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Abstract

In this paper, we study choice under uncertainty with belief functions. Belief functions can capture par-
tial information by describing what is objectively known about the probabilities of events. State-contingent
acts together with a belief function over states induce belief functions over outcomes. We assume that de-
cision makers have preferences over belief functions that reflect both their valuation of outcomes and the
information available about the likelihood of outcomes. We provide axioms characterizing a preference rep-
resentation for belief functions that captures what is (objectively) known about the likelihood of outcomes
and combines it with subjective beliefs according to the “principle of insufficient reason” whenever the
likelihood of events is unknown. This treatment of partial information yields a natural distinction between
ambiguity and ambiguity attitudes. The approach is novel in its treatment of partial information and in its
axiomatization of the uniform distribution in case of ignorance.
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1. Introduction

In economics, decision analysis under uncertainty has almost exclusively focused on the
extreme cases of no information about probabilities and, hence, purely subjective proba-
bilities derived from a decision maker’s preferences (Savage, 1954), or perfect information
about probabilities (objective lotteries) analyzed by von Neumann and Morgenstern (1944).
Yet, providing subjects with partial information about the probabilities of some events, Ells-
berg (1961) observed a systematic preference for betting on events where probabilities were
known, for example on red balls and on blue-or-yellow balls in the three-color urn para-
dox.!

As in the Ellsberg paradoxes, many economic decision problems are characterized by partial
knowledge about the frequencies or probabilities of events. As Shafer (1990, p. 2) notes

“I might have conclusive evidence, for example, that I lost my wallet in one of three places,
without any clue as to which one. This calls for a belief function that assigns a degree of
belief of 100% to the three places as a set, but a degree of belief of 0% to each of the three
individually.”

In his Mathematical Theory of Evidence, Shafer (1976) suggests a basic probability assignment
to the events of an outcome space as primitive concept reflecting information about the proba-
bilities of events. Given a finite space of outcomes X and the set of subsets (events) 2% a basic
probability assignment, or a mass distribution as it is more commonly called (Grabisch, 2016, p.
380), is a probability distribution m on the finite set of events 2%. If a mass distribution assigns
positive weights to singleton events only, then it is a probability distribution over X. In general,
a mass distribution is the Moebius transform of a belief function.

Even if probabilities of states are unknown in general, the probabilities of some events may
be known from publicly available information, as in the case of the Ellsberg paradoxes” or from
incomplete data collection as suggested by Dempster (1967).°

Mass distributions are a natural generalization of probability distributions, encoding available
information about the probabilities of the events in 2X. In general, there will be events A € 2X
for which the probability, i.e., the weight of the mass distribution m(A), is positive but the prob-
abilities of all subevents F' C A are zero. Since mass distributions correspond to belief functions,
a special case of capacities, a natural notion of expected utility is given by Choquet expected
utility (CEU),

VEm) = M m(A)min{u(x) | x € A}. (1)

Ae2X

In a seminal paper, Jaffray (1989) assumed that decision makers have preferences over mass
distributions on a set of outcomes X. A mass distribution represents the information about the
probability distribution over outcomes that an individual has at the point of decision making.
A preference order over a set of mass distributions assumes, therefore, that decision makers
can compare outcome distributions with differing partial information, ranging from the case of

1 We discuss this case in detail in Example 3.

2 Asin Ellsberg (1961), instructions of behavioral experiments often provide information about the probabilities of
some events.

3 We will discuss this approach in more detail in Section 2.2.2.
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complete information, when m is a probability distribution, to the other extreme when there is
no information except that outcomes are elements of the set X, m(X) = 1. Since every mass
distribution m defines a belief function ',

p"(E)= ) m(F)

FCE

for all £ C S, one can associate a unique set of probability distributions over outcomes with it,
namely, the core of u””,

core(u™) ={p € A(X) | p(A) > " (A) for any A C X}.

Hence, a mass distribution corresponds to a set of probability distributions over outcomes.*

In the spirit of von Neumann and Morgenstern (1944), Jaffray (1989) provides axioms
for a preference order over mass distributions that characterize a representation V satisfy-
ing

Vim)= ) m(A)V(ea), )

Ae2X

where e4 denotes the elementary mass distribution assigning a weight of 1 to the event A and,
hence, a weight of O to all other events. The elementary mass distribution e4 represents the
case of partial information where it is known that the event A occurs with certainty but there
is no information available regarding other events. If A is a singleton, e.g., A = {x}, then it
is natural to identify V(e4) with the utility of the outcome u(x). Thus, the formula in Equa-
tion (2) coincides with the expected utility representation of von Neumann and Morgenstern
(1944) whenever m is a probability distribution, i.e., assigns positive weight to singleton events
only.”

The representation in Equation (2) leaves open the question of how to evaluate elementary
mass distributions e4 for events that are not singletons. Further axioms are needed in order to
determine the value V(e4) of elementary mass distributions. Jaffray (1989) axiomatizes values
for elementary mass distributions depending only on the maximal and the minimal outcome in
these events.® The CEU of the belief function induced by a mass distribution in Equation (1) is a
special case of the representation derived in Jaffray (1989).

In this paper, we will propose an alternative representation for preferences over mass distribu-
tions that embodies the Principle of Insufficient Reason (PIR). This representation incorporates
the objective partial information of a mass distribution as in Equation (2) but assumes a general-
ized arithmetic mean, 1.e., a uniform distribution for ambiguous events, i.e., for elementary mass
distributions eg4,

1
Ve =¢~' | =Y ¢wx)]. 3)

|Al
X€A

4 In this respect, modeling partial information by a mass distribution is similar to the approach of Gajdos et al. (2008b)
who represent partial information by sets of probability distributions. We will discuss this relationship in more detail in
Section 5.1 below.

5 Such application of the linear utility theory is restricted to belief functions, since the Moebius transform of a capacity
which is not a belief function is negative for some events (Chateauneuf and Jaffray, 1989).

6 The a-M EU and CEU functionals are special cases.
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Notice that the von Neumann-Morgenstern utility function u is subject to a further trans-
formation ¢ that vanishes for singleton events A but, as we will argue below, will reflect
the decision makers’ attitudes towards ambiguity when events contain more than one ele-
ment.’

Combining the representation for elementary mass distributions in Equation (3) with the rep-
resentation of partial information by a mass distribution m in Equation (2) yields a representation
for a general mass distribution m based on PIR

_ 1
V™ =Y m(A)e¢! EM&:@ : )
AeX XeA
that we will study in this paper.
In particular, we will

1. show that the outcome-distribution based theories of Dempster (1967), Shafer (1976), and
Jaffray (1989) can be embedded in a Savage framework of acts f mapping states in a set
S to outcomes in a set X when partial information is modeled by a mass distribution over
events in S (rather than X directly);

2. provide an axiomatic foundation of the PIR-based smooth representation in Equation (4);

3. study ambiguity and ambiguity attitudes using mass distributions and the representation in
Equation (4); and

4. show that the representation in Equation (4) provides a unifying perspective relating the
notion of partial information modeled by sets of priors in Gajdos et al. (2008a) and the
smooth preference representation advanced in Klibanoff et al. (2005).

1.1. Relation to the literature

Modeling partial information by a mass distribution is conceptionally, although not formally,
close to the idea of modeling partial information by sets of probability distributions advanced in
Gajdos et al. (20082).% Gajdos et al. (2008a) assume that “objective but imprecise information”
determines a set of probability distributions over states.” A decision maker has preferences over
pairs (P, f) consisting of a set of probability distributions over states P reflecting objective
partial information and a Savage act f relating states to outcomes. In this framework, the authors
derive a maxmin expected utility (MEU) representation. In contrast to Gajdos et al. (2008a) we
study a decision maker who evaluates ambiguity over outcomes according to a quasi-arithmetic
mean in the spirit of the PIR.'"

From a formal point of view our approach is closely related to Jaffray (1989). In particular,
Jaffray (1989) was the first to suggest a preference order on the set of belief functions over an
outcome space and to apply the axioms ofvon Neumann and Morgenstern (1944) in order to
derive the representation in Equation (2). From this point on, however, Jaffray (1989) takes an-
other route for completing his representation. While he axiomatized an evaluation for ambiguous

7 The representation in Equation (3) resembles the representation of the smooth model proposed in Klibanoff et al.
(2005), a relationship we will explore in more detail in Section 5.2 below.

8 Indeed, Giraud and Tallon (2011) suggest the possibility of modeling partial information about the probabilities of
events by belief functions but do not follow up on this idea.

9 Gajdos et al. (2008a, p. 27).

10" Wwe will provide a more detailed discussion of this approach in Section 5.1.
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events based on the maximum and minimum values of the ambiguous outcomes, we propose to
evaluate ambiguous outcomes by a generalized arithmetic mean.

In the literature, the distinction of ambiguity and ambiguity attitude became an important
topic. Two approaches emerged from this literature: one by Ghirardato et al. (2004) identifies
ambiguity neutrality with Subjective Expected Utility (SEU)!! and a second one by Epstein and
Zhang (2001) with probabilistic sophistication.'> The former approach is bound to confound
risk attitudes and ambiguity attitudes and for the latter one has to distinguish ambiguous from
unambiguous events.'? Evaluating ambiguous outcomes according to PIR, one can compare this
subjective average due to ambiguity with the objective average of a uniform probability distribu-
tion over these outcomes.

In a recent paper, Grant et al. (2021) provide an axiomatic treatment of preferences over acts
in the framework of Savage (1954). In this context, they derive a subjective belief function for
ambiguous sets of outcomes. Moreover, the implicit linear utility representation characterized in
their paper allows for a generalized arithmetic average as a special case.

