3xMTGhszjkPbGVMcmmVvJv7ndTKMroOJUGmGXLHFoiiTBBMy+5z0heYM5dgSyrSwtxI2pJoytPmUbAje8surpFWveZe1i/t6pXGTx1GEEziFc/DgChpwB03wgYGAZ3iFN0c5L86787FoLTj5zDH8gfP5A6/vjfU=</latexit>

h2

<latexit sha1_base64="przLYRaQzBjN+TTtUzxvH8oGyIU=">AAAB+HicbVDJSgNBEO2JW4xLRj16aUyEiBBmAi7HoB48RjALJEPo6fQkTXp6hu4aMQ75Ei8eFPHqp3jzb+wsB018UPB4r4qqen4suAbH+bYyK6tr6xvZzdzW9s5u3t7bb+goUZTVaSQi1fKJZoJLVgcOgrVixUjoC9b0h9cTv/nAlOaRvIdRzLyQ9CUPOCVgpK6dLwalx9PODRNAMJwUu3bBKTtT4GXizkkBzVHr2l+dXkSTkEmggmjddp0YvJQo4FSwca6TaBYTOiR91jZUkpBpL50ePsbHRunhIFKmJOCp+nsiJaHWo9A3nSGBgV70JuJ/XjuB4NJLuYwTYJLOFgWJwBDhSQq4xxWjIEaGEKq4uRXTAVGEgskqZ0JwF19eJo1K2T0vn91VCtWreRxZdIiOUAm56AJV0S2qoTqiKEHP6BW9WU/Wi/VufcxaM9Z85gD9gfX5A5wPkcU=</latexit>

f(x + �t)

Figure 2. Sketch of the problem. (Left): A pressure distribution moving at a constant speed (∆) applied
to the free surface. (Right): A moving obstacle with a constant speed (∆) located at the bottom.
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The aim of this this study is to explore the interaction between an internal solitary
wave and a localized and symmetric external force. To accomplish this, we investigate the
forced Benjamin-Ono equation. By assuming a small amplitude for the external force, we
derive a two-dimensional dynamical system that characterizes the position of the solitary
wave crest and its amplitude. We then compare asymptotic results with fully numerical
simulations conducted using pseudo-spectral methods. Our findings indicate that, at early
times, the results exhibit qualitative agreement. However, the asymptotic theory predicts
the presence of centers and closed orbits when the external force and the solitary wave
approach resonance. In contrast, the fully numerical simulations suggest the occurrence of
unstable spirals.

For reference, this article is organized as follows: The forced BO equation is presented
in Section 2. In Section 3, we describe the asymptotic and numerical results. Then, we
present the final considerations in Section 4.

2. The Forced BO Equation

Our focus of study lies in exploring the interaction between internal solitary waves and
an external force field. To accomplish this, we examine the Benjamin-Ono (BO) equation
in its dimensionless form, incorporating an external force function f (x) and a constant
speed ∆

ut + uux +H[uxx] = fx

(
x + ∆t

)
. (4)

This equation encompasses terms such as the convective nonlinearity, dispersion
through the Hilbert transformH, and the external force acting on the wave field represented
by u(x, t).

Our objective is to delve into the intricate dynamics of solitary waves when subjected
to the influence of this external force field. For numerical purposes, it is convenient
to consider Equation (4) in the moving frame associated with the external force. This
transformation is achieved by introducing the new variables x′ = x + ∆t and t′ = t. Within
this new coordinate system, Equation (4) can be expressed as

ut + ∆ux + uux +H[uxx] = fx(x), (5)

wherein the effect of the external force is accounted for solely in terms of its spatial deriva-
tive fx(x).

