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Abstract. We construct new substantive examples of non-autonomous vector fields on
3-dimensional sphere having a simple dynamics but non-trivial topology. The construction
is based on two ideas: the theory of diffeomorpisms with wild separatrix embedding (Pix-
ton, Bonatti-Grines, etc.) and the construction of a non-autonomous suspension over a
diffeomorpism (Lerman-Vainshtein). As a result, we get periodic, almost periodic or even
nonrecurrent vector fields which have a finite number of special integral curves possessing
exponential dichotomy on R such that among them there is one saddle integral curve (with
an exponential dichotomy of the type (3,2)) having wildly embedded two-dimensional un-
stable separatrix and wildly embedded three-dimensional stable manifold. All other integral
curves tend, as t→ ±∞, to these special integral curves. Also we construct another vector
fields having k ≥ 2 special saddle integral curves with tamely embedded two-dimensional
unstable separatrices forming mildly wild frames in the sense of Debrunner-Fox. In the case
of periodic vector fields, corresponding specific integral curves are periodic with the period
of the vector field, and they are almost periodic for the case of almost periodic vector fields.

1 Introduction
The aim of this paper is to present new substantive examples of non-autonomous periodic,
almost periodic or even nonrecurrent vector fields on 3-dimensional sphere S3. The main
feature of constructed vector fields is that they have some saddle integral curve γ whose
two-dimensional unstable and three-dimensional stable invariant manifolds wildly embed in
the extended phase manifold S3 × R. Thus, this provides new invariants of an uniform
equivalence of non-autonomous vector fields (see definitions below). For the rest, from a
dynamical viewpoint, the vector field has a quite simple structure of its foliation into integral
curves (ICs, for briefness) in S3 × R.

It will be seen from the construction that the method allows one to get non-autonomous
uniformly dissipative vector fields in R3 with a similar structure whose integral curves enter
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to some cylindrical domain of the form D3×R, D3 ⊂ R3, with its boundary manifold S2×R
being uniformly transversal to integral curves.

To be more precise, let us recall the notion of a non-autonomous vector field on a smooth
(C∞) connected closed manifold M . Let Vr(M) be a Banach space of Cr-smooth, r ≥ 1,
vector fields on M endowed with Cr-norm. By a Cr-smooth non-autonomous vector field
on M (NVF, for brevity) it is understood an uniformly continuous bounded map v : R →
Vr(M). We endow the set of non-autonomous vector fields with the supremum norm of
the related maps. As a particular case, one may think on a periodic NVF, if the map v is
periodic: there exist a positive T ∈ R such that v(t + T ) ≡ v(t) for all t ∈ R. If the map v
is almost periodic [17, 9], they say on an almost periodic non-autonomous vector field.

We recall a solution to the vector field v be a C1-differentiable map x : I → M , I is an
interval of R, such that for any t ∈ I tangent vector x′(t) = Dxt(1) ∈ TM coincides with
the vector vt(x(t)). Here we identify in the standard way the tangent space TtR at the point
t ∈ R with R itself by shifts in R.

By the standard existence and uniqueness theorem, there is a unique solution through
any initial point (x0, τ) ∈M ×R. On a closed manifold M any solution of v is extended on
the whole R. The graph of the map x, that is the set ∪t(x(t), t) ⊂ M × R, is the integral
curve of the solution x. Thus, every non-autonomous vector field v generates a foliation Lv
of manifold M ×R into ICs of v. An example of such foliation for the case M = I is plotted
on Fig. 1.

Following [4] we call two non-autonomous vector fields v1, v2 on M to be uniformly
equivalent, if there is an equimorphism (see subsection 5 for definition) Φ : M ×R→M ×R
that transforms Lv1 to Lv2 preserving orientation in R. Here we consider manifold M × R
with the uniform structure of the direct product of the unique uniform structure onM given
by the topology of the manifold M (it is a compact manifold) and the standard uniform
structure on R invariant w.r.t. shifts on the Abelian group (see subsection 5 for definitions
of uniform structure and equimorphism).

NVFs, we construct below, fall into the class of gradient-like non-autonomous NVFs
singled out in [4, 5]. They satisfy several restrictions on the structure of their foliation Lv,
one of them is the claim of an exponential dichotomy for any of their solutions on both
semi-axes R+ and R− (types of dichotomy may distinct) [13]. This assumption allows one to
get invariant stable manifolds and also unstable manifolds. Thus, the whole extended phase
manifold M ×R is partitioned into smooth stable manifolds, another partition is generated
by unstable manifolds. One more assumption is the finiteness of both partitions (though
they can be completely different). We shall not deep into details of these restrictions, since
in the examples we construct these restrictions are given explicitly.

The NVF on S3, we shall construct, has four special ICs possessing an exponential
dichotomy on the whole R. One such IC γα is exponentially unstable on R, there is also the
only IC γσ of a saddle type, it possesses an exponential dichotomy on R of the type (3,2),
that is, such IC has 3-dimensional stable manifold and 2-dimensional unstable manifold on
R. Finally, this NVF has two exponentially stable on R ICs γω1 , γω2 whose stable manifolds
are 4-dimensional ones (the dichotomy of the type (1,4)).

