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Abstract—The class of trees in which the degree of each vertex does not exceed an integer d is
considered. It is shown that, for d = 4, each n-vertex tree in this class contains at most (v/2)"
minimum dominating sets (MDS), and the structure of trees containing precisely (v/2)* MDS is
described. On the other hand, ford = 5, an n-vertex tree containing more than (1/3) - 1.415™ MDS
is constructed for each n > 1. It is shown that each n-vertex tree contains fewer than 1.4205™ MDS.
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1. INTRODUCTION

A dominating set in a graph is a subset D of its vertices such that any vertex not belonging to D
is adjacent to at least one vertex in D. A dominating set is said to be minimum if it is of minimum
cardinality. The domination number v(G) of a graph G is defined to be the cardinality of its minimum
dominating set. We use the abbreviations “DS” and “MDS” for “dominating set” and “minimum
dominating set,” respectively.

[t is known that any graph contains an odd numberof DS [1]. In 2006, Brod and Skupiefi[2] described
trees containing the maximum and the minimum number of DS in the class of all n-vertex trees. The
star S, is the unique n-vertex tree containing the maximum possible number of DS. However, there exist
exponentially many n-vertex trees containing the minimum possible number of DS. Later, Wagner [3]
generalized this result to some other classes of graphs. In the 2022 paper [4], for all & > 2, the structure
of trees containing the maximum and the minimum number of k-DS (that is, subsets Dy, of tree vertices
such that each vertex not belonging to Dy, is adjacent to at least k vertices in Dy ) was described.

To date, relatively few estimates of the number of MDS in trees and forests are known. In [5], three
equivalent conditions under which a tree contains a unique MDS were given. The question of whether
a tree with domination number « can contain more than 2¥ MDS remained open until 2017, when Bien
gave an example of such a tree in [6]. On the other hand, in [7], Alvarado et al. proved that a forest with
domination number ~ contains at most 2.4606" MDS.

[n this paper, we obtain new bounds for the maximum possible number of MDS in an n-vertex tree.
We show that if the maximum degree d of a vertex in a tree is at most 4, then the tree contains at most
(v/2)® MDS. Interestingly, this is false already for d = 5. For any n > 1, we give an example of a tree T,
containing more than (1/3) - 1.415™ MDS. Moreover, we prove that each n-vertex tree contains fewer
than 1.4205™ MDS.
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ON THE NUMBER OF MINIMUM DOMINATING SETS IN TREES 553

2. DEFINITIONS AND NOTATION

As usual, we denote the vertex and edge sets of a simple undirected graph G by V(G) and E(G),
respectively. Given a vertex v € V(G), by degg(v) we denote its degree and by Ng[v], its closed
neighborhood, i.e., the set consisting of this vertex and all vertices adjacent to it. In the case where
the choice of a graph G is clear from the context, we denote the degree and the closed neighborhood of a
vertex v by deg(v) and N[v], respectively. We use A(G) to denote the maximum degree of a vertex in a
graph G.

A tree is a connected graph without cycles. A vertex of degree | in a tree is called a leaf. We refer
to a vertex as a support vertex or a support if it is adjacent to at least one leaf. Attaching a support
of degree 2 to a vertex v in a tree is inserting vertices u; and ug and the edges ujus and ugv in this
tree. We say that a tree is splittable if it is possible to delete an edge from this tree so that the number
of MDS in the resulting forest remains the same; otherwise, the tree is said to be unsplittable. The
diameter diam(T') of a tree T equals the longest possible distance between its vertices. A simple path
X = x93 ... in a tree T is said to be diametrical if it consists of diam(7") + 1 pairwise distinct
vertices. Obviously, the end vertices of each diametrical path in a tree are leaves.

Let O (G) denote the number of MDS in a graph G. By 9;,(G,v) (by 9;,(G,v)) we denote the
number of those MDS in G which contain (respectively, do not contain) the vertex v. We say that a
vertex v in a graph G is universal if 03,(G,v) = 0y (G) and idle if 8;;(G,v) = Ou(G).

Let D be an MDS in a tree T'. By ¢(D) we denote the set obtained by replacing all leaves of T"in D

by supports adjacent to them. It is easy to see that the set ¢(D) is determined uniquely and is an MDS
as well.

We use Wy to denote the tree obtained from a path (vi,v2,v3) by attaching a > 0 supports of
degree 2 to the vertex vy and b > 0 supports of degree 2 to the vertex vs. It is easy to check that

Ot (Wap) = 03, (Wap, v1) + 05, (Wap, v2) + 0F (Wap, v3) = 2%(20 — 1) 4 2910 4 20(2¢ — 1),

Suppose that a tree T" contains a subtree W, 3, where a > 1 and b > 0. We say that this subtree is
extreme if its vertex adjacent to b supports of degree 2 is the only vertex adjacent to other vertices of T
(an example is shown in Fig. 1). We refer to this vertex as the contact vertex of the extreme subtree.

Fig. 1. An example of a tree with two extreme subtrees W3 2 and Wao.

We say that a set D dominates a vertex v in a tree T if
Nv|ND # @.

By 5M(Wa7b) we denote the number of sets of cardinality v(W, ;) in a subtree W, ; which dominate all
vertices of this subtree, except, possibly, a contact vertex. It is easy to see that

Ot (Wap) = Ornr(Wap) + 2°.
Obviously,

?\M(W&b) S (?\M(W?),O) _ §

om(Wsp) — Ou(Wsp) 23

We say that an n-vertex tree is maximal if it contains the maximum possible number of MDS among
all n-vertex trees. Similarly, we say that an n-vertex tree is k-maximal (where k > 2) if it contains the
maximum possible number of MDS among all trees in which the degrees of all vertices are at most k.
Note that if a tree T" is not A(T)-maximal then it is not maximal, but the converse is generally false.
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554 TALETSKII

3. PRELIMINARY RESULTS
3.1. Universal, Idle, and Support Vertices

Lemma 1. /f a tree T contains a vertex v adjacent to at least two leaves ui and us, then the
vertex v is universal and the leaves w1 and usy are idle.

