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two-dimensional attractors and repellers
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HSE University, Nizhny Novgorod, Russian Federation

ABSTRACT
In this paper, we consider a class of A-diffeomorphisms given on a 3-
manifold, assuming that all the basic sets of the diffeomorphisms are
two dimensional. It is known that such basic sets are either attrac-
tors or repellers and they are two types only, surface or expanding
(contracting). One of the results of the paper is the proof that dif-
ferent types of two-dimensional basic sets do not coexist in the
non-wandering set of the same 3-diffeomorphism. Also, the exis-
tence of an energy function is constructively proved for systems of
the class under consideration. It is illustrated by examples that the
two-dimensionality of the basic sets is essential in this matter and
a decrease in the dimension can lead to the absence of the energy
function for a diffeomorphism.
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1. Introduction and formulation of results

Smale [19] in 1967 introduced so-called A-diffeomorphisms f on a compact manifoldMn,
whose non-wandering set NW(f ) is hyperbolic and coincides with the closure of the
periodic points of f. For such diffeomorphisms, he proves the Spectral Theorem: the non-
wandering setNW(f ) of anA-diffeomorphism f : Mn → Mn can be represented uniquely
as a disjoint union of a finite number of subsets

NW(f ) = �1 ∪�2 ∪ · · · ∪�k,

where every�i is a compact, f -invariant and topologically transitive (contains an orbit of
f which is dense in�i). Such subsets are called basic sets of the diffeomorphism f. A basic
set �i, which is a periodic orbit, is called a trivial basic set. Otherwise, �i is called non-
trivial, in this case it contains infinitely many periodic points and dim Ws

x · dim Wu
x �= 0

for x ∈ �i.
Recall that for diffeomorphism f : Mn → Mn a compact f -invariant subsetA ofMn is

called an attractor if there exists a compact neighbourhoodUA (a trapping neighbourhood)
ofA such that f (UA) ⊂ intUA andA = ⋂+∞

i=0 f i(UA). A repeller is defined as an attractor
for f−1. An attractor A of a diffeomorphism f is called expanding, if dimA = dim Wu

x ,
x ∈ A. An expanding attractor for f−1 is called a contracting repeller for f.
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Plykin [17, Theorem 1] proved that each hyperbolic attractor (repeller) consists of
unstable (stable) manifolds of its points. Moreover, every basic set of anA-diffeomorphism
f : Mn → Mn of topological dimension n or n−1 is either attractor or repeller. Herewith,
if at least one basic set�i has topological dimension n, thenMn = �i and f is an Anosov
diffeomorphism.

In the present paper, we considerA-diffeomorphisms f : M3 → M3, whereM3 is a con-
nected closed manifold and NW(f ) consists of two-dimensional basic sets. It follows from
[9, Theorems 1, 2] and [4, Corollary 1.2] that a basic set � of such a diffeomorphism has
exactly one of the following properties:

• every connected component of� is homeomorphic to 2-torus (� is called surfaced);
• � is an expanding attractor (contracting repeller) (� is called non-surfaced), then it

follows from [17, Theorem 2]� has a local structure of a direct product of a Cantor set
and a 2-disc.

The first result of this paper shows that all basic sets of a diffeomorphism under
considerations have the same type.

Theorem 1.1: Let M3 be a closed 3-manifold and f : M3 → M3 be an A-diffeomorphism,
whose non-wandering set consists of two-dimensional basic sets. Then either all basic sets are
surfaced, or they are all non-surfaced.

Ch. Conley [5] in 1978 proved an existence of a Lyapunov function1 for �-stable
diffeomorphisms2 in sense of the following definition.

A Lyapunov function for an �-stable diffeomorphism f : Mn → Mn is a continuous
function ϕ : Mn → R with following properties:

• ϕ(f (x)) < ϕ(x) if x /∈ NW(f );
• ϕ(f (x)) = ϕ(x) if x ∈ NW(f ).

The central property of a Lyapunov function for a diffeomorphism f : Mn → Mn – the
decreasing on the wandering set – naturally implies the expectation that a smooth Lya-
punov function has no critical points (where the gradient vanishes) there. Such a function,
being a Morse function out of non-trivial basic sets, was named an energy function for f.
Indeed the condition of coinciding of the non-wandering set of the diffeomorphism with
the set of the critical points of its Lyapunov function is quite strong and, starting from
dimension n = 2, there are diffeomorphisms (bothwith andwithout non-trivial basic sets)
that do not possess an energy function [1, 10, 14, 16]. In [3, 11, 12] were selected classes
of�-stable 3-diffeomorphisms with non-trivial basic sets (one- and two-dimensional sur-
faced, unique expanding attractor or contracting repeller) which admit an energy function.
The following theorem, which will be proven in Section 4, expands these classes.