The sense of the term “wild embedding” we use below for some embedded submanifold is
the following. Take any section t = t0 in S3×R. Then the intersection of the wildly embedded
2-dimensional unstable manifold with the section is a 1-dimensional ray in S3 × {t0} wildly
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Figure 1: A foliation into IC on the segment, M = I.

embedded in the topological sense [1, 18, 6] (see below). The closure of this ray is a point
being the trace of the exponentially stable IC γω2 . All ICs in this unstable manifold tend to
γσ as t→ −∞ and to γω2 as t→∞. Also, the trace of 3-dimensional stable manifold of γσ
on Mt0 is an embedded R2 and its closure in Mt0 is an embedded sphere being wild at one
point [].

The construction of such non-autonomous vector fields exploits two ideas. One belongs
to Pixton [18] and further was developed by Bonatti, Grines, Pochinka and others [6, 7, 8].
In [18] a simple 3-dimensional Morse-Smale diffeomorphism on S3 was constructed that has,
as its non-wandering set, only four hyperbolic fixed points: one source α, one saddle σ of
(2, 1) type and two sinks ω1, ω2. Moreover, the closure of the stable manifold wsσ of σ is
homeomorphic to the sphere smoothly embedded in each point except the point α where it
is wildly embedded (see, on the figure 2). The point σ divides unstable manifold wuσ into two
separatrices lu1 , lu2 . The closure of one of these separatrices (lu2 on the figure 2) is a simple
arc wildly embedded in the point ω2 but the closure of another one (lu1 ) is tamely embedded
arc in each point. The separatrix lu2 tends to the sink ω2 in such a way that the fundamental
domain near this sink after identifying points on the boundary of this domain contains the
image of the separtrix which makes up a nontrivial knot in the related factor space (being the
manifold S2 × S1). This will be explained in more details in section 2. The non-triviality of
this knot implies the wild embedding of the separatrix for the diffeomorphism, moreover, if
knots for two different diffeomorphisms are non-homeomorphic in S2×S1, then they are not
topologically conjugated. This fact leads to the existence of infinite number of topologically
non-conjugated Morse-Smale diffeomorpisms of considered types [6].
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Figure 2: Phase portrait of diffeomorphism on S3 with wildly embedded separatices.

The second idea is borrowed from [11]. It uses the construction of a so-called non-
autonomous suspension over a diffeomorphism introduced in [10] and developed further in
[11]. Recall this construction. Suppose f : M → M be some diffeomorphism of a smooth
(C∞) closed manifoldM . To avoid a discussion on the class of smoothness for the suspension,
we assume f to be C∞-smooth. Its (usual) suspension is a smooth closed manifold Mf

of dimension dimM + 1 with a flow defined as follows. Let us identify in the cylinder
M × I, I = [0, 1], points (x, 1) and (f(x), 0). It is more convenient to consider the manifold
M × R with an action F of the group Z by the rule: for m ∈ Z the related Fm acts as
Fm(x, s) = (fm(x), s−m). This action is free and discrete (any orbit of the action has not
accumulation points). Thus, the factor-manifold Mf = (M × R)/F is a smooth manifold
being a smooth bundle over the circle S1, p : Mf → S1, with the leaf M . A vector field on
Mf is generated by the constant vector field V = (0, 1) on M × R (its orbits are straight-
lines (x, t), t ∈ R). After factorizing one gets a smooth vector field vf on Mf with the global
cross-section, as such one can choose any Mθ = p−1(θ), θ ∈ S1. The Poincaré map defined
on this cross-section is conjugated to f. This construction allows one to get vector fields with
the dynamics similar to that as for iterations of the mapping f , see [22].

To proceed let us consider the covering manifold M̃f for Mf generated by the standard
covering R→ S1, t→ exp[2πit] that gives a commutative diagram

M̃f
ẽxp−−−→ Mfyp̃ yp

R exp−−−→ S1

Topologically, M̃f is homeomorphic to M × R, since R is contractible. The manifold Mf is
compact, hence it has the unique uniform structure compatible with the topology [16]. The
uniform structure in M̃f is defined by lifting the uniform structure in Mf by means of the
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map ẽxp. This is more easily understood, if we endowMf with a smooth Riemannian metrics
and lift this metrics to M̃f by the covering map ẽxp. Since ẽxp is a local diffeomorphism,
we get a Riemannian metrics on M̃f such that ẽxp is the local isometry. The foliation in
Mf into orbits of the vector field vf is lifted as some foliation Lvf into infinite curves in M̃f .
This foliation is homeomorphic to the foliation of M × R into straight-lines (x, t), t ∈ R,
since M̃f is homeomorphic to M ×R, but generically the foliation in M̃f is not equimorphic
to the foliation into straight-lines. Moreover, even the manifold M̃f itself with its uniform
structure lifted from Mf is not always equimorphic to M × R. For instance, it is the case
for M = T 2 = R2/Z2 with f being an Anosov diffeomorphism (see details in [11]). Next
proposition which is Corollary 4.1 from [11] will be useful for us.

Proposition 1 If M̃f is equimorphic toM×R, then there is such n ∈ Z that fn is homotopic
to idM .

