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The paper studies completeness and incompleteness of modal predicate logics in
Kripke semantics, especially for logics of the form QA, minimal predicate extensions
of modal propositional logics. We show that QA is incomplete for a continual family
of logics A above K + O(Op — p), in particular for well-known K5 and K45. On
the other hand, in some cases we find completions of QA; they are obtained by
adding a single extra axiom. Completeness proofs use canonical models, with some
modifications, and the case of QK5 is the most interesting from the technical side.
We also introduce the “boxing” operation for modal predicate logics and prove
transfer results for Kripke and Kripke sheaf completeness with respect to this
operation.
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1. Introduction

It is well known that, unlike the propositional case, for modal first-order predicate logics standard Kripke

semantics does not fit well. There are numerous examples of incompleteness; even, if a propositional modal

logic A is Kripke complete, its minimal predicate extension QA may lose completeness. In particular, Silvio
Ghilardi proved that for normal A extending S4, the logic QA can be Kripke complete only if A O S5 or

A C S4.3, cf. [10].

Still, sometimes the predicate logics QA are complete. E.g., this happens for the “one-way PTC logics”

(in the monomodal case they are axiomatized by formulas of the form Op — [O0™p and closed formulas, cf. [9],

Definition 1.11.4) and for the logics axiomatized by formulas expressing density, confluence, non-branching
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(cf. [9], Theorem 6.1.29 and sections 6.6, 6.7; [15], [3]). There are also some nice completeness theorems for
logics of the form (QA+Barcan formula) (by Yoshihito Tanaka, Hiroakira Ono, and Tatsuya Shimura; cf.
[9], chapter 7).

However, in contrast to powerful completeness results in propositional logic (cf. [2]), these theorems look
scanty. How can we improve the situation?

One option is to leave Kripke semantics and to deal with its generalizations. This strategy can restore
completeness in many cases, but leads to rather complicated semantics, cf. [16].

In this paper we choose another option. If a logic is Kripke incomplete, it makes sense to describe its
completion. In several cases this task was solved by Max Cresswell [7], and we return to it here.! We focus
on certain logics of the form QA. On the one hand, we present a new continual family of incomplete logics;
on the other hand, we find completions for certain incomplete logics from that family.

The crucial propositional logic in our paper is K5, as known as Euclidean modal logic. This is the simplest
PTC-logic, which is not one-way PTC, and the question about Kripke completeness of QK5 is quite natural.
In [9] (Ch.6, p. 492) we claimed that QKS5 is incomplete, but the proposed proof was incorrect. Now we
prove this result as a particular case of a general Theorem 5.11.

The plan of the paper is as follows. Section 2 gives a brief introduction to modal predicate logics; it
contains basic material on syntax, Kripke sheaf and Kripke semantics.

In section 3 we introduce the boxing operation and prove some its properties. In particular, Theorem 3.21
gives an axiomatization of boxing for predicate logics.

Section 4 proves transfer results for boxing; we consider canonicity and strong completeness in Kripke
and Kripke sheaf semantics.

In section 5 we prove Kripke (and Kripke sheaf) incompleteness for the family of logics QA for any A
between [J- T and SL4 (Theorem 5.11). Here we apply the Kripke bundle semantics. Together with results
from sections 3, 4 this allows us to describe Kripke completions of certain logics of the form Q(O - A)
(Theorem 5.14).

In sections 6, 7 we axiomatize completions of three particular logics beyond Theorem 5.14. To prove com-
pleteness we apply canonical models, with some modifications. From the technical side, the logic QK25 is the
most interesting case (Theorem 7.2). Here we use a certain “swinging” procedure to construct simultaneous
Henkin completions for a set of consistent theories.

Section 8 explains how to deal with iterated boxing operation; we prove the iterated versions of results
from sections 3 and 5.

In the conclusive section 9 we discuss further possible directions and some related problems.

In our completeness proofs we essentially use the methods from [9]. Much of notation and terminology
from that book is preserved.

Table of main results

Axiomatization of boxing Theorem 3.21, Proposition 3.10
Transfer of canonicity for boxing Theorem 4.1
Transfer of strong Kripke sheaf completeness for boxing Theorem 4.4
Transfer of strong Kripke completeness for boxing of QA Theorem 4.8
Transfer of Kripke completeness for propositional boxing Theorem 4.9

1 However, for many standard logics Kripke completions are not recursively axiomatizable, cf. [6].
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Counterexamples to Kripke completeness transfer for boxing  Corollary 5.5
Kripke incompleteness of QA for A between - T and SL4 Theorem 5.11

Kripke completions of QK5, QK45, QK4[S5 Theorems 7.2, 6.13, 6.12

2. Preliminaries
2.1. Propositional logics

We suppose that the reader is familiar with main properties of modal propositional logics. In this paper
we consider only normal logics with a single modal connective [J. Arbitrary logics are denoted by A, A;
etc. We assume that all logics are consistent.

We use the main constructions of Kripke frames and models, such as generated subframes, p-morphisms,
disjoint sums, canonical models; for the definitions cf. [2], [9].

ML(C) denotes the logic of a class of Kripke frames C (or the logic determined by C); recall that logics
of this form are called Kripke complete (or K-complete). A modal logic A is called strongly Kripke complete
if every A-consistent set of formulas I is satisfied at a point of some Kripke model over a A-frame.

K denotes the minimal modal logic; K + X is the smallest logic containing a set of formulas X.

M denotes the canonical model of A, Fp its canonical frame.

2.2. Predicate logics

We deal with normal monomodal predicate logics without equality, as they are defined in [9]. So in the
language there are countably many predicate letters of all arities (including 0), but no function symbols
or individual constants. The length of a formula A is the number of occurrences of quantifiers and logical
connectives (except L) in A. Closed formulas are also called sentences. YA denotes the universal closure of
a formula A (with quantifiers in a fixed order).

A modal predicate logic is a set of formulas containing the basic axioms of classical logic and K and closed
under Modus Ponens (MP), V-introduction, C-introduction, and predicate substitution. For a logic L, the
notation L F A means the same as A € L. Members of a logic are also called ‘theorems’.

L denotes the set of all sentences in a logic L. Thus

L={VA|AcL}.

QA denotes the minimal predicate extension of a propositional logic A.

A predicate theory is a set of sentences with extra constants. We assume that the constants are taken from
a fixed countable set (denoted by S*, see below). Theories are denoted by capital Greek letters, theories
without constants by capital Latin letters (X,Y,...). £(I') denotes the set of all sentences in the language
of a theory I', Dr is the set of all individual constants occurring in T'.

If L is a predicate logic, I' a predicate theory, then in L-derivations® from I' we can use the members of
I'u L, apply MP, V-introduction and also replace some free variables with constants. The notation I' -7, A
means that a formula (maybe, with constants) A is L-derivable from I'. ' is L-consistent if T'¥p, L.

2 In [9] they are called ‘L-inferences’.
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L + X denotes the smallest predicate logic containing a logic L and a theory X. We recall the following
characterization of L + X ([9], Theorem 2.8.4):

Proposition 2.1.
L+XFA iff O°Sub(X)Fp A,

where Sub(X) denotes the set of universal closures of substitution instances of X and
O~y :.={0"B|BecY, n>0}.

2.3. Kripke sheaves

Let us recall some definitions and basic facts about Kripke sheaves from [9].

Definition 2.2. A Kripke sheaf over a propositional Kripke frame F' = (W, R) is a triple ® = (F, D, p) where
D = (Dy)uew is a family of nonempty domains, p = (puv)(u,v)e p+° is a family of transition functions
Puv : Dy —> D, such that

e EVEry Py, is the identity function on D,;
o uR*vR*w implies pywpPuv = Puw-

F' is called the propositional base of ®.

Definition 2.3. A valuation on a Kripke sheaf ® is a function £ on predicate letters such that for every n-ary
predicate letter P

f(P;?) = (fuujl?))uEWa

where &,(P) C DI (and D! is a fixed singleton {()}, where () is the empty tuple).
The pair M = (F,¢) is a Kripke sheaf model over ®.
Given M, at every point u € W we evaluate modal D, -sentences, i.e. sentences with constants from D,,:

M,ukE Pl (a1,...,a,) iff (a1,...,a,) € &u(P}),
M,uE A— Biff (M,u¥ Aor M,uF B),
M,u¥ L,

M,uEVzA(z) iff Va € D, M,uFE A(a),
M,uEOAiff Vv € R(u) M,v E Alv,

where A|v denotes the D,-sentence obtained from A by replacing every individual a € D,, with py,(a).

A D,-sentence A is valid at ®,u (in symbols, ®,u E A), if M,uE A for any Kripke sheaf model M over
P.

A modal formula A is true in M (in symbols, M E A) if M,u EV A for any u€ W. A is valid on a Kripke
sheaf @ (in symbols, ® F A) if it is true in every Kripke sheaf model over ®.

By Soundness theorem ([9], Theorem 3.6.17) ML(®) := {A | ® F A} is a modal predicate logic (the
modal logic of ®). The modal logic of a class of Kripke sheaves C is ML(C) := ({ML(®) | ® € C}. Logics
ML(C) are called Kripke sheaf complete (or KE-complete).

3 R* denotes the reflexive transitive closure of R.
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A Kripke sheaf validating a modal predicate logic L is called an L-sheaf. So L is Kripke sheaf complete
iff every sentence A ¢ L can be refuted in some L-sheaf. A formula A is a logical consequence of a logic L
in Kripke sheaf semantics (in symbols, L Fxge A) if A is valid on all L-sheaves. The logic
Cre(L) :={A| LEks A} is the smallest E-complete extension of L, the KE&-completion of L.

From definitions we readily have

Lemma 2.4.

(1) For a Kripke sheaf ® = (W, R, D, p) and a sentence A
O, u FOA iff Vo € R(u) ®,v F A.
(2) For a Kripke sheaf ® = (F, D, p) and a propositional formula A,

DEAIffFFE A

Definition 2.5. Let u be a point in a Kripke sheaf model M, I" a predicate theory. An interpretation of I" at
(M,u) is a map § : Dr — D,,. Given such an interpretation, we can transform every sentence A € L(T')
into a D,-sentence ¢ - A by replacing all occurrences of every constant ¢ € Dr with §(c).

T is satisfiable at (M, u) if there exists an interpretation § : Dr — D,, such that M,u E § - A for all
A €T. T is satisfiable in M if it is satisfiable at (M, w) for some point u.

Definition 2.6. A modal predicate logic L is called strongly Kripke sheaf (or KE-) complete, if every
L-consistent theory is satisfiable in some Kripke sheaf model over an L-sheaf.

2.4. Kripke semantics

The standard Kripke semantics for modal predicate logics can be regarded as a particular case of Kripke
sheaf semantics. Recall that a predicate Kripke frame over a propositional frame F = (W, R) is a pair
F = (F,D), where D = (D,)yew, each D, is nonempty and D, C D, whenever uRv. So F is actually a
Kripke sheaf over F, in which every p,, is the inclusion map D, C, D,. F is called the propositional base
of F.

