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ABSTRACT
The problem of designing an optimal insurance strategy in a modification
of the risk process with discrete time is investigated. This model introduces
stage-by-stage probabilistic constraints (Value-at-Risk (VaR) constraints) on
the insurer’s capital increments during each stage. Also, the set of admis-
sible insurances is determined by a safety level reflecting a ‘good’ or ‘bad’
capital increment at the previous stage. The mathematical expectation of
the insurer’s final capital is used as the objective functional. The total loss of
the insurer at each stage is modeled by the Gaussian (normal) distribution
with parameters depending on a seded loss function (or, in other words, an
insurance policy) selected. In contrast to traditional dynamic optimization
models for insurance strategies, the proposed approach allows to construct
the value functions (and hence the optimal insurance policies) by simply
solving a sequence of static insurance optimization problems. It is demon-
strated that the optimal seded loss function at each stage depends on the
prescribedvalueof the safety level: it is either a stop-loss insuranceor condi-
tional deductible insurancehavingadiscontinuouspoint. Inorder to reduce
ex post moral hazard, we also investigate the case, where both parties in
an insurance contract are obligated to pay more for a larger realization of
loss. This leads to that the optimal seeded loss functions are either stop-loss
insurances or unconditional deductible insurances.
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1. Introduction

Problems of finding an optimal insurance/reinsurance strategy in dynamic insurance models based
on the Cramer–Lundberg risk process were studied in Bowers et al. (1986), Golubin &Gridin (2012),
Guerra & Centeno (2008), Han et al. (2020), Hipp & Vogt (2003), Li & Li (2013) and Zhang
et al. (2016). The problem of minimizing the ruin probability of an insurance company by choos-
ing reinsurance in the class of so-called stop-loss reinsurance policies, applied to the risk of each
individual insured, was investigated in Hipp & Vogt (2003). The paper (Han et al. 2020, Hipp &
Taksar 2010) was devoted to the same problem, but in the case when the insurer has access to
various types of reinsurance and the minimized functional is the drawdown probability, a gener-
alization of the ruin probability notion. The study is based on a diffusion approximation of the
Cramer–Lundberg risk process. A controlled risk process on infinite horizon with a simultaneous
choice of insurance and reinsurance of individual losses was considered in Golubin & Gridin (2012),
where aMarkowitz type objective functional was used. The optimal reinsurance and insurance strate-
gies turn out to be stop-loss reinsurance and a combination of stop-loss and deductible insurance
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policies, respectively. A problem with another optimality criterion, namely, the maximized Lund-
berg coefficient in estimating the ruin probability, was solved in Guerra & Centeno (2008) for a
discrete-time risk process and a class of reinsurance premium calculation principles. As was shown,
the optimal reinsurance is a stop-loss policy when the reinsurance premium calculation principle is
the expected value principle. In Li & Li (2013), a risk process on a finite horizon was investigated
using the Markowitz type utility functional as an optimality criterion. More specifically, differential
equations for determining the optimal reinsurance and investment strategies within the so-called
time-consistent approach were obtained. The problems with similar formulations in the sense of the
choice of the objective functional were analyzed in Golubin & Gridin (2012) and Li & Li (2013).
In Li & Li (2013), a continuous-time risk process was considered, together with the possibility
of investing the insurer’s current capital; such a setting led to the need for solving the Hamil-
ton–Jacobi–Bellman equation and the absence of explicit-form optimal strategies. In both cases,
unlike this paper, only reinsurance was provided and the probabilistic constraints were not taken
into account.

Recently, a popular direction of research has been the choice of an optimal insurance in static
models under the so-called Value-at-Risk (VaR) constraint. This type of constraints establishes a
lower bound on the probability of capital falling below a given level, see, e.g. Zhou & Wu (2009).
A one-stage problem with the Markowitz-type objective functional and VaR constraints was stud-
ied in Golubin & Gridin (2019) (see also a bibliography on optimization in insurance models with
VaR constraints therein). It is worth noting that in a static model (see Zhou & Wu (2009)) under
VaR constraint, the optimal ceded loss function has a discontinuous point, which leads to ex post
moral hazard. To overcome this lack, it is suggested (see, e.g. Chi & Zhou (2014)) to consider a
model, where apriori the both parties in an insurance contract are obligated to pay more for a
larger realization of loss. In Zhang et al. (2016), the problem of finding an optimal reinsurance in
a dynamicmodel, whichminimizes the ruin probability, is investigatedwith dynamic VaR constraints
for only proportional and excess-of-loss reinsurances in the frame of diffusion approximation of
the process.

The main difference of this paper from the previous studies known to the authors is a modi-
fication of the discrete-time controlled risk process with stage-by-stage VaR constraints imposed
on the insurer’s capital increments, but not on the values of insurer’s capital. This approach takes
into account the insurer’s natural desire to get a ‘better’ capital increment at each stage in compar-
ison with the capital increment at the previous stage under a given probability. A close approach
was applied in Zhang et al. (2016, p. 234) for a model with a diffusuon approximation of a
continuous-time risk process, where VaR constraints were imposed on increments of the process.
In the presented paper, the previous increment is classified as ‘good’ or ‘bad’, according to a pre-
scribed safety level, which influences the set of admissible insurances at the current stage in order
to prevent the current increment from a decrease (in probabilistic sense) as compared with the
value of the previous increment. This setting provides a ‘smoothness’ of the controlled risk pro-
cess and also allows for reducing the dynamic problem of optimal risk process control to solving
a sequence of relatively simple one-stage optimization problems. The analysis of such a problem
uses the results established earlier in Golubin & Gridin (2019). It is demonstrated that at each
stage either a stop-loss insurance, or so-called conditional deductible insurance is a component
of the optimal insurance strategy. In the latter case, the ceded loss function has a discontinuous
point and, to reduce ex post moral hazard in the insurance treaty, we follow the way of Huber-
man et al. (1983) by assuming that both the insurer’s share of risk (i.e. the ceded loss function)
and the residual risk left to the insured (i.e. the retained loss function) are non-decreasing func-
tions of a realization of loss. In this frame, making use of a modification of Neyman–Pearson lemma
proved in the present paper, it is shown that the optimal policy is either a stop-loss insurance,
or so-called unconditional deductible insurance with a continuous ceded loss function. Numerical
examples that illustrate the theoretical results in the case of an exponential distribution of claim sizes
are given.
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2. Auxiliary results

This section considers the one-stage problem of the choice of an optimal ceded loss function under
the VaR constraint, in which the mean final capital of the insurer is maximized. The solution of this
problem will be used further when analyzing the multi-stage insurance problem. The results pre-
sented in this section are simply modifications of the statements originally proved in Golubin &
Gridin (2019) to a case of no additional upper constraint with probability one on the insurer’s risk.