1.2. Economic example: insurance

Example 1 (Insurance). Consider a consumer with wealth W facing a potential loss L. From
a data set of similar cases, it is supposed to be known that a loss occurs in ny cases, no loss
in nwy cases, and that for ny cases there is no information recorded. From this data base, the

insurer and the potential insuree can derive the mass distribution m({W — L}) = %u

—__hw _ [ L] — S 7 — -
m({W}) = Py and m ({(W - L, W}) = T Denote by 7 = T the loss pro
portion and by y = %# the proportion of recorded outcomes, which may be interpreted

as a degree of confidence in the frequency distribution (;r, 1 — 7). Rewriting the mass distribu-
tion in terms of the parameters = and y, one obtains m({W — L}) = yn, m({W}) =y (1 — m),
m({W — L, W}) =1 — y. Evaluating mass distributions over outcomes by the representa-
tion based upon PIR in Equation (4), the value of the initial allocation without insurance
is

Vim)=ymu(W — L) +y(1 —m)uW) + (1 —y)¢p~" (3[6@(W — L)) + ¢ u(W))]).

For the case with insurance at a premium Q = gL, one has u(W — gL) with certainty. If
V(m) < u(W — gL) holds, the consumer will buy full insurance against the loss L. For a
risk-averse consumer with a concave von Neumann-Morgenstern utility index # who is also
ambiguity averse, i.e., with a concave function ¢, one has o ! @g (u(W —1L))+ %A:C\S:v
< u(W — L) + u(W)] <u(W —3L) and wu(W — L) + (I — m)u(W) < u(W — zL).
Hence, V(m) < yu(W — L) + (1 — y)u (W — Whv <u(W—(ym+(1- va L).If g <
yr+ (1 — w\vw holds, then

u(W —qL)>u(W — (ym + (1 —y)3)L) > V(m),

T More recently, Peter and Toquebeuf (2020) discussed the implications of this approach for several non-expected
utility representations widely used in economic applications.

12 Nehring (2006) provides a lucid discussion of this issue.

13 Machina and Siniscalchi (2014, Section 13.6, pp- 777-782) provide an excellent survey on this controversy. Baillon
et al. (2018) suggest an empirical test for measuring distinct degrees of ambiguity and ambiguity attitude.
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which implies that the consumer will buy full insurance. For y < 1, following the principle
of insufficient reason the decision maker will have to weigh the frequency information of =7
against the equal probability in those cases where no recorded information is available. No-

tice that for = > w, the decision maker may be not willing to buy full insurance at the fair

premium g = 7. On the other hand, for 7 < w full insurance is bought even at an unfair

premium 7 < g <ymw + (1 — w\vw. This reflects the influence of ambiguity and ambiguity at-
titude.

2. Partial information, mass distributions, and the PIR

In this section, we propose a formal framework for studying partial information over states in
a Savage framework.

2.1. The formal framework: states, acts and mass distributions

Consider a finite state space S and an outcome space X. As in Savage (1954), actions (or
acts) are mappings f : S — X associating states with outcomes. Partial information about the
probabilities of the states will be modeled by a mass distribution m, a probability distribution
over the finite set of events £ = 25 in the state space S, that is m(E) > 0 for all E € £ and
Y pee m(E) = 1. We will denote by F the set of all acts and by M the set of all mass distribu-
tions on the state space S.

Special cases of a mass distribution m are a probability distribution if m(E) = 0 holds for all
events E with |E| > 1 and an elementary mass distribution if m(E) = 1 for some E € £ (and,
hence by implication), m(F) =0 for all F # E.

Remark 2. A mass distribution m on a set of events £ is the Moebius transform of a belief
function, or totally monotone capacity, @™ defined by u™(E) =) pcpm(F) forall E € £. A
capacity u is a belief function if and only if its Moebius transform, i.e., the vector of coeffi-
cients m, (E), E € £, is non-negative and sums to 1, ) p_com,(E) = 1. Belief functions are
convex capacities. Note that a mass distribution m is a set function but not a capacity, since it
is not monotone and not normalized. It is well-known, e.g., Gilboa and Schmeidler (1994, The-
orem 4.3), that the Choquet integral of an act f € F with respect to a belief function ' can
be expressed in terms of its mass distribution as \ fap™ = > m(E vTEEm Ef QL. Since
EcE\o

a belief function u is a convex capacity, the set of probability distributions that are eventwise
dominated by it, the core of n, is not empty. Grabisch (2016, Chapter 7, pp. 377-437) provides
a comprehensive treatment of mass distributions, in particular, results regarding belief functions,
their properties, and the relationship with other set functions.

In the Savage framework, the outcome of an action f : § — X will depend on the state s € S
that will be realized. Therefore, uncertainty over outcomes arises from uncertainty about states.
Relevant information, therefore, concerns the probability of states. We will model partial infor-
mation about states by a mass distribution m on S.

A tuple (f, m) of an act f and a mass distribution m induces a mass distribution m * f on the
set of outcomes X. For any set of outcomes A C X, the mass m * f allocated to the event A by
the act f is
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Table 1
Ellsberg’s three-color urn.
25 @ {R) {B} {v} {R, B} {R,Y} {B,Y) {R,B,Y}
m(E) 0 % 0 0 0 0 m 0
u"(E) 0 3 0 0 1 i 3 1
mass distribution on states
30 %0 2X (0} {100} {0, 100}
R B d mxa 2 w 0
a $100 0 0 b ] 0 2
b 0 $100 0 e K 1 3
a $100 0 $100 b | 3 m
b 0 $100 $100 m 3 3
actions mass distribution on outcomes
mxf(A)= Y  mE). (5)
ECS:f(E)=A

One checks easily that m * f is a mass distribution on X. For the special case of a probability
distribution, this yields the probability of the event A C X. The belief function over outcomes in
X corresponding to mass distribution m % f is given by u"*/(A) = u” QL?CV.

Example 3 (Ellsberg 1961, three-color urn). Consider the three-color version of the Ellsberg

paradox where the decision maker can bet on the color of balls drawn from an opaque urn con-

taining 30 red balls and 60 balls that are either black or yellow in unknown proportion. In this

case, the state space is S = {R, B, Y} and the outcomes x € X are monetary payments. There

is no precise information regarding the probabilities of the colors. The information about the
. . .1 1

proportion of red and yellow or blue balls, respectively, suggests a probability of 3 for the event

{R} that a red ball is drawn from the urn and a probability of W for the event {B, Y'}. This partial
information can be represented by a mass distribution m. The top panel of Table 1 records the
mass distribution m corresponding to the partial information about the urn in its first row and
the associated belief function u'. Notice that the value of the mass distribution for events with
unknown probabilities has been set to 0.

In Ellsberg’s experiment, decision makers had to choose first on whether to bet on red, action
a, or to bet on black, action b, and, secondly, between betting on red or yellow, action a’, and
betting on black or yellow, action b’. Possible acts and corresponding prizes are given in the left
panel of Table 1.

There are two possible outcomes, X = {0, 100}, and, omitting the empty set, three possi-
ble events: outcome 100 occurs {100}, outcome zero occurs {0}, and either 100 or zero occurs
{0, 100}. For bet a, the decision maker has complete information about her chances to win
$100. This follows from the fact that the proportion of red balls in the urn is known. Hence,
for betting on red, one can assign a mass value of one third to the event that an outcome of 100
occurs, m * a ({100}) = 1/3, and a value of two thirds to the event that the outcome is zero,
m x a ({0}) = 2/3. In this case, there is no ambiguity about the event that either 0 or 100 may
obtain, m *x a ({0, 100}) = 0. For bet b, one knows that there is a chance of one third of receiving
nothing (when the ball drawn is red), hence m % b ({0}) = 1/3, and of two thirds of getting either
0 or 100, m % b ({0, 100}) = 2/3. This bet illustrates a case of partial information: the probability



J. Eichberger and I. Pasichnichenko Journal of Economic Theory 198 (2021) 105369

of two thirds for the event of obtaining 0 or $100 cannot be subdivided between 0 and $100, be-
cause the proportions of black and yellow balls are unknown. The corresponding belief function
is not additive and reflects the ambiguity due to the lack of information about the proportions
of black and yellow balls. Applying the same reasoning to the bets a’ and b’ yields the mass
distributions over outcomes in the right panel of Table 1.4

In summary, for any (f,m) € F x Mg where f : S — X is a Savage act and m is a mass
distribution on 25, Equation (5) yields a mass distribution m * f on the set of outcomes. Let My
denote the set of mass distributions on X, then m x f defines a mapping from F x Mg to the set of
mass distribution on outcomes My, m x f : F x Mg — M. The mass distribution on outcomes
m * f combines the information from the mass distribution on states m with the information
from the act f € F. We assume that a decision maker evaluates combinations (f,m) in the
same way as the induced mass distributions m * f.'> Hence, preferences of a decision maker
over acts, given the partial information of a mass distribution over states, will be represented by
a preference order = over mass distributions on outcomes in My or the corresponding belief
functions.'©

2.2. Partial information and mass distributions

Faced with uncertainty about the outcome of an action, decision makers base their choices on
beliefs about the likelihood of the outcomes. Traditionally, such beliefs have been represented
by probability distributions. von Neumann and Morgenstern (1944) were the first to assume a
preference order over outcome lotteries and to derive an expected-utility representation from ax-
ioms on these preferences. In contrast, Savage (1954) took state-contingent outcomes as primitive
objects of choice and deduced from preferences over these state-contingent outcomes both a sub-
jective probability distribution over outcomes and an expected-utility representation. The former
approach assumes that the likelihood of outcomes is completely specified by objective probabil-
ities (lotteries), while the latter assumes complete ignorance about the likelihood of events and
views probabilities as purely subjective. We will argue in this section that real decision situations
are typically characterized by more or less information about the likelihood of events, that is by
partial information about the actual probability distribution.

