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Abstract—Sequential reactive systems include hardware devices and software programs which operate
in continuous interaction with the external environment, from which they receive streams of input sig-
nals (data, commands) and in response to them form streams of output signals. Systems of this type
include controllers, network switches, program interpreters, system drivers. The behavior of some
reactive systems is determined not only by input sequences, but also by their timestamps and the delays
in computing the output signals. These aspects of reactive system computations are taken into account
by real-time models of computation which include, in particular, real-time finite state machines
(TFSMs). However, in most works where this class of real-time automata is studied, a simple variant
of TFSM semantics is used: the transduction relation computed by a TFSM is defined so that the ele-
ments of an output stream, regardless of their timestamps, follow in the same order as the correspond-
ing elements of the input stream. This straightforward approach makes the model easier to analyze and
manipulate, but it misses many important features of real-time computation. In this paper we study a
more realistic semantics of TFSMs and show how to represent it by means of labeled transition sys-
tems. The use of the new TFSM model also requires new approaches for the solution of verification
problems in the framework of this model. For this purpose, we suggest an alternative definition of
TFSM computations by means of labeled transition systems and show that the both definitions of semantics
for the considered class of real-time finite state machines are in good agreement with each other. The use
of TFSM semantics based on labeled transition systems opens up the possibility of adapting well-known
real-time model checking techniques to the verification of sequential reactive systems.

Keywords: reactive system, finite state machine, verification, safety property, labeled transition sys-
tem, simulation
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INTRODUCTION

Sequential reactive systems include devices and programs whose computations are in permanent inter-
action with the external environment; they receive streams of input data (requests, control signals, com-
mands, etc.) from the outside and form streams of output data (executable actions, replies) in response.
Systems of this type include controllers, adapters, network switches, program interpreters, system drivers.
One of the simplest formal models of sequential reactive systems are finite state machines (FSMs), which
allow to adequately describe the behavior of synchronous systems. The computations of these systems are
divided into steps, at each step a request is received at the input of the system and a corresponding response
is formed at the output, depending on the received request and the current state of the system. The FSM
model was proposed at the early years of the development of the theory of automata (see [1]). It is well
studied, and on the basis of this model effective algorithms for the synthesis and analysis of the behavior
of synchronous control systems with memory have been developed (see., e.g., [2]).

At the same time, in many applications one has to deal with asynchronous reactive systems, the computa-
tions of which do not occur as regularly as in synchronous systems. The behavior of asynchronous systems is
determined not only by sequence of values of input signals, but also by the time of their arrival at the inputs of
the system, delays in the computation of output signals, the duration of the stay of the system in a particular
control state, etc. For simulating the physical time advancement it is necessary to equip the automata with addi-
tional capabilities. There are various approaches for extending the FSM model, depending on the means used
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for this purpose. Perhaps the most developed extension of the finite state machine is the model of timed autom-
ata (TA) proposed for the first time in [3]. Each TA is supplied with several special real variables, timers.
Depending on values of the timers, the conditions for staying TA in the control states—the invariants of the TA
states—are determined, as well as the conditions for transitions from one control state to other states, the guards
for the TA transitions. The physical time advancement is simulated by increasing the readings of all timers by
the same value (real number). The automaton is also given the opportunity to reset some timers when making
transitions. Within the framework of TA model, many features of real-time computations can be implemented,
and, therefore, this model has found wide applications for solving problems of design and verification of real-
time information processing systems. It was shown in [3—5] that many algebraic properties of classical finite
state automata are also inherent in timed automata. However, it was also found (see [6, 7]) that most problems
in the analysis of the behavior of timed automata turn out to be intractable. This is primarily due to the fact that
TAs are given too much freedom in handling timers.

Complex manipulations with timers can be inevitable if there is a need to synchronize several events
during the computation. Meanwhile, in many cases of practical importance, the behavior of control sys-
tems is not so complicated, and a response of a system is determined solely by a current control state and
parameters of input data. Therefore, in order to avoid the difficulties arising when working with such com-
plex computational model as TA, the authors of [8, 9] proposed to supply the FSM with only one timer,
which is reset at each transition. A finite state transducer extended in such a way is called TFSM (timed
finite state machine). Three families of TFSMs have been distinguished depending on the acceptable
modus operandi with timers: (i) TFSMs with timed guards, which trigger transitions only when the input
timestamp satisfies the appropriate time constraint [8]; (ii) TFSMs with timeouts that force machines to
make a transition after a prescribed timeout for an input signal [9]; (iii) TFSMs with timed guards and
timeouts [10]. In [10], it was shown that these three TFSM classes have similar computing capabilities:
machines of one class are able to simulate the computations of machines of another class. In addition, the
TFSM abstraction method was proposed in [10], a special modification of the region method [3], which
makes it possible to effectively reduce many problems of TFSM synthesis and analysis to similar problems
for classical finite state machines (see [10—13]).