Theorem 1.2: Let M3 be a closed 3-manifold and f : M3 → M3 be an A-diffeomorphism,
whose non-wandering set consists of two-dimensional basic sets. Then f possesses an energy
function.
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The first example of a 3-diffeomorphism with a non-trivial basic set and without an
energy function is constructed in Section 5.

2. On two-dimensional basic sets of axiom A 3-diffeomorphism

As was mentioned in the introduction, every two-dimensional basic set � of an A-
diffeomorphism f : M3 → M3 has exactly one of the following types:

• every connected component of� is homeomorphic to 2-torus (� is called surfaced);
• � is an expanding attractor (contracting repeller) (� is called non-surfaced).

Below we describe the topological structure of the basin of such basic sets.

2.1. Surfaced basic sets

Lemma2.1: IfA is a two-dimensional surfaced attractor of an A-diffeomorphism f : M3 →
M3, then every connected component of the set Ws

A \ A is homeomorphic to T2 × R.

Proof: It was proved in [9, Theorem 1] that any surfaced attractor of anA-diffeomorphism
f : M3 → M3 is cylindrically embedded inM3. So there exists a compact neighbourhood
U of the attractorA and a homeomorphism h : U → T2 × [−1, 1] such that h(A) = T ×
{0}. Let us prove that there exists a number k such that f k(U) ⊂ int U.

Without loss of generality, we will assume that each connected component of the set
Ws

A \ A is f -invariant, in the opposite case we can consider a suitable degree of f. Let Ũ be
a trapping neighbourhood for the attractor A. As

⋂
n∈N

f n(Ũ) = A then we can assume
that Ũ ⊂ intU, in the opposite case we can consider instead Ũ a suitable iteration of Ũ by f.
Let us consider an open cover ofWs

A by sets P = {f n(Ũ) : n ∈ Z}. SinceU is a compact set
covered by P then there exists a finite subcover P̃ of P such thatU ⊂ P̃. By the construction
of P there exists a number k>0 such that U ⊂ f−k(Ũ) so f k(U) ⊂ int U.

Let VA be a connected component of Ws
A \ A. Without loss of generality, we will

assume that h(VA ∩ U) = T2 × (0, 1]. LetUA = h−1(T2 × (0, 1]), TA = h−1(T2 × {1}),
and T∗

A = f k(TA). Notice that T∗
A ⊂ UA. Moreover, A and TA belong to different con-

nected components of the set cl(UA) \ T∗
A. Indeed, if we assume the contrary, then,

according to [8, Lemma 3.1],T∗
A = ∂D for some compact setD ⊂ UA. AsVA = UA 
 U∗

A
forU∗

A = VA \ UA, ∂UA = A 
 TA and f k(A) = A then (see Figure 1) f k(U∗
A) = D and

f k(UA) = VA \ D, that contradicts the fact that f k(UA) ⊂ UA.
Thus the torus T∗

A separates TA and A from each other in the set cl(UA). In such a
case, by [8, Theorem 3.2], the closure of each connected component ofUA \ T∗

A is homeo-
morphic to T2 × [0, 1]. Let p1 : T2 × [0, 1] → T2, p2 : T2 × [0, 1] → [0, 1] be canonical
projections. Let KA = UA \ int f k(UA), thenVA = ⋃

n∈Z
f kn(KA). Letψ0 : KA → T2 ×

[0, 1] be a homeomorphism and φ01 : T2 → T2 be a diffeomorphism given by the for-
mula φ0(w) = p1(ψ0(f k(ψ−1

0 (w, 0)))), w ∈ T2. Let us extend ψ0 to a homeomorphism
ψ1 : f k(KA) → T2 × [1, 2] by the formula

ψ1(x) = (φ0(p1(ψ0(f−k(x)))), p2(ψ0(f−k(x)))+ 1), x ∈ f k(KA).
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Figure 1. Mutual arrangement of tori TA, T∗
A andA.

