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Introduction

0.1. S-ceLLs. Following [Lu2, 0.1], recall that for a connected complex reduc-
tive group G, its Weyl group Wi, is partitioned into S-cells:!

Win = | | Wo
Oeu

parameterized by the set &l of nilpotent G-orbits in g = LieG as follows.
Given w € Wgy, we take Borel subalgebras b, b’ C g in relative position w and
consider the intersection np N np, of their nilpotent radicals. There is a unique
nilpotent orbit O such that the intersection @ Nnp Nnp is open in ny Nngp. By
definition, w € Wy.

Lusztig showed that for any nilpotent orbit @, the S-cell W is the image of
a map

w: [Spr,] X [Spr,] = Whn

defined as follows: let a € O be an arbitrary element, let Spr, be the Springer
fiber over a, that is, the space of Borel subalgebras containing a, let [Spr,] be
and finally @w(X, X') € Wy, is
the relative position of generic points of irreducible components X, X’ € [Spr,].

the set of the irreducible components of Spr,,

Indeed, recall the Springer resolution p: T*B = U—u , where B is the flag
variety of G, and U C g is the nilpotent cone. It is known that p is strictly
semismall, i.e., for any nilpotent orbit @ C U, its codimension in U is exactly
twice the dimension of the Springer fiber Spr, = p~!(a) for any a € Q. In other
words, all the nilpotent orbits are the relevant strata [BM, 1.1] of the Springer
morphism p. The strict semi-smallness of ;1 implies that the Steinberg variety
of triples

Sta ::Z; Xz,{g

is equidimensional of dimension 2dim B. On the other hand, the irreducible
components of St are nothing but the conormal bundles Tg (B x B) to orbits
of G acting diagonally on B x B (such orbits are pairs of Borel subalgebras in
relative position w € Wgy). Thus both Wg and @ ([Spr,] x [Spr,]) parameterize
the set of irreducible components of St whose generic points lie above the
generic point of Q.

1 S stands for Steinberg, Spaltenstein and Springer.
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0.2. AFFINE S-CELLS. In case G is almost simple simply connected, Lusztig [Lu2]
defined a partition of the affine Weyl group

w= || W,
weWri, /Ad

into affine S-cells parameterized by the conjugacy classes of Way,, and conjec-
tured a second description of affine S-cells W, in terms of affine Springer fibers,
which is analogous to the one described in 0.1

The goal of this work is to prove a weak form of Lusztig’s conjecture re-
placing the argument of 0.1 by its affine analog. In the affine case, the role
of the nilpotent cone U is played by the space of topologically nilpotent el-
ements N' C Lg = g((t)) in the loop Lie algebra of g, while the role of the
partition & = | |5 O is played by the Goresky-Kottwitz—MacPherson strati-
fication [GKM] of A. The affine Springer resolution N’ — A is semi-small, but
not strictly semi-small; the relevant strata are parameterized by Wy, /Ad [BKV,
Lemma 4.4.4(d)] (in particular, [Lu2, Conjecture 3.3] follows). This implies a
weak form of Lusztig’s conjecture [Lu2, 2.3]: the second description of affine
S-cells holds not for arbitrary elements of the relevant GKM strata, but only
for generic elements. As a consequence, we show Lusztig’s conjecture [Lu2,
2.4] asserting that for any w € Wg,/Ad, the corresponding S-cell W, C W is
non-empty, and that W, is finite if and only if w is elliptic.

Note that all geometric objects involved are infinite-dimensional ind-schemes,
therefore the classical notion of dimension does not make sense in this setting.
Instead we apply the dimension theory developed in [BKV].

In case G is of type A it is expected that affine S-cells coincide with the two-
sided Kazhdan—Lusztig cells (the latter cells are explicitly described in [Lul]);
see in particular [Lu2, 1.4] where this is pointed out for G=SL(3) and [La] where
this is established for related (but a priori different) S-cells defined in [Lu2,
Section 4]. In certain (rectangular) special cases this follows from the recent
result of [BYY] together with our main theorem. More precisely, in [BYY]
relative positions of generic points in components of certain affine Springer
fibers are computed; the answer turns out to be related to Kazhdan—Lusztig
cells (as conjectured by R. Bezrukavnikov to hold more generally for groups of
type A). These relative positions are related to S-cells by our main theorem.

In the next six subsections we provide definitions and more precise formula-

tions of the results.
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0.3. THE AFFINE STEINBERG VARIETY. (a) Let G be a connected reductive
group over an algebraically closed field k, W5, the Weyl group of G, and R the
set of roots of G. We assume that the characteristic of k does not divide the
order of Whgy,.

(b) Let LG be the loop group of G, I C LG an Iwahori subgroup scheme,
and F¢ = LG/I the affine flag variety. We denote by g the Lie algebra of G,
by Lg the corresponding loop algebra, and by ZT C Lg the Lie algebra of the
prounipotent radical I of I. More generally, for every [g] € F¥, we set

If = Ady(Z7).

(c) Let N' C Lg be the locus of topologically nilpotent elements of Lg. More
precisely, let ¢ be the Chevalley space of g, L1 (¢) C Lc be the arc and the loop
spaces of ¢, respectively, ev: L7 (c) — ¢ the evaluation map, and Lx: Lg — Lc
the morphism, induced by the canonical morphism y: g — ¢. Then we denote
by

LT()en :=ev 1 (0) C LT(c)

the locus of topologically nilpotent elements, and set
N = Lx LT ()m) C LG,

(d) Let N be the affine Springer resolution of A, which is a closed ind-
subscheme of N x F¢ consisting of points (v, [g]) such that v € Z}.

(e) The affine Steinberg variety is the fibered product St := N x N. It is
a closed ind-subscheme of N x F¢ x F{ consisting of points (v, [¢'], [¢"]) such
that v € I;Z,g,, = I;} ﬂI;Z/.

0.4. STRATIFICATION BY LG-ORBITS. (a) Let f : X — Y be a morphism
of ind-schemes (or stacks). Then every stratification {Y,}aca of Y by locally
closed sub-ind-schemes (or stacks) over k induces a stratification { X, }oeca of X
such that X, = f~1(Y,) for all a € A.