Consider a model of an insurance market consisting of the insurer and n clients (insureds). Poten-
tial losses, i.e. risks, of the clients are independent non-negative random variables Xj, j = 1 . . . , n,
defined on the same probability space (�,F ,P). In the sequel, this group of clients is assumed to
be homogeneous: all Xj have an identical distribution F1(x)

def= P{X1 ≤ x}, and the expectation of
X2
1 is finite, EX2

1 < ∞. Note a characteristic feature of the probability distribution function F1(x),
namely, a jump at zero, F1(0) ∈ (0, 1), meaning that the probability of no insurance event for a client
is assumed to be non-zero and smaller than 1. Denote a risk ceded to the insurer by jth insured as
I(Xj). The insurer chooses a ceded loss function I(x) from the class of Borel functions defined on
[0,∞) and satisfying the inequalities 0 ≤ I(x) ≤ x, which means that the reimbursement cannot be
negative and cannot exceed the amount of loss. The random variable I(Xj) is a share of the loss Xj
reimbursed to client j, and the insurer’s total risk is XI = ∑n

j=1 I(Xj).
The additional constraint on the ceded loss function I(x), which reflects the insurer’s desire to

protect himself against large losses, is the following: the probability of that the insurer’s capital
SI def= w + nP − XI exceeds a given level a satisfies the inequality

P
{
SI ≥ a

} ≥ β . (1)

Here w denotes an initial capital of the insurer; a> 0 is a given constant; the confidence level is
assumed to be sufficiently high, β ∈ (0.5, 1); the insurance premium P is calculated by the expected
value principle, which is well known in the literature on actuarial mathematics (e.g. see Bowers
et al. (1986)), P = (1 + α)E I(X1), where α > 0 is a given loading coefficient.

The objective functional to be maximized is the mathematical expectation of the insurer’s final
capital SI . Thus, the problem under consideration is

J[I] ≡ ESI → max (2)

subject to the constraint 0 ≤ I(x) ≤ x and constraint (1).
Assuming that the group of policy holders has a sufficiently large size n (at least several dozen) and

n(1 − F1(0)) > 10, choose the Gaussian model widely used in actuarial mathematics to approximate
the distribution of the total risk XI = ∑n

j=1 I(Xj); for example, see Bowers et al. (1986) and Golubin
& Gridin (2019). Then, constraint (1) can be rewritten as

P
{
SI − ESI

σ(SI)
≥ a − ESI

σ(SI)

}
= 1 −�

(
a − ESI

σ(SI)

)
≥ β ,

where:�(x) is the distribution function of the standard Gaussian random variable, σ(SI) =
√
VarSI

is the standard deviation of the insurer’s capital, and VarSI is the variance of the capital. The lat-
ter inequality is equivalent to ESI − a − xNβ σ (S

I) ≥ 0, where xNβ is the quantile of the level β of the
standard Gaussian distribution. As a result, (2) can be transformed to the problem

J[I] ≡ w + αnEI(X1) → max subject to I ∈ A, (3)

i.e.

0 ≤ I(x) ≤ x (4)
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and

w + αnEI(X1)− a − xNβ
√
n
√
VarI(X1) ≥ 0. (5)

In the sequel, the following notations will be used:

F̄1(x)
def= 1 − F1(x) and Ik(x)

def= x ∧ k, where x ∧ k = min{x, k}.

For further analysis consider an auxiliary maximization problem for the objective functional appear-
ing in the left-hand side of constraint (5):

J0[I] ≡ w + αnEI(X1)− a − xNβ
√
n
√
VarI(X1) → max, (6)

where maximum is taken over the set {I : 0 ≤ I(x) ≤ x}. Slater’s constraint qualification for problem
(3)–(5) (for the definition see, e.g. Bazara & Shetty (1979, Chapter 3)) is guaranteed by the following
result.

Proposition 2.1: Slater’s constraint qualification holds if

J0[I0] > 0 and α
√
n − xNβ

√
F1(0)/F̄1(0) > 0, (7)

where I0(x) = x ∧ k0 is a solution to (6). The level k0 is the minimal root of the equation

ψ(k) = 0 (8)

on the interval (0,∞), and

ψ(k) def= xNβ (EIk(X1)− k)/
√
VarIk(X1)+ α

√
n.

Remark 2.1: Roughly saying, the Slater’s constraint qualification is met if the loading coefficient α
and the number of clients n are sufficiently large. This situation is preferable from the view-point of
the insurer. If the Slater’s constraint qualification is not satisfied, it complicates finding the optimal
decision since in this case a coefficient at the goal functional in the Lagrange functional may be zero
(see, e.g. Bazara & Shetty (1979)), which impedes the solving of problem (3).

3. Multi-stage insurance optimization problem

Consider a discrete-time risk process (for example, see Guerra & Centeno (2008)) on a time inter-
val {0, . . . ,T}, where at each stage or, in other words, at each moment t = 0, . . . ,T − 1 the insurer
chooses an insurance contract with each of n clients of the homogeneous group. Denoting by Zt the
insurer’s capital at stage t, the dynamics equation is

Zt+1 = Zt + n(1 + α)EIt(Xt
1)−

n∑
j=1

It(Xt
j ), Z0 = w. (9)

Here (Xt
1, . . . ,X

t
n), t = 0, . . . ,T − 1, are independent vectors of insureds’ losses with independent

identically distributed components with a probability distribution function Ft1(x). The goal functional
is the mean of the final insurer’s capital, EZT .
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Assume that the insurer establishes a safety level r ∈ (−∞,∞) such that, if at the stage t of choos-
ing a ceded loss function It the previous capital increment Zt − Zt−1 exceeds r, then (see (1)) the set
of all admissible ceded loss functions is

A+
t =

{
I(·) : 0 ≤ I(x) ≤ x,P{(1 + α)nEI(Xt

1)−
n∑

i=1
I(Xt

i ) ≥ at+} ≥ β t+

}
. (10)

The constants at+ > 0 and βt+ ∈ (0.5, 1) mean a given lower bound on the admissible capital incre-
ment and a given confidence level, respectively. Thus, the VaR constraints are imposed not on the
values of the process Zt , but on its increment at each stage.

If Zt − Zt−1 ≤ r, at moment t a ceded loss function I(·) is chosen from another set

A−
t =

{
I(·) : 0 ≤ I(x) ≤ x,P{(1 + α)nEI(Xt

1)−
n∑

i=1
I(Xt

i ) ≥ at−} ≥ β t−

}
. (11)

In the latter case, it seems natural to narrow the setA+
t by increasing the admissible capital increment

level at− > at+ (> 0) and/or increasing the confidence level β t− > β t+ (> 0.5) in order to achieve at
the next stage an increase of capital increment in the probabilistic sense. Thus, A−

t ⊂A+
t .

On the one hand, this approach ensures ‘smooth’ changes in the insurer’s capital between sequen-
tial stages, taking into account the changing values of its increments. On the other hand, as we will
see below, it gives a relatively simple solution to the studied multi-stage optimization problem, in
which at each stage the optimal insurance policy depends only on the stage number and on the sign
of Zt − Zt−1 − r.

