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A B S T R A C T   

The effect of cyclic shear deformation on structural relaxation and yielding in binary glasses was examined using 
molecular dynamics simulations. We studied a binary mixture slowly cooled from the liquid phase to about half 
the glass transition temperature and then periodically deformed at small strain amplitudes during thousands of 
cycles. We found that the potential energy decays logarithmically upon increasing number of cycles. The analysis 
of nonaffine displacements revealed that the process of mechanical annealing proceeds via intermittent plastic 
rearrangements whose spatial extent decreases upon reaching lower energy states. We also probed the yielding 
behavior for glasses with different degrees of annealing by adjusting strain amplitude near the critical value. 
Interestingly, in contrast to zero-temperature amorphous solids, the critical strain amplitude remains unchanged 
for glasses with initially different energy levels. The formation of a shear band at the yielding transition cor-
relates well with the sharp increase of the number of atoms with large nonaffine displacements.   

1. Introduction 

Understanding and controlling plastic deformation and relaxation in 
metallic glasses is important for biomedical, environmental and struc-
tural applications [1–4]. It is well established that plastic deformation in 
disordered solids is governed by swift irreversible rearrangements of 
small groups of atoms or shear transformations [5,6]. One of the chal-
lenges in widespread use of metallic glasses is their lack of ductility at a 
relaxed state and catastrophic failure via the formation of narrow re-
gions called shear bands where strain is localized. In turn, a number of 
thermo-mechanical processing methods, such as high-pressure torsion, 
cold rolling, irradiation, and elastostatic loading, can be applied to 
rejuvenate metallic glasses and enhance their ductility [7]. It was 
recently discovered that cryogenic thermal cycling can rejuvenate 
metallic glasses due to internal stresses arising during spatially hetero-
geneous thermal expansion [8–20]. More recently, experiments and 
atomistic simulations showed that amorphous alloys can also be reju-
venated by quickly cooling across the glass transition under applied 
stress, so that a glass former freezes into a less relaxed structure [21,22]. 
Despite significant progress, however, modeling of 
process-structure-property relationships for metallic glasses with tar-
geted properties remains a challenging task. 

In recent years, the structural relaxation and yielding transition in 

periodically deformed amorphous alloys were extensively studied using 
atomistic and continuum simulations [23–54]. The atomistic simula-
tions are typically performed either in the athermal quasistatic limit 
where the energy is minimized after each incremental step or at finite 
temperatures and strain rates. The presence of thermal fluctuations 
becomes particularly important in two aspects of glassy dynamics; 
namely, the exact reversibility of atomic trajectories during steady-state 
deformation and near the yielding transition where there is an energy 
barrier for the formation of a shear band. It was originally shown using 
athermal quasistatic cyclic shear simulations that at sufficiently small 
strain amplitudes, disordered solids eventually evolve into periodic limit 
cycles where atoms follow the same trajectories for consecutive cycles 
[25,27]. By contrast, glassy systems under small-amplitude cyclic 
loading at finite temperatures continue exploring progressively lower 
energy states via sequential irreversible rearrangements of atoms [35, 
37,38,43,52]. The mechanical annealing process can be further accel-
erated by alternating orientation of periodic shear deformation in two or 
three spatial dimensions [40,48]. Interestingly, it was recently demon-
strated that the critical strain amplitude for yielding of zero-temperature 
disordered solids increases with the degree of annealing [44,47]. The 
same trend was reported for binary glasses at finite temperatures well 
below Tg, although an accurate determination of the critical strain 
amplitude is a challenging problem as it might take thousands of shear 
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cycles until the formation of a shear band, especially in large systems 
[46]. 