For an outside observer, the behavior of a reactive system is manifested in the transformation of a
stream of data (requests) with timestamps arrived at the input of the system into a stream of output data
(responses), which are also marked with time of their appearance at the output of the system. It is reason-
able to expect that the elements of the output stream follow in ascending order of their timestamps. How-
ever, a distinctive feature of all those TFSM classes that were introduced and investigated in [§—12] is that
in an output stream, the responses, regardless of their timestamps, are arranged in the same order in which
the corresponding requests follow. This simplification of the operational semantics alleviates analysis and
synthesis of TFSMs, but it also makes these models unsuitable for some applications.

Let us turn, in particular, to the example of a software-defined network (SDN) controller [14]. An
SDN consists of a set of interconnected switches under the supervision of a controller. The headers of
packets entering a switch input buffer are matched against the flow table to select an appropriate rule that
either forwards the packet to some switch output buffer or drops it. If there are no suitable rules for an
incoming packet in the flow table, then the switch retransmits a request to the controller. The SDN con-
troller can be considered as a sequential reactive system that receives requests for new forwarding rules as
input and forms, in response, guided by some packet routing policy, control commands that modify the
flow tables. These commands are delivered to switches over network channels with some delay, and, as a
result, the order of execution of commands that update the flow tables may differ from the order in which
these commands were generated by the SDN controller.

As it may be seen from [15], such a scenario is possible when the controller receives a pair of requests
R, and R, to add new rules from network switches C, and C, and at time moments #, and ¢, respectively, where
1, < t,. Inresponse to each of these requests R;, the controller generates a command C; to add new rules to the
flow tables, and this command can be delivered to the switch C; and executed by it with some delay ;. If
t, + 1, < t; + 1, then for some period of time the SDN may be in an erroneous configuration: the switch C,
processes packets according to the old rules, and the switch C, already applies new rules to the packets. How-
ever, the reachability of this erroneous configuration of the SDN cannot be detected by analyzing the TFSM
model which is based on the operational semantics introduced in [8, 9], since this model will show that the
input sequence of requests (R, 1)), (R,, 1,) is converted into an output sequence (A4, #, + T,), (4,,%, + T,) in which
the order of commands differs from the order in which they are performed.

To overcome this shortcoming of conventional TFSMs and make their behavior more “realistic,” in
[16] some changes were made to the semantics of TFSM. The new TFSM model captures an important
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feature of the computations of reactive systems: the order of the responses in the output stream is deter-
mined by the time of their generation, and not by the order of the corresponding requests in the input
stream: if a request b arrives at the machine input after a signal a, then it is possible that the response to
the request g will follow for answering the request 5. The improved operational semantics of TFSM makes
it possible to explicitly detect the erroneous behavior of the SDN controller described above.

Nevertheless, the new TFSM semantics introduces additional difficulties in the analysis of the behav-
ior of automata. For example, as shown in [16], even such a simple property as strict determinism of com-
putations turns out to be nonlocal in the new TFSM model, and its verification is a difficult task. Signif-
icant difficulties also arise with checking the safety properties of computations, since TFSM computa-
tions in the new operational semantics does not satisfy the incremental property: if an input sequence o'
extends an input sequence o, then it cannot be guaranteed that the corresponding output sequence 3 will
be the prefix of a longer sequence B', which is the automaton’s response to o'. The lack of the incremental
property significantly complicates verification of TFSMs, and, in particular, rules out the use of the
abstraction technique, which was so successfully utilized in [10—13] for verification, minimization, and
testing of TFSMs operating in simplified operational semantics.

To overcome this fundamental difficulty that arises when solving problems of TFSM verification with
modified operational semantics, we propose in this paper an alternative approach for defining TFSM
semantics, which, in our opinion, is better suited for traditional verification methods. To define TFSM
computations, we will use labeled transition systems (LTSs), which are built around the TFSM configu-
ration concept. The new operational semantics of TFSMs makes it possible to see the explicit relationship
of this computation model with the TA model [3]. But the state space in the transition system L7S(7)
corresponding to the TFSM J turns out to be uncountable. Our long-term goal is to develop an algorithm
that, for each TFSM J, constructs a finite L7, (7) that is equivalent to the transition system L7.S(J)

w.r.t. some simulation relation and thus can be used to check the properties of computations of TFSM 7 .
In this paper, we present some preliminary results of our research.