(b) Recall that there is a natural bijection

x> (FUx FO)® = LG(1,z)

between elements of the extended affine Weyl group W of G and LG-orbits
in F¢ x FL. In particular, we get a stratification {(F¥¢ x F£€)*},cw of Fl x FL.
(¢) Combining (a) and (b), we get a stratification {St”},ew of St.
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0.5. THE GORESKY-KOTWITZ-MACPHERSON STRATIFICATION. (a) As in
[GKM] and [BKV, 3.3.4] the regular semisimple part

L ()™ == LT (c) N (Lg)™

of LT (c¢) has a natural stratification by finitely presented locally closed irre-
ducible subschemes ¢, ., parameterized by Wpy-orbits of pairs (w,r), where

e w is an element of the Weyl group Wy,
e ris a function R — Q>¢, and
e Wsy, acts by the formula u(w,r) = (uwu™!, u(r)) for all u € Wgy,.

(b) Namely, denote by h the order of Wg,, fix the primitive h-th root of
unity ¢ € k, and let o € Aut(k[t'/?]/k[t]) be the automorphism given by the
formula

o(tV/h) = et/

Let t be the abstract Cartan Lie algebra of g, and let ¢ — ¢ be the natural
projection. Then every z € L1 (c)(k) = ¢(k[t]) has a lift Z € t(k[t/"]).

The GKM stratification of L7 (¢)' is characterized by the condition
that z € LT (¢)y,r if and only if we have o(2) = w™!(2) and r(a) equals the
valuation of «(Z) € k((t*/")* for all a € R.

(c) Applying observation of 0.4(a) to the projection Lx: N — L*(c), we get
that the GKM stratification of £ (¢)™ induces stratifications of the regular
semisimple part of A" and hence also of ZT, N and St. Note that if the stratum
Nu,r (vesp. Zf ) is non-empty, then r > 0, that is, r(a) > 0 for every a € R.

(d) For every w € Wiy, we denote by t, the twisted form of t over O
(see [GKM] or [BKV, 3.3.3]). The GKM stratification ¢, » of £1(¢)™ induces
a stratification t, » of L1 (t,)™5. Let L1 (ty)tn C LT (ty) be the locus of topo-
logically nilpotent elements. Then we have an inclusion t, » C LT (t,)m if and
only if r > 0.

0.6. MINIMAL GKM PAIRS. (a) We call a pair (w,r), where w € Wg, and r
is a function R — Qs¢, a GKM pair, if the stratum ¢, » of £ (¢)™* is non-
empty. We denote the set of Whxy-orbits of GKM pairs by B, and for every
GKM pair (w,r) we denote its class in 8 by [w, r].

(b) Fix w € Wg,. We call a GKM pair (w,r) (or its class [w,r] € PB)
minimal, if the stratum t,, C £1(ty )i is open. Explicitly, r is a minimal
element among functions R — Q~¢ such that (w,r) is a GKM pair.
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(c) Notice that since each £ (t, ) is irreducible (see [BKV, 3.4.4]), it has
a unique open GKM stratum t,, . Namely, it is the GKM stratum, containing
the generic point of LT (t, ). Therefore for each w € Wy, there exists a unique
minimal GKM pair (w,r).

(d) We denote by Pmin C P the set of minimal classes in B.

Following Lusztig, we are now going to relate the two stratifications of the
affine Steinberg variety St defined above.

0.7. MAIN CONSTRUCTION. Recall that St is a closed ind-subscheme of the
product N x (Fe x F¥).

(a) By 0.4(a) and 0.5(c), for every pair (¢', g"") € FxFL, the regular semisimple
part of the fiber St99'C A is equipped with a GKM-stratification {Stful’,ﬁ”} [w,r]€R-
Similarly, for every v €N, the reduced Steinberg fiber St., C F¢ x F{ is equipped
with a stratification {StZ }.cw (see 0.4(a),(b)).

(b) Since StY £ I;C’ o isirreducible while every GKM stratum Stf,;:illc St9"9”
is a finitely presented locally closed subscheme, there exists a unique class
7(¢',g) = [w,r] € P such that the stratum Stgjﬁ’f” c S99 is open (com-
pare 0.6(c)). Moreover, since the GKM stratification of N is £LG-equivariant,
the class 7(g’, g) only depends on the LG-orbit of (¢', ¢").

(¢) By (b) and 0.4(b), for every & € W there exists a unique class
m(x) = [w,r] € P such that

7(g',g") = [w,x] for every (¢',g") € (Fl x Fl)*.

We also denote by
7(x) = [w] € Wsn/Ad

the conjugacy class of w.

(d) Assume from now on that v € N' C Lg is regular semisimple. Then the
reduced affine Springer fiber F/. is an equidimensional scheme locally of finite
type over k (see [KL]). Hence the same is true for St., = F¢, x F{,. Moreover,
by the formula of Bezrukavnikov-Kazhdan—TLusztig [B], for every class [w, r] € P
there exists d,,» € Z>( such that dim F¢, = §,,, for every v € N, .

(e) Following Lusztig, we define a subset o(y) C W to be the set of all
x € W such that the locally closed subscheme St7 C St is of full dimension
dim Sty = 20,,r. Alternatively, « € o(v) if and only if there exist irreducible
components C’, C" of F(., such that (C'xC")* C C'xC" is an open subscheme.



Vol. TBD, 2021 S-CELLS IN AFFINE WEYL GROUPS 7

0.8. LUSZTIG’S CONJECTURES. Lusztig conjectured that the two maps defined
above are closely connected. More precisely, Lusztig [Lu2, Conjectures 3.3
and 2.3] conjectured that:

(a) For every x € W, the class 7(z) = [w,r] € P is minimal.

(b) For every [w,r] € Pumin and v € Ny, we have an equality

o(y) =7 ([w,x]).
In other words, for [w,r] € Puin, © € W and v € Ny, we have
m(z) = [w,r] if and only if dim St7 = 24, .
Lusztig [Lu2, 2.4] also remarked that assertions (a) and (b) imply that:
(c) For every w € Wsy, the preimage 71 ([w]) is non-empty.
(d) Assume that G is semisimple. Then 7~ !([w]) is finite if and only if w
is elliptic.

