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Abstract
We present a new method of constructing Condorcet domains from pairs of Con-

dorcet domains of smaller sizes (concatenation ? shuffle scheme). The concate-

nation ? shuffle scheme provides maximal, connected, copious, peak-pit domains

whenever the original domains have these properties. It allows to construct maximal

peak-pit Condorcet domains that are larger than those obtained by the Fishburn’s

alternating scheme for all n� 13 alternatives. For a large number n of alternatives,

we get a lower bound 2:1045n for the cardinality of the largest peak-pit Condorcet

domain and a lower bound 2:1890n for the cardinality of the largest Condorcet

domain, improving Fishburn’s result. We also show that all Arrow’s single-peaked

domains can be constructed by concatenation ? shuffle scheme starting from the

trivial domain.

Keywords Condorcet domain � Never conditions � Peak-pit domain � Danilov–
Karzanov–Koshevoy construction � Arrow’s single-peaked domain

1 Introduction

The famous Condorcet Paradox shows that if voters’ preferences are unrestricted,

the majority voting can lead to intransitive collective preference, in which case the

majority rule introduced by Condorcet (1785), despite all its numerous advantages,

is unable to determine the best alternative, i.e. it is not always decisive. Arrow

(1963) introduced the concept of a universal domain and domain restrictions

emphasising the importance of the latter. He argued that in many instances, voters
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or economic agents cannot have arbitrary preferences. In particular, the condition of

single-peaked preferences Black (1948), which prevents Condorcet paradox, was

especially useful in political science modelling voters on the one-dimensional left–

right political spectrum. Domain restrictions is nowadays an important topic in

economics and computer science alike Elkind (2018). In particular, for artificial

societies of autonomous software agents there is no problem of individual freedom

and, hence, for the sake of having transitive collective decisions, the designer can

restrict choices of those artificial agents to make the majority rule work every time.

Condorcet domains represent an ultimate solution to this problem as they are sets

of linear orders with the property that, whenever the preferences of all voters belong

to this set, the majority relation of any profile with an odd number of voters is

transitive. In particular, the domain of single-peaked preferences is one of the

Condorcet domains. Maximal Condorcet domains historically have attracted a

special attention since they represent a compromise which allows a society to

always have transitive collective preferences and, under this constraint, provide

voters with as much individual freedom as possible. However, maximal Condorcet

domains may have different cardinalities which can be as low as four Danilov and

Koshevoy (2013). Thus, the question: ‘‘How large a Condorcet domain can be?’’ has

attracted even more attention (see the survey of Monjardet (2009) for a fascinating

account of historical developments). Kim et al. (1992) identified this problem as a

major unsolved problem in the mathematical social sciences.

Fishburn (1996a) addressing this question introduced the function

f ðnÞ ¼ maxfjDj : D is a Condorcet domain on a set of n alternativesg:

and put this problem in the mathematical perspective asking for the maximal values

of this function to be found or at least estimated.

Abello (1991) and Fishburn (1996a, 2002) managed to construct some ‘‘large’’

Condorcet domains based on different ideas. Fishburn, in particular, taking a clue

from Monjardet example (sent to him in a private communication), came up with

the so-called alternating scheme domains, later called Fishburn’s domains Danilov

and Karzanov (2012). This scheme produces Condorcet domains with some nice

properties, which, in particular, are connected and have maximal width (these

concepts will be defined later in the paper). Fishburn (1996a) conjectured

(Conjecture 2) that among Condorcet domains that, for any triple of alternatives,

do not satisfy the so-called never-middle condition (these in Danilov and Karzanov

(2012) were later called peak-pit domains), the alternating scheme provides

domains of maximum cardinality. Labbé and Lange (2020) showed that Fishburn’s

domain has the largest size among domains associated with the weak order of a

finite Coxeter group. The focus of attention on maximal peak-pit domains was

justified by their important connections to such classical combinatorial objects as

rhombus tilings, arrangements of pseudolines and maximal separated set systems

(Leclerc and Zelevinsky 1998; Galambos and Reiner 2008; Danilov and Karzanov

2012).

In early work, Condorcet domains on the set of n alternatives were usually

required to have maximal width which (up to an isomorphism) means that they must
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contain two completely reversed linear orders 12. . .n and n. . .21. Monjardet (2006)

introduced (in slightly different terms) the function

gðnÞ ¼maxfjDj : D is a a peak-pit Condorcet domain of maximal width

on a set of n alternativesg:

It was hypothesised Fishburn (1996a) that gðnÞ ¼ jFnj, which means that Fishburn’s

domains are the largest in the class of peak-pit Condorcet domain of maximal width.

Recently, the necessity of the requirement of maximal width was questioned for a

number of reasons. In particular, Arrow’s single-peaked domain (which is a

Condorcet domain whose restriction on each triple of alternatives is single-peaked

(Arrow 1963)) is a very natural class of Condorcet domains without this

requirement (Slinko 2019). In addition, not every society is liberal enough to

allow completely opposite views. Thus, we introduce another function

hðnÞ ¼ maxfjDj : D is a peak-pit domain on a set of n alternativesg:

It is known that f ðnÞ ¼ gðnÞ ¼ hðnÞ for n� 7 (Fishburn 1996a; Galambos and

Reiner 2008) and it was believed that gð16Þ\f ð16Þ (Monjardet 2009). This is

because Fishburn (1996a) showed that f ð16Þ[ jF16j. Thus, if Fishburn’s hypothesis
was true, we would get f ðnÞ[ gðnÞ for n� 16. However, this hypothesis appeared

to be false.

Danilov and Karzanov (2012) introduced the class of tiling domains which are

peak-pit domains of maximal width and defined an operation of concatenation on

tiling domains that allowed them to show that gð42Þ[ jF42j refuting Fishburn’s

conjecture. In the present article, we give an algebraic definition, a generalisation,

and an extension of the Danilov–Karzanov–Koshevoy construction (abbreviated

DKK-construction), which we call concatenation ? shuffle scheme, and investigate

its properties.

In our interpretation, the DKK-construction �1 involves two peak-pit Condorcet

domains D1 and D2 on sets of n and m alternatives, respectively, and two linear

orders u 2 D1 and v 2 D2; the result is denoted as ðD1 �1 D2Þðu; vÞ. It is again a

peak-pit Condorcet domain on nþ m alternatives whose exact cardinality we can

calculate. A drawback of the DKK-construction is that when D1 and D2 are

maximal Condorcet domains, ðD1 �1 D2Þðu; vÞ may not be maximal. We fix this

shortcoming by introducing a new construction ðD1 �2 D2Þðu; vÞ that always

contains ðD1 �1 D2Þðu; vÞ and is always maximal. It allows us to prove the

inequality hð13Þ[ jF13j. Using the new construction, we can also show that

gð34Þ[ jF34j further improving the result of Danilov and Karzanov (2012).

We also prove that for large n, we have lower bounds gðnÞ� 2:0767n,
hðnÞ� 2:1045n and f ðnÞ� 2:1890n, where the first confirms the unpublished result

of Ondrej Bilka announced in Felsner and Valtr (2011) and the third improves

Fishburn’s (1996a) bound while the second result is completely new. We also get an

upper bound gðnÞ\2:4870n for function g. For other functions, it is only known that
they are bounded by cn for some constant c.

Concatenation ? shuffle scheme reveals the structural properties and generation

algorithm for Arrow’s single-peaked domains. We show that all Arrow’s single-
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peaked domains can be constructed by concatenation ? shuffle scheme starting

from the trivial domain.

