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lating representations of a degenerate orthosymplectic supergroup
with the category of SO(N — 1, C[t])-equivariant perverse sheaves
on the affine Grassmannian of SOy. We explain how this equiv-
alence fits into a more general framework of conjectures due to
Gaiotto and to Ben-Zvi, Sakellaridis and Venkatesh.

AMS 2000 SUBJECT CLASSIFICATIONS: Primary 14F08; secondary 14D24,
14M15, 17B20.

KEYWORDS AND PHRASES: Satake equivalence, affine Grassmannian, su-
pergroups.

1 Introduction

1.1
1.2
1.3
1.4
1.5

Reminder on [BFGT)]

Orthosymplectic Satake equivalence

Conjectures of Ben-Zvi, Sakellaridis and Venkatesh

Conjectural Iwahori-equivariant version

Gaiotto conjectures

2 A coherent realization of Dgo(N—Lo)(GrSON)

Orthogonal and symplectic Lie algebras

2.1

2.2 The main theorem

2.3 SO(N —1,0)-orbits in Grgo,
*A.B.

was partially supported by NSERC.

696
696
697
698
700
700
701
701
703
706

fM.F. was partially funded within the framework of the HSE University Basic
Research Program and the Russian Academic Excellence Project ‘5-100’.

695


https://www.intlpress.com/site/pub/pages/journals/items/cntp/_home/_main/index.php

696 Alexander Braverman et al.

2.4 Deequivariantized Ext algebra 710
2.5 Equivariant cohomology 712
2.6 Calculation of the Ext algebra 713
2.7 Compatibility with the spherical Hecke actions 715
2.8 Some Invariant Theory 716
2.9 Nilpotent support and compactness 719
2.10 The monoidal property of ¢ 720
3 Complements 720
3.1 Loop rotation and quantization 720
3.2 Gaiotto conjectures 722
3.3 Orthosymplectic Kostka polynomials 723
Acknowledgements 729
References 730

1. Introduction
1.1. Reminder on [BFGT]

Recall one of the results of [BFGT]. We consider the Lie superalgebra
gl(N — 1|N) of endomorphisms of a super vector space CV 1N and the
corresponding algebraic supergroup GL(N — 1|N) = Aut(CN~1Y). We also
consider a degenerate version gl(N —1|N) where the supercommutator of the
even elements (with even or odd elements) is the same as in gl(N — 1|N),
while the supercommutator of any two odd elements is set to be zero. In
other words, the even part gl(N — 1|N)g = gly_; @ gl acts naturally on
the odd part gl(N — 1|N); = Hom(CN~1,CV) @ Hom(CV,CN~1), but the
supercommutator gl(N —1|N)1 x gl(N —1|N); — gl(N — 1| N)5 equals zero.

The category of finite dimensional representations of the corresponding
supergroup GL(N — 1|N) (in vector superspaces) is denoted Rep(GL(N —
1|N)), and its bounded derived category is denoted D°Rep(GL(N — 1|N)).
In [BFGT] we construct an equivalence ¥ from D°Rep(GL(N —1|N)) to the
bounded equivariant derived constructible category SD%L( N,Lo)(GI'GLN)
with coefficients in vector superspaces. Here O = C[t] ¢ C((t)) = F, and
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Grgr, = GL(V,F)/GL(N,O). This equivalence enjoys the following fa-
vorable properties, reminiscent of the classical geometric Satake equivalence
(e.g- Rep(GLy) = Pervar(v,0)(GraLy)):

(i) ¥ is exact with respect to the tautological t¢-structure on
DRep(GL(N —1|N)) with the heart Rep(GL(N —1|N)) and the perverse ¢-
structure on SD%L(NA,O) (GrgLy ) with the heart SPervar,v—1,0)(GraLy )-

(ii) ¥ takes the tensor product of GL(N — 1|N)-modules to the fusion
product * on SDbGL(N—l,O)(GrGLN)’

As a corollary, we derive an equivalence SD%L( N—1,0)<GrGLN) o~

Db (SPervGL( N—1,0)(GFGLN)) in sharp contrast with the classical geometric
Satake category, where e.g. Pervgyv,0)(GraLy) is semisimple, and its de-
rived  category DY (PerVGL( N,O)(GI'GLN)) is not equivalent to
D%L(N,O)(GrGLN)‘

The equivalence ¥ was obtained in [BFGT] as a byproduct of a con-
struction of a similar equivalence for the mirabolic affine Grassmannian. In
case N = 2, the equivalence ¥ was constructed earlier in [BrF] in a much
more direct way.

1.2. Orthosymplectic Satake equivalence

One of the goals of the present paper is to generalize the direct approach
of [BrF] to the study of SDgO(N_1 0)(Grso, ) (note that SOy ~ GL;, and

SO3 ~ PGLs).! The corresponding supergroup turns out to be a degenera-
tion G of an orthosymplectic algebraic supergroup G whose even part Gj is
the Langlands dual of SOx_1 x SOp. In order to describe it explicitly, we
will distinguish two cases, depending on parity of N. Throughout the paper,
we assume N > 3.

(a) odd: If N = 2n + 1, we set Vy = C?" equipped with a nondegenerate
symmetric bilinear form (,), and V; = C?" equipped with a nondegenerate
skew-symmetric bilinear form (, ).

(b) even: If N = 2n, we set Vy = C?" equipped with a nondegenerate
symmetric bilinear form (, ), and V; = C?"~2 equipped with a nondegenerate
skew-symmetric bilinear form (, ).

We consider the Lie superalgebra gl(Vy|V1) of endomorphisms of a su-
per vector space Vp @ IIV;, and the corresponding algebraic supergroup
GL(Vp|V1). The super vector space Vy @ I1V; is equipped with the bilinear

n fact, this generalization works similarly for the original problem: for the
general linear group GL in place of the special orthogonal group SO.
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form (,) @ (,), and the orthosymplectic Lie superalgebra g := osp(Vy|V3) C
gl(Vp|V1) is formed by all the endomorphisms preserving the above bilinear
form (in the Lie superalgebra sense). The corresponding algebraic super-
group G := SOSp(Vy|Vi) € GL(Vy|V1), by definition, has the even part
Gy = SO(Vp) x Sp(V1). Accordingly, the even part gg = so(Vp) ©sp(V1) acts
naturally on the odd part g7 = Vo ® IIV;.

We also consider a degenerate version g = osp(Vp|V1) where the super-
commutator of the even elements (with even or odd elements) is the same
as in osp(Vp|V1), while the supercommutator of any two odd elements is set
to be zero. The corresponding Lie supergroup is denoted G = SOSp(Vy|V1);
its even part is equal to Gg = G = SO(Vy) x Sp(V1).

The category of finite dimensional representations of G (in super vector
spaces) is denoted Rep(G), and its bounded derived category is denoted
D"Rep(G).

In our main Theorem 2.2.1, we construct an equivalence = from
DRep(SOSp(Vy|V4)) to the bounded equivariant derived constructible cat-

egory SDSO( N—1 0)(GrsoN) with coefficients in vector superspaces. This
equivalence enjoys the favorable properties similar to the properties of the
equivalence ¥ of §1.1:

(i) E is exact with respect to the tautological t-structure on
DPRep(SOSp(V|V1)) with the heart Rep(SOSp(Vp|V41)) and the perverse -
structure on SDgo(N,Lo)(GrSON) with the heart SPervgonv_1,0)(Grsoy)-

(ii) = takes the tensor product of SOSp(Vp|V1)-modules to the fusion

product * on SDgo(Nq,o)(GrSON)-
Remark 1.2.1. One of the key ingredients in the proof of Theorem 2.2.1
is Ginzburg’s theorem [G2] identifying the (equivariant) Exts between IC-
sheaves on a variety X with the homomorphisms over the (equivariant)
cohomology ring of X between the (equivariant) cohomology of X with
coefficients in the above IC-sheaves. One of the necessary conditions for
Ginzburg’s theorem is the existence of a cellular decomposition of X such
that the IC-sheaves in question are smooth along cells. A standard applica-
tion of Ginzburg’s theorem is to SO(N, O)-equivariant IC-sheaves on Grgo,, -
But in our situation there is no cellular decomposition of Grgp, such that
all the SO(N —1, O)-equivariant IC-sheaves are smooth along cells. However,
our proof of Theorem 2.2.1 establishes along the way Ginzburg’s theorem a
posteriori.

1.3. Conjectures of Ben-Zvi, Sakellaridis and Venkatesh

By definition of the degenerate orthosymplectic algebra g = osp(Vp|V1),
its odd part g7 is a Lie superalgebra with trivial supercommutator, so
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that its universal enveloping algebra is a (finite-dimensional) exterior al-
gebra A. The derived category DRep(G) is nothing but the derived cate-
gory SDfof (A) of finite dimensional Gg-equivariant super dg-modules over A
(viewed as a dg-algebra with trivial differential). There is a Koszul equiva-
lence SDggrf(ﬁ') e SDde") (A) = D’Rep(G) where &* = Sym(gi[—1]) (we

use the trace paring to identify gy with g7) is a dg-algebra with trivial differ-

ential, and S Dggrf(ﬁ') stands for the derived category of Gg-equivariant per-
fect dg-modules over &, Precomposing the equivalence
Z: D’Rep(SOSp(Vy|V1)) == SDgO(N_1 O)(GrSoN) with the Koszul equiva-

lence, we obtain an equivalence - SDggrf(ﬁ') o SDgO(N—l,O)(GrSON>'

One advantage of ® (over Z) is that it admits a straightforward quantiza-
tion @ describing the category S Dgo N—1,0)%Cx (Grgo, ) with equivariance
extended by the loop rotations; see Theorem 3.1.1.

Another advantage is that the subcategory of SDgO(Nfl,O)xCX (Grsoy)
formed by all the objects that are compact as the objects of unbounded
category SDso(n—1,0)xc* (GTsoy) is obtained by applying ® to the sub-
category of S Dggrf((%') formed by all the objects with the nilpotent support
condition; see Theorem 2.2.1.

In yet another direction, as explained in [BFGT, §1.7], this equivalence
is an instance of the Periods—L-functions duality conjectures of D. Ben-
Zvi, Y. Sakellaridis and A. Venkatesh. Their conjectures predict, among
other things, that given a reductive group G and its spherical homogeneous
variety X = G/ H, there is a subgroup G¥ C GV, its graded representation
V¥ = @i VYl and an  equivalence DCoh(VY/GX) =
DCoh((B;cz, V¥.ili])/ GX ) = Dg(oy(X(F)). For a partial list of examples,
see the table at the end of [S]. The relevant representations Vy (constructed
in terms of the Luna diagram of X) can be read off from the fourth column
of the table.