In this paper, molecular dynamics simulations are performed to 
study structural relaxation and yielding transition in binary glasses 
under oscillatory shear deformation. We consider stable glasses that are 
further relaxed via small-amplitude cyclic shear at the temperature not 
far below the glass transition temperature. It will be shown that the 
potential energy during the mechanical annealing process follows a 
logarithmic decay as a function of the number of loading cycles. The 
annealing process involves intermittent clusters of plastic rearrange-
ments, whose typical size is gradually reduced upon reaching lower 
energy states. In addition, we investigate the yielding transition in 
glasses with different degrees of relaxation by varying strain amplitude 
near the critical value. Notably, we find that although the number of 
transient cycles until yielding increases, the critical strain amplitude 
remains the same upon increasing glass stability. These results are 
quantified and visualized via the spatiotemporal analysis of nonaffine 

displacements. 
This paper is structured as follows. The details of molecular dy-

namics simulations and periodic deformation protocol are described in 
the next section. The analysis of nonaffine displacements and potential 
energy during mechanical annealing and yielding transition is presented 
in Section 3. A brief summary of the results are given in the last section. 

2. Molecular dynamics (MD) simulations 

In this study, we used the binary (80:20) Lennard-Jones (LJ) mixture 
model, originally introduced by Kob and Andersen (KA) [55]. In the KA 
model, the interaction between different types of atoms is strongly 
non-additive, which suppresses crystallization upon cooling across the 
glass transition temperature [55]. Specifically, the interaction between 
atoms of types α, β = A,B is defined as follows: 

Vαβ(r) = 4 εαβ

[(σαβ

r

)
12 −

(σαβ

r

)
6
]
, (1) 

Fig. 1. (Color online) The variation of the potential energy at zero strain as a function of the number of shear cycles with the strain amplitude γ0 = 0.035 at the 
temperature TLJ = 0.30 ε/kB and density ρ = 1.2 σ− 3. The period of oscillation is T = 5000 τ. The straight line y = − 7.875 − 0.0064⋅ln(t/T) is shown for reference. 

Fig. 2. (Color online) The number of atoms with large nonaffine displacements after one cycle as a function of the number of cycles with the strain amplitude γ0 

= 0.035 at TLJ = 0.30 ε/kB and ρ = 1.2 σ− 3. The nonaffine measure D2 is greater than 0.04 σ2 (black curve), 0.09 σ2 (red curve), 0.16 σ2 (blue curve). The total 
number of atoms is Ntot = 60 000. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) 
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where the model parameters are εAA = 1.0, εAB = 1.5, εBB = 0.5, σAA =

1.0, σAB = 0.8, σBB = 0.88, and mA = mB [55]. The cutoff radius is rc, αβ 

= 2.5 σαβ. This parametrization is similar to the one employed by Weber 
and Stillinger in order to study the amorphous metal-metalloid alloy 
Ni80P20 [56]. In the present study, the results are expressed in terms of 
the reduced units of length, mass, and energy, as follows: σ = σAA, m =
mA, and ε = εAA. In addition, the equations of motion for each atom 
were solved using the velocity Verlet algorithm with the time step ▵tMD 

= 0.005 τ, where τ = σ
̅̅̅̅̅̅̅̅̅
m/ε

√
is the LJ time [57,58]. 

The binary glass was prepared as follows. We first placed the binary 
mixture of 60 000 atoms in a periodic box of size L = 36.84 σ and 
equilibrated the liquid phase at TLJ = 1.0 ε/kB and density ρ = ρA + ρB =

1.2 σ− 3. Here, kB is the Boltzmann constant. To remind, the critical 
temperature of the KA model at ρ = 1.2 σ− 3 is Tg = 0.435 ε /kB [55]. In 
our simulations, the system temperature was regulated via the 
Nosé-Hoover thermostat [57,58]. Next, we reduced the system 

temperature from TLJ = 1.0 ε/kB to 0.3 ε/kB with the rate of 10− 5ε/kBτ at 
constant density ρ = 1.2 σ− 3. After thermal annealing, the binary glass 
was subjected to cyclic shear deformation along the xz plane, as follows: 

γxz(t) = γ0 sin(2πt / T), (2)  

where the oscillation period and frequency are T = 5000 τ and ω = 2π/
T = 1.26× 10− 3 τ− 1, respectively. To avoid confusion, the oscillation 
period is denoted by T, whereas the system temperature is indicated by 
TLJ. The system was loaded during 8000 shear cycles with the strain 
amplitude γ0 = 0.035 at the temperature TLJ = 0.30 ε/kB and density 
ρ = 1.2 σ− 3. Due to computational limitations, the simulations were 
carried out only for one sample and it took about 220 days using 40 
processors in parallel. In addition, the yielding transition was probed in 
annealed samples after 1000 and 5000 shear cycles with γ0 = 0.035 by 
applying cyclic shear along the xz plane with strain amplitudes in the 
range 0.035⩽γ0⩽0.043. 