Proof. Suppose that the vertex v is not universal. Then there exists a MDS D not containing v.
Therefore, uy, ug € D. Consider the set D' = (D U {v}) \ {u1,u2}. Obviously, if D is dominating in T,
then so is D’; therefore, D is not a minimum dominating set. This contradiction shows that the vertex v
is universal, and hence the leaves u; and us are idle. O

Lemma 2. For any tree T and any vertex v of T which is not a leaf or a support, the following
assertions hold:

(1)1} all neighbors of v are supports, then the vertex v is idle.

(2) If all neighbors of v except w are supports and the vertex w is adjacent to at least one
support, then the vertex v is idle.

Proof. Let us prove the first assertion of the lemma; the proof of the second is similar. Suppose that the
vertex v is not idle; then there exists an MDS D containing v. Consider the set ¢(D), which is also an
MDS in T This set contains the vertex v and all vertices adjacent to it. Obviously, the set ¢(D) \ {v} is
dominating in T" and its cardinality is smaller than that of D. This contradiction shows that the vertex v
is idle, as required. O

Lemma 3. /f a tree T contains at least one universal or idle vertex, then there exists a forest F
such that

VIO <IV(D),  AWF)<AT),  Ou(F) > 0u(T).

Proof. Suppose that a tree T contains a universal vertex v. Obviously, deg(v) > 2. Let us show that, in
this case, v is adjacent to at least two idle vertices. Suppose that this is not the case. Let wy, wa, ..., wy
be the neighbors of v. Suppose that all of them, except possibly wy, are not idle. Then there exists at least
one MDS D containing the vertex v and the vertices ws, ..., wg. Obviously, D' = (D \ {v}) U {w;} is
also an MDS, so that the vertex wy is not idle. This contradiction proves that the vertex v is adjacent to

at least two idle vertices w),w}, ..., w!,. Let us delete the vertices wj, ..., w/], and all edges incident to
them from 7" and denote the forest thus obtained by F'. Obviously,
V(E) <[V(T),  AWF) < AT).

Moreover, each MDS of the tree 7" is an MDS of the forest F', whence 0y (T") < On(F'). Consider an
MDS D’ of the forest T' containing all vertices of the set N[v] \ {w],..., w}}. Itis easy to see that the
set (D' \ {v}) U{w}}is an MDS for F, which implies dps(F) > 0p(T), as required.

Now suppose that a tree T having no universal vertices contains an idle vertex w. Since T has no
universal vertices, it follows that u is adjacent to at least two vertices u, ..., u, that are not idle. For
each 1 <14 <k, let T; denote the maximal (by inclusion) subtree containing u; and not containing w,
and let Fyy denote the maximal (by inclusion) forest not containing u and the vertices of the subtrees
T1,...,Tr. Note that if the forest Fy is nonempty, then each of its connected components contains
precisely one idle vertex adjacent to w in the tree T'. Let F' denote the three T' from which the vertex u
is deleted. Obviously, A(F) < A(T). It is easy to see that v(T') = vy(F'). Indeed, since the vertex u is
idle in T', it follows that v(T") > v(F). Butif v(T") > v(F), then, for any MDS D of the forest F, the set
D U {u}isan MDS in T, so that the vertex w is not idle. This contradiction shows that

k k k
Om(F) = 0y (Fo) - [ [ 0m(Ti), 0ua(T) = 0as(Fp) - <H om(T;) — Ha;J(Ti,ui))
i=1 =1

i=1

Note that, for any 1 < i < k, the vertex wu; is not universal in T; (otherwise, it would be universal in T,
which contradicts the assumption). Thus, Hle 0y (T3, u;) > 0, whence 0y (F) > 0y (T), as required.
U
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Lemmad4. If a tree T contains adjacent support vertices vy and vy, then Oy (T) = Opr (T — v1v2).

Proof. Let us denote by N;[v1] (by N;[ve]) the set consisting of the vertex vy (respectively, v) and all
leaves adjacent to it, and let ' denote the forest obtained from 7" by deleting the edge vyvy. It is easy
to see that, both in the tree T" and in the forest F', each MDS contains precisely one vertex from each
of the sets N;[v1] and N;[ve]; thus, each MDS of the tree T' is an MDS of the forest F', and vice versa.
Therefore, On(F') = On(T'), as required. O

Lemma 5. Let T be an n-vertex tree. If there exists an n-vertex forest F without isolated vertices
such that

onr(F) > ou(T),  A(F) < A(T),

then the tree T is not A(T)-maximal.

Proof. Let us show that if such a forest F' exists, then there exists an n-vertex tree 7" such that
A(T") <max(3,A(F)) and Oy (T") > Oy (T'). 1f F is a tree, then we set 7" = F. Suppose that F'
contains at least two connected components 77 and T5 each of which contains at least two vertices. Note
that each tree with at least two vertices contains either a support vertex of degree at most 2 or a support
vertex adjacent to at least two leaves (for example, such are the penultimate vertices of a diametrical path
in the tree). Let us show that, in each of the following three cases, the connected components 77 and 75
can be joined in such a way that the number of MDS in the resulting tree T} 5 is not smaller than in the
initial forest T7 U T5.

Case 1. Each of the components 77 and 75 contains at least one support vertex of degree at most 2
(we assume that the path P, consists of two support vertices of degree 1). We choose such support
vertices u € V(T1) and v € V(T3) and draw an edge uv. By the preceding lemma, adding this edge does
not affect the number of MDS. Moreover, as is easy to see, we have

A(Ty2) < max(3,A(T1), A(T3)).

Case 2. The trees T7 and T3 contain vertices u and v each of which is adjacent to at least two
leaves. We choose leaves v’ and v’ adjacent to the vertices u and v, respectively, and draw an edge u/v’.
Obviously, A(T32) = max(A(T1), A(Tz)). By Lemma 2, the vertices u' and v’ are idle in the tree T} ».
Thus,

O (Th2) = O (Th U Th),

as desired.