In this case Kripke sheaf models become Kripke models, and the truth definition for JA transforms to

the familiar one:

M,uk OAiff Yo € R(u) M,v E A.

Other definitions (of the truth in a model, validity etc.) are the same as for arbitrary Kripke sheaves. In
particular,

ML(F) := {A | F £ A}, ML(C) := [ |{ML(F) | F € C}

for a class of frames C. Logics of the latter form are called Kripke complete.
Logical consequence in Kripke semantics is denoted by Fx. The set {A | L Fx A} is the smallest Kripke
complete extension of L, the Kripke completion of L; it is denoted by Cx (L), or (more often) by L.
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Definition 2.7. A modal predicate logic L is called strongly Kripke complete if every L-consistent theory is

satisfiable in some Kripke model over an L-frame.*

2.5. Some Kripke sheaf constructions

Definition 2.8. A subsheaf of a Kripke sheaf ® = (W, R, D) obtained by restriction to V. C W is
OV i= (V,RIV.D[Vip | V), where RV = ROV xV), DIV =(Duuevs (o] V)w = pus for
u,v € V.

A submodel M |V of a Kripke sheaf model M = (®,£)is M |V = (® | V,£ [ V), where (£ V), =&,
for each uw € V. If V is stable (i.e. R(V) C V), the subsheaf ® | V and the submodel M | V are called
generated.

Lemma 2.9 (Generation lemma). For generated subsheaves and submodels:
(1) for any w € V and D, -sentence A

M,uEAiffM [ V,uE A,
(2) for any u € V and D, -sentence A

P uEAfO TV ,ukE A

(3) for any formula B

M E B implies M |V E B,
(4) ML(®) C ML(® [ V).

Recall that the disjoint sum of propositional Kripke frames is

LW, Ri) := (W, R), where W = | J(Wi x {i}), (2,i)R(y,j) iff i = j & xRuy.
= iel

Definition 2.10. For a family of Kripke sheaves, ®; = (F;, D;,p;), i € I, the disjoint sum® is the Kripke
sheaf

| @i = <|_| Fi,D,p> ,

el i€l

where

D(u,z) = (-Di)uu P(u,i)(v,i) (a) = pu’U(a’)’

Then the disjoint sum of Kripke sheaf models M; = (®;,0;) is

4 The definition of strong completeness given in [9] involves only theories without constants. That definition does not fit for our
purposes.

5 In [9] disjoint sums are defined in another way. Here we need a slightly different notion, for which we use the same terminology
and notation. Two versions of disjoint sums are logically equivalent.
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| | M= (| @0,
iel i€l
where

‘9(u,i) = (ei)u-

A particular case of a generated subsheaf (submodel) is a cone:

Definition 2.11. A cone in a Kripke sheaf ® is a generated subsheaf of the form ®tu := ® | R*(u), where
R* is the reflexive transitive closure of the accessibility relation R.
Similarly, a cone in a Kripke sheaf model M over ® is Mtu := M | R*(u).

For the case of Kripke frames the above definitions are rather well-known, so we do not write them
explicitly.

2.6. Canonical models

Now we recall the construction and some properties of canonical models for modal predicate logics ([9],
section 6.1).

Let us fix a universal countable set of constants S*. A subset S C S* is called small if (S* —S) is infinite.
We will consider only theories I', for which Dr is a small subset of S*.

Definition 2.12. A predicate theory is called L-complete if it is maximal among L-consistent theories in the
same language.

Lemma 2.13. If a predicate theory T is L-complete, A € L(T'), then
Th, Aiff AeT;
in particular, L C T.

Definition 2.14. An theory T' has the Henkin property if for any sentence JxA(x) € L(I") there exists a
constant ¢ € Dr such that

(FzA(z) — A(c)) €T

An L-complete theory with the Henkin property is called L- Henkin. An L-place is an L-Henkin theory with
a small set of constants.

Lemma 2.15. Every L-consistent theory with a small set of constants can be extended to an L-place.

For any modal predicate logic L there exists a canonical frame PFr, = (PWp, Ry, Dy) and a canonical
model PM;, = (PFp,&1),° where

e« PWyp is the set of all L-places,
e T'RLA iff for any A, JA € T implies A € A,

6 [9] uses a different notation for PFy, and PMy,, and they were called ‘V-canonical’.
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e (Dp)r = Dr, the set of all constants occurring in T,
e PMp,TE Aiff A €T for any atomic Dr-sentence A.

Theorem 2.16 (Canonical model theorem,).
PMp, TEAffAel
for any L-place T and A € L(T).
Definition 2.17. A modal predicate logic L is called canonical if PFy, E L (or, equivalently, PFy, E f).
Theorem 2.16 implies
Corollary 2.18. Fvery canonical logic is strongly Kripke complete.
Proof. Assume that L is canonical, I'g is an L-consistent theory. By our general assumption, Dr, is a small
subset of S*. So there exists an L-place T' D Ty (Lemma 2.15). By Theorem 2.16, PMp, T E T, thus T is

satisfiable at (PMp,T") under the trivial interpretation ¢ : Dr, — Dr sending each constant into itself. By
canonicity, PFr F L, therefore L is strongly Kripke complete. 0O

Lemma 2.19. (Cf. [9], Lemma 6.1.25.) Let L, Ly be modal predicate logics such that L C Ly. Then

o« PW,, ={'€e PW,|L, CT}.
o PMyp, is a generated submodel of PMj,.

3. Boxing
8.1. Propositional boxing
For a set of modal formulas X, put
OX:={0A4]|Aec X}
Definition 3.1. For a propositional modal logic A, we define its boxing as O-A := K + TA.
Note that (-A C A.
Proposition 3.2. Let X be a set of propositional modal formulas. Then
O(K+X)=K-+0OX.

Proof. OX COK+ X),so K+ 0OX C O-(K + X).

To check the converse inclusion O-(K+ X) C K+ OX, note that theorems of K+ X can be derived from
K and substitution instances of X by applying (MP) and C-introduction. So by induction on the derivation
of A € K+ X we show that 04 € K+ 0OX.

Let A =K +0X.

If A € K, the claim is trivial.

If A= B(Cy,...,C,) is a substitution instance of B(p1,...,p,) € X, then OA = OB(C4,...,C,) is a
substitution instance of (0B, so A € A.
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If A is obtained by (MP), from B and B — A, then by IH
OB, O(B — A) € A.

Since A is derivable from OB, O(B — A) in K using (MP), we have 0JA € A.
IfA=0Band Be (K+ X), then by IH, OB € A,ie. Ac A. O

Lemma 3.3. A € O-A only if A € A.

Proof. Suppose A ¢ A. Then for some Kripke model M (the canonical model of A) we have M E A, M ¥ A.

Consider a model M T obtained by adding the root 0 below M, so that every point of M is accessible
from 0. The truth values of proposition letters at 0 can be arbitrary.

Then M is a generated submodel of M ™, so by Generation lemma, M ™, u & A for any u € M. Hence
MT,0F0OA, and also M, u = OA for u € M. Thus MT = OA.

Now note that A is substitution closed, so every member of [J-A is derivable from JA and K using
(MP) and C-introduction. Both these rules preserve the truth in M, thus M £ J-A.

At the same time M,u ¥ A for some u € M, hence M+, u¥ A by Generation lemma, and thus
MT,0 ¥ OA.

Since M is a model of O-A refuting [JA, it follows that 0A ¢ O-A. O

Proposition 3.4.
(1) Boxing embeds the poset of modal propositional logics in itself:
A CAiffO0- Ay CO- As.
(2) Bozing is a complete embedding of the upper semilattice of modal propositional logics in itself.

Proof. (1) ‘Only if’ is obvious. For ‘if’, suppose A4 ;{ Ay, A€ A —Asy. Then A € (- A; by Definition 3.1,
OA ¢ O- Ay, by Lemma 3.3. Thus O- Ay € O+ Ao.
(2) Consider logics A; = K + X; for i € I; their join is

ZAZ-:K—I—UXi.

i€l il
By Proposition 3.2
O-A, =K+ 0OX,,

hence

dYO-A =K+ JOxX, =K+ 0 X)),
i€l icl iel

which is O+ > A; by Proposition 3.2 again. O
icl

Remark 3.5. Boxing does not preserve meets. To see this, consider the logics

Ay =Ver =K + 0L, Ay = Triv = K + (Opep)
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and the formula
Ag =% 1L v O(Opssp).

We claim that Ag € (O-A;NDO-Ag) —0O- (A1 N Ag)).

Indeed, Ag € O- Ay, since 021 € O- Ay; Ag € O Ay, since O(Op<sp) € O - As.

To show that Ag ¢ O-(A1NA2), consider the frame Fy = (Wy, Ro), where Wy = {0, 1,2}, Ry(0) = {1, 2},
Ry(1) = @, Ro(2) = {2}. Then Fy,1 E Ay and Fy, 2 F As. Hence Fy,0 F O(A; N Ag) (by Lemma 2.4(1)).
Also Fo, 1F DAl, F0,2 E DAQ, and thus FO, 1F D(Al N A2>7 F0,2 E D(Al N Ag)

Thus Fy E O(A1 N Ag) implying Fy F O (A1 N Ag). On the other hand, Fy, 0¥ Ay, since Fy, 1¥ Op<sp
and Fp,2F 0L, Therefore Ag ¢ O (A1 N Ag).

3.2. Predicate boxing

We define boxing for predicate logics similarly to the propositional case.
Definition 3.6. For a modal predicate logic L put JeL := QK + L.

Lemma 3.7.

(1) DeLC L.
(2) For a predicate theory X without constants,

QK +0X COe(QK + X).
(3) For a propositional logic A,
Q(O-A) C OeQA.
Proof. (1), (2) are obvious. (3) follows from (2) for X = A; notice that
QK +0A = QK + (K +0A) = Q@-A). O

In general, the inclusions in (2) and (3) cannot be replaced with equality, as we shall see later on, so
boxing does not commute with minimal quantifier extensions.” That is why we use different notation for
propositional and predicate boxing.

Thus axiomatization of boxing in the predicate case makes some problem. However, the problem disap-
pears after adding the Barcan axiom:

Ba :=Vz0OP(z) — OVzP(x).
Lemma 3.8. For any set of modal sentences X,
Oe(QK + X) + Ba = QK + OX + Ba.
In particular, for a propositional logic A,

Oe QA+ Ba=Q(O- A) + Ba.