0.9. WHAT 1S DONE IN THIS WORK? Our goal is to prove Conjecture 0.8(a)
and to show that Conjecture 0.8(b) holds for “generic” elements. More pre-
cisely, we show the existence of an LG-invariant open dense sub-indscheme
“Nwr C Ny, (depending on x € W) such that for every v € “N,, r, we have
m(z) = [w,r] if and only if dimSt] = 24, . As a consequence, we deduce
Conjectures 0.8(c),(d). Finally, we show that the full Conjecture 0.8(b) follows
from a certain flatness conjecture.

0.10. OUR STRATEGY. (a) To every morphism f: X — Y of schemes of finite
type over k we associate a dimension function dim;: X — Z given by

dim;(z) := dim, X —dimy.)Y for z € X.

(b) Our dimension function satisfies the property that for every z € X we
have an inequality dim;(z) < dim, f~!(f(2)) and that there exists an open
dense subset U C Y such that we have an equality

dim(z) = dim. f~'(f(2))

for every z € f~1(U).

(¢) Our main observation is that the dimension function of (a) can be defined
for locally finitely presented morphisms between certain infinite-dimensional
schemes, and that property (b) still holds in this case. Namely, it can be done
when Y is placid, that is, locally has a presentation as a limit Y ~ lim; Y},
where each Y; is of finite type, and all transition maps are smooth affine.
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(d) Fix 2 € W and [w,r] € PB. We would like to apply the construction (c)
to the projection p: Sty , — Nyr. Unfortunately, we can not do it directly,
because both source and target of p are infinite-dimensional ind-schemes, rather
than schemes. To overcome this, we observe that the projection p is LG-
equivariant, and there exists a natural embedding t,, < Ny, unique up
to an LG-conjugacy, such that the composition t,, < Ny, — [LG\Nuy.r]
is surjective. Therefore we can replace p by its pullback pi: St{,, . — tur
t0 tyr C N p-

It turns out that the reduced ind-scheme (Sty,, ,)rea is actually a scheme,
locally finitely presented over t,, r, therefore the construction of (c¢) applies to
Pered: (St{,, p)red — tw,r. Furthermore, there is a discrete group A’ acting freely
and discretely on St{,, . over t, r such that the quotient [A"\(St{,, ,)red] is a
scheme, finitely presented over t,, r. Thus an analog of (b) applies to p¢rea as
well.

(e) Our main technical result asserts that function dim,, ,.q equals

20w.x + ag, . — b(z)h

w,r?

where aj . is a non-negative integer such that afgm = 0 if and only if the

class [w,I:] € P is minimal, and b(z); , is a non-negative function such that
b(z)y, » = 0 if and only if 7(x) = [w,1].

(f) Both Conjecture 0.8(a) and a weak form of Conjecture 0.8(b) easily
follow from the combination of (e) and (b). Namely, when 7(z) = [w,r],
these assertions imply that for a generic v € t,,, we have an inequality
dim St > 26, + @, ,, which implies that a;} ., = 0, thus [w,r] is minimal.

Conversely, if [w,r] is minimal, then for a generic 7 € t,, », we have an equality

i St = 28,0 — (2) ()

w,r

for every 7 € StZ, which implies that dim St7 = 24, , if and only if 7(z) = [w, 1].

0.11. PLAN OF THE PAPER. The paper is organized as follows. In the first two
sections we introduce our main ingredients, namely placid stacks and dimension
functions, mostly repeating the corresponding parts from [BKV]. Then, in the
next three sections we prove Lusztig conjecture 0.8(a) and a weak form of 0.8(b),
and deduce conjectures 0.8(c),(d) from them. Finally, in the last section we
deduce the full Lusztig conjecture 0.8(b) from a certain flatness conjecture.
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1. Placid stacks

In this and the next sections we will review the material that appears in [BKV].
To make the exposition simpler, most of our notions are more restrictive than
those considered in [BKV].

1.1. SCHEMES ADMITTING PLACID PRESENTATIONS. (a) We say that a scheme X
over k admits a placid presentation, if it has a presentation X ~ lim;cn X,
where each X; is a scheme of finite type over k, and every projection X, — X;
is smooth and affine.

(b) Let f: Y — X be a finitely presented morphism of schemes such that X
admits a placid presentation X ~ lim; X;. Then there exists an index ¢ and a
morphism f;: Y; — X, of schemes of finite type over k such that f is a pullback
of f;. In particular, Y ~ lim;>;(Y; X x, X;) is a placid presentation of Y.

(c) We call a morphism of schemes f: X — Y strongly pro-smooth, if X
has a presentation X ~ lim; X; over Y, where Xy — Y is smooth and finitely
presented, while all projections X;;; — X; are smooth, finitely presented and
affine.

(d) The class of (c) is closed under compositions and pullbacks (see [BKV,
1.1.3]). It follows that if f: X — Y is strongly pro-smooth, and Y admits a
placid presentation, then X admits a placid presentation as well.

(e) Notice that a scheme X admitting a placid presentation is irreducible if
and only if it has a placid presentation X =~ lim; X; such that X; is irreducible
for all 7.
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1.2. PLACID ALGEBRAIC SPACES AND SMOOTH MORPHISMS. (a) We call a
scheme/an algebraic space X placid, if it has an étale covering by schemes
admitting placid presentations. Using 1.1(b), one deduces that if f: X — Y is
a locally finitely presented morphism of algebraic spaces and Y is placid, then X
is placid.

(b) We call a morphism f: X — Y of algebraic spaces smooth, if locally in
the étale topology it is a strongly pro-smooth morphism of schemes. Explicitly
this means that there exist étale coverings {Ya}o of Y and {X, g} of

fﬁl(Ya) =X Xy Ya

by schemes such that every X, g — Y, is strongly pro-smooth. Using 1.1(d)
one sees that if f: X — Y is a smooth morphism of algebraic spaces and Y is
placid, then X is placid as well.

(¢) The class of smooth morphisms is closed under compositions and pullbacks
(by 1.1(d)).

(d) As in [BKV], our smooth morphisms are not assumed to be locally finitely
presented. On the other hand, all smooth morphisms are automatically flat.

Remark 1.3: For the purpose of this work, we could avoid talking about alge-
braic spaces, and restrict ourselves to schemes instead (compare Remark 4.3).
Furthermore, all placid schemes appearing in this work have Zariski open cov-
erings by schemes admitting placid presentations.