Fig. 3. (Color online) The normalized probability distribution function of the number of consecutive cycles with large nonaffine displacements. The oscillation 
period is T = 5000 τ. The same deformation protocol as in Figs. 1 and 2. The nonaffine measure is D2 > 0.04 σ2 (black curve), D2 > 0.09 σ2 (red curve), D2 > 0.16 σ2 

(blue curve). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) 

Fig. 4. (Color online) The correlation function CD2 (Δr) given by Eq. (4) for the indicated number of shear cycles with the strain amplitude γ0 = 0.035 at TLJ = 0.30 ε 
/kB and ρ = 1.2 σ− 3. The nonaffine measure is evaluated for two configurations of atoms at zero strain during one full cycle with the period T = 5000 τ. 
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3. Results 

It has been long realized that a wide range of energy states in metallic 
glasses can be accessed by using various thermal and mechanical pro-
cessing methods [7]. Among simple processing routes, a slow cooling 
across the glass transition temperature that results in low energy, stable 
glasses. In addition, it was shown that glasses can be further annealed 
via cyclic loading with strain amplitudes below a critical value [24,35, 
44,59]. By contrast, upon increasing strain amplitude of periodic 
deformation, metallic glasses undergo yielding transition via formation 
of shear bands in sufficiently large systems [32,33]. While the effect of 
glass stability on yielding transition in zero-temperature amorphous 
solids was recently clarified [44,47], the influence of thermal fluctua-
tions on the critical strain amplitude for stable glasses requires further 
investigation. 

In the present study, we considered relatively stable glasses that were 
initially prepared by cooling across the glass transition temperature with 

a computationally slow rate of 10− 5ε/kBτ, and then further relaxed via 
small-amplitude cyclic loading. All simulations were carried out at an 
intermediate temperature TLJ = 0.30 ε/kB not far below the glass tran-
sition temperature Tg = 0.435 ε/kB. The variation of the potential en-
ergy at the end of each cycle when strain is zero is shown in Fig. 1 for 
8000 cycles with the strain amplitude γ0 = 0.035. As is evident, the 
relaxation process during mechanical annealing follows the logarithmic 
decay (see the orange curve in Fig. 1). In the previous studies on the KA 
glasses, it was shown that relaxation is enhanced when the glass is 
periodically deformed with the strain amplitude γ0 = 0.035 at the 
temperature TLJ = 0.30 ε/kB and density ρ = 1.2 σ− 3 [37,52]. Moreover, 
upon subsequent cooling the glass to a very low temperature TLJ =

0.01 ε/kB, it was found that the potential energy of inherent structures 
also follows a logarithmic decay as a function of the number of loading 
cycles [52]. 

In practice, the local plastic deformation in disordered solids can be 
detected by analyzing the so-called nonaffine displacements of atoms 

Fig. 5. (Color online) The variation of the potential energy, U/ε, for binary glasses that were initially annealed during (a) 1000 and (b) 5000 shear cycles with the 
strain amplitude γ0 = 0.035 at TLJ = 0.30 ε/kB and ρ = 1.2 σ− 3. Each curve represents the potential energy after a full cycle at zero strain. The values of strain 
amplitudes are tabulated in the inset. The oscillation period is T = 5000 τ. 