7 For example, for the logic T = K +p — p we have Q(0- T) # [ eQT, since obviously, ] ¢QT F OVz(OP(x) — P(xz)), while
QO - T)¥ Ove(OP(z) — P(x)) (see Lemma 5.12).
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Proof. The inclusion (2) holds due to Lemma 3.7, so let us prove (C). It suffices to show that
Oe(QK + X) C QK + 00X + Ba,
ie. QK+ X F A implies L + A, where L := QK + X + Ba.

Note that theorems of QK + X are derivable from the axioms of QK and substitution instances of X
by applying (MP), O-introduction, and V-introduction (Proposition 2.1). So we can consider derivations of
this kind and argue by induction on the derivation of A. The proof is similar to Proposition 3.2.

We consider only two cases.

If A is a substitution instance of the form SB, where B € X, S is a predicate substitution, then
0A = SOB, and OB € OX.

If A = VB is obtained by V-introduction from B, then L + OB by IH, hence by V-introduction,
L+ V2OB. By applying substitution to Ba and next (MP), we have L F OVaB(=0A). O

Next, consider extensions of QT = QK + Op — p.

Lemma 3.9. For any set of modal sentences X,
Oe (QK + X) C QK + 0OX + OVref,
where
Vref := Va(OP(z) — P(z)).
Proof. Similar to the previous lemma. Let L := QK + 0OX + OVref, and let us show that QK + X + A
implies L - JA. Again we can use Proposition 2.1 and argue by induction on the derivation of A using
QK, substitution instances of X, (MP), - and V-introduction.

The only nontrivial case is when A = Vx B is obtained by V-introduction from B. Then L + OB by IH,
hence

L+ Ov2OB (%)

by V- and O-introduction. By substitution into OVref, we have L - OVz(OB — B), hence by QK we
obtain

L+ O(¥20B — VaB),
and next

L+ 0OvzOB — OvaB. (xx)
Now L I OA follows from (x), (xx) by (MP). O

Proposition 3.10. If QT C QK + X, then O e (QK + X) = QK + OX + OVref. In particular, for a
propositional logic A O T,

DeQA =Q(O-A) + OVref.
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Proof. We have QT F Vref by substitution and V-introduction, so QK + X  Vref, and thus
Oe (QK + X) - OVref. Obviously, OX C O(QK + X), hence

QK +0X +0Ovref COe (QK + X).
The converse inclusion holds by Lemma 3.9. O
Lemma 3.11. For a Kripke sheaf model M
MEOeLif MEOL.

Proof. ‘Only if’ holds, since 0L C (e L.

Let us prove ‘if’. Suppose M £ OL.

If A e L, then VA € L, so M E OVA. Since QK + OVA — VOA (by the converse Barcan formula, cf.
[11], p. 245), it follows that M F VOA, i.e. M F OA.

Thus M E OL. Now we can argue similarly to Lemma 3.8. Since the set L is substitution closed,
theorems of 0 e L = QK + OJL can be obtained from QK U OL by applying (MP), V-introduction and
O-introduction. These rules preserve the truth in M, therefore M E[eL. 0O

We also have an analogue of Lemma 3.3:
Lemma 3.12. For any modal sentence A, J oL - OA implies L - A.

Proof. We use the canonical model almost in the same way as in the proof of Lemma 3.3.

Suppose LF A. Then we have PMy,T' ¥ A, PMy E L for some L-place I'. Let M := PMp 1T be the
corresponding rooted generated submodel; by Lemma 2.9(1), (3), we have M, T ¥ A, M E L as well.

Consider a model M ™ obtained by adding the root 0 below M, so that only I' is accessible from 0 and
the domain at 0 is the same as at I'. The valuation of predicate letters at 0 does not matter.

Then M is a generated submodel of M+, so by Lemma 2.9(1), M E L implies M T, u E L for any u € M.
Hence M+,0 = 0L, and also M+, u E OL for u € M. Thus M* E OL implying Mt E OeL by Lemma 3.11.

M,T ¥ A implies M*,T ¥ A by Lemma 2.9(1), and thus M+, 0 ¥ OA.

Since M is a model of (] e L refuting (1A, we obtain DeLF[A. O

Similarly to Proposition 3.4(1) we have
Proposition 3.13. Boxing embeds the poset of modal predicate logics in itself:
L1 QLQ iﬁDOLl g DQLQ.

Proof. For the proof of ‘if’, note that A € (L1 — Ly) implies JA € (0 e Ly by Definition 3.1, JA ¢ e Lo,
by Lemma 3.12. O

Lemma 3.14. For any set of sentences X
JeQK + X C QK + 0IX.

Proof. We have to show that for any sentence 4, QK + X Fx A implies QK + OX Fx OA. So assuming
QK + X Fx A, F = (W, R, D) E X, let us prove that F F JA.
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Consider the set V := {v € W | R7!(v) # &}. We have F,u F X for any u, so uRv implies F,v F X
(Lemma 2.4). Thus F,v F X for any v € V. Since V is stable, we have F [ Vv F X (Lemma 2.9 (2)). Hence
F|VEX,soF |V EA, due to the assumption QK + X Fx A.

Now for any u, uRv implies v € V,s0 F [ Vv E A. Then F,v E A (Lemma 2.9 (2)), and thus F,u F OA
by Lemma 2.4.

Eventually F FOJA. O

Proposition 3.15.
QK+0OX COe (QK + X) C DoQﬂX CCr(QK+0X)=Cc(Oe (QK + X)).
In particular, for a modal propositional logic A,
Q(O-A) COeQA COeQA CQ(I-A) = TeQA.

Proof. The first inclusion holds by Lemma 3.7(2), the third one by Lemma 3.14. The second inclusion is
obvious.

The inclusion Ci(QK +0X) C Ci (O e(QK + X)) is also obvious. So, since Cx(QK + 0OX) is a Kripke
complete extension of [J ¢ (QK + X)), it should coincide with Cic(O o (QK + X)). O

Corollary 3.16. Bozxing preserves Kripke incompleteness.

o —

Proof. Suppose L is incomplete, i.e. L C L. Then Do L Cc CeL by Proposition 3.13; also [Je LcOeL by
Proposition 3.15. Thus e L C e L. O

As we will see later on, it often happens that a logic [ ¢(QK + X) is Kripke complete, while QK + OX
is Kripke incomplete.

Analogues of Lemma 3.14, Proposition 3.15, and Corollary 3.16 hold for Kripke sheaves. The proofs are
almost the same.

Lemma 3.17. (e Clcg(QK + X) - C;(;g(QK + DX)
Proof. Assuming that QK + X Fxg A for a sentence A and & = (W, R, D, p) F OX we show ® F OA.

Again consider V := {v € W | R™}(v) # &}. Then by Lemma 2.4 and Lemma 2.9 (2) we obtain
® | V E X, so by assumption ® | V E A. Hence by the same lemmas it follows that ®,u F A for any
u. 0O
Proposition 3.18.

OeCre(QK + X) C Cxe(QK + 0X) = Cxe (O o (QK + X)).
In particular, for a propositional logic A
OeCxe(QA) C Cre(Q(O-A)) = Cre(OeQA).

Corollary 3.19. Boxing preserves Kripke sheaf incompleteness.

To formulate the main theorem on axiomatization of boxing we first recall the definition of shifts from

[9].
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Let Py,..., P be all predicate letters (besides equality) occurring in a formula A, assume that P; is
n;-ary, and put

P := Pl(xl)a s ,Pk(Xk),
where each x; is a list of different variables of length n; not occurring in A. Next, let m > 0, and let P/
be different (m + n;)-ary predicate letters (i = 1,...,k), 2 = z1...2,, a list of distinct new variables that
do not occur in x3,...,%x; and A. Then we call P/ the m-shift of P;; an m-shift of the formula A (by z) is
A™(z) := [P'/P]A, where
P’ = P/(x1,2),..., P.(xk,2).
We also put A%(z) := A.
Sometimes we omit z and use the notation A™ rather than A™(z).

We need the following decomposition lemma ([9], Lemma 2.5.30):

Lemma 3.20. Let A be a modal sentence. Then every substitution instance of A is congruent to a formula
of the form SgA™, where Sy is a strict substitution, m > 0.

Recall that congruent formulas are obtained by renaming bound variables and two congruent formulas
are QK-equivalent. Strict substitutions do not introduce new parameters (cf. [9], sections 2.3, 2.5).

Theorem 3.21. For a set of modal sentences X
Oe(QK + X) = QK + {OVA™ | A€ X, m > 0}.

(In more detail, for each A € X and m > 0 we choose a list of new variables z 4 ,,; then VA™ denotes
VZA mA™(Zam)-)

Proof. The inclusion (D) follows easily, since QK + X is closed under m-shifts, V- and O-introduction.
To prove (C) we have to show that QK + X F B implies QK + Y + OB, where

Y :={0OVA™ | Aec X, m >0}
By Proposition 2.1, if QK 4+ X F B, then 0°Sub(X) Fqk B, so by Deduction Theorem,
QK- A\Z— B
for some finite Z C 0 Sub(X). Then
QK +0(/\ 2) » OB,
or equivalently,
QK+ (/\DZz) — OB.

So it remains to prove that QK + Y I OC for any C € 0%Sub(X), or even (due to [C-introduction) for
any C € Sub(X). Thus we can present C as VSA for some A € X and substitution S.
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By Lemma 3.20 we have® SA = SqA™:; then (VSA = [OVS,A™. Sy commutes with [J and also with V
(since it is strict), so we obtain

OVSA = S,OvA™.

By definition, YA™ € Y, hence QK + Y F SyOVA™ by substitution and C-introduction, and eventually
QK +Y + OVSA (= 00C) as required. O

Corollary 3.22. Boxing is a complete embedding of the upper semilattice of modal predicate logics in itself.

Proof. Similar to Proposition 3.4 (2). Consider logics L; = QK + X; for i € I; their join is

> Li=QK+| X

i€l i€l
By Theorem 3.21
Oel; = QK + {OVA™ | A€ X;, m >0},
hence

Y OelL;=QK+ | J{OVA™ |A€X;, m>0}=QK+{0OVA™ [Ac | ]Xi, m>0},
el el iel

which is D e L; by Theorem 3.21 again. O
iel

4. Transfer theorems for boxing

4.1. Transfer of canonicity

Theorem 4.1. Let L be a modal predicate logic. If L is canonical, then [JeL is canonical.

Proof. Suppose L is canonical and consider the canonical frame G := PF,r,. Let us show that G F OeL,
which is equivalent to G = OL (by Lemma 3.11).

We prove that G,I" £ OL for an arbitrary point I'. We have 0L C eL C I' by Lemma 2.13, so
T'RO.; A implies L C A, i.e. A € PW, (Lemma 2.19). Also, since L is canonical, we have PFy, A E L.
Since (o L C L, by Lemma 2.19, PFy, is a generated subframe of G; then by Lemma 2.9(2), G,A E L.
This holds for any A € Ro,z(T'), hence G, T F L (Lemma 2.4). O

In the propositional case we have a similar theorem:

Theorem 4.2. Boxing preserves canonicity for propositional modal logics.