The paper is organised as follows. Section 2 contains preliminaries, Sect. 3 gives

the algebraic description and properties of the original Danilov–Karzanov–

Koshevoy construction and proves the lower bound for function g. Section 4

introduces the concatenation ? shuffle scheme, studies its properties and proves

that all Arrow’s single-peaked domains can be obtained iteratively using the

concatenation ? shuffle scheme from the trivial domain. Section 5 is devoted to

construction of Condorcet domains of cardinality larger than Fishburn’s domains. It

also contains a new bound for function h and improved bound for function f. A short

Sect. 6 outlines what is known in relation to upper bounds, most notably, an upper

bound for function g, and Sect. 7 concludes.

2 Preliminaries

Let A be a finite set and LðAÞ be the set of all (strict) linear orders on A. Any subset

D � LðAÞ will be called a domain. Any sequence P ¼ ðv1; . . .; vnÞ of linear orders
from D will be called a profile1 over D. It usually represents a collective set of

opinions of a society about merits of alternatives from A. A linear order

a1 [ a2 [ � � � [ an on A, will be denoted by a string a1a2 � � � an. Let us also

introduce notation for reversing orders: if x ¼ a1a2 � � � an, then �x ¼ anan�1 � � � a1. If
linear order v ranks a higher than b, we denote this as a�vb.

Definition 1 The majority relation 	P of a profile P ¼ ð�1; . . .;�nÞ is defined as

a 	P b () jfi j a�ibgj� jfi j b�iagj:

Verbally, a 	P b means that at least as many voters from a society with profile P
prefer a to b as voters who prefer b to a. For an odd number of linear orders in the

profile P, this relation is a tournament, i.e. complete and asymmetric binary relation.

In this case, we denote the majority relation as �P.

Now, we can define the main object of this investigation.

Definition 2 A domain D � LðAÞ over a set of alternatives A is a Condorcet
domain if the majority relation �P of any profile P over D with an odd number of

voters is transitive. A Condorcet domain D is maximal if for any Condorcet domain

D0 � LðAÞ the inclusion D � D0 implies D ¼ D0.

There is a number of alternative definitions of Condorcet domains, see, e.g.

Monjardet (2009) and Puppe and Slinko (2019).

The same Condorcet domain can be presented in different ‘disguises’ so we need

to recognise when this happens. For this, we need the following concepts. Let

w : A ! A0 be a bijection between two sets of alternatives A and A0. It can then be

extended to a mapping w : LðAÞ ! LðA0Þ (we will use the same letter to denote

1 A profile, unlike the domain, can have several identical linear orders.
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both) in two ways: by mapping a linear order u ¼ a1a2 � � � am onto wðuÞ ¼
wða1Þwða2Þ � � �wðamÞ or onto wðuÞ ¼ wðamÞwðam�1Þ � � �wða1Þ:

Definition 3 Let A and A0 be two sets of alternatives (not necessarily distinct) of

equal cardinality. We say that two domains, D � LðAÞ and D � LðA0Þ are

isomorphic if there is a bijection w : A ! A0 such that D0 ¼ fwðdÞ j d 2 Dg and

flip-isomorphic if D0 ¼ fwðdÞ j d 2 Dg.

Up to an isomorphism, there is only one maximal Condorcet domain on the set

fa; bg, namely CD2 ¼ fab; bag and there are only three maximal Condorcet

domains on the set fa; b; cg, namely

CD3;t ¼ fabc; acb; cab; cbag; CD3;m ¼ fabc; bca; acb; cbag;
CD3;b ¼ fabc; bac; bca; cbag:

The first domain contains all the linear orders on a, b, c where b is never ranked

first, the second domain contains all the linear orders on a, b, c where a is never

ranked second and the third domain contains all the linear orders on a, b, c where b
is never ranked last. Following Monjardet, we denote these conditions as bNfa;b;cg1,

aNfa;b;cg2 and bNfa;b;cg3, respectively, and call never conditions. We note that these

are the only conditions of type xNfa;b;cgi with x 2 fa; b; cg and i 2 f1; 2; 3g that

these domains satisfy.

All three domains CD3;t, CD3;m, CD3;b are not isomorphic but the first and the

third ones are flip-isomorphic under the identity mapping of fa; b; cg onto itself.

A domain that for any triple a; b; c 2 A satisfies a condition xNfa;b;cg1 with x 2
fa; b; cg is called never-top domain, a domain that for any triple a; b; c 2 A satisfies

a condition xNfa;b;cg2 with x 2 fa; b; cg is called never-middle domain, and a

domain that for any triple a; b; c 2 A satisfies a condition xNfa;b;cg3 with x 2
fa; b; cg is called never-bottom domain or Arrow’s single-peaked domain (Slinko

2019). However, most commonly, a Condorcet domain for different triples of

alternatives satisfies different set of never conditions. We need to restrict the types

of never conditions to have a meaningful theory.

Definition 4 (Danilov and Karzanov 2012) A domain that for any triple satisfies

either never-top or never-bottom condition is called a peak-pit domain. Both never-

top and never-bottom conditions will be called peak-pit conditions.

We note that Arrow’s single-peaked domains, single-crossing domains and

Fishburn’s domains are all peak-pit domains.

Definition 5 (Puppe 2018) A Condorcet domain D is said to have maximal width if

it contains two completely reversed orders, i.e. together with some linear order u it

also contains its flip �u.

Up to an isomorphism, for any Condorcet domain D of maximal width we may

assume that A ¼ ½n
 ¼ f1; 2. . .; ng and it contains linear orders e ¼ 12 � � � n and

�e ¼ n � � � 21.
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We note that Danilov and Karzanov (2012), who consider linear orders over

A ¼ ½n
, restrict in their investigation the class of peak-pit domains to domains of

maximal width. They prove that under this restriction all peak-pit domains can be

embedded into tiling domains (Theorem 2 of Danilov and Karzanov (2012)).

Early research similarly concentrated on Condorcet domains of maximal width.

However, we note that most maximal Arrow’s single-peaked domains do not satisfy

the maximal width requirement (Slinko 2019).

Given a set of alternatives A, we say that

N ¼ fxNfa;b;cgi j fa; b; cg � A; x 2 fa; b; cg and i 2 f1; 2; 3gg ð1Þ

is a complete set of never conditions if it contains at least one never condition for

every triple a, b, c of distinct elements of A.

Proposition 1 A domain of linear orders D � LðAÞ is a Condorcet domain if and
only if it is non-empty and satisfies a complete set of never conditions.

Proof This is well-known characterisation noticed by many researchers. See, for

example, Theorem 1(d) in Puppe and Slinko (2019) and references there. h

This proposition, in particular, means that the collection DðN Þ of all linear

orders that satisfy a certain complete set of never conditions N , if non-empty, is a

Condorcet domain.

Permutohedron2 for the purposes of this paper is a graph whose vertexes are

labelled by the permutations of the first n natural numbers that can be, in turn,

identified with the linear orders on [n]. The edges connect vertices corresponding to

linear orders that differ by a swap of neighbouring alternatives.

A pair (i, j) is called an inversion of a linear order u 2 Lð½n
Þ if i\j but j�ui. The
set of inversions of order u is denoted by InvðuÞ. For linear orders u; v 2 Lð½n
Þ, we
write u � v if InvðuÞ � InvðvÞ. The relation � is called the weak Bruhat order, and
the partially ordered set ðLð½n
Þ;�Þ is called the Bruhat poset.3

A linear order u covers a linear order v if InvðuÞ equals InvðvÞ plus exactly one

inversion (this is known to agree with the notion of covering in a poset). The Bruhat

digraph is formed by drawing a directed edge from u to v if and only if v covers u, in
which case u and v are connected by an edge in the permutohedron. A maximal
chain in the Bruhat digraph connects e ¼ 12 � � � n with �e ¼ n � � � 21. Danilov and

Karzanov (2012) called a domain of maximal width semi-connected if it contains

such a chain.