In Sections 1 and 2, we introduce the concept of TFSM with a modified operational semantics and
show, using a simple example, how the new TFSM model can be used to adequately describe the behavior
of SDN controllers. In Section 3, we define semantics for the considered TESMs based on labeled tran-
sition systems, study its relationship with automata-theoretic semantics, and present some results that
establish the relationship between the considered TFSM model and the TA model [3]. In the final section,
we discuss some new topics for future research that arise from the results obtained.

1. BASIC DEFINITIONS AND NOTATION

This section provides definitions of the basic concepts associated with the computation model of real-
time finite state machines (TFSMs) and defines the operational semantics of TFSMs based on the notion
of automaton run.

Consider two non-empty finite alphabets A (input alphabet) and B (output alphabef). The elements of
the first alphabet represent the requests coming to the input of a reactive system, and the elements of the
second alphabet are the replies that a reactive system generates in response to requests. A finite sequence

of symbols from the input alphabet o = g, a,,...,a, € A* will be called an input word, and a finite sequence
of symbols from the output alphabet § = b,,b,,...,b, € B* will be called an output word.
A response of a finite a synchronous transducer to an input symbol a depends on the following factors:
+ a current internal state of the automaton,
* an input symbol ¢ and its timestamp,

» an amount of time it takes for the automaton to process this input symbol (request) and generate the
output symbol (response).

To simulate time advancement, we will use a real variable ¢ that takes values in the set of non-negative

real numbers RJ . The value of this variable indicates the time of arrival of input symbols and the time for

generating output symbols. Any increasing sequence of non-negative real numbers T = #,,4,,...,1,,... willbe
called a time sequence.

A timed guard or a delay is any interval of the type g = (u, V>, where 0 < u < v, and ( is any boundary (

or[, and ) is any boundary ) or |. Timed guards and delays are the parameters of TFSM transitions. A
guard of a TFSM transition from a state s is a timed interval during which this transition is active, starting
from the moment when the automaton is in the state s. A delay is a timed interval which is needed for
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TFSM to respond to an incoming request, starting from the moment the request arrives. A left bound (right
bound) of a guard (delay) (u, v) is a real number u (a number v, respectively). A delay of the type [d, d] with
equal bounds is called sharp, we will denote it by d instead of [d, d].

Letw = x;, x,,... x, be an input (or an output) word and T = #,1,, ..., 7, be a time sequence. Then any pair
(x;,1,), where 1 <i < n, is called a timed symbol, and a sequence of timed symbols

o = (x;,4), (X, 1), .-, (X, 1,,)
is called an input (output) timed word and denoted by (w, 7). The last element 7, in the sequence T is denoted
by t(o).

Consider some set of timed guards G and some set of delays D. A real-time a finite state machine
(briefly, TFSM) over the alphabets 4 and B, and a set of timed guards G and set of delays D, is a tuple
T =(S,p,s,), where:

+ S is a finite set of control states;

* P (SXAXGXBXxDXJS) is afinite set of fransductions;

* s, € S is an initial control state.

Any tuple (s,a, g,b,d,s') € p is called a transduction in I . A transduction is a basic action of a TFSM

I . This action is executed, if after some time ¢ € g since the automaton reaches a control state s, an input
symbol a arrives at its input; then the automaton immediately enters a control state s' and outputs a symbol

b when some time 8 € d passes after the arrival of the input symbol a. Thus, a computation of a J consists
in converting of an input timed word into an output timed word. More formally, it is defined as follows.

ArunofaTFSM J = (S,p, s,) on an input timed word
o= (a,h),(at),...,(a,t,)
is such a finite sequence

(a,1)/(b,T))

(@.0)/(5,T) (@,1,)/(by,T)

FZSO Sl S

n»

that for every i € {l,...,n} there exists a transduction (s,_,,a;, g, b;,d;, s;) € p, which satisfies the following
two requirements:

(1) t, —¢t,_, € g; (assuming that 7, = 0);

(2)t, =t + 0, forsome d € d,.

We will say that a run » of a TESM J converts an input timed word o, into an output timed word
B= (b;,7,),(b,,T;),....(b; ,T; ), which is a permutation of the sequence of pairs y = (b, T,), (b5, Ty), ..., (b,, T,,) -
This definition of TFSM run on an input timed word differs from a similar definition used in [10—13]: in
these papers the result of TFSM computation is not a timed word 3, but a sequence of output timed sym-
bols vy, which does not have to be ordered in ascending order timestamps au,, T,, ...

The main functional characteristics of a TFSM J is a timed transduction relation TR(J), which is the
set of all such pairs (o, ), that:

* ¢ is an input timed word;
* B is an output timed word which is the result of the conversion of the input word o by some run r of
TFSM T .

Timed transduction relation introduced thus differs from the usual transduction relation for the previ-
ously studied conventional transducers, in which the input temporal word o is converted into the afore-
mentioned sequence of output timed symbols 7y, and not into the corresponding output timed word J.