In this context, it is crucial to note that the mass of the system, represented by the inte-
gral of the wave field over space, is preserved. This conservation of mass is mathematically
expressed by

M(t) =
∫ +∞

−∞
u(x, t)dx. (6)

Furthermore, the momentum of the system, denoted as P(t), is balanced by the
external force as

dP
dt

=
∫ +∞

−∞
u(x, t) fx(x)dx, where P(t) =

∫ +∞

−∞
u2(x, t)dx. (7)

These mass and momentum formulas, as stated in Equations (6) and (7), hold signifi-
cant importance, particularly in evaluating the accuracy and dependability of numerical
methods employed for solving the BO Equation (5). By utilizing these formulas, one can
assess the precision of the numerical methodologies utilized and gain confidence in the
reliability of the obtained results.

In the absence of an external force present, the BO Equation (5) admits a two-parameter
(a, λ) family of periodic waves as solutions [1]. These waves are described by the following
expressions [1]
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u(x, t) =
A

1− B cos
(

2π
λ (x− ct)

) , where c = ∆ +
a
4

, A =
32π2

aλ2 and B =

[
1−

(8π

aλ

)2
]1/2

. (8)

As λ→ ∞, it reduces to the solitary wave solution [1]

u(x, t) =
al2

(x− ct)2 + l2 , where c = ∆ +
a
4

and |l| = 4
a

. (9)

Here, a represents the solitary wave amplitude, c represents its speed, and l character-
izes the solitary wavenumber.

In what follows, the external force is chosen as

f (x) = b exp
(
− x2

w2

)
, (10)

where b is the amplitude of the external force and w is its width. In the next section, we
investigate the interaction of the solitary waves (11) and the external force (10).

3. Results
3.1. Asymptotic Results

In this section, our objective is to deduce the governing equations for the interaction
between solitary waves and an external force, considering the force to have a small ampli-
tude. To achieve this objective, we introduce a minor positive parameter represented as
ε and replace the external force f in Equation (5) with ε f . Moreover, we assume that the
wave field closely resembles a solitary wave, characterized by parameters that slowly vary
over time [24–26]. Mathematically, the solitary wave can be described using the following
expressions

u(Φ, T) =
a(T)l(T)2

Φ2 + l(T)2 , where Φ = x− X(T) and X(T) = x0 +
1
ε

∫ T

0
c(T)dT, (11)

where the solitary wave initial position is denoted as x0, and the functions a and c are
established based on the interaction between the wave field and the external field. To
facilitate our analysis, we introduce the concept of slow time by introducing a new variable,
namely T = εt. We aim to find a solution by utilizing an asymptotic expansion in the
following form

u(Φ, T) = u0 + εu1 + ε2u2 + · · · ,

c(T) = c0 + εc1 + ε2c2 + · · · .
(12)

At the first-order of the asymptotic theory, it immediately follows that the solutions u0
and q0 are precisely defined in accordance with Equation (11).

The momentum balance equation at the first-order is

1
2

d
dT

∫ ∞

−∞
u2

0(Φ)dΦ = ε
∫ ∞

−∞
u0(Φ)

d f
dΦ

(Φ + X)dΦ. (13)
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Therefore, replacing the Formula (11) into the Equation (13) yields the two-dimensional
dynamical system

da
dt

=
∫ ∞

−∞

[
al2

Φ2 + l2

]
d f
dΦ

(Φ + X)dΦ,

dX
dt

= ∆ +
a
4

.

(14)

When the external force extends far beyond the scope of the solitary wave wavelength,
it becomes feasible to approximate the solitary waves as delta functions. This approximation
allows us to simplify the dynamical system that governs the amplitude and position of the
crest of the solitary wave. Phase portraits for the dynamical system are depicted in Figure 3.
In doing so, we arrive at the following simplified form, which encapsulates the essence of
the solitary wave behavior

da
dt

=
d f
dX

(X),

dX
dt

= ∆ +
a
4

.
(15)

From Equation (15) we have that the crest position of a solitary wave is describes the
oscillator

d2X
dt2 =

1
4

f (X). (16)

This is similar to what happens to the forced KdV equation [24,27] and the forced
mKdV equation [8,26].

