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We consider a mobile impurity particle injected into a one-dimensional quantum gas. The time
evolution of the system strongly depends on whether the mass of the impurity and the masses of
the host particles are equal or not. For equal masses, the model is Bethe Ansatz solvable, but for
unequal masses, the model is no longer integrable and the Bethe Ansatz technique breaks down.
We construct a controllable numerical method of computing the spectrum of the model with a finite
number of host particles, based on exact diagonalization of the Hamiltonian in the truncated basis
of the Bethe Ansatz states. We illustrate our approach on a few-body system of 5+1 particles,
and trace the evolution of the spectrum depending on the mass ratio of the impurity and the host
particles.

I. INTRODUCTION

Describing the propagation of a foreign particle
through a medium—the polaron problem—is a funda-
mental physics problem, with a wide variety of appli-
cations [1, 2]. The problem is especially non-trivial for
quantum systems at low temperatures and in reduced di-
mensions, which enhance quantum fluctuations. Recent
advances in experimental techniques in the field of ultra-
cold gases allow efficient realization, control and measure-
ments of strongly interacting quantum systems, including
two-component gases with large population imbalance, of
which a single a polaron problem is a limiting case [3–6].

The motion of the impurity injected into a one-
dimensional (1D) degenerate zero-temperature quantum
gas strongly depends on the ratio of the impurity mass,
and the mass of the host particles. This is already seen
from the semiclassical analysis of the kinetic Boltzmann
equation, which predicts that the terminal velocity of the
impurity depends on the mass ratio [7]. For equal masses,
the Boltzmann equation approach fails unless multiple
coherent scattering processes are taken into account [8].

For equal masses, however, an alternative numerical
approach is based on a Bethe Ansatz solvable model
where the host gas consists of non-interacting fermions
and impurity-host interaction is a short-range delta-
function repulsion (see Eq. (3) below). This model, a spe-
cial case of a Gaudin-Yang model [9, 10], is integrable and
the exact spectrum can be computed by solving a sys-
tem of Bethe Ansatz equations [11]. Explicit expressions
for matrix elements for several observables are known
[12, 13], and some physically relevant observables can
be computed numerically via summations over subsets of
Bethe Ansatz states [13, 18, 19, 26].

In this paper, we consider the case where the impurity
mass differs from that of the host particles. While the ex-
act Bethe Ansatz solution is not available, we construct
an exact diagonalization procedure using a suitably trun-
cated basis of the Bethe Ansatz states of an integrable
model with equal masses (so that the off-diagonal matrix
elements are related to the mass difference). Applying
our procedure to a mesoscopic system of and impurity
and N = 5 host particles, we study the evolution of the
spectrum with the mass ratio and observe clear signa-
tures of level repulsion and a redistribution of the spec-
tral weight for m/M 6= 1. Two notes are in order. First,
we note that our approach is non-perturbative and does
not rely on either a coupling constant or a mass differ-
ence being small. Second, our numerical procedure is
controllable: the truncation error is directly related to
the saturation of the sum rule related to the complete-
ness of the full basis of the Hilbert space.

Our approach is inspired by the so-called Truncated
Spectrum Approach (TSA), which is used to describe
perturbations of conformal field theories by relevant op-
erator (see e.g. Ref. [16] for a review). In this approach,
the subset of eigenstates that forms a basis for the per-
turbed Hamiltonian is truncated by their energy values,
which makes the method tailored to capture low-energy
physics. The dependence of the energy cut-off is reg-
ulated by the corresponding renormalization group. In
contrast to the TSA approach, we rely on the satura-
tion of a sum rule; this is similar to the application of
the TSA for the quench description in the Lieb-Liniger
model [17]. (See Fig. 1 below for a comparison of the
ordering strategies.)

It is also instructive to compare our technique to al-
ternative numerical approaches, which can be extended
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to the unequal mass problem. One popular approach
is to directly simulate real-time dynamics using time-
dependent density-matrix renormalization group [21–23].
Our approach is complementary, as it is based on a differ-
ent strategy of approximating the low-lying part of the
spectrum. Directly solving a many-body Schroedinger
equation was used in Ref. [24] for studying the response
to a parametric modulation of the coupling constant for
both equal and unequal mass systems. This approach is
obviously superior for studying few-particle systems, but
quickly becomes impractical for larger number of parti-
cles.

The rest of the paper is organized as follows. In Sec. II
we detail the microscopic model, and discuss our numer-
ical approaches for studying both integrable, equal-mass
(Sec. II A) and non-integrable, unequal-mass (Sec. II B)
cases. Sec. III presents results of our numerical experi-
ments, and Sec. IV concludes the paper.