Similarly we can extend ψ1 to ψ2 : f 2k(KA) → T2 × [2, 3], etc. in the positive side. Also
we can extend ψ0 in the negative side. As a result, we get a homeomorphism ψ : VA →
T2 × R. �

2.2. Non-surfaced basic set

Now let A be a co-dimension 1 expanding attractor of an A-diffeomorphism f : Mn →
Mn. For any point x ∈ A, dim Ws

x = 1 allows one to introduce the notation (y, z)s ([y, z]s)
for an open (closed) arc of the stable manifold Ws

x bounded by points y, z ∈ Ws
x. The

set Ws
x \ {x} consists of two connected components, and by virtue of [6, Lemma 2.1], [7,

Lemma 1.5] at least one of them has a non-empty intersection with the set A. A point
p ∈ A is called boundary if one of the connected components of the setWs

p \ {p} does not
intersectA. Let’s denote this componentWs∅

p . The set of boundary points of the basic set
is finite. The union of the unstablemanifolds of all boundary points p1, . . . , pr of the attrac-
torAwhose componentsWs∅

p1 , . . . ,W
s∅
pr belong to the same connected componentWB of

the set Ws
A \ A is called a bunch B of the attractor A, corresponded to WB, the number

r is called a degree of the bunch. It follows from [18, Theorem 2.1] that every expanding
attractorA of an A-diffeomorphism f : M3 → M3 has bunches of degrees 1 or 2 only.

Lemma 2.2: Let A be a two-dimensional non-surfaced attractor of an A-diffeomorphism
f : M3 → M3 andWB be a connected component of the setWs

A \ A corresponded to a bunch
B. Then there are two possible cases for the structure of WB:

• if B has degree 2, then WB is homeomorphic to S2 × R;
• if B has degree 1, then WB is homeomorphic to RP2 × R, where RP2 is a real projective

plane.

Proof: Let p, q be boundary periodic points of the bunch B (p = q in the case when B has
the degree 1) andWu

p ,Wu
q be unstablemanifolds of the points p and q respectively.Without

loss of generality we can assume that p and q are fixed points of the diffeomorphism f. Then
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Figure 2. Connecting cylinder.

by [7, Section 2] and [20, Lemmas 2.1, 2.3] there exists a homeomorphism ϕ : Wu
p \ {p} →

Wu
q \ {q} which assigns to a point x ∈ Wu

p \ {p} the point ϕ(x) ∈ Wu
q ∩ Ws

x such that the
arc (x,ϕ(x))s ⊂ Ws(x) does not intersect A. It is directly verified that ϕ ◦ f |Wu

p \{p} = f ◦
ϕ|Wu

p \{p} and, hence, ϕ is continuously extended up to ϕ : Wu
p → Wu

q by ϕ(p) = q.
Further let us consider cases (a) p �= q and (b) p = q separately.
(a) Let B be the 2-bunch of the attractorA. The restriction f |Wu

p has exactly one hyper-
bolic repelling fixed point p, hence there exists a smooth 2-disc Dp ⊂ Wu

p such that p ∈
f (Dp) ⊂ int Dp. Then the set Cpq = ⋃

x∈∂Dp
[x,ϕ(x)]s is diffeomorphic to a closed cylin-

der S1 × [0, 1]. The set Cpq is called the connecting cylinder. The circle ϕ(∂Dp) bounds in
Wu

q a 2-disc Dq such that q ∈ Dq ⊂ int (f (Dq)). The set Spq = Dp ∪ Cpq ∪ Dq is homeo-
morphic to a 2-dimensional sphere and it is called the characteristic sphere corresponding
to the bunch B (see Figure 2).

Let us construct a foliation of WB on 2-spheres. For this aim let us consider a point
xα ∈ Ws∅

α , α ∈ {p, q} and the fundamental segment Iα ⊂ Ws∅
α with the endpoints xα and

f (xα). Choose a tubular neighbourhoodV(Iα)diffeomorphic toD2 × [0, 1] bymeans a dif-
feomorphism hα : D2 × [0, 1] → V(Iα) and such that f (hα(D2 × {0})) ⊂ hα(D2 × {1}).
Due to λ-lemma one can assume that every disc hα(D2 × {0}) intersects Ws(x) for every
x ∈ (Dp \ p) exactly once (in the opposite case one can choose an appropriate iteration of
V(Iα)).

