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Abstract

The classical approach to the study of dynamical systems consists in representing
the dynamics of the system in the form of a "source-sink", that means identifying an
attractor-repeller pair, which are attractor-repellent sets for all other trajectories of the
system. If there is a way to choose this pair so that the space orbits in its complement
(the characteristic space of orbits) is connected, this creates prerequisites for finding
complete topological invariants of the dynamical system. It is known that such a pair
always exists for arbitrary Morse-Smale diffeomorphisms given on any manifolds of
dimension n > 3. Whereas for n = 2 the existence of a connected characteristic space
has been proved only for orientation-preserving gradient-like (without heteroclinic
points) diffeomorphisms defined on an orientable surface. In the present work, it is
constructively shown that the violation of at least one of the above conditions (absence
of heteroclinic points, orientability of a surface, orientability of a diffeomorphism)
leads to the existence of Morse-Smale diffeomorphisms on surfaces that do not have a

connected characteristic space of orbits.

1 Introduction and the statement of the result

Let f: M™ — M™ be a Morse-Smale diffeomorphism defined on a closed connected n-
manifold. Denote by Q%, 0, QF the set of sinks, saddles, and sources of the diffeomorphism
f. For any (possibly empty) f-invariant set X C Q} such that /(W) \ W C Qf, set

Ap = QRUWE, Ry = Q7 U W

It follows from [I3] that Ay, and Ry are an attractor and a repeller, which are called dual.

In the monograph [12] the set

Vs =M"\ (As U Ry)



is called the characteristic space, and the orbit space Vs of the action f on Vy is called the
characteristic space of orbits.

There are a number of examples where a reasonable choice of a dual pair leads to
a complete topological classification of some subset of Morse-Smale dynamical systems
(look, for example, [T], [2], [8], [I0], [3], and an overview of [9]). In most cases, finding
complete topological invariants is based on the existence of a connected characteristic space
of orbits for the class of systems under consideration. For example, according to [I], for
any Morse-Smale 3-diffeomorphism, the characteristic space of orbits constructed for the
set ¥ of saddle points with a one-dimensional unstable manifold is connected. This fact
played a key role in obtaining a complete topological classification of such diffeomorphisms,
obtained in [1]. According to [13], any Morse-Smale diffeomorphism defined on a manifold
of dimension n > 3 also has a connected characteristic space of orbits. For orientation-
preserving gradient-like (without heteroclinic points) diffeomorphisms on surfaces there is
a result in the work [6] that the existence of a connected characteristic orbit space Vi
homeomorphic to the two-dimensional torus T?.

The main result of the work is the proof of the fact that the violation of at least one of
the conditions (absence of heteroclinic points, orientability of the surface, orientability of
the diffeomorphism) leads to the existence of Morse-Smale diffeomorphisms on the surface
that do not have a connected characteristic space of orbits. Exactly, the following theorem

is proved.
Theorem 1.

1. On any orientable surface M? there exists an orientation-changing gradient-like dif-

feomorphism that does not have a connected characteristic space of orbits.

2. On any non-orientable surface M? there exists a gradient-like diffeomorphism that

does not have a connected characteristic space of orbits.

3. On any surface M? there exists a Morse-Smale diffeomorphism with heteroclinic points

that does not have a connected characteristic space of orbits.
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2 Required information and facts

Let M™ be a smooth closed orientable manifold and f a diffeomorphism on M™. For a
diffeomorphism f, a point x € X is called wandering if there exists an open neighborhood
U, of x such that f(U,) N U, = 0. Otherwise, the point z is called non-wandering. It



is immediate from the definition that any point in the neighborhood U, of a wandering
point x is wandering itself and therefore the set of wandering points is open while the set
of non-wandering points is closed.

The set of all nonwandering points of the diffeomorphism f is called the non-wandering
set and usually denoted by €.