The proof is by a straightforward modification of the previous one; use the following analogue of
Lemma 2.19:

Lemma 4.3. If A C A/, then the points of Ma containing A’ are exactly the points of Ma:.

8 Recall that = denotes congruence ([9], section 2.3).
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4.2. Transfer of strong completeness

Theorem 4.4. Boxing preserves strong KCE-completeness.

Proof. Assume that L is strongly CE-complete. Let us show that every (O e L)-place I' is satisfiable in a
Kripke sheaf model over a (O e L)-sheaf.

The proof of Theorem 4.1 shows that every A € Rger(I") is an L-place, so by strong KE-completeness,
A is satisfiable in a model Ma over some L-sheaf ®x = (Wa, Ra, Da, pa). Note that Dr C DAa.

By Generation Lemma 2.9 we may assume that Ma is rooted with root 0a, and A is satisfiable at
Ma,0a. So there exists an interpretation 5 such that Ma,0a Eoa - A (:={da-A| A€ A}).

Next, we add the root I' to the disjoint sum | | Ma. To simplify notation, we identify M with its
TRO. A
image in this disjoint sum.
Consider a Kripke sheaf ® := (W, R, D*, p) such that

(i) R(I') :={0a |T'Roer A}, D} := Dr,
(ii) R(X) := RA(X) for ¥ € Wa,
(iii) pro, :=0a [ Dr (the restriction of da to Dr) for A € R, (T),
(iv) puv := (PA)up for u,v € Wa,
(V) pro := posw pro, for v € Wa,
(Vi) puu = idp;.

We define a model M over ® by putting
MTEAITAeT

for any atomic Dr-sentence A.
It is clear that p really defines a transition function, i.e. wR*uR*v implies

Pwv = PuvPwu- (O)

In fact, this holds for w # T, since each pa is a transition function. So suppose w =T
If uw = w, then (o) is obvious.
If u,v € Wa, then by (v), pru = posu Pross SO

PuvPTu = PuvPOsru PTOA = POav PTOA — PTv

by (v) and since (o) holds within Wa.

We claim that @ = e L and M, ' T.

Indeed, for every v € W, u # T' we have ®,u E L, since u is in some generated subsheaf ®; so by
Lemma 2.4, ®,u = L. Similarly, since the points accessible from the root I" are 0o and (as noticed above)
®,04a F L, it follows that ®, T O L as well. Thus ® £ O L, which implies ® - L (Lemma 3.11).

Now let us show by induction on the length of a Dp-sentence A that

M,TEFAiff AeT.

We can consider only the cases A =0B, A = JzB.
(i) Suppose A =0OB. If A € T, then by definition of the canonical model, B € A for every A € Rer(T).
So Ma,0a E da - B by the choice of Ma, and thus M,0a F da - B, since Mp is a generated submodel of
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M. Note that? B|0a = pro, - B = 0a - B, since da | Dr = pro, ((iii) in the definition of ®) and B is a
Dr-sentence. This implies M, T" F OB, since I' sees exactly the points Oa.

On the other hand, if A ¢ T, then by properties of the canonical model, =B € A for some A € R (T).
So Ma,0a E 6a - =B, and thus M,0a ¥ 0a - B, since M is a generated submodel of M. Since 'R0 and
0a - B = B|0a (as noted above), this implies M, T"#OB.

(ii) Suppose A = Az B(x) € T'. Then B(c) € T for some ¢ € Dr, since I is a (O e L)-place. This implies
M, T E B(c) by IH, and thus M, T E A.

The other way round, if M,T" F 3z B(x), then M,T" F B(c) for some ¢ € Dr. Hence B(c) € I by IH. Then
I' Foer, 3zB(z), and so JzB(x) € T, since I is a (0 e L)-place.

Therefore T is satisfiable in a ((J @ L)-sheaf. O

Proposition 4.5. For modal propositional logics, boxing preserves strong Kripke completeness.

Proof. By slight changes in the proofs of Theorems 4.1, 4.2. Every (O - A)-consistent set is contained in
some I' € Wh.5. So it suffices to show that I' is satisfied in some (OJ-A)-frame.

Every A € RO () contains A, so Lemma 4.3 implies that A is A-consistent. Since A is strongly
complete, A is satisfied in a model M over a A-frame Fa; assume that Ma is rooted with root 0a, and
Ma,0a E AL

Consider the model M = (W, R, &) obtained from the disjoint sum | | Ma by adding the root I,
TRO AL

so that R(I') = {0a | TROo.AA} and M,T F ¢ iff ¢ € T for every proposition letter g. Then we have
(W,R)EO-A and M,T ET.

By induction on the length of A it follows that M, I'F Aiff A € T.

Therefore T is satisfiable in the (O - A)-frame (W, R). O

Definition 4.6. Let M = (F,¢) be a Kripke model over a predicate Kripke frame F = (W, R, D), and let
V #£wo.

The inflation of F by V is the frame F © V := (W, R, D’), where D), := D, x V for each u € W.
The inflation of M by V is M ©V := (F o V,¢'), where!’

§u(P) :={(d,....dn) € (D,)" | (pr1(dr),... . pri(dn)) € &u(P)}
for every n-ary predicate letter P.

Informally speaking, the inflation by V' contains |V| copies of each individual e behaving exactly as e.
So we have

MoV,uE P(dy,...,d,) it Myuk P(pri(dy),...,pri(dy))
for n-ary P; in particular,
MoVuEPit MuE P
for O-ary P.

Lemma 4.7. Let M be a Kripke model over a predicate Kripke frame F = (W, R, D), MoV = (W,R,D’,¢{’)
its inflation. Then for any u € W, for any D.,-sentence A(dy,...,d,) andv €V

9 The notation A|v was introduced in Definition 2.3.

10 pry denotes the first projection.
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MoV,ukE A(dy,...,d) iff M,uE A(pri(dy), ..., pri(dy))-

The proof is by induction on the length of A. In fact, this lemma is a particular case of Proposition
3.3.11 from [9]: here we have a morphism of Kripke models (fo, f1) : M © V. — M, where fy = idw,
f1u(d) = pri(d), cf. [9], Definitions 3.3.1, 3.3.3.

Theorem 4.8. If QA is strongly Kripke complete, then [ ¢(QA) is strongly Kripke complete.

Proof. We modify the proof of Theorem 4.4.

Let L = QA, and let Ty be a (J eL)-consistent theory. Recall that we assume that its set of constants is
small, so by Lemma 2.13, T is contained in some (J o L)-place I'. Let us show that I" is satisfiable in some
Kripke model over a (O e L)-frame.

As in the proof of Theorem 4.4, we can see that every A € Rg,r(I') is an L-place. Since L is strongly
complete, A is satisfiable in a model Ma over some L-frame Fa; let Fa be its propositional base. By
Lemma 2.4(2) it follows that Fa F A.

Note that 'Rz, A implies Drr C DAa.

We may assume that Ma is rooted with root O, and A is satisfiable at (Ma,0a). By Definition 2.5,
there exists an interpretation da such that

Ma,0a E 6a - A.

Now we would like to add the root T" to the disjoint sum || Ma. Unfortunately, this idea would not
TRo., A

work directly, because the domain Dr may be condensed by the interpretations da. To avoid this, we use
inflation.

So for each A € Rn.(T') we put My := Ma © Dr; let Dj, be the root domain of M. We call an
interpretation 0y of A at (M),04a) associated with o5 if pri(d\(c)) = da(c) for any ¢ € Da. Then by
Lemma 4.7, for any formula B € L£(A)

M) ,0n E 0y - Biff MaA,0a F 6a - B,
and thus
MA,0n F 65 - AL (%)

Now for every A consider a specific interpretation ¢y associated with da such that 0/ (¢) = (da(c), ¢) for
every ¢ € Dr and 'y (¢) is arbitrary for ¢ € DA — Dr (with the only requirement pry (6’ (¢)) = da(c)). Then
'y is injective on Dr.

Next, we cross-identify some individuals in the domains Dy, .

Namely, let h be the map defined on the total domain of M) such that

h(a) = cifa=9d,(c), c€ Dr,
a otherwise.

If D}, is the domain at world u of M}, we define D! as the image set h(D,); so h is a bijection'" from D),
onto Dy,. It is clear that Dr C Dy, .

1 For injectivity of h we need a technical assumption that Dr does not contain ordered pairs. This can be achieved by an
appropriate choice of the basic set S* (cf. subsection 2.6).
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Then we define the Kripke model MY over the predicate frame F{ := (Fa, D”) as follows:
M\, uFE Play,...,a,) iff MX,uE P(h(ay),...,h(ay,))

for any world w, predicate letter P and aq,...,a, € D). So there is an isomorphism from M) onto M}
sending every world to itself and every individual a to h(a). Thus

Mj,uk Alay, ..., a,) iff MX,uFE A(h(ay),...,h(a,)) (%)
for any world u, formula A(x1,...,xz,) and tuple (ay,...,a,) € (D))" Next, we define an interpretation
0% ==h-d,, so

5 (c) = cif ce Dr,
O\ (c) if c € DA — Dr.

Then by (**) for any formula B in £(A) we have
M4, 0a E &y - Biff MY, 0a E 8% - B.
Therefore (x) implies
MR, 0n F 6% - A. (s * %)

Let F’{ be the frame of M. Its propositional base is the same Fa, so F\ F A by Lemma 2.4, which
implies F{ F L.

Next, we construct the disjoint sum M” := || MJ and add the root I' to it. This is possible, since
RO A

Dr C D, . Thus we obtain a Kripke model M* over a frame G = (W, R, D*) such that

R(T) = {0a | TRo.L A}, Df = Dr,
M*TEAIffAET

for any atomic Dr-sentence A.

We claim that G F OeL and M*,T'ET.

This is proved as in Theorem 4.4. By Lemma 3.11, it suffices to show that G E L. First note that
for every u € W, u # T' we have G, u E L, since u is in some generated subframe F’{ validating L; thus
G,u E OL. In particular, G,05 F L. Since R(I') consists of the points 04, it follows that G,T' £ 0L as
well (by Lemma 2.4).

Next, let us show by induction on the length of a Dp-sentence A that

M*TEAIffAcT.

If A is atomic, this holds by definition.

We skip the cases A= 1, A=B — C.

Suppose A = OB. If A € T, then by definition of the canonical model, B € A for every A € Rg.r(I'). So
by (***), MX,0a E 0 - B = B (since B is a Dp-sentence), and thus M*,0x F B, since M} is (isomorphic
to) a generated submodel of M*. Therefore M*,T" E OB, since I sees only these 0a.