Case 3. One of the subtrees (let it be T7) contains a support w of degree at most 2, and the other
subtree contains a support v adjacent to at least two leaves v' and v”. Let us draw an edge uv’ and
show that 9x/ (T ,2) > O (Th U To). By Lemma 2, the vertex ¢’ is idle in the tree T} . By Lemma 1, the

vertex v is universal in the forest T} U Ty. Therefore, 0ps (71 2) > 8;(4(T1,2, v) = O (11 UTy), as desired.
Thus, replacing the forest T3 U T by the tree T o, we have turned the forest F' into a forest Fy
containing one connected component fewer than F'; moreover, dys(F1) > Op(F). 1f F} is a tree, then

we set 77 = Fy. Otherwise, we will repeat the procedute until we obtain a tree Fy; then we set T/ = Fy.
Since A(Fy) < A(T') and Oy (Fy) > O (T), it follows that the condition in the lemma is satisfied. [

Corollary 1. For any n-vertex tree T, the following assertions hold:

(1) I} T contains at least one universal or idle vertex, then there exists ann'-vertex tree T' such
thatn' < n, A(T") < A(T), and 9y (T")Y™ > 9y (T)V".

(2) I[ T is splittable, then there exists an n’-vertex tree T' such that n’ < n, A(T") < A(T), and
8M(T,)l/nl > 8M(T)1/n.

Proof. The first assertion readily follows from Lemmas 3 and 5. The second one is an obvious
consequence of the definition of a splittable tree. O
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3.2. An S-Partition of a Tree

The following structural lemma plays the key role in obtaining upper bounds for the number of MDS
in 4-maximal and maximal trees.

Lemma6. /f a tree T contains no idle vertices, then there exists a unique partition S(T') of the set
V(T) into disjoint subsets with the following properties:

()Y(T) = |S(T)|, and any MDS of the tree T contains precisely one vertex in each element of
the partition S(T');

(2) for any element S" € S(T), there exists a vertex v' € V(T) such that N[v'] = 5.

Proof. We prove the lemma by induction on the number n of vertices. The base case n < 5 is obvious.
Let us show that the lemma is true for n > 6 and diam(7") < 4. If all nonleaf vertices of T" are supports,
then each support is adjacent to precisely one leaf (otherwise, the tree contains idle leaves) and each
element of S(T") consists of a support and a leaf adjacent to it. It is easy to see that such a partition
satisfies the assumptions of the lemma and is unique. If T' contains a vertex v which is not a leaf or a
support, then, as is easy to see, such a vertex is unique and all of its neighbors are supports. Thus, by
Lemma 2, the vertex v is idle, which contradicts the assumption.

Now suppose that n > 6 and diam(7") > 5. Let X = zyxox32425 ... be a diametrical pathin T'. Note
that deg(x2) = 2. Indeed, otherwise the vertex x5 is adjacent to at least two leaf vertices; they are idle by
Lemma 1, which contradicts the assumption. Depending on deg(z3), deg(x4), and deg(z5), there are
the following possible cases.

Case 1: deg(z3) > 3. In this case, the vertex x3 is either support or adjacent to at least one support
vertex zf, different from zo and z4. Let us delete the vertices 21 and x4 from T', denote the resulting tree
by T, and show that if T' does not contain idle vertices, then neither does T7.

Subcase 1,a: the vertex x3 is a support in 73. In this case, for any MDS D of the tree T, the set
D\ {x1, 22} is an MDS of the tree T}. Therefore, T} contains no idle vertices.

Subcase 1b: the vertex x5 is not a support. Then it is adjacent to at least one support vertex 4
different from zo and x4. Since T contains no idle vertices and the path X is diametrical, it follows
that deg(z4) = 2. Suppose that a vertex 2’ € V(1) different from 2} and a4 is idle in T3 (note at once
that the vertex zf, is a support in 77 and therefore cannot be idle). Then there exists an MDS D in T
which contains the vertices xg, 24, and 2/. Thus, the set D\ {z2} is an MDS for the tree T, and the
vertex z’ is not idle in 77. We have obtained a contradiction. Now suppose that the vertex / is idle in 73.
Since the tree T' contains no idle vertices, it follows that the vertex x3 is contained in some MDS Ds
of T. Obviously, the set D3\ {z1,22} is an MDS for the tree Ty. If D3 contains 2, then 2 is not idle
in Ty, which contradicts the assumption. If D3 does not contain 2, then the set (D3 U {2} }) \ {4}
contains z and is an MDS for T3, and hence the vertex 2 is not idle in 77. We have again obtained a
contradiction.

Thus, the tree T7 contains no idle vertices, and, by the induction hypothesis, there exists a unique
partition S(T7) of T3 satisfying the conditions in the lemma. It is easy to see that the partition
S(T) = S(Th) U {{x1,z2}} satisfies these conditions as well and is unique for T, as required.

Case 2: deg(z3) = 2 and deg(x4) > 3. The following subcases are possible.

Subcase 2, a: the vertex x4 is a support. By Lemma 2, the vertex x5 is idle, which contradicts the
assumption.

Subcase 2,b: the vertex x4 is adjacent to at least one support 2% different from the vertices z3 and
x5. By Lemma 2, the vertex zj is idle, which contradicts the assumption.

Subcase 2, c: the vertex x4 is adjacent to some vertices wy, wo, ..., wy different from z3 and x5 and
not being supports (here s > 1). Since the path X is diametrical and T" contains no idle vertices, it
follows that all neighbors of the vertices wy, wo, ..., ws different from x4 are supports of degree 2. We
delete the vertices x1,x9, and x3 from T and denote the resulting tree by 7. Let us show that if T
does not contain idle vertices, then neither does T». Suppose that, on the contrary, T, contains an idle
vertex /. Then there exists an MDS D of T containing /. Obviously, the set D’ = (D \ {x1}) U {z2} is
an MDS of T as well. Moreover, D’ cannot contain both vertices z3 and z4. If D’ contains x3, then we
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consider the set D” = (D" \ {z3}) U {4}, otherwise, we set D" = D’. Obviously, D" is an MDS for T..
Therefore, D” \ {2} is an MDS for T3 and contains z’. We have obtained a contradiction.

Thus, the tree T, contains no idle vertices. Therefore, by the induction hypothesis, there exists a
unique partition S(7%) of Ty satisfying the conditions in the lemma. Let us show that

Np,[z4] = {24, x5, w1, ..., ws} € S(T3).