Let a diffeomorphism f : M → M on a smooth (C∞) closed manifold M be given.
An important question here is if there exists a non-autonomous vector field v on M such
that its foliation Lv into ICs in M × R (with its uniform structure of the direct product) is
equimorphic to the foliation Lvf into infinite curves generated by vector field vf in M̃f? It
is evident the first condition this to be true is an equimorphness of uniform spaces M × R
and M̃f . This gives a meaning to the definition introduced in [11]

Definition 1 A diffeomorphism f : M →M is reproduced by a non-autonomous vector field
v on M (or, equivalently, v reproduces the structure of f), if foliations Lv in M × R and
Lvf in M̃f are equimorphic. In particular, this implies the uniform spaces M × R and M̃f

be equimorphic.

Remark 1 It follows from Proposition 2.5 (item a) in [11] that diffeomorphisms f and fn
are reproduced simultaneously for any n ∈ Z.

Remark 2 As is known, for a given diffeomorphism f : M → M it is possible that its
suspension Mf is not diffeomorphic to the direct product M × S1 but for some its iteration
fn the related suspension Mfn is diffeomorphic to M × S1. In fact, the manifold Mfn is the
k-fold covering of Mf . As a simplest example of such situation, one can take M = S1 with
a coordinate ϕ (mod 2π) and a diffeomorpism f(ϕ) = −ϕ(mod 2π). Then S1

f is the Klein
bottle but f 2(ϕ) = ϕ, hence S1

f2 = S1×S1 = T2 (that is, a 2-dimensional torus being a 2-fold
covering of the Klein bottle). Thus, according to remark 1 the manifold S̃1

f is equimorphic to
S1 × R.

Denote πM : M × R → M the standard projection onto the first co-factor. For any
non-autonomous vector field v on the manifold M the map Φt

0 : M0 → Mt from the section
M0 = M ×{0} to the manifold Mt = M ×{t}, generated by solutions of v with initial points
on M0, πM(Mt) = M, is diffeotopic to the identity map idM for all t ∈ R. In particular, if v
is a periodic vector field on manifold M , then its Poincaré map over the period is diffeotopic
to identity map idM .

Our first result is theorem 1 below which gives sufficient condition for diffeomorphism f
to be reproduced by a flow generated by a non-autonomous periodic vector field v.

First we formulate an obvious lemma.
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Lemma 1 If f is diffeotopic to idM , then there is a diffeotopy Ft : M → M, t ∈ [0, 1],
joining idM and f such that diffeomorpisms Ft depend smoothly on t and for some ε > 0
small enough one gets Ft ≡ idM , as t ∈ [0, ε], and ft ≡ f as t ∈ [1− ε, 1].

Theorem 1 Suppose for some n ∈ N diffeomorphism fn : M → M be diffeotopic to the
identity map idM . Then

1. Mf is fiber-wisely1 diffeomorphic to M × S1;

2. there is a periodic vector field v on M such that v reproduces the structure of f .

Proof. To ease the exposition we assume that f itself is diffeotopic to idM . At the first step
we shall construct a 1-periodic vector field vt on M such that the vector field on M × S1

given as (vt, 1) is diffeomorphic to the vector field of the suspension of f on Mf . To this
end, we need to endow the manifold Mf with the structure of the direct product in the
explicit form. This means that one needs to define two foliations of Mf . One of them is
given by leaves of the bundle over S1, these leaves are diffeomorphic to M . The second
foliation into closed curves is defined as follows. Suppose Ft : M → M, t ∈ [0, 1], be a
diffeotopy Ft : M → M joining idM and f , that is, Ft are diffeomorphisms, F0 = idM and
F1 = f. We assume, by Lemma 1, that Ft = idM for t ∈ [0, ε] and Ft = f for t ∈ [1− ε, 1]. If
p : Mf → S1 is the bundle map, then for any point x ∈ p−1(0) we define the curve through
point (x, 0) ∈ M × [0, 1] given as (F−1t (x), t) for t ∈ [0, 1], and then we apply the factor
map using the identification (x, t) = (f(x), t− 1). The curve in M ×R with the initial point
(x, 0) has the extreme point (F−11 (x), 1) = (f−1(x), 1) at t = 1. After identifying this point
becomes (f ◦ f−1(x), 0) = (x, 0). Thus, all curves constructed in the manifold Mf are closed
and we get the homeomorphism h : Mf → M × S1. The map h is defined as follows. Take
any point a ∈ Mf and denote la a closed curve through the point a of the second foliation
constructed. Define a map p1 : Mf → M0, M0 = p−1(0), by the rule p1(a) = la ∩M0. We
get a homeomorphism h : a→ (p1(a), p(a)).

Generically, h is a homeomorphism, since the dependence of Ft on t can be only con-
tinuous. But we need a diffeomorpism between bundles Mf and M × S1 in order orbits of
the suspended flow would be transformed to smooth curves in M × S1. Lemma 1 above
guarantees that if f : M → M is diffeotopic to idM , then a diffeotopy Ft exists joining idM
and f such that curves constructed above give a smooth foliation, that is, curves are smooth
and their dependence of the points is smooth, so the map p2 is smooth. This proves the first
item of the theorem.