It turns out that the case of Example 14 of [S] is the above equiva-
lence ®, or rather its version with coefficients in usual vector spaces (as
opposed to super vector spaces) Dggrf((’?) e DgO(Nfl,O)(GrSON)‘ To ex-
plain this, let G := SOyx_1 X SOy and H := SOpnx_;. We view H as a
block-diagonal subgroup of G and put X = G /H. Then, loosely speaking,
we have Dgo(v—1,0)(Grso,) ~ D(SO(N —1,0)\SO(N,F)/SO(N,0)) ~
D(G(O)\G(F)/H(F)) ~ D(G(O)\X(F)) ~ Dg0)(X(F)). On the other
hand, note that G¥ = SO(Vy) x Sp(V1). We consider a graded GY-module
VY = (Vo@V1)[1] (we view Vy as an odd vector space placed in cohomolog-
ical degree —1). Hence, the equivalence ® takes the form DCoh(Vy//G") ~

D¢ 0)(X(F)).
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1.4. Conjectural Iwahori-equivariant version

Similarly to [BFGT, §1.4] we propose the following conjecture. Let F{;
denote the variety of complete self-orthogonal flags in V7, and let F{y denote
a connected component of the variety of complete self-orthogonal flags in Vj
(there are two canonically isomorphic connected components, and we choose
one). We consider a dg-scheme with trivial differential

Hosp = (Vb X Vi)[l] X ]:60 X .7:51

Here we view Vp ® V; as an odd vector space, so that the functions on
(Vo ® V1)[1] (with grading disregarded) form really a symmetric (infinite-
dimensional) algebra, not an exterior algebra. We will write A for an element
of Vo @ Vi = Hom(Vp, V1), and A? for the adjoint operator in Hom(V1, Vp).
We will also write F; = (Fi(l) C Fi(2) C...C Fi(dlmvi) =V;) for an element
of ./T‘f“ 1= O, 1.

We define the orthosymplectic Steinberg scheme to be a dg-subscheme
Stesp of Hysp cut out by the equations saying that the flag Fp is stable under
the composition A*A and the flag Fy is stable under the composition AA?.
Thus, the orthosymplectic Steinberg scheme is a shifted variety of triples:

Stosp = {(A, Fo, F1) € Hogp | A'A(F") C B & AAWFT) C 7 i),

Let In—1 C SO(N —1,0) (resp. Iy C SO(N,O)) be an Iwahori subgroup
and let Flgo, := SO(N,F)/Iy be the affine flag variety. Let DII)N,l(FISON)

be the bounded Iy_j-equivariant constructible derived category of Flgo, .
We propose the following

Conjecture 1.4.1. There exists an equivalence of triangulated categories
DSO(Vo)xSp(W1) Coh(Stosp) = D?N,I(FISON)-

This conjecture would give an alternative proof of Theorem 3.3.5 express-
ing the stalks of SO(N — 1, O)-equivariant IC-sheaves on Grgo,, in terms of
orthosymplectic Kostka polynomials introduced in §3.3 as a particular case
of general construction due to D. Panyushev [P].

1.5. Gaiotto conjectures

One may wonder if there is a geometric realization of representations of
nondegenerate orthosymplectic supergroups. It turns out that such a re-
alization exists (conjecturally) for the categories of integrable representa-
tions of quantized type D orthosymplectic algebras U,(osp(2k|20)). First of



Orthosymplectic Satake equivalence 701

all, similarly to the classical Kazhdan-Lusztig equivalence, it is expected
that U,(osp(2k[20))-mod = KL.(0sp(2k|2l)), where ¢ = exp(my/—1/c), and
KL.(0sp(2k|21)) stands for the derived category of SO(2k, Q) x Sp(2l, O)-
equivariant 0sp(2k|2l)-modules of the central charge corresponding to the
invariant bilinear form (X,Y) = ¢-sTr(XY) — %Killingoﬁp(%m) (X,Y) on
05p(2k|20). Second, it is expected that the category KL.(osp(2n|2n)) is
equivalent to the g-monodromic SO(2n, O)-equivariant derived constructible
category of the complement L3, ,; of the zero section of the determinant line
bundle on Grso,, . ,, and this equivalence takes the standard t-structure of
KL.(0sp(2n|2n)) to the perverse t-structure.

Further, it is expected that the category KL.(0sp(2n|2n — 2)) is equiv-
alent to the g-monodromic SO(2n — 1, O)-equivariant derived constructible
category of the complement of the zero section £3, of the determinant line
bundle on Grgo,,, and this equivalence takes the standard ¢-structure of
KL.(0sp(2n|2n — 2)) to the perverse t-structure. For other values of (2k|21)
the situation depends on the dichotomy 2k — 1 < 2] or 2k — 1 > 2.
In case 2k — 1 < 2l it is expected that KL.(0sp(2k|2l)) is equivalent to
the g-monodromic SO(2k, O)-equivariant derived constructible category of
L3, with certain Whittaker conditions, cf. §3.2 for more details. In case
2k — 1 > 21 it is expected that KL.(0sp(2k[2l)) is equivalent to the g-
monodromic SO(2[+1, O)-equivariant derived constructible category of L3,
with certain Whittaker conditions, cf. §3.2 for more details. In particular,
the special cases k = 0 or [ = 0 of this conjecture follow from the Funda-
mental Local Equivalence of the geometric Langlands program; see [BFGT,
§2].

In the case (2k|2]) = (4|2), each connected component of Grgo, is iso-
morphic to Grgr,, x Grgr,,, so that the Picard group of each connected com-
ponent is generated by {wo determinant line bundles, and we have one extra
degree of freedom in twisting parameters. It is expected that the correspond-
ing categories of equivariant monodromic perverse sheaves are equivalent to
the Kazhdan-Lusztig categories for the affine Lie superalgebras D(2, 1; a)(l),
cf. Remark 3.2.2.

2. A coherent realization of DgO(N—l,O)(GrSON)
2.1. Orthogonal and symplectic Lie algebras

In both cases 1.2(a,b) the tensor product space Vp ® Vi is equipped with
a nondegenerate skew-symmetric bilinear form (,) ® (,). It is preserved by
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the action of the group SO(Vy) x Sp(V1). The corresponding moment map
is described as follows.

Our nondegenerate bilinear forms on Vy, Vi define identifications Vy &
Vi, Vi = Vi*. In particular, Vo ® V] is identified with Vi ® Vi = Hom(Vp, 7).
Given A € Hom(Vj, V1) we have the adjoint operator A* € Hom(Vy, Vp). We
have the moment maps

qo: Vo Vi = s0(Vp)*, A A'A, and q1: Vo @ V) — sp(17)*, A AAY,
where we make use of the identification so(Vp) = so(Vp)* (resp. sp(V;) =
sp(V1)*) via the trace form (resp. negative trace form) of the defining rep-
resentation. Note also that the complete moment map (qg,qi) coincides
with the “square” (half-self-supercommutator) map on the odd part gj of
the orthosymplectic Lie superalgebra g. We define the odd nilpotent cone
N7 C Vp®V4 as the reduced subscheme cut out by the condition of nilpotency
of A'A (equivalently, by the condition of nilpotency of AA?).

We choose Cartan subalgebras tg C s0(Vp) and t; C sp(V7). We choose a
basis €1, ...,&, in t§ such that the Weyl group Wy = W (so(Vp), to) acts by
permutations of basis elements and by the sign changes of an even number
of basis elements, and the roots of so(1}) are given by {+e; +¢;, 7 # j}. We
set o = 5/ Wo. We also choose a basis d1, ..., d, in t] in the odd case (resp.
d1,...,0p—1 in the even case) such that the Weyl group W7 = W(sp(V1), t1)
acts by permutations of basis elements and by the sign changes of basis
elements, and the roots of sp(V7) are given by {+0; +0;, © # j; £20;}. We
set 21 = ’LT//Wl.

In the odd case, we identify t; = t], ¢; — §;, and this identification
gives rise to a two-fold cover Ilp;: X9 — 3. Similarly, in the even case we
identify ¢} with a hyperplane in tj, J; — &;, and this identification gives rise
to a closed embedding I11y: 31 — Y.

Recall (see e.g. [BF, §§2.1,2.6]) that Xy is embedded as a Kostant slice
into the open set of regular elements (so(Vp)*)™® C so(Vp)*, and 31 is em-
bedded into (sp(V7)*)"e. Furthermore, these slices ¥, ¥ carry the universal
centralizer sheaves of abelian Lie algebras 30, 31. Given an SO(Vj)-module V
(resp. an Sp(Vj)-module V'), we have the corresponding graded I'(Xg, 30)-
module ko(V) (resp. the I'(X1, 31)-module x1(V”’)) (the Kostant functor of
loc. cit.). Since the universal enveloping algebra U (30) (resp. U(31)) is iden-
tified in loc. cit. with the sheaf of functions on the tangent bundle T
(resp. TX1), we will use the same notation kg(V), k1 (V') for the corre-
sponding coherent sheaves on 1'%, 7. Finally, according to the previous
paragraph, we have the morphisms dlly;: T>9 — T3 in the odd case and
dIlg: TY1 — T, in the even case.
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We choose Borel subalgebras tg C by C so(Vy) corresponding to the
choice of positive roots R = {e; +¢j, i < j} and t; C by C sp(V})
corresponding to the choice of positive roots Rf = {d; = §;, i < j; 25;}.
We set pg = %Zaem a and p; = %ZaeRT a. We denote by Ag (resp. Aj)
the weight lattice of SO(Vp) (resp. of Sp(V1)). We denote by Al C Ag (resp.
A C Ay) the monoids of dominant weights. For A € A (resp. A € A]) we
denote by V) the irreducible representation of SO(Vp) (resp. of Sp(V;)) with
highest weight .

In what follows SO(Vp) will play the role of the Langlands dual group of
SOn_1 (resp. of SOy ) in the odd (resp. even) case, while Sp(V7) will play the
role of the Langlands dual group of SOy (resp. of SOn_1) in the odd (resp.
even) case. For this reason, we will need various claims that are formulated
and even proved similarly in the odd/even cases up to replacing symplectic
groups with special orthogonal groups (especially in §2.8). In order to save
space and not to duplicate numerous claims, we introduce the following
‘blinking’ notation. We set G1 = Sp(V1), Go = SO(Vp) (not to be confused
with Gg!), and let (b,s) = (1,0) (resp. (b,s) = (0,1)) in the odd (resp. even)
case. Then Gy, = SOY is the group of bigger dimension, and G5 = SOY,_; is
the group of smaller dimension. Accordingly, we set g1 = sp(V1), go = s0(Vp)
(not to be confused with g1, g5!), and get dim g, > dim gs. Similarly, we have
dim V, > dim V5 and Ig,: Xg — Xy (but we do not have ITys), etc.