On the other hand, if A ¢ T, then by the properties of the canonical model, =B € A for some
A € Raer (). So by (***) again, MX,0a F —B, and thus M*,0 ¥ B, since M} is a generated submodel
of M*. Since 'R0OA, we have M* T'#B.
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Suppose A = JxB(z) € I'. Then B(c) € T for some ¢ € Dr, since I' is a (eL)-place. Hence M*,T' E B(c)
by IH, which implies M*,T" F A.

The other way round, if M*, T E 3xB(z), then M*,T £ B(c) for some ¢ € Dr. Hence B(c) € T by TH.
Then I' o,z JzB(z), and so 3zB(x) € T, since I is a (O o L)-place.

Therefore T is satisfiable in a (O e L)-frame. O

4.8. Transfer of Kripke completeness for propositional logics

Theorem 4.9. For modal propositional logics, boxing preserves Kripke completeness.

Proof. We modify the proof of Proposition 4.5. Assume that A is Kripke complete, let A be a (O - A)-
consistent formula, and consider the canonical model M := Mp.o. Then M,T" E A for some I". For every
subformula OB of A refuted at M, T, there exists a point Ag € Roa(T') such that M, Ap¥ B. Ap is
A-consistent, since it contains A.

Let ¥ be the set of all subformulas of A, and put

B~ :=-BA /\{C|M,TEOC, OC € ¥}.

Then M,Ap E B~, so B~ is A-consistent.
Since A is complete, there exists a model Ng over a A-frame with a root Og such that Ng,0p F B~.

Consider the model N = (W, R, £) obtained from the disjoint sum L] Np by adding the root I', so
OBe(¥-T)
that

R(T) = {0z | OB € (¥ —T)}

and N,T F ¢ iff g € T for every proposition letter q. We claim that (W, R) E - A and N,T F A.
The first claim is checked as in the proof of Proposition 4.5. For the second one, we show by induction
that for any £ € ¥

N,TEEiff EcT.

Again the only nontrivial case is when F begins with 0.

Suppose £ =[OC € T'. Then C occurs as a conjunct in each B~, so Ng,05 E C. Thus N,0p F C, since
Np is a generated submodel of N. By the definition of R(T), it follows that N,T' E OC.

Now suppose E =B ¢ T". Since —B is a conjunct in B~, we have Np,0p E =B, and thus N,0p F -B,
by Generation lemma. Therefore N,I'¥0OB. O

4.4. Some examples

Let us recall examples of strongly complete logics of the form QA for different A.

1. One-way PTC logics.

These are logics axiomatized by formulas of the form [(Op — [0"p and closed propositional formulas. Then
QA is canonical ([9], Theorem 6.1.29).

2. Logics with confluence and density axioms.

Here we have several logics, for which QA is strongly complete, but probably not canonical. The first
example of this kind was S4.2, the logic of confluent (or even directed) S4-frames. Strong completeness of
QS4.2 was proved by G. Corsi and S. Ghilardi [5].'* The proof can also be found in [9], section 6.6. Similar

12 Their paper states only completeness, but actually proves strong completeness.
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examples are constructed in [15]: these are extensions of K4 by axioms of confluence, density, and 2-density
in different combinations.

3. Logics with non-branching axioms.

This group of logics contains the axiom of non-branching, in reflexive or irreflexive versions, in combina-
tion with axioms of density or finite depth. Typical examples are the well-known logics S4.3 and K4.3. The
corresponding results on strong completeness of QA are proved in G. Corsi’s paper [4]. For the particular
case of QS4.3 cf. also [9], section 6.7.

5. S5 and its extensions.

Kripke completeness for QS5 was proved in the well-known S. Kripke’s paper [12]. However, strong
completeness (using a version of a canonical model with a constant domain) was first proved in [1]. The
same method nicely works for all extensions of S5. For these extensions one can also apply the general
Tanaka — Ono theorem (cf. [9], section 7.4) as these logics are tabular and their quantified extensions
contain the Barcan formula.

5. Incompleteness
5.1. Some counterexamples

Now we will show that an analogue of Theorem 4.4 does not hold for Kripke semantics.
Consider the logics

QAU; == QA + AUy,
where A is a propositional modal logic, and
AUy := 2P (z) — VzP(x)
is the axiom of singleton domains. So for a Kripke frame F = (W, R, D)
FE AU, iff Vu € W |D,| = 1.

The axiom AU, allows us to eliminate all quantifiers. More exactly, we call a predicate formula primitive
if it is quantifier-free and contains at most one individual variable x. Then we have

Lemma 5.1. For any predicate formula A there exists a primitive formula A’ such that QK+ AU F A+ A’.

Proof. Let L = QK + AU,. First note that by AU, L - A<VA for any A.

Then the argument is by induction on the length of A.

If A= P(xy,...,xz,) is atomic, then A is L-equivalent to A’ = P(z,...,z), due to AU;. In more detail,
we have L+ P(x,...,2) — 321 ... 3z, P(21,. .., x,) by classical logic and
LF3xy...32,P(x1,...,0,) = VP(xq,...,2,) by AUy. Also L - VYP(zy,...,2,) — P(z,...,z) by classical
logic.

If A=VyB, then L+ A<« B, so we can take A’ = B’.

The remaining cases are trivial. O

Lemma 5.2. Let A be a strongly complete modal propositional logic. Then QAU is strongly Kripke complete.

Proof. Let L = QAU;. Note that L-frames are just propositional A-frames with singleton domains.
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Let I be an L-consistent theory. By Lemma 5.1 we can deal only with primitive formulas, so we may
assume that formulas in T are of the form A(c), where A(x) is primitive, ¢ is a constant. We may also
assume that c is fixed, since we need only models with singleton domains.

For every formula A(c) we construct a propositional formula A, as follows.

Let (P;);cw be an enumeration of all our predicate letters. We associate a proposition letter p; with each
P; and put

Pi(cwuvc)ﬂ = Pi, (A_>B)7r = (A7r _>B7r)a 1r=1, (DA)W = 0A,.
Then we have:
AF A, = g Ae). (%)

In fact, A(c) is obtained from A, by substituting P;(c, ..., c) for p;.
Now put

I, = {A, | A(c) €T}

Then I is A-consistent. Indeed, if we have A = = /\ ;(A;)x for some formulas A;(c) € I, then b1, = A; 4;(c)
by (*), which implies the L-inconsistency of T".

By strong completeness of A, I'; is satisfiable in a A-frame F'. So by adding a singleton domain to F' we
obtain an L-frame F.

We claim that T' is satisfiable in F. Indeed, let M,u F I';; for a model M on F'. Consider the model M
on F such that for any v

M,vE P(a,...,a)iff M v E p;,
where a is the unique individual in the domain. Then by induction we easily obtain that for any v
M,vkE A(a) iff M,vE A;.

Hence M,u=T. O
Lemma 5.3. Let A be a modal propositional logic. Then (1 e QAU Fx AU, v OL.
Proof. Let L := QAU;. Every L-frame has singleton domains. In every (O e L)-frame F = (W, R, D) for
any u we have F,u E AU, so |D,| = 1 for any v € R(w). If u £ 0L, there exists v € R(u). Since D,, C D,,
D, is a singleton, thus F,u = AU;.

Hence F E AU, VOL. O

Recall that Triv:= K+ UOp < p, Ver :=K + [ 1.
Proposition 5.4. Let A be a modal propositional logic. Then 1 e QAU; is Kripke incomplete.
Proof. Due to the previous lemma, it suffices to prove that

Oe QAUFAU, VIOL.

By Makinson’s theorem ([2], Theorem 8.67) A C Triv or A C Ver, so we can consider only the cases
A = Triv and A = Ver.
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(D
/\

Fig. 1. Kripke sheaf ®¢.

For Triv we take the Kripke sheaf &, with two worlds: irreflexive u and reflexive v, D,, = {a, b}, D, = {c}.
Fig. 1 shows the transition function from u to v.

We have @y, v F QTrivU;q, since v is reflexive with a singleton domain. Hence ®y F [J e QTrivU;.

On the other hand, |D,,| = 2, R(u) # 0, so ®g, uk AU; VOL. Thus, JeQTrivU1 AU, VO.L by Soundness
theorem.

For A = Ver replace &y with ®1, in which both u, v are irreflexive. O

Corollary 5.5. Strong Kripke completeness of a modal predicate logic L does not imply Kripke completeness
of (e L: counterexamples are given by the logics QAU4, where A is a strongly Kripke complete propositional
logic."?

5.2. Some propositional logics
Here are definitions of specific propositional logics; most of them are well known:

T:=K+Op—p, Ka:=K +0p — O?p,
S4:=T+0Op— ?p, S5:=S4+C0p — p, Ver :=K + 01,
Triv: =K+ UOp<+p, SL:=K+ Op+ Op,

SL4 := SL + Op — O0p, SL4,, := SL + O"p — O tlp,

K5 =K + OUp — Up,

K45 := K5 + Op — O?p,

K4[S5 := [1-S5 + Op — O?p.

All these logics are Sahlqvist, so they are elementary and canonical.

In this paper we are interested mainly in extensions of the logic O - T including those of the form O-A
for A D T. By Makinson’s theorem [2], A C Triv; thus O-T C O0-A C O Triv.

Fig. 2 shows inclusions between some extensions of [J-T.

Recall that K5 is determined by ‘Euclidean frames’, i.e., by those satisfying

VaVyVz(xRy & xRz — yRz).

So K45 is determined by transitive Euclidean frames.
The paper [13] describes all extensions of K5 and proves that K5 is locally tabular.'*

13 These A were discussed in subsection 4.4.
4 One can also show local tabularity for O - S5 (and so, for all its extensions); this fact is stated in [14].
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$5———— > Triv
/
K5 / K45 SL4
K40 S5
a-T EI-SS/ O Triv—> Ver

Fig. 2. Extensions of J'T.

The inclusion K5 D - S5 follows from semantical characterizations of these logics — they are complete,
and every Euclidean frame validates [J- S5. In fact, in Euclidean frames xRy implies yRy, and the points
accessible from y make a cluster.'”

The logic SL4 is determined by transitive functional frames and also by a single two-element frame
({0,1},{(0,1),(1,1)}). The inclusion K45 C SL4 is easily checked, semantically or syntactically.

Similarly, the logic SL4,, is determined by the frame ({0,1,...,n}, R), where xRy iff y = z+1Vz =y = n.
This logic will be used in section 8.

5.3. Kripke bundles

In the rest of this section we prove Kripke-incompleteness for a large family of predicate modal logics in-
cluding QK5. For this purpose we apply the Kripke bundle semantics. Let us briefly recall the corresponding
definitions, see [9], chapter 5 for further details.

Definition 5.6. A Kripke bundle over a propositional frame F = (W, R) is a triple F = (F, D, p), in which
D = (Dy)uew is a family of (non-empty) disjoint domains and p = (puv)(u,v)er is a family of inheritance
relations p,, C D, x D, such that p,,(a) # & whenever uRv, a € D,,.