Recall that all neighbors of the vertices wq,wa, ..., wy different from z4 are supports of degree 2. It is
easy to see that each MDS of T5 contains at most one vertex in the set Np,[z4]. Indeed, suppose that
there exists an MDS D containing at least two vertices in Np, [x4]. Then the set (¢(D) \ Np,[z4]) U{z5}
is dominating in 75, which contradicts the minimality of D. Therefore, each MDS of T, contains
precisely one vertex from the set Np,[z4], and, by assumption, each vertex in Np,[z4] is not idle, as
required.

Consider the partition

S(T) = (S(T2) \ {Npy[z4]}) U {{z1, 22}, Nr[24]}.

Obviously, this is a unique partition satisfying the conditions in the lemma for the tree T, as required.

Case 3: deg(x3) = deg(z4) = 2, deg(zs) > 3. The following subcases are possible.

Subcase 3,a: the vertex x5 is a support. By Lemma 2, the vertices x3 and x4 are idle, which
contradicts the assumption.

Subcase 3, b: there exists a vertex u adjacent to x5 and to deg(u) — 1 leaves. In this case, deg(u) = 2,
because the tree has no idle vertices. Consider the tree T3 obtained from T by deleting the vertex u and a
leaf v’ adjacent to it. Let us show that if 7" does not contain idle vertices, then neither does T3. Suppose
that, on the contrary, there exists a vertex v" which is idle in 73 and not idle in T'. It is easy to see that,
both in T3 and in T, each MDS contains precisely two vertices from the set X5 = {x1, x2, x3, 24, 25}
Suppose that 2’ ¢ X5. Then there exists an MDS D’ in the tree T which contains the vertices x5, x5,
and 2’. It is easy to see that the set D’ \ {u, v} contains the vertex 2’ and is an MDS for the tree Tj.
We have obtained a contradiction. Now suppose that there exists a vertex 2’ € X5 which is idle in T5.
Then there exists an MDS D” in T which contains the vertices x4 and 2’ (indeed, if each MDS of T
containing x¢ does not contain 2/, then the vertex 2’ is idle, which is impossible). It is easy to see that
the set D"\ {u,u'} contains 2’ and is an MDS in T3. We have again obtained a contradiction.

Thus, T3 contains no idle vertices and, by the induction hypothesis, there exists a unique partition
S(T3). The partition S(7T3) U {{u, u'}} is unique in T', as required.

Subcase 3, c: there exists a path (uj,ue,us, z5) such that the vertex u; is a leaf, the vertex wug is
adjacent to deg(ug) — 1 leaves, and the vertex wug is different from x4 and x¢ and all of its neighbors
different from x5 are either leaves or supports. If ug is a support, then we argue as in Subcase 1,a. Let
us prove that if ug is not a support, then it is idle in T". It suffices to show that each MDS in the tree
contains at most one vertex in the set {z3, 24, x5, us}. Suppose that there exists an MDS D containing
at least two vertices in this set. It is easy to see that D' = (¢(D) \ {x3, x4, x5, u3}) U {25} is an MDS
and |D'| < |¢(D)| = |D|; this is a contradiction. On the other hand, each MDS of the tree 7" must
contain at least one vertex in the closed neighborhood N[x4], which does not contain ug. Thus, the
vertex ug is idle, which contradicts the assumption of the lemma.

Subcase 3,d: there exists a path (wy,ws, ws, wy,x5) such that the vertex wy is different from the
vertices x4 and xg. If, moreover, max(deg(ws), deg(ws), deg(wa4)) > 2, then we rename the vertices
and argue as in Cases | and 2. If deg(ws) = deg(ws) = deg(wy) = 2, then, clearly, the vertices in the
set {3, x4, w3, wy} are idle in T. Indeed, each MDS of T must contain at least one vertex from the
neighborhoods N[z4] and N[uy]. On the other hand, according to the considerations in the previous
subcase, each MDS contains at most one vertex in the set {x3, x4, 5, w3, wy}. Thus, T contains an idle
vertex, which contradicts the assumption of the lemma.

Case 4: deg(z2) = deg(x3) = deg(xy4) = deg(xs) = 2. Consider the tree Ty obtained from T' by
deleting the vertices z1, 2, and z3. Let us prove that if 7" does not contain idle vertices, then neither does
Ty. First, we show that v(T") = v(74x) + 1. On the one hand, each MDS of T" contains a vertex in the set
{1, 22}, whence v(T') > v(Ty) + 1. On the other hand, given any MDS D’ of Ty, the set D' U {x2} is
an MDS of T', whence y(T) < v(T4) + 1.
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Suppose that some vertex 2’ is idle in Ty but not idle in T'. Then there exists an MDS D of T' which
contains a’. Consider the set D’ = D\ {x1,2z2}. Obviously, D’ contains at most one vertex in the set
{z3,24}. I D' contains the vertex x3, then we consider the set D” = (D" \ {z3}) U {x4}; otherwise, we
set D" = D’. In any case, D" is an MDS of T, and hence contains the vertex 2’. This contradiction
shows that the tree Ty contains no idle vertices.

By the induction hypothesis, there exists a unique partition S(7y) of Ty. Obviously, it includes the set
{z4,z5}. Itis easy to see that the partition

S(T) = (S(Ty) \ {{za, x5}}) U {{z1, 22}, {ws, x4, 25} }

is a unique appropriate partition of the tree T'. This completes the proof of the lemma. O

Corollary 2. For any tree T without idle vertices, the following assertions hold:

(1) If an element S’ of the partition S(T') contains at least three vertices, then none of them is
aleaforasupport inT.

(2) I} 8" € 8(T) contains two vertices, then one of them is a leaf and the other is a support
adjacent to it.

(3) Ifthe tree T contains at least two vertices, then so does each element of the partition S(T).

Proof. Let us prove thefirst assertion. Suppose that some element S’ with |.S’| > 3 contains aleaf«’. In
this case, S’ also contains the vertex u adjacent to it. Since 9y, (T,v') + 83,(T, u) = On(T), it follows
that all vertices in S’ \ {u, v’} are idle in T', which is impossible. If S’ contains a support w but does
not contain a leaf w’ adjacent to w, then the vertex w’ does not belong to any element of the partition
S(T), because it is not universal. This contradiction shows that all elements of S’ are neither leaves nor
supports, as required.

The second and third assertions readily follow from assertion (2) of Lemma 6. O

4. THE CASE OF 4-MAXIMAL TREES

Lemma 7. Given any n > 3, if an n-vertex tree T without idle vertices is 4-maximal, then each
element of the partition S(T') contains at most three vertices.