The simplest examples of hyperbolic sets are primarily the hyperbolic fixed points of a
diffeomorphism, which can be classified as follows. Let f : X — X be a diffeomorphism
and f(p) = p. A point p is hyperbolic if and only if the absolute value of each eigenvalue of
the Jacobi matrix (%) |, is not equal to 1. If the absolute values of all the eigenvalues are
less than 1, then p is called a attracting (a sink point, or sink); if the absolute values of all
the eigenvalues are greater than 1 then p is called a repelling (a source point, or source).
Attracting or repelling points are called a nodes. A hyperbolic fixed point that is not a
node is called a saddle point or saddle.

If the point p is a periodic point f with period per(p), then applying the previous
construction to the diffeomorphism f?"()| we obtain a classification of hyperbolic periodic
points similar to the classification of fixed hyperbolic points .

The hyperbolic structure of a periodic point p leads to its stable W, = {z € M™ :
kEr-l{loo d(f¥er®)(z),p) — 0} and unstable W = {x € M" : kl_l)riloo d(f=rer®)(z),p) — 0}

diversities that are smooth embeddings of R"~% and R% respectively. Here g, is the number

afrer(p)
oz

For a hyperbolic fixed or periodic point p, the stable or unstable manifold is called the

of eigenvalues of the Jacobian matrix ( > |, modulo greater than 1.
invariant manifold of this point, the connected component of the set W' \ p (W \ p) is
called unstable (stable) separatriz.

A closed f-invariant set A C M™ is called an attractor of a discrete dynamical system f

if it has a compact neighborhood U, such that f(U,) C int Us and A = () f*(Ua). The
k>0
neighborhood of Uy, is called captivating or isolating. Repeller is defined as an attractor

for f~'. An attractor and a repeller are called dual if the complement to the exciting
neighborhood of the attractor is the exciting neighborhood of the repeller.

A diffeomorphism f : M™ — M™ is called a Morse-Smale diffeomorphism if

1) the nonwandering set €2; consists of a finite number of hyperbolic orbits;

2) the manifolds W, W/ intersect transversally for any nonwandering points p, g.

A Morse-Smale diffeomorphism is called gradient-like if the condition W2 N W2 # 0
for different points 01,02 € 2y implies that dim Wy < dim W, . In dimension n = 2, the
set of gradient-like diffeomorphisms coincides with the set of Morse-Smale diffeomorphisms
whose saddle separatrices do not intersect.

If M™ is an orientable manifold, then the diffeomorphism f : M™ — M™ is called
orientation-preserving, if f has a positive Jacobian at least at one point, otherwise the
diffeomorphism is called orientation-changing.

Let f: M? — M? be a gradient-like diffeomorphism defined on a closed surface M?2. Let



w be the sink point of the period m,, of the diffeomorphism f. According to [3, Theorem 5.5],

the diffeomorphism f™ in some neighborhood of the point w is topologically conjugate to
1

0
the linear diffeomorphism of the plane given by the matrix <2 | » whereg, = +1 (—1)

-1
if f™|ws preserves (changes) orientation. We say that the sink w hzas a positive orientation
type if ¢, = 4+1 and has a negative orientation type otherwise.

Denote by O,, the orbit of the point w. Let V,, = W§_\ O,. Denote by V, = V.,/f the
orbit space of the action of the group F = {f* k € Z} = Z on V,, and by p_ : V,, = V,, the

natural projection.

Proposition 2.1 ([I1], Yrsepxaenue 1). The manifold V,, is diffeomorphic to a two-
dimensional torus if s, = +1 and is diffeomorphic to a Klein bottle if ¢, = —1. Moreover,

~

1. (m(V.,)) = m,Z.

Similarly denote the orientation type ¢, for the periodic source « of the diffeomorphism
f, the space of orbits V,, and the projection of the stable separatrix of the saddle point into
it.

Let o be a saddle point of the period m, of the diffeomorphism f. According to [5,

Theorem 5.5, the diffeomorphism f™ in some neighborhood of the point o is topologically
1

conjugate to the linear diffeomorphism of the plane given by the matrix VU(; 2 \ 0 ) ,
where v, = +1 (1) if f|ws preserves (changes) orientation; A, = +1 (—1) if f|wu preserves
(changes) orientation. A pair ¢, = (v, A,) will be called the orientation type of the saddle
point o and denote by a., : R* — R? a corresponding linear diffeomorphism. If v, >
0, A, > 0, then the type of orientation will be called positive, and negative otherwise.
Denote by O, the orbit of the saddle point o and set Ny = Np, \ W§_ . Then the
group I’ acts on N}, generating the orbit space ]\7;‘ = N!/f and the natural projection

pt: N* — N (see Figure [1] for the case ¢, = (+1,41)).