The permutohedron is also naturally endowed with the following betweenness

structure (as defined by Kemeny (1959)). An order v is between orders u and w if

v � u \ w, i.e. v agrees with all binary comparisons in which u and w agree (see also

Kemeny and Snell (1960)). The set of all orders in Lð½n
Þ that are between u and w is

called the interval spanned by u and w and is denoted by [u, w].

2 Permutohedron of order n is an ðn� 1Þ-dimensional polytope embedded in an n-dimensional space.

The graph that we consider is also called the skeleton of the permutohedron.
3 Monjardet (2009) calls it permutoèdre lattice.
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Given a domain of preferences D � Lð½n
Þ, for any u;w 2 D, we define the

induced interval as ½u;w
D ¼ ½u;w
 \D. Puppe and Slinko (2019) defined a graph

GD associated with the domain D. The set of linear orders from D are the set of

vertices VD, and for two orders u;w 2 D we draw an edge between them if there is

no other vertex between them, i.e. ½u;w
D ¼ fu;wg. The set of edges is denoted ED

so the graph is GD ¼ ðVD;EDÞ. As established in Puppe and Slinko (2019), for any

Condorcet domain D the graph GD is a median graph (Mulder 1978) and any

median graph can be obtained in this way. A domain D is called connected if its

graph GD is a subgraph of the permutahedron (Puppe and Slinko 2019); we note that

domains CD3;t and CD3;b are connected but CD3;m is not.

Danilov and Karzanov (2012) proved that a maximal Condorcet domain of

maximal width is peak-pit domain if and only if it is semi-connected. Puppe (2016)

showed that for a maximal Condorcet domain semi-connectedness implies direct

connectedness (Proposition A2) which means that any two linear orders in the

domain are connected by a shortest possible (geodesic) path.

A rhombus tiling (or simply a tiling) is a subdivision T into rhombic tiles of a

zonogon Z(n; 2) formed by the points
P

i aiwi, where 0� ai � 1 and w1; . . .;wn are

unit vectors in the upper half-plane. This centre-symmetric 2n-gon has the origin as

its bottom vertex b and the top vertex t ¼ w1 þ � � � þ wn. An ij-tile is a rhombus

congruent to the one formed by the points awi þ bwj, where 0� a; b� 1. A snake is

a path from b to t along the boundaries of the tiles which for each i ¼ 1; . . .; n
contains a unique segment parallel to wi. Each snake corresponds to a linear order

on f1; . . .; ng in the following way. If a point travelling from b to t passes segments

parallel to wi1
;wi2

. . .;win
, then the corresponding linear order will be i1i2 � � � in. The

set of snakes of a rhombus tiling, thus, defines a domain which is called a tiling
domain. Danilov and Karzanov (2012) showed that maximal peak-pit domains of

maximal width are exactly the tiling domains (see an example on Fig. 1). Due to

Fig. 1 Median graph and the
tiling of the hexagon for
Fishburn’s domain F4
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equivalence of rhombus tilings and arrangements of pseudolines (Elnitsky 1997;

Felsner 2012), this also implies that peak-pit domains of maximal width can be

associated with the set of flags in the set of chamber sets of arrangements of

pseudolines (Li et al. 2021).

Finally, we give two more definitions that express two properties of Condorcet

domains. But, first, we will introduce the following notation. Suppose D � LðAÞ be
a domain on the set A and let B � A. Suppose also u 2 D. Then, by DB and uB we

denote the restrictions of D and u onto B, respectively. In particular, DB � LðBÞ and
uB 2 LðBÞ.

Definition 6 We call a Condorcet domain D ample if for any pair of alternatives

a; b 2 A the restriction Dfa;bg of this domain to fa; bg has two distinct orders, that is,
Dfa;bg ¼ fab; bag.

Definition 7 (Slinko 2019) A Condorcet domain D is called copious if for any

triple of alternatives a; b; c 2 A the restriction Dfa;b;cg of this domain to this triple

has four distinct orders, that is, jDfa;b;cgj ¼ 4.

Of course, any copious Condorcet domain is ample. We note that if a Condorcet

domain D is copious, then it satisfies a unique complete set of never conditions.

Definition 8 Let A ¼ ½n
. A complete set of peak-pit conditions (1) is said to satisfy

the alternating scheme (Fishburn 1996a), if for all 1� i\j\k� n, it includes never
conditions

jNfi;j;kg3; if j is even, and jNfi;j;kg1; if j is odd

or

jNfi;j;kg1; ifj is even, and jNfi;j;kg3; if j is odd:

The domains of linear orders on [n] that are determined by these complete sets

we denote Fn and Fn, respectively, and call Fishburn’s domains (Danilov and

Karzanov 2012). The second domain is flip-isomorphic to the first so we usually

consider only the first one. In particular, F2 ¼ f12; 21g, F3 ¼ f123; 213; 231; 321g
and

F4 ¼ f1234; 1243; 2134; 2143; 2413; 2431; 4213; 4231; 4321g: ð2Þ

Figure 1 shows the median graph of F4 and its representation as a tiling domain.

Galambos and Reiner (2008) gave the exact formula for the cardinality of Fn:
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jFnj ¼ ðnþ 3Þ2n�3 �
n� 3

2

� �
n�2
n

2
� 1

 !

for even n;

n� 1

2

� �
n�1
n� 1

2

 !

for odd n:

8
>>>>><

>>>>>:

ð3Þ

In a semi-connected domain, the order 12 � � � n can be transformed into n � � � 21 by a

sequence of swaps of neighboring alternatives so that each pair is switched exactly

once. If i\j\k, then there are two possible ways in which ijk is converted into kji
during this transformation, namely

ijk ! jik ! jki ! kji and ijk ! ikj ! kij ! kji:

In the second case, the triple [i, j, k] is called an inversion. Galambos and Reiner

(2008) showed that if a maximal Condorcet domain D of maximal width contains

one maximal chain in the Bruhat digraph (i.e. it is semi-connected), then D is a

union of all maximal chains that are equivalent to the given one in the sense that

those maximal chains satisfy the same set of inversion triples. Thus, any maximal

semi-connected Condorcet domain D can be defined by the set of inversion triples.

In particular, the domain F4 can be defined by the set of inversion triples

f½1; 3; 4
; ½2; 3; 4
g:

This provides a compact characterisation for semi-connected Condorcet domains.

3 Algebraic description and properties of the Danilov–Karzanov–
Koshevoy construction

Danilov and Karzanov (2012) define the ‘concatenation’ of two tiling domains by

the picture shown in Fig. 2 (where one arrow is obviously missing but it is present in

the arXiv.org version (Danilov et al. 2011).

Let us now start describing this construction algebraically. In fact, this will be a

generalisation of their construction since in our construction two arbitrary linear

orders are additionally involved. First, we describe the ‘pure’ concatenation.