1.4. PLACID STACK. (a) By a stack over k, we mean a stack in groupoids
in the étale topology. Using observation 1.2(c), we can talk about smooth
representable morphisms between stacks.

(b) A stack X over k is called placid, if there exists a smooth representable
surjective morphism X — X from a placid algebraic space X. Such a map is
called a placid atlas.

(c) A representable morphism of stacks f: X — ) is called (locally) finitely
presented, if for every morphism Y — ) from an algebraic space Y, the
pullback X xy Y — Y is a (locally) finitely presented morphism of algebraic
spaces.

(d) Assume that in the situation of (c¢) the stack ) is placid. Then X is placid
as well. Indeed, if Y — ) is a placid atlas, then & xy Y — X is a placid atlas
by 1.2(c).
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Example 1.5: Let G be a strongly pro-smooth group scheme acting on a placid
algebraic space X. Then the quotient stack X = [G\X] is placid, and the
projection X — X is a placid atlas.

1.6. THE UNDERLYING SET. (a) Recall that to every stack X over k, one asso-
ciates the underlying set X', whose points are equivalent classes of pairs (K, z),
where K is a field extension of k, z€ X(K) and (21, K1) ~ (22, K3), if there exists
a larger field K D Kj, K3 such that points z1 |k, 22|k € X (K) are isomorphic.

(b) Note that when X is an algebraic space, then X is the underlying set of X.
More generally, if X' is the quotient stack [G\X] as in Example 1.5, the X is
the set of orbits G\ X.

(¢) To simplify the notation, we will denote the set X’ simply by X.

1.7. REDUCTION. (a) Recall that to every scheme/algebraic space X one can as-
sociate the corresponding reduced scheme/algebraic space X;eq. Moreover, X,eq
is placid, if X is such (see [BKV, Lemma 1.4.5]).

(b) More generally, to every placid stack X one can associate a reduced
placid stack Xcq (see [BKV, 1.4]). Furthermore, the assignment X +— X,eq is
functorial, we have a canonical functorial finitely presented closed embedding
Xreq — X, and the induced map X;eq — X of the underlying sets is a bijection.

2. Dimension theory

2.1. DIMENSION FUNCTION: SCHEMES OF FINITE TYPE. (a) To every map of
sets f: X — Y and a function ¢: Y — 7Z, we associate the function

[ (@) =dlx =dof: X > L
(b) For a scheme X of finite type over k and z € X, we denote by dim,(X)

the maximum of dimensions of irreducible components of X, containing z. As
in [BKV, 2.1.1], one associates to X a dimension function dimy: X — Z,
defined by dim y (z) = dim,(X) for every z € X.

(c) Then, as in [BKV, 2.1.2], to every morphism f: X — Y between schemes
of finite type over k, we associate the dimension function

dim; = dim(X/Y) := dimy — f*(dimy): X — Z.

In other words, we define dim ;(2) := dim,(X) — dimy)(Y) for every z € X.
Next we are going to extend these notions to placid schemes and stacks.
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2.2. DIMENSION FUNCTION: PLACID STACKS. (see [BKV, Lemmas 2.2.4 and
2.2.5]).

(a) For every finitely presented morphism f: X — Y of schemes admitting
placid presentations, there exists a unique dimension function

dim; =dim(X/Y): X = Z

such that for every placid presentation Y ~lim; Y; of Y and morphism f;: X; —=Y;
as in 1.1(b), we have dim; = 7} (dimy,), where dim;, was defined in 2.1, and
mi: X — X; is the projection. In other words, we have dim(z) = dim, (m;(z))
for every z € X.

(b) For every locally finitely presented morphism f: X — Y of placid alge-
braic spaces, there exists a unique function dim; = dim(X/Y): X — Z such
that for every commutative diagram

x Iy

) AT

X%y’

where f': X’ — Y is a finitely presented morphism of schemes admitting placid
presentations, and ¢g and h are étale, we have an equality h*(dim f) = dimy,,
where dim ;, was defined in (a).

(¢c) For every representable locally finitely presented morphism f: X — ) of
placid stacks, there exists a unique function dim; = dim(X'/Y): & — Z such
that for every Cartesian diagram

x .y
hl lg

X%y’

where g and h are placid atlases, we have h*(dim f) = dimy,, where dimy, was
defined in (b).

Example 2.3: In the situation of Example 1.5, let f: Y — X be a G-equivariant
finitely presented morphism of algebraic spaces. Then f induces a finitely
presented morphism [f]: [G\Y] — [G\X] between quotient stacks, and our
construction 2.2(c) says that the function dim,: Y — Z is the pullback of
dimp: G\Y — Z.
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2.4. PROPERTIES. (a) The dimension function is additive, that is, for every
pair X EN Y % Z of morphisms as in 2.2(c), we have an equality
dim,; = dim, + f*(dim,)
(see [BKV, Lemma 2.2.5]).
(b) For every f as in 2.2(c), the induced morphism fieq: Xred — Vred 18
a representable locally finitely presented morphism of placid stacks as well

(see 1.7(b)), and the dimension function dim; ,: Xea — Z is the pullback
of dim; (see [BKV, Corollary 2.2.8]).

Notation 2.5: (a) We say that a finitely presented representable f is of constant
dimension, if the dimension function dim; is constant. In this case, we often
write dim; = dim(X/Y’) instead of dim; = dim(X/Y").

(b) For a finitely presented locally closed embedding ¢: Y < X, we define

codimy (V) := —dim, .

Again, we write codimx (Y') instead of codimy (Y'), when ¢ is of constant di-

mension.

LEMMA 2.6: Let f: X — Y be a finitely presented morphism between placid
algebraic spaces.

(a) For every z € X, we have an inequality dim ;(z) < dim.(f~"(f(2)).

(b) If f is open, then the inequality of (a) is an equality for all z € X.

(¢) Set dimf) = —oo. Then there exists an open dense subspace U C Y
such that the function y — dim f~1(y) is locally constant on U, and for
every z € f~1(U), the inequality of (a) is an equality.

(d) Assume that X is non-empty, Y is irreducible, and the inequality of (a)
is an equality for all z € X. Then for every U as in (c) and everyy € U,
the fiber f~1(y) is non-empty.