Fig. 6. (Color online) The number of atoms with nonaffine displacements after a full cycle D2 > 0.09 σ2 for the indicated values of the strain amplitude. The glass was 
initially deformed for (a) 1000 and (b) 5000 shear cycles with the strain amplitude γ0 = 0.035 at TLJ = 0.30 ε/kB and ρ = 1.2 σ− 3. The same deformation protocols as 
in Fig. 5. The vertical dashed lines indicate the number of cycles used to load binary glasses shown in Figs. 7 and 8. 
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with respect to their neighbors [60]. More specifically, the nonaffine 
measure D2 for the i-th atom is computed using the matrix Ji, which 
linearly transforms a group of neighbors and simultaneously minimizes 
the following equation: 

D2(t,Δt) =
1
Ni

∑Ni

j=1

{

rj(t+Δt) − ri(t+Δt) − Ji

[

rj(t) − ri(t)

]}

2, (3)  

where the summation is carried over Ni neighboring atoms within 1.5 σ 
from the position vector ri(t), and Δt in the time difference between two 
instantaneous configurations of atoms. The local plastic rearrangement 
during the time interval Δt is typically associated with the cage breaking 
event. In other words, an atom i escapes from a cage of its neighbors 
when its nonaffine displacement becomes greater than about 0.1 σ for 
the KA binary glass [29]. Among other types of deformation, 
large-amplitude oscillatory shear was shown to induce collective non-
affine displacements in binary glasses ranging from small clusters to 
shear bands upon increasing strain amplitude above the critical value 
[33]. 

The gradual decrease in potential energy due to small-amplitude 
cyclic loading shown in Fig. 1 occurs via a sequence of local plastic 
events. The total number of atoms with relatively large nonaffine dis-
placements during one cycle is shown in Fig. 2 as a function of the cycle 
number. In this analysis, the nonaffine displacements were computed for 

two consecutive configurations of atoms at zero strain and the time in-
terval Δt = T. For comparison, the number of atoms with the nonaffine 
measure D2 in Eq. (3) greater than 0.04 σ2, 0.09 σ2 and 0.16 σ2 are re-
ported in Fig. 2. It can be seen that during the first 10 cycles about one 
third of the total number of atoms (≈20 000) undergo large nonaffine 
displacements (D2 > 0.04 σ2), and the number, ND2 , monotonically de-
creases (to ≈8000) as the system explores progressively lower energy 
states upon cyclic loading. It should be commented that a large value of 
D2 > 0.04 σ2 during one cycle does not necessarily involve an irrevers-
ible rearrangement, since an atom can return back to the cage of its 
neighbors after a few cycles [29]. However, the larger the value of D2, 
the higher the probability of irreversible displacement and, therefore, 
local structural relaxation [29]. As shown in Fig. 2, the number of atoms 
with larger thresholds, D2 > 0.09 σ2 and 0.16 σ2, is significantly reduced 
during 8000 cycles, indicating a gradual approach towards reversible 
deformation. Note also that the function ND2 (t /T) reported in Fig. 2 does 
not follow the logarithmic decay shown for the potential energy in 
Fig. 1. 

The spatiotemporal distribution of plastic events during the me-
chanical annealing process includes the formation of intermittent clus-
ters of atoms with large nonaffine displacements [23,35]. In the present 
study, we computed the number of consecutive cycles, during which the 
nonaffine measure after each cycle remained above a certain threshold. 
The data were averaged over Ntot = 60 000 atoms and 8000 shear cycles. 

Fig. 7. (Color online) The spatial configurations of atoms with large nonaffine displacements [D2(1499 T,T) > 0.09 σ2] during one shear cycle with the oscillation 
period T = 5000 τ. The glass was initially loaded for 1000 cycles with γ0 = 0.035 and then periodically deformed for additional 1500 cycles with (a) γ0 = 0.035, (b) 
γ0 = 0.040, (c) γ0 = 0.041, and (d) γ0 = 0.042. The magnitude of D2 for each atom is indicated by the legend color. The same loading protocol as in Figs. 5 (a) and 
6 (a). 
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The normalized probability distribution function for the number of 
consecutive cycles is plotted in Fig. 3 for the nonaffine measure D2 

greater than 0.04 σ2, 0.09 σ2 and 0.16 σ2. It can be seen that the distri-
bution functions quickly decay upon increasing number of cycles, while, 
not surprisingly, the probability of repeated plastic rearrangements is 
slightly higher when D2 > 0.04 σ2. These results demonstrate that most 
of the atoms undergo large nonaffine displacements during one or two 
cycles, although at the beginning of the cyclic loading process, there is a 
finite probability of irreversible displacements over ten consecutive 
cycles. 