If all delays in the set D are sharp, then a TFSM I will be called a TFSM with sharp delays. In this
paper we consider only TFSMs with sharp delays. A TESM with sharp delays is depicted on Fig. 1. This
transducer has a run

(a,1.5)/(h.4.5) (a),2.7)/(b,,3.7) (a3,5)/(b5,7)

r=5 S 5 535

which converts an input timed word o = (a,1.5),(a,,2.7),(a;,5) into an output timed word
B = (b27 37)7 (bl’ 45)9 (b3’ 7)
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a(1,31/(by, 3) ax(1, 31/(b, 1) as(1, 41/(b3, 2)

Fig. 1. TFSM with sharp delays.

2. SAFETY PROPERTY FOR REAL-TIME SYSTEMS

The erroneous behavior of an information system can manifest itself in different ways. In the simplest
case, a system computation is regarded erroneous if it reaches some invalid state; then the fact of the error
can be fixed, and no subsequent actions of the system cancel this fact. A behavior of a system that does not
contain these kinds of errors is usually called safe.

For a reactive system, a computed state is recognized as invalid if upon reaching this state it turns out
that the system behavior, represented by a sequence of outputs generated in response to a sequence of
requests submitted to the system input, does not satisfy some correctness requirement. If a reactive system
is synchronous, then this behavior can be determined directly from a given finite sequence of requests.
The computations of any synchronous reactive system are designed in such a way that its reaction to sub-
sequent requests cannot change the results of the execution of those actions that were initiated by previous
requests. Due to this feature, the safety requirements for synchronous reactive systems can be defined in
terms of the properties of the transduction relations computed by these systems.

However, the behavior of asynchronous real-time reactive systems is much more complex. The arrival
of an input request to an asynchronous reactive system and the issuing of an output response correspond-
ing to this request may be separated by a certain period of time. During this period of time, the system can
react to subsequent requests and, thereby, changes the result of the execution of some responses that was
previously initiated by it. A figurative example of this effect is the behavior of a person who, having first
dropped a glass ball on the floor, then manages to put a soft carpet on the place where the object fell, and
the ball remains intact. In this case, between the decision to perform the action on the request “drop the
ball on the floor” and the completion of this action, the reactive system manages to perform the action on
the next request “move the carpet,” and, thereby, prevent the violation of the safety requirement.

In this section, we show what difficulties arise when checking safety properties for the considered
TFSM model, in which the semantics of automata is determined by the timed transduction relation.

Usually, a run of a reactive system can be characterized by an infinite sequence of events (w-word).
Then, by definition in [17], a set of w-words P, is called a safety property, if every w-word o ¢ P, has
such a finite prefix w, that for every m-word o', having the same prefix w, the relationship o' ¢ P, also
holds.

According to this definition, if the computation o is not safe, then the error can be detected after a
finite number of computation steps, and it cannot be fixed later. Computations of reactive systems operating in

real time are represented as infinite sequences of events with increasing timestamps (timed w-words). Then, a
safety property of computations for reactive systems operating in real time can be defined as follows.

A subset of timed w-words P, < (A4 X R is a safety property of real-time computations, if every timed
o-word v ¢ P, has such a finite prefix w, that for every timed ®-word o, which has the same prefix w, the
relationship o' ¢ P, holds as well. This definition can also be used in the case of TFSMs, by replacing timed
o-words o with pairs of timed w-words (o, 3), where [3 is a result of conversion of input timed w-word o.

The algorithms for verification of safety properties are based on the following considerations. By the
definition of safety property P, presented above there exists such a set of finite words L, that for every
o-word o and a finite word 3 the following relationship holds: o ¢ P, iff o has such prefix B that

safe
B e L,.- Then, in order to discover that a safety property P, does not hold for some computation of a

reactive system it is necessary and sufficient to make sure that the initial fragment of this computation is
characterized by some word B e L A language L is not uniquely defined by a property P,.; to

safe * safe
describe it, one can use logical or algebraic formulas, various types of automata, and this gives great flex-
ibility and variety to algorithms for verifying the safety properties of computations of reactive systems.
However, when verifying TFSM models described in the previous section, this approach faces fundamen-

tal difficulties.
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T1: PFi[1, 3)/(FA;, 1) T3: GF[1, 3)/(FR, 2)

T2: PF)[1, 3)/(FAy, 3) Té6: GF11, 3)/(FR, 2)

T4: PF[1, 3)/(FA;, 7)
T5: PF[1, 3)/(FA,, 1)

S1

T7: DFy[1, 3)/(FDy, 5)

T9: PFy[1, 3)/(FAN) T10: GF[1, 3)/(FR, 2)

T11: DF[1, 3)/(FDy, 5)

Fig. 2. Model of SDN switch 6.