Equilibrium points in the dynamical system (15) exist exclusively when ∆ assumes a
negative value. The magnitude of the solitary wave amplitude (a0) and the location of its
peak (X0) are

a0 = − a
4

and X0 = 0 for ∆ < 0. (17)

When the disturbance and the solitary wave exhibit the same polarity, the equilibrium
position is categorized as a center. Centers correspond to stable solitary waves that remain
steady. The interaction between the solitons and the external force concludes once the
waves have traversed the external force region.

-3 -2 -1 0 1 2 3

0

2

4

6

8

Figure 3. Phase portraits for the dynamical system (15). Dot corresponds to the center point.
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The level curves of the stream function (streamlines) serve as a representation of the
solutions of the system (15). They are represented by the Hamiltonian

Ψ(X, a) = − f (X) + ∆a +
a2

8
. (18)

To examine the phase portrait of system (15) with the external force (10), we introduce
a rescaling of variables. The coordinate X is scaled relative to w, while the amplitude a is
scaled relative to b1/2. Here, b > 0 represents the external force amplitude. This rescaling
results in the emergence of a new parameter

∆̃ =
∆√

b
. (19)

With these new scalings, the stream function becomes

Ψ(X, a) = −e−X2
+ ∆̃a +

a2

8
. (20)

Figure 1 illustrates typical phase portraits of system (15). The phase portrait is sym-
metric with respect to the lines X = 0 and a = 4. It is crucial to emphasize that the presence
of a closed orbit in the phase portrait signifies the existence of a solitary wave. This solitary
wave is effectively confined without any radiation, which arises due to its interaction with
the external force. For more analytical results the readers are referred to [28].

3.2. Numerical Results

Solutions of Equation (5) are studied numerically via a pseudospectral method using
periodic boundary conditions [29]. For this purpose, we choose the computational domain
with uniformly spaced points. To avoid the effects of spatial periodicity, the domain is
taken to be sufficiently large. The time advancement is computed through the Runge-Kutta
fourth-order method. The accuracy of the numerical method is verified by choosing a
solitary wave of amplitude a = 1 and evolving it until t = 3000, while monitoring the
total mass (6) and momentum (7) in the absence of an external force. We observe that the
retained mass and momentum are accurate up to a precision of 10−13. Details of the spatial
and temporal resolution of a similar numerical method can be found in [30]. In order to
compare the numerical solutions with the asymptotic methods developed in the previous
section, we set the amplitude of the external force (10) as b = 1, and its width as w = 10.
This choice of parameters ensures that the external force is broad, allowing us to compare
the numerical results with the developed asymptotic theory (dynamical system (15)) in the
previous section.

To verify the asymptotic results described in the previous section, we conduct a series
of simulations using the BO Equation (5). We choose the initial solitary wave amplitude as
a = 1 and the speed deviation ∆ = −a/4. With these parameters, the dynamical system (15)
predicts steady solutions, and small perturbations of these values result in closed orbits or
trapped waves without radiation.

Initially, we consider ε = 0.01. In this case, we observe that the solitary wave oscillates
back and forth over the external force for extended periods, as shown in Figure 4(Top). The
fluctuation in the amplitude was found to be of the order of O(10−2), indicating that the a
solitary wave amplitude remains nearly unchanged over time. Although the results closely
match the asymptotic theory predictions at small times, the fully numerical computations
revealed a behavior resembling an unstable spiral in the amplitude vs. crest position space
and a resonant harmonic oscillator in the crest position vs. time space, as illustrated in
Figure 4(Bottom).
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Next, we increase the value of the parameter to ε = 0.1. In this case, the solitary
wave remains trapped at the external force for long durations, as depicted in Figure 5(Top).
However, there were significant differences compared to the previous case. The amplitude
oscillations were much larger, as shown in Figure 5(Bottom-left). Moreover, the oscillations
in the crest position vs. time space were more pronounced, see Figure 5(Bottom-right).
Nevertheless, the solitary wave continue to remain trapped at the external force.

