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Numerical experiments are presented to demonstrate the
practical performance of our methods.
© 2022 The Authors. Published by Elsevier Ltd on behalf of
Association of European Operational Research Societies
(EURO). This is an open access article under the CC
BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Today’s data revolution is transforming the world, with vast amounts of data col-
lected daily from a wide range of sources. Automation is necessary when processing
and extracting information from such large quantities of data, and machine learning has
proven to be a useful tool to assist with this task. The essence of machine learning is
to build, and then train, models. To speed up the process of training, modern computer
architectures can be used, where instead of one single computing device, the problem
and associated data is shared among many devices/agents. This leads to the following
distributed learning/optimization problem formulation

n
gﬁg;ﬂ(m)v (1)
where each agent/device i € [n] := {1,2,...,n}, has an associated local loss function
fi : R* = R, as well as its own locally stored data.

Federated Learning (FL) [15,18] is a subset of distributed machine learning, where one
assumes that computing agents are simply general user devices, (for example, smart-
phones, tablets, laptops, personal computers), and where different devices may have
different memory capacity and computing power. This leads to many new and impor-
tant problems and questions that did not arise previously in the classical distributed
setting [16]. For example, data may be spread unequally between devices, privacy con-
siderations may prohibit the sharing of data between certain devices on the network,
poor or unreliable connectivity may inhibit the flow of data, and data on certain devices
may be of poorer quality compared with others.

Given these issues, this work focuses on personalization for federated learning. Notice
that in (1), the model parameter z is found using global data (from all agents). However,
the inclusion of a particular individual agent might negatively impact the global training
process if their local data differs markedly from the global data, or if they have low
quality local data; in this case training the global model may lead to a poor solution.
On the other hand, each user may have very little local data, and the process of training
a model solely on local data may also lead to a poor quality solution. The question of
how to balance the two extremes, global versus local, gave rise to Personalized Federated
Learning (PFL) [10,8,11].
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For PFL, each agent ¢ has their own parameter x;, but the discrepancy between the
parameters held on different devices is penalized. Correspondingly, PFL can be formu-
lated as the following regularized optimization problem:

n
A
min i(x;) + =r(x), 2
i, S5 + 570 )
where the vector x = [zT,... 2T]T € R"? is the concatenation of the n local vectors

{x; € R4, r(x) is a convex penalty function, and the weight parameter A balances
the degree of personalization. There are many possible choices for the penalty function
r(x). A simple option is to let r(x) be the deviation between the local models and their
average [8,10,11]:

= 1
r(x) :ZHCEZ-—:EHQ, where T = E(xl—l—-n—i—xn). (3)
i=1

This is a reasonable choice in the centralized distributed setting, where devices com-
municate with a central server, sending and receiving information without failures. In
this case, calculating the average x is easy: all agents ¢ simply send their local z; to the
central server, which then calculates the average &, and communicates it back to every
agent. In this paper we consider a more general setup, where different penalty functions
might be more appropriate.

Throughout this work we consider decentralized distributed learning, where there is
no main server (node), but instead all devices are connected via some large network.
Moreover, each agent in the network can only communicate with its neighbors. Math-
ematically, the network is represented by a fixed, un-directed, connected graph, where
each node corresponds to an agent, and connections between agents are represented by
edges. Although a decentralized setting is assumed here, our problem formulation is gen-
eral enough to include a centralized set-up as a special case (simply take a complete
graph). However, a decentralized setup perhaps better captures the federated learning
setting, where each device only communicates with a limited number of other agents,
corresponding to an incomplete graph. As previously mentioned, communication links
between certain agents may be inaccessible, for example, due to the (poor) quality of
connection between agents, or due to remoteness of location, and this leads to missing
edges in the graph.

In a decentralized setting, using the penalty in (3) is not sensible because of the
impracticality of calculating the average z. (Note that to calculate Z, all local z;’s must
be sent to one device (node) and then the average x broadcast back to every node, which
is a long and expensive operation, especially for large networks.) With this in mind, here
we propose the use of a different penalty r(x), which is more suitable for a decentralized
setup. Hence, the problem formulation considered in this work is:
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F(x i(:) w 4
i, F( Zf (x, Wx), (4)
ﬁ/_/ X
o 9(x)

where W is a communication matrix that reflects the properties of the network (see
Section 1.2 for a formal definition of W'). The function r(x) = (x, Wx) penalizes the
difference between neighboring local models in the network, and is computationally
friendlier than (3) in a decentralized setting. The matrix W determines how much an
agent depends on each of the other nodes in the learning process. This is achieved due
to the fact that W represents the structure of the communication graph, gives infor-
mation about the remoteness of the nodes, the speed of transfer between them, and
carries weights of how much to rely on one or another neighbor in the network. Note
that Wx = 0 (and consequently r(x) = 0) if and only if z; = --- = x,,. This penalty
function is not new and has been used in the literature in several contexts, for example,
for classical decentralized minimization with large A [17,7,3], and for multitask PFL with
small A [23,26,3].

The parameter \ balances the ‘global vs local’ trade-off. For example, consider the
following extremes:

« If X = 0, then (4) becomes minyegna >+ ; fi(2;), where the local function f; held
by agent ¢ is minimized by z}, and z} is likely to be different than that obtained for
agent j. This is equivalent to independent local training of the models.

* As A — 400, (4) tends to the distributed problem where the local arguments are con-
strained to be equal: i.e., min, _.._, era Y ., fi(z;). This is equivalent to problem
(1) and the training of one global model.

1.1. Preliminaries

Throughout this work the following assumption is made regarding the functions in

(4).
Assumption 1. It is assumed that each f; : R — R in problem (4) is

% L-smooth w.r.t the fo-norm, i.e. for all u,v € RY, ||V fi(u) — Vfi(v)|l2 < L|ju — v||2;
and

% p-strongly-convex w.r.t. the fo-norm, i.e. Yu,v € RY, f;(u) — fi(v) > (Vfi(v),u —
0)+ 4 u— vl

By Assumption 1, f in (4) is L-smooth and p-strongly convex, and subsequently F is
also p-strongly convex.
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1.2. Communication

The communication network is modeled as a fixed, connected, undirected graph,
G = (V,&), where V = {1,...,n} are vertices (devices) and & = {(3,7) 4,7 € V}
are edges (connections between devices). Note that (i,j) € £ if and only if there exists
a communication link between agents ¢ and j. For such a graph, a gossip matrix W is
defined as follows.

Definition 1 (Gossip matriz). A matrix W € R4 associated with a graph G, is called
a gossip matrix, if it satisfies the following conditions:

1. Wis symmetric positive semi-definite;

2. The kernel of W consists of the vector 1 = (1,...,1)7;

3. W is defined on the edges of the communication network: W;; # 0 if and only if
i=jor(i,j) €E.

The communication matrix W in (4) is W = W ® I4, i.e., W is the Kronecker prod-
uct of a gossip matrix W and the identity matrix I. Because only neighboring agents
can communicate in this decentralized optimization setting, it is assumed that commu-
nication is made via a gossip protocol [4,19], i.e., W is a gossip matrix (Definition 1)
and communication is realized via matrix-vector multiplication with W. During one
communication/communication round, for every node, full local vectors of dimension
d (e.g. variables {z;} or gradients {V fi(z;)}) are exchanged with all neighbors. This
work supposes that the network remains unchanged, all connections are stable, and no

interruptions nor asynchronous/delayed transmissions are considered.
+

min

Here, Amax (W) denotes the maximum eigenvalue of W, A
positive eigenvalue of W and x > Amax (W) /AL, (W) is an upper bound on the condition
number. Because W = W ® 14, it holds that Apax(W) = )\max(W) and A\ (W) =

min
Af (W). The quantity x reflects how quickly information is transmitted through the

min

(W) denotes the minimum

graph; a small x corresponds to fast transmission, while a large x corresponds to slow
transmission.

A simple example of a matrix W satisfying Definition 1 is the Laplacian matrix. For
example, the Laplacian of a linear graph (chain) is

1 -1
-1 2 -1
-1 2 -1

=
I

-1 2 -1
-1 2 -1
-1 1
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In terms of personalization, this means that the model on the first node relies directly
on the 2nd node. In turn the 2nd node depends on the 1st and 3rd nodes, and so on.
In particular, the 1st and last nodes depend on each other weakly and only indirectly
through the whole chain.

However, it is also possible to define W in a more complex way. For example, in the
case of a linear graph, one can add weights that represent how much a given node relies
upon its neighbors:

1 -1
-1 1.5 =05
-05 1 -05
. -0.5 1.2 -0.7
W =
—0.515 -1
-1 1 -1
-1 1

In this example, the second node trusts the 1st node more than the 3rd, while the third
node trusts the 2nd and 4th nodes equally, etc.

2. Contributions

In this paper, we study the personalized federated learning formulation (4). Lower
complexity bounds for communication and local computation are proposed, and we de-
velop several algorithms capable of achieving the lower bounds. Our results extend the
work in [8], which used the penalty (3), to problem (4), which involves a penalty more
amenable to the decentralized setting. Our contributions are summarized now.

— Lower bounds. We present lower bounds for the decentralized personalized federated
learning problem (4) in the deterministic case (i.e., when we have access to full
gradients for each f;); see Section 3. The lower bounds are valid for all values of the
parameter \. In particular, in the smooth strongly convex case with small A, the lower
bounds are of the order \/AAmax (W) /1, which can be a significant improvement
on the bound /XL/u in the general, non-personalized case, [21]. This reflects a
key advantage of the formulation (4), because it is then possible to both solve the
problem of personalizing the models, and also to significantly reduce the total number
of communications. This is an important factor not only in federated learning, but
also in general distributed learning. Note that the lower bounds obtained in the
work [8] are a special case of our lower bounds, when the communication network
is represented by a fully connected graph. A summary of these lower bounds is
presented in Table 1.
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Table 1

Summary of complexity results (upper and lower bounds) on communications
(comm) and local computations (local) for finding an e-optimal solution of (4)
in the deterministic (gradient) case.

Lower bounds Upper bounds

local (/L) o(,/%)

— Near-optimal algorithm. Another contribution is the development of optimal algo-
rithms that match the theoretical lower bounds. The Accelerated Meta-Algorithm
of [6] (for general composite problems), is used as the base algorithm. The appli-
cation of this algorithm to our problem formulation (4) is discussed, and specific
implementation modes are suggested depending on small and large values of the reg-
ularization parameter A. The analysis of the convergence in these modes shows that
using this approach we achieve the lower optimal bounds up to logarithmic factors
(Section 4.2). Hence, our algorithm is ‘near-optimal’ in the deterministic case; see
Section 4.

— Stochastic case. We extend the previously reported results from the deterministic case
(when the full gradient for all f; is available), to the stochastic setting. In particular,
we consider the case when each local function f; is a finite sum (for example, the
sum of batches), i.e. f; = ﬁ Z%:I fi.m- In this case, for one call of the oracle we
can get only the gradient of one term f; ,,. We provide lower bounds, as well as a
stochastic modification of our near-optimal deterministic algorithm; see Section 4.3.

— FExperiments. We present numerical experiments to demonstrate the benefits of our
approach. In particular, we used several datasets from the benchmark LIBSVM
library, and we considered several different graph structures. We also run the ex-
periments for several values of the penalty parameter A, to better understand the
impact of personalization; see Section 5.

3. Lower bounds

In this section, optimal algorithms for problems of the form (4) are described, and
lower bounds on the local computation and communication costs for such optimal al-
gorithms, are presented. We begin with the following assumption, which describes the
properties of algorithms relevant for this work, (i.e., the properties of the algorithms for
which the lower bounds, developed later in this section, are valid). Such an assumption
is common in the literature; see, for example, [8,12,21].

Assumption 2. Consider an Algorithm A, for problem (4). Then, the iterates {x*}X | of
Algorithm A are generated using only components available in local memory, where, for
each node of graph G the sequence of local memory {./\/li,k}?:l for 1 <i<nis:



8 A. Sadiev et al. / EURO Journal on Computational Optimization 10 (2022) 100041

Mo ={z}},
span {M; 1, V fi(y:)},Vy; € M, if local comp. at iteration k
M1 = . I L
span U Mk if communication at iteration k.
J:(ig)€E

Assumption 2 can be interpreted as follows. Initially, each agent i (corresponding to
a node on graph G) has local memory M; ¢, which comprises of the initial point z9. At
any iteration k > 1, the algorithm can either perform a computation using the locally
available memory, or it can carry out a communication step. If the algorithm performs
a local computation, then each device can calculate the gradient at any point from its
current memory M; j, and take a linear combination of this gradient with the previously
generated points stored in M; ;. If the algorithm performs a communication step, then
information is exchanged with neighbors and the current local memory M, ;, is combined
with that held by its neighbors. Such an algorithm is first order, because it generates its
iterates using linear combinations of local points and gradients.