Consider a model of an SDN switch C that receives commands from an SDN controller to update the
rules in the packet flow tables or requests to provide information on the use of forwarding rules and sends
in response confirmation of the execution of commands or the requested information. It may happen so

(see [15]), that the SDN controller at receiving an input timed word (R, 1), (R, 1,), where ¢, < t,, produces

an output timed word (A4,,1,),(4,,T,), Wwhere T, < 1;; this means that the second forwarding rule will be
inserted before the first one. When modeling the computations of an SDN switch, it is necessary to take
into account that the execution of commands takes some time, and therefore confirmation of the changes
made to the flow tables is delivered to the controller with some delay. The TFSM describing the behavior

of the switch is shown in Fig. 2. Note, that 6 handles the following input requests:
* PF, —to add a packet forwarding rule 7 to a flow table;
* GF, — to provide statistics on the using of a packet forwarding rule #;
* DF, — to delete a packet forwarding rule » from a flow table.
In this case a switch ‘6 sends the following data:
* FA, — a confirmation of insertion of a packet forwarding rule 7 into the flow table;
+ FR, — statistics on the using of a packet forwarding rule #;

* FD, — a confirmation of deletion of a packet forwarding rule # from the flow table.

In addition to correctly processing incoming commands and requests, the switch must also ensure that
information is provided to the controller on schedule. This means, in particular, that confirmation of the
performed modification of the flow tables must be delivered to the controller in the same order in which
the commands for performing the corresponding modifications were received. As it can be seen from the

above definitions, this is a safety property (P, ) of switch behavior. Consider a run of a proposed model
of a switch ¢ on an input timed word

o = (GF,1.5),(PK,3.7),(PE,5.5).
TFSM % converts input word o into an output timed word

B = (FR,3.5),(FA,,8.5),(FA,,10.7).

Thus, the reaction of the automaton clearly shows that the requirement that the order of confirmation
messages correspond to the order of receipt of commands is violated and, therefore, this computation does
not respect the safety requirement.

Nevertheless, the input word o can be continued:
o' = (GHK,1.5),(PF,3.7),(PF,5.5),(PF,6.7),
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in such a way that TSFM C converts it into an output timed word
B' = (FR,3.5),(FA,,7.7),(FA,,8.5),(FA,10.7),

which satisfies the safety property P,.. This example shows that the operational semantics of TFSM,
which is defined in terms of transduction relation on timed words, is not suitable for effectively checking
the safety properties of TFSM computations. This is primarily due to the fact that timed transduction rela-

tion is not monotonic: ifa run r, ofa TFSM J extends a run r, and every such run r,i = 1,2, converts an
input timed word o, into an output timed word [3;, then the word ¢, is a prefix of the word a., , but the word

B, may not be a prefix of B,. Runs of TFSMs in the operational semantics which is used in [10—13] are
monotonic and, therefore, for these models of reactive systems, such difficulties in checking the safety
properties of computations do not arise.

To overcome this difficulty, it is advisable to define alternative operational semantics of TFSM using
Labeled Transition Systems (LTS), which would not have the disadvantage noted above. Next, it is nec-
essary to establish a relationship between the two introduced TFSM semantics: automata-theoretic
semantics and semantics based on LTS, and to show the correctness of the alternative operational seman-
tics. After that, it is possible to start developing algorithms for verifying the safety properties of TFSM
computations, based on labeled transition systems corresponding to these transducers.

3. LABELLED TRANSITION SYSTEMS FOR TFSM

Operational semantics of TFSMs defined so far suits well the modeling of real-time reactive informa-
tion processing systems since it quite naturally captures many important effects of real-time computa-
tions. Nevertheless, this semantics is unfavorable for the application of traditional methods and tools for
analyzing the behavior of real-time systems, since it lacks the concept of a state of computation as a snap-
shot of a computing process. In this section to overcome this drawback we introduce a concept of a con-
figuration which makes it possible to represent TFSMs’ behaviors by means of labeled transition systems
on such configurations.

3. 1. Configurations of Labelled Transition Systems

A configuration of a TFSM J contains information about the current control state, TFSM timer evalua-
tion, as well as all those responses (symbols of the output alphabet) that have already been generated ear-
lier, but have not been published because their delay has not yet expired. On a variety of configurations of

a TFSM 7, transitions of three types are defined: time advancement, a receipt of an input symbol
(request), and an issuing of an output symbol (response).

A configuration ofa TFSM J = (S, p, s,) is any triple of the form ¢ = <s, t, TC), where

s € S is a control state of J ; this component will be referred as ¢.s;

« t e QR is an input timestamp; it will be referred as g.t;
s TC ={(b,7)),(b,,T),...,(b,,T,)} is an output timed context of the configuration ¢, which is a set of
output timed symbols; this component will be referred as g.c.