Proof. Suppose that the lemma is false for some 4-maximal tree T". Since A(T") < 4, it follows that
each element of S(T") contains at most five vertices. There are two possible cases.

Case 1: there exist vertices w, wy, we, w3 € V(T') such that
{w, w1, we, w3} = N[w] € S(T).

Foreach 1 <1 < 3, let T; denote the maximal (by inclusion) subtree of 7" containing the vertices w and
w; and not containing the other neighbors of w, and let T} be the tree obtained by attaching a leaf wy to
the vertex w of the tree T;. Finally, let F; denote the forest obtained from T; by deleting the vertices w and
wj; and all edges incident to them. Forany 1 < < 3, the forest F; is nonempty and contains no isolated
vertices, because, by Corollary 2, none of the vertices in the neighborhood N[w] is a leaf or a support.

Let us introduce the notation
Af =04 (T, wi),  Ai=0(F), A7 =0.(T/,wp).
We have
Om(T) = 03, (T, w) + 03, (T, w1) + 07, (T, wa) + 97, (T, ws)
= A1 AgAs + AT A AT + AT AT AT + AT A7 AT
We delete the vertices w and ws from the tree T" and attach leaves w) and w}, to the vertices wy and

wa, respectively (see Fig. 2). Let us denote the resulting forest by F, and let T} (T%') be the connected
component of F' containing the vertex wy (respectively, ws).

MATHEMATICALNOTES Vol. 113 No.4 2023



ON THE NUMBER OF MINIMUM DOMINATING SETS IN TREES 559

w wy @ wy
w1 Wo W3 —— w1y Wo F;3

Fig. 2. The transformation in Case 1.

Then F =T UTy U F3. We have
Ou (F) = (O3 (T{',wr) + O (TY, wh)) - (93 (T3, w2) + 03y (T3, wh)) - Ona (F)
= (AT + A1) - (A7 + Ag) - A3 = AT AT Ag + AT Ay Az + A1 AT As + A1 Ax As.

Since the tree T' contains no universal vertices, it follows that, for each 1 <4 < 3, there exists
an MDS of F; which contains none of the vertices adjacent to w; in the tree 7. Thus, for each

1 <4 <3, the strict inequality A; > A, holds. Moreover, we have A;r > A;. We can assume
that Af/Al > A;/Ag > A;—/Ag. Then AfA;Ag > A]_AQA;_ > Al_AQ_AJr, whence Opr(F) > Op(T).
Therefore, by Lemma 5, the tree T is not 4-maximal. We have arrived at a contradiction.

Case 2: there exist vertices w, wy, wo, w3, wy € V(T) such that

{w7w17w27w37w4} = N[w] € S(T)

Foreach 1 < i < 4, we define subgraphs T;, T/, and F; and introduce the notation A;r, A;,and A; asin
the preceding case. We have

O (T) = A1 AsAsAy + AT A A A + AT AT A AL + AT Ay AT AL + AT Ay A5 AS.

From the tree T" we delete the vertex wy, all edges incident to it, and the edge wws; after that, we
attach a leaf wf to the vertex ws. In the resulting forest F', by T we denote the connected component
containing the vertices w, wy, and wo and by T, the connected component containing the vertices ws
and wj. Note that F = T"UT"” U Fy. We have

O (F) = (O3 (T",w) + O (T",wr) + 9y (T, w2))
X (OJT/[(T”,wg) + OJT/[(T”,wg)) - O (Fy)

We can assume that AT /A7 > AT /A3 > A /A; > Af /A4, in which case the strict inequality
AT A AT Ay > AT Ay A5 A holds. Therefore, 9y (F) > 0n(T) and the tree T is not 4-maximal by
Lemma 5. This contradiction proves Lemma 7. O

Theorem 1. For any n > 4, each 4-maximal n-vertex tree T contains at most (\/5)n MDS. The
equality oy (T) = (V/2)" is attained if and only if n =2l and T contains precisely | support
vertices each of which is adjacent to a unique leaf.

Proof. It is easy to check that the theorem is true for n < 6. Suppose that n > 6 and there exist
trees for which it is false; let T be such a tree with the least number of vertices. By Corollary 1, if T
contains a universal or an idle vertex, then it contains fewer that (v/2)® MDS. Similarly, it is easy
to check that if T is splittable, then, by Corollary 1, it satisfies the condition in the theorem, which
contradicts the assumption. Thus, by Lemma 6, there exists a unique S-partition S(7). Since the tree T’
is unsplittable, it contains no adjacent support vertices, and the partition S(7") contains at least one
element S’ comprising precisely three vertices (the case |S’| > 3 is impossible by the previous lemma).
According to Corollary 1, all vertices in S’ are neither leaves nor supports, whence diam(7") > 6.

Let X = z1z9x3240576 . . . be a diametrical path in T'(an example is shown in Fig. 3). If the vertex z3
is a support, then T' contains a pair of adjacent supports zo and z3 and the tree T is splittable by
Lemma 4, which contradicts the assumption. Since T has no idle vertices, it follows that each support
in T is adjacent to a unique leaf. Thus, all neighbors of z3 different from x4 are supports of degree 2. In
view of Lemmas 6 and 7, we have z3 € N|x4] = {z3,24,25} € S(T).
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<

Fig. 3. The form of the tree T' fora = 3 and b = 2.

Let us prove that if deg(zs) > 3, then all vertices in the set N[zs]\ {x4, x5, 26} are supports of
degree 2. Suppose that this set is nonempty, and let w denote one of the vertices contained in it. If
w is not a support, then there exist vertices wgy and w, such that

{w,wo, w1} = Nwo] € S(T).

By Corollary 1, the vertex wj is neither a leaf nor a support; hence there exists a path (wq, v/, 4”) in T in
which the vertex v/ is different from wy. It follows that the path «”u/wjwowzsx . .. is longer than X.
We have obtained a contradiction. Suppose that the vertex w is adjacent to the leaf w’ and deg(w) > 3.
Let u denote a neighbor of w different from x5 and w’. If w is a support, then the tree T is splittable by
Lemma 4. If u is not a support, then there exist vertices ug and w; such that {u, up, u1 } = Nug] € S(T).
The path ujuguwzs . .. is of the same length as X, but the vertex u; is not a leaf by Corollary 2. We have
again obtained a contradiction.