The Gaussian (i.e. normal) approximation applied to

n(1 + α)EIt(Xt
1)−

n∑
j=1

It(Xt
j )

gives

A+
t =

{
I(·) : 0 ≤ I(x) ≤ x,αnEI(Xt

1)− at+ − xN
βt+

√
n
√
VarI(Xt

1) ≥ 0
}

(12)

and

A−
t =

{
I(·) : 0 ≤ I(x) ≤ x,αnEI(Xt

1)− at− − xN
βt−

√
n
√
VarI(Xt

1) ≥ 0
}
, (13)

where xN
βt+
> 0 and xN

βt−
> 0 are the quantiles of the standard Gaussian distribution.

Formally, the problem under consideration is not an optimal control problem of aMarkov process:
the set At of all admissible policies depends not only on the value of the process Zt , but also on Zt−1.
Let us pass to a process of increments Wt = Zt − Zt−1 with a single-stage shift, which is described
by the equation

Wt = (1 + α)nEIt−1(Xt−1
1 )−

n∑
i=1

It−1(Xt−1
i ), t = 1, . . . ,T, W0 = w. (14)

Then the maximized objective functional takes the form

J[I] = EZT = E
T∑
t=0

Wt , (15)
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and the set of admissible ceded loss functions

At(Wt) =
{
A+
t forWt > r,

A−
t forWt ≤ r, (16)

t = 0, . . . ,T − 1, depends on the current value Wt only. Recall that A+
t and A−

t are defined by (12)
and (13). The insurance strategy is a vector function I = (I0(·), . . . , IT−1(·)), andmaximum is taken
over the set A of all admissible insurance strategies predictable with respect to the natural filtration
of the process. Further considerations will be confined to the class of Markov insurance strategies,
which is sufficient for solving problem (14)–(16) (for details, see Fleming & Rishel (1975)).

Let us construct the value functions of the optimal control problem (14)–(16) for the Markov
process {Wt}. Denote Vt(y) = maxI∈A E

∑T
m=t Wm for the process on a time interval [t,T] with an

initial stateWt = y.
The corresponding dynamic programming equation has the form

Vt(y) = y + max
I∈At(y)

EVt+1(Wt+1),

where At(y) = A+
t for y > r, and At(y) = A−

t for y ≤ r, the current state y = Wt . Then

VT(y) = y,

and

VT−1(y) = y + max
I∈A+

T−1

EVT(WT) = y + nα max
I∈A+

T−1

EI(XT−1
1 )

= y + nαEIT−1
+ (XT−1

1 )

for y > r, and

VT−1(y) = y + max
I∈A−

T−1

EVT(WT) = y + nα max
I∈A−

T−1

EI(XT−1
1 )

= y + nαEIT−1
− (XT−1

1 )

for y ≤ r.
For the sake of simple notations, let It+

def= It+(Xt
1) and It−

def= It−(Xt
1). To find

VT−2(y) = y + max
I∈AT−2(y)

EVT−1(WT−1),

note that the random variable WT−1 can be greater or smaller than r with the probabilities
P{WT−1 > r} and 1 − P{WT−1 > r}, respectively. Hence, for y> r,

VT−2(y) = y + max
I∈A+

T−2

E[WT−1|WT−1 > r]P{WT−1 > r}

+ E[WT−1|WT−1 ≤ r]P{WT−1 ≤ r}

= y + αn

{
EIT−1

− + max
I∈A+

T−2

EI +
(
EIT−1

+ − EIT−1
−

)
P{WT−1 > r}

}
;
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for y ≤ r,

VT−2(y) = y + αn

{
EIT−1

− + max
I∈A−

T−2

EI +
(
EIT−1

+ − EIT−1
−

)
P{WT−1 > r}

}
.

For y > r,

VT−3(y) = y + αn
{
EIT−1

− + EIT−2
+ +

(
EIT−1

+ − EIT−1
−

)
P{WT−1 > r}|IT−2=IT−2

+

+ max
I∈A+

T−3

EI +
(
EIT−2

+ − EIT−2
−

)
P{WT−2 > r}

}
;

for y ≤ r,

VT−3(y) = y + αn

{
EIT−1

− + EIT−2
− +

(
EIT−1

+ − EIT−1
−

)
P{WT−1 > r}|IT−2=IT−2

−

+ max
I∈A−

T−3

EI +
(
EIT−2

+ − EIT−2
−

)
P{WT−2 > r}

}
,

and so on.
Clearly, given the current process state y = Wt , each optimal ceded loss function It∗(·, y) atmoment

t can be calculated by maximizing

Ht[I] ≡ EI + (EIt+1
+ − EIt+1

− )P{Wt+1 > r} subject to I ∈ At(y), (17)

where the functions It+1
+ and It+1

− are the solutions of the maximization problems of Ht+1[I] on the
sets A+

t+1 and A−
t+1, respectively, t = 0, . . . ,T − 2, with HT−1[I] ≡ EI.

Taking into account that Wt+1 is modeled by a Gaussian random variable with the mean
μ[It] = αnEIt and the variance σ 2[It] = nVarIt , we have

P{Wt+1 > r} = �̄
(
(r − μ[It])/σ [It]

)
,

where �̄(x) = 1 −�(x), and �(x) denotes the probability distribution function of the standard
Gaussian random variable. Then (17) is translated to

Ht[I] ≡ EI + (
EIt+1

+ − EIt+1
−

)
�̄((r − μ[I])/σ [I]) → max, I ∈ At(y). (18)

Relation (18) is a recursive formula for calculating the optimal ceded loss functions It+ and It−, starting
from IT−1

+ and IT−1
− , which are obtained by maximizingHT−1[I] ≡ EI on AT−1(y). Thus, each opti-

mal ceded loss function depends on the current process state y = Wt in a very simple way: if y > r,
then problem (18) is solved on A+

t ; otherwise, the optimization problem with the same objective
functional is solved on A−

t .

Theorem 3.1: Under the above-introduced normal approximation, assume that condition (7) with
w = 0 holds for the input parameters: α, at+, β t+, at−, β t−, and the distribution Ft1(x), t = 0, . . . ,T − 1.
Then:

(1) Problem (14)–(16) has a solution I∗ = (I0∗(·, y), . . . , IT−1∗ (·, y)).
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(2) If r ≤ αnE It∗(Xt
1, y), then the optimal ceded loss function is a stop-loss insurance,

It∗(x, y) =
{
x ∧ kt+ if y > r,
x ∧ kt− if y ≤ r.