We are now ready to present our first theorem, which gives a lower bound on the num-
ber of communications needed by an algorithm whose iterates are generated according
to Assumption 2. (The proof can be found in Appendix B.)

Theorem 1. Let x > 3, L > 2u, and M. (W) > pu. Then there exist functions

min
fisforo ooy fn : RT = R satisfying Assumption 1, a graph G with associated matriz W
satisfying Definition 1, and an initial point x° = [(z9)T,... (z0)T]T € R", such that
any algorithm A (satisfying Assumption 2) among K iterations need to make at least

Q (min {\//\)\max(W) ) \/(L — 1X } log 1) communications
0 j £

to achieve e-optimal solution in the outputs (||x; — x%||e for all j).

The proof of this Theorem is placed in Appendix B.

It remains to develop lower bounds for the local computation costs for any algorithm
A satisfying Assumption 2. Hence, consider a special instance of problem (4), where
x0 e R, f = fy=---=f,, and W is the Laplace matrix for a fully connected graph.
Then (4) reduces to the minimization of the single local function f; (communication
is unnecessary, irrespective of A, because the functions are all identical). Now, if f; is
chosen to be the worst-case quadratic from [20], then the lower bound of at least

N'°¢ = Q <\/%log %) (5)

gradient calls are needed to find an e-optimal solution.
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4. Algorithms

The goal of this section is to develop an optimal algorithm for problem (4), i.e., to
develop an algorithm whose iterates satisfy the lower bounds in Section 3. In Section 4.1,
we discuss an algorithm that can be applied to general composite optimization problems.
In Section 4.2, this algorithm is specialized to the application considered in this work,
that of decentralized personalized federated learning (4). The algorithms in Sections 4.1
and 4.2 can be applied to deterministic problems, and the extension to a stochastic
setting is considered in Section 4.3. In particular, the case when the function at each
node has finite sum structure is considered, and two approaches, both equipped with
convergence results, are described and compared.

4.1. Accelerated meta-algorithm
In this section, consider the general composite optimization problem

min H(x) = hn(x) + ha(x). (6)

(Later we will consider how hy and hs in (6) are related to f and g in (4).) The following
assumption is made about problem (6).

Assumption 3. For the problem (6), it is assumed that hy is convex and L(hq)-smooth,
that hg is convex and L(hg)-smooth, and that H is p-strongly convex.

There are many efficient algorithms that can be applied to problem (6), including the
Accelerated-Meta-Algorithm (see Algorithm 1) proposed in [6], as well as its restarted
version (see Algorithm 2).

Algorithm 1 Accelerated Meta-Algorithm (MA) [6].

Input: starting point x° € R™?, no. of iterations K, parameter v > 0, accuracy 8 > 0
Initialization: A° =0, y°=x°, 7=
=
for k=0,...,K —1do
. T+ V12 4 4T AR
okt —

N 2
ARFL gk g gk
k k41
whe Ak @t
= qrY AkR+1
Find y**! € R™¢, such that ||[g*T* — y*T1||2 < §, where

k

Ak . ¢ Y
5+ — argmin {<vm(w’f), y = w*) + ha(y) + Ll — w’“ui} (1)
R 2

P = X gF g (R
end for
Output: yK
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Algorithm 2 Restarted Accelerated Meta-Algorithm (Restarted-MA) [6].

Input: initial point x° € R"™?, no. of iterations S, parameter v > 0, accuracy § > 0

Initialization: N° = max { [4 . \/2—%1 , 1}
for s=0,...,S—1do

x5t = MA(x®, N*,~, )
end for

Output: x5

Remark 1. Note that (7) can be solved, for example, by Accelerated Gradient Descent
[20].

The following convergence results hold for Restarted-MA (Algorithm 2) applied to
problem (6).

Theorem 2 (Theorem 3 in [2/]). Let Assumption 3 hold, let v > 2L(hq), let € > 0, and
let

§ < ida
= 864%(L(h1) + L(ha) +7)*

If Algorithm 2 runs for

Sz(’)( %105;%) (8)

iterations, generating output x°, then H(x®) — H(x*) < ¢, where x* denotes the optimal
solution to (6).

4.2. Convergence analysis — near-optimal algorithm

Section 4.1 introduced an accelerated algorithm for the general problem (6), with asso-
ciated convergence results. The purpose of this section is to make a connection between
the results in Section 4.1, and how they are applicable in the context of personalized
federated learning (i.e., problem (4)). Moreover, the lower bounds established in Sec-
tion 3 related to local computation and communication costs for an optimal algorithm
for problem (4). Thus, another goal is to show that Algorithms 1+2 is an optimal algo-
rithm for (4), by showing that it achieves the lower bounds on communication and local
computation costs presented in Section 3.

By comparing problems (4) and (6), it can be seen that they are both convex and
composite. The key here is that we do not make a one-to-one correspondence between
(f,9) and (h1, he). That is, depending on the parameter A, two different cases — one in
which f = hy and g = hg, while the other in which f = hy and g = h; — are considered.
Practical versions of Algorithm 1 for the problem (4) are presented in Appendix A
(Algorithms 4 and 5).
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Regardless, to apply Algorithm 142, it is necessary to compute the gradients for both
hi and hs (recall subproblem (7)), and therefore for both f and g when extending to the
original problem (4). So, let us study how to compute the gradients V f and Vg for (4),
and try to understand where the communications arise. Note that the computation of
V f does not require communication. Indeed, each block ¢ has a corresponding gradient
V f; (taken with respect to the local variables z;), and the ‘long’ gradient V f is simply
the concatenation of the block gradients. On the other hand, Vg(x) = AWx, and to
compute the matrix-vector product Wx requires communication with neighbors (recall
the gossip protocol described in Section 1.2, and see also [4,19]). It can be shown that
computing Vg(x) is equivalent to one communication. Therefore, if we know how many
times V f(x) and Vg(x) are called by Algorithm 1, then complexities for the number of
local computations and communications, respectively, can be obtained.

We are now ready to present the main convergence theorem of this paper, which
provides complexity results for the local computation and communication costs for an
optimal algorithm for problem (4).

Theorem 3. Let Assumption 1 hold and let the graph G have an associated matric W
that satisfies Definition 1. Then, to obtain an e-optimal solution to problem (4), solving
by Algorithm 2 with

_ Ep
0= 30002(L 4+ Mmax (W))2’ ©)

requires the number of communications and local computations, respectively, to be of the

Neomm _ (1) <min{ M,1/%X} 10g%10g%> 5 (10)

order

and

Nle =0 <\/%log Llog %) . (11)

Proof. First, note that G is a quadratic function with a positive semi-definite Hessian,
+

80 it i Amax (W )-smooth and convex. Moreover, it is A\, (W)-strongly convex on the
subspace (Ker W)J'. By Assumption 1, f is L-smooth and p-strongly convex. Hence, F
is strongly convex. Thus, the conditions of Theorem 2 hold, and the application of its
analysis is valid. The remainder of the analysis is split into two cases.

Case 1: Mpax(W) > L. Here, let hi(x) = f(x) and hg(x) = g(x). Theorem 2 gives
the complexity for the function h; = f, i.e. the number of local computations N'°¢ is
given in (11). Also, it can be shown that ¢ in (9) satisfies the condition in Theorem 2.

Next, consider the auxiliary problem (7). By Definition 1, Ker W is not empty, and
the function g(x) takes a zero on this subspace. Then we can divide our problem into

two subproblems: minimization of a quadratic form with matrix v -1 on Ker W and
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minimization of a quadratic form with matrix AW +~-I on (Ker W)J‘. The complexity
of the first problem is O (1). The second problem is AAT. (W)-strongly convex, and if the
Accelerated Gradient Method [20] is used to solve this subproblem, then the complexity

min (

is

min

7+>v\max(W) 1

This is the complexity for a single subproblem (7) solve, but (7) is solved (5) times.
Overall, this means that the total number of calls of Vg is:

comm __ Y+AAmax W) 1 1
N = (\[ [y A (W} 108 < 108 3) '

_ Yt A max (W) 'Y+/\>\max(W) Y+ A A max (W)
\/ ey A (W]~ 0 { V Mo (W) } ’

and taking v = 2L, gives (10).
Case 2: Myax(W) < L. Here, let h; = g and he = f. Theorem 2 gives the complexity
for the function h; = g, i.e. the number of communications is

Neomm — O (,/7”“13;(% log g) =0 (min{\/iM‘“jf(W) , \/ﬁx} log £ log %) . (13)

In last step we additionally use that y > 1. Also, it can be shown that ¢ in (9) satisfies
the condition in Theorem 2. If the Accelerated Gradient Method [20] is used to solve
subproblem (7), the complexity for a single subproblem solve is again given by (12), and

Noting that

this subproblem is solved (13) times. Then we can find the number of calls for V f:

loc _ [ Mmax (W) [ L+ 1 1

Taking v = 2 A\ max (W) gives (11).
Finally, combining the two cases establishes the theorem statement. 0O

Remark 2. Note that in the centralized case (with a completely connected communication
network) we have that x = 1, Apax(W) = 1 and our method converges with the following

v fonfyE B o)

These bounds coincide with lower bounds for centralized PFL [8].

rates:
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4.3. Stochastic case

Here we extend the work previously presented and consider the stochastic case of
problem (4). In particular, it is assumed that each local function has a sum structure,
so that (4) becomes

n 1 M Y
min Z i Z fi7m(xi)+§<x,Wx>. (14)
=1 m=1

xcRnd 4
1=
fi(zx:)

This setup often arises when we consider f;(z;) = E¢,~p,[fe, (x:)], where D; is an un-
known distribution, fg,(x;) represents the loss of model z; on sample ¢;, and f;(x;) is
the generalization error. Since we do not know the distribution D;, we cannot work with
fi(x;) directly, and typically replace it with an approximation via Monte Carlo integra-
tion f;(z;) = 4 Zn]\le fi.m(z;). In this context, the problem is known as empirical risk
minimization. This formulation is currently the main setting for solving supervised learn-
ing problems [22]. Usually it is expensive to compute the full gradients V f;(x;) at each
iteration, so instead, each node independently and uniformly chooses an index (batch
number) m; and calculates the gradient V f; ., (x;) for that batch only. It turns out that
we obtain the stochastic gradient typical of learning processes. Moreover V f; . (x;) is
an unbiased estimator of V f;(x;).
The following assumption (a modification of Assumption 1) is used here.

Assumption 4. It is assumed that each f; : R — R in problem (14) is:

% L-average smooth w.r.t. ly-norm, i.e. Vu,v € R?, +; fozl |V fiim(w) =V fim(v)]|* <
L?[lu— v

* p-strongly-convex w.r.t. ly-norm i.e. Vu,v € R (V f;(u)=V fi(v), u—v) > 2u|lu—v]|?.

We present two approaches for solving problem (14). These approaches are efficient
in the case of small A\. The key idea of the first approach (which uses the Accelerated
Meta-Algorithm combined with L-Katyusha as the subproblem solver) is that problem
(14) is considered as composite problem (6). In the second approach (Accelerated Ran-
domized Algorithm for Decentralized Minimization) the ideas of variance reduction and
importance sampling are used.

Accelerated meta-algorithm + L-Katyusha

As previously mentioned, the main idea behind this approach is to view problem (14)
as the composite problem (6). In particular, Section 4.2 showed that (4) can be solved
by the Accelerated Meta-Algorithm with hy = g, ho = f. With this choice of hy and hs
communications occur only in the outer loop, when we compute Vg(x) = AWx. The local
computations of V f;(x;) take place in the inner loop. But now, the inner problem (7) has
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a finite-sum structure (since f; has a finite-sum structure and hence ho does as well). As
previously mentioned, it is computationally expensive to use the full gradient for hs, so
typically for the subproblem (7), stochastic methods, such as the classical SGD method,
are employed. Note that SGD converges only to a neighborhood of the solution, but for
the finite-sum type problem it is known that one can use a variance reduction technique
[13,1,9] to achieve convergence to an exact solution. For this reason, we chose to use
an accelerated and practical method that incorporates a variance reduction approach —
L-Katyusha [9].

