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Abstract

In the present paper the exhaustive classification up to topological
equivalence of non-singular Morse-Smale flows on n-manifolds M"™ with
exactly two periodic orbits is presented. Denote by Ga2(M™) the set of
such flows. Let a flow f*: M™ — M™ belongs to the set G2(M™). Hy-
perbolicity of periodic orbits of f* implies that among them one is an
attracting and the other is a repelling orbit. Due to the Poincaré—Hopf
theorem, the Euler characteristic of the ambient manifold M™ is zero.
Only torus and Klein bottle can be ambient manifolds for f* in case of
n = 2. The authors established that there are exactly two classes of topo-
logical equivalence of flows in G2(M?) if M? is the torus and three classes
if M? is the Klein bottle. For all odd-dimensional manifolds the Euler
characteristic is zero. However, it is known that an orientable 3-manifold
admits a flow from Ga2(M?) if and only if M? is a lens space Ly 4. In this
paper it is proved that every set G2(Lp,q) contains exactly two classes
of topological equivalence of flows, except the case when L, , is home-
omorphic to the 3-sphere S* or the projective space RP3, where such a
class is unique. Also, it is shown that the only non-orientable n-manifold
(for n > 2), which admits flows from G2(M™) is the twisted I-bundle
over (n — 1)-sphere S"~!'XS'. Moreover, there are exactly two classes of
topological equivalence of flows in G2(S"™"'XS!). Among orientable n-
manifolds only the product of (n — 1)-sphere and the circle S*"'xS' can
be ambient manifold for flows from Go(M™) and Go(S™™* xS') splits into
two topological equivalence classes.

1 Introduction and statement of results

This article will focus on non-singular Morse-Smale flows (abbreviated as NMS-
flows), which are Morse-Smale flows without fixed points, given on closed n-
manifolds M™, n > 1. The authors obtained the exhaustive topological classifi-
cation of NMS-flows f*: M™ — M™ with exactly two periodic orbits. A general
theory of hyperbolic dynamical systems (see e.g. [14]) implies that the ambient
manifold M™ for such a flow f! is the union of the stable and the unstable
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manifolds of these orbits. It immediately implies that one of these orbits is an
attracting (denote it A) and the other is a repelling (denote it R).

Let G2(M™) be the class on NMS-flows with exactly two periodic orbits.
In cases where the results are fundamentally different for orientable and non-
orientable manifolds we will use notation MY, M"™ for orientable and non-
orientable manifolds respectively.

Recall that a periodic orbit is called twisted if at least one from its in-
variant manifolds is non-orientable. Otherwise, we call the orbit untwisted.
Poincaré-Hopf theorem implies that the Euler characteristic of a NMS-flow am-
bient manifold equals to zero. Considering two-dimensional surfaces we imme-
diately get that this constraint leaves us only the torus and the Klein bottle
(actually, both admit NMS-flows). The classification of such flows follows from
the classification of Morse-Smale flows on surfaces (see e.g. [13], [12], [9]). We
provide an independent classification in the class G2(M?) in section [l

Theorem 1.

1. The set Go(M3) splits into two topological equivalence classes of flows (see
Fig. [1), both with untwisted orbits.

2. The set G (Mi) splits into two topological equivalence classes of flows (see
Fig. [3), two with twisted orbits and one with untwisted orbit.

The Euler characteristic of any odd-dimensional manifold is zero then a pri-
ory such a manifold M"™ admits a flow from G3(M™). For n = 3 necessary
and sufficient conditions for the topological equivalence of three-dimensional
NMS-flows follows from [I5], where larger class of Morse-Smale flows were con-
sidered. However, this classification does not allow to say anything about the
admissible topology of the ambient manifolds. In the case of a small number of
periodic orbits the topology of the ambient manifold and exhaustive topological
classification can be established.