The retention levels kt+ and kt− are, correspondingly, solutions to the maximization problems of the
functions of a scalar variable k:

max
k>0

Ht[Ik] s.t. Ik ∈ A+
t , (19)

max
k>0

Ht[Ik] s.t. Ik ∈ A−
t , (20)

where Ik(x) = x ∧ k, and the expression for Ht[I] is given in (18).
(3) If r > αnE It∗(Xt

1, y) then optimal ceded loss function is either a stop-loss insurance (see above), or
an insurance with conditional deductible,

It∗(x, y) =
{
x1(x − kt+) if y > r,
x1(x − kt−) if y ≤ r,

where

1(x) =
{
0, x ≤ 0,
1, x > 0.

The deductible levels kt+ and kt− are, correspondingly, solutions to the maximization problems for
the functions of a scalar variable k:

max
k≥0

Ht[Ik] s.t. Ik ∈ A+
t , (21)

max
k≥0

Ht[Ik] s.t. Ik ∈ A−
t , (22)

with Ik(x) = x1(x − k).

Proof: First of all, note that the goal functional J[I] with the initial capital w equals J[I]|w=0 + w.
So, the optimal insurance strategy is not influenced by the value of w. Also, the admissible sets A+

t
and A−

t (see (12)–(13)) have the same form as that in (5) with w = 0.
1. As it has been demonstrated, the optimal ceded loss function It∗(·, y) is calculated by solving

problem (18), which depends on the stage number t and the sign of y − r only. Note also that the zero
insurance policy It∗(Xt

1, y) = 0 a.s. is eliminated since (7) assumes the fulfilment of condition (5),
where now w = 0 and a = at+( or at−) > 0. The next lemma establishes the existence of a solution to
this problem.

Lemma 3.1: For each fixed y, problem (18) has a solution.

The proof of this lemma is postponed to the Appendix.
2. First, consider the case y > r. Denote Mt+ = EIt+(Xt

1), where I
t+ is the solution of (18), which

surely exists in accordance with Lemma 3.1. Note that due to P{Wt+1 ≥ at+} ≥ β t+ with at+ > 0, the
mean value isMt+ > 0. Consider an auxiliary optimization problem

Ht[I] → max, s.t. EI = Mt
+ and I ∈ A+

t ,
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where Ht[I] is given by (18). Since A−
t+1 ⊂A+

t+1, the factor EI
t+1
+ − EIt+1

− in (18) is non-negative. By
assumption, r − μ[It] = r − αnMt+ ≤ 0. Then the auxiliary problem is equivalent to

EI2(Xt
1) → min (23)

subject to the constraints

0 ≤ I(x) ≤ x, EI(Xt
1) = Mt

+, (24)

J1[I]
def= −αnMt

+ + at+ + xN
βt+

√
n
√
EI2(Xt

1)− (Mt+)2 ≤ 0. (25)

As the Slater’s condition holds, the objective functional is convex, and the functional in constraint (25)
is strongly quasi-convex Golubin & Gridin (2019), then the Karush–Kuhn–Tucker theorem is appli-
cable (see, e.g. Bazara & Shetty (1979)). In accordance to this theorem, a ceded loss function
It+(·) ∈ At+ is optimal in (23)–(25) if and only if there exist Lagrange multipliers λ and γ ≥ 0 such
that γ J1[It+] = 0 and It+(·) is a solution of the problem of minimizing the Lagrange functional

L[I] ≡ EI2
(
Xt
1
) + λ

(
EI

(
Xt
1
) − Mt

+
) + γ J1[I] → min

I
, 0 ≤ I(x) ≤ x. (26)

A necessary and sufficient condition for optimality of a ceded loss function It+ in problem (26) can
be written as the inequality

d
dρ

L
[
ρIt+ + (1 − ρ) I

]∣∣
ρ=1 ≤ 0,

holding for any 0 ≤ I(x) ≤ x. After substitution of the expression for J1[I] into (26) and differentia-
tion, the left-hand side of this inequality is∫ ∞

0
η (x)

(
It+ (x)− I(x)

)
dFt1 (x) ,

where

η(x) = It+(x)
[
2 + γ xN

βt+

√
n
/√

E(It+(Xt
1))

2 − (Mt+)2
]

+ λ.

Due to Neyman–Pearson lemma (see Lehmann (1959) and application to insurance optimization
problems, e.g. in Golubin & Gridin (2012)), the optimal ceded loss function is given by

It+(x) =
{
0, η(x) > 0,
x, η(x) < 0, (27)

up to a set of zero Ft1 measure.
First, consider the situation with λ < 0. Since η(0) = λ < 0, increasing x from 0 will also increase

η(x); in addition, It+(x) = x due to (27). As soon as η(x) touches the abscissa axis at a point kt+, this
function cannot take positive values, because for such x (see (27)) the value It+(x) = 0, which gives
the contradiction η(x) < 0. A decrease of η(x) from 0 is also impossible, because It+(x) = x for such
xmeans that η(x) > 0. Thus, It+(x) = x ∧ kt+.

Ifλ ≥ 0, the similar reasoning yields It+(x) ≡ 0, but the inequalityMt+ > 0,whereMt+ = EIt+(Xt
1),

is violated.
The case y ≤ r is considered analogously.
3. Let r > αnE It∗(Xt

1, y) and, for definiteness, y > r. Repeating the reasonings of the proof of part 2
in Theorem 3.1 and taking into account that r − αnMt+ > 0, we get the corresponding auxiliary
problem

EI2(Xt
1) → max s.t.
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0 ≤ I(x) ≤ x, EI(Xt
1) = Mt

+,

J1[I]
def= −αnMt

+ + at+ + xN
βt+

√
n
√
EI2(Xt

1)− (Mt+)2 ≤ 0.

Observing that the goal functional in this maximization problem is convex, we have a necessary
condition for optimality by Neyman–Pearson lemma

It+(x) =
{
0, η(x) < 0,
x, η(x) > 0, (28)

where η(x) = It+(x)[2 + γ xN
βt+

√
n/

√
E(It+(Xt

1))
2 − (Mt+)2] + λ, γ ≤ 0 and λ are Lagrange multipli-

ers (see the goal functional in (26) which has to be maximized now). Denote by B the multiplier in
the square brackets in the expression for η(x).

First, suppose λ > 0. If B ≥ 0 then, since η(0) = λ > 0, an increase of x from zero makes η(x)
grow (It+(x) ≡ x by (28)). This leads toMt+ = EX1. If B< 0 then, as x increases from zero, the value
of η(x) decreases (as It+(x) = x). After touching this function to the abscissa axis at a point kt+, η(x)
cannot take positive values, since for such x (see (28)) the value of It+(x) = x, i.e. we have a contradic-
tion, η(x) < 0. Decreasing η(x) from zero is also excluded, since for such x we get It+(x) = 0, which
means η(x) > 0. As a result, It+(x) = x ∧ kt+.

Let λ < 0. Regardless of the sign of B, we have: since η(0) = λ < 0, then as x increases from zero,
η(x) remains equal to λ < 0 (and It+(x) ≡ 0 (see (28)). But then the inequalityMt+ > 0 is violated.