Now we construct a periodic vector field v on M such that its foliation Lv into ICs
is uniformly diffeomorphic to the foliation Lvf into infinite curves in M̃f . Diffeomorphism
h : Mf →M×S1, defined above, allows us to identifyMf withM×S1. Thus, the suspended
vector field is given as (V (x, t), n(x, t)) with V, n being 1-periodic in t and n > 0. Its flow
therefore has a cross-section, for instance, as such one can take the section t = 0. The
Poincaré map g : M0 → M0 on this cross-section is evidently conjugated to f . Hence, we
can consider instead of diffeomorphism f on M the diffeomorphism g. Since f, g are conju-
gated, their non-autonomous suspensions are equimorphic along with the related foliations.

1The term “fiber-wisely” means the existence of a diffeomorphism Ψ : Mf → M × S1 acting as (x, s) →
(ψ(x, s), s).
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Compactness ofM and S1 implies that n is strictly positive. We can define a periodic vector
field on M as v(x, t) = V (x, t)/n(x, t). Integral curves in M ×R of this periodic vector field
coincide with orbits the vector field (V (x, t), n(x, t)) since they are obtained by the change of
time being uniformly bounded from above and below. So, the item 2 has also been proved.
�

2 Diffeomorphisms with wildly embedded separatricies
This section contains some definitions and results which are contained in the book [8], we
present them here for of the reader convenience.

2.1 Wild embedding

Definition 2 A topological embedding λ : X → Y of an m-dimensional manifold X into a
n-dimensional manifold Y (m ≤ n) is said to be locally flat at the point λ(x) ∈ Y , if there is a
chart (U, ψ), λ(x) ∈ U, ψ : U → Rn, in the manifold Y such that ψ(λ(X)∩U) = Dm ⊂ Rm,
here Rm ⊂ Rn is the set of points for which the last n − m coordinates equal to zero or
ψ(λ(X) ∩ U) = Rm

+ (Rm
+ ⊂ Rm is the set of points with non-negative last coordinate).

Now, an embedding λ is said to be tame and the manifold X is said to be tamely embedded,
if λ is locally flat at every point λ(x) ∈ Y . Otherwise, the embedding λ is said to be wild
and the manifold X is said to be wildly embedded. If the embedding λ is not locally flat at
the point λ(x), this point is said to be a point of wildness.

It is worth remarking that the definition of a tamely embedded manifold coincides with
the definition of a topological submanifold.

Every topological embedding into the space R2 (respectively, S2) is tame. In the space
R3 (respectively, S3) there are wild arcs and wild 2-spheres. As an example of a wild arc, we
recall the construction by Artin and Fox [1]. The related arc is smooth everywhere except
for its boundary point.

Consider a linear contraction φ : R3 → R3 defined in spherical coordinates (ρ, ϕ, θ) as
φ(ρ, ϕ, θ) = (1

2
ρ, ϕ, θ), and denote L ⊂ R3 a spherical layer defined by inequalities 1

2
≤ ρ ≤ 1.

Its boundary spheres are V 1
2

= {(ρ, ϕ, θ)|ρ = 1
2
} and V1 = {(ρ, ϕ, θ)|ρ = 1}. Let a, b, c ⊂ L be

pairwise disjoint simple arcs with their respective boundary points α1, α2; β1, β2; γ1, γ2 (see
Figure 3 (a)) such that

1. α1, α2, γ1 ⊂ V1; β1, β2, γ2 ⊂ V 1
2
;

2. φ(α1) = γ2, φ(α2) = β1, φ(γ1) = β2.

Let us choose arcs a, b, c in such a way that the arc `O ⊂ R3 defined as `O =
⋃
k∈Z

φk(a ∪

b∪ c)∪O (see Figure 3 (b)), is smooth at every point except O. Artin and Fox proved that
`O is wildly embedded into R3 and the point O is point of wildness. This fact also follows
from the criterion below proved in [14].
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Proposition 2 Let ` be a compact arc in R3 which is smooth everywhere except its boundary
point O. Then ` is locally flat at O, iff for every ε-ball Bε(O) centered at O there is a subset
U ⊂ Bε(O) diffeomorphic to the closed 3-ball such that O is an interior point of U , and the
intersection ∂U ∩ ` is the only point.

a c

b

Figure 3: Constructions of wild curves in R3

Now we consider a standard sphere S3 = {x = (x1, x2, x3, x4) ∈ R4| x21 + x22 + x23 + x24 =
1}. The point N(0, 0, 0, 1) ∈ S3 (respectively, S(0, 0, 0,−1) ∈ S3) will be called the north
(respectively, the south) pole.

For each point x ∈ S3 \ {N} there is the unique straight line in R4 containing N and
x. This line cuts the plane (x1, x2, x3, 0) at exactly one point ϑ(x), ϑ(x1, x2, x3, x4) =
x1

1−x4 ,
x2

1−x4 ,
x3

1−x4 . The stereographic projection of the point x is defined as the point ϑ(x).
The stereographic projection is a diffeomorphism of S3 \ {N} to R3 (see Figure 4, where it
is shown the stereographic projection from S2 \ {N} to R2).

Let ` = ϑ−1+ (`O) ∪ S (see Figure 5 (a)), then the arc `N (`S) in Figure 5 (b) is a sub-arc
of the arc ` from the point ϑ−1+ (α1) to the point N (from the point ϑ−1+ (α1) to the point S).
The arc `N (`S) is wildly embedded into S3.