Thus, the vertices z3 and x5 are adjacent to a = deg(xz3) — 1 and b = deg(x5) — 2 supports of
degree 2, respectively. Let T be the tree obtained from T by deleting these supports, the leaves adjacent
to them, and the vertex x3, and let Ti denote the tree obtained from T” by deleting the vertices x4 and 5.
By the induction hypothesis,

On(T') < 2VIN/2 _ g(n=2a-20-1)/2,

We have
O (T = 03, (T wa) + O3 ,(T' x5), O (T) = 03,(T,a3) + 03 (T, 24) + 03, (T, x5),
Of (T, wg) = 270 90 (T J2y), O3 (T, w5) = (2 — 1) - 2" OF (T, 25),
O (Tyx3) = 2% (2" — 1) - O (Tis) + 2% - 0, (T, x6).

Itis easy to show thatifa, b € {1,2}, then the relations 85, (Ts, x6) < On(Ts), O (Ts) = O3, (T, z4),
and 9y;(T', x4) < 8y;(T', x5) imply the inequality

202 (O (T wa) + O (T w5)) > O3 (T, w3) + 0f (T, a) + 03 (T w5).

If @ = 3, then, for this inequality to hold, it is also required that 9y;(Ts,26)/On (Ts) < 3/4. The
purpose of the further considerations is to prove this relation. We consider four cases, depending on
whether the vertices x4 and 7 or their neighbors are supports in the tree T'.

Case 1: there exist vertices w and w’ such that {z¢, w,w'} = N[w] € S(T). Note that the vertex w
may or may not coincide with the vertex x7.

Subcase 1,a: all neighbors of xg different from x5 and w are supports of degree 2 (in par-
ticular, it is possible that degy(z¢) =2). Obviously, we have 9;,(Ts,z¢) < 03,(Ts,w), whence
N (Ts,w6)/0m (Ts) < 1/2.

Subcase 1,b: the vertex zg is adjacent to some vertex zf different from 5 and w and not being
a support and, possibly, to a support z of degree 2. Then there exist vertices z% and z/; such that
{af, )y, 2L} = Np[z))] € S(T'). Let T¢ be the maximal (by inclusion) subtree of T' containing xf and
not containing xg. It is easy to see that the tree T} is the extreme subgraph Wy i of T with contact
vertex xf, where o/ = deg(z§) — 1 and b’ = deg(xf) — 2. We can assume that o’ = 3 (otherwise, we
consider the diametrical path passing through the vertices zf and x4, rename the tree vertices, and apply
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the above argument to this path). Let T§ be the maximal (by inclusion) subtree of Ty containing the
vertex zg and not containing the vertex x%. Then

O (T, w6) = 03 (Tg,w6) - Ot (Warr), (T, w) = 05 (Tg, w) - Og (War )
As in the preceding subcase, we have 83, (T4, z6) < 07,(T¢, w). Since
(W) /O (Wa ) > 15/23,

it follows that 8, (T", z¢) /O (Ts) < 3/4.

Note that, in the subcases considered above, the argument remains valid in the cases where the
supports adjacent to zg are of degree greated than 2. We will use this observation in considering
Subcase 3, b.

Subcase 1,c: the vertex zg is adjacent to two vertices z% and z¥ different from x5 and w and not
being supports. It follows from considerations in Subcase 1, b that 2 and zZ are the contact vertices of
extreme subgraphs W3 iy and Wy i of T, where b/ = deg(xf) — 2 and b” = deg(z%) — 2. Let Tg' denote
the maximal (by inclusion) subtree of T' containing the vertex ¢ and not containing the vertices z% and
x¥. Then

aM(Tﬁ, IEG) = 5M(W3,b’) . 5M(W37b”) . aM(Té/, 5136),
O (To, w) = Onf(Way) - Onr (W gr) - Onr (Tg, w),

Ot (Way) On(Wapr) op (To, 76) >
v \L65

81—\FJ(T67 ’UJ) >

> = = - 047 (Ts, 6).
O (Ws ) Onr (W) M

wl

Therefore, we have 9y, (16, x6)/0nm (Ts) < 3/4. This completes the consideration of Case 1.

In Cases 2—4, we assume that the vertex z¢ is a support and adjacent to a leaf vertex lg, to the
vertices x5 and x7, and possibly to a vertex zf different from x5, lg, and x7. If the vertex zf is
present, then it is the contact vertex of some extreme subgraph Ws, where b’ = deg(z7) — 2. Since
o (Ts) = 03;(Ts, w6) + 07, (Ts, ls), it suffices to prove that either 07, (Ts, x6) < 307;(T5,1s) or the
tree T is not 4-maximal.

Case 2: the vertices z7 and xg belong to distinct elements of the partition S(T"). The vertex z7
is not a support, because the tree T is unsplittable. Thus, there exist vertices w and «' such that
{z7,u,u'} = N[u] € S(T). Since the path X is diametrical and T" contains no idle vertices, it follows
that all neighbors of ' different from u are support vertices of degree 2. Depending on degp(z6), two
subcases are possible.

Subcase 2,a: degp(wg) = 3. Let us show that 07,(Tg, z6) < 307,(Ts,16). We denote by T the
maximal (by inclusion) subtree of T containing the vertex x7 and not containing the vertex z¢. Let F»
be the forest obtained from 7% by deleting the vertex 7 and all edges incident to it. We have

O (Ts,ls) = Oni(Tx) = 03, (T, x7) + O3y (T, w) + 03, (Tr, '),
O (Ts, w6) = 05, (Tr, x7) + O3 (Fr,u) + 07, (Fr, o).

Note that 85, (Fr,u’) = 9;(Fr,u), because all neighbors of the vertex u’ except u are supports of
degree 2. It is easy to see that

Oy (Fryu) = 03 (Tr,w) = O (Tr \ Nlu)).
Therefore,
8L(T6,«T6) = a}&(T?,l‘?) + 28L(T7,u) < 281—{_4(T6, lg).