-2 -1 0 1 2
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0.98

1

1.02
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1.08

-2 -1 0 1 2
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500

1000

1500

2000

2500

3000

Figure 4. Top: The trapped solitary wave under the influence of external force. Bottom (left): The soli-
tary wave amplitude against crest position. Bottom (right): The crest position over time. Parameters:
a = 1, w = 10, ∆ =−0.25 and ε = 0.01.

Lastly, we further increase the parameter to ε = 0.5. In this scenario, we expect an
increase in radiation and the possibility of the solitary wave moving past the external force
at earlier times. However, the increased value of ε causes a substantial increase in the
amplitude of the solitary wave, as depicted in Figure 6(Top). The resulting amplitude of
the solitary wave becomes much larger than that of the external force, effectively rendering
the presence of the external force negligible in the dynamics. The fully numerical compu-
tations revealed a behavior resembling a stable spiral in the amplitude vs. crest position
space and a damped harmonic oscillator in the crest position vs. time space, as shown in
Figure 6(Bottom). Furthermore, minimal radiation was observed in the interaction between
the solitary wave and the external force, as depicted in Figure 7.
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Figure 5. Top: The trapped solitary wave under the influence of external force. Bottom (left): The soli-
tary wave amplitude against crest position. Bottom (right): The crest position over time. Parameters:
a = 1, w = 10, ∆ =−0.25 and ε = 0.1.
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Figure 6. Top: The trapped solitary wave under the influence of external force. Bottom (left): The soli-
tary wave amplitude against crest position. Bottom (right): The crest position over time. Parameters:
a = 1, w = 10, ∆ =−0.25 and ε = 0.5.
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Figure 7. Comparison between the trapped waves for different values of the parameter ε at different
times. Parameters: a = 1, w = 10, ∆ = −0.25.

4. Conclusions

In this work, our focus was to examine the interactions between internal solitary waves
and an external force. Utilizing asymptotic expansion techniques, we derived a simplified
model that describes the position and amplitude of the solitary waves. However, when
comparing our numerical results with the asymptotic model, we found agreement only in
the early stages. Interestingly, while the asymptotic predictions indicated steady solutions
and perfect trapping, the fully numerical solutions showed the emergence of unstable and
stable spirals, depending on the magnitude of the external force. This discrepancy under-
scores the significance of considering higher-order terms in the asymptotic expansion. We
believe that incorporating these higher-order terms will enable the asymptotic theory to not
only predict the positions of solitary waves but also capture the occurrence of unstable spi-
rals, which closely resemble the outcomes of the numerical simulations. Therefore, a logical
next step would involve further investigation and comparison of numerical and asymptotic
solutions, incorporating higher-order terms, as part of our future research direction.

It is important to note that the conditions assumed in the studied Benjamin-Ono
(BO) equation, such as unidirectional and long waves with a small degree of nonlinearity
propagating in infinite depth, may differ significantly from real-world sea conditions.
Therefore, further verification is necessary to project these findings onto the dynamics of
sea waves. Nonetheless, the consistency of our results with previous studies [6,7,24] and
their qualitative alignment reinforce the generality of the problem under investigation and
the validity of our conclusions. It is plausible to anticipate that these findings extend beyond
the BO equation, encompassing other related frameworks and corresponding phenomena.
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Gaining a thorough understanding of the behavior and distinct traits of ocean inter-
nal waves holds immense significance for multiple scientific disciplines, encompassing
oceanography, geophysics, and marine ecology. Dedicated researchers and scientists delve
into the intricacies of these waves to unravel their impact on marine ecosystems and cli-
mate patterns. By deepening our knowledge of internal waves, we can gain valuable
insights into the intricate workings of the ocean and its profound influence on shaping the
Earth environment.
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