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Shot noise in next-generation neural mass models for finite-size networks
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Neural mass models is a general name for various models describing the collective dynamics of large neural
populations in terms of averaged macroscopic variables. Recently, the so-called next-generation neural mass
models have attracted a lot of attention due to their ability to account for the degree of synchrony. Being exact
in the limit of infinitely large number of neurons, these models provide only an approximate description of
finite-size networks. In the present Letter we study finite-size effects in the collective behavior of neural networks
and prove that these effects can be captured by appropriately modified neural mass models. Namely, we show
that the finite size of the network leads to the emergence of the so-called shot noise appearing as a stochastic
term in the neural mass model. The power spectrum of this shot noise contains pronounced peaks, therefore its
impact on the collective dynamics might be crucial due to resonance effects.
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One of the promising approaches in the mathematical
modeling of neural networks is the development of reduced
models describing large populations of coupled neurons in
terms of low-dimensional dynamical systems for the averaged
variables. Such macroscopic or neural mass models can be
obtained heuristically [1–3] or derived from the microscopic
dynamics [4–13]. Recently, the so-called next-generation neu-
ral mass models have attracted a great deal of attention of
the researchers [14]. The theoretical ground for this type of
models is provided by the application of the Ott-Antonsen the-
ory [15,16] to populations of θ neurons [17,18] or quadratic
integrate-and-fire neurons [19–21]. A distinctive feature of
these models is their capability to account for the degree of
synchrony in neuronal populations. Next-generation models
were proved useful in a number of contexts including the
modeling of β and γ oscillations [22–26], working mem-
ory [27,28], whole-brain simulations [29,30], etc.

Being exact in the thermodynamic limit, neural mass
models are considered as a good proxy to finite neuronal
populations of sufficiently large size. However, whether and
to what extent the population dynamics is amendable to finite-
size effects is an open question. In the present Letter we
address this point and demonstrate that the finite number of
neurons constituting the network leads to the emergence of
fluctuations in the output signal which we call “shot noise,” in
analogy to electronic circuits. We calculate the power spec-
trum of this noise and show that its addition to the neural
mass model transforms the latter into a system of stochastic
differential equations reproducing the dynamics of the finite-
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size population. We also demonstrate that taking shot noise
into account might be crucial for the collective behavior of
the network due to resonance effects.

We start from a network of quadratic integrate-and-fire
(QIF) neurons with global coupling

V̇j = V 2
j + η j + Js(t ) + I (t ), (1)

where Vj is the membrane potential of the j neuron, η j is a
heterogeneous bias current, I (t ) is a common time-dependent
external input, J is the coupling strength (which is of order of
1 and does not scale with N), and s(t ) is the normalized output
signal of the network

s(t ) = 1

N

N∑
j=1

∑
k

σ
(
t − t k

j

)
. (2)

Here, t k
j is the moment of the kth spike of the jth neuron, and

σ (t ) describes the postsynaptic current after a single spike.
A neuron emits a spike each time its potential Vj reaches the
threshold value Vp, after which it is reset to Vr . Further, we set
Vp = −Vr = ∞ and σ (t ) = δ(t ).

In the thermodynamic limit N → ∞, the population state
is characterized by the conditional density function ρ(V |η, t )
which yields the fraction of neurons with membrane potentials
V and bias current η, at time t . The network output then equals
the mean firing rate of the neurons r(t ). Further, to avoid
confusion we will use s(t ) to denote the output of the finite
network and r(t ) for the output of the infinite one. The latter
is given by the total flux through the threshold:

r(t ) =
∫ ∞

−∞
ρ(Vp|η, t ) f (Vp, η, t )g(η)dη. (3)
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Here, f (V, η, t ) = V 2 + η + Jr(t ) and g(η) is the distribution
of the bias current. In Ref. [19] it was shown that in the special
case of Lorentzian distribution

g(η) = 1

π





2 + (η − ζ )2
, (4)

the network output obeys the following system of ordinary
differential equations (ODEs),

ṙ = 
/π + 2rv, (5a)

v̇ = v2 + ζ − π2r2 + Jr + I (t ), (5b)

where v is the average membrane potential. System (5) is
a neural mass system which is exact in the thermodynamic
limit. This very system and its modifications are widely used
as “next-generation” neural mass models [21,22,28,29,31–
35].