2.2. The main theorem

Recall the orthosymplectic Lie superalgebra g = osp(Vp|V1) of §1.2. We
consider the dg-algebra? &* = Sym(gi[—1]) with trivial differential, and
the triangulated category Dggrf(ﬁ’) obtained by localization (with respect
to quasi-isomorphisms) of the category of perfect Gg-equivariant dg-&®-
modules. We also consider the corresponding category SDSgrf(®°) with co-
efficients in super vector spaces. Since &° is super-commutative, we have a
symmetric monoidal structure ®g. on the category SDggrf(ﬁ').

The action of the central element (Idy,,—Idy,) € Gy on an object of

(6°) equips this object with an extra Z/27Z-grading, and thus defines a

fully faithful functor D;?grf(qj.) — SDSgrf((%') of “superization”, such that
its essential image is closed under the monoidal structure ®ge. This defines

the monoidal structure ®ge on the category Dggrf(6°).

Go
Dperf

2We view gy as an odd vector space, so that Sym(gi[—1]) (with grading disre-
garded) is really a symmetric (infinite-dimensional) algebra, not an exterior algebra.
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We consider the following complex H® of odd vector spaces living in

degrees 0,1: g1 LN gi. We define the Koszul complex K*® as the symmetric
algebra Sym(H?®). The degree zero part

K'=AVo®W) = A

(as a vector space, with a super-structure disregarded). We turn K*® into a
dg-6° — A-bimodule by letting &* act by multiplication, and A by differen-
tiation. Note that K*® is quasi-isomorphic to C in degree 0 as a complex of
vector spaces, but not as a dg-&°* — A-bimodule.

We consider the derived category chjf (A) of finite dimensional complexes
of Gg x A-modules. If we remember the super-structure of A, we obtain the
corresponding category of super dg-modules SDfoi6 (A) = D’Rep(G). We have
the Koszul equivalence functors

sc: Dg?(A) = D0o(6%), DRep(G) = SDgP(A) = SDS ((&°),
M= K®* @y M.

The Koszul equivalence s: D’Rep(G) SDSgrf(Qi‘) is monoidal with re-
spect to the usual tensor structure on the LHS and ®g. on the RHS.

The action of (Idy,,—Idy,) € Gg gives rise to a fully faithful “super-
ization” functor Ddeﬁ(A) — SDdeﬁ(A) = DRep(G) with the essential im-
age closed under the tensor structure. This defines the tensor structure
on Ddeﬁ (A) such that the Koszul equivalence : DdeG (A) = Dsgrf(QS') is
monoidal.

Recall the quadratic moment maps so(Vp)* < Vo ® Vi — sp(V})*

of §2.1. They give rise to homomorphisms
Sym(s0(Vo)[~2]) “% &* = Sym(IL(Vo ® V4)[~1]) <™ Sym(sp(V1)[~2])

and to the corresponding induction functors

perf perf perf

DRt (Sym(s000)1-2))) % D) 4 DI (Sym(sp()]-2) ).

Thus the category D;G)grf((’j.) acquires a module structure over the monoidal
category DESH(CVO) ( Sym(so(VO)[—Q])) ® Dgsr(fvl) ( Sym(ﬁp(Vl)[—2])). Recall

the ‘blinking’ notation of §2.1, so that the latter monoidal category is de-
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noted Dgesrf(Sym(gs[—Q])) ® Dg*;frf(Sym(gb[—Z])). Also recall the equiva-
lences
DG

pérf(sym(gs[_Q])) %) DgO(N—LO)(GrSON_l),

D;%rf( Sym(gs[—2])) % Dgo(N,o)(GrSON)

of [BF, Theorem 5.

Finally recall the odd nilpotent cone N7 C Vp ® Vi of §2.1. We de-
note by Dggrf(ﬁ') A; the full subcategory of Dggrf(ﬁ') formed by com-
plexes with cohomology set-theoretically supported at N7. We also denote by
D;g@%iLo)(Grso]\,) the full subcategory of DgO(Nfl,O)(GrSON) formed by
the objects compact as the objects of the wunbounded category
Dso(n-1,0)(Grsoy)-

Our goal is the following

Theorem 2.2.1. (a) There exists an equivalence of triangulated categories

. NGo
D Dperf

action of the monoidal spherical Hecke category Dggrf(Sym(gs[—Z])) &

(B°) = DgO(N—l O)(GrsoN) commuting with the left convolution

Dgo(N—Lo)(GrSONfl) and with the right convolution action of the monoidal
spherical Hecke category Dgebrf( Sym(gp[—2])) = Dgo(N,o)(GI'SON)'
(b) The composed equivalence

Do Dgf’(A) - DgO(N—l,O)(GrSON>

s exact with respect to the tautological t-structure on Dgf’ (A) and the per-
verse t-structure on DgO(N—Lo)(GrSON)'

(¢) This equivalence is monoidal with respect to the tensor structure on

Go .
DY (A) and the fusion x on Dgo(N—l,o)(GrSON)'

(d) The equivalence of (b) extends to a monoidal equivalence from
SDgf (A) = D'Rep(G) to the equivariant derived constructible category with
coefficients in super vector spaces SDgo(N—Lo)(GrSON)'

(e) The equivariant derived category DgO(N—l,O)(GrSON) is equivalent to
the bounded derived category of the abelian category Pervso(N_l,o)(GrsoN).

(f) @ induces an equivalence Dsgrf((ﬁ‘)/\/i o Dg‘(’;{]‘\’,,l,o)((}rso,v)- In

particular, ® extends to an equivalence

QCohyy, (TII(Vo ® V1)[1]/Gg) == Dso(n-1,0)(Grso, )-
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Also, a sheaf F € Dhoy_; o
dlm HgO(N—l,O)(GrSON’F) < 00.

(Grso,) lies in Dg%n(l%_Lo)(GI'SON) iff

The proof will be given in §2.10 after some preparations in §§2.4-2.9.
2.3. SO(N — 1, O)-orbits in Grgo,

The following lemma is well known to the experts; we learned it from
Y. Sakellaridis.

Lemma 2.3.1. There is a natural bijection between the set of SO(N —1, O)-
orbits on Grgo, and the monoid of dominant coweights of SOn_1 X SOp.

Proof. We consider the block-diagonal embedding SOx_1 < SOnx_1 XSOy.
Then the set of orbits of SO(N — 1, 0) in Grgp,, is in natural bijection with
the set of orbits of SO(N — 1, F) in Grgo(n—1,0) X Grso(n,0)- Furthermore,
X = (SOn-1 x SOx)/SOn-1 is a homogeneous spherical variety of G :=
SOn_1 x SOy, and the latter set of orbits is identified with the monoid
A¥ of G-invariant valuations on C(X). The proof goes back to [LV, §8];
for a modern exposition see e.g. [GN, Theorem 8.2.9]. Furthermore, the
monoid A} coincides with the monoid of dominant weights of the Gaitsgory-
Nadler group G¥. In our case, G¥ coincides with the Langlands dual group
GY =8S0%_; x SO¥.

Indeed, the corresponding rational cone A}Q can be computed from the
Luna diagram (aka Luna spherical system) of our spherical variety. In our
case, the Luna diagram is described e.g. in [BP, (46),(50)], and it follows
that all the simple roots of G are spherical roots for X, i.e. the little Weyl
group Wx coincides with the Weyl group Wy x W7 of SOnx_1 x SOn. Hence
A},@ = ASTQ X AfQ (notation of §2.1). In order to identify the monoid
of dominant weights inside the rational cone it suffices to check that the
stabilizer in SO _; of a general point in the flag variety of G is trivial.

In the odd case 1.2(a), we choose a basis v1,v2, ..., VU, U2p41 I & vector
space V equipped with symmetric bilinear form such that ve,+1,v2n,.. .,
v, v1 is the dual basis, and SOg, C SOg,1 is the stabilizer of v,11. We
define a complete isotropic flag Uy € Uy C ... C U, C ((Cvnﬂ)L and a
complete isotropic flag U] C U5 C ... C U} C V as follows:

U=Cv1 ®...8Cuv;, U :=Cuvy 1 ®...0Cvy, s,
where v5, o ; = Vanj2-i — Unt1 — %(vl + vy + ...+ vy). It is immediate to

see that Stabgo,_, (Us, U,) is trivial. In the even case 1.2(b), the argument
is similar. O
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Note that in the odd case 1.2(a), SON 1 = SO(Vp), SO = Sp(W1),
while in the even case 1.2(b), SOY_; = Sp(V1), SO¥% = SO(V). We will
use another construction of bijection A x A} = SO(N — 1,0)\Grso,
(presumably it coincides with the bijection of Lemma 2.3.1, but we did not
check this). In the blinking notation of §2.1, given dominant coweights As €
AL, M € AK we denote by @QSONA X @gbo,\, = Grgo, the convolution
diagram of spherical Schubert varieties. The convolution morphism m is
clearly SO(N — 1, O)-equivariant, so there is a well defined SO(N — 1, O)-
orbit in Grgo, open in the image of m. We will denote this orbit @ﬁb C
Grgo, -

\_/

|I2

Lemma 2.3.2. The map (Xs, A\p) — @ib is a bijection
A;'_ X A;r e SO(N — 1, O)\GI‘SON.

Proof. We start with a similar parametrization of the set of GL(N — 1, O)-
orbits in Grgr, or equivalently, of the set of GL(N — 1,F)-orbits in

GrgL,_, X Grgr,. We choose a basis e1, ..., ey in the defining representa-
tion CV of GLy, so that the defining representation of GLy_; is spanned
by e1,...,en—_1. Then one can choose the following set of representatives of

GL(N —1,F)-orbits in Grgr,,_, X Grgr,, as follows from the proof of [FGT,
Proposition 8]. Recall that Grgr,, , (resp. Grgr, ) is the moduli space of
lattices in F ® CV~! (resp. in F ® CV). Given signatures (non-increasing
sequences of integers)

= >p2>...>2pun"1), v= (121> ... > vN)
we consider the lattices
L;L = Othe; @ ... 0t 1ey_1 CFCN T
L, =0t (e;+en)®...0 0t " t(ey_1 +ey) Ot ™Wey c FeCV.