So = (+1,+]—) X,

Figure 1: An orbit space N*

Denote similarly by the orbit space Nj = N?/f of the action of the group F on
N; = No, \ W§_, the natural projection p5 : NJ — Nj and mapping 715 composed of
homomorphisms into the group Z from the fundamental group of each connected compo-

nent of the space N?.



In addition, the map
Yo = py(ps) 1 ONY — ON;

is well defined and it will be called the rearrangement map (see Figure [2| for the case
o = (+1,+1)).

Figure 2: Rearrangement map

Denote by Qf, Qf, Q3 the set of sinks, saddles, and sources of the diffeomorphism f.
For any (possibly empty) f-invariant set ¥ C Q} such that cl(Wyg) \ Wy C QF, we set

A = QRUWE, Ry = Q7 U W
The set
Vs, = M?\ (A5 U Ry)
is called the characteristic space. The factor space
Vs =Vs/f
is called the characteristic space of orbits. Let Vit = pZ'(V3), ..., V¥ = p-!(Vi¥) and denote

by my, ..., my the number of connected components in the sets Vi, ... V¥ respectively.

Proposition 2.2 ([7], Proposition 1). Each connected component of the characteristic orbit

space Vs is homeomorphic either to a two-dimensional torus or to a Klein bottle.

Proposition 2.3 ([4] Lemma 4.1). Let ¥’ = XU O, for some saddle orbit O, and 0, v’ be
the disjoint union of the connected components of the spaces Vg, Vsy which have non-empty

intersection with N};, N;, respectively. Then
Vg/ = (Vg \ intﬁg) UQ&U N;
Wherein
Ve = (Ve \ 0) Lo (1)

Corollary 2.1. If o is a saddle point with a positive orientation ¢, = (+1,+1), then for
the sets v, ' in the formula the following features are implemented:



e U — a disjoint union of two Klein bottles, v — a disjoint union of two Klein bottles (see

Figure[3(1));

e 0 — a torus, V' — a disjoint union of two tori (see Figure[5(2));

e U — a disjoint union of two tori and ¥’ — a torus;
e U — a disjoint union of a torus and a Klein bottle and v' — a Klein bottle;

e U — a Klein bottle and v' — a disjoint union of a torus and a Klein bottle;
e 0 —a torus and v — a torus (if M*-nonorientable surface).

If o is a saddle point with negative orientation s, = (—1, —1), then the following possibilities

are realized:

e U — a Klein bottle and v' — a Klein bottle;

e 0 — a torus and V' — a torus.
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Figure 3: Illustration for the collary

3 Construction of model diffeomorphisms

In this section, we construct several basic diffeomorphisms, the proof of the theorem

will be based on them.

3.1 Gradient-like diffeomorphism 1), on the sphere S?

Define polar coordinates (7, ) on the plane R?. Denote by o(r) the function depicted
on the graph(see Figure @,Which has the property o(r) = g(%) Also define a vector field



o(r)

0 12 1 2 r
Figure 4: Function graph p.

on the plane R? using the following system of differential equations:

. —T(T_l),O<T<17
r =
1—r,r>1;

© = o(r)sin2ep.
Denote by x! the flow induced by this vector field, and denote by x! the diffeomorphism,
which is the shift of the flow x! per unit of time. The result is a diffeomorphism that has a

hyperbolic source at the origin O, hyperbolic saddles at points Ay, A3 and hyperbolic drains
at points Ag, Ay (see Figure |5)) .