Recall, that a lens space is defined as the topological space obtained by
gluing two solid tori by a homeomorphism of their boundaries and is denoted as
Ly, 4, p,q € Z, where (p,q) is the homotopy type of the meridian image under
the gluing homeomorphism. Some well known 3-manifolds are lens spaces, for
example, 3-sphere S? = L o, the manifold S? x S' = L 1, the projective space
RP3 = L;5.

It follows from the proposition below that only lens spaces can be ambient
manifolds for NMS-flows with a small number of the periodic orbits.

Proposition 1 ([2]). Let M be an orientable, simpldl, closed 3-manifold without
boundary. If M admits an NMS-flow with 0 or 1 saddle periodic orbit, then M
s a lens space.

As every NMS-flows obligatory has at least one an attracting and at least
one a repelling orbit then the complete number of orbits for a flow, satisfying

In-manifold is called simple, if it is impossible to represent it as connected sum of two

n-manifolds each of which is not S™.
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Figure 1: Phase portraits of non topologically equivalent flows on the torus

i

Figure 2: Phase portraits of pairwise non topologically equivalent flows on the
Klein bottle: 1. with untwisted orbits; 2-3. with twisted orbits

to Proposition [T} is at least two (exactly two when there is no saddle orbits at
all).

Existence and uniqueness up to topological equivalence of a flow in the set
G(S?) follows from the proposition below.

Proposition 2 ([16]). Up to topological equivalence, there exists exactly one
NMS-flow ft : S® — S whose periodic orbits are composed of an attractor A
and a repeller R. Moreover, the periodic orbits AR form the Hopf link in S3
(see Fig. [3).

In the present paper the exhaustive topological classification of class Go(M?)
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Figure 3: Phase portraits of equivalent flows on 3-sphere

is done.
Theorem 2.

1. A manifold Mjo’r admits a flow from the set GQ(MJ%) if and only if Mi s a
lens space. The set Gg(M_?;) splits into two topological equivalence classes
of flows (see Fig.[{]), except the case when Mi is the S-sphere S® or the
projective space RP3, where such a class is unique. The periodic orbits
are untwisted in any case.

2. The only non-orientable manifold which admits flow from the set Go(M3)
is the twisted I-bundle over 2-sphere S®xS'. The set G2(S?xS') splits
into two topological equivalence classes of flows, both periodic orbits of
such flows are twisted.

Figure 4: Phase portraits of non topologically equivalent flows on S? x S!

Exhaustive classification of Go2(M™),n > 3 follows from the theorem below.

Theorem 3.

1. A manifold M} admits a flow from the set Go(MY) if and only if M}
is homeomorphic to S"~! x S'.  The set Go(S*~1xS') splits into two
topological equivalence classes of flows, both periodic orbits of such flows
are untwisted.



2. A manifold M™ admits a flow from the set Go(M™) if and only if M™ is
homeomorphic to S~ xS!. The set Go(S*~1xS') splits into two topo-
logical equivalence classes of flows, both periodic orbits of such flows are
twisted.
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2 General properties of NMS-flows

In this section we provide properties of the NMS-flows which are necessary for
the subsequent proofs.

Flows f* and f* on a manifold M™ are said to be topologically equivalent if
there is a homeomorphism h: M™ — M™ which sends orbits of f? into orbits of
f'* and preserves the orientation on the orbits.

To describe the behaviour of a flow ff: M™ — M™ in a neighbourhood
of an attracting or repelling hyperbolic orbit we use the following notion of a
SUSPENSION.

Define a diffeomorphism a- : R*~! — R"~! by

ay (z1, T2, oy Tpy—1) = (£221, 222, ..., 22y _1).
Let g+ : R™ — R"™ be a diffeomorphism defined by
g+ (z, 1) = (ax(z),r — 1).

Let I+ = R"/(g+) and denote the natural projection by vy : R™ — II. Define
a flow b* on R™ by the system of the following differential equations:

i =0,
R

Tp-1 =0,
Ty = 1.