Such pairs form a complete set of representatives of GL(N — 1, F)-orbits on
Grgr,_, X Grgr, as p (resp. v) runs through the set of all length NV — 1
(resp. length N) signatures. Hence the following set of lattices in F @ CV

(L = Ot M ey +17en) @ ... B O H 1" N tey |+ "N tey)
@Ot "en}

is a complete set of representatives of GL(N —1, O)-orbits in Grgr, . Clearly,
L, lies in the image of the convolution morphism m: GrGL X GrGL —

Grgr,, and the orbit O, := GL(N —1,0)- L, , is open in the image of m.



708 Alexander Braverman et al.

We return back to special orthogonal groups, and realize SO,s as the
connected component of invariants of an involution of GLjs. Accordingly,
Grgo,, is a union of connected components of the fixed point set of the
corresponding involution ¢ of Grgr,,. It follows that any SO(N — 1,0)-
orbit in Grso, is a connected component of the fixed point set Of, ,, of an
appropriate GL(N — 1, O)-orbit in Grar, . Recall that the convolution dia-
gram ﬁgLNq X m’éLN is a fibre bundle over ﬁéLN,l with fibers isomor-
phic to @ELN, and the convolution morphism m: @ZLMI X @éLN —
Opw
over O, C @W,). It follows that for a connected component (O)Z’?,, of
0, there are appropriate irreducible components of the fixed point sets
(@’éLNil)g’O C (m’éLNil)g, (Gry,, )? € (Grgy, )* such that m induces

a birational isomorphism to the closure @fj?y from the fibre bundle over
(Grgy, )0 with fibers isomorphic to (Gr¥%;, )*’. However, any irreducible
N-—1 N

is a birational isomorphism (more precisely, m is an isomorphism

component (@‘éLN_l)g’o (resp. (Gr§y,)*") coincides with ﬁgbw (resp.
with ﬁg“’ON) for appropriate coweights Ag, Ap.
The lemma is proved. O

We denote by ICﬁZ € Pervgo(n—1,0)(Grso,) the intermediate extension
of the constant local system on @ib We will denote ICQ by Ej for short.

Lemma 2.3.3. Any SO(N — 1, O)-equivariant irreducible perverse sheaf on
Grgso, s of the form ICﬁZ.

Proof. We have to check that the stabilizer in SO(N — 1, 0) of a point in
Grgo, is connected. Equivalently, we have to check that the stabilizer in
SO(N — 1,F) of a point in Grgp,_, X Grgo, is connected. It follows from
the proof of Lemma 2.3.2 that the following list of pairs (L;“ L,) forms a
complete set of representatives of SO(NN — 1, F)-orbits in Grgo,_, X Grgo,
(for an appropriate choice of an involution of GLjys producing SOy, as the
connected component of the fixed point set):
In the odd case 1.2(a)

also we allow sequences (not signatures) p such that

= (1 > p2 > > g1 > g < g > 1 > > — 1),



Orthosymplectic Satake equivalence 709

where (1 > p2 > ... > py, > 0) is a partition. In the even case 1.2(b)

v=W21m> . 2V 1 2V >~V > —Up1 > ... > V),
also we allow sequences (not signatures) v such that
V:(Vl 2V 2 .. 2 V12 Uy S Vpy 2 —VUpg 2---2_7/1)’

where (v > vy > ... > v, > 0) is a partition.

Note that in the odd case the pair (L},, L, ) lies in the GL(N, F)-orbit in
the ambient product Grgr, X GrgrL, O GrgL,_, X Grgr, corresponding
to a signature 7, where

n:= (,U,1—|-V1 Z ... Z,Ufn—l"i_yn—l > |Mn’+1/n 20
> —|pnl —vn > ... = =1 —11),
and in the even case the pair (L), L,) lies in the GL(N,F)-orbit in the

ambient product Grgr, % GrgrL, D GrgrL,_, X Grgr, corresponding to a
signature n, where

n:=(+v1>...2 tn-1+Vp_1 > |y
> —|vn| > —pn—1 —Vp—1 > ... > —p1 — 11).

In all the cases listed, L;L corresponds to a dominant coweight of SOn_1,
while L, corresponds to an antidominant coweight of SOp. It follows that
Stabso(N,LF) (L;“ Lu) C SO(N— 1, O) Similarly, StabGL(N,LF) (L;“ Ly) C
GL(N —1, 0). The latter stabilizer has the connected unipotent radical and
the reductive quotient StaereE(N_LF) (L'M,L,,) ~ [[,cz GLm,, where m; is
defined as follows. We consider a sequence « of length 2N — 1 obtained as
a shuffle of v and u, i.e. in the odd case

o = (Vlaﬂlay2nu27 ceyUn,y |,U’n|a05 7|/Ln’7 —VUny .oy — U1, *Vl)a
while in the even case
o = (V17N17 ey Un—1, Un—1, |Vn‘707 _‘Vn|7_/~tn—17 —Vn—1,..., M1, _Vl)‘

Now we consider a signature 3 of length 2N — 2 formed by the sums of two
consecutive terms of a:

(Br=vi+p1, Bo=p1+v2, fs=va+p2, ..., Pan—2 = —p1 —v1).
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Let n; be the multiplicity of an integer ¢ in the sequence 3. Finally, m; :=
[n;/2].

We see in particular that the groups Staereﬁ(N_LF) (L}, Ly) and
Stabgrv—1,F)(L},, L) are both connected. Viewing SOy as the connected
component of an involution of GLys, we see that Stabgonv_1,F) (L;L, L,) has
the connected unipotent radical and the reductive quotient
Stabg%l(N_LF)(L;“ Ly,) ~ 8O, X [[;s9 GLm, that is connected as well. [

2.4. Deequivariantized Ext algebra

In the blinking notation of §2.1 let IC,_ (resp. IC,,) stand for the IC-sheaf
of the orbit closure IC(@%‘SONA) (resp. IC(@QBN)). Then the convolution

ICy, * ICy, = IC)" * ICE{b (the fusion) is the direct sum of IC:\\Sb and some
sheaves with support in the boundary of @ib Actually, we will see in Corol-
lary 2.6.3 below that IC), IC), = IC)® xIC§, =IC}:.

We restrict the left action of Dgo(Nq,o)(GrSON_l) (resp. the right
action of DgO(N,O)(GrSON)) on DgO(N—l,O)(GrSON) to the left action of
Pervgov-1,0)(Grsoy_,) = Rep(SOX_;) (resp. to the right action of
Pervso(n,0)(Grso,) = Rep(SOY)). Let Dg?f(quLo)(GrsoN) denote the
corresponding deequivariantized category (see [AG] in the setting of abelian
categories and [Ga] in the setting of dg-categories). We have

(24.1) RHompaea oy 1(FG)

SO(N-1,0)

= @  RHompy | (Greo ) (FICL #G#1Cy,) @ Vi @ V3,
AEAS, MeAS

(recall that the geometric Satake equivalence takes ICy, to V), and IC), to
V),, notations of §2.1).

Lemma 2.4.1. The dg-algebra RHom pacca (Grso )(EO,EO) is formal,

SO(N-1,0)
°

i.e. it is quasiisomorphic to the graded algebra Extheeq (Grso )(EO, Ep)
SO(N—1,0) N

with trivial differential.

Proof. The argument essentially repeats the one in the proof of [BFGT,
Lemma 3.9.1]. The desired result follows from the purity of

Extho(N_1 o)(GrSON)(EO,ICiz). We know that ICiZ is a direct summand in

IC,, * IC,,, and it suffices to prove the purity of z'E)(ICAs x 1C,,) where i
stands for the closed embedding of the base point 0 into Grgo,, .
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Assume first that N > 4. Let wy_1 (resp. wy) denote the minus-
cule fundamental coweight of SOyx_; (resp. of SOx). The corresponding
closed SO(N — 1,0)-orbit Grgd ' C Grso,_, (resp. closed SO(N,O)-
orbit Grgd C Grso,) is isomorphic to a smooth (N — 3)-dimensional
quadric QN3 (resp. to a smooth (N — 2)-dimensional quadric QV~2). It
is well known that for any As € Af (resp. Ay € A}), IC), is a direct sum-
mand in a suitable convolution power IC, , *---*xICy, , (resp. IC,, is a
direct summand in IC,, * --- % ICy,) (equivalently, by the geometric Sa-
take equivalence, the defining representation of a symplectic group (resp.
of a special orthogonal group) generates its representations’ category with
respect to tensor products and direct summands [W]). Thus it suffices to
prove the purity of

|

i0(ICqmy , ¥+ *IC5, , *IC5, *--- % 1Cyx, ).

The latter convolution is the direct image of the constant sheaf on the

. . oN-1 = WN-1 woN
smooth convolution diagram Grgg ' X -+ X Grgg ' X Grgf X -+ X

Grg), 2 Grgo,. Hence it suffices to check that the fiber m~1(0) over
the base point is a union of cells. Now under the action of the loop rotation
G, every point in an open neighbourhood of 0 € Grgp, flows away from
0. It follows that m~!(0) coincides with the G,,-attractor to the union Fy
of the G,,-fixed point components in the above convolution diagram lying
over 0 € Grgo, . By the classical Bialynicki-Birula argument, this attractor
is a union of cells if Fp itself is a union of cells. Finally, a Cartan subgroup
of SOn_1 has finitely many fixed points in the above convolution diagram,
and the same Bialynicki-Birula argument implies that Fj is a union of cells.

The proof for N = 3 is essentially the same. The only difference is that
the standard (2-dimensional) representation of Gs = SOy = G, corresponds
to IC(Q") which is the sum of two skyscrapers of the two points of the “0-
dimensional quadric” Q. After replacing IC,_, with IC(Q), the same
argument goes through. Alternatively, since SOs = GL1, and SOz = PGLs,
our lemma in case N = 3 directly follows from [BFGT, Lemma 3.9.1]. O

Ddeeq (GI‘SON) (

Ey, Ep) (with trivial dif-
SO(N-1,0)

ferential) by €°. Since it is an Ext-algebra in the deequivariantized cate-
gory between objects induced from the original category, it is automatically
equipped with an action of SO(Vp) x Sp(V1) = Gj (notations of §2.2), and

. . . Gg
we can consider the corresponding triangulated category ngrf(t’f’).