£X,

As

7 3

Figure 5: Phase portrait of a diffeomorphism y

Let a diffeomorphism 6 : R? — R? be as follows as 0(r,p) = (r, —p). We define the
diffeomorphism ) : R? — R? by the formula

o= 100X

By the construction, the nonwandering set of the diffeomorphism 1 coincides with a non-

wandering diffeomorphism set y. Consider the standard two-dimensional sphere

$* = {(z1, 29, 23) € R3 : :p% + x% +x§ =1}



Figure 6: Stereographic projection

Denote by N(0,0,1) north pole and define a stereographic projection (see Figure @ (V

S?\ {N} — R? formula
79(1’171'2,.]:3) = < o T ) .

1-(1]371—%3

Define a diffeomorphism 1, : S> — S? by the formula

I oahyod(x), z € S\ {N},
N, x=N.

Yo(z) =

By construction, 9y is an orientation-changing gradient-like 2-sphere diffeomorphism whose
nonwandering set consists of two fixed sources a; = N, ay = 971 (0) of negative orientation
(Say = San = —1); two fixed sinks wy = V7 1(Ag), wy = ¥7(As) of negative orientation
(Swo = Swy = —1) and saddle orbit O, = {0 = V7(Ay), ¥o(0) =971 (A3)} of period 2 with
orientation type ¢, = (+1,+1) (see Figure [7)):

Qwo = {0517 Q2, Wo, W1, T, w0<0)}

3.2 Gradient-like diffeomorphism 1, on the projective plane RP?

Consider the diffeomorphism v : S* — S? defined in and the group Zy = {+1, -1}

acting on the two-dimensional sphere S? = {(x1, 7o, 23) € R? : 2% + 23 + 23 = 1} as follows:
+1-2 =4z, v = (21,29, 73) €S*

Then the orbit space S?/Z, of the action of the group Z, on S? is the projective plane RP2.
Let p : S — RP? be the natural projection. Let the diffeomorphism ¢ : RP?2 — RP? be
defined by the formula

Ui(z) =pogopt(z), ,x € RP?



0P

Figure 7: Diffeomorphism g

By construction, the nonwandering set of the constructed diffeomorphism consists of three
fixed points: the source & of negative orientation (¢ = —1), the sink @ of negative orien-

tation (¢z = —1) and saddle 6, with orientation type ¢, = (—1,—1) (see Figure [§)):

0y ={a,@.6,}.

2
el

Figure 8: Diffeomorphism v;

3.3 Gradient-like diffeomorphism z@q on a non-orientable surface of
genus q

Let S, = S?4RP?f ... tRP?. Construct a model diffeomorphism zzq 1S, — S, The
%/_/

q
source & and the sink @ of the diffeomorphism v; should be considered. Whereas they

are hyperbolic, there are non-intersecting 2-discs around them B, Bz, 4Tto &1(3@) -
it By, 2;1_ Y(Ba) C int Bs. Then the connected sum of two copies of projective planes

along the disks B, Bs is a non-orientable surface S5 of genus 2 (see Figure @ Since the

9



dynamics in the disk B; is inverse to the dynamics in the disk Bz, a diffeomorphism ) is
well defined on the surface S, which coincides with ¢y to RP? \ Bs and to RP*\ B;. We
say that the diffeomorphism ¢, is the connected sum of two copies of the diffeomorphism
Uy (s = Uyt along the sink @ and source .

l
l
l

¢1 O % a 1—52 =W# [

et
e
l
l
el
el

51 a 61
Figure 9: Diffeomorphism s

By induction, a diffeomorphism &q 1S, — S, on a nonorientable surface of genus g > 2
is constructed as a connected sum of diffeomorphisms 1,y and 1 (¥, = ¥,_181)1) along
the @ sink and & source. By construction, the nonwandering set of the diffeomorphism ﬂq
consists of ¢ + 2 fixed points: the source & of negative orientation (¢z = —1), the sink @
negative orientation (¢z = —1) and ¢ saddles a4, . . ., 6, with orientation type ¢z, = (+1, +1)
(see Figure [9] for ¢ = 2):

Q= 1{,@,61,...,6,}

3.4 Gradient-like diffeomorphism v, on a torus T?

We construct a diffeomorphism 1, on the two-dimensional torus T? as a cartesian prod-
uct of two orientation-preserving source-sink diffeomorphisms on the circle S*. For this we

should consider the function F : R — R given by the formula:

1
F(z)=x+ 6—7Tsin27rx

(see Figure [10]).