The natural projection vy induces a flow by = viblol® : TIo — Iy which
is called suspension.

Proposition 3 ([6]). Every hyperbolic repelling orbit R of a flow ft: M™ — M™
possesses the unstable manifold W§ = {x € S| f'(z) - R ast — —oo} with
the following properties:

1. there is a value 0 € {—,+} and a homeomorphism hr: Ils, — W} which
provides the topological equivalence of the flows bf;R and ft|Wg. The orbit
R is twisted, if ft|W§ is equivalent to b' and is untwisted otherwise.



2. W} is diffeomoprhic to R"~! x S if R is untwisted and is diffeomorphic
to R"1xS! if R is twisted.

_;_;_:’::_:::,,Iii_‘f"»'\f\i @
e \_/

Untwisted orbit for n = 2 Twisted orbit for n = 2

A similar statement takes place for the stable manifold W§ = {z € § |
ft(z) = A ast — 400} of the hyperbolic attracting orbit A which states that
a flow bg:, 54 € {—,+} is topologically equivalent to the flow fﬁVA by means a
homeomorphism h: W§i — Ils,,.

Figure 5: The set V,”

For r > 0 let (see Fig. [

V= {(:El, v ) ERY 242l < 7“2_””"} . VL, =u (V).
By the construction, the quotient space V', is homeomorphic to the generalized
solid torus D"~ x St and the quotient V", is homeomorphic to the generalized
solid Klein bottle D"~ xS!.

Let V? = V", Vi = vy (V™), L% = v4(Oxy,), where Oz; is the coordinate
axis. Consider a homeomorphism j: 0V} — OV}, two copies VI X Zy, Zy =
{0,1} of the manifold V! and a homeomorphism J: 9V} x {0} — 9V} x {1},



defined by J(s,0) = (j(s),1). Let

M7 =V x {0} Uy Vi x {1}.
Denote the natural projection by p;: Vi x Zy — M;" and let fjt M} — M} be
a topological flow defined by
) = pjb;(pﬂvix{o})_l(l’), T € pjlyn x{o}, t <O
! pjb;:t(pjk\]lx{l})_l(x)a T € pjlvy x{13, t 2 0.

Figure 6: Phase portrait of a model flow on the torus

We call f; : M} — M} n-dimensional model flows. For any model flow let
(see Fig. [l
Rj = p;(LL x{0}), A; = p; (L x {1}),

VR]‘ :pj( ;L X {O})a VAj :pj( i X {1})5
3 =p;i(OVE x{0}) = p;(OVE x {1}).

Lemma 1. Every flow ft € Go(M™) is topologically equivalent to some model
flow f*: M7 — M}

Proof. Let ft € Go(M™) and A, R be its the attracting and the repelling hy-
perbolic orbits respectively. Due to Proposition B there is a homeomorphism
hr: Iy — W§ which provides the topological equivalence of the flows b’ and
ft|Wg. Also, there is a homeomorphism hy4: Iy — W3 which provides the
topological equivalence of the flows b1" and ffws. Let Va = ha(V%) and
Hy = hA|V1. We can choose r > 0 such that a neighbourhood V};, = hr(V?,)
of R is disjoint with V4. Since the non-wandering set of f* consists of A and R
then (see e.g. [14])
MP=WpUA=WiUR

and consequently the set M™ \ int(V4 U V}) consists of segments of wander-
ing trajectories of the flow f*, which have their boundary points on different



Figure 7: The neighbourhoods V4 and V}, on M™

connected components of the boundary OM™ \ int(Va U V}) (see Fig. [7). Let
Ve = M™\ int V4. Then the homeomorphism hR|VL can be extended to the
homeomorphism Hg: V! — Vi which provides the topological equivalence of
the flows b’y and f*. Define a homeomorphism j: OV} — 9V by

j=H; ' Hglovn .