Now we can inflate the arcs on Figure 5 (a), (b) to get closed 3-balls whose boundaries
are 2-spheres wildly embedded to S3 and whose wild points are the poles.

2.2 Diffeomorphisms of Pixton type on S3

Let V be a smooth closed orientable 3-manifold whose fundamental group admits a nontrivial
homomorphism η

V
: π1(V ) → Z. Denote by (V, η

V
) the manifold V equipped with the

N

x

J+(x)

Figure 4: The stereographic projection
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Figure 5: Constructions of wild curves in S3

homomorphism η
V
.

Definition 3 Manifolds (V, η
V

) and (V ′, η
V ′

) are said to be equivalent, if there is a homeo-
morphism ϕ : V → V ′ such that η

V ′
ϕ∗ = η

V
.

Definition 4 Two smooth submanifolds a ⊂ V and a′ ⊂ V ′ are said to be equivalent, if
there is a homeomorphism ϕ : V → V ′ such that η

V ′
ϕ∗ = η

V
and ϕ(a) = a′.

Definition 5 A smooth submanifold a ⊂ V is said to be η
V
-essential, if η

V
(ia∗(π1(a))) 6= 0,

where ia : a→ V is the inclusion map.

Let us illustrate these definitions for the manifold S2 × S1. We represent the manifold
S2 × S1 as the orbit space of the homothety as 7→ as(x) = 0.5x (x = (x1, x2, x3)), (R3 \
{O})/as. It is easy to check that the natural projection p : R3 \O → S2×S1 is the covering
map, it induces the epimorphism η

S2×S1 : π1(S
2 × S1)→ Z.2

Denote γ0 = p(Ox+1 ), λ0 = p(Ox2x3), where Ox+1 is positive semi-axis and Ox2x3 is
coordinate plane x1 = 0. On Fig.6 it is shown the spherical layer bounded by spheres of
radii 1 and 0.5. If we identify points which lie on the boundary of the spherical layer and
belong to the same ray through O, we get the manifold S2 × S1. Moreover, if we identify
the extreme points of the segment with the same numbers (1), we get the knot γ̂0 and if we
identify extreme points lying on the same ray that belongs to circles with the same numbers
(2) and bounding 2-annulus, we get the torus λ̂0 (γ̂0 and λ̂0 are embedded to S2 × S1).

It is easy to check that γ̂0 (respectively, λ̂0) is a ηS2×S1-essential knot (respectively, torus)
in the manifold (S2 × S1, ηS2×S1).

Definition 6 A knot (torus) γ̂ (λ̂) in the manifold (S2×S1, η
S2×S1

) is said to be trivial if it
is equivalent to the knot (torus) γ̂0 (λ̂0).

Proposition 3 Every ηs
S2×S1

-essential torus λ̂ ⊂ (S2 × S1, ηs
S2×S1

) bounds a solid torus in
S2 × S1.

2Take the homotopy class [c] ∈ π1(S2×S1) of a loop c : R/Z→ S2×S1). Then c : [0, 1]→ S2×S1 lifts to
a curve c : [0, 1]→ R3 \ {O} joining a point x with a point (as)n(x) for some n ∈ Z, where n is independent
of the lift. So, we define ηs

S2×S1
([c]) = n.
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Figure 6: Construction of an essential knot and torus embedded in S2 × S1

Proposition 4 A knot γ̂ (torus λ̂) in the manifold (S2 × S1, ηs
S2×S1

) is trivial if and only

if there is a tubular neighborhood N(γ̂) (N(λ̂)) of it in the manifold S2 × S1 such that the
manifold (S2 × S1) \N(γ̂) ((S2 × S1) \N(λ̂)) is homeomorphic to the solid torus (a pair of
the solid tori).

Denote by P the class of the Morse-Smale diffeomorphisms whose non-wandering set
consists of the source αf , the saddle σf and the sinks ω1

f , ω2
f . The phase portrait of a

diffeomorphism of the class P is shown in Figure 7. Pixton has constructed example from
class P mentioned above, so we call the class P the Pixton class. We omit below the index
f in the notations of fixed points.

Figure 7: The phase portrait of a diffeomorphism of the class P

A surprising fact is the existence of a countable set of non-conjugated diffeomorphisms
in the class P . To understand this, we describe below knot topological invariant suggested
in [6]. Moreover, this invariant explains existence in the class P of diffeomorphisms for
which a saddle fixed point possesses wildly embedded one-dimensional and two-dimensional
separatrices.