II. MODEL AND METHOD

We consider an impurity of mass M injected into the
1D gas of free spinless fermions (equivalently, Tonks-
Girardeau bosons) at T = 0. The host gas contains N
identical fermions of mass m. The impurity interacts
with the host particles via the short-range delta-function
repulsion. Then the Hamiltonian in the first quantization
reads

Ĥ =
P̂ 2

2M
+

N∑
i=1

p̂i
2

2m
+
g

m

N∑
j=1

δ(X − xj) . (1)

Here X is the coordinate of the impurity and xj is the

coordinate of the j-th host particle, P̂ and p̂j are the mo-
menta operators of the impurity and j-th host particle,
respectively; g > 0 is the strength of the delta-function
coupling between host particles and the impurity. In Eq.
(1) and below we use the units where the Planck’s con-
stant ~ = 1, and we also set 2m = 1.

For equal masses, M = m, the model (1) admits the
exact solution via Bethe Ansatz [11]. For unequal masses,
m 6= M , the model is no longer integrable, and the Bethe
Ansatz machinery of [11] breaks down.

We identically rewrite (1) to separate the integrable

part, Ĥ0, which is nothing but Eq. (1) with m = M :

Ĥ = Ĥ0 +

(
1

2M
− 1

2m

)
P̂ 2 , (2)

Ĥ0 =
P̂ 2

2m
+

N∑
i=1

p̂i
2

2m
+
g

m

N∑
j=1

δ(X − xj) , (3)

Note that the second term in Eq. (2) is off-diagonal in
the basis of eigenstates of Eq. (3).

A. Eigenstates of the integrable model

In this subsection, we discuss the eigenstates of the
integrable model (3). Following Refs. [11, 13], we con-
sider N host particles with periodic boundary conditions
on a ring of circumference L. Consider the spectrum of
the Hamiltonian (3) with a given total momentum, Q.

Let |ψ〉 is an eigenstate of Ĥ0 with the energy eigenvalue

εψ: Ĥ0|ψ〉 = εψ|ψ〉. The eigenstates are fully character-
ized by a set of N + 1 rapidities, zj , j = 1, . . . , N + 1.
Rapidities are roots of the Bethe equation [11],

1/ tan zj = azj − c , (4)

where a = 8/gL and the free term c ensures the conser-
vation of the total momentum of the system,

Q =
2

L

N+1∑
j=1

zj . (5)

Due to periodicity of the cotangent function, solutions
of the Bethe equation (4) can be written as

zj = πnj − δj , (6)

where nj are integers and phase shifts δj ∈ [0, π). There-
fore, an eigenstate of Eq. (3) with a given value of the
total momentum Q is completely defined by specifying an

integer partition ~λ, i.e. a set of N + 1 distinct integers,
nj ,

~λ = {nj ∈ Z , j = 1, · · · , N + 1} . (7)

Without loss of generality, we assume the partitions to
be ordered, n1 < n2 < · · ·nN+1.

The constructive procedure of finding an eigenstate of
(3) with a given total momentum Q is then as follows [11,

13]: (i) fix a partition ~λ, Eq. (7), and (ii) solve a system
of N + 2 nonlinear equations: N + 1 Bethe equations (4)
define the phase shifts, δj , as functions of c; the latter is
fixed by solving Eq. (5) given the total momentum Q.

Given a partition ~λ, and its corresponding rapidities,
zj , the energy eigenvalue is

εψ =
1

2m

4

L2

N+1∑
j=1

z2j , (8)

and the wave functions in the coordinate representation
can be constructed explicitly as certain Slater-type de-
terminants [13] of size N + 1.

Given the initial state at t = 0, |Ψ0〉, being the prod-
uct state of an impurity moving with the momentum Q
and the Fermi sea of the host fermions, the completeness
relation for the eigenstates of the Hamiltonian (3) reads∑

ψ

|〈Ψ0|ψ〉|2 = 1 . (9)
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Note that the size of the Hilbert space is infinite even for
a finite number of host particles N . The challenge is to
find a relevant subset of eigenstates,

S = {ψ :
∑
ψ

|〈Ψ0|ψ〉|2 = 1− ε} , (10)

which saturates the sum rule to a predefined accuracy
ε. The relevance of the various subsets of eigenstates
for correlation functions in the Lieb-Liniger model was
recently under active exploration [14, 15].