An input timestamp ¢.f denotes time elapsed since the beginning of computation or since the receipt of
the last input symbol by an automaton, and an output timed context g.c is a set of responses of a TFSM
I, generated for the output and augmented with their current delay. The set of all configurations of a
TFSM J will be denoted as Q(7).

A capacity of a configuration q is the cardinality |q.c| of the output timed context of the configuration q.
We denote by ¢.T the value min(t,,...,T,), if |q.c| = n > 0; in the case of |q.c| =0 we assume ¢.T" = oo. As it
can be seen, ¢.T is time after which TFSM is able to issue the next output symbol without interaction with

the external environment. If g.c = {(4,1,),...,(b,,T,)}, b € B,and d < ¢q.T , then we denote by ¢ + d a con-
figuration

(g.5,t +8,{(b, T, — d),....(5,,T, - §)}),

by in(q,b,d) a configuration (g.s,0,q.c U {(b,d)}), and by out(q, b) a configuration (g.s,qz,q.c\(b,0)).
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When comparing the concept of TFSM configuration introduced above and the concept of the state of
a timed automaton (TA) [3], it can be seen that the parameters ¢, T, ..., T, of a configuration g play the role
of indications of the TA timers, and the set of parameters s, b, ..., b, corresponds to TA control state.

3.2. Labelled Transition System of TFESM

A labeled transition system (LT F(T)) of a TFSM T = (S, p, 5,) over an input alphabet 4 and an output
alphabet B, set of timed guards G' and set of delays D is a triple (Q(F), ¢y, p5 ), Where

*q = (sO,O, @) is the initial configuration,

* py C(OX R xQ)U(@xAx0) U (Qx BxQ) is a transition relation, which is defined for every
configuration g = (s, L{(b, 1)), (by, 172),...,(bm,”cm)}> as follows:

(1) For each e R" such that § < ¢.T, the set p; contains a time advancement transition
g——>q+3§;

(2) For every transduction (s,a,(u,v),b,d,s") in TESM J such that 7 € (u,v), the set pg contains an
input transition g —%— in(q, b,d);

(3) For every pair (b,0) € g.c, the set p; contains an output transition g —2— out(q, b).

X X . X,

A sequence of transitions T = g, ¢ gy L—> g, €ach of which outgoes from the
same configuration that the previous transition reached, is called a path in £T F (). If g, in 7 is the initial

configuration of £J F(T) then this path is called an initial path. We also highlight the paths that empty
the output temporal context of configurations without reading the input characters. A final path started

from ¢ is a path ni(q) in £T F(T) which satisfies the following recursive definition:

(1) if g.c = @ then E(q) is an empty transition sequence;

2) if qc# D and (b,qT)e gqc is a timed output symbol with minimal delay ¢.7 then
g) = g—2L—5q + ¢.T —t—>m(out(q + ¢.T, b)).

A path T is a reduced path, if it does not contain several consecutive transitions of time advancement.

AN N

replaced with a single transition ¢ — o q". When we make this transformation for all pairs of consec-
utive time advancement transitions in an arbitrary path © which leads from a configuration ¢, to a config-

uration g, , we get a reduced path ' from ¢, to g,, where transitions of time advancement are alternated
with transitions of receiving inputs and producing outputs. Note that a reduced path 7' is uniquely defined
for any path w; let us call it a reduction of a path 7.

'

can be

It is obvious that any two consecutive transitions of time advancement ¢

An initial path 1 is called complete, if its last configuration g, satisfies the equality g,.c = &. With every

path it in LT F(T) we associate a pair which contains an input and output timed words TR(r) = (o, B)
according to the following rules.

(1) If w is an empty path then TR(r) = (€, €).

(2) Suppose that ' is a path in LT F(T) from g, to ¢' such that TR(r') = (o', ') and a path 7 is an
extension of ' with a transition £ = ¢'—*—gq. If E is

+ a time advancement transition then TR(w) = TR(T');

* an input transition then TR(m) = (o, '), where o0 = o', (x, /(") + ¢' .1);

* an output transition then TR(m) = (o', B), where § = B, (x, /(') + ¢' ).

Based on this definition it is easy to see that for every path m and its reduction 7' it is true that
TR(m) = TR(T').

We write TR(ELT F(T)) to denote a set of all pairs TR(r) associated with all complete paths T in

LI F(T). According to the note above in order to analyze TR(ELT F(T)) we can consider only reduced
paths.

Let us show that a labelled transition system £ T $(J) completely characterizes a behavior of TFSM T .
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Proposition 1. For every TFSM J the equality TR(T) = TR(ET (7)) holds.