In his Mathematical Theory of Evidence, Shafer (1976) suggests belief functions (or totally
monotone capacities) as a concept capable of capturing partial information, evidence as he calls
it. Partial information that is available for events, i.e., probabilities known for events, can be
directly attributed to these events as in Example 3, while a probability of zero is assigned to
events for which no information is available. The Moebius transform converts the mass distri-
bution into a belief function with a well-defined Choquet integral. The special case of perfect
information (von Neumann and Morgenstern, 1944) corresponds to the limiting case of prob-
ability distributions. The case of no information (Savage, 1954) or complete ignorance, on
the other hand, arises if the mass distribution puts all weight on the set of all possible out-
comes.

14 Applying Equation (5), one obtains the same result.

15 Notice the analogy to the approach of Gajdos et al. (2008a) who assume that a decision maker orders pairs of acts
and sets of priors (f, P).

16" This is also the approach chosen in the seminal paper by Jaffray (1989).
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We find several approaches in the literature for how information determines a belief function
or mass distribution. While Dempster (1967) views belief functions as a formal concept for
capturing incomplete statistical observations, Shafer (1976) regards them as a systematic method
for aggregating information from sources differing in reliability.!” Other interpretations have
been suggested in the literature.'® A comprehensive survey of these interpretations is beyond the
scope of this paper. We will, however, provide two examples in order to illustrate the two most
prominent approaches advanced by Dempster (1967) and Shafer (1976).

2.2.1. Shafers (1976) theory of evidence

As the title of his book suggests Shafer (1976) sees his approach as a theory of evidence where
statements about the likelihood of events have to be judged by their reliability. The following
example from Shafer (1990, Chapter 7, p. 2) illustrates this approach.

Example 4. In 1990, Shafer (1990, Chapter 7, p. 2) writes:

“We can derive degrees of belief for statements made by witnesses from subjective probabili-
ties for the reliability of these witnesses.

Degrees of belief obtained in this way differ from probabilities in that they may fail to add
to 100%. Suppose, for example, that Betty tells me a tree limb fell on my car. My subjective
probability that Betty is reliable is 90%; my subjective probability that she is unreliable is
10%. Since they are probabilities, these numbers add to 100%. But Betty’s statement, which
must be true if she is reliable, is not necessarily false if she is unreliable. From her testimony
alone, I can justify a 90% degree of belief that a limb fell on my car, but only a 0% (not 10%)
degree of belief that no limb fell on my car. (This 0% does not mean that I am sure that no
limb fell on my car, as a 0% probability would; it merely means that Betty’s testimony gives
me no reason to believe that no limb fell on my car.) The 90% and the 0%, which do not add
to 100%, together constitute a belief function.”

Denote by [ the state that “a tree limb fell on the car” and by nl the state that “no tree limb fell
on the car”’. Moreover, let = be the likelihood of / stated by the witness “Betty” and by & the
degree of confidence in her statement, then the assessed likelihood of state [ is m({l}) = ém (1),
m({nl}) =8 (nl), and m({l, nl}) =1 — . The following table summarizes the mass distribution

m and its associated belief function p™.!”

28 1%} n {nl} {1, nl}
m(E) 0 1 0 _%
W™E) 0 . 0 1

17" Shafer (1976) typically illustrates his theory with examples where sources of information are statements of witnesses
or experts of differing reliability.

18" Grabisch (2016, Chapter 7, 377-337) provides a survey and comparison of the approaches of “Upper and Lower
Probabilities” by Dempster (1967), of the “Evidence Theory” by Shafer (1976) and of the “Random Sets” approach by
Matheron (1975) and Kendall (1974). See also Pearl (1988, Chapter 9) for further references.

19 The “Three Prisoners Puzzle”, discussed in Pearl (1988, 417-421), provides a similar example.
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2.2.2. Dempster’s 1967 theory of lower probabilities

In a seminal paper, Dempster (1967) suggests the following model for aggregating partial
information. He considers a pair of spaces €2 and S and a multi-valued mapping I' assigning
a subset I'(w) C S to every w € .”% The probability distribution x over €2 is supposed to be
known, but for S no probability information is available.

Suppose, however, that it is known that an element w € Q “corresponds to an uncertain out-
come s € I'(w), what probability judgments may be made about an uncertain outcome s € §?”
(Dempster, 1967, p. 325)

For finite sets 2 and S, {w € Q| ¥ # I'(w) C S} is the domain of I'. Assuming u({w € Q| ¥ #
['(w) C S}) =1, one can assign a lower probability P,(T) = pn({we Q| #T'(w) CT}) to
every event 7' C S. The lower probability distribution is a belief function and its dual P*(T) =
1 —P(T)=pu({we 2| '(w)NT #A}) is the upper probability called possibility function.

[" is a correspondence from states in €2 for which probabilities are known to subsets of
states in S. The tuple (u,I") of a probability distribution over states in €2 and the corre-
spondence I' capturing the information about the unknown states in S defines a belief func-
tion.

The following example from Mukerji (1997) illustrates how partial information from a
correspondence, mapping from a space with known probabilities into a space with unknown
probabilities, induces a lower probability (belief function) on the space with unknown probabil-
1t1es.

Example 5. Mukerji (1997, pp. 27-29) considers futures trades in two types of oranges, #; and
tp. The payoff of the futures will depend on the spot market conditions in the future. Assum-
ing that there are four payoff-relevant states of the world ® = {0y, 62, 03,04} corresponding
to “a glut for both types of oranges” 61, “a glut of #1-oranges together with a scarcity for
ry-oranges” 6, “a glut of t,-oranges together with a scarcity of t;-oranges” 63, and “scarcity
of both types of oranges” 64. The probability of these payoff-relevant states is assumed to be
unknown.

The trader consults with an expert who provides the trader with a probability distribution over
five weather states Q = {w1, w3, w3, w4, w5} and a description of their impact on the payoft-
relevant states described by the implication mapping I' : Q@ — 29 given in the following ta-
ble.

Q w1 ) w3 w4 w5
['(w) {61} {62, 03} {04} {63} {01,062, 03,04}

The correspondence I" induces a mass distribution on the space of payoff-relevant states: for
all EC ©, m(E) = n(I'"Y(E)) for E € I'(R) and 0 otherwise.

Example 5 illustrates the idea of Dempster’s approach to deduce probability ranges, that is

upper and lower probabilities, for events in a space with unknown probabilities from knowledge
about the relationship of these events with states for which probabilities are known.

20 Dempster (1967) uses the notation X instead of 2.

10
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The approach of Dempster (1967) can be easily applied to statistical models with a joint
probability distribution over states and signals where the correspondence I" maps signals into
sets of states. Indeed, Wakker (2000) views Dempster (1967)’s notion of a belief function as
resulting from a two-stage process where

“in a first stage a random message is received, designating a subset of the state space that will
contain the true state of nature” (the correspondence I') and where “uncertainty of the first
stage, regarding the random message to be received, |...]can be expressed in terms of proba-
bilities” (the probability distribution on 2), while “in the second, final stage, one element of
a set of states of nature will obtain, the true state of nature.” (Wakker, 2000, p. 271)

2.3. Ambiguity and the Principle of Insufficient Reason (PIR)

In Section 2.1, we showed that a mass distribution m on a state space representing a decision
maker’s information together with actions f mapping from states in S into outcomes in X induce
a mass distribution m * f on X. Following Jaffray (1989), we assume that preferences of the
decision maker order the set My of all mass distributions on the outcome set X (equivalently,
the corresponding set of belief functions). In the following Section 3, we will provide a set of
axioms characterizing the representation in Equation (4). In our axiomatisation, we depart from
Jaffray (1989) in the treatment of events of complete uncertainty. Recall that an elementary mass
distribution e4 represents an information situation of complete ignorance where it is known that
the event A has occured, but where is complete ambiguity about the likelihood m(B) = 0 of
all subevents B C A. In case of unknown probabilities, Luce and Raiffa (1957, Section 13.2,
278-286) discuss four decision criteria, among them (i) Hurwicz’s “optimism-pessimism index
criterion”, and (ii) Laplace’s “principle of insufficient reason”. Adding a monotonicity axiom
Jaffray (1989) derives a value for elementary mass distributions depending only on the maximum
and the minimum outcome of an ambiguous event. Special cases of this representation are MEU
and «-MEU.

In contrast, in this paper, we will axiomatize an evaluation of elementary mass distributions
V(ea) by a generalized arithmetic mean as in Equation (3), that we repeat here for convenience,
Viea) = ¢! A& Y A %A:viv. Inspired by the Principle of Insufficient Reason (PIR), this
generalized arithmetic mean evaluates ambiguous events e4 by a transformed arithmetic average
of outcomes in A.

The arguments for and against the Principle of Insufficient Reason (PIR) have been discussed
extensively in the literature since it has been put forward by James Bernoulli.”! The main ar-
gument in favor of PIR appeals to the balanced weighting of the uncertain outcomes: if there
is complete uncertainty regarding the outcomes in a set then there is no reason to give special
weight to a particular outcome. Considering only the best and the worst outcomes as in the
Hurwicz criterion may distort the value of uncertain outcomes unreasonably according to a sub-
jective optimistic or pessimistic perspective. In particular, a possibly large subset of outcomes in
the uncertain event may be disregarded completely. As Keynes wrote in 1921,

21 Keynes (1921, p. 41) attributes the principle to James Bernoulli and provides an extensive discussion of this rule that
he calls “Principle of Indifference”.
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“equal probabilities must be assigned to each of several arguments, if there is an absence
of positive ground for assigning unequal ones. [...] however, the plausibility of this principle
will be most easily shaken by an exhibition of the contradictions which it involves.” (Keynes,
1921, p. 42)

The main argument against PIR is the dependence of the uniform probability on the precise
specification of the state space. Luce and Raiffa (1957, p. 284) write:

“Suppose we are confronted with a real problem in decision making under uncertainty, then
our first task is to give a mutually exclusive and exhaustive listing of the possible states of
nature. The rub is that many such listings are possible, and in general these different abstrac-
tions of the same problem will, when resolved by the principle of insufficient reason, yield
different real solutions.”