Let λ = 0. If B< 0 then the only possible optimal policy is It+(x) ≡ 0, which contradicts the
inequalityMt+ > 0. Otherwise, if B ≥ 0, then the only possible option not considered above: It+(x) =
0 up to a point kt+ and It+(x) = x for x > kt+. Thus,

It+(x) =
{
0, x ≤ kt+,
x, x > kt+,

i.e. It+(x) = x1(x − kt+).

The case y ≤ r is studied in the same way. �

Remark 3.1: The conditional deductible It+(x) = x1(x − kt+) with a discontinous point kt+ men-
tioned in part 3 of Theorem 3.1 appeared in Zhou & Wu (2009) in a static setting, where no
additional constraint was imposed on the admissible ceded loss functions. In our case, the conditional
deductible appears (see the proof of Theorem 3.1, part 3) when the safety level r> 0 is sufficiently
large and the Lagrange multiplier λ = 0. Roughly speaking, the latter means that the admissible
(see (24-25)) ceded loss function It+(x) maximizes EI2(Xt

1) s.t. 0 ≤ I(x) ≤ x and −αnMt+ + at+ +
xN
βt+

√
n
√
EI2(Xt

1)− (Mt+)2 ≤ 0, regardless of the constraint EI(Xt
1)− Mt+ = 0.

Remark 3.2: Let, for definiteness, y > r in problem (18). The optimal stop loss insurance It+(x) =
x ∧ kt+ obtained in Theorem 3.1 does not exclude the degenerate case kt+ = ∞, as well as the insur-
ance with a conditional deductible It+(x) = x1(x − kt+) does not exclude the case kt+ = 0. In these
situations, It+(x) ≡ x, which means full compensation of the client’s loss.

Theorem 3.1 does not provide a direct way to compute optimal insurance policy It∗(x, y), since
in the inequalities r ≤ (>) αnE It∗(Xt

1, y), an unknown optimal policy It∗(x, y) appears. The corollary
from Theorem 3.1 suggests a relatively simple algorithm for determining the optimal policy for each
t = 0, . . . ,T − 1.

Corollary 3.1: Let all the assumptions of Theorem 3.1 be fulfilled.
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(1) If the safety level r ≤ 0, then the optimal policy It∗(x, y) is a stop loss insurance. The retention levels
kt+ and kt− are, respectively, solutions to problems (19) and (20).

(2) If r > 0, then the optimal policy is determined as follows:
The stop loss insurance and insurance with a conditional deductible are calculated by solving prob-
lems (19) and (21) on the set of admissible policies A+

t . That of the two calculated policies which
gives a greater value to the goal functional Ht[I] is optimal. Similarly, the best solution of the
solutions to problems (20) and (22) on the set A−

t is optimal.

Proof: 1. This statement of Corollary 3.1 obviously follows from part 2 of Theorem 3.1, since
here r ≤ αnE It∗(Xt

1, y).
2. The condition r > 0 can mean, generally speaking, the fulfillment of either inequality

r ≤ αnE It∗(Xt
1, y) or inequality r > αnE It∗(Xt

1, y). Therefore, according to parts 2-3 of
Theorem 3.1, ‘candidates’ for optimal policies are stop loss insurance and insurance with
a conditional deductible, i.e. solutions of problems (19), (21) and problems (20), (22),
correspondingly.

�

Remark 3.3: Even in the case of a homogeneous model, where the parameters at+, at−, β t+, β t−, and
the client’s loss distribution function Ft1(x) do not depend on t, the optimal insurance strategy is not
the myopic strategy, but a strategy where each optimal insurance policy It∗(x, y) depends on the stage
number t and the sign of y−r, where y = Zt − Zt−1. From the computational point of view, finding the
optimal strategy in problem (14)–(16) is reduced to determining 2T values kT−1

+ , kT−1
− , . . . , k0+, k0−

by solving a sequence of relatively simple scalar maximization problems (19)–(22). The choice of
k0+ (k0−) at the initial moment t = 0 means that the initial capital is w > r (≤ r).

4. The case of non-decreasing ceded loss functions and retained loss functions

As was shown in part 3 of Theorem 3.1, depending on the parameters of the problem, the opti-
mal ceded loss function I(x) at stage t can be a discontinuous function x1(x − kt+), or x1(x − kt−).
This leads to the so-called ‘moral hazard’ – to provoke the insured to distort the amount of his/her
actual loss in order to receive full compensation. To eliminate this situation, in works, for exam-
ple, (Chi & Tan 2011, Chi & Zhou 2014), it was proposed to use a narrower set of ceded loss
functions than A = {I(x) : 0 ≤ I(x) ≤ x}, namely, the set D = {I(x) : 0 ≤ I(x) ≤ x, I(x) and x −
I(x) do not decrease on [0,∞)}, where I(x) and x − I(x) are, respectively, the ceded loss function
and the retained loss function of the client’s loss when X1 = x. As shown in Chi & Tan (2011), the
latter monotonicity relation for I(x) and x − I(x) is equivalent to Lipschitz continuity

0 ≤ I(x1)− I(x2) ≤ x2 − x1 for any 0 ≤ x1 ≤ x2. (29)

Thus,

D = {I(x) : 0 ≤ I(x) ≤ x, (29)}. (30)

Recall that Lipschitz continuity (see Kolmogorov & Fomin (1999, Chapter VI)) assumes absolute
continuity of I(x), i.e. the existence of a density i(z) of I(x), and in this case 0 ≤ i(z) ≤ 1 a.s. with
respect to Lebesgue measure on [0,∞).

Now, the optimal control problem (14)–(16) converts into a new optimal control problemwith the
change of the set (16) of ceded loss functions At(Wt) by

Dt(Wt) =
{
D+
t ifWt > r,

D−
t ifWt ≤ r, (31)
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t = 0, . . . ,T − 1, where

D+
t = {I(·) : 0 ≤ I(x) ≤ x, (29),αnEI(Xt

1)− at+ − xN
βt+

√
n
√
DI(Xt

1) ≥ 0},

D−
t = {I(·) : 0 ≤ I(x) ≤ x, (29),αnEI(Xt

1)− at− − xN
βt−

√
n
√
DI(Xt

1) ≥ 0}.

Repetition of the reasonings in deriving the expressions for the value functions in Section 3 gives a
recurrent formula for calculating optimal ceded loss functions It+ and It− by solving the problem

Ht[I] ≡ EI + (EIt+1
+ − EIt+1

− )�̄((r − μ[I])/σ [I]) → max, I ∈ Dt(y), (32)

where Dt(y) = D+
t if y> r, Dt(y) = D−

t if y ≤ r.
Before the formulation of a theorem on determining optimal insurance strategies in optimal con-

trol problem (14), (15), (31), we provide a lemma that is a modification of Neyman–Pearson lemma
and will be used in the proof of the theorem.