Proof. Assume first that X and Y are schemes of finite type over k. In this
case the assertions (a) and (b) are well-known (see, for example, [EGA, 14.2.1]
or [Stacks, 0B2L]).

Next, (c) is easy. Namely, shrinking Y, one can assume that every connected
component of Y is irreducible, thus reduce to the case, when Y is irreducible.
Next, it is enough to show the assertion for the restriction f,: X, — Y of f to
each irreducible component of X, thus we can assume that X is irreducible as
well. In this case, the assertion is standard.
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Finally, to show (d) we let Y/ C Y be the closure of f(X). Then, by our
assumption and (a), for every z € X we have

dim. (X) — dim ) (Y') < dim, (f 7 (f(2)) = dim.(X) — dim () (Y),

thus dim .y (Y") = dimy(.y(Y’). Since X is non-empty and Y is irreducible, this
implies that f is dominant, which implies the assertion.

Assume now that X and Y are schemes admitting placid presentations.
Then f is a pullback of a certain morphism f’: Y’ — X’ of schemes of finite
type over k, and the assertion for f follows from the corresponding assertion
for f’. Namely, if U’ C X’ satisfies the condition of the lemma for f’, then its
preimage U C X satisfies the condition for f.

The general case now easily follows. Indeed, choose an étale covering {Y, }
of Y by schemes Y, admitting placid presentations. Then the assertion for f
follows from the corresponding assertion for X xy Y, — Y,. Thus we can
assume that Y is a scheme admitting a placid presentation. Finally, choose an
étale covering X’ — X by a scheme admitting a placid presentation. Then the

assertion for f follows from the corresponding assertion for X’ — X Ay

3. Proof of Conjecture 0.8(a)
We fix © € W and [w,r] € .

Notation 3.1: (a) Set ¥ := N xx Z+. Then Y C It x Fl is a closed ind-
subscheme.
(b) Using embedding W — F/¢, we can view x as a point of F¢, and set

FU* = Iz C FL.

We denote by Y* C Y the preimage of F¢* C F{, and by YV . C Y* the
preimage of Z,) . C I,

(c) Notice that ZT is an affine scheme admitting a placid presentation,
Ijj"r C I7 is a finitely presented locally closed subscheme, while both projec-
tions Y* — ZF and Y, . — Z} . are finitely presented. Thus Z ., Y* and Vi .
are schemes admitting placid presentations (by 1.1(b)).
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Notation 3.2: (a) Set
I(x):=INzxlz™' C LG and Z(x)" =TT NAd,(Z") C Lg.

Note that Z(x)" was denoted by Z;, in 0.3(e).
(b) Note that Z(z)" is a scheme admitting a placid presentation, and
Z(x)} » C Z(x) is a finitely presented locally closed subscheme. Then Z(z);) .

admits a placid presentation (by 1.1(b)), and we can consider the codimension

function

(3.1) b(z)} = codimz,+ (Z(x)3 ) : Z(2) 3 — Z.

w,r

(c) Note that I(z) is a strongly pro-smooth group scheme. Since Z(z)"
and Z(z), . are Ad I(z)-equivariant, we can form quotient stacks [I(x)\Z(z); ]
and [I(z)\Z(x)"], both of which are placid (see Example 1.5). Using Exam-
ple 2.3, the codimension function b(z);} . of (3.1) is induced by the codimension
function codimy ;)\ z(x)+ ([[(2)\Z(2);) ,]), which we also denote by b(x),

w,r”

Remark 3.3: If € W is the unit element, then Z(z)™ = ZT. In this case,
by [BKV, 3.4.4(a) and Corollary 3.4.9], the function

b(z)r . = codimzy (T} )

w,r w,r

is the constant function with value codimg+ (o), (¢w,r) = codimpt(¢)(cw,r) — 7
that was denoted by b, , in [BKV, 3.4.4(d)]. Here = dim ¢ is the rank of G.

3

LEMMA 3.4: (a)  We have b(x)} . =0 if 7(z) = [w,r], and b(z); . >0
otherwise.

(b) We have natural isomorphisms
[N\Y*] = [I(2)\Z(2)"] and [1\YV;,]~ [[(2)\I(z),]-
(¢) The projection Y* — TT is affine finitely presented, and
dim(Y* /T*) = 0.

Proof. (a) By definition, 7(z) = [w,r] is the unique class such that the GKM
stratum Z(z) . C Z(z)" is open dense. This implies the assertion.

(b) By definition, Y* is an [-invariant closed subscheme of N x F{* con-
sisting of points (v, [g]) such that v € Zf N ZF, where I acts by the formula
h(v,9) = (Adn(v), hg). Since I acts transitively in F¢* and I(x) C I is the sta-
bilizer of x € F¥, the isomorphism [I\Y*] ~ [I(x)\Z(x)"] follows. The second
isomorphism follows from the first by taking preimages of ¢, » C LT ().
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(c) Taking the quotient by I, it suffices to show that the projection
[1\Y*] = [I\NT"]

is affine finitely presented of constant dimension zero (compare Example 2.3).
Using (b), this projection can be identified with the composition

[L(@\L(z)"] = [[(@)\IT] = [I\TT].
Since Z(xz)* C ZT is a closed finitely presented subscheme, while
I/I(x) ~T"/T(x)"
is non-canonically isomorphic to an affine space, the assertion follows.
Notation 3.5: (a) As in [BKV, 3.4.1], we set

dy := Z r(a), ¢ :=dimt—dimt",
aER

where t* C t denotes the space of w-invariants, and
Owyr = _(dy — ).

(b) Note that t,r C LT (ty)tn is a connected strongly pro-smooth finitely
presented locally closed subscheme (see [BKV, 3.3.3]) of constant codimension
(see [BKV, Lemma 2.2.10]). As in [BKV, 3.4.4(d)], we set

+ :
ay, = codimp g, ), (tw,r)-

(¢) Using Lemma 3.4(b), we have a natural projection
Ve = I\Vi o] = T (2)\I ()3, ,]-
Denote by b(z)f, .|ys , the pullback of the codimension function
b(@)yy, + H(@)\I(2) ] = Z

(see Notation 3.2(c)).