Refining the state space implies a larger number of states and, therefore, according to the PIR a
reduced likelihood of each state. The following Example 6 from Savage (1954, p. 65) illustrates
this fact.”

Example 6 (Savage 1954, p. 65).

“Suppose [...] it is known of an urn only that it contains either two white balls, two
black balls, or a white ball and a black ball. The principle of insufficient reason has
been invoked to conclude that the three possibilities are equally probable, so that in
particular the probability of one white and one black ball is concluded to be 1/3.
But the principle has also been applied to conclude that there are four equally prob-
able possibilities, namely, that the first ball is white and the second black, etc. On
this basis, the probability of one white and one black ball is, of course, 1/2. Person-
ally, I do not try to arbitrate between the two conclusions but consider that the exis-
tence of the pair of them reflects doubt on the notion that a person’s knowledge rel-
evant to any matter admits any full and precise description in terms of propositions
he knows to be true and others about which he knows nothing.” (Savage, 1954, p.
65)
Whether one assesses the likelihood of a black and a white ball being drawn as w or W depends
on how one defines the states of the world in this example. The information about the states
that have to be distinguished does not suffice for defining a unique state space. Savage considers
two possible descriptions of this situation: case (i): S; = {(b, b), (w, w), (b, w)} and case (ii):
S» = {b, w} x {b, w}. Since there are three states in case (i) and four in case (ii) the PIR would
assign a probability of w to each state in case (i) and of w to each state in case (ii). Note, however,
that in both cases it is assumed that there is complete uncertainty about the probability of events
other than the state space itself.
If the decision maker faces a bet (b, w) on a white and a black ball being drawn from
the urn, however, the PIR will evaluate the probability distribution over outcomes arising in
both cases in the same way. In case (i) the elementary mass distribution is es, and the bet

22 See also Sinn (1980, p. 505).
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f(s) =1fors = (b,w) and 0 otherwise yields the mass distribution eg, * f = e(o,1} assigning
weight 1 to the event {0, 1} and weight O to the singleton events {0} and {1}. Hence, according
to Equation (3) V (ejo,1)) = ¢! (3 [¢ (0)) + ¢ (u(1))]). Similarly, in case (ii), the elementary
mass distribution eg, and the bet f induce the mass distribution eg, * f = ejo,1) on the set of
outcomes {0, 1} yielding the same value V (eo,1}) = ¢! @ [¢(m(0)) + QX:CEV.

The following Lemma shows that the observation in Example 6 is in fact quite general. If
there is complete ignorance about the states in a set A € S then, for each action f € F, there will
be complete ignorance about the outcomes in its image f(A).

Proposition 7. Given an event A C S and an action f € F, thenea * f = ey (a).
Proof. The result follows immediately from Equation (5). O

Given that actions, e.g., bets, map often on the same set of outcomes, Lemma 7 implies that in
case of complete uncertainty the number of states in the set of states with unknown probabilities
does not matter. A careful specification of the actions f € F will identify the set of outcomes for
which there is complete ambiguity.>”

Representing information over the probabilities of a state space by a mass distribution restricts
the PIR to elementary mass distributions. Hence, specifying partial information by a mass dis-
tribution shows that the exact specification of the unknown state space is less important for the
correct uniform distribution over outcomes. We take this observation as a supporting argument
for considering mass distributions over outcomes in X as the relevant domain for the preferences
of a decision maker.

3. Axioms and representation

In this section, we assume an infinite set of consequences X together with an algebra X of
subsets of X containing all finite subsets. Denote X the set of finite subsets of X.

Let M be the set of belief functions on X that are concentrated on a finite subset. In other
words, for any belief function ©™ € M there exists a finite number of sets Ay, ..., A, € X such
that )7, m(A;) = 1. Hence, u™ (D) = 1 for D =U!_, A;.

A special case of a belief function in M is a finitely supported probability distribution or
lottery [ on X. By assumption, the set of consequences X is sufficiently rich to allow for
a certainty equivalent in X for any lottery in M. Abusing notation, we make no distinction
between consequences in X and the degenerate lotteries in M concentrated on a singleton sub-
set.

We assume that the decision maker’s preferences are given by a binary relation > on M,
that is decision makers can order the set of belief functions M. Preferences over the set of be-
lief functions compare both the values of outcomes and the available information about their
likelihood. At one extreme, if a belief function gives only positive weights to singleton events,

23 In this paper, we consider finite sets of states. For infinite state and outcome spaces, Grant et al. (2021, Example 1, p.
10) point out a discontinuity that can arise in context of evaluating acts by PIR. They provide an example with an infinite

L _ that shrinks in the limit to the set {0, 1}

dimensional outcome space X and consider a sequence of outcome sets ﬁo, s
as n — 0. In this context acts may no longer be “uniformly continuous” if the probability of the states depends also on n.
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one has full information, that is belief functions are probability distributions over outcomes, and
at the other extreme, one may know only the set of all possible outcomes if the belief func-
tion gives full weight of 1 to a finite set of outcomes. A decision maker is supposed to be
able to compare such outcome-information scenarios as, for example, in the Ellsberg two-urn
case.

A convex combination of any two belief functions is a belief function again. We interpret a
mixture of the two belief functions u, v € M with weight A € [0, 1], A + (1 — A)v € M, as
a two-stage lottery over two belief functions. Belief functions are convex capacities and, hence,
have a non-empty core, i.e., a set of probability distributions consistent with the information
given by the mass distribution. Convex combinations of belief functions represent the sets of
probability distributions consistent with the information contained in the convex combination of
the mass distributions.

Since convex combinations of belief functions are again belief functions, M is a mixture
space. Hence, one can apply the von Neumann-Morgenstern axiom system”* to the preference
relation = in order to deduce an “expected utility” representation for a belief function. In this
context, Axioms 1 to 3 have the same interpretation as in the von Neumann-Morgenstern setup.
In particular, the independence axiom (Axiom 3) allows one to split off common aspects when
comparing outcome-information scenarios represented by belief functions.

Axiom 1 (Weak Order). = is a transitive and complete relation on M.

Axiom 2 (Continuity). For any w, v, & € M such that u > v > &, there exist 0 < A1, Ao < 1 such
that L+ (1 —A)DE>=v>=lou+ (1 —A)E.

Axiom 3 (Independence). For any p,v,§ e M and 0 <X < 1,if u > v, then Apu + (1 — L)€ >
A+ (1 —A)E.

Any belief function in M can be represented as a convex combination of elementary belief
functions.

Definition 8. We call e4 € M an elementary belief function, if e4(B) = 1 for any B 2 A and
eA(B) =0 otherwise.

The mass distribution of an elementary belief function e4 assigns weight 1 to A and O to all
other events. Any belief function u™ € M can be written as

W"(B)= Y m(A)es(B),

AeX

or simply as u" =Y, .y m(A)es.”
As we will show in the proof of Theorem 1, axioms 1-3 guarantee (see Jaffray, 1989) that
there is a linear utility function on M:

V(™) =) m(A)V(ea), 6)

AeX

24 Jaffray (1989) was the first to make this point.
25 The sum is taken over A € X such that m(A) > 0. By the definition of u™ € M, there is only a finite number of such
sets.
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that is an expected value of the elementary belief functions e4 with respect to the mass distri-
bution m of the belief function . An elementary belief function e4 represents a situation of
complete ignorance with respect to the set of outcomes in A. In other words, the decision maker
is certain that the true outcome belongs to A, but nothing more. In order to specify V(es) in
Equation (6), additional assumptions need to be made about decision maker’s evaluation of such
situations.’

In this paper, we would like to derive a representation in which also non-extreme outcomes
in A influence the evaluation V (e4). Moreover, outcomes lacking information about their like-
lihood should be equally weighted because of their informational symmetry, the principle of
insufficient reason. Maintaining axioms 1-3, we will propose four additional axioms which will
characterize the evaluation of elementary belief functions V (e4) by a function ¢ and a uniform
distribution as in Equation (3).%’

For notational simplicity, we write A = B instead of e4 = ep for A, B € X, and A = x instead
of A= {x}forx e X.

Axiom 4 (Monotonicity). Forany x €e X\ Aand y € A, x = y ifand only if (A \ {y}) U{x} > A.

According to Axiom 4, replacing one of the possible outcomes in an event A by a weakly
preferred one provides valuable information about the composition of the set A and cannot make
the situation of complete ignorance about the outcomes in A worse.

The value of a set of outcomes depends both on the unknown likelihood of the outcomes in
the set and on the composition of outcomes in the set. If ignorance about the outcomes in a set
B i1s less important than ignorance over the outcomes in another set A then the ignorance about
the combined set A U B should not matter more than the ignorance about A nor less than the
ignorance about B.

Axiom 5 (Set Betweenness). If A= Band ANB=@,then A= AUB = B.”

A failure of Set Betweenness, say A U B < B, would imply that adding better outcomes to B
makes it less attractive.

Axiom 6 (Set Continuity). For any xg, y,z € X
(a) if xg > y and {xq, y} > z, then {x1, y} > z for some x| € X such that xg > x| > y;
(b) if xg < y and {xq, ¥} < z, then {x1, y} < z for some x; € X such that xo < x| < y.