1. Numerical approaches

Several approaches for generating representative sub-
sets S, Eq. (10), have been devised. Numerical ap-
proaches are most transparently described using the (for-
mal) analogy between Bethe Ansatz rapidities and spin-
less (pseudo)fermions. Specifically, rapidities, zj , can be
formally interpreted as quasi-momenta of N + 1 spinless
pseudo-fermions (see e.g. [25]). Then, an arbitrary parti-

tion ~λ is uniquely specified by listing pseudo particle-hole
pairs relative to the pseudo Fermi sea, which is nothing
but a set of N + 1 consecutive integers

~λ0 = {−(N + 1)/2, · · · , (N − 1)/2} .

For integrable models, it is typical that contributions
from states with small number of pseudo particle-hole
pairs dominate [25] and thus numerics can be expected
to converge with respect to taking into account states
with an increasing number of pseudo particle-hole pairs.
In what follows we call these pseudo particle-hole pairs
“excitations”.

Ref. [13] performed a brute-force enumeration of up
to 105 states with up to three excitations. When states
are ordered by the absolute value of the overlap with the
in-state, 〈Ψ0|ψ〉, the saturation of the sum rule, Eq. (10)
with the number of states, Ns, is reported to be a power
law, ε ∼ Nα

s with some value of the exponent α.
Ref. [18] developed an alternative, stochastic enumera-

tion approach of constructing a subset of states, Eq. (10),
where the states are generated via a Markov process in

the space of partitions ~λ, based on the Metropolis algo-
rithm [27] with the transition probabilities proportional
to |〈Ψ0|ψ〉|2. This way, the process automatically finds
states with largest contributions to the sum rule (9). In
practice, the set of updates where we only change two

values in a partition ~λ are sufficient for a quick conver-
gence of the sum rule, (10).

The resulting eigenstates of Eq. (3) can be classi-
fied into several families. In the thermodynamic limit,
N →∞, the sum rule (9) is dominated [18] by the single-
parameter family of states Sk, of the states

~λk = {−(N + 1)/2, · · · , (N − 1)/2, k} , (11)

where the pseudo-hole is fixed at (N + 1)/2 and the
pseudo-particle is located at nN+1 = k. Note that the
momentum conservation, (5), constraints Sk—in fact,
any single-excitation family with a fixed pseudo-hole po-
sition —to contain O(N) states.

At any finite N , the contribution of other states is non-
negligible. This includes other single-excitation states,

the pseudo Fermi sea, ~λ0, and multiply excited states
(see the top panel of Fig. 2).

B. Eigenstates of the non-integrable model

We now turn our attention to the full Hamiltonian, Eq.
(1). In the rest of the paper, we use Latin symbols (|f〉
etc) to label its eigenstates and Greek symbols (|ψ〉 etc)
to label eigenstates of the integrable model (3).

Consider a complete basis of the integrable Hamilto-

nian, Ĥ0, Eq. (3). In this basis, the full Hamiltonian, (2)-
(3) has off-diagonal elements due to the kinetic energy of

the impurity, ∝ P̂ 2. Formally the matrix elements of Ĥ
are given by

〈φ|Ĥ|ψ〉 = εψδφψ +
∑
α∈S
〈φ|P̂ |α〉〈α|P̂ |ψ〉

(
1

2M
− 1

2m

)
,

(12)

where |ψ〉 is an eigenstate of Ĥ0 with the energy
eigenvalue εψ, and we used the completeness relation∑
α |α〉〈α| = 1.
Eq. (12) is exact if all eigenstates are included. We,

instead, consider a subspace, Eq. (10), of the full Hilbert
space, and diagonalize Eq. (12) in that subspace.

The resulting eigenvalues of the truncated Hamilto-
nian (12), εf , approximate the exact eigenvalues of (1)—
and the accuracy of the approximation is controlled by
the value of ε, i.e. by the total missing weight of the
discarded eigenstates of the integrable model. We also
note that the total discarded weight is invariant under
the diagonalization procedure, which is nothing but a
unitary transformation between two orthonormal bases,
{|ψ〉} and {|f〉}, thus

∑
ψ∈S |〈ψ|Ψ0〉|2 =

∑
f 〈f |Ψ0〉|2.

To summarize our numeric procedure, we (i) enumer-
ate a set of states S (10) with a predefined level ε us-
ing the Bethe Ansatz machinery of the previous section;
(ii) construct the truncated matrix of the Hamiltonian
(12), using the explicit expressions for the matrix ele-

ments 〈φ|P̂ |ψ〉 with φ, ψ ∈ S, which were derived in Ref.
[13]; and (iii) diagonalize the resulting matrix numeri-
cally.