Denote by `1, `2 the unstable 1-dimensional separatrices of the point σ. It follows from
Smale [12] that the closure cl(`i) (i = 1, 2) is homeomorphic to a simple compact arc which
consists of the separatrix itself and two its extreme points: σ and the sink (see Proposition
2.3 in [8]). Moreover, the closures of the separatrices `1 and `2 contain different sinks (see
Corollary 2.2 in [8]). To be definite, let ωi belongs to cl(`i) (see Figure 7). For i = 1, 2 denote
Vi = W s(ωi) \ {ωi}. Denote by V̂i = Vi/f the corresponding orbit space and let p

i
: Vi → V̂i

be the natural projection that is the covering map inducing the epimorphism η
i

: π1(V̂i) →

10



Z. As for the sink ωi is concerned, the restriction f |Vi is topologically conjugated to the
diffeomorphism a : R3 \ {O} → R3 \ {O}, then the manifold (V̂i, ηi

) is equivalent to the
manifold (S2 × S1, ηs

S2×S1
) and the set ˆ̀

i = p
i
(`i) is the η

i
-essential knot in the manifold V̂i

such that η
i
(i

ˆ̀
i∗

(π1(ˆ̀
i))) = Z (see Theorem 2.3 in [8]).

It was proved in [6] (Theorem 1) that at least one of the knots ˆ̀
1, ˆ̀

2 is trivial (see also
[8], Proposition 4.3). To be definite we assume below the knot ˆ̀

1 be trivial.
Next result was proved in [6] (Theorem 3) (see also [8], Theorem 4.3).

Proposition 5 Diffeomorphisms f, f ′ ∈ P are topologically conjugated if and only if the
knots ˆ̀

2(f) and ˆ̀
2(f
′) are equivalent.

Therefore the equivalence class of the knot ˆ̀
2(f) is a complete topological invariant for

diffeomorphisms from the Pixton class. Moreover, the following realization theorem holds
(see [6] Theorem 2 and [8] Theorem 4.4).

Proposition 6 For every knot ˆ̀⊂ (S2 × S1, ηs
S2×S1

) such that ηs
S2×S1

(i
ˆ̀∗

(π1(ˆ̀))) = Z there

is a diffeomorphism f : S3 → S3 from the class P such that the knots ˆ̀ and ˆ̀2(f) are
equivalent.

Masur constructed an example of an essential and nontrivial knot embedded to S2 ×
S1[15]. According to Proposition 6, there exists a diffeomorphism f of the Pixton class such
that exactly one unstable one-dimensional separatix and stable two-dimensional separatix of
the saddle point σ are wildly embedded.

On Fig. 8 it is shown the Masur’s knot l̂uσ which appears in factor-space Ŵ s(ω2) and
essential torus l̂sσ embedded to Ŵ u(α) which is tubular neighborhood of the a Masur knot.

Figure 8: The phase portrait of a diffeomorphism of the class P and projection of saddle separatrices
in factor spaces

11



2.3 Diffeomorphisms with wildly embedded frames

Definition 7 For k ∈ N a k-frame Fk in Rn at the point p is an union of k simple curves

A1, . . . , Ak, Fk =
k⋃
i=1

Ai, with a single common point p such that p is the boundary point of

each Ak, k ≥ 1 and Ai ∩ Aj = p, i 6= j.

Definition 8

• The k-frame Fk =
k⋃
i=1

Ai is said to be standard if each arc Ai lies in the plain Ox1x2

and it is defined ϕ = 2π(i−1)
k

where ρ, ϕ are the polar coordinates in the plain Ox1x2.

• A k-frame Fk =
k⋃
i=1

Ai is said to be tame, if there is a homeomorphism ϕ : Rn → Rn

such that ϕ(Fk) is standard. Otherwise, the frame Fk is said to be wild.

• A k-frame Fk =
k⋃
i=1

Ai is said to be mildly wild, if the frame Fk \ (Ai \ p) is tame for

every i ∈ {1, . . . , k}.

Figure 9: A construction of a wild 2-frame in R3

One can easily construct a wild k-frame, if one assumes the arc A1 be the wild arc ˜̀ of
Artin-Fox’s example [1]. But the fact that each arc Ai is tame does not mean that the frame
Fk is tame. Figure 9 (b) shows an example of the wild 2-frame. Similarly to the Artin-Fox’s
example this frame is constructed using the arcs a, b shown in Figure 10 (a). The boundary
points α1, α2, β1, β2 of the respective arcs α, β are glued by φ(α1) = α2, φ(β1) = β2 and
A1 =

⋃
k∈Z

φk(a) ∪ O, A2 =
⋃
k∈Z

φk(b) ∪ O, F2 = A1 ∪ A2. From the Statement 2 it follows

that both A1, A2 are tame. Debrunner and Fox [2] presented the construction of a mildly
wild k-frame for every k > 1. Figure 10 shows this construction for k = 6. This 6-frame is
constructed using the arcs a1, . . . , a6 shown in Figure 10 (a). The boundary points αi1, αi2,

of the arc ai, i ∈ {1, . . . , 6} are glued by φ(αi1) = αi2 and Ai =
⋃
k∈Z

φk(ai) ∪O, F6 =
6⋃
i=1

Ai.
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Figure 10: Debrunner-Fox’s example

Let f be a Morse-Smale diffeomorphism and suppose that there is a sink ω ∈ NW (f)
and the set Lω of all unstable one-dimensional different separatrices `1, . . . , `k of saddles
σ1, . . . , σr, k, r ∈ N, k ≤ r (σi may coincide with σj) such that for any j closure of separatrix
`j consists of exactly two points: ω and saddle point σ for which `j is separatrix. Since W s

ω

is homeomorphic to R3 and since the set Lω ∪ ω is the union of the simple arcs with the
unique common point ω belonging to each arc, analogously to a frame of arcs in R3 we call
Lω ∪ ω the frame of 1-dimensional unstable separatrices.