Proof. Let us prove by induction on # that for every run of TFSM I, which converts an input timed
word o = (a,1),...,(a,,t,) to and output timed word B = (4, 1)), ..., (b,,T,) and reaches a control state s,,
there exists a complete reduced path 7w in £J F(T) which leads to a configuration (s,, T, — ¢,, &) and sat-
isfies the equality TR(m) = (o, B). This implies the inclusion TR(T) ¢ TRIET F(T)).

The basis of induction. Suppose that TFSM J has a run r = 5, — @2/ _5 ¢ Then, according to
the definition of TFSM run, there exists a transduction (sy,a,, g, b,d,s,) € p, such that # € g and
T, = t, + d. Then according to the definition of transitions in LT (T there exists a complete path
T=gq, q—4—qg,—L—>g,—b g, It is easy to see that TR(®) = ((a,t,),(h,T7,)) and
44 = (Sl’d9®)~

Inductive step. Suppose that TFSM J has a run /, which converts an input timed word
o' = (a,t),...,(a,t,) toan output timed word ' = (b, 1,),..., (b,, T,), moves the control to a state s, and can

be continued by some transduction s, —&2®0__5 ¢ Then by the inductive assumption there is the

h

correspondence between the run  and some complete reduced path ©' in LT F(T) such that
TR(w'") = (0, ). Consider the last input transition g —%— ¢' in this path, and denote by & the smallest
number such that ¢, < T,. Then the path &' can be divided into two parts T and 7, so that the first half
ends with the input transition g—%— ¢'. Since this is the last input transition in 7', the second half 7
of ' has the form

' Tl by ' T Tk ! by ... T =Tl by

T, =9q q 7)) g3 I Tons
And includes only time advancement and output transitions which produce outputs b,,...,b,. And,

moreover, for each configuration ¢; of this path g;.s = s, holds.

Suppose that the parameters ¢ and T of a transduction s, —&2¢9 5 ¢ satisfy the inequalities

T, <t<7T,and 1, <1< 71, forsome i, j,k < j < n. Then the run r of TFSM J which is an extension

of r' with the transduction indicated above makes a conversion of the input timed word
o =(a,t),...,(a,t,),(a,r) to the output timed word

B = (b17 T])y LR (bjs Tj)7 (bs T)9 (bj+17 Tj+1)s ceey (bna Tn)
But, as can be seen from the specified values of # and 1, by inserting the transition of receiving the

request @ and the transition of issuing the response b in the sequence of transitions of the path 7, one can
build the following path which outgoes from the configuration ¢'in £T L(J):

— T—ty ! by ! Ther1 —Tk ! biyy Ti—Tig ! b; '
T, =49 q 9 * 43 * D1 D1
-7 a Ty =t by b;
Din1 D2 * D3 * Q>
-7 b T =T bis) .. b,
D11 Do D13 /e

A concatenation of the paths 1/, and 7, is a sequence of transitions 7t in £ F(J') which forms a com-
plete path associated with the pair of timed words (c, [3).

In a similar way a path T in £J S () associated with the pair of timed words (o, B) can be constructed

when the parameters ¢ and T in transduction s, —@2&0 5 ¢ satisfy inequalities T, <z or T, < 1. Thus,

the inductive step is completely justified and we proved that TR(T) < TR(LT F(T)).

To prove that TR(T) < TR(ET F(F)) it is sufficient to show that every complete reduced path such
that TR(m) = (o, ) corresponds to a run of TFSM which converts the input timed word o to the output
timed word [3. But as it can be seen from the definition of the set of pairs TR(w) = (o, ), the run rwhich

corresponds to the path 7 uniquely determined by the input transitions ¢ —%— in(q, ¢, d) in this path. It

should be noticed also that all timestamps in the input timed word o, on which the run r is performed, and
the timestamps of output timed word fa are uniquely determined by the time advancement transitions of
the path 7. Thus, run 7 is uniquely restored by the path 7.
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The main advantage of £J F(9) is that this a model of the same type as that used for verification of
timed automata [3]. This makes it possible to apply such model checking tools as Uppaal [18] for the anal-
ysis of behavior of TFSMs. However, such an analysis is fraught with certain difficulties: the statespace of

LI F(T) may be infinite. Partially, this is due to the fact that the capacity of configurations in £T L(T)
isunbounded in general case. Nevertheless, under certain conditions some bounds on the capacity of con-
figurations of TFSMs can be established.

Let u,v be a pair of real numbers such that 0 < u < v.ATFSM J = (S, p, 5,) is called (u, v)- progressive
if for each transduction (s, a, g,b,d,s') € paguard g = (u',v') issuch that u < u' and v' < v, i.e. the guards
of all transductions of J are within the interval (u,v). Then the following proposition holds.