The spatial extent of fluctuations of nonaffine displacements can be 
quantified via the normalized, equal-time correlation function [61], as 
follows: 

CD2 (Δr) =
〈
D2(r + Δr)D2(r)

〉
−
〈
D2(r)

〉2

〈
D2(r)2〉

−
〈
D2(r)

〉2 , (4)  

where the brackets 〈⋅〉 denote averaging over all pairs of atoms, and the 
nonaffine measure is computed for two atomic configurations at zero 
strain separated by Δt = T. The correlation function CD2 (Δr) was 
computed for two consecutive configurations after a certain number of 
shear cycles with the strain amplitude γ0 = 0.035 at TLJ = 0.30 ε /kB and 
ρ = 1.2 σ− 3. The results are shown in Fig. 4 for the indicated number of 
shear cycles. Although the data are somewhat noisy, it can be clearly 

seen that with increasing number of cycles, the spatial correlations 
become more short-ranged, implying smaller size of plastic events in 
better annealed glasses. The exception from this trend is the correlation 
function computed after the first cycle, which might be related to a 
relatively stable configuration after thermal annealing that precedes 
cyclic loading. Notice in Fig. 2 that the number of atoms with large 
nonaffine displacements has a maximum after the second cycle. 

We next probed the yielding behavior in binary glasses with different 
degrees of relaxation. During the mechanical annealing process shown 
in Fig. 1, two samples were saved after 1000 and 5000 cycles with the 
strain amplitude γ0 = 0.035 at TLJ = 0.30 ε/kB and ρ = 1.2 σ− 3. Then, 
these samples were periodically sheared along the xz plane with strain 
amplitudes in the range 0.035⩽γ0⩽0.043. The variation of the potential 
energy as a function of the cycle number for both samples is shown in 
Fig. 5. Remarkably, it can be seen that although initially the potential 
energy is different, the critical strain amplitude γ0 = 0.040 remains 
unchanged. Note that the less relaxed sample in Fig. 5 (a) becomes better 
annealed upon cyclic loading at strain amplitudes 0.035⩽γ0⩽0.040, 
whereas the yielding transition at γ0 = 0.041 is delayed by about 2000 
cycles for the more relaxed glass, as shown in Fig. 5 (b). Moreover, the 
potential energy curves for the strain amplitudes γ0⩽0.040 in Fig. 5 are 
essentially the same, which implies that the logarithmic dependence of 
the potential energy as a function of the cycle number reported in Fig. 1 
holds in the range of strain amplitudes 0.035⩽γ0⩽0.040 below the 

Fig. 8. (Color online) The instantaneous snapshots of atoms with the nonaffine measure D2(2499 T,T) > 0.09 σ2 during one shear cycle with the period T = 5000 τ. 
The binary glass was first loaded for 5000 cycles with the strain amplitude γ0 = 0.035 and then periodically deformed for additional 2500 cycles with (a) γ0 = 0.035, 
(b) γ0 = 0.039, (c) γ0 = 0.040, and (d) γ0 = 0.041. The legend color indicates the magnitude of the nonaffine measure. The same deformation protocol as in Figs. 5 
(b) and 6 (b). 
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critical value. 
It should be emphasized that the results of athermal quasistatic cyclic 

shear simulations showed that the critical strain amplitude and the 
discontinuous energy change at the yielding transition increase in more 
stable glasses [44,47]. Note that in athermal systems, the trajectories of 
all atoms become exactly reversible after a number of transient cycles, 
and the potential energy of reversible states is nearly independent of the 
strain amplitude for sufficiently well annealed glasses [44,47]. Similar 
conclusions were reached for stable glasses at the finite temperature TLJ 
= 0.01 ε/kB≪Tg, although precise determination of the critical strain 
amplitude was computationally challenging, since the system dynamics 
remained nearly reversible during thousands of cycles, leaving the 
possibility of yielding under continued loading [46]. Therefore, the re-
sults at the intermediate temperature TLJ = 0.30 ε/kB presented in Fig. 5 
are qualitatively different from the zero- and low-temperature cases, as 
they indicate that with increasing glass stability, the number of cycles 
until yielding increases but the critical strain amplitude remains 
unchanged. 