Theorem 4. Let Assumption J hold and let the graph G have an associated matriz 144
that satisfies Definition 1. Then, to obtain an e-optimal solution to problem (4), solving
by Algorithm 1 combined with L-Katyusha, with

5= i
~30002(L + Mupax (W))2’
requires the number of communications and local computations, respectively, to be of the
order
AAmax (W
Ncomm:(’)< u( )logélog%>,
and

NP¢ =0 <<M\/ —’\)‘"‘jf(w) +4/ %) log £ log %) .

The proof of this theorem is similar to the proof of Theorem 3 and can be found in
Appendix C.

Remark 3. Note that the Accelerated Meta-Algorithm + L-Katyusha is suboptimal when
MMmax(W) < L.

Accelerated randomized algorithm for decentralized minimization

In contrast with the previous approach, Algorithm 3 uses variance reduction and
importance sampling techniques and is based on L-Katyusha [9]. We now view problem
(14) as being the sum of M + 1 functions: there are M functions f;, as well as the
composite term g. In Line 3 of Algorithm 3 the value of a random variable £¥ determines
what to choose: f (make a local computation with probability 1 — p) or g (make a
communication with probability p). If the outcome is a local computation, then we choose
index i of the function f. We give a practical version of Algorithm 3 in Appendix A
(Algorithm 6).

At each iteration of the algorithm, between 0 and 2 communications are made. As
noted above, the first communication can take place if £¥ = 0. And then the value of a
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Algorithm 3 Accelerated Randomized for Decentralized Minimization (ARDM).

Input: starting point x¢ € R"d, number of iterations K, parameters 0 < 01,65 < 1, n, 8,y > 0, probabil-
ities p, p
Initialization: yo = zo = up = xo and g° = A\AWy° + Vf(y°)
1: for k=0,1,2,... K — 1 do
2: xF = 012" + 0uF + (1 — 6, — 62)y"

1 ith bability 1 —
3: Generate €8 = 7 W? proba 11 v p

0, with probability p
4: if €¥ = 0 then
5: gh = % (ka - Wuk) +gF
6: else
7 Sample indices m¥, ... m" for each node independently and uniformly from [M]
J 8" = 125 (Ve (3) = Vi (0¥)) + &5 with Vfe (%) = (VL (@1), o VI i (@n))T
9: end if
10: k+l — xk ngk
1 2" =828 4 (1 - p)xP + 2 (T - M)

1 ith b. 1—

12: Generate €k+§ :{ ,  with pro P

0, with prob. p

13: if ¢51/2 =0 then

14: bt = gkt ‘

15: ghtt = AwyR T 4 ViE(yR T
16: else

17: uftl = uP

18: ghtl — gk

19: end if

20: end for

random variable f’“‘% determines whether to update g§° or not. If g* is updated, then
Algorithm 3 makes a communication and a local computation. The following theorem
states the convergence rate of Algorithm 3.

Theorem 5. Let Assumption 4 hold and let the graph G have an associated matrix 144

that satisfies Definition 1. Then, to obtain an e-optimal solution to problem (4) using
/\Amax(w)

L+Mmax (W)’

we need the following number of communications (on average)

comm __ AAxnax(W) 1
o 0 (/S i)

For p = p we can achieve the following number of local computations (on average)

Algorithm 3, we can choose parameters ~v,m, 5, p = and p = ﬁ such that

Nloc = 0 ((M+ %) log%) :
The proof of this Theorem can be found in Appendix D.
Remark 4. Accelerated Meta-Algorithm + L-Katyusha has optimal local computational

complexity when MAAp.x(W) < L. In contrast, the second algorithm has better local
computation complexity (on average) if Apmax(W) < L and MApax(W) > L.
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Table 2
The number of features and number of samples for
each dataset used in the numerical experiments.

dataset # features (d) # samples

mushrooms 112 8,124
YT S 32,561
Ccovtypescale 54 581,012
Trovibinary 47236 20,242

5. Numerical experiments

In this section, we present several numerical experiments to demonstrate the practical
advantages of the proposed approach for problem (4). We study logistic loss functions,

1 (1 & o
fl(mz) = g _z Zlog(l + e_yjajxi)
j=1
where {(a},y5)}72, is local dataset stored on each machine i € {1,2,...,n}, a} € R?

represents the feature vector and y; € {—1,1} is the label. In the experiments, the power
method was used to estimate the smoothness parameter of the objective function, as well
as Amax (V).

Datasets The experiments were performed on datasets from the LIBSVM [5] database.'
Table 2 shows the basic characteristics of the datasets that were used.

The communication networks In the experiments, three different network topologies
were considered:

1. Cyclic: In this topology, devices are connected in a cycle, where each device is con-
nected to it’s two closest neighbors only. In this communication network, it takes
~ g iterations to transmit information between two devices on opposite sides of the
cycle.

2. Grid: Here devices are organized in a /n X v/n grid, and are connected to their
nearest neighbors.”

3. Erdos: A random communication graph, also known as an Erdés-Rényi graph.®

! The datasets are available at https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets//.

2 https://networkx.org/documentation /networkx-1.10/reference/generated /networkx.generators.classic.
grid_ 2d_ graph.html.

3 https://networkx.org/documentation/stable/reference/generated/networkx.generators.random__
graphs.erdos_ renyi_ graph.html.


https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/
https://networkx.org/documentation/networkx-1.10/reference/generated/networkx.generators.classic.grid_2d_graph.html
https://networkx.org/documentation/networkx-1.10/reference/generated/networkx.generators.classic.grid_2d_graph.html
https://networkx.org/documentation/stable/reference/generated/networkx.generators.random_graphs.erdos_renyi_graph.html
https://networkx.org/documentation/stable/reference/generated/networkx.generators.random_graphs.erdos_renyi_graph.html
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Fig. 1. Evolution of ||V f(xz¢)|| for different datasets, regularization parameter and different level of solving
the subproblem (7) (larger T' means we optimize the subproblem better).

We used the networkx python package® to generate random bi-directional graphs with
the structures described above. As highlighted in the theory, the algorithm depends on
the parameters A, Apnax(W) and L. We ran several experiments with varying values of
A, where

A= Tﬁ(m, r > 0. (15)
5.1. Solving the sub-problem

Algorithm 1 requires the solution to the auxiliary problem (7). To avoid communica-
tion costs, an approximate solution to (7) was obtained by performing T iterations of
Nesterov’s accelerated gradient method. In Fig. 1 we show the evolution of ||V f(z¢)]]
for various selections of parameter T'. Observe that the behavior for T € {2,4,...,32}
is almost identical (in terms of the iterations of the algorithm), however, larger T re-
quires additional rounds of communications. Therefore, in the following experiments we
selected T' = 2.

5.2. Effect of the reqularization parameter

The main benefit of personalized federated learning is the ability to have slightly
different local models, x;, for each device i. The regularization term \z” Wax penalizes

4 The networkx package https://networkx.org/ is hosted at https://github.com /networkx /networksx.


https://networkx.org/
https://github.com/networkx/networkx
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Fig. 2. Evolution of ||V f(z)|| and &} Wz, for various datasets, levels of A and number of devices n €
{25,100} with cyclic network.

local models (i.e., the z;’s) that are different from their mean, where the parameter A
controls the emphasis placed on this penalty term. When A is large, problem (4) tends
to a consensus/classical federated learning problem, because there is a large penalty for
models that are different at distinct devices. The current work focuses on personalized
federated learning, so here we consider the small A\ regime.

Recall that for each problem instance considered, two iterations of accelerated gradient

descent (T = 2) were used to give an approximate solution to subproblem (7). The

111 1
127478716
us stress that, as the number of local functions n increases, the matrix W changes, and

parameter A is defined in (15), and several values of r € {1 } were used. Let
hence, 80 t00 does Amax(W). One can observe that, as expected, larger values of A (that
corresponds to larger values of r) lead to solutions € R™? that have a smaller value of
the penalty term 27 Wz. Figs. 2 (cyclic network), 3 (grid network) and 4 (Erdds-Rényi
network) show the results of several numerical experiments.

5.8. Local training accuracy

In Fig. 5 we demonstrate the main benefit of using PFL - namely, the ability for
each device to have a slightly different local model, thereby capturing small differences
in the local data. This is done by selecting various values of A and observing the affect
that has on the training accuracy over various local functions f;. We plot the average
accuracy over local accuracies (each using their own set of parameters). For the mush-
rooms and a9a datasets, the algorithm quickly achieved very good local accuracy for all
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Fig. 5. Comparison of average accuracy of local models on local data for various communication networks
and levels of A (7).

local models. However, the covtype (more samples) and rcvl (more features) datasets
were more challenging. For the rcv! dataset, we can see that initially (mainly due to the
over-parametrization of the data) the local models achieve better accuracy (for smaller
value of A (r)), demonstrating the advantages of PFL.

5.4. Partial worker participation

One of the challenges of the FL setting is the fact that not all devices can always
participate in all the communications [14,25]. To simulate such a scenario, we conducted
the following two experiments:

1. Randomly dropping communication edge(s). For each iteration, and each commu-
nication edge e, the edge is kept with probability p., or dropped with probability
1—pc. The result is that the gossip matrix W is randomly modified at each iteration.
In Figs. 6 and 7 we demonstrate empirically that keeping some communication edges
with probability p. € {1.0,0.9,0.5,0.1} only mildly affects the convergence.
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Fig. 6. Evolution of |V f(z¢)|| and ! Wz, for various datasets, number of devices n € {25,100} and different
probability of keeping the communication edge p with the erdos network.

2. Randomly dropping the device(s) from communication. In this case, a subset of
devices is randomly selected. In particular, at each iteration, a device is kept with
probability pg, and excluded/dropped with probability 1 — pg. As before, the effect
is that the gossip matrix W is randomly modified at each iteration. In Figs. 8 and
9 we demonstrate empirically that keeping only some devices with probability pg €
{1.0,0.9,0.5,0.1} only mildly affects the convergence.

5.5. The benefit of personalized training

In Section 5.2 we discussed the case when A < ) that allows for more per-

L
sonalization of local models. Note that, as discussed i\r; aéggoion 4.2, we use Algorithm 1
with different settings for hq(z) and ho(z) depending on the value of A. In Fig. 10 we
investigate the behavior of Algorithm 1 for A = rﬁ(w) with r € {0.125,16}. Note that
a larger value of A (r) corresponds to larger penalization if the model deviates from the

mean (z7Waz); consequently, this allows less personalization.
6. Conclusion

In this work we studied the problem of decentralized personalized federated learning.
Problem (4) used a penalty term that was based upon the specific network structure,
which was more appropriate than a ‘deviation from the average’ penalty in the decentral-
ized setting. We presented lower bounds on the local communication and computation
costs, and we presented algorithms that achieved these lower bounds. Numerical exper-
iments demonstrated the benefits of this approach.
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Interesting issues for further research are those related to the more practical features
arising in a federated learning setup, including asynchronous and delayed transmissions,
and compression of information to reduce communication cost, among others. It would
also be interesting to perform numerical experiments using the Leaf framework (https://
leaf.cmu.edu).


https://leaf.cmu.edu
https://leaf.cmu.edu
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Evolution of ||V f(z)||, z; Wz, and average accuracy of local models for rcvl datasets and erdos

and grid network. We compare with two levels of regularization: low with A = 0.125-

L
Amax (W)

and high with

A =16- #(W) Note that, although both regularization values give comparable |V f(x)||, the average
accuracy for the case with smaller penalization is better.
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Appendix A. Versions of Algorithms 1 and 3 for problem (4)

Algorithm 4 MA for M. (W) > L.

Input: starting point :c? =z% ¢ ]Rd, no. of iterations K, parameter v = 2L > 0, accuracy 6 > 0

e . . . 0 _ . 0 _ 1
Initialization: A” =0, vy, =z;, 7= 35
for k=0,..., K —1do

b VA AT
okt — + +

LT +ak-2+1
Ak b+l
Local update: wf = Wy,k + fo
Local computation: uf = V f; (wh)
Solve subproblem via gossip communications, i.e. find yk"'1 e R"d, such that ||$z'k+1
where

"1 = argmin {<vm<w’“>, ¥ — w4 ha(y) + Ly — w’“ué}
yERRd 2

Compute zf via gossip communication with neighbors: zF = )\WykJrl
Local update: zf+l = zf - ak+1(Vfi(yf+l) + zf)

end for

Output: {yf(}

-y*E < s,

Algorithm 5 MA for M. (W) < L.