The set Kp = Cpq \ int f−1(Cpq) is diffeomorphic to S1 × [0, 1] × [0, 1] by means a dif-
feomorphism h : S1 × [0, 1] × [0, 1] → Kp. Denote by St , t ∈ [0, 1] the two-dimensional
sphere bounded by the discs hp(D2 × {t}), hq(D2 × {t}) and the cylinder h(S1 × [0, 1] ×
{t}). Each St can be considered smooth (see, e.g. [13, Statement 10.58]). Iterations of these
spheres by f k, k ∈ Z give the desired foliation onWB.

(b) Let B be a bunch of the degree 1. Then p = q and ϕ : Wu
p → Wu

p is an orientation-
preserving periodic homeomorphism of period 2 with a unique fixed point p. As f |Wu

p \{p}
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Figure 3. Connecting mobius band.

is smoothly conjugated with the linear expansion then the orbit space (Wu
p \ {p})/f is dif-

feomorphic to the 2-torus T2. Denote by ρ : Wu
p \ {p} → T2 the natural projection. Since

the homeomorphism ϕ commutes with f then it can be projected to T2 as ϕ̂ = ρϕρ−1 :
T2 → T2. Thus ϕ̂ is a periodic diffeomorphismwhose all points have the period 2. Then it
is topologically conjugate to the shift on the torus�(ei2xπ , ei2yπ) = (ei2π(x+

1
2 ), ei2yπ) (see,

e.g. [2, Theorem 1.2]). Hence there exists a foliation F̂ by circles F̂ = {l̂} onT2 such that ϕ̂|l̂
is conjugated with the rotation on 180 degrees. As ϕ is a periodic map, then Fp = {ρ−1(l̂)}
is a foliation by circles onWu

p \ {p} with the following properties:

• each leaf l ∈ Fp is homeomorphic to S1 and bounded a disc Dp containing p such that
f−1(Dp) ⊂ int Dp;

• ϕ|l is conjugated with the rotation on 180 degrees.

Let l ∈ Fp, x ∈ l and c ⊂ l be a closed segment of l bounded by the points x and ϕ(x). Let
Mp = ⋃

x∈c[x,ϕ(x)]s (see Figure 3). ThenMp is diffeomorphic to amobius band, whichwe
will called connecting mobius band. ThusMp ∪ Dp is homeomorphic to the real projective
plane RP2. Then a foliation of WB on RP2 can be obtained analogically to the case a) so
WB is diffeomorphic to RP2 × R.

�

3. On A-diffeomorphisms with two-dimensional basic sets

In this section, we prove Theorem 1.1.

Proof: First notice that due to [15, Proposition 3.11], the non-wandering set NW(f )
of considered diffeomorphism f contains at least one attractor and at least one
repeller. Let NW(f ) = �1 ∪ · · · ∪�k ∪�k+1 ∪ · · · ∪�k+m, where �i, i = 1, . . . , k is
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two-dimensional attractor and�k+j, j = 1, . . . ,m is two-dimensional repeller. Introduce
the following denotations: Vs

i = Ws
�i

\�i, i = 1, . . . , k, and Vu
k+j = Wu

�k+j
\�k+j, j =

1, . . . ,m. Then Vs
i is a basin of the attractor �i without the attractor and Vu

k+j is a basin

of the repeller �k+j without the repeller. Denote unions of such sets by Vs = ⋃k
i=1 V

s
i

and Vu = ⋃m
j=1 V

u
k+j. Due to S. Smale [19], M3 = ⋃m

i=1W
s
�i

= ⋃m
j=1W

u
�k+j

and, hence,
Vs = Vu = M3 \ NW(f ). Then the number of connected components ofVs is equal to the
number of connected components of Vu and they are pairwise coincide.

It follows fromLemmas 2.1 and 2.2 that every connected component of the setVs
i (V

u
k+j)

is homeomorphic to T2 × R if and only if�i (�k+j) is a surface attractor (repeller). Then
an attractor�i and a repeller�k+j, such thatWs

�i
∩ Wu

�k+j
�= 0, have the same type.

Let �1 ∪ · · · ∪�p ∪�k+1 ∪ · · · ∪�k+q, p � k, q � m be a union of all surface
basic set of diffeomorphism f. It follows from explanation above that

⋃p
i=1(W

s
�i

\�i) =⋃q
j=1(W

u
�k+j

\�k+j) and, hence,

p⋃

i=1
Ws
�i

∪
q⋃

j=1
�k+j =

q⋃

j=1
Wu
�k+j

∪
p⋃

i=1
�i =

p⋃

i=1
Ws
�i

∪
q⋃

j=1
Wu
�k+j

.