We denote the dg-algebra Ext$

Lemma 2.4.2. There is a canonical equivalence Dggrf(éf') o

DgO(Nfl,O)(GrSON)‘
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Proof. Same as the one of [BFGT, Lemma 3.9.2]. O

2.5. Equivariant cohomology

The affine Grassmannian Grgop,, has two connected components Gr%%dN and

GrgGn (recall that N > 2). In the blinking notation of §2.1, the equivariant
cohomology ring HéO(N,O)(Grg%dN) = HéO(N,O)(Grg‘beg) =~ C[T%y]. This
is a theorem of V. Ginzburg [G1] (for a published account see e.g. [BF,
Theorem 1]). It follows that

H3ov-1,0)(Gr85,) = Hio(n—1,0)(Gr&5h) = C[Ss x5, TSy

(with respect to the morphism Ilg,: ¥g — 3, notations of §2.1).

Lemma 2.5.1. For any \s € AJ, \p € A;“, the natural morphism

EXtho(N—Lo)(GrSON)(EO’ IC?Z) -
HomHéo(NfLO)(GrSON) (H§O(N71,O) (GrSON ) E()), HéO(NfL()) (GrSON ) IC?\Z))

18 injective.

Proof. 1t suffices to prove that the natural morphism

EXthO(N—l,O)(GrSON)(EO’ ICiZ)
= HomHéo(NfLO)(pt) (‘HéO(N—l,O) (GrSON ) E0)7 Hgo(N_ljo) (GI‘SON ; :[Cisb))

(in the RHS we take Hom over the equivariant cohomology of the point)
is injective. As in the proof of Lemma 2.4.1, it suffices to check the in-
jectivity for the iterated convolution IC, , * .-+ % ICy, | *IC5, *--- *
IC,, in place of ICﬁi. Due to purity established in loc. cit. (= the proof
of Lemma 2.4.1), the LHS is a free Hion-1,0) (pt)-module with the space
of generators isomorphic to the costalk of the above convolution at the
base point 0 € Grgo,, that is to H*(m™1(0)) (notations of loc. cit.). The
RHS is also a free Héo(N_lvo)(pt)—module with the space of generators

TWN -1

isomorphic to H® (GI‘SOJW1 X oee X Grgggil X Grg’é"N X e X GrZSUéVN). It
contains H*(m~'(0)) as a direct summand since the convolution diagram has
a cellular decomposition compatible with the one for m=1(0), see loc. cit. [
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2.6. Calculation of the Ext algebra
Recall that
ClTYs] = Héo(N_Lo)(Gr(s)((i)dN,l) = Hio(v-1,0)(Grsoy_,);

and
C[TSh] = Ho(n.0)(GreSL) = Hio(y 0)(GTEEH).

Moreover, for As € A (resp. A, € A}) we have canonical isomorphisms
of C[T%s]-modules (resp. C[T'Ep]-modules) rs(V),) = Hion-1,0)(Grsoy .,
ICy,) (resp. kp(V)y,) = HéO(N7O)(GrSON’IC>\b)) (for Kostant functors s
see §2.1). This is also a theorem of V. Ginzburg [G1] (for a published account
see e.g. [BF, Theorem 6 and Lemma 9]). It follows that we have a canonical
isomorphism of C[3s xx, T'Yp|-modules dI1} kp(Vy,) = H§O(N71,o)(GrSONv
ICy,).

Lemma 2.6.1. For \s € Al, \p € A: we have a canonical isomorphism of
C[2s x5, TEp]-modules

ks(Va,) Ocpsy A rp(Va,)) = Hio(nv-1,0)(Grsoy, IC), *ICy,).

~

Proof. By the classical argument going back to Drinfeld, ICy, * IC,, =
IC,, = IC),, where the fusion x is defined by taking nearby cycles in the
Beilinson-Drinfeld Grassmannian Grgp — A®. The fiber 771(0) is Grso,,
and for z # 0, the fiber 771(z) is Grgo,_, x Grso,. We have a tautologi-
cal closed embedding Grgp < Grso, Bp into the usual Beilinson-Drinfeld
Grassmannian of SOpy. The cospecialization morphism to the cohomology
of a nearby fiber

Hio(n-1,0)(Grsoy, 1Cy, *ICy,) = H3o,,_, (Grsoy, 10, +1C),)
— HéON,l(GrSON—l X GrI‘SON,IC)\5 X IC)\b)

is an isomorphism (due to properness), and is compatible with the cospecial-
ization morphism of the cohomology of ambient spaces Hgy — (Grso,) —
Hgg . (Grsoy_, xGrso, ), and the diagram formed by the cospecialization
morphisms and restriction with respect to the above closed embedding of
Beilinson-Drinfeld Grassmannians commutes:

HéON_l(GI‘SON) e H§ON_1(GrSON—1 X GI'SON)

I I

HéoN(GrSON) — HéoN(GI‘SONXGI‘soN)-
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Finally, the following diagram commutes as well:

C[sz] add” C[sz X3 sz]

5 L

H§y  (Grsoy) —— HSg, (Grso, X Grsoy),

where add: T3 Xy, T2, — T%, stands for the fiberwise addition morphism.
The lemma follows. O

TN -1

Now recall the minuscule closed orbits QN3 = Gr C Grgy =
SON71 SON
QN2 (smooth quadrics). For N > 3 we have

EXt.Dgo(N,Lo)(GrSON)(E(b ICWN—l * EO * ICWN)
= EthgOUV?l o)(GrSON)(ICwal x .E’()7 EO * ICWN)

(IC(Q™7?), 1C(Q™7?)).

_ °
- EXthO(N—l,O)(GrSON)
(In case N = 3 we replace IC,_, with IC(Q") the same way as in the last
paragraph of the proof of Lemma 2.4.1.) Since Q=2 ¢ QV~2 is a smooth
divisor, we have a canonical element

h € EXt})b

SO(N—-1,0)

(Greo ) IC(QY7),1C(QY7?)).

Hence we obtain the subspace

* * ~v 1 Pp— 1
haVyeVi=2haVyeV, C & = EXthgefN,l,o)(GrsoN)(EO’ Ey),

cf. (2.4.1). We will denote this subspace simply by Vp ® V. Thus, we obtain
a homomorphism from the free tensor algebra
¢ T(II(Vo @ Vp)[—1]) — €° := Ext$

ee: E
DSO(qN—l,O) (Grsoy) ( 0

P EO)
Lemma 2.6.2. The homomorphism ¢°® factors through the projection
T(I1(Vo ® V1)[-1]) - Sym(IL(Vp ® V1)[-1]) = &°,

and induces an isomorphism G® = E°,
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Proof. We have a tautological isomorphism

®B* = EXtDigfccq(ﬁ.)(ﬁ ,6 )

= &P Extlo, o (6% VA ©6 @ V) @ VI @V,
AEAT, MEAS vt

By Proposition 2.8.3 below, the Kostant functors induce an isomorphism

B° = @ Ext?q,

perf
/\SEA:r s )\bGA;r

= @ Homeprs,)(C[Ss), ms(Va) ®cpsy) Al kb(Va,)) @ Vi @ Vi
AEAT, NoEAT

(6.)(6’, NG V),V eV

Here we view Xg as the zero section of the tangent bundle T, so that
C[%s] acquires a structure of C[T'Y]-module. Comparing with Lemma 2.6.1,
by Lemma 2.5.1 we obtain an injective homomorphism from the topologi-
cal Ext-algebra to the algebraic one: €® — &°. Since &* is commutative,
we conclude that &® is commutative as well, i.e. ¢* does factor through
#*: Sym(II(Vo®Vy)[—1]) = &°* — €°. Finally, since the composition &* 2,
¢® < &° is identity on the generators II(Vp ® V1) of &°, we conclude that
¢* is an isomorphism. O

Now the existence of the desired equivalence ® of Theorem 2.2.1(a) fol-
lows from Lemma 2.4.2 and Lemma 2.6.2. Furthermore, the claims of The-
orem 2.2.1(b,e) are proved exactly as [BFGT, Corollary 3.8.1(a,c)].

Corollary 2.6.3. We have ICy *IC,, = ICy* xIC} = IC}:.

Proof. By construction, ®(V), @ &* @ V), ) = ICy *IC,,. But V), @ * @ V),
is an indecomposable object of D (&*), hence IC), * IC,, = IC)" % 1CY,

perf
must be indecomposable as well, i.e. it must coincide with ICii. ]
2.7. Compatibility with the spherical Hecke actions

To finish the proof of Theorem 2.2.1(a) it remains to check the compati-
bility with the left and right convolution actions of the monoidal spherical
Hecke categories. We check the compatibility for the left action; the veri-
fication for the right action is similar. Our argument is similar to the one
in the proof of [BFGT, Lemma 3.11.1]. Namely, we already know the com-
patibility with the convolution action of the semisimple abelian category
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Pervgo(n-1,0)(Grso,_, ). Hence we obtain a homomorphism from the dee-
quivariantized Ext-algebra of the unit object of DgO(NA,O)(GrSON—l) to
the deequivariantized Ext-algebra of the unit object of Dgo( N-1,0) (Grsoy )-
The corresponding RHom-algebras are formal, and by [BF, Proposition 7,
Remarks 2,3] it suffices to check that the above homomorphism of graded
commutative algebras coincides with qf. We proceed to check the desired
equality on generators.

Recall the element h € Ext%)b

SO(Nfl,O)(GrSON)
of §2.6. Dually, we have a canonical element

(IC(QY%),IC(QN?))

SO(N-1,0)

(oo y IC(QY2),1C(QV ).
The composition h* o h € EXt%go(N_lvo)(GI‘soN)(IC(QNig)’ IC(QN73)) is the
multiplication by the first Chern class of the normal line bundle Ng~-s JQN-2-
This normal bundle is isomorphic to the line bundle O(1) restricted from
PN=1 under the tautological embedding Q3 c QN~2 c PN-1L,

If N # 4, the Picard group of the connected component Grg%dN contain-
ing QN3 is isomorphic to Z. Its ample generator is denoted Ly, the deter-
minant line bundle. The restriction £Lxy|g~-s is also isomorphic to O(1) ~
Ng~-s/gn-2. We conclude that h*oh = ¢1(Ly) (when N # 4). On the other
hand, in the equivariant derived Satake category DgO(Nfl’O)(GrSON—l) =

ngrf(Sym(gs[—Q])) the first Chern class

Cc1 (['N—l) € Ext%b

SO(N—l,O)(GrSON—l

)(ICWNA 1Co,_,) C gs ® End(V5)

corresponds to the canonical ‘action’ element gi = gs < End(V;). This

completes the verification of the desired compatibility with the left action

in case N # 4. The case N = 4 is left as an exercise to the interested reader.
Theorem 2.2.1(a) is proved.