Let D1 and D2 be two Condorcet domains on disjoint sets of alternatives A and B,
respectively. We define a concatenation of these domains as the domain

D1 
D2 ¼ fxy j x 2 D1 and y 2 D2g

on A [ B. It is immediately clear that D1 
D2 is also a Condorcet domain of

cardinality jD1 
D2j ¼ jD1jjD2j. We have only to check that one of the never

conditions is satisfied for each triple fa1; a2; bg where a1; a2 2 A and b 2 B (for

triples fa; b1; b2g the argument will be similar). The restriction ðD1 
D2Þfa1;a2;bg
will contain at most two linear orders a1a2b and a2a1b, which is consistent with both
never-top and never-bottom conditions. This domain corresponds to the snakes

lying entirely within T and T 0 on Fig. 2.
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Definition 9 Let A and B be two disjoint sets of alternatives, u 2 LðAÞ and

v 2 LðBÞ. An order w 2 LðA [ BÞ is said to be a shuffle of u and v if wA ¼ u and

wB ¼ v, i.e. the restriction of w onto A is equal to u and the restriction of w onto B is

equal to v.

For example, 516723849 is a shuffle of 1234 and 56789.

Given two linear orders u and v, we define domain u� v on A [ B as the set of all

shuffles of u and v. It is clear from the definition that u� v ¼ v� u. The cardinality

of this domain is ju� vj ¼ nþm
m

� �
. We believe this domain corresponds to what is

depicted in Fig. 2 outside of T and T 0 for some particular u and v.
Now, we combine the two domains we have just introduced together.

Theorem 1 Let D1and D2 be two Condorcet domains on disjoint sets of
alternatives A and B. Let u 2 D1and v 2 D2be arbitrary linear orders. Then,

ðD1 �1 D2Þðu; vÞ :¼ ðD1 
D2Þ [ ðu� vÞ

is a Condorcet domain. Moreover, if D1 and D2 are peak-pit domains, so is
ðD1 �1 D2Þðu; vÞ.

Proof Let us fix u and v in this construction and denote ðD1 �1 D2Þðu; vÞ as simply

D1 �1 D2. If a; b; c 2 A, then ðD1 �1 D2Þfa;b;cg ¼ ðD1Þfa;b;cg, i.e. the restriction of

D1 �1 D2 onto fa; b; cg is the same as the restriction of D1. Hence, D1 �1 D2

satisfies the same never condition for fa; b; cg as D1. For x; y; z 2 B the same thing

happens.

Fig. 2 Concatenation of tilings
T and T 0
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Suppose now a; b 2 A and x 2 B. Then, ðD1 
D2Þfa;b;xg � fabx; baxg. Let us
also assume (without loss of generality) that ufa;bg ¼ fabg. Then,

ðu� vÞfa;b;xg ¼ fabx; axb; xabg, hence

ðD1 �1 D2Þfa;b;xg � fabx; bax; axb; xabg; ð4Þ

thus D1 �1 D2 satisfies aNfa;b;xg3. For a 2 A and x; y 2 B we have

ðD1 
D2Þfa;x;yg � faxy; ayxg. Let also vfx;yg ¼ fxyg. Then,

ðu� vÞfa;x;yg ¼ faxy; xay; xyag, hence

ðD1 �1 D2Þfa;x;yg � faxy; ayx; xay; xyag; ð5Þ

thus D1 �1 D2 satisfies yNfa;x;yg1. h

From the proof of Theorem 1, we can extract the following additional

information.

Corollary 1 Let D1 and D2 be two Condorcet domains. Then,

(1) If D1 and D2 are ample, then ðD1 �1 D2Þðu; vÞ is copious.
(2) If for any a; b 2 A and x; y 2 B with a�ub and x�vy, then domain ðD1 �1

D2Þðu; vÞ satisfies aNfa;b;xg3 and yNfa;x;yg1.

Proof (1) The inequalities (4) and (5) become equalities if D1 and D2 are ample.

(2) also follows from (4) and (5). h

If D1 is a domain of maximal width on [m] and D2 is a domain of maximal width

on ½mþ n
 n ½m
, then to obtain the original DKK-construction, we should choose

u ¼ mðm� 1Þ � � � 1 and v ¼ ðmþ nÞðmþ n� 1Þ � � � ðmþ 1Þ.

Proposition 2 If jAj ¼ m and jBj ¼ n; then for any u 2 D1 and v 2 D2

jðD1 �1 D2Þðu; vÞj ¼ jD1jjD2j þ
nþ m

m

� �
� 1: ð6Þ

Proof We have jD1 �1 D2j ¼ jD1jjD2j and ju� vj ¼ nþm
m

� �
. These two sets have

only one linear order in common which is uv. This proves (6). h

Proposition 3 Let D1 and D2 be of maximal width with u; �u 2 D1 and v; �v 2 D2:
Then, ðD1 �1 D2Þðu; vÞ also has maximal width.

Proof We note that �u�v 2 D1 
D2. We also have �u�v ¼ vu 2 u� v, hence ðD1 �1

D2Þðu; vÞ has maximal width. h

The following corollary will be important during the construction of large

domains of maximal width.

Corollary 2 Let D1 be a domain of maximal width on [m] with e ¼ 1 � � �m and
�e ¼ m � � � 1 and D2 be a domain of maximal width on ½n
 n ½m
 with f ¼
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ðmþ 1Þ � � � n and �f ¼ n � � � ðmþ 1Þ: Then, for the product ðD1 �1 D2Þðu; vÞ to have
maximal width with two completely reversed orders 1 � � � n and n � � � 1 we need to

choose u ¼ �e and v ¼ �f : In particular, if D1 and D2 are semi-connected, then so

is ðD1 �1 D2Þð�e; �f Þ.

Proof To prove this, we note that ef can be connected to �e �f (which belongs both to

D1 
D2 and to �e� �f ) by a geodesic path within D1 
D2 and �e �f , in turn, can be

connected to �f �e by a geodesic path within �e� �f . h

Theorem 2 Let e 2 ff ; g; hg be one of the functions defined above. Then,

eðnþ mÞ[ eðnÞeðmÞ: ð7Þ

Proof If D1 is one of the largest Condorcet domains on the set of n alternatives of

size e(n) and D2 is the largest Condorcet domain on the set of m alternatives of size

e(m), then, by Theorem 1, ðD1 �1 D2Þðu; vÞ is a Condorcet domain on the set of

nþ m alternatives that has the size greater than e(n)e(m) but smaller than or equal to

eðnþ mÞ. If both were peak-pit domains, then the product is also peak-pit and,

moreover, by Proposition 3 u and v could be chosen so that the product has

maximum width if D1 and D2 had one. This proves the Eq. (7) for all three

functions. h

For function f, the Fishburn’s replacement scheme allows to prove a slightly

stronger inequality

f ðnþ m� 1Þ� f ðnÞf ðmÞ ð8Þ

(Lemma 1 in Fishburn (1996b)). This is because the replacement scheme used to

obtain (8), given two Condorcet domains D1 and D2, produces a Condorcet domain

for which, unlike our composition, some triples of alternatives satisfy never-middle

condition.

If both D1 and D2 have maximal width, it is not true, however, that ðD1 �1

D2Þðu; vÞ will have maximal width for any u 2 D1 and v 2 D2. Let us take, for

example, D1 ¼ fx ¼ ab; �x ¼ bag and D2 ¼ fu ¼ cde; v ¼ dec;w ¼ dce; �u ¼ edcg.
Then, ðD1 �1 D2Þð�x; �uÞ has maximal width with abcde and edcba belonging to it,

while ðD1 �1 D2Þð�x; vÞ does not since �v 62 D2. In particular,

ðD1 �1 D2Þð�x; �uÞ 6ffi ðD1 �1 D2Þð�x; vÞ:

This indicates that the construction of the tensor product �1 may be useful in

description and construction of Condorcet domains which do not satisfy the

requirement of maximal width and we will see that in characterisation of Arrow’s

single-peaked domains.