Input: starting point 7 = 2° € R?, no. of iterations K, parameter v = 2L > 0, accuracy § > 0

Initialization: A° =0, ¢ =2y, ==L

2y
for k=0,...,K —1do
aF+1 T+ V712 + 4T AR
B 2
ARFL = gk 4 gkl
k k1
A k " akt ®
Akt di T e T
Compute uf via gossip communication with neighbors: u® = AWwF
Solve local subproblem, i.e. find nyrl € R™?, such that ngerl — nyrng < §, where

Local update: wf =

k41 . k k Y k)2
yi+ :argmln{(ui,yifwi)+fi(yi)+f|\yi7wi Hz}
y; ER? 2

Compute zf via gossip communication with neighbors: zF = )\Wychrl
Local update: z*+! = zF — o*+1(V £ (yF ) 4 2F)
end for
K
Output: {y;* }
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Algorithm 6 ARDM.

Input: starting point ac? = z° € R?, number of iterations K, parameters 0 < 601,60, < 1, n,B,v > 0,
probabilities p, p
Initialization: y? = 20 = uf = 29 and §? = A\y) + V f: (3?)
1: for k=0,1,2,... K —1 do
2: Local update: zf = 6‘1,21c + 02'U.,’; +(1—-61 — Gg)yf

1, with probability 1 —p

3: Generate ¢F = . .
0, with probability p

4: if €¥ = 0 then

5: Compute bf via gossip communication with neighbors: bk = %ka

6: Local update: gf = bf — af + _@f

7: else

8: Sample indices m¥, ... m" for each node independently and uniformly from [M]
9: Local computation: g¥ = ﬁ (Vfi’,,L;c (zF) — V fi mk (uf)) + gF

10: end if

11: Local update: yf'H = zic — 7792C

12: Local update: Z;H'l = BZf + (1 - 5)1’? + %(yzﬁ—l - mf)

1, with prob. 1 —p

13: Generate kaﬁ = .
0, with prob. p

14: if ¢5t1/2 = 0 then

15: u§+1 = ;H'l

16: Compute a?"’l via gossip communication with neighbors: a*t! = %Wu""*’1
17: Compute cf via gossip communication with neighbors: ¢® = A\Wy*+t!

18: Local update: g{."“ =ch 4 Vfi(nyrl)

19: else

20: uf+1 = uf

21: a§+1 = af

22: grtt = gf

23: end if

24: end for

Appendix B. Proof of Theorem 1

In this section, we prove lower convergence bounds of algorithms satisfying Assump-
tion 2 for the problem (4). To do this, we need to give an example of ‘bad’ functions that
satisfy Assumption 1, and an example of a ‘bad’ arrangement of these functions in some
graph with a ‘bad’ matrix W (Definition 1) with an upper bound of condition number
x. Following [20,8] we consider quadratic functions, and following [21], we construct a
linear graph.

Let us start with the network. As the gossip matrix, we take the Laplacian of the
linear graph. Then, for our problem (4), we get that the matrix W has the following
form W = W ® I, where W = %U, and U is

U= . (16)
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It is known that the spectrum of the (scaled by 1/2) Laplacian matrix of the linear graph
with n vertices, is 2sin® (g—ﬁ) for k = 0,...,n — 1, [2]. Thus, the condition number is

s (2402)

X(n) o sin2(%)

x(n+1). Moreover, for n > 3 we can guarantee that Amax(n) > 3, 5 < Al (n) < 5 and

min
2
x(n+1) < — L < (”J;l) . It turns out that if we choose as the ‘bad’ network,
sin? (77 )
a linear graph with n vertices (where n is such that x, < x < Xxn+1), and take the

. Since we consider x > 3, one can find n > 3 such that x(n) < x <

Laplacian of this graph as the gossip matrix, then we satisfy Definition 1 and x is an
upper bound for the condition number of the gossip matrix. And one can note that
n—1>y2x—22> L /x (since x >3), 1< 2Anax(n) and -5 < AL (n) < 5.

Now let us move on to the ‘bad’ functions. We choose the dimension of these functions
equivalent to d = 2T with large enough T (to be defined later). Next, we divide the
nodes of the network into three types: the first type includes V; = {1}, the second type
includes Vo = {2,n — 1}, the third type includes V3 = {n}. Each type of node has its
own functions:

%W+mm+%<z;@w_ﬂmwﬂ+%@mw7ﬁmw,

file) = o~ Sl if i € Vy,
— 2 ap .
Bllel + 2 (S0 (2O — 2@42)%) if i € Vs,
(17)

where constants a, b, ¢ will be defined shortly. The parameter ¢ takes two values: 1 or 0.
We will consider both values below, we need 0 to simplify the mathematical calculations,
note that in this case we slightly change the class of problems, since not all functions f;
are strongly convex and we slightly go beyond Assumption 1.

In the proof we will rely on [8]. In particular, we will prove similar (but not analogous)
lemmas.

Let us introduce the solution of the problem (4) with (17). For the first type of node,
we denote the solution by z*, for the third type node by z*, and for the second type
nodes by y3, ..., y_;. Using this notation we write down the optimality conditions for
(4). First write down for a*:

T e N P St C
(A+2)@> + S-S =0, (18)
1 1
G+§+§)@“m—de””—§£W“=a forl<t<T-1,  (19)
1 1
G+§+z>@ﬁ%m—de”—g£W””—m for l<t<T—1,  (20)
I3 LY aver _ 1, aen _
(A+b+2>@) 5w3)"" =0. (21)

Then for z*:
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1 _ 1 _
(c+ % + 2) (z*) D ()@ i(y;_l)(% D_0, for1<t<T,

1 _ 1
<” 3 2) () (=) = Zn ) =0, for1<i<T,

Finally for y5, ..., y!_;:
1 1
(14 %) 699 - 3639 - 36O =0, for1< <o
¢ Lo, Lo,
<1 5 (v - §(yi+1)(t) - 5(?/1'71)(” =0, forl<t<2T,

1
<1+%> (o) - Q(ynf ) =5 =0, for1<t<oT

27

(25)

(26)

First, we give a proof of the lemma that indicates a recursive connection of coordinates

z* and z*. Before we introduce new notation:

) if t is even

) if ¢ is odd

B 1 I 1 A
: ~2 Te+4+5-9%)
wyp1 = Quy  with Q—( . e c NN
—cle+5+3-9) Belet5+3-2) -
where
1 1
A= - , B= , for ¢=0
n—1 n—1
or
n—2 n—2 o
A:wfl—l wil—l’ Bi n(i}i wi—l’ fOT ¢: B}
wy T — w] wy T — Wy
with wy =14+ & — /2 4 55 andwy = 14 4 4+ /2 4 15

Proof. We start from (24), (25), (26). One can note that we have recursion with two

initial conditions:

009 = (24 292) 100 - G129 Witk 6D = @0, )0 = ()
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If ¢ = 0, the expressions for (y;){*) are as follows:

W) = <nZ 1 n11> (1) + <nn 1 ni1> ().

In particular, (y5)® = (1 - ﬁ) (2*)® + L5 (2*)® and (y;_,)® = (1 - ﬁ) (z*)®

+ L5 (2*)®. When ¢ = 1, the expressions for (y;)® become more complicated:

n—a n—i 1—1 1—1
) = Cywi=! 4 Cowi~! = Wy T W () 4 s SO0
(yz) 1 2Wo ;L_1 — w?_l ( ) wg_l UJIL_I ( ) y
with w; = 1+ §& — 27” + f\‘—z and wp = 1+ & + 27”4—‘;—2 In particular,
(g3)® = B a0 4 _%%Q_EL__(Z*>U) and (y5 ) = “A =<l 7t 4
w2 7&)1 (A) (/.)2 UJ
—z=er(z*)®). In both cases of ¢ we have that (y5)® = A - (z*)® + B . (z*)®

and (32 )W = A-(2*)® + B (2*)® with some A and B. We can substitute these
(y5)® and (y_,)® into (19), (20), (22), (23) and have:

1 A B
<C+ % + 5) (x*)(2t) . C(x*)(2t+1) _ 5(1,*)(%) o 5(2*)(215) =0, for 1 <t<T— 1,

Sy

1 A
<c+ % + 2) (x*)(%ﬂ) fc(:c*)(%) - 5(:0*)(2”1) - 5(7;*)(2“1) =0, forl<t<T-1,

(@) #D =0, for1<t<T,
(27)

H 1 *\(2t—1) _ w\ (2t) é N\ (2t—1)
<C+A+2)(Z) c(2") 5 (2"

| &

1 _ A B
(” 5 5) () =) - 5 @) =0, fr1<t<T. (28)

The first two expressions together can be rewritten as follows:

c 0 (x*)(2t+1) B <C+ . % _ % —§> (x*)(Qt)
<—C —k-3+% §> ((z*)m“) N —c 0 )\ e )
(x*)(Qt-‘rl) _ < c . N g>_1 <C+ % + % _ % _g) (.’17*)(2t)
() —c—5-3t3 2 —c 0 (%)@



A. Sadiev et al. / EURO Journal on Computational Optimization 10 (2022) 100041 29

§+3-3) ((z*)””)
ta-) - g) (%)

Similarly, from (27) and (28) one can get that

(Z*)(Qt) (x*>(2t71)
(@@ ) = Q () |-
Using the definition of w; completes the proof. O

Then, we follow the idea from [8]. From the proof of the previous lemma we know
that (y5)® = A - (%) + B - (2*)®. Then, substituting (y3)™) and (y5)??) into (18)
and (21), we obtain that the value of w; and waor depends on the parameters a and b.
Hence, by varying the parameters a and b, one can obtain that wi, wa, ..., wer are
eigenvectors of the matrix @, i.e. wo = Qw; = yw; etc. This idea is implemented in the
following lemma.

Lemma 2. For any L, ju, and X\ (L > 2u, and A\

min

(W) > p), there exists a choice of
parameters a, b, ¢ such that wy, ws, ... wor are eigenvectors of matriz Q corresponding
to the eigenvalue v € (0;1), where

pn? 0
>1-— 2/ =3,/ —— 1.
v > max{ N L—,u}

Moreover, the problem (4) + (17) with these parameters a, b, ¢ satisfies Assumption 1.

Proof. First we give the values of a, b, and c:

%-5:§-ﬂ for p+A>1L,

w0
B N 1 A
b_T_X_E—i_E and any a, (29)

where

P P 2 2 5 5 P
1-24+ A4 B2 4 dc—dAct 4 —4A L +8ck +4ky +\/<71+2A—A2+B‘2—4§+4A§ —485 ) (~1424- A2+ B2-8c+8Ac— 1662 ~4% +44% —16cK —4457 )

a= 2B(—1+A—2c—2%)

Let us check that the problem (4) + (17) satisfies Assumption 1. Note that by the
choice of ¢, it suffices to verify that 0 < bA < cA < L — . We make this verification with

Mathematica (here and below, when using Mathematica, we replace % with z). First,

we check these inequalities when p =0 (A = Z—j and B = ﬁ)
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e DA < A (or a < %(20+1—A+2§)) for0 <c<landz =5 >0 2=
& < AL, < % (since in Theorem 1 we assume that & < A%, and above we
estimated that A%, < -%)

inf1}= FindInstance[ - (1 -2 x A+AM2 +BA2 4+ 4%C -4 % A% C+ 4 %x X =4 x A%X+8 % Cx X +4 % X2 +SQrt[(-1+ 2% A= AA24+BA2 -4 4« X +4 % A x X =4 % XA2) %
(-1 +2%A-AR24BA2-8C+8 % A%C-16%C 2 -4 %X +4%AxX-16%CxX=8%xx2)])/(2%B% (-1+A-2%C=-2%X))>(2%C+2%x+1-
A) /B&& A== (n-2) / (n-1)8& B ==1/(n-1) & c > 0 && c <1 & x>0&&kX *xnNA2 < 58&n 2 3, {A, B, c, x, n}]

outfi}= {}

. Ogb(oraz%(17A+2§))f0r0<c§1andx:§>O,x:§§)\+. < 3

ilz2k= FindInstance[ - (1 -2 x A+ AM2 +BA2 4 4%C -4 x A% C+4 % X =8 x AxX+B % Cx X+4 % X"245qrt[(-1+ 24 A=Ar2+BA2 -4 x X +4 % A% X =4 xX"2) &
(142 %xA-AR24BA2-8C+8xAxC-16%Cr2-4%xX+8xAxX-16%CxkxXx-4%x32)])/(2%Bx (-1+A=-2xc-2%x)) < (2%x+1-A)/B8&
A== (n-2)/ (n-1)&&B == 1/ (n-1) && c >0 & Cc S 1 8 x>08&X xN"255&&n 23, {A, B, C, X, n}]
outizl= {}

In the case of p = 1, we replace the expressions for A and B from Lemma 1 by their
Taylor approximations:

inli}= Series[((1+ x +Sqrt[2 % x + xA2])A(n=2) = (1 + x =SQrt[2 % x + xA2])A(n=2)) / ((1 + X +Sqrt[2 * x + xA2])A(n=1) = (1 + x =Sqrt[2 * x + xA2])A(n~
1)), {x; 0, 2}]
-24n (-6+7n-2n%)x (-2+n) (3n-8n?+4n%)x?