2.8. Some Invariant Theory

Recall the blinking notation of §2.1.

Lemma 2.8.1. (a) The morphism qs induces an isomorphism of categorical
quotients

(Ve @ W) J(Gs x Gp) == g2 | Gs = 3.
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(b) The following diagram commutes:

(Vs @ Vo) [(Gs x Gp) —2— gt /Gl

@i |
% SEICINS 8
Thus the image of the complete moment map

(gs;ab): (Ve @ Vp) [/ (Gs x Gb) — g5/ Gs X gy /G = Es X By,

identifies (Vs @ Vp) J/(Gs X Gp) with the graph of Ilg,.

Proof. (a) In the odd case, the morphism q is clearly dominant, so
ai: Clso(Vp)*]300%) — C[Vp @ 17]3000)xSp(1)

is injective. It remains to prove the surjectivity of qg. It is enough to prove
the surjectivity of q: C[so(Vp)*] — C[Vh ® V1]%P(). According to the first
fundamental theorem of the invariant theory for Sp(V;) [W], the algebra
C[Vp ® V1]%*(V1) is generated by the quadratic expressions Qij, 1<i<j<
2n, of the following sort. We choose an orthonormal basis ey, ..., es, in Vg
and denote by p;, 1 < i < 2n, the corresponding projections Vp ® Vi — V.
Then

Qij(vo ® v1,v5 @ v7) = (pi(vo @ v1), pj(vy ® v))).

Now s0(V}) is formed by all the skew-symmetric matrices in the above basis.
We denote by E;; € so(Vp)*, 1 < i < j < 2n, the corresponding matrix
element. Then qj(E;;) = Q;;. This proves the desired surjectivity claim.

The argument in the even case is entirely similar. Note only that accord-
ing to the first fundamental theorem of the invariant theory for SO(Vy) [W],
the algebra C[V) ® Vl]so(%) is generated by certain quadratic expressions
along with degree 2n expressions (coming from determinants). But since
dimV; = 2n — 2 < 2n, these determinants vanish identically (so that
C[Vo ® V1]3000) = C[V ® 11]0)).

(b) The ring of invariant functions on so(Vy) = so(Vp)* is generated by
the coefficients of the characteristic polynomial Charp(z) = 22" +
S ai(D)2?""% D € s0(Vp), along with the Pfaffian Pfaff(D). In terms of
the identification C[so(V()]3°(0) = C[ty]", a; is the i-th elementary sym-
metric polynomial in €2, ... &2 (see §2.1), and Pfaff = ¢; - - -&,. The ring of
invariant functions on sp(V1) = sp(V1)* is generated by the coefficients of
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the characteristic polynomial Charg(z) = z4mW +Zii:m /2 bi(C)zdm Vi—2i,
C € sp(V1). In terms of the identification (C[sp(Vl)]Sp%Vl) > Cly]", b; is
the i-th elementary symmetric polynomial in 42, ... ,(%m Vi o In the odd
(resp. even) case, for A € Hom(Vp, V1) we have Chara:4(z) = Charga:(z)
(resp. Chargea(z) = 22 Charaa:(2)). Also, in the even case Pfaff(A'A) =
det(A'A) = 0. The claim (b) follows.
This completes the proof of the lemma. O

We will call A € Vo ® V1 regular if the Lie algebra stabg, (v, )@sp(v;)(A) of
its stabilizer Stabgo(v;)xsp(v;)(A) has minimal possible dimension n (both
in even and odd cases). Such elements form an open subset (Vo ® V7)™ C
Vo ® V1.

Lemma 2.8.2. (a) For A € Vs ® V,, the following implications hold true:
ab(A) € gy — A€ (Ve® W)™ = qs(4) € g™
(b) For A € (Vs ® Vp)™8 such that qn(A) is regular, we have

stabg, (gs(A)) <p—r stabg,gg, (A) ;:_> stabg, (qp(4)).

Thus in view of Lemma 2.8.1, passing to the images in categorical quotients
we obtain a morphism prsprb_lz II} 3, — 3s of abelian Lie algebras bundles
over .

(¢) In view of identifications 3s = T*Ys, 3 = T*Xy of §2.1, the following
diagram commutes:

-1
pr,pry
i ———  3s

mrs, e ey

Proof. (a) The first implication follows from the classification of Gs X G-
orbits in Vs®V, see [KP, Theorem 6.5] and [GL, Proposition 4].> The second
implication follows from the existence of a Weierstraf} section [PV, §8.8]; see
e.g. [Mo, Proposition 3.1.1],

(Ve @ W) (Gs x Gp) = s — (Vs @ Vp)" 8.

Further, if a symplectic variety X is equipped with a hamiltonian action
of a Lie group G with Lie algebra g and with a moment map p: X — g*,

3We learned the argument from A. Berezhnoy, cf. [B, Theorems 1,2,7].
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then for a point z € X, the cokernel of the differential dp: T, X — g* is dual
to stabg(x). For (b) we may assume that A lies in the image of a Weierstraf3
section Xs — (Vs ® Vp)"™8. Then we have an exact sequence

0 — stabg g, (A) = gs P gp = Ta (Ve ® Vp) = TuXs — 0,

and (b) follows from Lemma 2.8.1(b) since the differential dqs identifies
TAES with qu(A)Zs-

(c) again follows from staby(z)* = Coker(dp) and the last claim of Lem-
ma 2.8.1. U

Proposition 2.8.3. Given a Gs-module V and a Gp-module V', the Kostant
functors of restriction to Kostant slices (notation of §2.1) induce an isomor-
phism

Home, ¢y wcpviav) (C[Ve © Vo, V@ C[Ve @ V] @ V)
— HomTzs(Ozs, HS(V) Xc[z,] dﬂs*blib(V’)).

Here we view ¥s as the zero section of the tangent bundle TYs, so that Oy,
acquires a structure of Ors, -module.

Proof. Since the codimension of the complement (Vs ® Vp) \ (Vs ® V4)™® in
Ve®@V, is at least 2, the LHS can be computed after restriction to (Ve® V)™,
and then it coincides with the RHS by Lemma 2.8.2(c). O

2.9. Nilpotent support and compactness

We prove Theorem 2.2.1(f). The argument repeats the proof of [AGa, Theo-
rem 12.5.3]. Namely, Dgy"" (Grso, ) is generated by DgO(Nil 0)(GTs0y_, )*

EO*DQO(MO) (Grso, ) by the argument of loc. cit. Here Ej stands for the av-

eraging Avgo(n—1,0), Fo- Again by loc. cit. Ej is isomorphic (up to a shift)
to ®(B°® ®gym(g,[—2))es C) (We use the homomorphism qf: Sym(gs[—2]) —
®°). Also, Lemma 2.8.1(a) implies C[Vs ® Vp] ®c[g,jes C = C[N7]. Now the
desired equivalence follows by the compatibility with the spherical Hecke
actions.

Recall the Weierstrafl section ¥g < V;®V}, of the proof of Lemma 2.8.2(a).
For A € Dsgrf(ﬁ') we have a canonical isomorphism I'(Xg, Aly, ) =
HSo(nv—1,0)(GTsoy, ®(A)). The intersection X M N7 is just one point (a
regular nilpotent element A € Hom(Vj, V1)), so the nilpotent support con-
dition implies dimI'(¥s, Als,) < oo. Conversely, since the support of A is
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invariant with respect to dilations, the condition dimI'(¥s, Aly,) < oo im-
plies supp A C Nj.

This completes the proof of Theorem 2.2.1(f).
2.10. The monoidal property of ®

The argument is similar to that of [BFGT, §3.16]. The monoidal struc-
ture Qg+ on Dggrf(t’i') is defined via the kernel C[A]®: the diagonal Gg-
equivariant dg-&°-trimodule. The fusion monoidal structure * on
DgoNﬂ(GTSON) transferred to Dggrf(ﬁ') via the equivalence @ is also de-
fined via a kernel K® (a Gg-equivariant dg-&°®-trimodule). We have to con-
struct an isomorphism of Gg-equivariant dg-&*-trimodules C[A]* = K®.
The purity of % implies the formality of K®, and it suffices to iden-
tify C[A]®* = K® as trimodules over the commutative graded algebra &°.

We know that the deequivariantized category Dggej‘jil (Grso, ) is generated

by Ejp. Furthermore, in the induced monoidal structure % of Dgg)es,l (Grsoy)
we have Fgx Ey = Ej, and finally, Ext DY (Grso )(Eg, Ep) = &°. The de-

sired isomorphism follows.
This completes the proof of the monoidal property of ® along with The-
orem 2.2.1.

3. Complements
3.1. Loop rotation and quantization

We have Hg (pt) = C[h]. We consider the “graded Weyl algebra” ©* of
Vo ® Vi: a C[h]-algebra generated by Vo ® Vi with relations [vy ® vi, v ®
v}] = (vo,v)) - (v1,v]) - h (notation of §2.1). It is equipped with the grading
deg(vo ® v1) = 1, degh = 2. We will view it as a dg-algebra with trivial
differential, equipped with a natural action of Gg = SO(Vp) x Sp(V1).

Theorem 3.1.1. There exists an equivalence of triangulated categories
Dy Dggrf(”D') - DgO(N—l,O)xG,,,L(GrSON) commuting with the actions of
the monoidal spherical Hecke categories PeTVSO(N—LO)xGm(GI'SON,l) and

Pervso(n,0)xG,, (Grsoy) by the left and right convolutions.

Proof. We essentially repeat the argument of [BFGT, §5.2]. We set €} :=

EX‘G'Ddeeq (GrsoN)(EO’ Ep). Since it is an Ext-algebra in the deequiv-

SO(N—=1,0)XGpm,
ariantized category, it is automatically equipped with an action of SO(Vp) x
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Sp(V1) = Gg, and we can consider the corresponding triangulated cate-
gory D% (&3). Similarly to Lemma 2.4.2, there is a canonical equivalence

DS%o(g3) DgO(N—l,O)me (Grso, ). It remains to construct an isomor-

phism ¢} : D®* = &3.
Note that &} is a C[h]-algebra, and

¢/(h=0) = €* = &* = Sym(Il(Vp @ W)[-1]),

so that &® acquires a Poisson bracket from this deformation. We claim that
this Poisson bracket arises from the symplectic form (,) ® (,) on Vo ® V;.
Indeed, by construction, this Poisson bracket is SO(Vp) x Sp(V1)-invariant
of degree —1. There is a unique such bracket up to a multiplicative con-
stant, and we just have to determine this constant. We may and will forget
the grading. The desired constant is determined by the condition that the
moment map

ap: Clso(Vo)*] — ClVo @ Vi] =2 Sym(Vp @ V1) = €

is Poisson (where € stands for &* with grading forgotten). The verification
of this condition is identical in the odd and even cases, and we consider the
odd case only. We have functors

Tt DSo(n-1,0)x6,, (Grsox_.) = Dio(v-1,0)x,, (GTs0y ) F = F * Eq;

T: Dov-1.0y(Grson_,) = Déon_1.0)(Grsoy), F = F * Ep.