Definition 9 A frame of separatrices Lω ∪ ω is tame if there is a homeomorphism ψω :
W s
ω → R3 such that ψω(Lω ∪ ω) is the standard frame of arcs in R3. Otherwise the frame of

separatrices is called wild.

In [19] by the method, similar to that described in subsection 2.2, a Morse-Smale diffeo-
morphism was constructed having a mildly wild frame of one-dimensional separatrices (see
fig. 11).

3 Periodic vector field on S3 with wildly embedded
separatrix set

Now we present a periodic vector field on S3 with a wild embedding of a 2-dimensional
unstable separatrix manifold and 3-dimensional stable separatrix manifold for the saddle IC
with exponential dichotomy on R of the type (3, 2). Also we present another periodic vector
field on S3 that has a mildly wild frame of 2-dimensional separatrix manifolds.

We start with some diffeomorphism f of the Pixton class on S3 that has one hyperbolic
source α, one saddle σ of the type (2, 1) (2-dimensional stable manifold and 1-dimensional
unstable one) and two hyperbolic sinks ω1, ω2. Stable 2-dimensional manifold of σ contains
in its closure the point α, that is, all orbits of f with initial points on W s(σ), except σ itself,
have the only α-limit point α and the ω-limit point σ. The closure ofW s(σ) is a topologically
embedded sphere Σ in S3, being the boundary of two open 3-balls D1, D2 in S3. The fixed
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Figure 11: Phase portrait of a Morse-Smale diffeomorphism on S3 with the mildly wild frame of
separatrices

point ω1 (sink) lies inside of the ball D1, another sink ω2 lies inside another ball D2. We
suppose that a 1-dimensional separatrix of σ which enters to D2 is wildly embedded. This
implies stable manifold W s(σ) be also wildly embedded (see figure 2).

Now consider the suspension over f . Since f is diffeotopic to idS3 , the manifold Mf is
topologically a direct product S3×S1, moreover, this direct product structure can be chosen
by means of a some diffeomorpism (see above). We fix this product structure and consider
henceforth the suspension as the standard S3 × S1. Thus, the suspension flow in S3 × S1

has one totally unstable periodic orbit, one saddle periodic orbit of the type (3, 2) and two
totally stable periodic orbits, all of them are hyperbolic periodic orbits. The projection of
any of these periodic orbits onto the base S1 is 1-1 correspondence.

Now recall that the suspension flow is Morse-Smale one. All its periodic orbits are
hyperbolic and any other orbit tends to some of four periodic orbits as t → ±∞. This
implies, by the construction, all four periodic ICs of the non-autonomous vector field on S3,
to possess an exponential dichotomy on R. Types of an exponential dichotomy are different:
two stable periodic orbits give rise to two completely stable periodic ICs, their type of an
exponential dichotomy is (4, 1) (four is the dimension of their stable manifolds), the saddle
periodic orbit gives rise to the saddle periodic IC with the dichotomy on R of the type (3, 2),
and the completely unstable periodic orbit gives rise to the IC with the dichotomy of the
type (1, 4). All other ICs tend to these four ICs and hence they possess an exponential
dichotomy on R− and R+ separately depending on which of four ICs they approach to.

Now remind that diffeomorphism f has a smooth curve being the unstable separatrix
W u(σ) for the saddle point σ. For the suspended flow in S3×S1 we get the two-dimensional
smooth unstable submanifold W u(γσ) of the saddle periodic orbit γσ. The manifold W u(γσ)
is a direct product of W u(σ) × S1, this follows from the suspension construction. If one of
two unstable separatrices of σ is wildly embedded into S3 (see above), then one of connected
component of intersection S3

τ ∩W u(γσ), τ ∈ S1, (denote it as Στ ) is a wildly embedded curve
in S3

τ . Suppose, to be definite, that stable sink ω2 be the ω-limit set for all orbits of the
wildly embedded separatix of σ. We will say that the related component of W u(σ)×S1 \ γσ
is wildly embedded in S3×S1. The characterization of this wild embedding is the following.
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Choose any smooth 3-disk D being transversal to a point on the periodic orbit γω2 . Then
the wildly embedded component intersects this disk along a smooth ray with the extreme
point D ∩ γω2 .

Lemma 2 If flows f t, f ′t ∈ P̃ are topologically equivalent and f t possesses a wildly embedded
connected component of the set W u(γS) \ γS, then the same holds true for the flow f

′t.

Thus, we have proved the assertion

Theorem 2 There exists a smooth 1-periodic vector field v on S3 such that v is gradient-
like one with only four 1-periodic ICs possessing exponential dichotomies on R: completely
unstable (of the type (1,4)), saddle one of the type (3, 2), two completely stable ones and
its saddle periodic IC has wildly embedded two-dimensional and three-dimensional separatrix
sets.

In the same way, starting with a diffeomorphism of S3 having a mildly wild frame of
separatrices described above, we get a 1-periodic gradient-like vector field on S3 such that it
has one completely unstable IC, one completely stable IC and n ≥ 2 saddle periodic ICs with
an exponential dichotomy of the type (3,2) whose n two-dimensional unstable separatrices
form a mildly wild frame along with their n three-dimensional stable separatrices which also
form a mildly wild frame similar to that plotted in Fig.11.