Being the solution of an ODE, the output of the infinite
network r(t ) is obviously a continuous function of time. In
particular, steady states of (5) correspond to an asynchronous
state with constant output [36,37]. In contrast to the case of
N → ∞, for large but finite N the output s(t ) comprises a
large number of sharp pulses, so after summation one obtains
a slowly changing average plus rapid fluctuations. Since the
origin of the latter noiselike signal is the discrete rather than
continuous nature of the neuronal population, we will further
call it “shot noise” by analogy with the shot noise in electronic
circuits [38].

Let us calculate the power spectrum of the shot noise for
the case of an uncoupled population (J = 0) with a con-
stant input I = const. Then each neuron is either settled into
a rest state for η j + I < 0 or emits spikes periodically for
η j + I > 0. The contribution of a periodically firing neuron
to the network signal equals

s j (t ) = ν j

∞∑
q=−∞

δ(ν jt − θ j − q), (6)

where ν j = √
η j + I/π is the frequency of the jth neuron and

θ j ∈ [0, 1] is the normalized phase. The entire network out-
put is the ensemble average of the individual outputs: s(t ) =
〈s j (t )〉 ≡ 1/N

∑N
j=1 s j (t ). For incommensurable frequencies

ν j the autocorrelation function of the network output can be
readily calculated (see the Supplemental Material [39] for the
details). By taking the Fourier transformation one immedi-
ately obtains the power spectrum

W (ν) = r2δ(ν) + 1

N
W0(ν). (7)

Here, the first term corresponds to the constant component of
the network output r, while the second term scaling as 1/N
describes the shot noise with

W0(ν) =
∞∑

q=1

ν2

q3
g

(
ν

q

)
. (8)

Here, the subscript zero corresponds to J = 0.
Figure 1 shows the normalized power spectrum of the shot

noise calculated according to Eq. (8) for 
 = 1 and ζ = 5
combined with the results of numerical simulations for two
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FIG. 1. Power spectrum of the shot noise in the uncoupled pop-
ulation (J = 0, 
 = 1, ζ = 5, I = 0). Red dashed lines: Theoretical
prediction (8); blue (green) solid lines: Numerical results for N =
104 (N = 103).

different network sizes N = 103 and N = 104. The numeri-
cal simulations of the microscopic systems were performed
using the Euler method with a time step 
t = 2 × 10−4 and
integration time T = 104. The power spectrum is obtained
by the application of the fast Fourier transformation to the
autocorrelation function and averaging of the results over a
sliding window of 
 f = 3 × 10−2. One sees that the theo-
retical formula correctly describes the numerical results and
the precision improves with the growth of the network size.
Results for other parameter values are presented in the Sup-
plemental Material [39] (Fig. S1) and also demonstrate good
correspondence. Note that the power spectra typically show
peaks at the mean firing rate r and its multiples.

It is convenient to interpret the obtained results by intro-
ducing a “nestled” setting, which will also be useful for further
study. In this setting, the network of N neurons is considered
as a part of a larger network of N+ neurons, where N+ → ∞
while N is kept fixed [see Fig. 2(a)]. The distribution of the
bias currents g(η) is the same in both networks. Then the
output of the finite population equals

s(t ) = r + 1√
N

χ0(t ), (9)

where χ0(t ) is the normalized shot noise with the power
spectrum (8). So, the output of the finite network s equals the
output of the infinite network r plus shot noise. Further, we
call the shot noise emerging in the absence of coupling “free”
shot noise.