+0[x]%/2
-l+n 3(-1+n) 45 (-1+n)

Outf1)=

2= Series[((1+ X +Sqrt[2 % x + xA2]) = (1 + x =Sqrt[2 % x + xA2])) / ((1 + x +5qrt[2 % x + xA2])A(n=1) = (1 + x =Sqrt[2 * x + xA2])A(n=1)), {x, 0, 2}]
1 (2n-n®)x (-18n+37n?-28n°+7n*)x*

== +0[x]%/2
=1+n 3(-1+n) 90 (-1+n)

Outf2)=

n—2_2n2—7n+6ﬁ (4n3 — 8n? + 3n)(n — 2) p?
n—1 3n—1) A 45(n — 1)
n—2_n2—2nﬁ+7n4—28n3+37n2—18n 2
n—1 3n—-1)A 90(n — 1)

=

A

t>::|

B~

x|

Then, we can check inequalities for b:

. b)\<c)\(0ra§%(2c+1—A+2%))f0rO<c§1andx:“>0,x: <

+_ 5
)\min <z

>|
>I=

Inf}= FindInstance[ = (1 =2 A+ AM2 +BA2 +4%C -4 # A% C+4 % X -4 x AXX+B # Cx X +4 % X 2 +SQrt[(-1+2x A= A2 4B 2 -4 % X+ 4 %x A% X =4 % X"2) %

(142 %A-AN24BA2-8C+8%A%xC-16%C 2 -4 % X+4xAxX=-16%CxX-4%xx"2)])/(2%Bx (-14A-2%C=2%X))>(2%C+2%x+1~

A) /B& A== (n=2) / (n=1) + (~6+7%n=2%n"2) x X /3 /(N=1) + (N=2) % (3 x N -8 xNA244 % nA3) % xA2 /45/(n-1)&& B == 1/ (n=1) + (2%n - nA2)
*#X/3/(n=1) + (-18 » N +37 # NA2 - 28 % N3 + 7 % n"4) % xA2/90/(n-1) & c > 0 && c < 18&x>08x xnNA2<5&&n 23, {A, B, c, X, n}]

outft)= {}

. OSb(oraZ%(1—A+2§))for0<c§landxzﬂ>0,x:§§>\+-

2= FindInstance[ - (1 -2 % A4 AN2 4BA244%C -4 %A% C+4 % X =4 x AxX+8 4 Cx X +4 % X 2 +Sqrt[(-1+ 2%« A=Ar24+BA2 -4 x X +4%AxX=4%x"2)
(1424« A=-A24BA2-8C+8%A%C-16%Cr2-4xX+4%xAxX-16%CxXx=4%x"2)])/(2%Bx (-14A-2%xc=2%x))<(2xx+1=-A)/B
8&& A== (n=2) / (n=1) + (=647 %n=2%n"2) x x /3 /(n=1) + (N=2) % (34N =8%n"2+4 xnA3) & x"2/45/(n=1)8&& B == 1/ (n=1) + (24n - n"2) « x /3
/(n=1) 4 (=18 % N +37 % NA2 = 28 % N"3 + 7 % nA4) % xA2 /90/(n-1) & c >0 & c s 1&&x>08&xX *xn 2 5 58&n 23, {A, B, c, x, n}]

outi2l=
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n[1= Eigenvalues[{{-B /2 /c, (c+x+1/2-A/2)/c},{-(c+x+1/2-A/2)/c,2%(c+x+1/2~-A/2)"2/B/c=-2%c/B}}]

{4—8A+4A2—4B’+16c—16Ac+16x—16Ax+32cx*lze—\/—ZSGBzcz+(—4+8A—4A2+4B2—16c+16Ac—16x+16Ax—32:x—16x2)2
out[1]=
16Bc

’

4—8A+4A2—452+16c—16Ac+16x—16Ax+32:x+1€x1+\/—256 B2c?+(-4+8A-4A%4+4B?-16c+16Ac-16x+16Ax-32cx-16x>)?
16Bc

inl2l= Eigenvectors[{{-B/2/c , (c+x+1/2=A/2)/c},{-(c+x+1/2-A/2)/c,2x(c+x+1/2-A/2)"2/B/c-2xc/B}}]

1—2A+A2+Bz+4c—4Ac+4x—4Ax+ch+4x2+\/(—1+2A—A2+32—4x+4Ax—4x’) (-1+2A-A24B?-8c+8AcC-16c?-4x+4Ax~-16Ccx~-4x2)
outf2)= {4
{{ 2B (-1+4A-2c-2x)

s

1—2A+A2+B2+4c—4Ac+4x—4Ax+8cx+4xz—\/(—1+2A—AZ¢BZ—4x+4Ax—4x2)(—1+ZA—AZ+BZ—BC+8Ac—16c2—4x+4Ax—16cx—4x2)
1}, {- -
} { 2B (-14A-2C-2x) }}

Next, we turn to eigenvalues and vectors. One can find them:
We take the smallest eigenvalue

P P 2 23\ 2
4-8A+4A% 4B +16c—16Ac+164 —16A% +32c4 +16145 —\/—2563757+ (74+8A—4A2+4Bz—160+16Ac—16%+16A% —32ck— 16‘;‘2)
7= 16Bc

and the corresponding eigenvector

By simply substituting b from expression (29) and (y5)® = A - (z*)® 4+ B - (2*)® into
equations (21), one can note that wyr is an eigenvector of Q. It means that ywer = Quar
or wyr = YQ 'wyp. From Lemma 1 we also have Q lwop = wor_1. As the result,
W = YWar_1, i.€6. Wor_1 is also an eigenvector of (). Continuing further, we can obtain
that all vectors war, ..., wy are eigenvectors of . The choice of parameter a does not

affect, it only determines the value of ||wy||.
Finally, we need to make sure that this - satisfies the conditions of the lemma. Let

us consider the three cases separately.

1) p+A < L. In this case ¢ = 1. We want to verify that v € (0;1) and v > 124/,

This inequality need to be checked with the constraints: z = £ > 0,2 = § < )\:ﬁn < %

(since in Theorem 1 we assume that & < AF.and above we estimated that A}, < %,

when we construct the network). First, we check these inequalities when ¢ = 0:

F

e v>0

FindInstance[(4 - 8  (n=2)/(n=1) +4 % (n=2)A2/(n=1)A2 =4/ (n=1)A2 4+ 16 - 16 % (n=2) /(n=1) + 16 xX =16 % X % (N=2)/(n=1)+32 % X + 16 % X2 =

ilil=
SQrt[-256 /(n=1)A2 + (=4 + 8% (n=2)/(n=-1) = 4 % (N=2)A2/(n=1)"2+4 /(n=1)"2 - 16+ 16  (n=2)/(n-1) - 16 % X + 16 * x * (n=2)/(n=-1) = 32 x

- 16 % x72)A2]) / (16 /(n=-1)) S 0 &xX>0&&X *NA2 S 58&n 2 3, {x, n}]

outf1l= {}

e <1

FindInstance[ (4 - 8 x (n=2)/(n=1) +4 % (n=2)"2/(n=1)A2 =4/ (n=1)"2+ 16 = 16 % (n=2)/(n=1) + 16 %X =16 % X * (n=2)/(n=1)+32 % X + 16 % xA2 =

Inf2):=
Sqrt[-256 / (n=1)A2 + (=4 + 8% (n=2)/(n=1) =4 % (N=2)"2/(n=1)A2+4/(nN=1)"2 =16+ 16 % (n=2)/(n=1) = 16 % X + 16  x % (n=2)/(n=1) = 32 x

- 16 % xA2)A2]) / (16 /(n-1)) > 1 &&x >08&x *nA2 5 58&n 23, {x, n}]

outizl= {}
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injs}= FindInstance[(4 - 8  (n=2)/(n=1) +4 % (N=2)A2/(n=1)A2 =4/ (N=1)A2 416 = 16 % (N=2) /(N=1) + 16 %X =16 % X % (N=2)/(n=1)+ 32 % X + 16 % XA2 =
Sqrt[-256 / (n=1)*2 + (-4 + 8% (n=-2)/(n=1) =4 % (n=2)*"2/(n-1)"24+4/(n=1)"2-16+16 x (N=2)/(n=1) =16 * x + 16 * x * (n=2)/(n=1) = 32x x
- 16 % xA2)A2]) / (16 /(n=1)) = 1 +2 % Sqrt[x  nA2] < 0 &&x>08 X *nA2 < 58&n 23, {x, n}]

out3l= {}

In the case of ¢ = 1, we use (30):

e v>0

inli}= FindInstance[ (4 - 8% ((n=2) / (n=1) + (=647 %n=2%nA2) % x /3 /(n=1) + (N=2) % (3% N -8 x N2 44 % n"3) % xA2/45/(n=1)) +4 * ((n-2) / (n-1) +
(~647%n=2%n"2) % x /3 /(n=1) + (N=2) % (3% N =84 nA2+4%nA3) % xA2/45/(n=1))A2 -4 % (1/ (n=1) + (24n -n2) x x /3 /(n=-1) + (-18 % n
4+37 *NA2 =28 x NA3 +7 % NA4) % xA2/90/(n=1))A2 +16 - 16 ((n=2) / (n=1) + (~6+7*n=2%n"2) x x /3 /(n=1) + (N=2) % (3% N =8 %nA24+4 x
nA3) % xA2 /45/(n=1)) +16%x =16 % ((n=2) / (N=1) + (=647 *n=2%n"2) % x /3 /(n=1) 4+ (N=2) % (3% N =8 % N"2+4 % nA3) % xA2/45/(n-1))
X432 % X416 % X"2 = SQrt[-256 x (1/ (n=1) 4 (2%n =nA2) % x /3 /(n=1) 4 (=18 % n +37 % N"2 = 28 x NA3 + 7 x NA4) % x"2 /90/(n=1))"2 + (-4 + 8%
((n=2) / (n=1) + (=647 %n=2%n"2) % x /3 /(n=1) + (N=2) % (3 %N =8 % N"244 % n"3) x xA2/45/(n=1)) =4 % ((n=2) / (n=1) + (=647 %n=2xn"
2) #x/3/(n=1) + (N=2) % (34N =8 %NA2+4%nr3) «xA2/45/(n=1))"2+4 % (1/ (n=1) + (24N =nAr2) % x /3 /(n=1) + (18 % n +37 % nA2 -
28 * NA3 4+ 7 % NA4) % xA2/90/(N=1))A2 - 16 + 16 % ((n=2) / (N=1) + (=647 *n=2%n"2) % x /3 /(n=1) + (N=2) % (3 %N =8 * NA2 4+ 4 % nA3) % xA
2/45/(n=-1)) - 16 x x + 16 % ((n=2) / (n=1) + (-6+7*n=2xnA2) x x /3 /(n=1) + (n=2) % (3% n =8 % nA2+4 % nA3) x xA2 /45/(n-1)) % x - 32
%X =16 % xA2)A2]) / (16 % (1 / (n=1) + (2%n =n"2) % x /3 /(n=1) + (=18 % N +37 * N2 = 28 * N3 + 7 % n"4) % xA2 /90/(n=1))) S O&&X>O&&X *
nA2518&kn 23, {x, n}]

outiil= {}

e v <1

i2)= FindInstance[(4 - 8% ((n=2) / (n=1) + (-647%n=2%nA2) % x /3 /(n=1) + (N=2) % (3% n =8 xnA2+4 x n3) x x"2/45/(n=1)) +4 % ((n-2) / (n-1) +