Consider the projection 7 : R — S! given by the formula 7(z) = €™, Since the function
F is strictly monotonically increasing and satisfies the condition F'(z + 1) = F(z) + 1, it

admits a projection onto a circle in diffeomorphism F : S' — S! given by
F(z) =nFrn Y(z), z€ S

By construction, the diffeomorphism F' has a fixed hyperbolic sink and source and is an

orientation-preserving source-sink diffeomorphism. Define a diffeomorphism F; : T? — T?

10



Figure 10: Function Graph F

by the formula
Fu(zw) = (F(2), F(w)), #w € S

Then the diffeomorphism F} is orientation-preserving, and its nonwandering set consists
of four fixed points: a source a of positive orientation (g, = +1), a sink w of positive

orientation (¢, = +1) and two saddles o1, oy of positive orientation type (see Figure :

QF - {Oé, w,0o1, 02}'

@

Figure 11: Diffeomorphism Fj

Let us represent the two-dimensional torus T? as the factor group of the group R? with

01
respect to the integer lattice Z? : T? = R?/Z*. Consider the matrix A = Lo € GL(2,7)

and the algebraic torus automorphism A : T2 — T2,

~

A(r,y) = (y,z) (mod 1)

11



Let
Y= Ao Fy: T?> —» T2

By construction, the diffeomorphism 1/, is an orientation-changing gradient-like diffeomor-
phism whose nonwandering set consists of a source o and a sink w of negative orientation
types (so = < = —1), as well as periodic saddle orbit O,, = {o1,¢1(01)} of period 2 and
orientation type ¢, = (4+1,+1) (see Figure [12):

Qy, = {a,w,01,¢1(01)}.

()

Figure 12: Diffeomorphism 1)1

3.5 Gradient-like diffeomorphism ¢, on an orientable surface of

genus ¢

Let S = S% T?...4T? Let us construct a model diffeomorphism 1, : SF — S To

g9
do this, firstly, we should construct a diffeomorphism ), : S — S5 as a connected sum of

two copies of the diffeomorphism ¢ (1 = 11f1)1) along the sink w and the source « (see
Fig. . Then, by induction, we define the diffeomorphism ¢, : S;” — ST as a connected
sum of diffeomorphisms ;1 and ¢ (¢, = 1,_1411) along the sink w and the source a. By
construction, the nonwandering set of the diffeomorphism v, consists of a fixed source «
and a fixed sink w of negative orientation types (¢, = ¢, = —1), and g saddle periodic orbits
Oy, = {o1,¢1(01)}, ..., 0o, = {04,91(04)} of period 2 and orientation type ¢,, = (+1,+1)
(see Figure [13|for g = 2):

ng = {OJ,W, 01, 77[]9(0—1)7 <o+, 0g, 77[]9(0—9)}‘

12



Figure 13: Diffeomorphism )9

3.6 Non-gradient-like Morse-Smale diffeomorphism ¢; on the
sphere S?

Consider the diffeomorphism & : R? — Rgiven in polar coordinates (r, ¢), ¢ € (—%, 2]
by the formula h(r,¢) = (5,¢). Let A = {(r,p) € R2\ {0} : 2T < o < 2}, A, =
{(r,¢) € R2\ {0} : |p| < §}. Let C = R x [-2,2] and define the diffeomorphisms

n-:A_— C, ny: A, — C by the formulas

n_(r,p) = (3 —logyr, 8 (% — 1)) ,na(ryp) = <—3 — logyr, 8%0) .

It is directly verified that the diffeomorphism 7n_ (n,) conjugates the diffecomorphism h
with the diffeomorphism ¢ : C' — C defined by the formula g(z,d) = (x + 1,d) and
n-(2,m) =(2,0) (n:(1/2,0) = (—2,0)). It is obvious that the diffeomorphism g is included
in the flow ¢’ : C'— C defined by the formula

g'(z,d) = (x +t,d).