Remark 3.6: Since L1 (t,)tn is irreducible, it has a unique open dense stra-
tum t, », while all other strata are of positive codimension. Therefore a class
[w,r] € P is minimal (see 0.6(b)) if and only if a; . = 0.

LEMMA 3.7: We have an equality

dim(yffz,r/zvj;_,r) = 5w,r + a-iw_m - (b($)$7T|y£r)
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Proof. By the additivity of the dimension function (see 2.4(a)), we have

dlm(yi,r/z-—i_) = dlm(ysz,r/l-:)—,r) - (COdimI+ (I+,r)|yﬁ,r)

and
dim(V7,/T*) = (dim(V*/Z)|yz ) — codimy. (V).
Thus
dim(Yy, /T ) = (codimzs (Z) ) |ye ) + (dim(V®/Z7)|ys ) — codimy,. (Y, ).

Note that it follows from [BKV, Corollaries 3.4.5 and 3.4.9] that the closed
subscheme Z} . C I is of constant codimension codimz+(Z; ;) = dwr + af .
Since dim(Y*/Z*) = 0 by Lemma 3.4(c), it suffices to show the equality

codimyz (yf,iyr) = (b(x)-u")_r |)7$f,,r)’

which follows from Example 2.3 and Lemma 3.4(b).

Now we are ready to show the first part of Lusztig’s conjecture.
THEOREM 3.8: For every x € W, the class w(x) = [w, r] is minimal.

Proof. By the formula of Bezrukavnikov-Kazhdan-Lusztig (see [B]), all fibers
of the projection YV, — I;f’r are of dimension 6, . Therefore all fibers

of Vi v — I;j,r are of dimension at most d,, r, hence by Lemma 2.6(a) we have

dlm(yﬁ/,r/:z;g,r) S 51071"

It now follows from Lemma 3.7 that af; . < b(z)} . Next, since (x) = [w,r],
we conclude by Lemma 3.4(a) that b(z) . = 0. Thus aJ; . = 0, hence the

)

class [w, r] is minimal by Remark 3.6.

4. Proof of Conjecture 0.8(b) for generic elements
We continue to fix z € W and [w,r]| € B.

Notation 4.1: (a) Recall (see [BKV, 4.1.5]) that element w € Wsy, gives rise to
a maximal torus T, C Gy(y), hence to an ind-subgroup scheme £(T%) C LG,
both defined uniquely up to conjugacy. Moreover, we have a natural £(T,)-
equivariant embedding t,, , < Ny r, defined uniquely up to conjugacy, where
L(Ty) acts trivially on ty, .



18 M. FINKELBERG, D. KAZHDAN AND Y. VARSHAVSKY Isr. J. Math.

(b) We set
Newr = twr XN Nur and  St{, = tur Xn,, Sty ..

Both j\~/t,w,r and St{,, . are ind-schemes over t ,.
(¢) Consider the composition

pr: St% < St = N xu N 25 N

It is LG-equivariant, and therefore induces an LG-equivariant projection
pr: Sty , — J\~/w1r, hence an £(T),)-equivariant projection pry: Sty . — J\~ft,w,r.

(d) Let Ay, := X.(Ty) be the group of cocharacters of T,,, defined over k((¢)).
It is a finitely generated free abelian group, and we have natural embedding

Ay = L(Tyw), A= A).
In particular, the projection pry: Stf,, , — J\~ft,w1r from (c) is A,-equivariant.
LEMMA 4.2: (a) We have natural isomorphisms
[LG\Nowy] ~ [I\TS,] and [LG\St:, ]~ [\V5 ].

(b) The quotient stacks [[,G\J\7w,r] and [LG\ Sty, ,] are placid, and the pro-
Jjection

[pr]: [LG\ St2 ] — [LG\N,y ]

is affine and finitely presented.
(¢) The reduced ind-schemes (N 1 )rea and (Stf,w,r)md are placid schemes,
locally finitely presented over t,, », while the projection

Pt red* (Stiw,r)red — (j\/t,w,r)red

is affine and finitely presented.
(d) The quotients [Ay\(Niw,r)red] and [Ay\(St{,, »)red] are placid algebraic
spaces, finitely presented over t, r.

Proof. (a) follows from the observation that both pr: St — A from 4.1(c) and
the projection N — FU are LG-equivariant, and the fiber of pr over [1] € F{ is
the projection Y* — .

(b) Since the projection Y* — ZF and its pullback Vi, . — ZF . are affine and
finitely presented (by Lemma 3.4(c)), all assertions follows from Example 1.5
and the statement and the proof of (a).
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(c) It follows from [BKV, Theorem 4.3.3], that (NViuw.r)red is a scheme, locally
finitely presented over t, .. Since t, . is placid (compare Notation 3.5), we
conclude that (N r)red 18 a placid scheme by 1.2(a). Next, using identifications

K[t,w,r = tw,r XLG\Nw r] [‘CG\K/'W,T] and

St

(4.1) -
tw,r = tw,f‘ X[LG\Nw,r] [KG\ Stw,r]’

we deduce from (b) that the projection pry: St{,, , — /\N/':(7u,7r is affine and finitely
presented. Therefore the remaining assertions follow from 1.7(a) and 1.2(a).
(d) By [BKV, Theorem 4.3.3], the quotient [Ay\(Niw.r)rea) is an algebraic
space, finitely presented over t,, . Therefore it is placid by 1.2(a). Moreover,
we conclude from (c) that the projection [A,\(StY,, )red] — [Aw\(J\N/}ywyr)md]
is affine and finitely presented, which implies that [A,\(St{

tuw.r)red] 18 @ placid

algebraic space, finitely presented over t,, .

Remark 4.3: By [BKV, Corollary 4.3.4(a)], there exists a subgroup of finite
index A/, C A, such that the quotient [A’\(Ni.w.r)red] is a scheme finitely
presented over t,, ». Thus, using Lemma 4.2(c), one deduces that the quotient
[A%\(St{ 4 x)red] is a scheme finitely presented over t,, » as well. In particular,
for the purpose of this work we could restrict ourselves to schemes instead of
algebraic spaces.

Notation 4.4: (a) Composing isomorphisms of Lemma 4.2(a) and Lemma 3.4(b),
we get an isomorphism [L£G\ Sty, .| ~ [[\V5 .| ~ [[(x)\Z(x)} .].