Models on F are of the form (F,¢), where £ = (§4)uew, &u(P) € D for each m-ary P.

For a Kripke bundle model M the forcing relation M, u E A between worlds v € F' and D,,-sentences is
defined recursively. In particular, M, u = O A(aq, ..., a,) iff

Vv € R(u) Vb1 € pyy(ar) ... Vb, € puv(an) M,vE B(by, ..., by).

Definition 5.7. A predicate formula A is true in a Kripke bundle model if its universal closure VA is true at
every world of this model. A is strongly valid on a Kripke bundle F (notation: F T A) all its substitution
instances are true in every model over F.

Proposition 5.8. The set {A| F ET A} is a modal predicate logic.
Definition 5.9. For a Kripke bundle F = (F, D, p), put D° := W and
D" :=| J{Dy |ue W}

for n > 0.
The relations R"™ on D™ are defined as follows:

R' := U{pw | uRv}, R®:= R,

15 An alternative syntactic proof is an exercise for the reader.
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Fig. 3. Kripke bundle F.
aR"b iff Vj a; R'b; & Vi, k (a; = ap = b; = by)
for n > 1.
Thus F corresponds to the family of propositional frames F,, = (D", R™), in which F = F.
Proposition 5.10. For a Kripke bundle F and a modal propositional formula A,
FET Aiff vYnF, F A.
For the proof cf. [9], Proposition 5.3.7.

Theorem 5.11. Let A be a modal propositional logic between O-T and SL4. Then QA is Kripke (and Kripke
sheaf) incomplete. In particular, this holds for A = O-Ay, where Ay is a consistent extension of T.

Proof. Here the crucial formula is (Vref. First we prove
Lemma 5.12. QSL4 ¥ Ovref.

Proof. By Proposition 5.8 it suffices to construct a Kripke bundle F = (F, D, p) strongly validating QSL4,
but refuting CVref.

Let F' = Fj be a reflexive singleton ({u}, {(u,w)}). Let F} = (D, p), where D = {a,b} and
p = {(a,b), (b,b)}, see Fig. 3. Then ML(F;) = SL4, and we obtain

D" = (D")"; dR"eiff Vi <ne; = b.

So every R™ is functional; every d € D™ (for n > 0) has a unique successor (b,b,...,b). Hence F,, F SL4
——

n

for n > 0, and thus F £ QSL4 by Proposition 5.10.
On the other hand, consider a model M = (F, &), where &, (P) := {b}. We claim that M,u ¥ OVref.
Indeed, M,u E OP(a), since M, u E P(b) and b is the unique inheritor of a. At the same time M, u ¥ P(a).
Thus M,u ¥ OP(a) — P(a), and so

M,u ¥ Yx(OP(z) — P(z)).
This implies M, u ¥ OVref, since u is reflexive. 0O

Now to prove Theorem 5.11 note that QA Exg OVref, since Q(O - T) Exe OVref (Propositions 3.10,
3.18); however QA ¥ OVref, since QSL4 ¥ OVref (Lemma 5.12). O

Remark 5.13. It is well known (cf. [8]) that there is a continuum of modal logics between T and Triv. By
Proposition 3.4, their boxings are different; hence by Theorem 5.11 we obtain a continuum of incomplete
logics of the form QA.
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Theorem 5.14. For any modal propositional logic A between [J- T and SL4:
(1) If QA + OVref is Kripke complete, then
QA = QA + OVref.

In particular, this holds whenever A =0 - Ay, Ay O T and QA is strongly Kripke complete.
(2) Similarly, if QA + OVref is Kripke sheaf complete, then

Cke(QA) = QA + OvVref.
In particular, this holds for A = - Ay, where A1 O T and QA is strongly Kripke sheaf complete.

Proof. (1) Since QA Fx OVref, we have QA + OVref C (/QK But (/QTX is the least KC-complete extension
of QA, so the inclusion becomes equality if QA + OVref is K-complete.

Also note that strong Kripke completeness transfers from QA; to [J ¢ (QA;), by Theorem 4.8, and
Oe(QA1) = Q(O-Ay) + OVref, by Proposition 3.10.

(2) Similar to (1), now using QA Exgs OVref and Theorem 4.4 (for A =0-Ay). O
6. Kripke completions of QK4[1S5 and QK45
6.1. C-canonicity

Let us first recall the construction of canonical models with constant domains from [9], chapter 7.
We begin with the well-known characterization of the Barcan formula:

Lemma 6.1. The Barcan formula
VaOP(z) — OVzP(x)

is valid on a rooted Kripke frame F = (W, R, D) iff F has a constant domain, i.e. all the domains D, for
u € W coincide.

Definition 6.2. For a modal logic L containing Ba let CW, be the set of all L-places (from PWp) with a
fixed countable set of constants Sy. The canonical frame and the canonical model with a constant domain
for L are the restrictions CFy, := PFy, | CWy, CMy, := PMy | CWry,.

For these models we have
Theorem 6.3. For any I' € CW, and modal Sy-sentence A,
CMp,TEAifAeT.
Corollary 6.4. For any modal predicate formula A,
CMpEAf L+ A.
Definition 6.5. A modal predicate logic L containing Ba is called C-canonical if CFy, E L.

Corollary 6.6. Every C'-canonical logic is strongly Kripke complete.
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Proof. Assume that L is C-canonical, I' is an L-consistent theory. We may also assume that Dr C Sy. Then
I' can be extended to some A € CWp. By Theorem 6.3, CMp, A E A. Thus I' is satisfiable in the L-frame
CFr. O

The definition of CW;, and C' M}, depends on the basic set of constants Sy, but sometimes we need to
indicate this set explicitly. Then we use the notation CWp,(Sy), CFL(Sy), CML(Sp). Obviously, all the
models CM,(Sp) are isomorphic for countable Sy.

The well-known example of a C-canonical logic is QS5:

Theorem 6.7. QS5 is C-canonical.

This is a particular case of Tanaka — Ono completeness theorem, cf. [9], Theorem 7.4.7. However, in this
case C-canonicity follows readily: reflexivity and transitivity are inherited from the larger frame PFqgs;
symmetry for CFqgs is easily checked.

6.2. QK40S5

Lemma 6.8. Let L be a modal predicate logic containing (] e QS5, and let TR A in the canonical model
PM;y,. Then

(1) A is a QS5-place.
(2) ARLA.

Proof. (1) By Lemma 2.19, it suffices to prove that QS5 C A. Indeed, suppose QS5 A for a sentence
A; then by definition [ e QS5 + A, hence L - OA, and so JA € T' (Lemma 2.13). Thus A € A by the
definition of Ry,.

(2) Since A is a QS5-place, we have (HA — A) € A for A € L(A). So OA € A implies A € A, i.e.
AR;A. O

Lemma 6.9. Let L be a modal predicate logic containing [J e QS5, and assume that T is an L-place with an
infinite domain. Then in the canonical model PMy,

PRLA&ARLE&DA =Dy, = ERLA

Proof. By the previous lemma, A, ¥ € PWqgs. Since Da = Ds;, we have A, 3 € CWqgs(Da). Then the
claim follows from the symmetry of CFQqss. O

To prove the required completeness results we use selective submodels of canonical models. Note that their
definition differs from the one given in [9]. It resembles the Tarski-Vaught test for elementary submodels in
classical model theory.

Definition 6.10. Let M = (W, R, D,&) be a Kripke model. A weak submodel of M is a Kripke model
M1 = (U, Rl,Dl,fl) such thatw

UCW,RCR, Di=D|U &=¢1U.

The weak submodel Mj is called selective if for any u € U, for any D,-sentence A

16 Te. (&1)uw = &u, (D1)uw = D,, for each u € U, cf. Definition 2.8.
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MukE A= Jve R (u)M,vE A.

Lemma 6.11. Let M, M, be the same as in the previous definition. Then My is a reliable submodel of M :
for any u € U, for any D, -sentence A

M,uE Aiff Mi,uE A.

Proof. We may assume that A is constructed from atomic formulas using ¢, —, 1, 3 and argue by
induction on the length of A. The only nontrivial case is when A = ¢B.

Then, if M,u F ©B, there exists v € Ri(u) such that M,v E B, since M; is selective. By IH, we have
My,vE B, hence My,uE OB.

The other way round, if M;,uF OB, there is v € Ry(u) such that M;,v E B. We have M,v E B, by TH,
and v € R(u), since Ry C R. Thus M,ukF <¢B. O

Theorem 6.12. The logic QK4[1S5 + [Vref is strongly Kripke complete. Thus
QK40S5 = QK4[S5 + Cvref.

Proof. We denote this logic by L. Then L D Q(OJ- S5) + Ovref = [0 e QS5.

Since L O QK4, a standard argument shows that the canonical relation Ry, is transitive.

Given an L-consistent theory I'g, we may assume that its set of constants is small (by an appropriate
choice of the set S* in the canonical model, cf. subsection 2.6) and extend I'y to an L-place I' (Lemma 2.15)
So it is sufficient to satisfy I' in a Kripke model over an L-frame.

CASE 1 01 €T Then I' is an endpoint in the canonical model PM,, and PMp,T" ET' by the Canonical
model theorem. By Lemma 2.9(1) we have PM 1T, T ET.

Since I' is an endpoint, the cone F := PF1T has a single world ', which is irreflexive. Then obviously
F F OB for any formula B; hence F F OVref, F F K40S5, and thus F is an L-frame.

CASE 2 TR,T.

Then by Lemma 6.8, T" is a QS5-place. So by Theorem 6.7 and Corollary 6.6, I' is satisfiable in the
QS5-frame CFqgs. This is an L-frame, since L C QS5.

CASE 3 OT €T, but I' is Rp-irreflexive. Then R (T") # 0.

Consider the set U := {T'} U R (T") with the relation

ARY iff AR, & (A =TV Da = Dy).

Let M be the restriction of PMp, to (U, R). We claim that M is selective.

Indeed, suppose CC € A, A € U.

(a) A#T.

Then A is a QS5-place, by Lemma 6.8. So CMqss(Da), A E &C (Theorem 6.3); hence in the C-canonical
model CMqgs(Da) there exists © such that ARQgs0, C' € ©. Certainly, A, © are points in the larger
canonical model PMqgs, which is a generated submodel of PM;, (Lemma 2.19). Thus © is an L-place and
AR O.

We also have 'R, © by transitivity. Therefore © € U and PM,0 F C.

(b) A =T In the canonical model there exists ¥ such that T'R;,Y and C € ¥. This ¥ is in U, and
A =TRY.

Besides selectivity, we need to show that PFr | (U,R) E L, i.e., that R is transitive, and R is an
equivalence on all points but I'. In fact, reflexivity for these points follows from Lemma 6.8, and symmetry
from Lemma 6.9.