Set Continuity means that strict preference between a situation of complete ignorance and a
certain alternative is robust with respect to a minor change in one of the possible outcomes.

26 por example, Jaffray (1989) provides an additional axiom such that V (e4) depends only on the worst and the best
outcomes in A.

27 The axiomatization of the principle of insufficient reason in this paper was inspired by the axiomatization of the
quasi-arithmetic mean as an aggregator of continuation values in Ke (2019). Gravel et al. (2012) use axioms similar to
our Axioms 5 and 7 in their expected utility representation with a uniform distribution over a set of outcomes. However,
they consider only situations of complete ignorance when no partial information is available.

28 A weaker version of this axiom is sufficient to derive the representation. Namely, if B ~ x for B € X and x € X, then
B ~ B U {x}. Nevertheless, we stick to the stronger version because of its intuitive appeal.
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Axiom 7 (Certainty Equivalence Consistency). For any x,y € X,if AN B = and |A| = |B],
then A ~x and B ~ y imply AU B ~ {x, y}.

According to Axiom 7, two disjoint events of the same cardinality should have a union which
is equivalent to the union of their certainty equivalents. That is, combining two situations of
complete ignorance is equivalent to combining their certainty equivalents, provided that the
two situations are mutually exclusive and the number of possible outcomes in both cases is the
same.

A necessary feature of the principle of insufficient reason is the fact that it does distinguish
events with the same number of elements only by the outcomes involved, i.e., for x, y ¢ A, the
set of outcomes A U {x} must be indifferent to the set of outcomes A U {y} if y ~ x. In fact, it is
easy to see that Axioms 4 implies this principle of “equal weights to equivalent outcomes”, i.e.,
if y~x,then AU {x} ~AU{y}.

Denote by U the set of values of u, i.e. U = u(X). In the appendix, we prove the following
theorem.

Theorem 9. Axioms 1-7 hold if and only if there exists a representation V of preferences = on
M such that

1
V™ =Y m@A)¢ [ — > ) |, (7)

. ]
eX x€eA

where u is a von Neumann-Morgenstern utility function on X and ¢ is a continuous strictly
increasing function on U. Such V is unique up to a positive linear transformation. Given that V
is fixed, u is unique and ¢ is unique up to a positive linear transformation.

It 1s straightforward to check that the function V(eq) = %L Ay Mxm AP (u @vvv satisfies

the Axioms A4, A5, A6, and A7. It is not trivial, however, to show that these axioms are also
sufficient for a representation by a quasi-arithmetic mean. The proof of this theorem uses a lit-
tle known theorem characterizing a function as a quasi-arithmetic mean (Matkowski and Péles,
2015, Theorem C). Axioms A4 to A7 imply the important bi-symmetry property of this func-
tion.

4. General properties of the representation

In this section, we will discuss some properties of the representation (7). Our focus will be on
how ambiguity and ambiguity attitudes are captured by this representation. Since lotteries are a
special kind of belief functions, risk attitudes are defined by the restriction of our representation
to these lotteries. In contrast, ambiguity attitudes can be defined by comparing belief functions
that are lotteries to more general belief functions.”’

29 Klibanoff et al. (2005), Neilson (2010), and Izhakian (2017) consider two layers of uncertainty in order to obtain
distinct measures for risk attitudes and ambiguity attitudes. From an axiomatic perspective, all three are very different to
the approach suggested in this paper.
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4.1. Ambiguity and ambiguity attitudes

Most of the literature on ambiguity (e.g., Machina and Siniscalchi, 2014, pp. 730-732) dis-
tinguishes situations of risk, where the decision maker knows the probabilities of all outcomes,
from situations under ambiguity, where the decision maker knows only the outcomes which may
occur but not their probabilities. This distinction can be traced back to (Knight, 1921, pp. 224-
225). In models of ambiguity where probabilities are subjective and unknown (Savage, 1954;
Anscombe and Aumann, 1963), there is no obvious criterion for classifying a situation as “more
or less ambiguous”. Hence, for purely subjective beliefs derived from preferences, most attempts
to distinguish ambiguity from ambiguity attitude have failed (see Machina and Siniscalchi, 2014,
p- 750).

In the approach advanced in this paper, the uncertainty which a decision maker faces is closely
related to the information available. Belief functions provide a natural framework for distin-
guishing ambiguity and ambiguity attitudes: ambiguity is a property of the objective information
embodied in belief functions and ambiguity attitude is a property of the subjective preferences
over these belief functions.

Assuming that ambiguity is a property of the objective information embodied in a belief func-
tion and in the corresponding mass distribution, we formalize increasing ambiguity by analogy
with the increasing risk literature originated by Rothschild and Stiglitz (1970). Our Definition 10
will be based on the following notion of centroid.

For a mass distribution m and the corresponding belief function ©, define the centroid p* of
the core of u™ as

m(A)

7 8
Al )

prx) =
A>x
for all x € X. It is not difficult to show that p* is the average of the extreme probabilities in the
core of u™. Denneberg (2000, p. 64) refers to p* as the Shapley measure of 1", while Gajdos et
al. (2008a) call it the Steiner point of the core.

Definition 10. For two mass distributions, we say that m is obtained from n by an elementary
increase in ambiguity if m and n both share the same centroid and m(E) > n(E) for exactly one
set E C X. We say that m is a spread of n if it is obtained from n by a sequence of elementary
increases in ambiguity.

To understand this definition, let us look at the sets F; C X such that m(F;) < n(F;). In other
words, these are the sets that lose from the elementary increase in ambiguity. Note that U; F = E.
Indeed, if x is in E but not in U; F', the centroid loses a positive mass at x, and if x is in U; F' but
not in E, the centroid gains a positive mass at x, so the two sets must coincide to preserve the
centroid.

A simple example of the elementary increase in ambiguity for X = {1, 2, 3} is given _u%Hm

situation of complete ignorance with m(123) = 1 and a uniform lottery n(1) =n(2) =n(3) = 3.

Both have Aw, w, Wv as their centroid and m(E) > n(E) for exactly one set E = 123. Another

example is given by n'(123) = 1, n'(12) = n’(23) = 3, n’'(1) = n'(3) = 5, where m is also
obtained from n’ by an elementary increase in ambiguity. Note how the centroid plays here a role
similar to the mean in decision analysis under risk.

The following example provides further illustration.
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Example 11 (This example describes the setup of an experiment run by Kops and Pasichnichenko
(2021)). Consider an urn containing 21 balls which are either green or blue. Subjects were given
the information that k balls were green and k balls were blue and the remaining 21 — 2k balls
were either green or blue in an unknown proportion. Arguably, there is more ambiguity if 2k is
close to zero than if 2k is close to 21. The mass distribution for the urn would assign m({g}) =
m({b}) = % and m({g, b}) = BMW». Let m and m> be two mass distributions corresponding to
different values of k, i.e., k| < k2. Then m represents an elementary increase in ambiguity with
respect to m;.

The mass distribution m reflects the available information of a decision maker and, hence,
defines ambiguity objectively. Ambiguity attitude, on the other hand, is a property of the sub-
jective preferences of the decision maker. Hence, while ambiguity is embedded in the belief
function, the evaluation of the belief function should reflect the (subjective) ambiguity attitude
of the decision maker, since it is derived axiomatically from preferences over belief func-
tions.

Since spreads represent objective increases in ambiguity, ambiguity attitudes may be defined
as attitudes to spreads.

Definition 12 (Ambiguity attitudes). A decision maker is ambiguity averse (resp. loving, neutral)
if W™ < p" for all mass distributions m and n such that m is a spread of n. (resp. u™ = u",

w o~ ).

On the other hand, following Ellsberg (1961), it is possible to define ambiguity attitude by
comparing a situation of complete ignorance, e 4, with the corresponding uniform lottery (without
ambiguity), £ 4, which gives equal weight to each outcome in A,

1
AT forx e A

Ca(x) =
0  otherwise.
The following proposition shows that both definitions of ambiguity attitudes are, in fact,
equivalent for representation (7). Moreover, we see that ambiguity attitude is measured by the
function ¢ : R — R.

Proposition 13. The following statements are equivalent.

(1) A decision maker is ambiguity averse (resp. loving, neutral).

(11) A decision maker always prefers the uniform lottery to the situation of complete ignorance
with respect to the same set of outcomes (resp. prefers ignorance, indifferent).

(iii) ¢ is a concave (resp. convex, linear) function.

All proofs are given in the appendix.

Before providing some more general results on ambiguity and ambiguity attitude in Sub-
section 4.2 below, we will try to provide more intuition by studying the case of two out-
comes.

Example 14 (Two-outcome case). Consider the case of two outcomes, X = {x, x2} and a belief
function u. In this case, writing V (x1, x2) instead of V (u") one obtains from the representation

(N
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1
V(x1, x2) = myu(x1) + mou(xz) +mpap~! 3 [P (u(x1)) + P (u(x2))]

with m; = m({x;}), my; = m({xk, x;}), etc. denoting the parameters of the mass distribu-
tion. Assuming that the functions u and ¢ are differentiable for all x; and x», the equation
V(x1, x2(x1)) = c defines implicitly a function x,(x1). By the implicit function theorem, we
get the slope of the function x;(x1), s(x1, x2), as the tangent line to the indifference curve at
point (x1, x2),

Www) 4 Yo, x2)¢ () ul(x)
SO0, X2) =~ Gy oy =~ l \ IR
—ox my + smi2p(x1, x2)@' (u(x2)) u'(x2)
where
p(x1,x2) = (0~ ([P (x1)) + ¢ u(x2))]) 1

(67 (Mo +ow))
The partial derivative of the representation V/,

AV (x1,x2)

P =myu' (x1) + 3mizp(xr, x2)@ wx))u' (x1),

has a first term corresponding to the risk part of the representation and a second term corre-
sponding to the ambiguity part. Hence, in general, ambiguity attitudes and risk attitudes jointly
determine the evaluation of an outcome. The function p(x, x2) measures the ambiguity atti-
tude at the average expected utility with respect to the uniform distribution which is the default
distribution in case of ambiguity by the principle of insufficient reason.