Proposition 4 Let D1 and D2 be two connected Condorcet domains on disjoint sets
of alternatives A and B. Then, D ¼ ðD1 �1 D2Þðu; vÞis also connected.
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Proof Suppose that D1 and D2 are connected, and consider two neighbours w;w0 2
D in GD. Due to connectedness of D1 and D2, if w;w0 2 D1 
D2 they are

connected by a series of swaps and since they are neighbours, they are connected by

a single swap. If w;w0 2 u� v the situation is similar. Therefore, it is enough to

consider the case when w 2 D1 
D2 and w0 2 u� v. Then, w and w0 are connected
by a series of swaps and any such path contains uv. Thus, uv 2 ½w;w0
D. Hence,
either w ¼ uv or w0 ¼ uv from which the statement follows. h

Proposition 5 The following isomorphism holds:

ðF2ða; bÞ �1 F2ðc; dÞÞðba; dcÞ ffi F4: ð9Þ

Proof We list orders of this domain as columns of the following matrix:

½F2ða; bÞ 
 F2ðc; dÞ j ba� dc
 ¼

a a b b b b d d d

b b a a d d b b c

c d c d a c c a b

d c d c c a a c a

2

6
6
6
4

3

7
7
7
5
:

We see that the following never conditions are satisfied: bNfa;b;cg3, bNfa;b;dg3,

cNfa;c;dg1, cNfb;c;dg1. Hence, the mapping 1 ! a, 2 ! b, 3 ! c and 4 ! d is an

isomorphism of F4 onto the tensor product ðF2ða; bÞ �1 F2ðc; dÞÞðba; dcÞ. h

The isomorphism (9) is very nice but unfortunately, as we will see in example

that follows, for larger m, n we have no such isomorphisms. Moreover, it appears

that for two maximal Condorcet domains D1 and D2 on sets A and B, respectively,
ðD1 �1 D2Þðu; vÞ may not be maximal on A [ B. Here is an example.

Example 1 Let us calculate E :¼ F3ð1; 2; 3Þ �1 F2ð4; 5Þð321; 54Þ:

1 2 2 3 1 2 2 3 3 3 5 3 3 3 5 5 5

2 1 3 2 2 1 3 2 2 5 3 2 5 5 3 3 4

3 3 1 1 3 3 1 1 5 2 2 5 2 4 2 4 3

4 4 4 4 5 5 5 5 1 1 1 4 4 2 4 2 2

5 5 5 5 4 4 4 4 4 4 4 1 1 1 1 1 1

2

6
6
6
6
6
6
4

3

7
7
7
7
7
7
5

:

There are 17 linear orders in this domain. It is known, however, that F5 has 20

(Fishburn 1996a) but this fact alone does not mean non-maximality of E. By

Corollary 1(1) this domain is copious. By its construction (see Corollary 1(2)), it

satisfies just three inversion triples:

½1; 4; 5
; ½2; 4; 5
; ½3; 4; 5
:

Now, we see that there are two more linear orders 23514 and 23541 that satisfy

these conditions. Hence, E is not maximal. In particular, E is not isomorphic to F5:
Therefore, the isomorphism (9) is just one of a kind.
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Despite not providing maximal Condorcet domains, DKK-construction allowed

(Danilov and Karzanov 2012) to refute a long standing conjecture (Fishburn 1996a;

Galambos and Reiner 2008) that gðnÞ ¼ jFnj, where Fn is the nth Fishburn’s

domain. In other words, they showed that for large n, it is not true that Fn is the

largest peak-pit Condorcet domain of maximal width on n alternatives.

Below by Fn �1 Fm, we will mean the product

ðD1 �1 D2Þð�e; �f Þ;

where D1 is the nth Fishburn’s domain on the set of alternatives [n], D2 is the mth
Fishburn’s domain on the set of alternatives ½nþ m
 n ½n
, and e ¼ 12 � � � n,
f ¼ ðnþ 1Þðnþ 2Þ � � � ðnþ mÞ. (As we previously noted, such a choice of u and v in
ðD1 �1 D2Þðu; vÞ secures the maximal width of the product.)

To disprove the aforementioned conjecture, Danilov and Karzanov (2012)

showed that jF21 �1 F21j[ jF42j which implies that gð42Þ[ jF42j. Our calcula-

tions, using exact formulas (3) and (6) show that

jFn �1 Fnj\jF2nj

for 2\n� 19 but 4611858343415 ¼ jF20 �1 F20j[ jF40j ¼ 4549082342996 which

shows that gð40Þ[ jF40j. Later in the paper, we will further improve this inequality.

The fact that the Fishburn’s hypothesis is not true also follows from the

unpublished result of Ondrej Bilka announced in Felsner and Valtr (2011). It states

that for large n, it is true that gðnÞ[ 2:0767n. Since this lower bound asymptotically

grows faster than the cardinality of Fishburn’s domain (3), the result follows.

Below, we give a proof of Bilka’s bound.

Another use of DKK-construction, due to Proposition 2, allows us to note, for

example, that gðxþ yÞ[ gðxÞgðyÞ and gðaxÞ[ gðxÞa for any positive integer a, and
a similar inequalities hold for function h. This helps us to find lower bounds for

functions g, h with the help of the following theorem that is analogous (but slightly

weaker) than Fishburn’s Lemma 2 in Fishburn (1996b) which was proved for

function f and was based on the replacement scheme. We remind the reader the

statement of Fishburn’s theorem.

Theorem 3 (Fishburn 1996b) For any natural k, positive �; and for sufficiently
large n, we have

f ðnÞ[ f ðkÞ
1

k�1
��

� �n
:

For two other functions, we can now prove a similar theorem.

Theorem 4 For any natural k, positive �; and for sufficiently large n, we have

eðnÞ[ eðkÞ
1
k��

� �n
;

where e 2 fg; hg.
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Proof We note that by Theorem 2 for any positive integer a, we have

eðaxÞ[ eðxÞa. Let us divide n by k with remainder: n ¼ ak þ b, where 0� b\k.
Then, we will have

eðnÞ[ ðeðkÞÞaeðbÞ ¼ ðeðkÞÞðn�bÞ=keðbÞ� ðeðkÞÞðn�bÞ=k � cðkÞðeðkÞÞn=k;

where cðkÞ[ 0 is a coefficient, which does not depend on n. For any positive � and
sufficiently big n, we have the result. h

With the help of Theorem 4, we can now get a lower bound for g.

Theorem 5 gðnÞ[ 2:0767n for all large n.

Proof Using Proposition 2, we can calculate the size of domain D ¼ ðF27 �1

F27Þ �1 ðF27 �1 F27Þ which is a connected Condorcet domain of maximal width on

108 alternatives with jDj ¼ 1:8917 � 1034 linear orders. We note that

jDj1=108 ¼ 2:07672. . .. We can choose a small � such that jDj1=108�� ¼ 2:0767.
Then, from Theorem 4, we get the result:

gðnÞ[ gðkÞ1=k��
� �n

[ jDj1=k��
� �n

¼ 2:0767n:

h

This confirms the result announced in Felsner and Valtr (2011).

4 A new construction

As we have seen in Example 1, the DKK-construction does not guarantee the

maximality of the product of two maximal domains, and we could add two more

linear orders without violating all never conditions. Let us extend their construction.

We need to introduce a necessary notation first.