Define a homeomorphism H: M} — M™" by

1
Hiz) = HApj_l(;v), :EEVA],'
Hpp; (z), x € Vg

It is directly verified that H provides the topological equivalence of the flows f;
and ft. O

Thus, the classification of the flows with the attractor-repeller dynamics
can be reduced to the classification of the model flows. Using methods of the
previous proof it is easy to show that it is sufficient to consider some special
class of homeomorphisms providing the topological equivalence of the model
flows.

Lemma 2. If the model flows f; M — M} and fjt»,: M} — M3 are topo-
logically equivalent, then there is a providing the topological equivalence of these
flows homeomorphism H: M} — M such that H(¥;) = ;.



3 A criteria for the model flows topological
equivalence

In this section we give a criteria of the model flows topological equivalence, from
which the complete description of equivalence classes in Go(M™) follows.

Denote by @ the connected component of the set OV™ N Oxyx,, containing
the point (0,1,...,0). We consider & as the curve oriented in the direction of
the increasing z,, coordinate. Let B=0V"NO0x1...Tn1 (see Fig. ) and

ar = vi(@), fx = v+ (B).

R

x,_— Xy X

Figure 8: @ and § on V"

Denote by i: VY — V7 the inclusion map and by i.: m1(0V}) — 71 (V%)
the induce isomorphism. Since the group (g4 ) is isomorphic to Z and acts freely
and discontinuously on the simply connected space V", the fundamental grou
71 (V%) is also isomorphic to the group Z (see e.g. [8]) and ay is its generatoré?

Theorem 4 (Criteria for topological equivalence). Two model flows f}: M} —
‘. ; ) . : .

M, fj: M3 — M3 are topologically equivalent if and only if there is a home-

omorphism ho: OV} — OV} such that

and the homeomorphism hi = j'hoj ' possesses the property

2The space 8Vi consists of two connected components. In this case ix is a map composed
of the induced isomorphisms for each connected component.



Proof. Necessity. Let the flows f} and f}, be topologically equivalent by means
of a homeomorphism H: M — M. By the LemmaPlwithout loss of generality
we assume that H(X;) = X;. Define a homeomorphism Hj: Vi — VL k € Zs
by (Hg(s), k) = pj_/alj|Vi><{k}(S’ k): X {k} — Vi x {k}. Let hy = Hk|8V£;-

Notice that the curves L7} and a4 are homotopic in V} as they bound a
two-dimensional annulus v+ (V" NOzax,) in V. As H provides the topological
equivalence of the flows f and f}, then Ho(R;) = Ry, that implies Ho. ([R;]) =
[R;/]. Considering the fact that’ m1 (V) 2 (ay) we can deduce that Ho,. = id
Wthh implies equality (@) ixho« = ix.

It follows from the definition of the model flow that h; = j'hoj . The
equality (@) ishi. = i, for the map hy can be proved as above.

Sufficiency. Assume that there is a homeomorphism hy: OV} — 0V’ such
that i,ho« = 74« and the homeomorphism h; = j’h()j*1 satisfies 1. h1x = 4. Since
ixhox = i and due to [3][Proposition 10.2.26], homeomorphism hg admits a lift
ho: OV™ — OV™, which commutes with g1. Let 3’ = ho(53). Choose a positive
integer ng such that ' C {(z1,...2n_1,2,) ER" : 0 < z,, < no} (see Fig. [).
Let us extend the homeomorphism kg to a homeomorphism Hy: V* — V"
commuting with g+ : R® — R™ and providing the topological equivalence of the
flow b%, with itself.

Recall that g4 (z,r) = (ax(z),r —1). Let y = (x1,...,2,—1) and define a
map po: R™ — Oy by

po(y, 2n) =y
By the construction pg|yy« : OV, — Oy\ O (hyperplane z,, = 0 without initial)
is a diffeomorphism for aTny r > 0. Define the homeomorphism @w: Oy \ O —
Oy \ O by
@ = poho(polovy) !