As special cases, we obtain:

e no ambiguity (pure risk): mip =0,

my  u'(x1)
MA.X._V.X.NV - |§|M ° N\Cmmvu

e complete ambiguity (complete ignorance): mi» =1 (= m; =my =0),

_ P ux)) W(x)
s(x1,x2) = IQE‘QW: . :\Qwv,

e ambiguity neutrality: ¢ is a linear function,

1
mi+5mi2
s(x1,x2) = ——+F—,
may+5mi3
e certainty: X1 = X3,
m
s(x1,x2) ==

Note that

1. certainty implies independence from risk and ambiguity attitudes, hence, the marginal rate

of substitution equals the known odds: — ot

2. for no ambiguity, § = 0, only risk attitudes, as measured by the Bernoulli utility function u,
_my u(x)
my  u'(x2)’

matter: and

1
mi+,mi2 4 mj

3. ambiguity neutrality is not equivalent to pure risk, that is ‘ .
my+smpp © M2
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Fig. 1. Ambiguity § and Ambiguity attitudes a.

The following diagrams show indifference curves of the preference representation V over out-
come combinations (x1, xp) for different degrees of ambiguity & (1a) and an exponential ambi-
guity attitude function ¢ (x) = x with different degrees of ambiguity attitude a (1b).

Fig. 1a illustrates the effect of ambiguity on the evaluation of belief functions by an ambiguity
averse decision maker. Without ambiguity (green indifference curve), § = 0, the lottery £x yields
the highest utility and with complete ambiguity (red indifference curve), § = 1, utility is at the
lowest level. The indifference curves for intermediate degrees of ambiguity (6 = wv wuwﬁv lie
between these two extremes. Notice that both bets (x1,x;) = (1,0) and (x1,x3) = (0, 1) are
valued the same for any §, but are valued increasingly lower as ambiguity increases, § — 1.

Fig. 1b shows indifference curves for different degrees of ambiguity aversion. As the degree of
ambiguity aversion decreases, a — 1, the utility of the bets (x1, x2) = (1, 0) and (x1, x2) = (0, 1)
increases. For ambiguity neutrality, a = 1, V(u™) = V (€x) for all degrees of ambiguity §.

4.2. Comparison of ambiguity attitudes

In this section, we formalize the idea that a “more concave” ¢ corresponds to a higher degree
of ambiguity aversion or pessimism.

Leti and j be two decision makers with preferences on M satisfying Axioms 1-7. We assume
that both decision makers share the same preferences on X. For the next definition, let C E(/) be
a certainty equivalent of a lottery /.

Definition 15. Decision maker i is weakly more risk averse than decision maker j if CE;(l) <
CE(l) for any lottery /.

If a less ambiguity averse decision maker prefers risk to ambiguity, then the same must be true
for a more ambiguity averse decision maker. This intuition forms the basis for the comparison of

ambiguity attitudes in the next definition.

Definition 16 (More ambiguity averse). Decision maker i is more ambiguity averse than decision
maker j if for any A € X" and any lottery / on A, [ >; e4 implies [ >; e4.
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Now we can characterize this relation in terms of concave transformations of ¢.’" Although
our characterization includes restrictions on risk preferences, we do not assume that the two
decision makers must share the same utility function u for risk for their ambiguity preferences to
be comparable.

Proposition 17. The following holds.

(1) Ifi is more ambiguity averse than j and i is weakly more risk averse than j, then ¢; ou; =
ho@jouj for some strictly increasing and concave function h.

(i1) If ¢pi ouj =hojouj for some strictly increasing and concave function h and j is weakly
more risk averse than i, then i is more ambiguity averse than j.

There is a corollary to Proposition 17 where “more ambiguity averse”, “more risk averse”
and “concave” is replaced by “more ambiguity loving”, “more risk loving” and “convex”, re-
spectively. In general, however, such comparative-static analysis is difficult if risk attitudes and
ambiguity attitudes do not match. An exhaustive and careful study of this relationship in the spirit
of the study by Chateauneuf et al. (2005) for the rank-dependent model is beyond the scope of
this paper.

In order to gain further insights, however, we will assume for the rest of this section that all
decision makers share the same von Neumann-Morgenstern utility function. The next statement
follows immediately from Proposition 17 and, therefore, given without a proof.

Proposition 18. Decision maker i is more ambiguity averse than decision maker j if and only if
¢i = h o ¢; for some strictly increasing and concave function h.

It follows from Proposition 18 that one can define a coefficient of ambiguity aversion — w in

analogy to the degree of risk aversion in standard expected utility theory under pure risk.
Proposition 19. Suppose ¢; and ¢ are twice continuously differentiable functions. Decision
maker i is more ambiguity averse than decision maker j if and only if for any r € U,
ol(r) i)
Y Z - :
AF. (r) o) j (r)

©)

Once again in analogy to the theory of decision making under pure risk, the next proposition
will show that with increasing ambiguity aversion our representation V based on the principle of
insufficient reason in Equation (7) converges to the Choquet integral V¢ in Equation (1).

Proposition 20. Let i, i, ... be a sequence of decision makers such that
(i) for any n, i, is more ambiguity averse than i,
(ii) for any decision maker j, there exists n such that i; is more ambiguity averse than j,

then for any u € M, V, (i) converges to the Choquet integral of 1.

Vi
If in addition each ¢,, is twice continuously differentiable, the IMFN converges uniformly to
n

+o0.

30 This procedure is similar to what one does in the theory of decision-making under risk (Yaari, 1987) and in the
smooth model of Klibanoff et al. (2005).
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5. Multiple priors and smooth preferences

In this section, we discuss two closely related approaches in the literature. Gajdos et al.
(2008a) model partial information about probabilities by restricting the set of probabilities to
a subset P € A(X)>! that is interpreted as the set of beliefs consistent with the information
available. In another approach, Klibanoff et al. (2005) model information about probabilities by
a (second-order) probability distribution v on the set of probabilities A (X).>> Taking the support
of the (second-order) probability distribution v of Klibanoff et al. (2005) as a constraint on the
set of probability distributions in A(X), that is, taking P = supp(v) highlights the similarity of
these approaches.

For simplicity, we consider a finite set of outcomes X in this section.

5.1. Multiple priors and partial information

In order to study partial information about probabilities,Gajdos et al. (2008a) consider choice
situations under uncertainty where decision makers have to rank Savage acts f : S — X, map-
ping from a set of states S into a set of outcomes X, in the light of objective information about
the possible probabilities of states. Objective information constrains the set of priors P € A(S).

Decision makers are assumed to be able to compare decision situations (P, f), consisting
of information about probabilities P and acts f. In this framework, the authors derive a MEU
representation

U(P, f)= min u(f(s)P(s)

cp(P
pey( vhmm

where the set of relevant priors ¢(P) is a selection from the set of information-consistent prob-
abilities P. This set of endogenously derived probability distributions ¢ (P) is interpreted as the
set of subjective beliefs of the decision maker in the light of the objective partial information P.

Gajdos et al. (2008a) also derive a notion of comparative precision and a concept of impreci-
sion aversion in terms of properties of the selection mapping ¢. For example, one may take all
probabilities in a neighborhood of the centroid of the core of P as the subjective set of beliefs
@(P) (Gajdos et al., 2008a, Section 4, p. 42). The size of the neighborhood can be interpreted as
a measure of imprecision.

It is well-known (see, e.g., Gilboa and Schmeidler, 1994, Theorem E, p. 202) that a belief
function u has a non-empty core and that the Choquet integral of a belief function satisfies the
following relationship

ve) = mi .
(1) ﬁwﬁsmigg

We can interpret the Choquet integral of a belief function as a MEU functional over the prob-
ability distributions in the core of the capacity n. Therefore, the objective information encoded
in the belief function © defines uniquely a set of probability distributions compatible with the
information in w. Hence, one may view the Choquet integral of a belief function as a special case
of the approach advanced in Gajdos et al. (2008a).

31 A(X) is the set of all probability distributions over X.
32 Both Gajdos et al. (2008a) and Klibanoff et al. (2005) consider probability distributions over a set of states A(S),
rather than over outcomes A(X). Applying their reasoning to the framework in this paper is, however, straightforward.
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In contrast to the Choquet integral of the belief function u, the representation based on the
principle of insufficient reason advanced in this paper can be viewed as a weighted average of
the extreme probability distributions of the core of w. The following proposition shows that
our representation V (u) can be interpreted as an expected utility with respect to a probability
distribution p € core(u).

Proposition 21. For any p € M, there exists a probability p € core(u) such that

V() =Y plru(x).

xeX

In other words, V(1) = V(p) for some probability p € core(u). In the next proposition, we
show that for the case of ambiguity neutrality, p is the centroid of core(it). Moreover, the centroid
serves as a benchmark for ambiguity attitude.

Proposition 22. For any u € M and centroid p* of core(u), if a decision maker is ambiguity
averse (resp. loving, neutral), then

V() <V (p*)  (resp. V() = V(p*), V() =V (p")).
The following example illustrates these results.

Example 23. Consider the following belief function on X = {x, y, z} defined by the mass distri-
bution m, + myy + my, = 1. Hence, one obtains the belief function

1 forA=X

My, for A ={y, z}
W (A) = My + Myy moT»H?,i.