The transitivity of Ry, is provided by K4, so R is transitive on U —{I'}. Also 'RARY. implies 'R, AR,
and thus TRy Y, i.e. TRYX. O
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6.3. QK45

Theorem 6.13. The logic QK45 + [Vref is strongly Kripke complete. Thus Q/KZS = QK45 + OVref.

Proof. It goes along the same lines as in the previous theorem. Let L = QK45 + OVref and let T' be an
L-place (with an infifnite domain). Since K45 D [0 - S5, we see again that L O [ e QS5.
Now we have the same three cases as in the previous theorem. In cases 1, 2 the argument does not change.
CASE 3 Suppose ¢T €T, but I' is Ry -irreflexive. Then there exists an L-place A such that TRy A.
Let S := Da, and put M := PMy, | U, where

U:={I}U{S € R,(A)| Dy =S}

By Lemma 6.8, A is reflexive, so A € U.

Let us show that M is selective. Let B = GC € ¥ € U and consider two cases.

(a) X € R(A), Ds = S.

As in the previous theorem, case 3(a), we notice that ¥ is a QS5-place, by Lemma 6.8. Hence we obtain
© € Rqss(X) such that C' € ©. By Lemma 2.19 it follows that © is an L-place and ¥R ©. By transitivity,
ARpO and also Dg = S. Thus © € U and PMp,,0 E C.

(b) X =T.

We claim that there exists © € Ry (A) N Ry (I") such that Dg = S and C € ©.

Since the relation Ry, is transitive, this claim follows easily from the case (a). Indeed, -, ¢C — OCC, so
OOC €T, and since TR A, we have &C € A. By (a) we obtain © € Ry (A) with Dg = S and M, C E ©;
also 'Ry © by transitivity.

It remains to show that the frame of M (we again denote it by F) validates L, i.e. it is transitive,
Euclidean and validates ClVref.

The transitivity is already known.

For the Euclideanness note that I' is Ry -related to all other points by transitivity, and let us show that
all these points are Ry -related.

Indeed, suppose AR.Y, AR.Y, Dy, = Dss = S. Since A is reflexive, XR; A by Lemma 6.9. Hence
Y RpY by transitivity.

The formula OVref is valid on F, since every its point but I' is reflexive and T" is not accessible (from
any point): TRy X R;T would imply 'R, T by transitivity. O

Remark. The equality Q—K = QA + OVref also holds for A = SL4. We leave the proof as an exercise for
the reader.

7. Kripke completion of QK5

In this section we also prove completeness using canonical models, but the argument becomes more
involved.

We begin with a useful lemma on adding witnesses for logics containing the Barcan formula. Implicitly
it is contained in the proof of Lemma 7.1.2 from [9].

Lemma 7.1. Let L be a predicate logic containing Ba, ¥ an L-consistent theory such that ¥ 1, OB for some
sentence B in the language of 3. Let FxA(x) also be a sentence in the language of X and let ¢ be a new
constant not occurring in X, B and A(x). Then the theory

Yi=XU{O(BA BzA(x) — Ac))}
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s L-consistent.
Proof. Supposing the inconsistency of ¥’ we obtain
Y+ OB — JzA(z) A —-A(0)),

and thus

Yk VyO(B — 3zA(z) A —A(y))
by lemma on new constants ([9], Lemma 2.7.11). Hence by applying Ba we have

Yk OVy(B — 3z A(z) A —A(y)).
Next, by classical logic, we can move the quantifier inside:

Yk OB — JzA(x) AVy-A(y)),
which implies

Y+, O-B.

Together with the assumption Y 7 < B this implies the inconsistency of X.
Therefore X/ is consistent. O

Theorem 7.2. The logic QK5 + OVref is strongly Kripke complete. Thus 6@ = QK5 + OVref.

Proof. The proof follows the same lines as in Theorem 6.13, with an essential difference in case 3.
Let L be our logic, and consider the canonical model PMy . Since K5 O [0- S5, we have

L2 Q(O-85) 4+ Ovref = e QS5

(Proposition 3.10), so Lemmas 6.8, 6.9 hold for PM,.

Let ' be an L-place and consider three cases as in Theorems 6.12, 6.13.

In cases 1 and 2 the argument is preserved. However, in case 3 (T is irreflexive, T € T'), we cannot rely
on the transitivity of Ry. To see the difficulties, consider a formula GC € T'. In the proof of Theorem 6.13,
case 3(b), we constructed © € R.(I") N Rr(A) such that Dg = Da and C' € ©. To obtain © we noticed
that GC € A and then used the transitivity of Ry. But now Ry, is not transitive, so we cannot claim that
© € R(T).

To modify the proof properly, we do not start from a certain A € Ry (I"), but construct successors of T
gradually. The whole procedure goes in three stages.

For a theory X denote
CL:={CA|Aecx}, OO :={A|0A€cX}.

Stage 1 Consider all formulas in I" beginning with &: OGCp, OCs, ... We first construct QS5-consistent
theories with the Henkin property Aj, As,... (all in the same language) containing (07T and such that
C; € A;. This is done by induction.

Base We start with the theories A? := [{C;} UDO™T], where [...] denotes closure under Fqss (i.e. QS5-
derivability, cf. subsection 2.2).
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(1) Let us show their consistency.'” It is sufficient to show that {C;} UO™T are consistent. So suppose
O~ T F =C;. Since O T is closed under conjunction, by Deduction theorem it follows that H G — —C; for
some G € O7T'. Recall that by Lemma 3.9, QS5 F A implies Q(O - S5) + OVref - OA and thus L - OA.
So we obtain Fr, O(G — —C;), and thus Fyp OG — =<0C; (by K). Since OG € T' and T is an L-place, it
follows that —<C; € I, which contradicts ¢C; € I'. Therefore A? is consistent.

(2) We claim that OAY C A for any i.

Indeed, let A € AY; then C;, By,...,B, F A for some By,...,B, € O°T. Since J7T is closed under
conjunction, there is B € O T such that C;, B - A, so by Deduction theorem - C; A B — A. Hence
FO(C; AB) — OA.

However, ©C;,0B € T', and note that - ¢C; AOB — <&(C; A B) (by K). It follows that ¢A € T, so
OCA €T (by K5); hence ©A4 € O-T C AY. Thus (2) holds.

Step The further construction is ruled by a fixed enumeration of all possible pairs (k,3zA(z)), where
k > 0 and 3z A(z) is a sentence (with z arbitrary) in the language of I with extra constants from a certain
countable set S.

Suppose we have a collection of consistent A-closed theories A, i = 1,2,... such that CA? C A} for any
i and infinitely many constants from S do not appear in these theories.'® Let us construct theories A;LH
with the same properties.

Consider the first new pair (k,JxA(z)) and assume that k # 1. Then we create a witness for JxA(z) in
A} we choose a new constant ¢ € S that does not occur in AT U AP U {A(z)} and put

AT = [AT U {FrA(x) — A(e)}],
AT = [ATUCARTY AT = AT for i # 1, k.

It is clear that the theories A?H are A-closed. The consistency of AZ“ is checked as in classical logic; for
A" with 4 # 1, k it holds by IH.
(3) Let us prove that At is consistent.
Suppose the contrary. Then
T, OAL, ..., QA F L
for some Aq,..., A, € AZ“. Since C(A1 A ... ANA) F OCAy, ... OA,, we also have
AT, O(A N NA)F L
Since A} is A-closed, we can join the A; from this set together, so we obtain
T, O(BA (FzA(z) = Ae)) F L
for some B € A}. However, by IH, OAZ C A}, so OB € A}, while
ATU{O(BA (FzA(x) — Ae))}

is inconsistent. This contradicts Lemma 7.1.

Therefore A is consistent, and we have OCA ™ C AT*! for i # 1 by construction and ITH.

The inclusion OATT C A" also holds for i = 1, since - A — ©A for any A (remember that we argue
in QS5) and A" is closed under derivability.

17 Henceforth in this proof, ‘consistency’ means ‘QS5-consistency’, - means FQss-
18 1n [9] theories with infinitely many unused constants are called ‘small’.
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Recall that the above argument refers to the pair (k,JzA(z)) with & # 1. If the first new pair is
(1,3zA(z)), we choose a new constant ¢ and put

AP [AT U {30 A(z) > A},
A= AT for i # 1.

Then the consistency of A?H is proved by a standard classical argument; the inclusion OA?H - A?H is
explained as above.

Finally we put
A= AT
n
By the construction these theories are also A-closed, consistent, satisfy the condition
(5) CA; C Ay

and enjoy the Henkin property. Indeed, if 3xA(x) € L(Ax) and (k,JzA(zx)) is the n-th pair in our fixed
enumeration, then by construction, 3z A(z) gets a witness in AZH.

Stage 2 Completing the theories A;.

We will now construct QS5-places A; containing A;.

By Lindenbaum lemma there is a complete (i.e. maximal consistent) theory A; D A;. We also claim that
for any 7 > 1 the theory A; U~ A is consistent.

Indeed, suppose not. Since both A;, O-A; are A-closed, there exist A € A;, B € O~ A, such that
- B — —A, so F OB — 0O-A4, and thus 0-A € A; by completeness of A;. But ¢A € A; by (5), which
contradicts the consistency of Aj.

Then we can also construct complete theories in the same language

Zi D) Az U D_Zl
for all ¢ > 1.
Therefore due to Henkin property, we have QS5-places A, Ao, ..., and by construction TR A; for all

i, A{Rp A, for all i > 1. All the theories A; have the same set of constants S. So A; € CWaqss(5). Since
the relation Ry, on CWqss(S) is an equivalence (Theorem 6.7), we obtain

(6) A;RLA; for all 4, j.

Stage 3 Extending the model.

This is done as in the proof of Theorem 6.13. Put

M :=PM;, | {T}U{S € RL(A)) | Dg = SY}).

Since all the points except I' are Ry-related, and I is not accessible from any other point (otherwise it
would be reflexive by Lemma 6.8), the frame of M is Euclidean. The validity of OVref is checked as in the
proof of Theorem 6.13.

It remains to prove selectivity. This is done again as in Theorem 6.13, case 3, with the only difference in
the subcase (b). Namely, if B = OC €T, C is some C; (see Stage 1), so by construction C' € A;. O
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8. Remarks on iterated boxing

Definition 8.1. For a modal predicate logic L we define (0" e L by recursion:
e L:=L, 0" eL:=0e(0"eL).

Similarly for a modal propositional logic A we define (0™ - A.

Some results on boxing are rather easily transferred to iterated boxing.
From Proposition 3.13 we obtain

Proposition 8.2. Iterated boxing embeds the poset of modal predicate logics in itself:
Ll g LQ Zﬁ Dn0L1 g DHCLQ.

Theorem 8.3. [terated boxing preserves canonicity and strong KE-completeness for modal predicate logics.
Proof. Follows from Theorems 4.1, 4.4. 0O

In the next lemma F = (F, D) is a predicate Kripke frame with a propositional base F' = (W, R). The
set V:={veW | R }(v) # @} is stable in F, so we have generated subframes F~ :=F |V, F~ :=F [V
(cf. Definition 2.8).