Since i,hos = i, the homeomorphism w can be continuously extended to the
point O by @w(0) = O. Assume that y' = w(y), y € Oy, By = po(B’) and
Bo = po(g=™ (B)). Let B, By, Bj denote the disks in Oy which are bounded by
the spheres 3, By, () respectively. Thus, w(B) = By.

By virtue of the annulus conjecture and the fact that spheres 8y and B{) are
disjoint and are cylindrically embedded they bound an annulus Ky C Oy (see
Fig. [3]). Let 7: S"2 x [0,1] — Ko be a homeomorphism such that 7(S"~2 x
{0}) = B and 7(S"2 x {1}) = B}. For t € [0,1] put ¢; = 7(S*~2 x {t}),
re=1t+2""(1—-t)and C; = (p0|a‘77;r)’1(ct). Let us define a disk B’ by

U cuB,.

t€(0,1]

Since ixhgs = ix, the homeomorphlsm ho sends the part T' of the cylinder
OV™ lying between spheres B, g3 (B) to the part IV of cylinder OV" lying
between the spheres B, gz (ﬁ’). Denote by W (W’) a compact subset of V"
bounded by B, g:*(B) and T (B, g2*(B’) and T).
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Figure 9: Construction of the disk B’

For every yo € Oy let Ly, = {(y,7,) € R" : y = yo}. For (y0,0) € B let

I,, = L,,NW and I;(,J = Ly, NW'. Denote boundary points of segments I, and

I, by Ay, By, and A),, B, where Ay, = (y0,0), By, = (yo,b;yo) and Aj, =

]E)yé,a;[,)), le/() = (yé,b;[,)), a;é < b;[,). Define a homeomorphism hy, : I, — Iz//()
Yy

b/ r T a/ ’
by (Yo, ) = (yéa Ta %a) :
Yo

By virtue of the fact that W = |J I, we get a homeomorphism hy, : W —
B yoEB

W', composed of hy,, which provides the topological equivalence of the flow

bY | with b |. Extend hy to V™ by

Ho(x1,.. @1, 2n) = g " (A (9 (@1, . 21, 20))),
where [z] denotes the integer part of the number z. By the construction
Hog+ = g+Hy. By virtue of [3] this fact implies, that Hy = vi'Hovy is a
homeomorphism and the following equality holds Hyb* = b Hj.

By the same way the homeomorphism h; can be extended to a homeo-
morphism H;: V} — V1 commuting with g4 and providing the topological
equivalence of the flow b." with itself. Thus, the requirement homeomorphism
H: M} — M} is defined by

Hiz) = pirHop; '(z), = €p;(VE x {0})
pyHip; (), @ ep;(VEx{1})

11



4 Classification of surface model flows

In this section we prove Theorem [

Let f; MJ2 — MJ2 be a two-dimensional model flow. Then the ambient
surface M7 has the form M? = V3 x {0} Uy Vi x {1}, where J: V% x {0} —
OV3 x {1} is a homeomorphism defined as J(s,0) = (j(s), 1) for some homeo-
morphism j: V3 — V3.

If the periodic orbit is untwisted then its tubular neighbourhood is an an-
nulus and its boundary has two connected components each of them is home-
omorphic to the circle. If the periodic orbit is twisted then its tubular neigh-
bourhood is a Mobius band and its boundary is homeomorphic to the circle.
Let St = {e*, p € R}, S = {—1,+1}. Define the following diffeomorphisms
on the manifolds V2% = S x S

L ji(p, £1) = (gD,:I:l);

2. jo(p, £1) = (_(pv:tl);

3. Ja(p, —1) = (—¢, —1), js(p, +1) = (o, +1).

Define the following diffeomorphisms on the manifold V2 = St:

4. ja(p) = ¢

5. Js(p) = —.

Pictures [0, I provide the phase portraits of the model flows corresponding
to the given maps. The sign “+” means the gluing with the map ¢ and the sign
“—” with the map —¢.