Now let us consider the time-dependent input I (t ), then
the infinite network tracks this input and provides the time-
dependent output r(t ). The finite network adds some shot
noise to this output, which we again call “free” due to the
zero coupling. We will use (9) as the definition of the free shot
noise in this case: Free shot noise is the difference between the
outputs of the finite and the infinite network provided that they
both receive the same input.
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FIG. 2. (a) The “nestled” setting for the uncoupled population:
The network of the finite size N is considered as a part of a larger
network of the size N+ → ∞. (b) The “nestled” setting for the cou-
pled network: The finite network N projects on the infinite network
N+ (including the finite network as a part of it). In both panels, the
output of the infinite network r(t ) and the output of the finite network
s(t ) are plotted vs time. For the output of the finite network s(t ) we
used N = 104 and running average with the time window 
t = 0.05.
For the output of the infinite network we simulated system (5) with
the term Jr replaced by Js(t ).

Finally, let us consider the case of nonzero coupling J 	= 0.
Then the shot noise generated by the finite network projects
on it again, and this feedback loop might amplify it or/and
change its spectrum. In order to quantify the shot noise in
this case it is convenient again to consider the nestled setting
in which all the neurons receive input only from the finite
network [see Fig. 2(b)]. Then it is easy to show that the
dynamics of the infinite network N+ can be reduced to Eqs. (5)
with the term Jr in (5b) replaced by Js (see the Supplemental
Material [39] for details). In order to close the system, it is
necessary to define the output s(t ), which we can do using (9)
and so to obtain the following set of stochastic differential
equations,

ṙ = 
/π + 2rv, (10a)

v̇ = v2 + ζ − π2r2 + Jr + I (t ) + J√
N

χ0(t ), (10b)

where χ0(t ) is the free shot noise. Since system (5) does not
possess limit cycles [19], for I = const its firing rate settles
to the steady state r(t ) = r0, and adding the noise leads to
the emergence of stochastic fluctuations so that r(t ) = r0 +
ψ (t )/

√
N . For large N these fluctuations are small, thus the

input received by the infinite network is close to constant and
can be approximated as I ′ = I + Jr0 to the leading order. This
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FIG. 3. The power spectrum of the shot noise in the network with
coupling (J = 10, ζ = I = 0, 
 = 1). Red dashed line: Theoretical
predictions (14). Blue solid line: Numerical results for N = 104.
Ochre dotted line: The power spectrum of the free shot noise χ0(t ).
Black solid line: The power spectrum of the macroscopic fluctuations
ψ (t ).

allows us to use (8) to calculate the power spectrum of χ0(t )
and so to completely define system (10).

Although system (10) was formally obtained for the infinite
network, it can be used to describe the finite one as well.
Indeed, the output of the finite network is given by (9) and
equals

s(t ) = r0 + 1√
N

χ (t ), (11)

where the shot noise

χ (t ) = χ0(t ) + ψ (t ) (12)

includes two components, free shot noise χ0(t ) and induced
macroscopic fluctuations ψ (t ). The power spectrum of the
latter is defined by the frequency response S(ν) of the neural
mass system. Linearization near the steady state r0 allows us
to obtain

S(ν) = r0

2[π iν + 
/(2πr0)]2 + r(2π2r0 − J )
(13)

(see the Supplemental Material [39] for details). Then the
power spectrum of the shot noise χ (t ) can be readily
found as

WJ (ν) = |1 + JS(ν)|2W0(ν). (14)

Here, the subscript J corresponds to the coupling strength
J 	= 0.

Figure 3 shows the power spectrum obtained from (14)
compared to the results of numeric simulations for N = 104.
The correspondence is remarkable. The same figure also
shows the spectra of the two components of this noise, the free
shot noise χ0(t ) and the macroscopic fluctuations ψ (t ). The
latter one has two peaks, one at r0 and another at the resonant
frequency of the neural mass model

νr = r0

√
1 − J/(2π2r0). (15)
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The peaks of the two spectra at r0 cancel each other after
their summation, and the main peak located at the frequency
r0 for the uncoupled population moves to the frequency νr

for the coupled network. The other peaks remain virtually
unchanged. The results for other parameters are presented in
the Supplemental Material [39] (Fig. S3) and show perfect
agreement between the theory and numerical simulations.