Let M̃3 = ⋃p
i=1W

s
�i

∪ ⋃q
j=1�k+j. Due to [19] cl(Ws

�i
) \ Ws

�i
= ⋃

�k+j:Wu
�k+j

∩Ws
�i

�=∅
Ws
�k+j

that implies that M̃3 is closed. On the other side Ws
�i

and Wu
�k+j

are open as they

are basins of an attractor and repeller, accordingly. Thus M̃3 is closed and open subset of
M3 simultaneously and, hence, coincides withM3 as it is connected.

Thus the presence of surface basic sets in NW(f ) leads to the fact that all basic sets
of f are surface, which completes the proof of the theorem. �

3.1. Example of a 3-diffeomorphismwith two-dimensional basic sets of the both
types

The homogeneous property proved in the previous section can be broken if the non-
wandering set contains a basic set of dimensions 0 or 1. Notice that all such examples
are not structurally stable due to results of Grines and Zhuzhoma [7, Theorem 7.1]: if a
non-wandering set of a structurally stable diffeomorphism of closed 3-manifold contains
an expanding attractor or a contracting repeller then all other basic sets are trivial.

Let us construct an example of an �-stable diffeomorphism f : T3#T3 with both types
of two-dimensional basic sets.Wewill start with an Anosov diffeomorphism fC : T2 → T2

induced by a hyperbolic matrixC ∈ GL(2,Z) and a sink-source system fNS : S1 → S1 on a
circle S1. Then the direct product F = fC × fNS : T3 → T3 of the diffeomorphisms fC and
fNS has the non-wandering set consisting of one attracting torusTA and one repelling torus
TR (see Figure 4).

Due to [3, Lemma 1] there exists a diffeotopic to the identity diffeomorphism b : T2 →
T2 such that b ◦ fC is a DA-diffeomorphism with one-dimensional repeller and a sink.
Let ht : T2 → T2, t ∈ [0, 1] be a diffeotopy from b to the identity map, S1 = {eiπϕ , ϕ ∈
[−1, 1]} and Fb : T2 × S1 → T2 × S1 be a diffeomorphism given by the formula

Fb(w,ϕ) = (h|ϕ|(w),ϕ).
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Figure 4. Diffeomorphism F = fC × fNS.

Figure 5. Diffeomorphism F1.

Then the diffeomorphism F1 = Fb ◦ F : T3 → T3 has three basic sets (see Figure 5): a two-
dimensional repelling torus TR, a fixed sink ω and one-dimensional saddle basic set�.

Let fD : T3 → T3 be an Anosov diffeomorphism induced by a hyperbolic matrix D ∈
SL(3,Z). Similar to [3, Lemma 2], there exists a diffeotopic to the identity diffeomorphism
B : T3 → T3 such that the diffeomorphism F2 = B ◦ fD is aDA-diffeomorphismwith two-
dimensional attractor and a source α (see Figure 6).

As ω and α are hyperbolic points then there are 3-balls Bω, Bα around their such that
F1(Bω) ⊂ Bω, F−1

2 (Bα) ⊂ Bα . By the operation of the connected sum of two copies of T3
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Figure 6. Diffeomorphism F2.

along Bω, Bα we get f : T3#T3 → T3#T3 with the dynamic F1 on T3 \ Bω and with the
dynamic F2 on T3 \ Bα .

4. Energy function for 3-diffeomorphisms with expanding attractors and
contracting repellers

In this section we will prove Theorem 1.2. Namely we consider a closed 3-manifold M3,
�-stable diffeomorphism f : M3 → M3, all of whose basic sets are two-dimensional and
construct an energy function for f.

Proof: Let NW(f ) = A1 ∪ · · · ∪ Al ∪ R1 . . . ∪ Rm, where Ai, i ∈ {1, . . . , l}, is a two-
dimensional attractor andRj, j ∈ {1, . . . ,m} is a two-dimensional repeller. It follows from
Theorem 1.1 thatAi andRj simultaneously are either surfaces or non-surfaces basic sets.
The first case was considered in [11] and an energy functionwas constructed there for such
diffeomorphisms. Let us prove the existence of an energy function for the second type of
diffeomorphisms.