Lemma 4.1: Let a Borel-measurable function η(x) and a probability measure with the distribution
function F(x) be defined on [a, b]. Suppose the integral

∫ b
a η(x)xdF(x) is finite. Consider a problem∫ b

a
η(x)Q(x)dF(x) → max, Q ∈ S, (33)

where S is a set of absolutely continuous functions, S = {Q(x) : its density l ≤ q(z) ≤ L,Q(a) = Q0},
where 0 ≤ l < L and Q0 ∈ (−∞,∞) are given constants.1

A function Q∗(x) is optimal in (33) if and only if Q∗(x) = ∫ x
a q∗(z)dz + Q0, where

q∗(z) =
{
l, ψ(z) < 0,
L, ψ(z) > 0, (34)

up to a set of zero Lebesgue measure, ψ(z) = ∫ b
z η(x)dF(x).

Proof: Assume, for simplicity, that Q0 = 0 and, hence, Q(x) = ∫ x
a q(z)dz. Then, we can rewrite the

goal functional in (33) as
∫ b
a η(x)[

∫ x
a q(z)dz]dF(x) = ∫ b

a η(x)
∫ b
a θ(x, z)dzdF(x), where

θ(x, z) =
{
q(z) if z ≤ x,
0 if z > x.

After changing the order of integration, we have
∫ b
a η(x)

∫ b
a θ(x, z)dzdF(x) = ∫ b

a q(z)ψ(z)dz, where
ψ(z) = ∫ b

z η(x)dF(x). Applying Neyman–Pearson lemma to maximization of the integral

∫ b

a
q(z)ψ(z)dz, s.t. l ≤ q(z) ≤ L,

we complete the proof. �

In distinction to Chi & Zhou (2014), where an optimal ceded loss function on D was derived via
the convex ordering of stochastic values, the proof of next theorem (see part 3) uses Lemma 4.1 as a
tool for determination of optimal insurance policies.

1 The value of Q0 = Q(a) uniquely defines the set of functions S, without loss of generality we can set Q0 = 0.
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Theorem 4.1: Let condition (7) with w = 0 hold for the input parameters: α, at+, β t+, at−, β t−, and the
distribution function Ft1(x), t = 0, . . . ,T − 1. Then:

(1) Problem (14), (15), (31) has a solution I∗ = (I0∗(·, y), . . . , IT−1∗ (·, y)).
(2) If r ≤ αnE It∗(Xt

1, y), then the optimal ceded loss function is a stop-loss insurance,

It∗(x, y) =
{
x ∧ kt+ if y > r,
x ∧ kt− if y ≤ r.

The retention levels kt+ and kt− are, correspondingly, solutions to the maximization problems of the
functions of a scalar variable:

max
k>0

Ht[Ik] s.t. Ik ∈ D+
t , (35)

max
k>0

Ht[Ik] s.t. Ik ∈ D−
t , (36)

where Ik(x) = x ∧ k, and an expression for Ht[I] is given in (32).
(3) If r > αnE It∗(Xt

1, y), then the optimal ceded loss function is either a stop loss insurance (see above),
or an unconditional deductible insurance,

It∗(x, y) =
{
(x − kt+)+ if y > r,
(x − kt−)+ if y ≤ r,

where (z)+ denotesmax{0, z}.
The deductible levels kt+ and kt− are, correspondingly, solutions to the maximization problems of
the functions of a scalar variable:

max
k≥0

Ht[Ik] s.t. Ik ∈ D+
t , (37)

max
k≥0

Ht[Ik] s.t. Ik ∈ D−
t , (38)

with Ik(x) = (x − k)+.

Proof: 1. As shown, the determination of the optimal policy It∗(·, y) consists in solving problem (32).
The next lemma establishes the existence of a solution to this problem.

Lemma 4.2: Problem (32) has a solution for each fixed y.

The proof of this lemma repeats the proof of Lemma 3.1, taking into account that for each fixed y
themaximizing sequence Im(Xt

1)withm → ∞ has a weak limit It∗(Xt
1, y), where I

t∗(·, y) ∈ Dt(y). �

2. Let r ≤ αnE It∗(Xt
1, y). The Slater’s condition is satisfied in problem (32), because the fulfilment

of the condition (7) with w = 0 means its fulfilment in this case as well, since (see Statement 2.1) the
function I0(x) = x ∧ k0 ∈ D. Further, in part 2 of Theorem 3.1, it was shown that the optimal policies
are the stop loss insurances x ∧ kt+ and x ∧ kt−. Obviously, they also belong to the narrower sets of
admissible policies, respectively,D+

t andD−
t . The search for these optimal policies on the setsA+

t and
A−
t is the same as that on D+

t and D−
t .

3. Let r > αnE It∗(Xt
1, y) and, for definiteness, y > r. Repeating the reasonings in the proof of

part 2 of Theorem 3.1, and taking into account the fact that in this case r − αnMt+ > 0, we obtain a
formulation of the auxiliary problem

EI2(Xt
1) → max subject to
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0 ≤ I(x) ≤ x, (29), EI(Xt
1) = Mt

+,

J1[I]
def= −αnMt

+ + at+ + xN
βt+

√
n
√
EI2(Xt

1)− (Mt+)2 ≤ 0.

Following the proof of part 3 of Theorem 3.1, we have the necessary optimality condition: there exist
Lagrange multipliers γ ≤ 0 and λ such that It+ is a solution to the problem

max
I

∫ ∞

0
η(x)I(x)dFt1(x), I ∈ D+

t (39)

(see the definition ofD+
t in (31)), where η(x) = It+(x)[2 + γ xNbzt+

√
n/

√
rmE(It+(Xt

1))
2 − (Mt+)2] +

λ. For convenience, we denote by B the factor in the square brackets.
To investigate problem (39), we make use of Lemma 4.1. In this case, instead of [a, b], the interval

[0,∞) is used; it is obvious that It+(0) = 0, and the lower and upper bounds of the density are equal
to l = 0 and L = 1. From the definition of η(x) it follows that now instead of the functionψ(z) in (34)
we have

ψ(z) =
∫ ∞

z
η(x)dFt1(x) = B

∫ ∞

z
It+(x)dF

t
1(x)+ λF̄t1(z).

Thus, a policy It+(x) is optimal in (39) if and only if its density

it+(z) =
{
0, ψ(z) < 0,
1, ψ(z) > 0. (40)

(1) Let λ > 0.
(1a) If B ≥ 0, then by virtue of (40) and the expression for ψ(z), we obtain it+(z) ≡ 1, i.e.