We define the flow ¢! on C using the formulas

;

' 1—3(@?+d*—4)% 22 +d*<4
xTr =
1, else
\ I(sin(3(2x*+d*—3))—1), 2<2?+d*<4
d= —d, 2+ d?><2
0, else

\

By construction, the flow ¢ coincides with the flow ¢* for |z| > 2. Moreover, the diffeo-
morphism ¢_ = ¢! has exactly two fixed points: the saddle P_(1,0) and the sink Q_(—1,0)
(see Figure , besides both points are hyperbolic. One unstable separatrix of the P_ sad-
dle is an open interval (—1,1) x {0} belonging to the @)_ sink basin, and the other is a ray
(1,400) x {0}.

13
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Figure 14: Flow paths ¢!

Define the flow ¢, on C' by the formulas

(
_ 1—3@?+d*—4)?, 22 +d* <4
xr =

1, else

—4(sin (3(22+d*—3)) —1), 2<a?+d*<4
d={d, 2+ d* <2
0,

else
\

By construction, the flow ¢ coincides with the flow ¢* for |z| > 2. In this case, the

d

\\4

Figure 15: Flow paths ¢/,

diffeomorphism ¢, = ¢! has exactly two fixed points: the saddle P;(—1.0) and the source
@+ (1.0) (see Figure , similarly, both points are hyperbolic. One stable separatrix of the
saddle P, is the open interval (—1,1) x {0} belonging to the source basin @), and the other

14



is the ray (—oo, —1) x {0}.

Define diffeomorphism f : R? — R? so that f coincides h outside A, UA_ and coincides
n='¢_n_ and ny'¢ m, to A_ and A, respectively.

Consider on R? the annulus K = {(x,75) € R? : 1 < 2% + 23 < 4}.Define the function
v:[1,2] = [1,2] (see Figure by the formula:

]-7 t: 1,
_ )1+ ! 1<t<?2
v(t) = 3, ) )
( ) 1+exp(m>
2, t=2.

On the annulus K we can define the Dehn twist d : K — K formula

Figure 16: Function Graph v : [1,2] — [1, 2]

d(t, eiqb) — (t, ei(¢+27w(t))) )

Let § = do f : R? — R? (see Figure [L7).

By construction, the diffeomorphism &, coincides with A in some neighborhood of the
point O and the point at infinity, therefore, it induces on S* a Morse-Smale diffeomorphism
& : S? — S? by the formula

¥ lo&od(x), €SP\ {N},
N, x=N.

o(z) =

It follows directly from the construction that the nonwandering set of the diffeomorphism &,

consists of six fixed points of positive orientation: two sources a; = N, as = & (971(Q4)),

two sinks wy = &(0H(QL)), w = S and two saddles o = &(I7H(P)), 00 = &I P))

15
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Figure 17: Diffeomorphism &,

(see Figure [18)):

ng = {ala Qg, Wo, W, 09, U}-

Figure 18: Phase portrait of a diffeomorphism &,

4 Proof of the main result

In this section, we will prove the theorem (I}, each item in a separate lemma below.

Lemma 4.1. On any orientable surface M? there exists an orientation-changing gradient-

like diffeomorphism that does not have a connected characteristic space of orbits.

Proof. To prove the lemma, consider a diffeomorphism f, : S7 — S such that fy = 1o
and f, (g > 0) is the connected sum of the diffeomorphism 1, with the diffeomorphism 1,
along sink wy and source « respectively. By construction, the diffeomorphism f,; changes
orientation, and its nonwandering set consists of two fixed sources aq, s, two fixed sinks

w,wy of negative orientation (Su, = Say = Sw = Sw, = —1) and g + 1 saddle periodic orbits

16



Op = {0, f4(0)}, Oy = {01, fg(01)},..., 05, = {04, fg(04)} of period 2 and orientation
type (+1,+1) (see Figure [13)):

Qp, ={a,w,0, fy(o1),01, fy(o1), ..., 04, f4(0g)}

Let us show that the diffeomorphism f, does not have a connected characteristic space of

Figure 19: Diffeomorphism f,

orbits.