LetA = A1 ∪ · · · ∪ Al, R = R1 . . . ∪ Rm andV = M3 \ (A ∪ R).Wewill construct
an energy function ϕ : M3 → [0, 1] for f such that ϕ(A) = 0 and ϕ(R) = 1. Let us explain
how to construct it on the set V. Let v be a connected component of V, denoted by kv its
period.

Lemma 2.2 implies that v is diffeomorphic to S × R, where S is either 2-sphere or
real projective plane. Moreover, there exists a diffeomorphism χ : S × (0, 1) → V such
that a foliation on 2-spheres or real projective planes {St = χ(S2 × {t}), t ∈ (0, 1)} is f kv-
invariant. Let us define a function ϕ on v by the formula ϕ(St) = t. After that let us extend
it to the set

⋃kv−1
i=0 f i(v) by the formula

ϕ(f i(St)) = t + i(ϕ(f kv(St))− t)
kv

.
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Figure 7. Diffeomorphism F3.

Carrying out similar reasoning, we can extend the function ϕ to the whole manifold
M3. The obtained function ϕ : M3 → [0, 1] is a Lyapunov function for f, smooth on
M3 \ NW(f )), continuous onM3 and has no wandering critical points.

Due to the lemma [3, Lemma 5], there exist functions gA : [0, 1] → [0, 1] and gR :
[0, 1] → [0, 1] such that the function ψ = (1 − gR) ◦ gA ◦ ϕ is an smooth energy function
for the diffeomorphism f. �

5. Example of an�-stable 3-diffeomorphismwith an expanding
two-dimensional attractor without an energy function

As it was mentioned in the introduction the first example of a diffeomorphism without an
energy function is a Pixton example (see Figure 7). We will show how to make an example
of a 3-diffeomorphismwith non-trivial basic set which does not possess an energy function
from the Pixton example and a DA-diffeomorphism.

For this aim it is enough to consider the Pixton example – a Morse–Smale diffeomor-
phism F3 : S3 → S3 with 4 fixed points: two sinks ω and ω1, a source α1, and a saddle
σ such that the saddle separatrices are wild, except one 1-dimensional. The system does
not possess an energy function. The second diffeomorphism is F2 from Section 3.1. Ana-
logically to 3.1 the hyperbolic points ω and α have 3-balls Bω, Bα around them such that
F3(Bω) ⊂ Bω, F−1

2 (Bα) ⊂ Bα . By the operation of the connected sum of S3 and T3 along
Bω, Bα we get f : T3 → T3 with the dynamic F3 on S3 \ Bω and with the dynamic F2 on
T3 \ Bα .

Then the diffeomorphism f does not possess an energy function which is a Morse
function outside the expanding attractor.

Notes

1. A fact of the existence of a Lyapunov function for a wider class of dynamical systems is called
the Fundamental Theorem of Dynamical Systems.

2. Let Diff (Mn) is a space of diffeomorphisms given on a manifold Mn. A diffeomorphism f ∈
Diff (Mn) is called �-stable if there exists ε > 0 such that every diffeomorphism g ∈ Diff (Mn)
such that ||g − f ||C1 < ε possesses the property g|NW(g) and f |NW(g) are topologically conju-
gated.



JOURNAL OF DIFFERENCE EQUATIONS AND APPLICATIONS 11

Disclosure statement

No potential conflict of interest was reported by the author(s).

Funding

The paper is supported by Russian Science Foundation (Grant No. 21-11-00010), except Sections 3
and 4 devoted to the existence of an energy function for diffeomorphisms under consideration,
which was supported by the Laboratory of Dynamical Systems and Applications NRU HSE , grant
of the Ministry of Science and Higher Education of the Russian Federation (ag. 075-15-2022-1101).

ORCID

Marina Barinova http://orcid.org/0000-0002-4406-583X
Vyacheslav Grines http://orcid.org/0000-0003-4709-6858
Olga Pochinka http://orcid.org/0000-0002-6587-5305

References

[1] M. Barinova, On existence of an energy function for ω-stable surface diffeomorphisms,
Lobachevskii J. Math. 42 (2021), pp. 3317–3323.

[2] D. Baranov, V. Grines, O. Pochinka, and E. Chilina, On classification of periodic maps on the
2-torus. arXiv preprint arXiv:2112.01256. 2021.