Subcase 2,b: degp(xg) = 4. The tree Ty contains a vertex zf adjacent to x¢ and contact for an
extreme subgraph W iy, where ' = deg(z5) — 2. The same argument as in Subcase 2, a yields

04 (To.l6) = O (Wa ) - (03, (Tr, x7) + 03 (Tr, u) + 03,(Tr, '),
Oy (Ts, w6) = Ot (Wa ) - (03 (T, w7) 4 203, (T, u)).
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It is easy to check that 9y, (Tr,u) < 207, (T7,z7) (this inequality may turn into an equality only
if deg(u') = 2). The inequality O (W3 y)/0n (W) > 15/23 implies 07, (T, z6) < 307,(Ts,16), as
required.

Case 3: the vertices z7 and xg belong to the same element of the partition, and deg(z7) > 2. In this
case, N[l‘g] = {ZL‘7, xs, :L‘g} € S(T)

Subcase 3, a: the vertex x7 is adjacent to at least one support vertex z7, (possibly, deg(z%) > 2). We
denote the unique leaf adjacent to 2 by I4. Let us show that 9, (T, z6) < 30y, (T%,ls) in this case. We
denote by T% the maximal (by inclusion) subtree of T' containing x7 and not containing z¢ and by Fx the
forest obtained from 7% by removing the vertex z7 and all edges incident to it. We have

03, (T, l6) = 03, (Tr, w7) + 04 (Tr, ws) + 03, (Tr, xg).
On the other hand,

O3 (Ts, w6) = Oy (Tr, w7) + 93, (Tr, ws) + 037 (Fr, g).
Since 9y, (Tr, z%) > 03, (Tr, 1), it follows that 8, (Fr, mg) < 20, (17, z9), whence

O (Ts, w6) < 204 (T, ls),

as required.
Subcase 3,b: the vertex z7 is adjacent to a vertex zy different from xg and not being a support.
Suppose that there exists a diametrical path X" = zf{zfafaxlxix7 ... . Since xy is not a support, we

can consider the path X” instead of 2 and apply the argument of Case 1. If such a path does not exist,
then, as is easy to see, the vertex xy itself is the contact vertex of some extreme subgraph W, ;. Hence
there exists a path X" = o828’ ' a¥ xfx7 . .. containing diam(7') vertices. It is easy to check that the
argument of Case | applies to the path X" (the role of x¢ is played by the vertex x7, which is not a
support).

Case 4: the vertices z7 and xg belong to the same element of the partition and deg(x7) = 2. In this
case, N|zg] = {x7, 28,29} € S(T). Let T} denote the maximal (by inclusion) subtree of 7' containing
the vertex z¢ and not containing the vertex z7. For m € {7,8,9}, we denote by T}, the maximal (by
inclusion) subtree of T’ containing the vertex x,,, and not containing x,,,_1.

Subcase 4, a: deg(xg) = 3. The structure of the tree T' is shown in Fig. 4.

We have
o (T) = 0y, (T,x7) + 03, (T, x3) + 05,(T, ),
(T, a7) = Oy, (Tr, 1) - O (Tg) = O3y (Tr, 1) - O (W i),
Oy (T, wg) = 0 (Tr, w8) - Onr(Tg) = O3y (T, 8) - Ot (W pin),
87, (T, wo) = 87, (Tx, wo) - O, (T4, w6) = 97 (Tx, o) - Ons (Wi p)
Recall that

On(Wap) = 2570+ (25 = 1)2° 4 252 1), On(Wayp) = Oar(Wip) +2".

We remove the edge x7xg from the tree T and replace the connected component containing x7 by the
forest (6 4 b) P2. Let us denote the forest thus obtained by F'. We have

On (F) = 2°72(05, (T, ws) + O (Ts, 9)).-

MATHEMATICALNOTES Vol. 113 No.4 2023



ON THE NUMBER OF MINIMUM DOMINATING SETS IN TREES 563

Moreover,

Oy (Ty, w7) < 0y (T, wg) = 03y (T, ws) < O (Tk, o).

[t is easy to check that the strict inequality 9y (F') > 9y (T') holds. Thus, by Lemma 5, the tree T' is
not 4-maximal. We have arrived at a contradiction.

Subcase 4,b: deg(xs) = 4. In this case, the vertex z¢ is adjacent to a vertex «f different from s, s,
and lg. Since the tree T'is unsplittable, it follows that z7 is the contact vertex of a subgraph W3 i, where
V' = deg(xf) — 2. Therefore,

om(T) = 9y,(T, x7) + 05, (T,xg) 031 (T, zg),
N (T, 7)) = 03 (Tr, 1) - Oy (Ts) = O3 (T, 7) - (03 (Ts, le) + 037 (T, )
= 87, (Tr, 1) - (001 (W) - Ong (W) + Ons (W) - Oar (W),
(T, z8) = 0y (Tr,x8) - (O (W) - 8M(W3b’)+§ (W3b)‘§M(W37b’))a
87,(T, xo) = 87F,(Tx, o) - 01, (T, w6) = 07, (T, w9) - Ons(Wap) - s (W)

Let us delete the vertices xg and lg from the tree. In the forest thus obtained, we replace the connected
components containing the vertices z5 and x} by the forest (7 + b + ") P,. Moreover, to the vertex x7 we
attach three supports of degree 2. We denote the connected component containing x7 in the resulting
n-vertex forest F' by T".

We have
o (F) = 27+b+b'(8f\F4(T’, z7) + 03, (T, x3) + O3, (T, x9)),
8M(T’, IL’7) =8 8}&(’177, a;7), 8M(T/, xg) =8 8L(T7, :L’g), 8M(T’, :L’g) =7 8}&(’178, xg).
[t is easy to check that 9y (F) > Op(T) for any b, 0’ € {0,1,2}. By Lemma 5, the tree T is not

4-maximal. This contradiction proves the theorem. O

5. BOUNDS FOR THE MAXIMUM POSSIBLE NUMBER OF MDS IN n-VERTEX TREES
5.1. A Lower Bound

Recall that the 19-vertex tree Wy 4 is obtained by attaching four supports of degree 2 to each
endvertex of the path P (see Fig. 5). For this tree, the inequality 0y (Wa4) = 736 > (v/2)° holds.
We set § = 736/19 = 1.415... .