Given a linear order x ¼ x1 � � � xn in LðAÞ, we can view it as a concatenation

x ¼ x1x2 of two suborders, where for some s 2 f0; 1; . . .; ng, we have x1 ¼ x1. . .xs
the top part of x and by x2 ¼ xsþ1 � � � xn the bottom part of it. We allow for a trivial

splitting when s ¼ 0 and x1 is empty or s ¼ n and x2 is empty.

Given a domain of linear orders D � LðAÞ and a linear order x ¼ xi1 . . .xik defined
on a subset X ¼ fxi1 . . .xikg � A, we define the upper and lower contour sets of x as

UDðxÞ ¼ fz 2 LðAnXÞjzx 2 Dg;
LDðxÞ ¼ fy 2 LðAnXÞjxy 2 Dg:

These sets can be empty sometimes. In addition, if x is empty, UDðxÞ ¼ LDðxÞ ¼ D.

For example, if D ¼ F4, given in (2), then UDð34Þ ¼ f12; 21g and

LDð12Þ ¼ f34; 43g.
Let D1 and D2 be two Condorcet domains on disjoint sets of alternatives A and B.

Let u 2 D1 and v 2 D2 be arbitrary linear orders. Let also u ¼ u1u2 and v ¼ v1v2 be
any splittings of u and v. Let us define the domain
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u�v :¼
[

ðUD1
ðu2Þ 
 ðu2 � v1Þ 
 LD2

ðv1ÞÞ;

where the union is over all splittings of u and v (including the trivial ones).

Proposition 6 u�v � u� v.

Proof Under the trivial splittings of u and v, we have v1 ¼ v, u2 ¼ u and LD2
ðv1Þ ¼

ðUD1
ðu2Þ ¼ ; so UD1

ðu2Þ 
 ðu2 � v1Þ 
 LD2
ðv1Þ ¼ u� v. h

Lemma 1 Let D1 and D2 be two Condorcet domains on disjoint sets of
alternatives A and B. Let u 2 D1 and v 2 D2 be arbitrary linear orders. Then, the
domain u�v satisfies all the never conditions that ðD1 �1 D2Þðu; vÞ satisfies.

Proof Let us consider an arbitrary element w 2 UD1
ðu2Þ 
 ðu2 � v1Þ 
 LD2

ðv1Þ for
u ¼ u1u2 2 D1 and v ¼ v1v2 2 D2, where u

1 2 LðA1Þ and u2 2 LðA2Þ for a partition
A ¼ A1 [ A2 and where v1 2 LðB1Þ and v2 2 LðB2Þ for a partition B ¼ B1 [ B2.

Suppose w ¼ ~u
 ðu2 � v1Þ 
 ~v, where ~u 2 UD1
ðu2Þ and ~v 2 LD2

ðv1Þ. We note that,

by the definition, ~uu2 2 D1 and v1 ~v 2 D2. Hence, for any triple fa; b; cg � A or

fx; y; zg � B, the order w will satisfy the same never condition as in D1 and D2,

respectively.

Suppose, for example, that a 2 A2, x; y 2 B with x�vy. Then, by Corollary 1(2)

ðD1 �1 D2Þðu; vÞ satisfies yNfa;x;yg1. It is easy to see that w satisfies the same never

condition as y cannot come ahead of both a and x. h

Example 2 As we saw in Example 1, the DKK-construction does not capture two

linear orders 23514 and 23541 which results in the product being not maximal.

However, if we define u1 ¼ 32, u2 ¼ 1, v1 ¼ 54 and v2 ¼ ;, then

UD1
ðu2Þ ¼ UD1

ð1Þ ¼ f23; 32g, LD2
ðv1Þ ¼ ;, u2 � v1 ¼ 1� 54 ¼ f154; 514; 541g

and thus 23514 and 23541 will be then captured by

UD1
ðu2Þ 
 ðu2 � v1Þ 
 LD2

ðv1Þ 2 u�v:

Now, given two Condorcet domains D1 and D2, we define a new domain

ðD1 �2 D2Þðu; vÞ :¼ ðD1 
D2Þ [ ðu�vÞ:

By Corollary 1 and Lemma 1, it is a Condorcet domain which is copious if D1 and

D2 are ample and peak-pit domain if D1 and D2 were peak-pit.

We saw in Example 2 that the new construction—concatenation ? shuffle
scheme—yields a domain which is strictly bigger than the DKK-construction does.

Moreover, the concatenation ? shuffle scheme always yields a maximal Condorcet

domain which will be proved in the following theorem.

Theorem 6 For any two ample maximal Condorcet domains D1 and D2 and any
u 2 D1; v 2 D2; the domain
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D ¼ ðD1 �2 D2Þðu; vÞ

is also a maximal Condorcet domain.

Proof Suppose that D is not a maximal Condorcet domain, then there is a linear

order w, not belonging to this set, which addition, however, does not violate all the

never conditions that ðD1 �2 D2Þðu; vÞ satisfies. Let wD1
¼ ~u and wD2

¼ ~v. Since
domains D1 and D2 are maximal, these restrictions belong to D1 and D2,

respectively, and we have w 2 ~u� ~v. If w ¼ ~u~v, then w 2 D1 
D2. Thus, we may

assume that w 6¼ ~u~v.

If there are splittings ~u ¼ ~u1 ~u2 and ~v ¼ ~v1 ~v2, u ¼ u1u2, and v ¼ v1v2 such that

~u2 ¼ u2 and ~v1 ¼ v1, then w 2 UD1
ðu2Þ 
 ðu2 � v1Þ 
 LD2

ðv1Þ and hence w 2 D.

Thus, we may assume that such splittings do not exist. In particular, we may assume

that either the minimal elements of ~u2 and u2 are different or the maximal elements

of ~v1 and v1 are different.

Suppose that the minimal elements a and b in linear orders ~u; u, respectively, are
different and suppose without loss of generality that a�ub. Let x be the maximal

element in linear order ~v ¼ v. Then, for the triple of alternatives fa; b; xg, by

Corollary 1 the condition aNfa;b;xg3 is satisfied and also Dfa;b;xg ¼
fabx; bax; axb; xabg as by Corollary 1 D is copious. However, since w 6¼ ~u~v, we
will have x�wa which implies that either bxa or xba is in Dfa;b;xg, a contradiction.

The case when the maximal elements x and y in linear orders ~v; v, respectively, are
different is similar. h

The new definition enables recursive construction of domains.

Theorem 7 Let D1 be an Arrow’s single-peaked domain on the set of alternatives
A and D2 be a trivial domain on a one-element set fbg; where b 62 A: Let u 2 D1

and v ¼ b 2 D2: Then, D ¼ ðD1 �2 D2Þðu; vÞ is also Arrow’s single-peaked. If D1

were maximal, then D would be also maximal.

Proof By Corollary 1, we add to the set of never conditions governing D1 the set

faNfa;a0;bg3; a; a0 2 A; a�ua
0g;

hence the obtained domain D is also defined by the never-bottom conditions, hence,

it is Arrow’s single-peaked. If D1 were maximal, then D would be also maximal by

Theorem 6. h

An alternative of an Arrow’s single-peaked domain D is called terminal if it is a
bottom alternative of at least one linear order in D. In each maximal Arrow’s single-

peaked domain, there are exactly two terminal alternatives. A pair of orders in

Arrow’s single-peaked domain is called extremal if top and bottom alternatives are

reversed in these orders. Each Arrow’s single-peaked domain has exactly one pair of

extremal linear orders (Slinko 2019).