(-6+7*n=2%n"2) x x /3 /(n=1) + (N=2) % (3% n =8 %n"2+4%nr3) x"2/45/(n=1))"2 =4 %(1/ (n=1) + (24n =nA2) % x /3 /(n=1) + (=18 x n
+37 % NA2 =28 x NA3 47 %« nh4) % xA2/90/(n=1))A2 +16 = 16% ((N=2) / (N=1) + (=647 *n=2%n"2) « x /3 /(n=1) + (N=2) % (3« N =8 %nr2+4 %
NA3) % xA2/45/(n=1)) +16%x =16 x ((n=2) / (n=1) + (-647%n=2%n"2) % x /3 /(n=1) + (N=2) % (3% N =8 % NA2 44 % n"3) x xA2/45/(n-1)) =
X432 % X+ 16 % xA2 - Sqrt[-256 (1 / (n=1) + (240 =n"2) % x /3 /(n=1) + (=18 % n 437 x N"2 = 28 x NA3 + 7 x NA4) % X2 /90/(n=1))"2 + (-4 + 8x
((N=2) / (n=1) + (-647%n=2%n"2) % x /3 /(n=1) + (N=2) * (3 %N =8 % N2 +4 xnA3) « x"2/45/(n=1)) =4 % ((n=2) / (n=1) + (-647«n=2%nA

2) #x/3/(n=1) 4 (n=2) * (3N =84%n"2+4%nr3) xx"2/45/(n=1))"2+4 % (1/ (n=1) + (24n =nA2) % x /3 /(n=1) + (=18 % n +37 % nA2 =
28 « NA3 47 % nA4) % xA2/90/(n=1))A2 =16 + 16 % ((n=2) / (n=1) + (~6+7*n=2%n"2) x x /3 /(N=1) + (N=2) % (3N =8 x N"2 + 4 % nA3) % x*
2/45/(n=1)) =16 % x + 16 % ((n=2) / (n=1) + (~647*n=-2%n"2) % x /3 /(n=1) + (N=2) % (3 N -8 % N"2 44 % n"3) % xA2/45/(n=1)) % x - 32

%X = 16 % x22)A2]) / (16 % (1 / (n=1) + (240 =n"2) « x /3 /(n=1) + (=18 % n +37 x N1A2 = 28 x NA3 + 7 x NA4) x X2 /90/(n-1))) 2 1 &&x>08&&X

nA2<1&&n 23, {x, n}]

° 721—2\/

inak= FindInstance[(4 - 8 ((n=2) / (n=1) + (=647 %xn=24n"2) % x /3 /(n=1) 4+ (1=2) % (3 xn = 8 x NA2 4+ 4 x n"3) & xA2 /45/(n=1)) +4 « ((n-2) / (n-1) +

(~647%n=2%n"2) % x /3 /(n=1) + (N=2) % (3% N =8 %NA244%nA3) x xA2/45/(n=1))"2 -4 % (1/ (n-1) + (2%n -n"2) xx /3 /(n=-1) + (-18 x n
+37 #N"2 =28 * N"3+7 % nA4) % x"2/90/(n=1))"2+16 - 16% ((N=2) / (N=1) + (=6+7#*n-2%n"2) x x /3 /(n=1) + (N=2) * (3% N -8 *xn"2+4 %
nA3) % x"2/45/(n=1)) +16%x =16 % ((N=2) / (N=1) + (-647#n=2%n"2) % x /3 /(n=1) + (N=2) * (3% n =8 % NA2 44 x nA3) & x"2/45/(n-1)) *
X432 % X+ 16 % XxA2 - SQrt[-256 % (1/ (n=1) + (2%n =nA2) % x /3 /(n=1) + (=18 % N +37 * NA2 = 28 * NA3 + 7 % nA4) % x"2/90/(n=1))"2 + (-4 + 8%
((N=2) / (N=1) + (~647%xn=2%n"2) % x /3 /(n=1) + (N=2) % (3 xn =8 x NA2 44 x nA3) % xA2 /45/(n=1)) =4 » ((n=2) / (n=1) + (-6+47xn=2xn"
2) #x/3/(n=1) + (N=2) % (34N =-84%n72+4%nA3) % xA2/45/(n=1))"2+4 % (1/ (n=1) + (2%n=nA2) % x /3 /(n=1) + (-18 % n +37 % nA2 -
28 % NA3 47 % NA4) % xA2/90/(n=1))A2 - 16 + 16 % ((N=2) / (N=1) + (=647 %N=2%n"2) % X /3 /(n=1) + (N=2) % (3 x N =8 * NA2 + 4 % nNA3) % xA
2/45/(n=-1)) =16 x x + 16 % ((n=2) / (n=1) + (~6+7*nN=2%n"2) * x /3 /(n=1) + (N=2) % (3 %N =8+ NA2 44 % nA3) % xA2 /45/(n=1)) % x - 32

%X =16 % xA2)A2]) / (16 % (1 / (n=1) + (2%n =n"2) % x /3 /(n=1) + (18 x n +37 * N2 = 28 * N3 + 7 » nA4) % x*2 /90/(n-1))) - 1 + 2 % Sqrt[x

*NA2] <0 &&X>08&X xN"2 S 18&&n 23, {X, n}]

outz {}

outid= {}

2) p+A>L>p+ A\, In this case ¢ = 254 = £ . § = 26. We want to verify that
(

0;1) and v > 1 — 24/ 5~ This inequality need to be checked with the constraints:

v e
d > 1 (since in Theorem 1 we assume that L > 24 and then § = % >1),z=5>0,
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1 1
r=H <N S Hand s> 1]

min =

> 1,
xr
First, we check these inequalities when ¢ = 0:

2 (constraints of the considered case).

e >0

ili}= FindInstance[(4 - 8 » (n=2)/(n-1) + 4 * (n=2)A2/(n=1)"2 -4 / (N=1)"2 4+ 16% (d  X) = 16% (d % x) » (1=2)/(n=1) + 164X =16 % X % (n=2)/(n-1)+ 32

2 4 &&X>08X *xn*2 < 58&&n 23, {d, x, n}]

# (d % X) % X+ 16 % xA2 - Sqrt[-256 / (n=1)"2 % (d * x)"2+ (-4 + 8% (n=2)/(n=1) =4 % (N=2)"2/(nN=1)"2+4/(nN=1)"2 - 16 * (d % x) + 16 * (d * x)
% (N=2)/(n=1) =16 % x + 16 X % (n=2)/(n=1) =32 % (d * X) * x = 16 x xA2)"2]) / (16 /(n=1) % (d x x)) < 0&&d 2 1 & d % x < 1 && d % X » nA2
outftl= {}

e <1

in2k= FindInstance[(4 - 8 » (n=2)/(n-1) +4  (n=2)A2/(n=1)"2 =4 / (N=1)A2 + 16 % (d x x) - 16 % (d % x) * (n=2)/(n=1) + 16xx =16 % x » (n-2)/(n-1)+ 32

% (N=2)/(n=1) =16 % X+ 16 % x % (N=2)/(n=1) =32 % (d % X) % x = 16 » xA2)A2]) / (16 /(n=1) % (d x x)) > 1&&d > 1 8& d  x < 1 && d % X * nA2
24 8&x>08x *NA2<58&&n 23, {d, x, n}]
outf2l= {}

° ’)/2]_—2\/

insk= FindInstance[(4 - 8  (n=2)/(n=1) + 4 % (N=2)"2/(n=1)A2 -4 / (n=1)A2 + 16 % (d % x) - 16% (d % x) * (N=2)/(n=1) + 16%xx =16 % X » (n-2) /(n-1)+ 32

% (d % X) % X+ 16 % xA2 - Sqrt[-256 / (N=1)"2 % (d * x)"2 + (=4 + 8% (n=2)/(n=1) =4 % (N=2)"2/(n=1)"2+4/(n=1)"2 - 16 * (d % x) + 16 % (d * X)

% (d % X) % X+ 16 % xA2 - Sqrt[-256 / (n=1)A2 % (d * x)A2+ (=4 + 8% (n=2)/(n=1) =4 % (N=2)"2/(N=1)"2 44 /(n=1)"2 = 16 % (d % x) + 16 % (d * X)

% (n=2)/(n=1) =16 % x + 16  x % (N=2)/(n=1) =32 % (d % X) * X = 16 % xA2)42]) / (16 /(n=1) # (d % X)) = 1 + 2% Sqrt[x * n"2] < 08&d 2 1 & d
#X <18 d%Xx%nA2 24 &&x>08&xX *xnA2<58n 23, {d, x, n}]

outf3l= {}

In the case of ¢ = 1, we use (30):

e v>0

inl}= FindInstance[ (4 - 8 ((n=2) / (n=1) 4 (=6+7%n=2%n"2) « x /3 /(n=1) + (N=2) % (3 x N =8 % NA2 + 4  NA3) % xA2 /45/(n-1)) +4 % ((n=2) / (n-1) +
(~6+7%n=2%n"2) * x /3 /(n=1) 4 (N=2) % (34N =8 %nA2+4 %nA3) & x"2/45/(n=1))"2 -4 x(1/ (n=1) + (2xn =n"2) xx /3 /(n=1) + (<18 x n
4+37 * N2 =28 % NA3 4+ 7 x nA4) % xA2 /90/(n=1))"2+16 % (d * Xx) = 16% ((N=2) / (n=1) + (~6+7#n=2%n"2) x x /3 /(n=1) + (n=2) % (3% n -8 *
NA2 44 % nA3) % xA2/45/(n=1)) % (d % X) + 16 %xx =16 % ((n=2) / (n=1) + (~647%n=24n"2) % x /3 /(N=1) + (N=2) % (34N =8 % NA244 % n"3) %

XA2 /45/(n=1)) % X +32 % (d % X) % X + 16 % xA2 = Sqrt[-256 % (1 / (n=1) + (2%n =nA2) % x /3 /(n=1) + (=18 % N +37 * NA2 = 28 % NA3 4+ 7 % n"4) %

X2 /90/(n=1))"2 % (d x x)A2 4 (=4 + 8% ((N=2) / (N=1) + (=6+74«n=2xn"2) x x /3 /(n=1) 4 (N=2) % (3% N =8 %nA2+4 %nA3) x xA2/45/(n-
1)) =4 % ((n=2) / (N=1) + (~6+74n=2%n"2) x x /3 /(n=1) + (N=2) % (3 xn =8 %« NA2+4 % nA3) % xA2/45/(n=1))"2+4 % (1/ (n=-1) + (24n -

nA2) % x /3 /(n=1) 4 (=18 % n +37 % NA2 -~ 28 % NA3 4+ 7 x N"4) % xA2 /90/(N=1))A2 = 16 % (d % X) + 16 % ((n=2) / (n=1) + (=647 *N=2%nA2) % X

/3/(n=1) + (n=2) % (3 xn =8 %xNA24+4 x nA3) % x"2/45/(n=1)) % (d % X) - 16 % x + 16 & ((N=2) / (N=1) + (-6+7«n=2xn"2) « x /3 /(n-1) +
(N=2) * (3 %N =8 %n"24+4%nA3) % x"2/45/(n=-1)) % x =32 % (d % X) % X = 16 * xA2)A2]) / (16 % (1 / (n=1) + (2%n -nA2) x x /3 /(n-1) + (-18
*N 437 £NA2 - 28 x N3 47 % nh4) % x"2/90/(n=-1)) % (d*x)) SO8 d2 18 d*x<1l8 d*x*ni2 324 &EX>08&xX xn"255&kn 23, {d, X, n}]

outl1l= {}

e v <1

in2k= FindInstance[ (4 - 8% ((n=2) / (N=1) 4 (=6+74n=2%n2) x x /3 /(n=1) 4+ (n=2) % (3 xn =8 x NA2 + 4 x NA3) % xA2 /45/(n-1)) +4 % ((n=2) / (n-1) +
(=64+7%n=2%n2) % x /3 /(n=1) 4 (N=2) % (3% N =8 %N 244 %nA3)  xA2/45/(n=1))"2 =4 % (1/ (n=1) + (2%n =nr2) % x /3 /(n=1) + (=18 % n
+37 £ N"2 =28 % NA3 47« NA4) % xA2/90/(n=1))"2+ 16 % (d  x) = 16 ((n=2) / (n=1) + (~647%n=24n"2) x x /3 /(n=1) 4 (n=2) * (3% n=-8x
NA2 44 % nA3) % xA2/45/(n=1)) % (d % X) + 16 %X =16 % ((n=2) / (nN=1) + (~647*nN=2%n"2) % x /3 /(n=1) + (N=2) % (3% N -8 % N2 44 % n"3) %