Proposition 2. If I is a (u, v)-progressive TFSM with sharp delays, then there exists such an integer €
that |g.c| < € holds for every configuration ¢ reachable in £J ¥(J) from the initial configuration g,.

Proof. Let the minimal left boundary of the admissible intervals in transductions of J be equal to
u > 0, and the maximal sharp delay equalsto d_,, > 0.

max
Consider € = [dm—a"—l Assume that a configuration ¢ is reachable from the initial configuration g, and
u

lg.c| = € + 1. This means that the TFSM J has a run

(@,1)/(b,d)) @y yotye- /by ¢ 1,8y _¢1) (@y_¢ty )/ (By_¢,dn _¢)

r=125 Sp—e-1

@15ty 1)/ (by _1,d,_1) (@yty)/ (byydy)
Sn—l n’

corresponding to such a path in £J F(J) which leads from the initial configuration g, to a configuration

ffpag oot o2
= i=), 1=Je+1

where j,..., jo,; such that1 < j, < ... < j,,, <n,and, hence, j, <n—4{ —1.
Then, the timestamp of any output symbol b, in this configuration satisfies the following inequalities

djl _ztz‘ < dmax _th‘ Sdmax _Zu Sdmax —I/l(€+1).
i=j i=j i=j
Due to the fact that € = [meax—l we conclude that d; — z; t; < 0; this contradicts the fact that all time-
stamps in configurations are nonnegative.
Another difficulty in analyzing labelled transition systems £ F(J) of TFSMs is a kind of timelock

effect [17] when any extension of a path is achieved by time advancement transitions only. To detect and
exclude from further consideration such redundant paths, we will use the notion of timelock configuration

[17]. For every state s of a TFSM J denote by up(s) the maximal upper bound v in the guards g = (i, v)
of all transductions (s, a, g, b,d, s') that are enable in 5. A configuration g is called a timelock configuration

ifgc = @ and gt > up(q.s). All other configurations in Q(9) are called progressive. Only progressive con-
figurations are important for the conversion of timed input words to timed output words. If a path in

LI SL(T) reaches a timelock configuration then there are no outputs pending and no inputs will be able
to trigger any further transduction of £J ¥(J). Therefore, no further analysis of paths outgoing from
timelock configuration is necessary.

Proposition 3. For every state s in a (i, v)-progressive TFSM J there exists such a value ¢, > 0, that
every configuration g = (s, 7C) is a timelock configuration iff g.f > c,.

Proof: Suppose that s is a state of TFSM J and v = up(s). Consider a set of configurations
0.={geQ|(@s=s)A(qgt2v)A(qc=)} and the corresponding set of timestamps
TS, ={t| (g€ O,) A (gt =1)}. TS, has the infimum ¢, which satisfies the proposition Q.

However, the amount of progressive configurations can be uncountable. Therefore, our next step will
be to define effectively a finitely indexed equivalence relation ~ on the set of progressive configurations of

LTLT) inorder toLT S, (T) = LT F(T)/ ~ will be finite and at the same time simulatively equiva-
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lent to the transition system LT F(F). Such a finite model LT S . (T') opens a way for applying conven-
tional model checking tools for verification of reactive systems represented by TFSMs.

4. CONCLUSIONS

The main result of the paper is the introduction and study of the new operational semantics for the
TFSM model proposed earlier in [16]. Due to this semantics, it was possible to show that computations
of TFSMs can be simulated by finite timed automata. In this regard, a number of questions arise concern-
ing the complexity of such modeling. For example, it is interesting to find out how many timers and states
it is sufficient for a finite time automaton to simulate a given TFSM. If it is found that the complexity of
a timed automaton simulating computations of TFSM significantly exceeds the size of this TFSM, reduc-
ing the TFSM verification problem to a similar problem for timed automata may turn out to be impracti-
cal, and for this purpose it will be more profitable to develop independent methods for analyzing the
behavior of transducers.

In this regard, it can be noted that the use of verification methods based on labeled transition systems
is complicated by the fact that the number of configurations in L7S(J), which represents all possible
TFSM computations I, can be uncountable. Therefore, it is necessary to create such methods for trans-
forming an infinite transition system L7.S(7) into a finite transition system LT S (T) associated with
LTS(9) by means of certain relations. In our further research, we are going to (i) find a suitable simulation rela-
tion ~ that preserves the transformation of input time words into output time words performed by a TFSM I
and (ii) develop an efficient algorithm for constructing £T ¥ (7) such that LTS(T) ~ LT L. (T). We
assume that such a relation can be found with the help of the concept of a configuration pattern, which
will play the same role for the analysis of TFSM as the system of timed regions plays for the analysis of the
properties of timed automata (see [3]).
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