Lemma 2 If two maximal Arrow’s single-peaked domains on the set of n
alternatives have identical extremal orders with top/bottom alternatives a, b and
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these domains have identical restrictions on the set A n fa; bg; then these domains
are identical.

Proof Let us prove by induction. The statement is true for n ¼ 3.

Let us consider two maximal Arrow’s single-peaked domains D1 and D2 on the

set A of n alternatives with the same extremal orders e1, e2, which have the

following structure e1 ¼ av1b, e2 ¼ bv2a so a and b are terminal. Both domains

have the same restrictions on the set A n fa; bg which is domain D3. Let us define

the following domains D1a ¼ UD1
ðaÞ, D1b ¼ UD1

ðbÞ, D2a ¼ UD2
ðaÞ,

D2b ¼ UD2
ðbÞ. These domains are restrictions of respective domains D1 and D2

onto the sets A n fag and A n fbg. According to Lemma 4.3 in Slinko (2019), all

these are maximal Arrow’s single-peaked domains on the respective sets of n� 1

alternatives.

Let us consider domain D1b. We claim that a is a terminal alternative in this

domain and e1b ¼ av1 is one of its extremal orders. Assume for a moment that a is

not terminal and x and y are terminal for D1b instead. Then, for the triple fa; x; yg in

D, no never-bottom condition is satisfied. Another extremal linear order starts from

the last alternative in order v1, let us call it c, and has structure e2b ¼ cv3a, where
cv3 2 D3. All these arguments are applicable also to D2b so their extremal orders

coincide. Thus, the two domains D1b and D2b are maximal Arrow’s single-peaked,

have identical extremal linear orders, and have identical restrictions on the set

A n fa; b; cg. By the induction hypothesis, we have D1b ¼ D2b. Similarly, we have

D1a ¼ D2a. This implies D1 ¼ D2. h

Theorem 8 Each Arrow’s single-peaked domain D on the set A of n alternatives is
a composition ðD1 �2 D2Þðu; vÞ of an Arrow’s single-peaked domain D1 on the set
of n� 1 alternatives A n fag and the trivial domain D2 on fag; where u 2 D1

and v ¼ a.

Proof Let us consider extremal orders e1, e2 of D which are e1 ¼ aw1b, e2 ¼ bw2a
for terminal alternatives a and b and some orders w1;w2 2 LðA n fa; bgÞ.

Let D1 ¼ UDðaÞ, D2 ¼ fag, u ¼ w1b and v ¼ a, then by Theorem 7, domain

E ¼ ðD1 �2 D2Þðu; vÞ is a maximal Arrow’s single-peaked domain. In addition, we

have e2 ¼ bw2a 2 D1 
D2 � E.
As in the proof of Theorem 7, b is a terminal alternative of D1. Let us consider

D3 ¼ UD1
ðbÞ. Again by Theorem 7, it is a maximal Arrow’s single-peaked domain

on A n fa; bg. Due to the maximality of the latter w1 2 D3, hence u ¼ w1b 2 D1.

Now, e1 ¼ aw1b 2 u� a � u�v � E.
Thus, E contains the same extremal orders e1 and e2, and has the same restriction

on the set A n fa; bg as domain D. From Lemma 2, D ¼ E. h

Corollary 3 Each Arrow’s single-peaked domain can be obtained by iterated
application of concatenation ? shuffle scheme to the trivial domain.

One additional case is noteworthy. We remind the reader that a domain of linear

orders is called (Black’s) single-peaked if there exists a left-to-right arrangement

(axis) of alternatives such that an upper contour set of any linear order in this
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domain is convex subset of the axis (Black 1948). Up to an isomorphism, we can

assume that the axis is 12 � � � n.

Corollary 4 Let D1 be Black’s single-peaked domain on the set of alternatives [n]
with the axis 12. . .n and D2 be the trivial domain on a one-element set fnþ 1g:
Let u ¼ nðn� 1Þ. . .21 and v ¼ nþ 1: Then, ðD1 �2 D2Þðu; vÞ is Black’s single-
peaked domain with axis 12. . .ðnþ 1Þ.

Zhan (2019) observed this recursive property of the single-peaked domains

considering their tilling representations.

Not all peak-pit domains are reducible in the sense of Corollary 3. Up to an

isomorphism, there are 18 peak-pit domains of maximal width with five alternatives

(Li et al. 2021). Ten of them can be obtained from smaller domains by the

concatenation ? shuffle scheme.

5 Constructing large peak-pit Condorcet domains

We again take two Fishburn’s domains Fn and �Fn (which are not isomorphic but

flip-isomorphic) as building blocks for constructing new large domains. However,

now we use the new construction to combine them. First, we will look at the highest

possible value Tn of the cardinality of the product

ðD�2 EÞðu; vÞ;

where D 2 fFbn
2
c; �Fbn

2
cg and E 2 fFdn

2
e; �Fdn

2
eg, with arbitrary u 2 D and v 2 E.

Second, if we restrict ourselves with domains of maximal width, we have to

choose u and v as shown in Corollary 2. The highest possible value of the

cardinality of the product under these conditions will be denoted as Sn. As we will

see, Table 1 shows the importance of choosing linear orders u and v for

Table 1 Products of Fishburn’s

domains under �1, under �2

with u and v chosen to secure

maximal width, and �2 where u
and v are chosen to get the size

as large as possible

n jFnj jFbn
2
c �1 Fdn

2
ej Sn Tn

2 2 2 2 2

3 4 4 4 4

4 9 9 9 9

5 20 17 19 19

6 45 35 42 42

7 100 70 85 93

8 222 150 183 211

9 488 305 392 462

10 1069 651 860 1028

11 2324 1361 1791 2233

12 5034 2948 3843 4916

13 10840 6215 8214 10668

14 23266 13431 17828 23360
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concatenation ? shuffle scheme since the resulting domains may have different

cardinality depending on the selected orders. This is why Sn is generally smaller

than Tn. Our goal is to see for which n we have Sn [ jFnj and for which n it is true

that Tn [ jFnj. In the following table, we present the results of our calculations.

We see that for neither Sn, nor Tn exceeds jFnj for n\14. But for n ¼ 14

T14 ¼ 23360[ 23266 ¼ jF14j;

which means that hð14Þ[ jF14j. However, as we will see later, we can do even

better.

When we restrict ourselves with Condorcet domains of maximal width (the

classical case), we have much less freedom. As a result Sn reaches jFnj much later.

We have Sn\jFnj for n ¼ 5; . . .; 33 but

S34 ¼ jðF17 �2 F17Þð�e; �f Þj ¼ 60034795696[ jF34j ¼ 59921782301:

This gives us

Theorem 9 gð34Þ[ jF34j.

This significantly improves the result gð42Þ[ jF42j proved by Danilov and

Karzanov (2012).

For the general case, the choice of linear orders u and v for concatena-

tion ? shuffle scheme influences the structure of resulting domains even when they

have equal cardinality. Let us consider the following example.