Lemma 3.

1. Every model flow f; : Mf_ — M_%_ is topologically equivalent either to f;l
orhto ;2, herewith f;1 and fjt2 are non topologically equivalent to each
other.

2. Every model flow f]t : M2 — M2 is topologically equivalent either to ]’?3
orto f},, orto fi , herewith ff , fi and f}. are pairwise non topologically
equivalent.

Proof. Since the fundamental group of the circle is isomorphic to the group
Z then every orientation-preserving homeomorphism induces identical action
in the fundamental group and the orientation-reversing induces action which
changes the homotopy type of the curve on the opposite. Then, by virtue of
Theorem | flows ff: M? — M7, fl,: M7 — M, are topologically equivalent if
and only if there is the orientation-preserving homeomorphism hg: V3 — 9Vi
such that the homeomorphism h; = j'hgj~! preserves orientation. That is
equivalent to the fact that j'j~! preserves orientation.

The exhaustive search of all possible combinations of the orientability of the
homeomorphism j on the connected components gives that the homeomorphism
§ij ! preserves the orientation exactly for unique valuei € {1,...,5}. Moreover,
if i = 1, 2 the ambient manifold is the torus, but for i = 3, 4, 5 is the Klein bottle.
Finally, if 4 = 4,5 then both orbits are twisted and untwisted in the remaining
cases. o

12
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Figure 10: Flows on the torus
+ - + + - -
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t t t
Js3 Ja Js

Figure 11: Flows on the Klein bottle

5 Classification of 3-dimensional model flows

Let ff: M} — M be a three-dimensional model flow. Then the ambient mani-
fold M? has a form M3 = VI x{0}U; VL x {1} where J: dVL x {0} — VL x {1}
is a homeomorphism defined by J(s,0) = (j(s),1) for j: V3 — 9V3.. Tt is easy
to see that the manifold Vi is the solid torus whereas V3 is the solid Klein bot-
tle. In the first case ambient manifold M 33 is a lens space, which is orientable and,
by Proposition @ below, there are countably many pairwise non-homeomorphic
lens spaces. All the manifolds obtained by gluing the solid Klein bottles, on the
contrary, are homeomorphic to the $2xS* (see e.g [4, section 3.1(c)]).

Let us prove Theorem [l separately for orientable and non-orientable mani-
folds.
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5.1 Orientable case

On the torus 8Vﬁ_ the curves oy and 4 are generators in the torus funda-
mental group. The oriented curves a, 84 on the torus V3 are said to be the
longitude and meridian respectively. The action of the homeomorphism j in the
fundamental group of the torus is uniquely defined by an unimodular integer

matrix
. (r p
j*_(s Q>'

A x3

R

xl/ 2

Figure 12: Longitude and meridian pre-images on V3

Recall that the presentation of the lens space in the form M J3 = V3 x
{0}U; V3 x {1} is called a Heegaard decomposition and ¥; is called a Heegaard
torus. Using the uniqueness up to isotopy of the Heegaard torus in every lens
space (see, for example, [5]), we will suppose below that every homeomorphism
h: MJ‘O’ — MJ‘O’, possesses a property

m (h(p; (VL x {0}))) = pj (Vi x {0}),

here 7, : M3, — M, t € [0,1] is an isotopy which moves h(X;) to ¥j. The
classification of the lens spaces up to a such sort of homeomorphisms has the
following view.

Proposition 4 (Lens space classification, [1]). Two lens spaces M and M,

are homeomorphic if and only if the induced isomorphisms j. = (Z z> , L=

/ /
(Z, z,) satisfy the conditions |p’| = |p| and ¢ = £q (mod |p|)|§

3Considering the fact that matrices j«, j. are unimodular it is easy to establish one more
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The following lemma is a refinement of Propositiond which we need to prove
Theorem [

Lemma 4. A homeomorphism hg: BVi — BVi with property i hy.« = ix for
k = 0,1 and hy = j'hoj~! there is if and only if the induced isomorphisms

/ /
Jx = (Z z) , L= (Z, 5,) satisfy the conditions |p’| = |p|, " =r (mod |p|).