III. RESULTS AND DISCUSSION

We first study the convergence of the sum rule, (9) ,
with the size of the subspace (10), i.e. the number of
states, Ns, included into the S. The dependence of ε
on Ns is not unique and depends on which states are
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included, not only on their number. Fig. 1 shows an
illustrative example where we take N = 5, Q = 1.2kF
(here kF = πN/L is the Fermi momentum of N fermions)
and the dimensionless coupling constant γ = g/(N/L) =
4.2. We generate 3 × 103 eigenstates of Eq. (3) with
up to three excitations using the stochastic enumeration
algorithm of Sec. II A 1, which, collectively, saturate the
sum rule (10) with ε = 2× 10−5.

Fig. 1 shows partial sums as a function of Ns for two
strategies: where the states are included according to
their energy in the ascending order (red squares), and
where the states are included according their overlap with
the t = 0 state, |〈ψ|Ψ0〉|2, in the descending order (open
circles). Clearly, the latter strategy results in much faster
convergence of Eq. (10). In this case, the dependence of
ε on Ns has three qualitatively different regimes. For
102 . Ns . 103, the convergence can be approximated
by a power law (cf Ref. [13]), ε ∝ 1/Na

s with a = 1.9.
For smaller values of Ns, the data can be also approxi-
mated by a power law, with a smaller exponent, a ∼ 1.2.
For very large values of Ns (i.e., ε . 5 · 10−5), Fig. 1
clearly shows convergence which is slower than a power
law. We checked that qualitatively this three-regime be-
havior with the power-law dependence with an exponent
a ∼ 2 crossing over to a slower-then-exponential conver-
gence at large Ns (equivalently, small ε), is typical for a
wide range of couplings and larger number of particles.

FIG. 1. Convergence of the sum rule (9) with Ns, the number
of states included into the subspace (10). Open circles show
partial sums of Ns states ordered by the overlap |〈ψ|Ψ0〉|2,
and filled squares show partial sums where states are ordered
by the energy, Eq. (8). Dashed line illustrates the power-law
∝ Na

s with a = −1.2 and the dash-dotted line is the power-law
dependence ∝ Na

s with a = −1.9. See text for discussion.

Fig. 2(top) shows individual states of Fig. 1. Specif-
ically, for each state we show its overlap, |〈ψ|Ψ0〉|2, vs
energy εψ, relative to the energy of the in-state, Ein =

〈Ψ0|Ĥ0|Ψ0〉. We also indicate special single-excitation
families, similar to (11), which are parameterized by the
position of the pseudo-particle, k, at a fixed location of

the pseudo-hole, l. For a finite number of host particles
(N = 5 here), these families are not separated from the
rest of the spectrum—the separation increases with the
number of particles N (cf Fig. 2 of Ref. [18]). At finite
N , doubly excited states have a finite contribution to Eq.
(9), including a set of states with the overlap ∼ 10−4,
which are visually separated from the lower-overlap part
in Fig. 2(top). The contribution of three-excitation states
to the sum rule, (9), is minor: ∼ 600 states present in
Figs. 1-2(top) contribute ∼ 3× 10−5 in total.

We now turn our attention to constructing the eigen-
states of the full model, Eq. (2)–(3). We construct the
full Hamiltonian matrix (12) in the subspace S, which is
spanned by the states shown in Figs. 1 and 2, and numer-
ically diagonalize it using standard LAPACK routines.
This procedure generates the set, Sf , of eigenstates with
energy eigenvalues εf , and orthonormal eigenvectors, |f〉,
of the Hamiltonian (1) in the basis of eigenstates of Eq.
(3): |f〉 =

∑
ψ∈S |ψ〉〈ψ|f〉.

The bottom panel of Fig. 2 shows the result of the
diagonalization procedure in the same subspace as Fig. 1.
The overlaps with the in-state are computed via 〈Ψ0|f〉 =∑
ψ∈S〈Ψ0|ψ〉〈ψ|f〉. Here we take the ratio of masses of

host particles and the impurity, m/M = 1.2. The overall
structure is similar for other mass ratios.