Example 3 Let us find E1 :¼ ðF3 �2 F2Þð321; 54Þ:

1 1 2 2 2 2 2 2 3 3 3 3 3 3 3 5 5 5 5

2 2 1 1 3 3 3 3 2 2 2 2 5 5 5 3 3 3 4

3 3 3 3 1 1 5 5 1 1 5 5 2 2 4 2 2 4 3

4 5 4 5 4 5 1 4 4 5 1 4 1 4 2 1 4 2 2

5 4 5 4 5 4 4 1 5 4 4 1 4 1 1 4 1 1 1

2

6
6
6
6
6
6
4

3

7
7
7
7
7
7
5

and E2 :¼ ðF3 �2 F2Þð213; 45Þ:

1 1 1 1 2 2 2 2 2 2 2 2 2 3 3 4 4 4 4

2 2 2 2 1 1 1 1 3 3 4 4 4 2 2 2 2 2 5

3 3 4 4 3 3 4 4 1 1 1 1 5 1 1 1 1 5 2

4 5 3 5 4 5 3 5 4 5 3 5 1 4 5 3 5 1 1

5 4 5 3 5 4 5 3 5 4 5 3 3 5 4 5 3 3 3

2

6
6
6
6
6
6
4

3

7
7
7
7
7
7
5

:

Both domains have equal cardinality, but they are neither isomorphic, nor flip-

isomorphic. Domain E2 has alternative 2 with the lower contour set of cardinality 9

while the highest possible cardinality of a lower contour set of domain E1 is 7 (of

alternative 3).

To explain why ðD1 �2 D2Þðu; vÞ may have different cardinalities depending on

u and v, let us consider F3 ¼ f123; 213; 231; 321g. In F3, alternative 1 has the lower
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contour set of cardinality 1, while alternative 2 has its lower contour set of cardi-

nality 2. Hence, the domain ðD�2 F3Þðu; vÞ with v ¼ 213 has higher cardinality of

ðu� v1Þ 
 LF3
ðv1Þ for v1 ¼ 2 than such domain with v ¼ 123 and v1 ¼ 1.

Given domains D1 and D2 on sets of alternatives A and B, respectively, for
generating a large concatenation ? shuffle domain ðD1 �2 D2Þðu; vÞ with large

contour sets (for further use in the concatenation ? shuffle scheme), we use the

following heuristic greedy algorithm to find the ‘best’ orders u and v.

When using this heuristics for choosing u and v in the product ðFm �2 FnÞðu; vÞ,
we get a domain that have usually larger lower and upper contour sets than

Fishburn’s domain Fmþn. Due to this, we obtain

max
u;v

jððF4 �2 F3Þ �2 ðF4 �2 F3ÞÞðu; vÞj � 24481[ 23360 ¼ max
u;v

jðF7 �2 F7Þðu; vÞj

despite maxu;v jðF4 �2 F3Þðu; vÞj\jF7j: We also discovered that

max
u;v

jððF4 �2 F3Þ �2 ðF3 �2 F3ÞÞðu; vÞj � 10940[ 10840 ¼ jF13j;

which proves one of the main results of this paper.

Theorem 10 hð13Þ[ jF13j.

The cardinality and the structure of the biggest domains that we found are

summarised in Table 2 in which for better readability we removed the subscript

from �2 and did not mention the orders u, v used in the construction. These orders

are found using Algorithm 1.

Having F4 ¼ F2 �2 F2, F3 ¼ F2 �2 F1 and F2 ¼ F1 �2 F1, we note that all

presented domains are constructed via iterative mixing of trivial domains. For

example, we have

ðF3 � F3Þ � ðF3 � F2Þ ¼ ððF2 � F1Þ � ðF2 � F1ÞÞ � ððF2 � F1Þ � ðF1 � F1ÞÞ ¼
ðððF1 � F1Þ � F1Þ � ððF1 � F1Þ � F1ÞÞ � ðððF1 � F1Þ � F1Þ � ðF1 � F1ÞÞ;

where we omitted a subscript 2 in � and also u and v that maximise the cardinalities

of both intermediate and the top level product.

For calculation of the lower bound for function h using Theorem 4, we need to

calculate the values ðhðkÞÞ1=k for some positive integer k which is as large as
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possible. Observing the Table 2, we note that the numbers ðhðkÞÞ1=k are strictly

increasing with k reaching 2.1045 for k ¼ 20.

Theorem 11 For large n, we have hðnÞ[ ð2:1045Þn.

Using Fishburn’s Theorem 3, we can improve his lower bound for f

Theorem 12 f ðnÞ[ 2:1890n for all large n.

Proof Observing the Table 2, we note that the numbers ðhðkÞÞ1=k�1
are strictly

increasing with k reaching 2.18909 for k ¼ 20. h

It is interesting to note that, as Fishburn showed, the numbers jFkj1=k�1
steadily

decline starting from k ¼ 12. This is where the Fishburn’s domains become not

optimal.

6 Upper bound

We have much less information about upper bounds for functions f, g, h. It is known
from Raz (2000) that there exists a constant c[ 0 such that f ðnÞ\cn. However, no
such particular constant c is known. Fishburn (1996a) conjectured (Conjecture 3)

that the following inequality holds:

Table 2 The largest domains found for different n using Algorithm 1

n Size The structure of the largest domain found

2 2 F2

3 4 F3

4 9 F4

5 20 F5

6 45 F6

7 100 F7

8 222 F8

9 488 F9

10 1069 F10

11 2324 F11

12 5034 F12

13 10940 ðF4 � F3Þ � ðF3 � F3Þ
14 24481 ðF4 � F3Þ � ðF4 � F3Þ
15 54752 ðF4 � F4Þ � ðF4 � F3Þ
16 123004 ðF4 � F4Þ � ðF4 � F4Þ
17 271758 ððF4 � F4ÞÞ � ððF3 � F2Þ � F4Þ
18 602299 ððF3 � F2Þ � F4ÞÞ � ððF3 � F2Þ � F4Þ
19 1323862 ððF3 � F2Þ � ðF3 � F2ÞÞ � ððF3 � F2Þ � F4Þ
20 2917604 ððF3 � F2Þ � ðF3 � F2ÞÞ � ððF3 � F2Þ � ðF3 � F2ÞÞ
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f ðnþ mÞ� f ðnþ 1Þf ðmþ 1Þ:

This conjecture, if proved, would imply f ðnÞ� 2:591n�2 (Fishburn 2002).

Danilov and Karzanov (2012) showed that there is a bijection between the set of

maximal peak-pit Condorcet domains of maximal width and zonotopal tilings. The

latter were shown to be in one-to-one correspondence with arrangements of

pseudolines (see, for example, Chapter 6 in Felsner (2012)). The number of cutpaths

of an arrangement of pseudolines is exactly the number of linear orders in a

corresponding peak-pit domain of maximal width. Felsner and Valtr (2011) gave an

upper bound for the number of cutpaths in an arrangements of pseudolines, which

leads to the following theorem.

Theorem 13 For a sufficiently large n, we have gðnÞ\2:4870n.

7 Conclusion and further research

Operations over Condorcet domains are useful in many respects. In particular, they

lead to inequalities like (7) and (8) and eventually to lower bounds on the cardinality

of largest Condorcet domains. The size of the largest Condorcet domain for a set of

n alternatives is of interest in several categories of Condorcet domains: all

Condorcet domains, peak-pit domains and peak-pit domains of maximal width.

Respectively, we are interested in the numbers f(n), g(n) and h(n) which output the

cardinalities of largest Condorcet domains over n alternatives in these categories.

In this paper, we improved the lower bound for function f, proved a lower bound

for function h, and confirmed the lower bound for g which was stated in the

literature without proof. However, several important questions remain unanswered.

It is highly likely but not yet known if f ðnÞ[ gðnÞ for sufficiently large n. Another
interesting problem, which remains, is getting upper bounds for these functions. It is

known that f ðnÞ\cn but no particular constant c is known.
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Labbé, J. P., & Lange, C. (2020). Cambrian acyclic domains: Counting c-singletons. Order, 37, 571–603.
Leclerc, B., & Zelevinsky, A. (1998). Quasicommuting families of quantum Plücker coordinates.
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