Fig. 5. The tree Wy 4.

Theorem 2. For any n > 1, there exists an n-vertex tree T, such that

AT) <5,  O(T,) > = -1.415"

1
3
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Proof. First, we show that the theorem is true for n = 19%. Let us arbitrarily join supports of degree 2
from different connected components in the forest KWy 4 until we obtain a tree Tygj. It follows from the

proof of Lemma 5 that A(7},) = 5 and
&M(Thm)::aM(kWQA)::9”>>%-1415?
Now suppose that n = 19k + r, where k > 0 and 1 < r < 19. [i r is even, then we set
F, = kWs5U gpz.
If ris odd and k& = 0, then we set

r—17

F,=P. forr<?7, F, =P U P, forr>T.

Finally, if  is odd and k& > 0, then we set
r—1
F, = (k- 1)W575 @] <10 + T)PQ

Let us arbitrarily join supports of degree at most 2 from different connected components of F,, until we
obtain a tree T,,. It follows from the proof of Lemma 5 that A(T},) <5 and 9y (T,) = Oy (Fr). Itis
easy to check that 9y;(T},) > (1/3) - 0™ for all n < 19. Note that (v/2)?/6P > 1/3 for all integer p in the
interval [1, 36]. Therefore, as is easy to see, for all integer n = 19k + r > 19 we have

aM(Tn) - 919(I<:—1) . (\/5)19—1-7” 1

on — 919k+r 3 ’

whence

O (T,) > = - 1.415".

Wl =

This completes the proof of the theorem. O

5.2. An Upper Bound

Apparently, maximal trees have complex structure, which is hard to describe. Using the notion of an
S-partition, we obtain a nontrivial upper bound for the number of MDS in an n-vertex tree.

Lemma 8. Let T be a maximal n-vertex tree containing no idle vertices. Then each element of the
partition S(T') contains at most three vertices.

Proof. Suppose that, for some maximal tree T', there exists an element S’ € S(T') containing k > 3
vertices. If k € {4, 5}, then we apply the argument of Lemma 7. Suppose that k = 2p + §, where p > 3
and 0 € {0,1}. In this case, there exist vertices w, w1, ..., wx_1 such that

{w,wy,...,wx_1} = Nw] € S(T).

Foreach 1 <1i < k — 1, we define subgraphs T}, T/, and F; and quantities A;, Aj, and A in the same
way as in Lemma 7. Recall that A, < A; < AZ'-".
We introduce the notation

k—1 k—1 k—1
=1 =1 =1

p k—1 p k—1
Af =114 11 4. Ai=][4- [] 4/
i=1 1=1

j:p+1 j=p+1
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Note that 0y (T') = As + A, - Zfz_ll(A;-"/Ai_). Moreover, for any positive integer s such that s < p we
have Ay - AT JA; < Al lip < s <k—1,then Ay - AT /A7 < A{}. Finally, foreach1 < s <k —1we
have Ay - AT /A7 < Af.

The case of 6 = 1. Consider the forest F' = (p — 2)P, UT] U T}, in which the component 77 is
obtained by attaching forests Fi,. .., F}, to the end vertex of the path P, (here and in what follows, we
assume that a vertex w; of the path is joined to those vertices of the forest F; which were adjacent to w;
in tree T and no other vertices) and the component T7; is obtained by attaching forests Fj, 1, ..., Fyp to
the end of the path P,. We have

Om(F') =207 2(As + Af + Ay + AD).

It is easy to check that 9y (T') < O (F’). By Lemma 5, the tree T is not maximal, which contradicts
the assumption.

The case of 6 = 0. Consider the forest F”" = (p — 3) P, UT" in which the component T" is obtained
by attaching forests F7, ..., F}, to one of the supports in the path P7 and forests F41,..., Fy,_1 to the
other supports in this path. We have

Om(F") = 2P73( A, + 24 + 245 +34)),  om(T) < Om(F").
By Lemma 5, the tree T" is not maximal, which contradicts the assumption. O
Theorem 3. For any n-vertex tree T,
o (T) < 1.4205™.

Proof. Obviously, the theorem is true for n < 6. Suppose that n > 6 and there exist n-vertex trees
containing at least 1.4205™ MDS. Choose a tree T" with the least number of vertices among them (we
can assume that 7" is maximal). By Corollary 1, T is unsplittable and contains no idle vertices. Hence,
by Lemma 6, there exists a unique S-partition S(7°), and by Lemma 8, each element of this partition
contains two or three vertices. Consider a diametrical path X = xyxoxszqxs... in T. Since T is
unsplittable, it follows that {xs3, x4, 25} = Nz4] € S(T), deg(x4) = 2, and the vertices xz3 and x5 are

adjacent to a = deg(x3) — 1 and b = deg(x5) — 2 supports of degree 2, respectively. Let T" denote the
tree obtained from 7" by deleting all supports of degree 2 adjacent to vertices x3 and x5, all leaves adjacent

to them, and the vertex x3. By assumption, 9y (T") < 1.4205!V I whence
O (T) > 1.420520T20FL . 9y (1),
Moreover,
om(T) = 03, (T,x3) + 03, (T, w4) + 05,(T, x5) < 203,(T, x4) + 03, (T, x5)
= 20T 9 (T 2) + (2% — 1) - 20 91 (T, 5),
om(T') = 03, (T z4) + O3, (T, x5).
Let us show that
20T o (T g) + (20 — 1) - 2% 07, (T, 25) < 1.42052T2FL (O (T, wq) + 05,(T', x5)).
Obviously, for any a, b > 0 we have 1.42052¢+20+1 > (22 — 1)2b. Moreover, since the vertex x4 of the
tree 7" is a leaf, it follows that 97, (T", x4) < 07,(T",x5). Thus, it suffices to consider the case where
4 (T', x4) = 03,(T', x5). Let us show that
gatbtl | gathb _ob o 1 go052a+2b+1
We divide both sides of the inequality by 2 and consider the function
f(z,y) = 14205272+ _ 3. 9z ty=1 4 gyl
Itis easy to check that min, > f(z,y) > 0, whence
O (T) < 1.4205%T20+L 9, (T).

This contradiction shows that there exist no n-vertex trees containing at least 1.4205" MDS, which
completes the proof of the theorem. O
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