(b) By (a), we have a natural projection
St e = Sty r = [LG\ St ] = [(2)\I(2), ,]-

Therefore we can consider the pullback b(z) .[(stz .., (see Notation 3.2(c)).
(c) For every 5 € Sty, .., we denote its image in [I(z)\Z(x)} ] by [7].
The following assertion is the main technical result of this work.

ProPoOSITION 4.5: We have an equality

dim((Stiw,r)rcd/tw,r) =20y + a;r;,r - (b($)$,r|(8t{,w,r)md)-

Before giving the proof of Proposition 4.5, we are going to explain how
Lusztig’s conjecture 0.8(b) for generic elements follows from it.
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COROLLARY 4.6: (a) There exists an open dense subscheme "ty » C tyy
such that the function vy +— dim StJ is constant on “t, r, and for every
v € “tyr and y € St7 we have an equality
dimz Stf = 20, + a;r —b(z)t ().

w,r

(b) If [w,r] is minimal and w(x) = [w, ], then for every v € “t,, r, the fiber
Sti is non-empty and equidimensional of dimension 29, .

Proof. (a) Recall that the projection f: [Ay\(St{,, )red] = tw,r is finitely pre-
sented by Lemma 4.2(d), and let “t,, » C t, r be the largest open dense subset
satisfying the condition of Lemma 2.6(c) for f. For every 7 € St7, let 7' be the
projection of 7 to [Ay\(St{ ., r)red]-

Then we have a sequence of equalities

dimy Stﬁ = dimy fﬁl( ) = dimfﬁ/)
= dim((St{ .y x)red/tw,r)(F)
= 20u,r +a . — b(z) ([A]),

where

o the first equality follows from the identification [Ay\ St3] >~ f~(7)red;
e the second one follows from the assumption on “t,, y;

e the third equality is clear;

e the last one follows by Proposition 4.5.

(b) If 7(x) = [w, 1] is minimal, then a;f, . = 0 (by Remark 3.6) and b(z).}, . = 0
(by Lemma 3.4(a)). In this case, assertion (a) implies that for every v € “ty ,
the fiber St7 is either equidimensional of dimension 24, , or empty. Thus
it remains to show that each Stf”y is non-empty. Equivalently, in the nota-
tion of the proof of (a) it remains to show that for each v € *t, ., the fiber
7 (V)rea = [Aw\ St] is non-empty.

Since t,, r is irreducible, it remains to show that dims f~'(y) < dim(3’) for
every v € ty,r and 7 € f71(y) (by Lemma 2.6(a),(d)). Arguing as in (a), i
suffices to show that

dimz St7 < dim((St{,, )red/tw,r) (7)-

But this follows from the fact that the RHS equals 26,, » by Proposition 4.5,
and the LHS is at most dim Sty = 2d, r.
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Notation 4.7: (a) Let "ty C t,, be the largest open subscheme satisfying
the property of Corollary 4.6(a). Since the map Lx: tyr — €y is finite étale
(see [BKV, 3.3.4(c)]), the image

Tewr = LX("tw,r)
is an open dense subscheme of ¢, .

(b) We set
¥ w,r ‘= EX_l(wcw,r) C Nw,r-

COROLLARY 4.8: (a) Foreveryy € Ny r andy € St7 we have an equality

dimy Stﬁ =20+ a;r —b(2) ().

w,r

(b) If [w,r] is minimal, and w(z) = [w,r], then the fiber StJ is non-empty
and equidimensional of dimension 20, y.

Proof. By construction, for every v € *N,,  there exists 7/ € “t,, » such that

Lx(y') = Lx(7)-

Thus there exists g € LG such that Ad,(y) = +'. Then ¢ induces an isomor-
phism g: St2 = StZ,, thus dimy St = dimgs) St2,. Since [¢(7)] = [7] (see No-
tation 4.4) and the corresponding assertions for Stf”yl were shown in Corollary 4.6,
the assertion for StZ follows.

As a particular case, we deduce Lusztig’s conjecture 0.8(b) for generic ele-

ments.

THEOREM 4.9: Assume that the class [w,r] € P is minimal. Then for every
v € “Ny.r, the fiber StZ satisfies:

o dim St% = 20y, r, if 7(2) = [w,1].

o dim St7 < 20y, if 7(z) # [w,1].

Proof. Since [w, r] is minimal, we have a}, , =0 (see Remark 3.6). If 7(x) # [w, r],
we have b(z)} . > 0 (by Lemma 3.4(a)). Then Corollary 4.8(a) implies that

dimy St < 20, for every 7 € StZ, thus dimSt7 < 28, . The assertion for
m(x) = [w,r] follows from Corollary 4.8(b).

For completeness, we now deduce Lusztig’s conjectures 0.8(c),(d) from The-

orem 4.9.
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COROLLARY 4.10: (a) For every w € Why, the preimage 7~ ([w]) is non-
empty.

(b) Moreover, if G is semisimple, then 7~ ([w]) if finite if and only if w is
elliptic.

Proof. Choose the unique function r : R — Qs( such that the GKM pair
(w,r) is minimal (see 0.6(c)). Then, by Theorem 3.8, we have an equal-
ity 71 ([w]) = 771 ([w, r]). Next we recall that the GKM stratum c,, , is irre-
ducible (see [BKV, 3.3.4]), and choose a geometric point v € N,, » whose image
Lx(7) € ¢y, is supported at a generic point. Then v € “N,, , for every x € W.

Since Sty is equidimensional of dimension 20, r, it follows from Theorem 4.9
that the preimage 7' ([w]) = 7~ !([w,r]) consists of all z € W such that St
contains a generic point (of some irreducible component) of St,. From this both
assertions follow:

(a) Let 7 € St be a generic point of St,. Then 7 € StZ for some z € W,
which by the observation above implies that x € 7! ([w]).

(b) Let now G be semisimple, and assume that w is elliptic. Then the affine
Springer fiber F¢.,, and hence also the affine Steinberg fiber St, = F/, x F(,
has finitely many generic points, which implies that 7~ ([w]) is finite.