[3] M. Barinova, V. Grines, O. Pochinka, and B. Yu, Existence of an energy function for three-
dimensional chaotic “sink-source” cascades, Chaos: Interdiscip. J. Nonlinear Sci. 31 (2021),
Article ID 063112.

[4] A.W. Brown, Nonexpanding attractors: Conjugacy to algebraic models and classification in
3-manifolds, J. Mod. Dyn. 4 (07 2010), pp. 517–548.

[5] C. Conley, Isolated Invariant Sets and the Morse Index, Vol. 38, American Mathematical
Society, CBMS, Providence, RI, 01 1978.

[6] V. Grines, On topological conjugacy of diffeomorphisms of a two-dimensional manifold onto
one-dimensional orientable basic sets i, Trans. Mosc. Math. Soc. 32 (1975), pp. 31–56.

[7] V. Grines and E. Zhuzhoma, On structurally stable diffeomorphisms with codimension one
expanding attractors, Trans. Am. Math. Soc. 357(2) (2004), pp. 617–667.

[8] V.Z. Grines, V.S. Medvedev, and E.V. Zhuzhoma, New relations for Morse–Smale systems with
trivially embedded one-dimensional separatrices, Sb. Math. 194 (2003), pp. 979–1007.

[9] V.Z. Grines, V.S. Medvedev, and E.V. Zhuzhoma, On surface attractors and repellers in
3-manifolds, Math. Notes 78(5–6) (2005), pp. 757–767.

[10] V. Grines, F. Laudenbach, and O. Pochinka, Dynamically ordered energy function for
Morse–Smale diffeomorphisms on 3-manifolds, Proc. Stekl. Inst. Math. 278 (01 2012),
pp. 27–40.

[11] V. Grines, M. Noskova, and O. Pochinka, Construction of an energy function for a-
diffeomorphisms of two-dimensional non-wandering sets on 3-manifolds,MiddleVolgaMath.
Soc. J. 17 (2015), pp. 12–17.

[12] V. Grines, M. Noksova, and O. Pochinka, The construction of an energy function for three-
dimensional cascades with a two-dimensional expanding attractor, Trans. Mosc. Math. Soc. 76
(2015), pp. 237–249.

[13] V. Grines, T. Medvedev, and O. Pochinka, Dynamical Systems on 2- and 3-Manifolds, Vol. 46,
Springer, Switzerland, 01 2016.

[14] T.V. Medvedev and O.V. Pochinka, The wild Fox–Artin arc in invariant sets of dynamical
systems, Dyn. Syst. 33(4) (2018), pp. 660–666.

[15] S.E. Nowhouse, Hyperbolic limit sets, Trans. Am. Math. Soc. 167 (1972), pp. 125–150.
[16] D. Pixton, Wild unstable manifolds, Topology 16 (12 1977), pp. 167–172.

http://orcid.org/0000-0002-4406-583X
http://orcid.org/0000-0003-4709-6858
http://orcid.org/0000-0002-6587-5305


12 M. BARINOVA ET AL.

[17] R. Plykin, The topology of basis sets for smale diffeomorphisms, Math. USSR-Sb. 13 (1971),
pp. 297–307.

[18] R.V. Plykin, On the geometry of hyperbolic attractors of smooth cascades, RussianMath. Surv.
39(6) (1984), pp. 85–131.

[19] S. Smale, Differentiable dynamical systems, Bull. Am. Math. Soc. 73 (11 1967), pp. 747–817.
[20] E.V. Zhuzhoma and V.S. Medvedev, On non-orientable two-dimensional basic sets on

3-manifolds, Sb. Math. 193(6) (2002), pp. 869–888.


	1. Introduction and formulation of results
	2. On two-dimensional basic sets of axiom A 3-diffeomorphism
	2.1. Surfaced basic sets
	2.2. Non-surfaced basic set

	3. On A-diffeomorphisms with two-dimensional basic sets
	3.1. Example of a 3-diffeomorphism with two-dimensional basic sets of the both types

	4. Energy function for 3-diffeomorphisms with expanding attractors and contracting repellers
	5. Example of an -stable 3-diffeomorphism with an expanding two-dimensional attractor without an energy function
	Notes
	Funding
	ORCID
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /PageByPage
  /Binding /Left
  /CalGrayProfile ()
  /CalRGBProfile (Adobe RGB \0501998\051)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings false
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.90
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.90
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Average
  /MonoImageResolution 300
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /ENU ()
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [493.483 703.304]
>> setpagedevice