Thus, the theory developed above allows us to accurately
quantify the shot noise of neural networks. Its power spectrum
is given by (14) and its power scales as 1/N . An important
question is whether these results are of any practical use
for large networks when the shot noise becomes small. The
answer to this question is twofold. First, in realistic neural net-
works the connectivity is sparse [40,41]. Although the theory
presented herein is not directly applicable to sparse networks,
it can potentially be generalized to this case and give the noise
intensity inversely proportional to the number of connections
per neuron rather that the system size. Thus, the shot noise in
sparse networks should be much stronger than in massively
coupled ones. This conjecture is corroborated by the recent
observations of self-sustained oscillations in sparse networks
for the parameter regions where neural mass models predict
only damped oscillations [21,23].

Second, an important feature of the shot noise revealed by
our theory is the presence of pronounced peaks in frequencies
comparable to the mean firing rate r. This means that the shot
noise may have a significant impact even in large networks
via resonance effects. In order to test this hypothesis, we
perform the study of a network including two populations of
QIF neurons, one excitatory and one inhibitory [Fig. 4(a)]. In
the thermodynamic limit, the dynamics of the network can
be reduced to a system of two coupled neural mass models
of the form (5). For the parameters used for the simula-
tion, both neural mass models settle into stationary states.
However, numerical simulation of the real network shows
that even for the large number of neurons (NE = NI = 1000)
pronounced fluctuations emerge in the inhibitory population
[see Fig. 4(b)].

The origin of these fluctuations can be understood when
the spectrum of the shot noise is analyzed. In the excitatory
population, the shot noise has a sharp peak at ν = 1.1 which
is very close to the frequency of the damped oscillations of
the inhibitory population in the thermodynamics limit. Thus,
the shot noise from the excitatory population is effectively
amplified by the inhibitory one. Remarkably, our theory not
only allows us to understand the reason behind the emergence
of strong fluctuations, but also to reproduce them in neural
mass models. To do so, each population is modeled by a sys-
tem (10) with the shot noise included. The resulting stochastic
dynamics turns out to be very close to those of the original
network, as revealed by the comparison of their power spectra
in Fig. 4(c).

Thus, our theory provides a holistic framework for mod-
eling the activity of finite-size neural networks. Although
finite-size effects in neural networks were studied in a number
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FIG. 4. (a) Circuitry of the two-population network. (b) The
output of the inhibitory population sI (t ): Blue line—results of the
numerical simulations; red line—prediction of the neural mass model
without the shot noise term. (c) The power spectrum of the shot noise
in the inhibitory population. Blue line—results of the numerical sim-
ulations; red dashed line—predictions of the neural mass modeling
with the shot noise term included. The system parameters: NE =
NI = 1000, ζE = 8.83, ζI = 1.33, 
E = 
I = 1, JEE = 5, JEI = 10,
JIE = 0, and JII = −3.45.

of previous papers [42–45], our results allow us to take the
next step and obtain a modified neural mass model in the form
of stochastic differential equations which describe the coarse-
grained dynamics of the finite-size network. Such models can
be used as building blocks for the construction of complex
macroscopic networks from several or many mesoscopic pop-
ulations. Since the latter ones typically consist of hundreds to
thousands of neurons, taking into account finite-size effects
may be crucial [46–48]. In particular, next-generation neural
mass models augmented with shot noise may provide different
insights into the modeling of brain rhythms and oscillations of
complex neural systems.

Note that the present Letter is focused on networks near the
steady-state regime. However, preliminary results show that
a similar approach can be applied to other regimes, such as
collective oscillations. The elaboration of such an extension
and defining its limits is an obvious direction of further study.
Another interesting question is the modeling of shot noise in
sparse rather than globally coupled networks. The input re-
ceived by neurons in such networks is typically approximated
by white noise [42,49,50], and our theory can be used to better
describe the noisy component of this input.

The research was supported by the Russian Science Foun-
dation, Russia (Grant No. 19-72-10114).
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