My for A ={x, z}

My for A = {x}

0 otherwise

Fig. 2 illustrates the core of u",
core(u™) = “% € A3 | px > my, px + py=my +myy, py +p; = Sv\mw .

According to formula (8), the centroid of core(u™) is (p*(x), p*(y), p*(2)) = (m. +

s%, ﬁ, smtv It is easy to check that p*(x) + p*(y) + p*(z) = 1. The core and its

centroid are also indicated in Fig. 2.
In case of ambiguity neutrality, we have

1 1
V(™) =myu(x) 4+ myy m@@i&@i +my; m@@?:@v

= p*(@)ux) + p*Mu(y) + p*(@u(z),

as claimed in Proposition 22.
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Fig. 2. Core of the belief function u and its centroid.

5.2. The smooth model

In economic applications, the smooth model of decision making under uncertainty, suggested
and axiomatized by Klibanoff et al. (2005), has proved very useful since it allows to analyze opti-
mization problems with standard differential calculus. The smooth model represents uncertainty
about probability distributions by a secondary probability distribution v on A(S) and ambiguity
attitude by a real-valued function ® on the expected values of the unknown probabilities,

V()= \ ® (Y u(fsNres) ) dv.

In economic applications, one can interpret the utility function u applied to outcomes as measur-
ing the decision-maker’s attitude towards risk and the function ® applied to the expected values
of the probability distributions & € A(S) as the decision-maker’s attitude towards ambiguity.

The representation proposed in this paper shares some similarities with but also some differ-
ences to the smooth representation which we would like to discuss in this section. Regarding
economic applications, however, the representation is equally smooth and can, therefore, be an-
alyzed by differential calculus methods.

In contrast, to the smooth model of Klibanoff et al. (2005), we do not consider a probability
distribution over all elements of A(X) but only uniform distributions over all probability distri-
bution in the faces B of the simplex A(X). The uniform distribution over probabilities in a face
1/]|A| reflects the principle of insufficient reason with respect to the uncertainty about the prob-
abilities in the event (face) A, while the probability distribution over the faces of the simplex,
i.e. the mass m, represents the (partial) information of the decision maker. Clearly, if there is
complete uncertainty, m(X) = 1, the decision maker applies the principle of insufficient reason
to all outcomes, 1/|X|. If there is full information, that is, if )y m({x}) =1 then the decision
maker knows the probability of each outcome x and the principle of insufficient reason becomes
irrelevant.

More formally, define a utility function & over outcomes as i (x) = ¢ (u(x)) for all x € X.
Then representation (7) becomes
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Y

Fig. 3. Uniform distributions on the subsets of X = {x, y, z}.

1
Ve =Y mA) ¢ | — ) i) )| =E.¢~ (Erd), (10)

|Al
XeA

where [E denotes the expectation operator, o (74) = m(A) for all A C X and w4 is the uniform
distribution over the event (face) A of A(X). The last expression in (10) corresponds to the
smooth model of Klibanoff et al. (2005). The following Fig. 3 for X = {x, y, z} illustrates this
interpretation.

Notice that according to formula (8) the centroid p* of core(u™) is the convex combination
of the points in A(X) with weights given by the mass m.

6. Concluding remarks

In this paper, we suggest and axiomatize a representation for a preference order over belief
functions. Belief functions capture the (partial) information about probabilities over outcomes
that a decision maker may have. In this framework, ambiguity is an objective feature of the infor-
mation available in a decision situation. The preference order captures subjective features of the
decision maker such as the evaluation of outcomes, risk attitudes and attitudes towards ambiguity.
This approach allows for a clear separation of ambiguity as a feature of the information embod-
ied in a belief function and ambiguity attitude as a feature of the preference relation. Hence, this
approach resolves an important problem of decision making under uncertainty as discussed in
Machina and Siniscalchi (2014).

Moreover, in our axiomatization, we provide a characterization of a decision maker evaluating
the outcomes of an ambiguous event according to a generalized average, that is a uniform dis-
tribution over the outcomes in the ambiguous event. Uniform distributions in case of ignorance
have a long tradition in economic and statistical decision theory as ‘“Principle of Non-Sufficient
Reason”, attributed to James Bernoulli by Keynes (1921, p. 41) or “Principle of Indifference”
(Keynes, 1921).%? However, such a representation has not received enough attention in modern
axiomatic models.

33 See also Machina and Siniscalchi (2014) Section 13.2.5.
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Appendix. Proofs

The main Theorem 9 uses the following result of Matkowski and Pales (2015) which we quote
here for the reader’s convenience.

Matkowski and Péles (2015) define a quasi-arithmetic mean as follows:

“The notion of quasi-arithmetic mean was introduced in the book of Hardy, Littlewood and
Pélya in [12]“ as a function Ay : U2 | I" — [ defined by

x:CS,:;x:v“HxL \QC._..N.N.._.\Q:V mneN,x1,...x,€l)

where I C R denotes a non-degenerated interval (also in the rest of this paper) and f : I — R
is a continuous strictly monotone function. The mean A ¢ is said to be the quasi-arithmetic
mean generated by f. The restriction of Ay to I" will be called the n-variable quasi-
arithmetic mean generated by f.”

Matkowski and Péles (2015) prove the following theorem.

Theorem C. Letn > 2 and let M : I"" — I. Then M is an n-variable quasi-arithmetic mean,
that is, M = A g|» for some continuous strictly monotone function f : I — R if and only if
(i) M is a continuous and symmetric function on /" which is strictly increasing in each of its
variables;

(i1) M is reflexive;

(iii) M bisymmetric, that is, forall x; ; € I (i, j € 1, ..., n), we have

EAEAXH,—“ ...uHHQEVu sy EAN:L¢ ..J.X.N\?:VV = EAEAHH,—, ...u.x\.\?ﬂv“ sy Eﬁ.x\._,sw ..J.X.:,:vv.

¢ G. H. Hardy, J. E. Littlewood, and G. Pélya. Inequalities. Cambridge University Press, Cambridge, 1934. (first
edition), 1952 (second edition).

Theorem 9
Axioms 1-3 imply that there is a linear utility function V on M, i.e.

V" =) m(A)V(ea).

AeX

Let u be defined by u(x) = V(e(y}) for each x € X. Since for any lottery {" € M, we have
m(A) > 0 only if |A| = 1, function V (I"") has an expected utility form,

V™ =Y m({xDux).

xeX

Recall that X contains a certainty equivalent of any lottery in M, for example, for any x, y € X
and 0 < A < 1 there is z € X such that u(z) = Au(x) + (1 — X)u(y). Therefore, U is an (open,
closed, half-closed, finite or infinite) real interval of positive length (omitting the trivial case
of complete indifference). To construct representation (7), we have to show that there exists a
continuous strictly increasing function ¢ : U — R such that
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1
Viea)=¢~' QM&%& (1)
xXeA

holds for any A € X. To do this, we first prove (11) for two-element sets and then generalize the
result to arbitrary finite sets.
Let function M : U?> — R be defined by

M ), u() =V (efx.y) -

Note that M is well-defined, because if u(x1) = u(x2) and u(y1) = u(y2), then {x, y1} ~ {x2, y2}
by Monotonicity, therefore V AS RZ:V =V Aﬁ SSL. In what follows we study properties of this
function.

For each r € U by richness of X there exist x # y such that u(x) =u(y) =r. Since x ~ y,
Set Betweenness implies {x} ~ {x, y}. Since

M (u(x),u(y) =V (ex,yy) =V (efy) = u(x),

we get M(r,r) =r,1i.e., M is reflexive.

Letry,rp,s € U and r; < rp. Take different x1, xp, y € X suchthat u(x;) =ry, u(xp) =rp and
u(y) =s. By Monotonicity {x1, y} < {x2, y}, thus M(r1,s) < M(rz, s). Therefore, M is strictly
increasing in both variables.

For the next step, we have to show first that for any A € X there exists a certainty equivalent
ca, 1.e.cp € X and c4 ~ A. Indeed, if x*, x, € A and x* = x = x4 for all x € A, then x* =
A = x4 by Set Betweenness. We can find 0 < A < 1 such that V(e4) = Au(x™) + (1 — X)u(xy).
Therefore, the certainty equivalent of the lottery Ax™* 4 (1 — A)x, is also a certainty equivalent of
A.

Now we would like to prove that

MM(r,s), M(t,k)) =M (M(r,t), M(s, k)) (12)

for arbitrary r, s, t, k € U (bisymmetry). To do this, take different x, y, z, w € X such that u(x) =
r, u(y) =s etc. Since M(r,s) =u Aq?ﬁv, we have

M (M(r,s), M(t,k)) =M (u(cix,yy) » u (cz,w})) -

Axiom 7 implies that {c(x y}, c{z,w}} ~ {X, ¥, 2, w} ~ {C{x,2}, ¢(y,w}}, Which leads to

M (u (cxy)  u (clzum)) = M (u (c(x,2)) s u (cy.mp))

from which (12) follows.

The fact that M is continuous follows from Set Continuity. To show this, we take two interior
points rg and sg in U and prove that if [r — rg| < §, then |M (r, s9) — M (ro, so)| < €. Let ro >
50, X0, Yo € X, u(xg) =ro, and u(yg) = so. Since u(yg) < M (ro, so) < u(xo), we can take ¢ > 0
such that the e-neighborhood of M (rg, sp) entirely lies between u(yg) and u(xp). Take z € X
such that u(z) = M (rg, so) — €. Since {xg, yo} > z, by part (a) of Set Continuity {x1, yo} > z for
some xg > x1 > yo. Let 81 =rg —u(x;) > 0. If r > r9 — 81, then for x € X such that u(x) =r
we have x > x1 implying {x, yo} > {x1, yo} > z, which means M (r, s9) > M (ro, so) — €. Using
part (b) of Set Continuity and following a similar argument, we can find §; > 0 such that if
r <ro+ 82, then M(r, so) < M(ro, so) + €. By taking § = min{§1, 87}, we finish the proof that
M is continuous in the first variable. For the second variable, the proof is similar.