It+(x) ≡ x.
(1b) Let B < 0. There are two options: (i) ψ(0) = BMt+ + λ > 0 and (ii) ψ(0) = BMt+ +

λ ≤ 0. For the sake of simplicity, when analyzing the monotonicity intervals ψ(z),
assume that the distribution function Ft1(x) has a density f

t
1(z) > 0 on the open inter-

val (0, IS), where IS ≤ ∞ (insurance sum) is the ‘greatest possible value’ of loss Xt
1.
2

Then the density ψ ′(z) = −f t1(z)[BI
t+(z)+ λ].In the case (i), as z increases from 0, the

value of ψ(z) decreases from a positive value, since ψ ′(z) < 0, while it+(z) = 1, i.e.
It+(x) = x. After crossing the abscissa at some point kt+,ψ(z) remains negative, because
for z > kt+ the value of ψ ′(z) < 0 with It+(z) = kt+. Thus, it+(z) = 1 for z ≤ kt+, and
it+(z) = 0 for z > kt+, i.e. It+(x) = x ∧ kt+.In the case (ii), as z increases from 0, the value
ofψ(z) decreases fromψ(0) ≤ 0, sinceψ ′(0) < 0, while it+(z) = 0, i.e. It+(x) = 0 on the
entire interval [0,∞).We obtain a contradictionwith the condition EIt+(Xt

1) = Mt+ > 0.
(2) Let λ < 0.

(2a) If B > 0, then two options are possible: (j) ψ(0) = BMt+ + λ ≥ 0 and(jj) ψ(0) =
BMt+ + λ < 0. In the first case, as z increases from 0, the value of ψ(z) first increases
from ψ(0) ≥ 0, because ψ ′(0) > 0, then decreases when ψ ′(z) < 0. Thus, It+(x) =
x ∧ kt+, where kt+ is a point of intersection of the abscissa axis by the function ψ(z).
In the second case, as z increases from 0, the values of ψ(z) remain negative due to the
fact that It+(z) = 0 and the integral

∫ ∞
z It+(x)dFt1(x) does not change. Thus, the func-

tionψ(z) tends to zero from below, remaining negative on [0, IS). As a result, It+(x) = 0,
which contradicts the conditionMt+ > 0.

(2b) If B ≤ 0, then ψ(z) < 0 and It+(x) = 0, which leads to a contradiction with the
conditionMt+ > 0.

2 More precisely, IS = sup{supp Ft1}, where supp Ft1 is the support of the distribution Ft1 – the smallest closed set C ⊂ R : P{Xt1 ∈
C} = 1.
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(3) Let λ = 0.
If B < 0, then, sinceψ(z) < 0, the density it+(z) ≡ 0, i.e. It+(x) ≡ 0, and we have a contradic-
tion with the conditionMt+ > 0. If B ≥ 0 then the only possible option not considered above
is: the density it+(z) = 0 for z ≤ kt+ and it+(z) = 1 for z > kt+, i.e. It+(x) = (x − kt+)+.

The case y ≤ r is investigated similarly. �
Amodification of Corollary 3.1 that now gives a way of calculating the optimal insurance strategy

in the problem (14), (15), (31) is the following.

Corollary 4.1: Let all the assumptions of Theorem 4.1 be fulfilled.

(1) If the safety level r ≤ 0, then the optimal insurance policy It∗(x, y) is a stop loss insurance. The
retention levels kt+ and kt− are, respectively, solutions to problems (35)–(36).

(2) If r > 0, then the optimal policy is determined as follows: The stop loss insurance and unconditional
deductible insurance are calculated by solving problems (35) and (37) on the set of admissible poli-
cies D+

t . A policy It+(x) of them that gives a greater value to the goal functional Ht[I] defined in (32)
is optimal. Similarly, the best solution of solutions to the problems (36) and (38) on the set D−

t is
chosen as It−(x).

The proof is analogous to the proof of Corollary 3.1.

Remark 4.1: Now study a problem of closeness (as n → ∞) of the optimal insurance strategy under
the normal model to the optimal insurance strategy under a model with summary risk

∑n
1 I

t(Xt
i )

without approximation, where Xt
1 has a general distribution (with a finite second moment). This can

be regarded in terms of Large Deviations Theory as follows: First, at each fixed t we consider the sets
A+
t and A−

t of admissible ceded loss functions defined in (10) and (11). Then, we consider equations
of dynamic programming (see (17)). Recall that

A+
t =

{
I(·) : 0 ≤ I(x) ≤ x, P{(1 + α)nEI(Xt

1)−
n∑

i=1
I(Xt

i ) ≥ at+} ≥ β t+

}
.

By Central Limit Theorem, the relation

P{(∑n
i=1 I(X

t
i )− nEI(Xt

1))/(
√
nσ(I(Xt

1)) ≥ x}
1 −�(x)

→ 1

as n → ∞ is satisfied uniformly for x on any bounded interval. However, in the definition of A+
t , the

needed convergence must have the form

P{(∑n
i=1 I(X

t
i )− nEI(Xt

1))/(
√
nσ(I(Xt

1)) ≥ O(
√
n)}

1 −�(O(
√
n))

→ 1,

where

O(
√
n) = √

nEI(Xt
1))α/σ(I(X

t
1))− at+/(

√
nσ(I(Xt

1)).

This convergence is guaranteed by the existence of all exponential moments of individual risk (see
Dembo & Zeitouni (2009) and Petrov (1975) for the corresponding results of Large Deviations
Theory),

E exp(ρXt
1) < ∞ for any ρ > 0. (41)

Thus, the set A+
t is close to its ‘normal approximation’ under (41). The same is valid for the set A−

t .
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Also, recall equations of dynamic programming (see (17)). The expression for P{Wt+1 > r}
derived from (14) is

P{(1 + α)nEIt(Xt
1)−

n∑
i=1

It(Xt
i ) > r}, t = 0, . . . ,T − 1,

As before, the needed convergence

P{(∑n
i=1 I(X

t
i )− nEI(Xt

1))/(
√
nσ(I(Xt

1)) ≥ O(
√
n)}

1 −�(O(
√
n))

→ 1,

where

O(
√
n) = √

nEI(Xt
1))α/σ(I(X

t
1))− r/(

√
nσ(I(Xt

1)),

is guaranteed by (41).

5. Examples

Consider a numerical example illustrating Theorem 3.1, i.e. the solution of the multi-
stage risk control problem (14)–(16). Let the clients’ losses have a distribution function
F1(x) = p(1 − exp(−0.1x))+ 1 − p, which is independent of the stage number t, and where the
probability of an insurance event is p = 0.1. Thus, the distribution function of the claim size
F01(x)

def= P{X1 ≤ x|X1 > 0} = 1 − exp(−0.1x) is exponential. Assume that there are n = 250 clients,
the confidence levels are βt+ = β t− = 0.95, and the insurer’s initial capital isw = 1. The time horizon
of the process is {0, . . . ,T} = {0, . . . , 4}. The safety level established by the insurer is r = 0. In other
words, if the insurer’s capital increment at a previous stage has a positive value then the ceded loss
function is chosen from the set A+

t ; otherwise, from the set A−
t . The lower bound a

+
t on the insurer’s

capital increment in A+
t is equal to 10, and the corresponding lower bound a−

t in A−
t is equal to 20

for all t = 0, . . . , 3.
Recall that by part 2 of Theorem 3.1 (see also part 1 of Corollary 3.1), the optimal ceded loss

functions are the stop-loss insurances

It∗(x, y) =
{
x ∧ kt+ for y > r,
x ∧ kt− for y ≤ r.