XA2 /45/(n=1)) % X +32 % (d % X) * X + 16 % X2 = Sqrt[-256 % (1 / (n=1) 4 (2%n =nA2) % x /3 /(n=1) + (=18 % n +37 % N2 = 28 * NA3 + 7 » n"4) %

XA2 /90/(n=1))A2 % (d % X)"2 4 (=4 + 8% ((N=2) / (N=1) + (=6+7%n=2%nA2) x x /3 /(n=1) 4 (N=2) % (3 %xn =8 % NA2+4 x nA3) » x2/45/ (n-
1)) =4 % ((n=2) / (N=1) + (=6+7%n=2%n"2) x x /3 /(n=1) 4+ (N=2) % (3 xn =8 x NA2 44 x nA3) % x"2/45/(n=1))"2 44 % (1/ (n=1) + (2%n -

NA2) % x /3 /(n=1) 4 (=18 % n +37 % N"2 = 28 x NA3 + 7 % NA4) % xA2/90/(n=1))"2 - 16 % (d % X) + 16 & ((n=2) / (N=1) + (~6+7%N=2%NnA2) % X

/3/(n=1) 4+ (n=2) % (3 N =8 %n"24+4 %xn"3) % x"2/45/(n=1)) % (d % x) - 16 % x + 16 # ((n=2) / (N=1) + (=6+7#n-2%n2) % x /3 /(n-1) +
(N=2) % (34N -8%n"244%nr3) «xA2/45/(n=1))  x =32 % (d % X) % X = 16 % xA2)A2]) / (16 » (1 / (n=1) + (2%xn - nA2) » x /3 /(n-1) + (-18
%N 437 %NA2 =28 % NA3 47 % nh4) % xA2/90/(n=1)) % (d xx)) 218 d 218 d*x<18d%xX*nr2 24 &&x>08&X xn"2<58&&n 23, {d, x, n}]

outfzl= {}
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inf3}= FindInstance[(4 - 8% ((N=2) / (N=1) + (~6+7#n=2%nA2) % x /3 /(n=1) + (N=2) * (3 x N =8 % NA2+4  NA3) % xA2/45/(n=1)) +4 % ((n-2) / (n-1) +
(-647%n=2%n"2) * x /3 /(n=1) 4+ (N=2) % (3% N =8 % NA244 %n"3)  x"2/45/(n=1))"2-4%(1/ (n-1) + (2xn =n*r2) xx /3 /(n=1) + (18 x n
+37 % NA2 =28 % NA3 47 % Nh4) % xA2/90/(n=1))"2+ 16 % (d % x) = 16 ((n=2) / (n=1) + (=647 %n=2%n"2) % x /3 /(n=1) + (N=2) % (3% n -8 %
NA2 44 % nA3) % xA2/45/(n=1)) % (d % X) + 16 %X =16 % ((N=2) / (N=1) + (~6+T#n=2%n"2) % x /3 /(n=1) + (N=2) % (3% N =8 % N2 4+4 % n3) %
XA2 /45/(n=1)) % X +32 % (d % X) % X+ 16 % XA2 = SQrt[-256 % (1/ (N=1) + (2%n - n"2) % x /3 /(n=1) + (-18 * n +37 + NA2 - 28 % NA3 + 7 % N"4)
XA2/90/(n=1))"2 % (d % x)A2 4 (=4 + 8% ((N=2) / (N=1) + (~6+7%nN=2%n"2) % x /3 /(n=1) + (N=2) (3% n =8 x NA2+4 % nA3) x xA2 /45/ (n—
1)) =4 % ((n=2) / (N=1) 4 (=6+7%N=2%n"2) % x /3 /(N=1) + (N=2) % (3 %N =8 % NA24+4 % nNA3) % xA2/45/(n=1))"2+4 % (1/ (n-1) + (2%n -
NA2) % x /3/(n=1) + (-18 % n 437 % N2 = 28 % NA3 4+ 7 % NA4) % xA2/90/(n=1))"2 = 16 % (d % X) + 16  ((n=2) / (N=1) + (~6+T%N=-2%Nn"2) % X
/3/(n=1)+(n=2) (3 %N =8 %n"2+4%n"3) % x"2/45/(n=1)) *(d  x) =16 * x + 16 % ((N=2) / (N=1) + (=6+7*n=2%n"2)  x /3 /(n-1) +
(N=2) % (3 %N =8 %nA244%nr3) % xA2/45/(n=1))  x =32 % (d % X) % X = 16 % xA2)A2]) / (16 % (1 / (n=1) + (2%n = nA2) % x /3 /(n=1) + (-18
%N 437 £ nA2 =28 £ NA3 47 % nA4) % xA2/90/(n=1)) * (d % X)) =1+2 % Sqrt[x * n"2] <0 & d 2 18 d + x <1 && d % X * N"2 2 4 &&X>0&&X %n*
2558&n 23, {d, x, n}]
outg)= {}

3) p+ AN, > L. In this case ¢ = L34

S = %~5 = xd. We want to verify that v € (0;1)
and v > 1-3,/1

E This inequality need to be checked with the constraints: § > 1,
r=1>02z=11 <)\l <S5 andé<i. Al <1.5 (constraints of the considered
case). First, we check these inequalities when ¢ = 0:

e v>0

ili}= FindInstance[(4 - 8  (n=2)/(n=1) +4 % (n=2)42/(n=1)"2 =4/ (N=1)"2 4+ 16% (d % x) = 16% (d % X) % (n=2)/(n=1) + 16 %xx =16 * x * (n=2)/(n=-1) + 32
% (d % X) % X+ 16 % XA2 - Sqrt[-256 / (n=1)"2 % (d % X)"2 + (=4 + 8% (n=2)/(n=1) =4 % (N=2)"2/(N=1)A2+4 /(n=1)22 = 16 % (d % x) + 16 % (d * x)
% (n=2)/(n=1) - 16 % X + 16  x % (n=2)/(n=1) =32 % (d % X) % X = 16 % xA2)A2]) / (16 /(n=1) * (d * X)) S 08&& d 2 1 && d * x * N"2 < 5 &&x >0 &k

X *nA2$58&n 23, {d, x, n}]
outftl= {}

e v<1

2= FindInstance[(4 - 8 % (n=2)/(n=1) +4 % (N=2)A2/(n=1)"2 -4/ (n=1)72 + 16 (d % x) = 16% (d % x) *(n=2)/(n=1) + 16 xx =16 * x » (n=2)/(n=-1)+ 32
% (d % X) % X+ 16 % xA2 = SQrt[-256 / (N=1)"2 % (d % X)A2 + (=4 + 8% (n=2)/(n=1) =4 % (N=2)"2/(n=1)A2+4/(n=1)A2 = 16 » (d * X) + 16 % (d  x)
% (N=2)/(n=1) = 16 % x + 16 % x % (n=2) /(n=1) =32 % (d % x) % x = 16 % xA2)A2]) / (16 /(n=1) % (d # x)) 218 d 2 1 8& d % X * N"2 < 5 &&x >0 &&

X *nA2<58n 23, {d, x, n}]
outizl= {}

o ’721*31/ﬁ

il3l= FindInstance[(4 - 8  (n=2)/(n=1) + 4 % (N=2)A2/(n=1)"2 -4 / (N=1)"2 4+ 16% (d % x) = 16% (d % x) *(n=2)/(n-1) + 16 %x =16 » x % (n-2)/(n-1)+ 32
% (d % X) % X+ 16 % XA2 = Sqrt[-256 / (n=1)A2 % (d % X)"2 4 (=4 + 8% (N=2)/(n=1) =4 % (N=2)"2/(nN=1)"2+4/(nN=1)"2 = 16 % (d * x) + 16 % (d * x)
% (N=2)/(n=1) =16 % X + 16 % X % (N=2)/(n=1) =32 % (d % X) * X = 16 % xA2)42]) / (16 /(n=1) % (d % X)) =1 +3 % Sqrt[1/d] < 0&& d > 1 & d * x
*NA2 < 58&X>08X ¥NA2558&n 23, {d, x, n}]
outa= {}

In the case of ¢ = 1, we use (30):

e v>0
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inl1}= FindInstance[(4 - 8 % ((n=2) / (N=1) + (~647%n=24n"2) x x /3 /(n=1) + (N=2) % (3% N =8 x NA2 +4 % n"3) % xA2 /45/(n=1)) +4  ((n-2) / (n-1) +
(~6+7#%n=2%n"2) x x /3 /(n=1) + (N=2) % (34N =8 %nA2+4%nA3) x x"2/45/(n=1))"2 -4 x(1/ (n=1) + (2%n =nr2) x x /3 /(n=1) + (-18 x n
+37 *NA2 - 28  NA3 +7 % NA4) % xA2/90/(N=1))"2+16 % (d % X) = 16% ((n=2) / (n=1) + (=6+7%n=2%n"2) *+ x /3 /(n=1) + (n=2) % (3% n=-8x
NA2 44 % NA3) % xA2/45/(n=1)) % (d % x) + 164X =16 » ((n=2) / (n=1) + (~64+7*n=-2%n"2) x x /3 /(n=1) + (N=2) % (3% n =8 % n2+4 xnA3) %
X"2 /45/(n=1)) % X + 32 % (d % X) % X + 16 * X*2 = SQrt[=256 % (1 / (n=1) + (2%n =n"2) % x /3 /(n=1) + (=18 % N +37 ¥ N"2 = 28 * N3 + 7 % n"4) %
XA2 /90/(N=1))A2 % (d % X)A2 + (=4 + 8% ((n=2) / (n=1) + (~=6+7*n=2%n"2) % x /3 /(n=1) + (N=2) % (3 x N =8 x N"2 44 % nA3) % xA2 /45/ (n-
1)) =4 % ((n=2) / (n=1) + (=647 *n=2%n"2) « x /3 /(n=1) + (N=2) % (3 %N =8 %NA2+4 % nA3) % x"2/45/(n=1))"2+4 % (1/ (n=1) + (2%n -
nA2) % x /3 /(n=1) + (=18 * N +37 * N1A2 = 28 * NA3 + 7 % N"4) % xA2/90/(n=1))*2 =16 % (d % X) + 16 % ((N=2) / (n=1) + (~6+7*n=2%n"2) % x
/3/(n=1) +(n=2) % (34N =84%n"2+4%nA3) % xA2/45/(n=1)) »(d % X) - 16 x x + 16 # ((n=2) / (n=1) + (~-6+7*n=-2%n"2) x x /3 /(n-1) +
(N=2) % (3%N=8%nA"244%nA3) % x"2/45/(n-1)) % x - 32 % (d % X) % X = 16  xA2)A2]) / (16 (1 / (n=1) + (2%n - nA2) % x /3 /(n-1) + (-18
*N 437 % NA2 =28 % NA3 47 % nA4) % xA2/90/(n=-1)) % (d xx)) s O&d > 18&d % X x N"2 <5 8&&X>08&&kX *N"251/58n 23, {d, x, n}]
oufil= {}

e v<1

inlzl= FindInstance[(4 - 8% ((n=2) / (n=1) 4 (=647 %n=2%n"2) x x /3 /(n=1) + (N=2) % (3 xn -8 « NA2 44 % n"3)  x"2/45/(n=1)) +4 » ((n=2) / (n-1) +
(-64+7%n=2%n"2) x x /3 /(n=1) 4 (N=2) % (3% N =8 %N 244 %nA3) x xA2/45/(n=1))"2 =4 % (1/ (n=1) + (2%n =nr2) x x /3 /(n=1) + (=18 x n
+37 #NA2 =28 ¥ NA3 4+ 7 % N*4) % xA2/90/(n=1))A2+16 % (d % x) = 16% ((n=2) / (n=1) + (-6+7*nN=2%n"2) % x /3 /(n=1) + (n=2) % (3% n -8«
NA2 44 % nh3) % xA2/45/(n=1)) % (d % X) + 16%x =16 % ((n=2) / (n=1) + (=647 %N=2%n"2) x x /3 /(n=1) + (N=2) % (3% N =8 % N"2+4 % nA3) &
XA2/45/(n=1)) % X +32 % (d % X) % X + 16 % X2 = Sqrt[-256 % (1 / (n=1) + (2%n =nA2) % x /3 /(n=1) 4 (=18 x n +37 « N2 = 28 x N3 4 7 % n"4) %
X"2/90/(n=1))A2 % (d % x)A2 + (=4 + 8% ((n=2) / (N=1) + (=647 %N=2%n"2) x x /3 /(n=1) + (N=2) % (3% N =8%N"24+4 % nA3) « x"2/45/ (n-
1)) =4 % ((n=2) / (n=1) + (=647 *n=2%n"2) x x /3 /(n=1) + (N=2) % (3% N =8« NA244 % nA3) x x"2/45/(n=1))A2+4 % (1/ (n=1) + (2xn -
NA2) % x /3 /(n=1) + (=18 * N +37 %+ NA2 = 28 %+ NA3 + 7 % N"4) % xA2/90/(n=1))"2 = 16 % (d % x) + 16 % ((N=2) / (N=1) + (~6+T*N=2%n"2) % x
/3/(n=1)+(n=2) % (3 %N =8 %n"24+4 %n"3) % x"2/45/(n=1)) % (d % x) =16 % x + 16 % ((n=2) / (n=1) + (-6+7%n=-2%n"2) % x /3 /(n-1) +
(N=2) % (3 %N -8%n"244x%n"3) xx"2/45/(n=1)) % x = 32 % (d % x) * X = 16 % xA2)"2]) / (16 % (1 / (n=1) + (2%n - n2) » x /3 /(n-1) + (-18
%N 437 £ N2 =28 «NA3 47 & nA4) & x"2/90/(n=1)) % (d%x)) 2 18 d > 18 d x X « n"2 <5 &&x>0&kxX xn"251/58&n 23, {d, x, n}]
out2l= {}