Proof. Necessity. Assume there is a homeomorphism ho: 9V3 — V3 such
that for hg and h; = j'hoj ! the condition i.hk« = i., k = 0,1 holds. Then the
homeomorphism hy acts in the fundamental group of the torus with the matrix

1 0
P = (mk 11)

hl*j* = ]ihO*

where my, is integer and

The last relation can be written in the following matrix form:

1 0 rop\ (7 D 1 0 3)
my *1)\s q) \s ¢)\mg £1)°
So, we get the equalities p = +p’, r = r'+mgp’, which are equivalent to |p’| = |p|
and 7 = r (mod |p|).

. . : r op\ rop
Sufficiency. Let the elements of matrices j, = s g I = g q
satisfy the relations |p’| = |p| and v’ = (mod |p|). Thus

p=20dop, r=1"+mop (4)
for some §p € {—1,1}, mg € Z. Let hy: BVi — 8Vi be the algebraic torus au-

(?) Then 7,hos = 4. Formula
0

@) and the fact that all the matrices are unimodular give us that the homeo-
morphism hy = j'hoj~': OV3 — 9V induces the isomorphism, defined by the

matrix hi, = < 1
mi

tomorphism defined by the matrix hg,. = (n}b
0

(;)) for some &; € {—1,1}, my € Z. Thus i.h1x =ix. O
1

Lemma 5. Up to topological equivalence there is only one flow on both S® and
RP3 and two flows on the remaining lens spaces.

Proof. By virtue of Proposition ] and Lemma H] on the same lens space there
are either one or two topological equivalence classes of flows from G2 (Mi) and

criteria for two lens spaces to be homeomorphic. Namely, two lens spaces MJ3 and M3 are
! /
homeomorphic if and only if the ifinduced isomorphisms j. = (: p) , Jh = (T, Z,) satisfy

the relations |p’| = |p| and v/ = £r (mod |p|).
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the cases are distinguished by the following condition: whether for two coprime
numbers p > 0, r € Z, there are two numbers n1, no such that

T+ mp = —r+ngp (5)
Check whether condition (@) holds for all the possible values of p.

1. if p = 0 than condition (B]) does not hold, since the equality is true only if
r = 0 but in this case r, p are not coprime;

2. if p = 1 the condition holds for » = 0, it means that up to topological
equivalence there is a unique flow in Go(S?);

3. if p = 2k then r = k(ng — n1). Considering the fact that (r,p) = 1 deduce
that k = 1,r = 1, which means that up to topological equivalence there is
a unique flow in G (RP3);

4. for p =2k + 1,k > 0 condition (Bl never holds since ny — n; is even and

(r,p) #1.
]

5.2 Non-orientable case

By [10] every homeomorphism j: OV3 — 9V? satisfy either i.(j«([c])) = i+ ([c])
or i, (j«([c])) = —ix([c]). Then Theorem [ implies that there are two topological
equivalence classes of the flows in G2(S*xS?).

6 Classification of n-dimensional model flows for
n>3J3

According to [11], every homeomophism j: 9V’ — 0V’ can be extended to a
homeomorphism ¢: V! — V7. Thus the only manifold obtained by gluing two
copies of V7 along the boundaries is SP—! x S'. Similarly, the results of the
article [7] imply that the only manifold obtained by gluing two copies of V™
along the boundaries is S" 7! xS!.

Since the fundamental group 71 (0V") is isomorphic to the group Z then
any homeomorphism j: OV} — OV satisfies either i.(j.([c])) = i«([¢]) or
ix(4«([c])) = —i«([c]). Thus, Theorem M implies that each of the manifolds
S*~1 x St and S xS! admits two topological equivalence classes of the flows
from Go(M™),n > 3.
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