The processes of structural relaxation and yielding are reflected in 
the distribution of nonaffine displacements. Fig. 6 shows the number of 
atoms with large nonaffine displacements during one cycle, D2 

> 0.09 σ2, for the same deformation protocols as in Fig. 5. It can be 
observed that the yielding transition in each case is associated with an 
abrupt increase in the number of atoms involved in plastic deformation. 
Note also that, somewhat unexpectedly, the yielding transition for the 
strain amplitude γ0 = 0.042 is delayed with respect to loading at a 
smaller strain amplitude γ0 = 0.041 [see Fig. 6 (a)], which correlates 
well with the results for the potential energy reported in Fig. 5 (a). 
Moreover, the plateaus in ND2 after yielding at strain amplitudes 
0.041⩽γ0⩽0.043 (see Fig. 6) correspond to plastic deformation within 
shear bands formed across the whole sample. 

In order to visualize the spatial distribution of plastic events, we 
plotted snapshots of atomic configurations after 1500 and 2500 cycles 
(see the vertical dashed lines in Fig. 6) in Figs. 7 and 8, respectively. For 
clarity, atoms with the nonaffine measure D2 < 0.09 σ2 are not dis-
played. Notice the appearance of multiple clusters during the relaxation 
process at strain amplitudes γ0 = 0.035 and 0.040 in Fig. 7 (a-b), 
whereas shear bands are formed along different planes after yielding at 
higher strain amplitudes γ0 = 0.041 and 0.042, as shown in Fig. 7 (c-d). 
During the mechanical annealing process shown in Fig. 6 (b), the clus-
ters of atoms with D2 > 0.09 σ2 remain finite but their size becomes 
larger upon increasing strain amplitude, i.e., γ0 = 0.035, 0.039, and 
0.040 [see Fig. 8 (a-c)]. We also comment that shear bands in Figs. 7 (c- 
d) and 8 (d) have approximately the same width, which is consistent 
with the plateau levels in ND2 after yielding transitions reported in Fig. 6. 
Altogether, these results indicate that structural relaxation and yielding 
in binary glasses under cyclic shear correlate well with the local plastic 
activity expressed in terms of the number of atoms with large nonaffine 
displacements. 

4. Conclusions 

In summary, we investigated the effect of cyclic shear deformation 
on structural relaxation and yielding behavior in binary glasses using 
molecular dynamics simulations. We considered a model glass former 
that consists of a binary mixture of atoms with strongly non-additive 
interactions, which suppresses crystallization upon cooling below the 
glass transition temperature. The stable glass was prepared by slowly 
cooling across the glass transition to an intermediate temperature not far 
below Tg. We found that upon small-amplitude cyclic loading, the po-
tential energy per atom follows a logarithmic decay as a function of the 
number of cycles. This mechanical annealing process is associated with 
intermittent plastic rearrangements, whose typical size reduces as the 
system is relocated to progressively lower energy states upon cyclic 
loading. 

Furthermore, the yielding behavior was probed in glasses with 
different degrees of stability by applying cyclic shear deformation with 
strain amplitudes near the critical value. The yielding transition and the 
formation of system-spanning shear bands were quantified and visual-
ized via the analysis of nonaffine displacements. Remarkably, the results 
of numerical simulations indicate that the critical strain amplitude re-
mains unchanged for more relaxed glasses at the intermediate temper-
ature. This is in contrast to previous results of the same model glass at 
temperatures well below Tg, where it was reported that the critical strain 
amplitude is larger for more stable glasses [46,52]. 
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