Thus, we proved that M is continuous and strictly increasing in both variables, satisfies (12)
and M (r,r) =r forall r € U. According to the theorem characterizing the quasi-arithmetic mean
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(see Matkowski and Péles (2015), Theorem C), M satisfies these conditions if and only if there
exists a continuous and strictly monotonic function ¢g : U — R with which
M) =gy (LD (13)

holds for each r, s € U. Define ¢ = ¢y if ¢ 1s an increasing function, and ¢ = —¢g otherwise.
Therefore, ¢ is a continuous strictly increasing function satisfying (13). Thus, we proved (11)
for two-element sets. )

Now we extend (11) to an arbitrary A € X'. Suppose that (11) is true for all sets with no more
than n elements, n > 2, and prove (11) for aset A ={x1,..., x,+1}.

If n 4 1 is an even number, then by Axiom 7 we have

A~ AGTS,:;\S“T QTSI.T:.LS»WT

where 2k = n + 1. The later set has only two elements, so we can apply representation (11), i.e.

—1 @ AS Aﬁ.?_,:;kzvv + S A: AQ?»+T:;RN\LVV

Viea)=¢ 5 (14)

Since k < n, using the induction hypothesis we can rewrite
1K
¢ A: Am?r..;aivv =¢ G\ Am?r..;xivv = k MU% (u(x;)) (15)
i=1
and similarly
| 2%
¢ (u (Ctvsran) = 7 D ¢ (i) (16)

i=k+1

Substituting the two terms in Equation (14), by the right-hand sides of equations (15) and (16)
we obtain

2k
1
Ve =¢~"| 5 Do @),

i=1

as claimed.
Now suppose that n 4 1 is an odd number. For a certainty equivalent c4 by Set Betweenness
we have

A~{x1,...,Xn+1,CA}.

The later set has n + 2 elements, which is an even number. By repeating the previous argument
we obtain

y B 1 2k—1 | 1
o (V(ea)) =5 M ¢ (i) + ¢ (u(ca)).
Since u(cq) = Vien),
2k —1 1 2]

¢V ien) = o M ¢ u(x;)),
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therefore,

1 n+1

DV (ea) =" WE:@%.

Thus, we proved (11) for a set with n + 1 elements.

The proof that the representation implies the axioms is straightforward. The same is true for
the uniqueness results.

This proves the theorem.

Proposition 13

We prove only the case of ambiguity aversion since the other cases are similar.

(i) = (ii) 1s trivial because the situation of complete ignorance is obtained from the corre-
sponding uniform lottery by an elementary increase in ambiguity.

(ii) = (iii) Since V (£ix;,x2}) = V (€{x,,x,}) for any xi, x> € X, we have

u(xy) +ux2) o) ¢ (u(x1)) + ¢ u(x2)) (17)

2 2

Because ¢ is a strictly increasing function, we can apply it to both sides of inequality (17). We
know that ¢ is defined on an interval and continuous, and we have just showed that for any r;
and r, from that interval, &@3 + WSV > wﬁﬁ:v + W%ASV. Hence, it is concave.

(iii) = (i) Assume first that m is obtained from n by an elementary increase in ambiguity, i.e.
by shifting some positive mass to set £ from a finite number of sets F; in such a way that the
centroid is preserved. Let p; be the fraction of the mass that is shifted away from F;, >, p; = 1.
Note that u™ < w" if and only if V(E) < Y, p; V(F;). Because the centroid is preserved, for
any x € E it must be that

> =
|Fil |E]

i:xeF;

otherwise the centroid would have been shifted. Denoting ¢ (u(x)) = ¢, we obtain

V(E)=¢~" MW& = 1> D _m_ b

xek xeE \i:xekF;
— ([ ZX | =0 [ Xn | X
i xer, ! i xeF; Ut
<> pi¢” M%&
. 1
4

xeF;
=Y piV(F),
i

where the inequality follows from the convexity of ¢~!. Thus, u™ < u”* when m is obtained
from n by an elementary increase in ambiguity.

If m is a spread of n, then m is obtained from n by a sequence of elementary increases in
ambiguity. Thus, we have u™ < u”* because the preference relation is transitive, and, therefore,
the decision maker is ambiguity averse.
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Proposition 17
(i) Let h be defined by the equation ¢; ou; = h o ¢; ou j. Note that & is well-defined, because
pjouj(x)=¢jouj(y)implies ¢; ou;(x) = ¢; ou;(y). We must show that / is concave. Pick
arbitrary r1 and r, among the values of ¢ ;. There exist x, y € X such that ¢; ou;(x) =ry and
¢j ouj(y) = r2. Moreover, there exist lotteries I* and I/ on {x, y} such that /! ~; i €(x,y} and
7~ e(y,y) (see the proof of Theorem 9). Then
h(xri+3r) =h(3¢jouj(x) + spjouj(y)) =hog¢joujoCE;(l’)

Note that [/ = j I¥, since otherwise we would have I’ > - 1 ~j elxy) ; and, therefore, I! >; e(. vis
a contradiction. This E%:om that CE; (19) = C E;l . woom:mo is weakly more risk averse
than j, we have CE; (I = CE; (IY). Hrcm,
h(3ri+1rn)>hopjou;o CE(') =¢i oui o CE;(I')
= 3¢i 0 ui (X) + 3¢i o ui (y) = 3h(r1) + 3h(r2)

Since 4 is a continuous function defined on an interval, this implies that it is concave.
(ii) Assuming [ > j e, we must show that / >; e4. Note that

&7 (Vi) = i (X pen L(0)ui (x)) = @i ouj 0 CE; (1)
>¢ioujoCEj(l)=hogjoujoCE;(l)
=ho¢; (X enl(uj(x))
> h(pa Yxea ®j 0 (X))

4] Dveahodjoujx)

= 1] Lrea $i 0 ui(x)

= ;' (Vilea)),

where the first inequality follows from CE;(l) = CE (1), the second follows from [ > j e, and

the third follows from Jensen’s inequality. Since ¢;" !'is monotone, this implies [ >; e4. Thus, i
is more ambiguity averse than j.

v

Proposition 19

By Proposition 18, we only need to show that expression (9) is equivalent to ¢; = h o ¢ for
a strictly increasing and concave function /4. The proof is standard. By differentiating equation
@i (r) = h(¢;(r)) twice and rearranging terms, we get

$i(r) | o{ )¢5
@) | dj(r) @) |

which is non-positive if and only if the term in square brackets is non-positive.

h"(¢;(r) =

Proposition 20

From the assumptions and Proposition 18 it follows that for any n there exists a strictly in-
creasing and concave function &, such that ¢, .1 = h, o ¢,. Moreover, for any continuous strictly
increasing function ¥ on U there exist 7 and a strictly increasing and concave function /4 such
that ¥ = h o ¢;.

Take an arbitrary u € M. According to representation (7), V, (1) is a convex combination of
the terms
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1

D(A; ¢,) = =|_
(A; dn) = ¢ Al

> nu) |,

XeA

whereas the Choquet integral of p is a convex combination of the terms

D(A) = min {u(x)| x € A}

with the same weights m(A). Itis clear that ®(A) < ®(A; ¢,,) for all n. By Jensen’s inequality, it
is also true that ®(A; ¢p+1) < ®(A; ¢,,) for all n. Therefore, we only need to show that (A; ¢,,)
is close to ®(A) for a sufficiently large n. We can do this by choosing i such that ®(A; ) —
P(A) < e forall A. Then

P(A) = P(A;0p) = P(A;Y) =D(A) +¢
for any n > n, which means that V,,(u) converges to the Choquet integral of p.

Since we can always pick ¥ with a sufficiently large coefficient of ambiguity aversion, it
14

follows from Proposition 19 and Assumption (i1) that — 4 converges uniformly to +o0.

Proposition 21
Since for any A C X,

@:SQL &Wee@ < maxu(x), (18)
we have
1
¢! EM&:@ =Y at®u(x)
XEA XEA

A

for some probability distribution o over A. Therefore,

V=Y ma)e¢! _W_ D e | =Y mA) > et (ux)

ACX xeA ACX x€eA

= ux)Y_m(Aa (x).

xeX A>x
For each x € X, define
px) =Y m(Aa’(x),
A>x

and show that p is a probability in the core of u. Since m > 0 and al > 0, we have p > 0.
Also,

dYop@=) > m@Aeatx =) > mAa’(x)

xeX xeX Asx ACX xeA

= m@A)Y o)=Y m@A) =1

ACX x€eA ACX

Now show that p is in the core of u. For any B C X, we have
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pB)=) p@)=)_ > mAetx®)=>" Y mAe’(x)

X€B xeB A>x ACX xeBNA

=Y Y m@at+ Y Y mAat ).

ACB xeA A\B#) xeBNA

Take the first term,

DD mAet) =) mA)=pu"(B).

ACBxeA ACB
Since the second term is non-negative, p(B) > u™(B).

Proposition 22
If a decision maker is ambiguity averse, then ¢ is concave by Proposition 13, which implies

V=Y mA)¢! W D) | <) mA) % > ulx)

ACX xeA ACX x€eA

= M:C& MU S_%_C = M:C&%*@v.

xeX A3x xeX

The argument for the other cases is similar.
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