Indeed, by the proposition , each of the orbit spaces Vw, le is homeomorphic to a
Klein bottle. Therefore, if 3 = (), then the characteristic orbit space Vs is not connected and
consists of two Klein bottles. Since all saddle points of the diffecomorphism f, have a positive
orientation type, then, according to the corollary 2.1 adding the orbits of such saddles to
the set ¥ does not decrease the number of connected components of the characteristic space
of orbits. O]

Lemma 4.2. On any non-orientable surface M? there exists a gradient-like diffeomorphism

that does not have a connected characteristic space of orbits.

Proof. Define a diffeomorphism fq 0S8, — S, , q € Nas a connected sum of diffeomorphisms
Yo and ¥, (f; = Yoflh,) along the sink wy of the diffeomorphism vy and the source & of
the diffeomorphism &q (see Fig. for ¢ = 1). By construction, the nonwandering set 2 i
consists of two sources a, s and two sinks wy, @ of negative orientation types (¢, = ¢z =
Say = Say = —1), also of ¢ fixed saddles 771, ...,d, of orientation type ¢5, = (—1,—1) and a
saddle orbit O, = {0, f,(c)} of period 2 with a positive orientation type (see Figure 20| for
qg=1):

qu = {Oél7a27w1;(:),0-7 fq(O‘l),&l, P ,6-(]}_

17
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O, o,

Figure 20: Diffeomorphism f;

Let us show that the diffeomorphism fq does not have a connected characteristic space
of orbits.

By the construction and proposition , each of the orbit spaces V@, le is homeomor-
phic to a Klein bottle. If ¥ = (), then the characteristic orbit space Vs, is not connected
and consists of two Klein bottles. Since all saddle points of the diffeomorphism fq have ori-
entation type either (+1,+41) or (=1, —1), then, according to the corollary , adding the
orbits of such saddles to the set ¥ does not decrease the number of connected components

of the characteristic space of orbits. n

Lemma 4.3. On any surface M? there exists a Morse-Smale diffeomorphism with hetero-

clinic points that does not have a connected characteristic space of orbits.

Proof. We construct a diffeomorphism & : S; — 5’; as a connected sum of diffeomorphisms
o and ¢ (& = &ofp?) along the sink wy of the diffeomorphism & and the source a of
the diffeomorphism wg. By construction, the diffeomorphism &, preserves orientation, its
nonwandering set consists of points of positive orientation type: two sinks w,w; and two
sources ay,ay and 2 + 2g saddles 0g,0,01,...,09, (a special case for ¢ = 1 is shown in
Figure [21]).

Let us show that the diffeomorphism &, does not have a connected characteristic space
of orbits.

Let the set X = (), then the characteristic orbit space consists of two tori le and V.
Since the unstable saddle point manifolds oy,. .., 09, contain the only one sink w in their
closures, then adding these saddles to the set ¥ does not reduce the number of components
of the characteristic space of orbits. The unstable manifold of the saddle oy contains the
only one sink w; in its closure, then adding this saddle to the set Y increases the number
of connected components of the characteristic space to three. The saddle ¢ is above the
saddle g by the Smale order, so the saddle ¢ can be added to the set 3 only together with
the saddle oyg. Whence it follows that for any set ¥ the number of connected components
of the characteristic space is greater than one.

ALos, let us construct a diffeomorphism Eq 0 S, — 5, as a connected sum of diffeo-
morphisms & and 2 ((; = &fft)z) along the sink wy of the diffeomorphism & and the
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Figure 21: Diffeomorphism &;
source & of the diffeomorphism @Eg (a special case for ¢ = 1 is shown in Figure . The

nonwandering set of the diffeomorphism (, consists of points of positive orientation type:

two sources ay, ag, two sinks wy,w and g + 2 saddles o, 09,01, ...0y.

f O#‘iﬁ}2 51

&t
&t

Figure 22: Connected sum of diffeomorphisms &, and 1,2%

Similar Arguments to the case of orientable surfaces prove that the diffeomorphism éq

does not have a connected characteristic space of orbits.

]
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