0721—3 T

inak= FindInstance[(4 - 8% ((n=2) / (N=1) + (=6+7#Nn=2%nA2) % x /3 /(n=1) + (N=2) # (3 x N = 8 % NA2 + 4 % nA3) % xA2 /45/(n-1)) +4 * ((n-2) / (n-1) +
(~6+7%n=2%n"2) % x /3 /(n=1) + (N=2) % (3% N =8 %nNA2+4 %nA3)  xA2/45/(n=1))A2 =4 % (1/ (n=1) + (2%n =nA2) x x /3 /(n=1) + (=18 x n
+37 *NA2 =28 « NA3 47 x nNA4) % xA2 /90/(n=1))"2+16 % (d % X) = 16% ((n=2) / (n=1) + (=647 *N=2%n"2) % x /3 /(n=1) + (n=2) % (3 %xn -8 %
NA2 44 % nh3) % xA2/45/(n=1)) % (d % x) + 164X =16 & ((N=2) / (N=1) 4 (=647 *N=2%n"2) % x /3 /(n=1) + (N=2) % (3% N =8 % N2 44 x n"3) %
XA2 /45/(n=1)) % X 32 % (d % X) % X + 16 & xA2 = SQrt[-256 % (1 / (N=1) + (2%n = nA2) % x /3 /(n=1) + (=18 % n +37 x nA2 = 28 % NA3 + 7 % n"4)
XA2/90/(n=1))"2 % (d % X)A2 + (=4 + 8% ((n=2) / (n=1) + (~64+7%n=2%Nn"2) % x /3 /(n=1) + (N=2) % (3 xn =8 x NA2+4 & NA3) x x"2 /45/ (n-
1)) =4 % ((n=2) / (n=1) + (~647%n=24n"2) % x /3 /(n=1) + (N=2) % (3 %N =8 % N2 44 % nA3) » x"2/45/(n-1))"2+4 % (1/ (n-1) + (2%n -
nA2) % x /3/(n=1) + (=18 * N +37 * NA2 = 28 % NA3 + 7 % nA4) % xA2 /90/(n=1))A2 = 16 % (d » x) + 16 % ((n=2) / (Nn=1) + (=647 *N=2%nA2) % x
/3/(n=1) + (n=2) % (3 %N -84%nA24+4%n"3) «x 2 /45/(n=1)) *(d % X) = 16 % X + 16 % ((n=2) / (N=1) + (-6+7%«n=2xn"2) x x /3 /(n-1) +
(N=2) % (3% N =8%n"24+4%n23) & x 2 /45/(n=1))  x =32 % (d % x) % X = 16 x xA2)A2]) / (16 x (1 / (n=1) + (24n =nA2) x x /3 /(n-1) + (-18

%N 437 x N2 =28 % NA3 +7 %« NA4) % xA2/90/(n=1)) % (d % x)) - 1+3%5Sqrt[1/d] <0 & d > 18 d % x x N"2 <5 &&x>08kX xn’251/58&n2
3, {d, x, n}]

out3= {}

O

The previous Lemmas show what the solution of the problem (4) + (17) is. Now let
us determine how quickly we can approach it.

Lemma 3. Let the problem (4) + (17) be solved by any method that satisfies Assumption 2.

Then after K iterations with ¢ communication rounds, only the first {ﬁJ coordinates

of the global output can be non-zero while the rest of the d— L%J coordinates are strictly
equal to zero.
Proof. We begin introducing some notation for our proof. Let

Ey:={0}, E,:=span{ei,...,e;}.

Note that, if we initialize all ¥ = 0, then we have Mo = Ep.
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Suppose that, at some given time k, for some j, M;, = Ej. Let us analyze how M
can change by performing only local computations.

We consider the case when [ odd (case with even [ can be analyzed the same way).
After one local update, we have the following:

1) For node j € Vy, it holds

Mj7k+1 = El, (31)

because of the block diagonal structure of (17). The situation does not change, no matter
how many local computations one does.
2) For node j € Vs, it holds

M k1 = B,

It means that, after local computations, one has an update in output and machine on
V3 can progress by one new non-zero coordinate.

This means that we constantly have to transfer progress from the machine from V;
to the machine from V3 and back. Initially, all devices have zero coordinates. Further,
the machine from V; can receive the first nonzero coordinate (but only the first, the
second is not), and the rest of the devices are left with all zeros. Next, we pass the first
non-zero coordinate to the machine from V3. To do this, n — 1 communication rounds are
needed. By doing so, they can make the second coordinate non-zero, and then transfer
this progress to the machine from V;. Then the process continues in the same way. This
completes the proof. O

Now we are ready to complete the proof of Theorem 1. The previous reasoning, as
well as Lemmas 1, 2, and 3, gives that we can construct the “bad” problem of type (4)
with the “bad” network (satisfying Definition 1) as well as with the “bad” functions

(17) (satisfying Assumption 1). Moreover, we know that only {%J coordinates in the
output can coincide with the solution, and the other coordinates are exactly zero. Then

we just have to put T = 1 (max{l,logv i+ LﬁJ) in the dimension of the problem
d = 2T, and obtain the following estimate on the outputs from V; and Vs:

2T 12 2T i—1 2
2K — 2%||2 + || 2K — 2*||2 B Zizlﬁj+l [l Zi:{%%ﬂ'y [Jwal

20 — a2+ 120 =272 S w2 T S i w2
or—1—| -4 _q_
1 : 27—
) v NP o
YLy 1—727

Y]

A
1 LLJ 1 [ un? m n—l
— n—1] > _ — - [ AN .
27 _2<1 maX{Q 3 , 3 I—p
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In the other words it means that:

g=0(min] A=V JEZp@= D2 (=P 2
pn? o’ c
:sz(mm{\ﬁ, <L‘“)(”‘1>2}1og<||x°—x*|2+||z°—z*||2>>
H o c

When constructing the “bad” network, we proved that n — 1 > /2y — 2 > %\/X 1<
2 Xmax(n). Hence, we get

3
)=0 <mm {\/ A 17 \/ L=pn =1y } o 2= IP 122 - z*||2>>
KT M €
:Q<min { wAmax(vv)’ wL—u)x}log<||x°—x*|2+||z°—z*||2>>_
K 1% €

Which is what we needed to prove. O

Appendix C. Proof of Theorem 4

For the following analysis, recall the auxiliary problem (7) from Algorithm 1 with
p =1, hy(x) like sum component, hy(x) like 5 (x, Wx), which is restated for convenience:

$o1 = argmin {(Thu(we),y = wi) + ha(y) + 2 |y = wil3 |
yeRnd

Now we look carefully at the auxiliary problem. This problem is (L + v)-smooth and
(+y) strongly-convex, so we can apply L-Katyusha algorithm from [9]. The complexity

M +1L) 1
O((M—i— 7’7‘*‘# >log5>,

where ¢ denotes the accuracy of the solution to the auxiliary problem (7). The number
of calls of the gradient of f is

of solving problem (7) is

Mmax (W) 1
I

NWX_(’)< log —
€

while the number of calls of the gradient of G is
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Minax M(L 1.1
Noj, = 0 ([ MmaxV) (0 JMEFY) 010 L)
I py e 790

Taking v be equal to Apax (W), we get

Ny, =0 | | M M—i— ML log log1
I p J

Now we consider §, the accuracy of the auxiliary problem (7). According to Theorem 2,

we can take § as

_ e
" 8642(L + Muax (W) +7)2’

because the function f(x) is L-smooth and 3 (x, Wx) is Amax (W)-smooth. O
Appendix D. Proof of Theorem 5

Let us use the additional notation G(x*,u*) = gh + A\Wu* + Vf(u*) for short. Let
us consider our problem as a finite sum problem with r 4+ 1 terms.

Zgj )+ gri1(x),

where g;(x) = Y fir(zx) and gr41(x) = 5(x, Wx). For such a problem, one can use
k=1

the results of the_convergence of the variance reduction method L-Katyusha (Algorithm

T

3 from [9]) on which our method is based.
E[llg" — VFE"?] =

=(1-pE

Hlép (Vfi(xF) = Vb)) + AWk + Vf(ub) - awx? — v f(xh)

T

+ pE Hé (Wx® — Wub) + AWu" + Vf(u*) - \Wx* — v f(x")
p

Sy [H L (W) = Vb))

i=1 j=1
AW U + V fi(uF) — AW x" — sz‘(xk)HQ}

n
+pz
=1

2
uf) + AW a4+ V fi(uh) = AWx" = Vfi(x")
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2 2

<( ZZ% - (V<) = V(b)) +pH%(ka_wuk)
=1 j=1

< —Zz;uj 1V 15 (x) = W £ (ub)||” + MDng(uk’xk)'
i=1 j=1

Choose p; = %:
E [lg" — VF(x")|?]

- 22\ max (W
— Zij(uk,xk) + 7()Dgr+l(uk,xk)

p
oL 2\ A ma (W)
L LY SO
p p
< e { 22, 20D p
1-p P

Choose £ = max {L Mmex(W) }, then,

1-p’ P
E [|G* — VE(x")|]?] < 2LDp(u",x").

Assumption 5.1 from [9] holds. By Proposition 5.1 from [9] iteration complexity of Al-

O<<;+ /L+Mmax<W>+\/Z>log1>
p 7 pp) e

Note that optimal complexities in Algorithm 3 for local computations and communi-
cations are achieved on different sets of p and p. Let us get them separately.

gorithm 3 is

x The local stochastic gradient complexity of a single iteration of Algorithm 3 is 0 if
k=0, ¢bte =1, 1if¢h=1,¢M2 =1, r+1if ¢ =1, 2 =0and M if £F =0,
¢t =0,

0(((1—p)(l—p)+(M+1)(1—p)p+Mpp)-
_<1+ /M+\E)10gz>
p jz PH £
:@<(1_p+Mp> <1+ /Mwﬁﬁg;).
p p PH £
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F _ 1 o Amax(W)
ML= P = Toixhman (W)
of Algorithm 3 becomes

O((l—p—i—Mp)(l—i— M_’_\/Z)]Ogl)
p K PR €
T

o <<M+ M( L+A:max<vv>>> tog - )

the total expected local stochastic gradient complexity

* The total communication complexity of Algorithm 3 is the sum of communication
complexity coming from the full gradient computation (if statement that includes
€k+2) and the rest (if statement that includes £¥). The former requires a communi-
cation if «fk"’% =0, the latter if £* is equal to 0. The expected total communication
O (p + p) per iteration. Thus, the total communication complexity is bounded by

O((p+p) (%—’—HM—F\/%) logé).

For p = p, p = % the total communication complexity of Algorithm 3

becomes

O((p+p) (%ﬂ/MJF\/%)logé)
O((Hp\/LHAW(W)+\/p(L+MmaX(W))>log1>
p " e

o ( \/)\Amax(W)(L  Munax (W) )1 >

(L + Mumnax(W)) €
:@< Mbgz) .
n €
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