By the argument of §2.7, the diagram

D3Oy (Sym(so(Vp)[~2))) —2s DS (Sym(IL(Vo @ V1)[-1]))

(3.1.1) ﬁlz @lz

T
DgO(Nfl,O)(GrSON—l) E— DgO(Nfl,O) (GrSON)

commutes, where 3 stands for the second equivalence of [BF, Theorem 5].

But by the same [BF, Theorem 5], the deformation DgO(N—l o) «, (Grsoy )

of DgO(NA,O) (Grso,_,) induces the standard Poisson structure on so(Vy)*.
It follows that qf: Clso(Vp)*] — € is Poisson.

Finally, ©°® is a unique graded C[h]-algebra with ®°*/(h = 0) =
Sym(II(Vp ® Vi)[—1]) such that the corresponding Poisson bracket on
Sym(II(Vp ® V1)[—1]) is the standard one. Thus the desired isomorphism
¢r is constructed along with equivalence ®j. ]
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3.2. Gaiotto conjectures

We recall the setup and notation of [BFGT, §2]. Given a nonnegative integer
m such that 2m+1 < N we set M = N —1—2m and consider an orthogonal
decomposition CV = C?™ @ CM+1, Furthermore, we choose an anisotropic
vector v € CM*1 and set CM = (Cv)t. It gives rise to an embedding
SOns — SOpr41 — SOpn. We choose a complete self-orthogonal flag

ocllcl?’c...cl®>™tcc?, L'= >t
We consider the following partial flag in CV:

Ocllc...cL™cLmgCcMt!
cLtlgcMtl .. c L 1gCcMHl c V.

We consider a unipotent subgroup Up;,ny C SOx with Lie algebra up,ny C
soy formed by all the endomorphisms preserving the above partial flag
and inducing the zero endomorphism of the associated graded space. The
composition with orthogonal projection CV — C?™ gives rise to a mor-
phism Uy n — Uay, onto the upper triangular unipotent subgroup of SOg,,.
Note that this morphism is not a homomorphism. Nevertheless, composing
this morphism with a regular character Us,, — G, we obtain a character
X/]V[,N: Um,n — Gq. Furthermore, we choose a vector £ € L™ ~ L™=1. Then
the matrix coefficient v — (uwv, £) defines a character uy; y — C. The cor-
responding character Uy ny — G, will be denoted X/I(L y- Finally, we set
X(Z]M,N = XM,N + x’](/[,N: Um,y — Gq. Note that the pair (UM,NvX%LN) is
invariant under the conjugation action of SOy C SOy.

We extend scalars to the Laurent series field F' to obtain the same named
character of Ups n(F). We define

XM,N = Rest:() X?\/[,N: UM,N(F) — Ga.

Let rx stand for the bilinear form £ Tr(X -Y) on soy. It corresponds to the
determinant line bundle on Grgo, (the ample generator of the
Picard group). Given ¢ € C* we consider the derived category

ng(M’O)KUM‘N(F)’XM'N (Grsoy ) of (SO(M, O)xUns,n(F), xar,n)-equivariant
D-modules on Grgo,, twisted by ¢ 1ry.

On the dual side, in the odd case §1.2(a), we consider the Lie superal-
gebra 0sp(2n — 2m|2n). In the even case §1.2(b), we consider the Lie su-

peralgebra osp(2n|2n — 2m — 2). The Killing form Killingy,, 9,2, (resp.
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Killingop|2;,—2m—2) is proportional to the supertrace form of the defining
representation Ko, _om2n (X, Y) = sTr(X - Y):

Killing2n,2m|2n = (—Qm - 2)52n—2m\2n

(resp. Killing%pn_zm—z = 2m/€2n|2n—2m—2),

see [Mu, 2.7.7.(c)]. For ¢ € C we consider the derived Kazhdan-Lusztig cat-
egory KLc(0sp(2n —2m|2n)) of SO(2n —2m, O) x Sp(2n, O)-equivariant ob-
jects in 0sp(2n—2m|2n)-mod at central charge c-/<;2n_2m|2n—% Killings,, —a.m/21,
(resp. the derived category KL.(0sp(2n|2n—2m—2)) of SO(2n, O) x Sp(2n—

—

2m —2, O)-equivariant objects in 0sp(2n|2n —2m —2)-mod at central charge

€ Kop|2n—2m—2 — % Killing2n|2n—2m—2)'

Conjecture 3.2.1. (a) In the odd case 1.2(a), for ¢ € C* the categories
SO(M,0)xUnr,n (F),x 0, N by ;

D (Grso,) and KL.(0sp(2n — 2m|2n)) are equivalent

c—1
as factorization categories.

(b) In the even case 1.2(b), for ¢ € C* the categories
DSE(M’O)KUM‘N(F)’XM‘N(GrsoN) and KL.(0sp(2n|2n — 2m — 2)) are equiv-

C
alent as factorization categories.

Remark 3.2.2. Let N =4, M = 3. Then SO4 = (SLg x SLg)/{%1} (quo-
tient by the diagonal central subgroup), so each connected component of
Grgo, is isomorphic to Grgr,, X Grgr,,. Hence the Picard group of each con-
nected component has rank 2, and we have a 2-parametric family of twist-
ings of D-modules on Grgp,. On the dual side, we have a family D(2,1; «)
of deformations of osp(4|2). It is expected that the categories of twisted
SOs-equivariant D-modules on Grgo, are equivalent to the corresponding
Kazhdan-Lusztig categories for the affine Lie superalgebras D(2,1; a)(l).

3.3. Orthosymplectic Kostka polynomials

We will use notation and results of [Mu, Chapter 3|. Recall that Borel subal-
gebras of osp(Vp|V1) containing by @ by C so(Vp) @ sp(V1) (notation of §2.1)
are parametrized by shuffles [Mu, §3.3] (certain permutations of the set
{1,2,...,2n} in the odd case 1.2(a) (resp. of the set {1,2,...,2n—1} in the
even case 1.2(b))). We will need a shuffle

N =m+1,1,n+22,...,2n—1,n—1,2n,n)
in the odd case and

oN=1n+1,2,n+2,....n—1,2n—1,n)
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in the even case. Note that o? is of type D [Mu, page 35]. The corresponding
Borel subalgebra of 0sp(Vp|V7) will be denoted b'¥. This is the so called mized
Borel subalgebra of [GL, §4]. Its radical will be denoted by n?. According
to [Mu, Lemma 3.3.7(c)], the odd part n]IV has Cartan eigenvalues

(3.3.1)  RNT ={e;+ 6 <ijon U{Ei — G i<icicn U {6 — €5 h<i<j<n
in the odd case, and

(332) RN ={e; + 61250 Ufei — dih<icjon U {0i — £ 1<icjcn

in the even case. Thus n]TV is a Lagrangian subspace in V3 ® V;. The set of

simple roots of n]iv is
{01 —e1,61 = 62,00 —€2,...,0n-1 — En—1,En—1 — On,0n — €n, 0 +En},
in the odd case, and
{81 — 51, (51 —E&9,89 — (52, . 75n—2 —&n—-1,&n—1 — 5n—175n—1 — En,én_l +€n},

in the even case, cf. [Mu, Lemma 3.4.3(e)]. All the simple roots are odd
isotropic.

Given o € t} @t} we define a polynomial LY (q) as follows: LY (q) :=
> pYq? where p) is the number of (unordered) partitions of a into a sum
of d elements of R{V *

Definition 3.3.1. (a) Given Ao, o € AJ, M, 1 € Af, we define the or-
thosymplectic Kostka polynomial K\ (¢) by the following Lusztig-

()‘07)‘1)7(:“07“1)
Kato formula (cf. [Lus, (9.4)], [K, Theorem 1.3] and [P, (2.1)]):

N
K0, (aongin) (@)

— 1 N
— Z (71)1”0(71)10 L(wo()\o-‘y—po)—po—uo,wl(>\1+,01)_PI_NI)(q)’
woEWo, w1 €W,

notation of §2.1.
(b) We say that (Ao, A1) > (po, 1) if (Ao, A1) — (po, p11) € N(RNT).

In more concrete terms, recall that Ay is a collection of integers
M, such that AL > AP > 0> AT > A0 while A s

a partition of length n )\gl) > )\§2) > > )\gn) in the odd case (resp. of
length n — 1 in the even case). In the odd case (Ao, A1) > (po, p1) if
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(3.3.3) A >0 AW AW > Wm0
NI S B O SN O S O S 0]
A§1>+Ag>+...+xgn> A € oN Y ) o
AL A0 4 A s O O )

In the even case (Ao, A1) > (po, p1) if

3.3.4) AWM >0 AW 4 AW > 0 Wm0

)\(()1) + )\gl) )\(n—l) )\(n—l) (1) + /Jlgl) +.+ M(()n 1) + /J/gn—l),
A A LAY e e oN Y 4 ugl) Y Y,

T R R Y U I )

(In both cases, the first three lines compare partial sums of the shuffled

sequences ()\g ), )\(1) ... ,/\gn), )\((Jn)) and (,ugl),,uél), .. ,ugn),,uén)) in the odd
case, resp. ()\(()1), )\gl), e )\(()nfl), Agnfl), )\(()n)) and (uél),,ugl), . ,,uénil),
pg ),,u((] )) in the even case.)

Recall that n%v is a By x Bi-module for the adjoint action (here By C
SO(Vp) and By C Sp(V1) are the Borel subgroups with Lie algebras by C
s0(Vp), by C sp(V7) respectively, see §2.1). We denote by /\N/'%V the associated
vector bundle over the flag variety By x By := SO(Vy)/By x Sp(V1)/B;.