A denotes an arbitrary modal propositional logic, L an arbitrary modal predicate logic.

Lemma 8.4.

(1) For any modal sentence A, F E QA iff F~ F A.
(2) For any modal propositional formula A, F EOAff F~ F A.

(3)
FrOeLiffF E L.
(4) FEO-Aiff F~ EA.
(5) FEO" AiffFEO" e QA.
(6) 0" e QA C Cx(Q(T" - A)).
(7) Q(D"-A)C 0" e QA CO" e QA C Cx(Q(D" - A)) = 0" e QA.

Proof. (1) Assume F~ E A. Then F,v E A for any v € V, by Lemma 2.9 (2). Since R(u) C V for any
u € W, it follows that F,u F OA (Lemma 2.4 (1)). Thus F E OA.

The other way round, assume F F JA. Since every v € V' is in some R(u), we have F,v F A (Lemma 2.4
(1)), and thus F~,v F A (Lemma 2.9 (2)). Hence F~ F A.

(2) The same argument as in (1) can be applied to the propositional frames F' and F~.

(3) We have F e L& F EOL by Lemma 3.11, and F = OL < F~ £ L by (1). Obviously,
F FL&F FL
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(4) We have FEO - A = QK + 0OA < F E OA by soundness, and FFEOA < F~ E A by (2).

(5) By induction on n. Denote L, := " ¢ QA, A,, := " - A. The case n = 0 is obvious, by soundness.

For the induction step, suppose the equivalence holds for n. Note that L,y =0e L,, A,41 =0 A,.
Then by (3), IH and (4)

FEL, if FEL,iff F~EA,iff FFE Apyy.

Finally, FF A1 < FF A,11 by Lemma 2.4 (2).
(6) Also by induction. The case n = 0 is trivial.
Assuming (0" ¢ QA C C(Q(O™ - A)) we obtain

0" e QA C Je Cic(Q(U" - A)) C Cie(Q(D™! - A))

by monotonicity of boxing and Lemma 3.14 (or Proposition 3.15).

(7) For the first inclusion it is sufficient to show that 0" - A C O" e QA. The latter follows easily by
induction: A C QA is obvious, and 0" - A C O" ¢ QA implies O(O" - A) C O(O" ¢ QA), and hence
O-(0"-A)COe (0" eQA).

The second inclusion follows from QA C (:)7& by monotonicity of boxing.

The third inclusion is (6).

The last equality follows from (5). Indeed, A € Cx(Q(O" - A)) if and only if F F A for any predicate
frame F validating Q(O" - A), or 00" - A (by soundness), or 0" - QA (by (5)). O

Now we prove an analogue of Theorem 4.8:
Theorem 8.5. If QA is strongly Kripke complete, then O™ @ (QA) is strongly Kripke complete.

Proof. By induction. Denote again L,, := 0" ¢ (QA), A,, :=0" - A.

The base is trivial. For the induction step, suppose L, is strongly Kripke complete. Let I" be an
Ly y1-place. The further argument follows the proof of Theorem 4.8, where we replace L with L, and A
with A,.

So for every A € Ry, ., (I') we construct a model Ma over a frame Fa with root 05 and an interpretation
0 such that Ma,0a E0a - A and Fa F L,,. The latter is equivalent to Fa F A,,, by Lemma 8.4 (5).

Next, in two steps we construct the models MY over frames F\ such that M},0a E A. Since the
propositional bases of frames Fa and F{ are the same, it follows that F\ E A,, and F{ F L,, (Lemma 8.4
(5))-

Finally, from the models M} we construct the model M* with root I" over a frame G and show by the
same argument as in Theorem 4.8 that M*,T' E I'. Since G~ is a disjoint union of frames F{, it follows
that G~ F L,,, and thus by Lemma 8.4 (3), GEOe L, = L, ;.

Therefore L, 11 is strongly Kripke complete. O

The previous theorem can be slightly generalized.
Theorem 8.6. Assume that a logic (QTX is strongly Kripke complete. Then

(1) O oQA is strongly Kripke complete.
(2) 0"« QA = 07 « QA = Cic(Q(0" - A)).

Proof. We can almost repeat the proof of Theorem 8.5 and argue by induction. Let L], := " e 67&,
A, =07 Al
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Fig. 4. Kripke bundle F’.

If n = 0, there is nothing to prove. For the step, suppose L/, is strongly Kripke complete and satisfies (2),
and consider an L/, -place I'. Every A € RL£L+1(F) is an L) -place and so satisfiable at the root of some
model M over an L/ -frame Fa with a propositional base F.

Then (2) implies Fa E D”/oaA, which is obviously equivalent to Fo E 0" ¢ QA, or to Fo E A,
(Lemma 8.4 (5)), or to Fa F A, (Lemma 2.4(2)).

By the same construction as in Theorems 4.8, 8.5 we obtain models M satisfying A over frames F'{
with the same propositional bases Fa. Thus F{ F A,,, hence F{ F 0" QA by Lemma 8.4 (5) and F/{ = L/,

by (2).

Next, as in Theorem 8.5, we obtain a model M* with the root I" over a frame G such that M* T ET'. By
Lemma 8.4 (3) we also have G F e L) = L], since G~ F L}, as a disjoint sum of frames F’y. Therefore
Ly, is strongly Kripke complete.

By Lemma 8.4 (7) we have

07+ e QA C "+ e QA C O & QA = Ok (Q(D" - A)).

The logic L), ., =0""' e C/QI\X is Kripke complete by (1), so from these inclusions it follows that
On+! ¢ QA = 071 - QA, thus (2) holds for n +1. O

Theorem 8.7. Let A be a modal propositional logic between 0" - T and SL4,, (for n > 0). Then
QA C QA +O"Vref C QA.
Thus QA is Kripke incomplete.

Proof. By an easy generalization of Theorem 5.11.
First note that QT F Vref obviously implies (" ¢ QT F O"Vref by induction. Hence by Lemma 8.4 (6),

Onvref € QO™ - T) C QA.
We also have

Lemma 8.8. QSL4,, ¥ O"Vref.
Proof. We construct a Kripke bundle F’ = (F, D’) strongly validating QSL4,, and refuting (I"Vref.

The propositional base F is again a reflexive singleton ({u}, {(u,u)}). The frame (D’,p’) determines
SL4,,. Viz.,

D' ={ag,...,an}, aip'a;iff j=i+1Vi=j=n,

see Fig. 4.
Then D'™ consists of m-tuples of individuals with the relation

dp'meiff Vi < md;pe;.
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(sub does not matter here, since p’ is functional.) So p'™ is functional, and (a,,...,a,) is the successor of
——

itself. The nth and the (n + 1)th iterations of p’™ coincide. Hence F!, F SL4,,, and thus F’' F* QSL4,, by
Proposition 5.10.

On the other hand, consider a model M = (F,¢), where &,(P) := {a;}. Then M,u ¥ O"Vref, since
M,uEOP(ag) A =P(ag) implies M, u E O"Jz(0OP(z) A -P(z)). O

Eventually we obtain QA Fx O"Vref, QA ¥ O"Vref. 0O

Remark 8.9. A similar assertion holds for Kripke sheaf semantics. We leave the corresponding proofs to the
reader.

9. Conclusion

This paper makes a little next step in systematic study of completeness for modal predicate logics of the
form QA, and large terra incognita is lying ahead. Let us outline some topics for further development.

1. Axiomatization of completions.

For logics considered in this paper Kripke completions are obtained by adding a single axiom OVref (or
O"Vref). How far do these results extend? In particular, is it true that QA + OVref is Kripke complete
for any A between [J- S5 and SL47

2. Finite axiomatizability of boxing.

The general Theorems 3.21, ?? suggest infinite axiomatizations for boxing and iterated boxing. However,
the logics [ @ QA for A containing T are finitely axiomatizable (Proposition 3.10). It seems we are lucky
here. What happens for other propositional logics? We conjecture that in many cases [Je QA should not be
finitely axiomatizable, in particular, for A = K5 and A = SL4. Finite axiomatizability of iterated boxing
is also an open problem. We hope to return to this topic in later publications.

3. Boxing vs A-operation.

A certain analogue of boxing is Suzuki’s A-operation for superintuitionistic logics [18]. The definitions
and properties of these two operations are very similar. Is it always the case, i.e. do general theorems on
boxing for modal predicate logics transfer to A-operation and vice versa?

In particular, from sections 4, 5 we know that boxing preserves strong Kripke sheaf completeness, but does
not preserve strong Kripke completeness. However, for A-operation there is a better result ([9], Proposition
6.9.9): it preserves Kripke completeness for intermediate predicate logics. A modal analogue of this result
might be the following: boxing preserves Kripke completeness for modal predicate logics included in QTriv.
Is this assertion true?

4. Correlation between Kripke completeness and strong Kripke completeness.

For intermediate predicate logics these two properties are non-equivalent. It is very likely that simi-
lar counterexamples can be constructed for modal predicate logics. However, we do not know if Kripke
completeness implies strong Kripke completeness for logics of the form QA (modal or superintuitionistic).

5. Correlation between Kripke completeness and Kripke sheaf completeness.

There are many examples of Kripke sheaf complete, but Kripke incomplete predicate logics, both in
the modal and the intuitionistic fields. On the other hand, Suzuki showed that Kripke and Kripke sheaf
completeness are equivalent for logics of the form QA 4+ CD, where A is an intermediate propositional
logic, C'D is the axiom of constant domains [17]. Apparently this result extends to modal logics of the form
QA + Ba, where Ba is the Barcan formula. But for the logics QA the problem remains open. Moreover,
the following weaker problem is open: does there exist a propositional logic A such that Cig(QA) # 67&?

6. Completeness of QA in other semantics.
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When syntax and semantics mismatch, one can try to change semantics appropriately. There is a sequence
of generalizations leading from Kripke to simplicial semantics, cf. [9], [16].1 For Kripke incomplete logics
considered in this paper simplicial semantics can be helpful: viz., for d-persistent (in particular, Sahlqvist)
propositional logics A, both QA and QA + Ba are simplicially complete [16]. But the general case makes
a problem: e.g. for QGL and QGrz we do not know any semantical characterization.

7. Reflexive boxing.

O - A-frames for are obtained from A-frames by adding an irreflexive root below. So boxing destroys
reflexivity. To stay within reflexive frames, we should add a reflexive root or a reflexive cluster. Both
options lead to some operations on modal logics similar to Suzuki’s A. These operations deserve a special
study. Note that iterated reflexive boxing of QS5 gives predicate modal logics of finite depth. In particular,
the logic Q/S4\4 axiomatized by M. Cresswell [7] is a singleton reflexive boxing of QS5.
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