Assume now that w is not elliptic, thus A,, # 0. Choose a generic point
5 = (7,91, 92) € Sty of St,. Then for every A € A,,, the translate

ﬁ)\ = (17>\)(:Y/) = (77917>\92)
is a generic point of Sty as well, and 7, € Stﬁ*, where ) is the class
[97 " A\g2] € INLG /T =W.

Thus the assertion follows from the observation that the set {xx}rea, C W is
infinite.

5. Proof of Proposition 4.5

5.1. By the additivity of the dimension function (see 2.4(a)), it suffices to show
equalities

(5-1) dim((ﬁ/‘t,w,r)red/tw,r) = 6w,r

and

(5.2) dim((Stiw,r)rcd/(ﬁt,w,r)rcd) =0y, + a$,r - (b($)$,r|(8tﬁw7,)md)-
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Applying Lemma 2.6(b) to the projection f: [Aw\(m7w7r)red] — tyr, equal-
ity (5.1) will follow if we show that f is open, and all the fibers of f are equidi-
mensional of dimension ¢, ,. While the first assertion was proved in [BKV,
Corollary 4.3.4(c)] (compare the proof of Proposition 6.3 below), the second
one follows from the fact that for every v € t,, » we have

f_l(V)red ~ [Fly/Au]

and the formula in [B] for the dimension of affine Springer fibers.

5.2.  To show equality (5.2), notice that we have a Cartesian diagram

SE, 0~ [LG\SEE ] — s [I\VEL] — s T(@\I(0)i]

(5.3) prtl [pr]l pml l

Nowe 2255 (LGN, a] —s [\ N5,

where the middle horizontal isomorphisms are those of Lemma 4.2(a), and the
right top horizontal isomorphism is that of Lemma 3.4(b). Using Lemma 3.7,
we therefore conclude that

(5.4) dimg,,y = dim,,. = 6y, r + a, » — b(z) ]

w,r*

5.3. Consider the commutative diagram

"
Yo r red

(Stiw,r)md [EG\ Sti},r]red

PT e l [prrea l

(55) (M,w,r)red M} [ACG\Nw,r]red
tw,r & [ACG\Nw,r]red-

Combining (5.4) with 2.4(b), it suffices to show the equality

dinlprt’re(l = (wg,r,red)*(dim[pr]md)'
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5.4. By [BKV, Corollary 4.1.12], the projection ¢y, r : twr — [LG\Ny rlred is
a placid atlas. Since t,, r is reduced, it follows from identification

(Xred X Vred Zred)red = (X Xy Z)TEd

(see [BKV, 1.4.1(e)]), identities (4.1) and [BKV, Lemma 1.4.4] that the bottom

inner square and the exterior square of (5.5) are Cartesian. Therefore the

/

top inner square of (5.5) is Cartesian as well. Hence the pullbacks (LI—

and wgmred of 1y, r are placid atlases as well, thus the assertion of 5.3 follows
from the definition of the dimension function in 2.2(c).

6. Flatness conjecture

CONJECTURE 6.1: For every x € W and [w,r| € B, we have either Z(x)f . =0,
or the projection I(x)} . — ¢y r is faithfully flat.

Example 6.2: Note that the projection Z+ — £ (¢) is flat (see [BKV, Corollary
3.4.8]), and it is known to be surjective at least when the characteristic of k is
sufficiently large. Therefore Conjecture 6.1 holds for x = 1. Moreover, in this
case, Z(x)} . # 0 for all [w,r] € P.

The following result shows that Conjecture 6.1 implies the full Lusztig con-
jecture 0.8(b).

PROPOSITION 6.3: Assume that Conjecture 6.1 holds for a triple (z,w,r).

x

~» we have

(a) Then for every v € N, » and y € St
dims StI = 20y, + a;f . — b(x) (7).

(b) Assume that [w,r] € B is minimal. Then for every v € N, we have
dim St% = 26, ,r, if7(z) = [w,x]; and dimSt] < 20y,y, if7(x) # [w,1].

Proof. As in Theorem 4.9, assertion (b) follows from (a). So it remains to show
assertion (a). If Z(z)} , is empty, we get

[LG\ Sty ] = [I(2)\I ()] =0
(see Notation 4.4(a)), hence St{,, , is empty. Assume from now on that
I(x)j)’r — Cur

is faithfully flat.
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Using Lemma 2.6(b), and arguing as in Corollary 4.6(a) and Corollary 4.8(a),
it suffices to show that the projection [Ay,\(St{ ,, y)red] = tw,r or, equivalently,
projection p: (St{,, »)red — tw,r is open and surjective.

To prove the assertion, we basically repeat the argument of [BKV, Proposition
4.3.1]. Since this proof uses a lot of terminology, which was not discussed in
this work, we provide a direct argument instead.

Choose a GKM pair (w,r) in the class [w,r], and let W, , C Ws, be the
stabilizer of (w,r). Then W, , acts freely on t, ,» and induces an isomorphism

[Ww,r\tw,r] X~ Cuw,r

(see [BKV, 3.3.4(d)]). Moreover, the projection ty» — [LG\Nyr| is Wy r-
invariant. Therefore the projection p is W,, r-equivariant, so it suffices to show
that the composition p: (Stf,w,r)red LA twr — Cywr is universally open and
surjective.

Consider commutative diagram

X & (Stt,w,r>rcd L) Cw,r
ol o] |
1
I(x)j),r,rcd L [I(‘m)\z(‘r);,r]rﬂi — Cu,r,

where the left square is Cartesian, morphism (1) is the projection, and mor-
phism (3) is induced by the top horizontal arrow of (5.3).

As mentioned in 5.4, the map (3) is a placid atlas. Therefore it is surjective,
so surjectivity of p follows from that of I(:I:);Syr’md — Cyype

Next, since p is locally finitely presented, in order to show that it is universally
open, it suffices to show that generalizations lift along every base change of p
(see [Stacks, Tag 01U1]).

Since (2) is a pullback of (1), it is an I(x)-torsor. In particular, X is a
scheme, and the map (2) is surjective. Thus, using the commutativity of (6.1),
it suffices to show that generalizations lift along every base change of maps (4)
and I(:I:)Iyrﬁmd — Cyppe

Since (4) is a pullback of (3), it is smooth. Thus (4) is flat, so both assertions
follow from the fact that generalizations lift along flat morphisms of schemes
(see [Stacks, Tag 03HV]).
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