We formulate some assertion concerning non-autonomous vector fields we have con-
structed.

Theorem 3 Any sufficiently small uniform perturbation of such vector field v gives a non-
autonomous vector field v′ that is uniformly equivalent to the initial one, i.e. there exists an
equimorphism h of the extended phase manifold S3×R which transforms the foliation Lv to
that of Lv′ .

Due to the very simple structure of Lv the proof is almost evident, nevertheless, because of
some technicalities, it will be performed elsewhere.

4 Perturbations
In this section we perturb periodic vector fields constructed in the preceding section in such
a way that its uniform structure stays the same, but, in dependence on the perturbation
chosen, the perturbed non-autonomous vector field would be almost periodic or even be
nonrecurrent in time.

By the theorem 3, v is structurally stable w.r.t. small uniform perturbations of the form
v + εv1 given by a bounded uniformly continuous map v1 : R → V r(S3) into the Banach
space V r(S3). In particular, such a perturbation can be chosen being an almost periodic
map. In this case, since any of four periodic ICs possess an exponential dichotomy on R
(of different types) the perturbed almost periodic vector field will have in a small enough
uniform neighborhood of each periodic IC an almost periodic IC with the same type of
exponential dichotomy. Moreover, the perturbed vector field will be also gradient-like one
and any of its IC will possess an exponential dichotomy on R± and will tend to some of four
almost periodic ICs.
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The periodic vector field, we constructed above, has a very simple structure of its foliation
into ICs. Namely, it has a unique totally unstable IC γα possessing an exponential dichotomy
on R of the type (4,1), one saddle IC γσ possessing an exponential dichotomy on R of the type
(3,2) and two totally stable ICs γω1 and γω2 possessing both an exponential dichotomy on R
of the type (4,1). All other ICs tend to one of these specific ICs as t→ ±∞. One important
thing exists. Let us choose some sufficiently thin uniform neighborhoods Uj, j = 1 − 4, of
all specific ICs. One can choose these neighborhoods in such a way that the passage time
within M × R ⊂ ∪jUj would be uniformly bounded from above and below. This allow
us to prove that the non-autonomous vector field is structurally stable with respect to a
small enough uniformly bounded perturbations. This means that there is an equimorphism
Φ : M × R → M × R such that it transforms a foliation into ICs of the periodic vector
filed into the foliation of the perturbed vector field. In particular, Φ preserves the properties
of a wild embedding or mildly wild separatrix frame. If v1 is nonrecurrent but uniformly
continuous bounded map, then the perturbed NVF will have the same uniform structure
but its four specific ICs will lie in thin uniform neighborhoods of those for the constructed
periodic NVF. The same holds true for the periodic NVF with the mildly wild k-frame of
separatrices.

5 Addendum: Elements of the uniform topology
For the reader convenience, we present here some notions from the uniform topology. Recall
some basic definitions of the theory of uniform spaces (see details in [16]). A set X is called
an uniform space, if on X×X is defined a collection U of its subsets satisfying the following
conditions (if so, U is called the uniformity)

1. each element of U contains diagonal ∆ = ∪x∈X{(x, x)};

2. if U ∈ U , then U−1 ∈ U , where U−1 is the set of all pairs (y, x) for which (x, y) ∈ U ;

3. for any U ∈ U some V ∈ U exists such that V ◦ V ⊂ U , here V ◦ V denotes the
composition: (x, z) ∈ V ◦ V if there is y ∈ X such that (x, y) ∈ V and (y, z) ∈ V ;

4. if U, V ∈ U , then U ∩ V ∈ U ;

5. if U ∈ U and U ⊂ V ⊂ X ×X, then V ∈ U .

If X is a metric space with metrics d, then 1) corresponds to the property d(x, x) = 0, 2)
corresponds to the symmetry of d: d(x, y) = d(y, x). The property 3) is of the type of the
triangle inequality: for any ball of the radius r a ball of the radius r/2 should exist. The
third and fifth conditions are similar to the axioms of neighborhoods near a point for the
topology that is defined by the uniformity.

The uniformity on a given set X can be defined by many ways providing different uniform
spaces. This was used above where on the setM×R different uniform structures were defined.
When (X,U), (Y,V) are two uniform spaces, then a notion of a uniformly continuous map
h : X → Y is defined. Namely, a map h : X → Y is uniformly continuous w.r.t. U ,V , if for
any V ∈ V the set {(x, y)|(h(x), h(y)) ∈ V } belongs to U . When h : X → Y is one-to-one
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and both h, h−1 are uniformly continuous, then h is called to be an equimorphism. In this
case uniform spaces (X,U), (Y,V) are called uniformly equivalent or equimorphic ones.

An uniformity on the set X making it the uniform space (X,U) generates the definite
topology on X making it a topological space. This space can possess various topological
properties. Conversely, each regular3 topology T on X is an uniform topology which cor-
responds to some uniformity, but such uniformity is, in general, not unique. But if the
topological space is compact and regular one, then there is an unique uniformity generating
the topology T .
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