To a pair (uo, 1) € AJBAT we associate the SO(Vp) xSp(V7 )-equivariant
line bundle O(po, p1) on the flag variety By x By: the action of By x B on
its fiber over the point (B, B1) € By x By is via the character (—puo, —p1).
Its global sections I'(By x Bi, O(uo, p1)) is the irreducible SO(Vy) x Sp(V1)-
module V.- ® V,,» with lowest weight (—p, —p1). The character of V},: @ V,«

will be denoted by X, .1)-

The pullback of O(ug, p1) to /T/{V will be also denoted O(uo, p1). We
consider the graded equivariant Euler characteristics

XN, 00, 1)) = x(Bo x By, Sym*ni’™ © Ojuo, ) -

formal Taylor power series in ¢ with coefficients in the character ring of
SO(Vy) x Sp(V1). Here nd is the sheaf of sections of the SO(Vp) x Sp(V1)-
equivariant vector bundle over By x B; associated to the By x Bj-module
n%v . In other words, Q%V is the sheaf of sections of N %V viewed as a vector
bundle over By x Bj.
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Proposition 3.3.2 (D. Panyushev). We have

X(Bo x By, Sym*ni @ O(po, 1)) = > KXo o) @DX0u a0
(X0, A1) > (o 1)

Proof. This is a particular case of [P, Theorem 3.8]. O

Corollary 3.3.3. For any (Ao, A1) > (po, p1) we have

K(]XO,Al),(MO,M)(Q) € Nlq].

Proof. The desired positivity follows from the higher cohomology vanish-
ing RZT(NY,O(uo, 1)) = 0. Note that the canonical class of NV is
SO(Vp) x Sp(V1)-equivariantly trivial. Indeed, a straightforward calculation
shows that the sum of all elements of R%V T equals 2pg + 2p1. But the set of
Cartan eigenvalues in the fiber of the tangent bundle T(p, 5,)Bo X B1 coin-
cides with the set of negative roots, and they sum up to —2pg — 2p;. Note
that in the language of Lie superalgebras, the canonical class vanishing is
equivalent to the equality 2p = 0, where 2p is the sum of all even roots in
a mixed Borel subgroup minus the sum of all odd roots in this Borel sub-
group. The equality 2p = 0 follows from the fact that all the simple roots of
a mixed Borel subgroup are odd isotropic [Mu, Corollary 8.5.4].
We have a proper projection

NN 5 Vo ® Vi = Mosp(Vo| Vi)

birational onto its image (odd nilpotent cone N{V , see [GL, Théoréme 1]
and [Mo, Theorem 2.3.5]*). Now the desired cohomology vanishing follows
by the Kempf collapsing as in the proof of [P, Theorem 3.1.(ii)]. O

Remark 3.3.4. In [GL, Définition 5.1)] Gruson and Leidwanger define a
mixed Borel subalgebra in osp(2n + 1|2n) (in fact, they define mixed Borel
subalgebras in arbitrary orthosymplectic Lie superalgebras). An obvious
modification of Definition 3.3.1 produces Kostka polynomials in this case
(and for mixed Borel subalgebras in arbitrary orthosymplectic Lie superal-
gebras). However, the proof of positivity Corollary 3.3.3 fails since p # 0
(not all the simple roots are isotropic), cf. [Mo, Proposition 4.0.1]. It would
be interesting to know if the positivity still holds true in this case.

4In fact, this resolution of the orthosymplectic odd nilpotent cone is a partic-
ular case of a general construction [H]. We are grateful to A. Elashvili for this
observation.
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Theorem 3.3.5. (a) In the odd case 1.2(a), an SO(N —1,0)-orbit O}, C
Grso, lies in the closure of @iﬁ iff (Mo A1) > (po, ).

(b) In the even case 1.2(b), an SO(N — 1, 0)-orbit O}, C Grso, lies in
the closure of @ﬁ; iff (Mos A1) > (po, p11)-

(¢) In the odd case, we have

— dim Q9 — . Xo\—i —i
q ¢ @“1K(J>‘707)‘1)7(M07M1)(q 1) :Zdlm(:[c)‘l)@é[l)q Z‘
i
(d) In the even case, we have

—dim O} 7N -1 . Ai\—i —i
q~ MK ) o (471 = D dim(ICY )l g
7

(the Poincaré polynomials of the ICﬁz—stalkS at the orbit QY ).

Proof. (a) We first prove that if Q) C @i‘l’ then (Ao, A1) > (uo, p1). We
view @Z‘l’,@ﬁ;’ as connected components of the fixed point sets of involu-
tion ¢ of the corresponding GL(N — 1, O)-orbits in Grgr,,, as in the proofs
of Lemmas 2.3.2, 2.3.3. Recall that the set of GL(N —1, O)-orbits in Grar,,
is parametrized by bisignatures

(60,01) = (65" > ... > 65NV o) > .. > o)),

and the adjacency order on orbits is given on bisignatures by (6, 61) >

(CO’ Cl) if

D5 D g 0(”>C§”+Cé”, o 4 9<1)+9 > ey @
0 + 08 +.. 40N 4 > ¢4 WD (N,
9(”+9<> .+05N 1)+9§ >:41 + ¢+ Y

Indeed, the similar description of the adjacency order on the set of GL(V, O)-
orbits in the mirabolic Grassmannian is given in [FGT, Proposition 12] as
a corollary of [AH, Theorem 3.9]. The desired description of the adjacency
order on the set of GL(N — 1, O)-orbits in Grgy,, follows by the arguments
of [BFGT, §4.4].

Now if 0%  @}°, then the GL(N—1, O)-orbit in Grgr,, containing O};!

(note that it depends only on the bipartition (|ug| := (M(()l) > ... > M(n DS

\u \) 1)) lies in the closure of the GL(N —1, O)-orbit in GrGLN containing
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(O)i(l’ This implies the first three lines of inequalities (3.3.3) for (|Ao|, A1) and
(|i20], 11). The following trick takes care of the last inequality of (3.3.3).

Take any dominant coweight vy = (V(()l), . .,I/én)) (such that V(()l) > 1/62) >

. > V(()n_l) > \Vén)\) of SOn_;. Consider the corresponding convolution
m(ﬁg‘bN_l X @f\‘f) = @K‘ﬁ’“’. Since Q¢ C @)“1’, applying convolution with
Grgy, | to both sides, we deduce Qpethe ¢ @Kf”\“. But the first three lines
of (3.3.3) for (o + Aol, A1), (|vo + pol, 1) with arbitrary vg imply the last
two (and thus all) lines of (3.3.3) for (Mg, A1), (10, t1)-

This completes the proof of the ‘only if’ direction of (a). The proof of
the ‘only if’ direction of (b) is entirely similar. We will return to the proof
of the ‘if” directions of (a,b) after the proof of (c,d).

(c) We choose a base point in an orbit O/} (e.g. the one supplied in the
proofs of Lemmas 2.3.2, 2.3.3) and denote by p: SO(N — 1,0) — O}, the
corresponding action morphism. We denote by C}? the direct image of the
constant sheaf p.Cqo(ny_1,0)- Note that the action of SO(N —1,0) on O}
factors through the quotient SO(N — 1,0)/U by a normal unipotent sub-
group of finite codimension, so that p factors through p’: SO(N—-1,0)/U —
Qy.7, and the rigorous definition of C}? is p,Cso(n_1,0)/v- It is canonically
independent of the choice of U, hence our notation p.Cso(n-1,0)-

Now Hom7,,
SO(N-1,0)

IC:\\Z’ at the orbit 0)?. So it suffices to prove that under the equivalence
® of Theorem 2.2.1 we have ®(C},?) ~ C}?, where C},} € Dggrf(®') is the
following dg-module. It is equal to the global sections T'(N- Ji\/ , O(uo, 1))

(cf. the proof of Corollary 3.3.3) equipped with the trivial differential and
the grading coming from the dilation action of C* on N ]IV and the natu-

(Grso )(ICi“f, Cl?) is canonically dual to the stalk of

ral C*-equivariant structure of the line bundle O(uo, 1) on N %V . The &°-
module structure comes from the natural C[Vy ® Vi]-module structure on
I’(/{v/’]iv, O(po, 11)) and the above grading.

The isomorphism class of C/;? is uniquely characterized by the following
properties:

(i) If Homjp, (GFSON)(ICQ;, CiY) # 0, then O} C 0}, and

Hom?,, (ICHo CfY) = C[— dim O,%];

so(N—l,o)(GrSON) H1?

(ii) C4? lies in the triangulated subcategory of DgO(N—LO)(GrSON) gen-
erated by {IC’} for pairs (v, v1) such that Q% C Q2.

So we have to check the corresponding properties of Cl;’. Due to the ‘only
if” direction of part (a) proved above, we may replace the closure relations by
the inequalities (Ao, A1) > (1o, 11) in (i) (resp. (vo,v1) < (po, p1) in (ii)). To
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check (ii) we consider the Gg-module (C/{*)o equal to Tor®" (C/{, C), where C
is the quotient of ®* modulo the augmentation ideal. We have to verify that
if an irreducible Gg-module V,, ®V,, enters (C.,?)o with nonzero multiplicity,
then (vo,v1) < (po, 11). We apply the base change [Lur, Proposition 2.5.14]
for the Cartesian square

B()XBl—> ./\N/%V

| l

0 —>V0®V1.

Here By x Bj is a derived scheme supported at the zero section of N %V with

the structure sheaf A® (Vo ® Vl)/gjiv[—l])v, where Vo ® V; is the trivial
vector bundle on By x By with fiber Vp ® V;. It follows that the Gg-module
(ClY)o equals RI'(By x By, A*(nd[1]) ® O(po, p1)) (here the exterior algebra
of the shifted vector bundle denotes a finite dimensional algebra as opposed
to the symmetric one). Indeed, the vector bundle Q{V over By x By is by
construction embedded into the trivial vector bundle Vy®V; as a Lagrangian
subbundle, so the quotient (Vo ® V1)/nd’ is canonically identified with the
dual vector bundle QJIV v,

Now the verification of (i,ii) is the same as the one for steps (i,ii) of the
proof of [P, Theorem 5.4]. This completes the proof of (c). The proof of
(d) is entirely similar. Finally, we return to the proof of the ‘if’ direction of
(a,b). The arguments in the odd and even cases being similar, we consider
the odd case only.

Since the stalks of IC/A\? do not vanish precisely at the orbits Q¢ lying in

the closure of @i‘;, and the stalks are known by (c), it remains to check that
K(]XO M) (o) 7 O 1F (Mo A1) > (po, p1). From Definition 3.3.1 it is easy to

see that the summand of Lé\)f\o of highest degree (corresponding to

—Ho,A1—p1)
the decomposition of (Ag, A1) — (1o, f21) into the sum of simple roots) cannot

be cancelled by any other summands in the definition of K (]XD ) (popin)* Thus
N
we conclude that _K(Ao,Al),(uo,ul) #0.
The theorem is proved. O
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