The insurer’s retention levels kt+ and kt− calculated under the loading coefficientα = 0.5 are presented
in Table 1.

Note that in the problems of calculating the optimal ceded loss function at each stage, Slater’s
constraint qualification is satisfied. Indeed, relation (7) holds even for the ‘worst’ case with the largest
lower bound a−

t = 20 on the capital increment:

J0[I0] = 2.4980 > 0 and α
√
n − xNβ

√
F1(0)/F̄1(0) = 2.9711 > 0.

In the first column of this table, the choice of k0+ instead of k0− is explained by the fact that the initial
capital isw = 1 > 0 = r. In accordancewith the second row of the table, the levels kt− are significantly

Table 1. The optimal retention levels kt+ and kt− corresponding positive and non-positive insurer’s capital at each stage t.

k0+ k1+ k1− k2+ k2− k3+ k3−
119.2597 119.2587 23.6634 119.2603 23.6634 119.5736 23.6634



36 A. Y. GOLUBIN AND V. N. GRIDIN

Table 2. The optimal retention levels of insurances dependent on current capital and probability of an insurance event.

p0 = 0.25 p1 = 0.2 p2 = 0.15 p3 = 0.1

k0−D k1+D k1−D k2+S k2−S k3+S k3−S

0.0127 0.0118 0.0118 121.5024 121.5024 119.5736 23.6634

lower than kt+. The reason is that for α = 0.5, the maximum in the problemHt[Ik] → max, Ik ∈ A−
t ,

is achieved at the value kt− lying on the boundary of the admissible set {k : Ik ∈ A−
t }, t = 1, 2. The

increase of the loading coefficient α, i.e. the cost of insurance, means the extension of the sets A−
t .

Even in the case α = 0.55, the values kt− become inner points and, due to the inclusion A−
t ⊂ A+

t ,
the values kt− = kt+.

Let us solve another example, where the safety level is r = 5> 0, the probability of an insurance
event pt changes with t from 0.25 to 0.1 by step −0.05. Now, the set of admissible risk sharings is
defined in (30), where, recall, the functions I(x) and x − I(x) are assumed to be non-decreasing. The
other input parameters remain the same. As follows from Theorem 4.1 (see also Corollary 4.1), an
optimal risk sharing It∗(x, y) can be either a stop loss insurance, or unconditional deductible insurance.
A numerical calculation of the type of optimal insurances and their levels kt+, kt− with varying pt ,
t = 0, . . . , 3, is given in Table 2.

Here kt+D , kt−D denote the levels of unconditional deductibles, and kt+S , k
t
−S denote the retention

levels in the stop loss insurances.The corresponding ceded loss functions are

It∗(x, y) =
{
(x − kt+D)+ if y > r
(x − kt−D)+ if y ≤ r and It∗(x, y) =

{
x ∧ kt+S if y > r
x ∧ kt−S if y ≤ r.

In this example, the optimal ceded loss functions I0∗(x, y) = (x − 0.0127)+ and I1∗(x, y) = (x −
0.0118)+ with relatively low deductible levels ktD (see the first three columns in in Table 2) insignif-
icantly differ from the stop loss insurance I2∗(x, y) = x ∧ 121.5024 at stage t = 2 (see the fourth and
fifth columns), since such a high retention level k2S = 121.5024 in I2∗(x, y)means almost full risk reten-
tion by the insurer. The coincidence of k1+D and k1−D as well as coincidence of k2+S and k

2
−S is explained

by the following: in the first case the optimal insurance I1∗ that solves the problem H1[I] → max,
I ∈ D−

1 , turns out to be an unconditional deductible policy with a level k
1−D = 0.0118. This level is an

inner point in the admissible set {k : Ik ∈ D−
1 }, where Ik(x) = (x − k)+. Since D−

1 ⊂ D+
1 , we obvi-

ously have k1+D = k1−D. The same is true for stage t = 2, where the optimal insurance I2∗ is a stop loss
policy. Further, quite expectedly, at the final moment t = 3 of making decision when p3 = 0.1, the
retention levels 119.5736 and 23.6634 in I3∗(x, y) coincide with that in the previous example.

6. Concluding remarks

This paper investigates a problem of designing an optimal insurance strategy in a discrete-time risk
process with stage-by-stage probabilistic (VaR) constraints and a safety level imposed on the incre-
ments of insurer’s capital, with themean value of insurer’s final capital being the objective functional.
In contrast to traditional dynamic insurance optimization models, the proposed approach allows to
determine an optimal insurance strategy by solving a sequence of static one-stage insurance opti-
mization problems. It is demonstrated that the optimal ceded loss function at each stage is either
a stop-loss insurance, or conditional deductible insurance, or unconditional deductible insurance,
depending on a given value of the safety level.
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Appendix
Proof of Lemma 3.1: First, consider the case y > r. Let {In} be a maximizing sequence of admissible policies in
problem (18), i.e.

lim
n→∞Ht [In] = H∗

t
def= sup

I
Ht [I] .

Apply Helly’s theorem separately to the numerator and denominator of the fraction (r − μ[In])/σ [In] = (r − αnEIn
(Xt

1))/
√
nVarIt(Xt

1) in the objective functional (18). Then there exists a subsequence of random variables {Im(Xt
1)}

weakly converging to some limit ξ . For proving that the random variable ξ is proper (i.e. the property P{ξ < ∞} = 1),
it suffices to observe that Im(Xt

1) ≤ Xt
1 a.s. due to the definition of insurance policies. Since ξ is measurable with respect

to the sigma-algebra σ(Xt
1), it can be represented as ξ = I∗(Xt

1) for some ceded loss function I∗(·) ∈ A+
t .

Now, demonstrate that for themaximizing sequence {Im} the denominator σ [Im] in (18) is separated from 0. Really,
the constraint I∗ ∈ A+

t takes the form

P

{
(1 + α)nEI∗(Xt

1)−
n∑

i=1
I∗(Xt

i ) ≥ at+

}
≥ β t+ (> 0),

where, by assumption, at+ > 0. This means that the zero ceded loss I∗(Xt
1) = 0 a.s. is eliminated from the set of all

admissible policies. Consequently, σ [I∗] > 0. As a result, the equalityH∗
t = Ht[I∗] follows from the weak convergence

of {Im(Xt
1)} and the continuity of the objective functional (18) in EI(Xt

1) and VarI(Xt
1).

The case y ≤ r can be considered by analogy, with the set A+
t replaced by A−

t . �
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