While the total weight is invariant under the unitary
transformation,

∑
ψ∈S |〈ψ|Ψ0〉|2 =

∑
f∈Sf |〈f |Ψ0〉|2, it is

clear from Fig. 2 that having M 6= m drastically changes
the structure of relative weights of individual states. For
a non-integrable model, (2)–(3), the overlaps with in-
state as a function of energy for the majority of states
cluster in a vicinity of a certain master curve, in a stark
contrast to the states of the integrable model, (3). This
situation resembles the typical behavior of thermaliza-
tion in a generic isolated quantum system [30]. This ap-
proach was recently used to describe observables for the
Holstein polaron, which is very close to our case [31]. The
eigenstates thermalization hypothesis was clearly demon-
strated in the sense that diagonal matrix elements are
functions of the energy only. We see that in our case
for m 6= M similar trend is present even for the overlaps
with the in-state. We believe that this result might be
useful for the computations of correlation functions.

To further probe the effect of M 6= m, we consider
statistics of energy levels. For an integrable case, M = m,
the levels are expected to be uncorrelated (the system is
then said to be regular) [28], while for M 6= m spec-
tral statistics is expected to be chaotic. Fig. 3 shows
the distribution of energy level spacing, ∆ε = εj+1 − εj
for both integrable and non-integrable cases. Here we
take the subspace S of Fig. 1, which contains 3 × 103

states, and diagonalize the Hamiltonian matrix (12) for
m/M = 1.2 and m/M = 0.8. A clear feature of Fig.
3 is a reduction of distribution for ∆ε/Ein . 10−3 for
M 6= m—which signals level repulsion, typical for non-
integrable systems [29]. We also note that the shape
of the distribution distinguishes between integrable and
non-integrable systems, but is similar for both light or
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FIG. 2. (top panel) Overlaps, |〈ψ|Ψ0〉|2 as a function of
energy, εψ, for eigenstates of the integrable model (3). Open
squares, triangles and diamonds show single-excitation fami-
lies, similar to (11) with a pseudo-hole fixed at l = 2, 1, and
0, respectively.
(bottom panel) Overlaps, |〈f |Ψ0〉|2 as a function of energy,
εf , for eigenstates of the non-integrable model (2)–(3), with
m/M = 1.2, obtained by diagonalization of Eq. (12) in the
subspace S spanned by the states shown in Fig. 1. In both
panels we only show states with overlaps larger then 10−7 and
energies smaller then 11Ein, for clarity. See text for discus-
sion.

heavy impurity (M < m or M > m).
Fig. 4 illustrates the dependence of the ground state

and five lowest excited states with the mass ratio, 0.75 6
m/M 6 1.25. The ground state is non-degenerate and
monotonic with m/M ; excited states show the Landau-
Zener behavior in the vicinity of m/M = 1.

IV. CONCLUSIONS AND OUTLOOK

We study a model which captures the physics of an
impurity injected into a degenerate 1D Fermi gas. For
equal masses of the impurity and the host particles, the
model admits an exact Bethe Ansatz solution, which we
use for studying the non-integrable model with unequal
masses. We construct an exact diagonalization procedure
using truncated bases of the Bethe Ansatz states of the

FIG. 3. Nearest neighbor level spacing distributions for the
integrable model, m = M (solid blue line), and non-integrable
models with a heavy impurity, m/M = 0.8 and a light impu-
rity, m/M = 1.2 (dashed lines). To set the energy scale, level
spacing is given relative to the in-state energy Ein of the in-
tegrable model. See text for discussion.

FIG. 4. Evolution of six lowest-lying energy states with
the mass ratio, m/M . To set the energy scale, we scale the
energies relative to the in-state of the integrable model, Ein.
See text for discussion.

m = M model. Our method is non-perturbative—we
do not rely on either a coupling constant or the mass
difference being small—and controllable: the accuracy of
the truncation of the Hilbert space is controlled by the
“missing weight” of the discarded configurations, which
is, in turn, controlled by choosing the set of Bethe Ansatz
states we include into the diagonalization. We illustrate
our numerical procedure on a system of 5+1 particles and
compare spectral properties and redistribution of spectral
weights for m = M and m 6= M .

Comparing our approach to alternative numerical
methods, we note that typically exact diagonalization
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and matrix-product state simulations work with lattice
models. Our approach is, however, fully off-lattice—it
can of course be extended to lattice models which allow
constructing a Bethe Ansatz basis to build the diagonal-
ization procedure on.

For few-body systems off-lattice, the Schroedinger
equation can be directly solved numerically [24]. How-
ever, this approach is limited to N < 4, while our proce-
dure can be directly extended to mesoscopic systems of
a few tens of particles, as typical in current experiments

with mixtures of ultracold quantum gases [3–5]. Fur-
thermore, our numerical results can be useful for bench-
marking and extending various approximate analytical
approaches, see e.g. [32–34].
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