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A
bstract

In this paper, w
e study choice under uncertainty w

ith belief functions. B
elief functions can capture par-

tial  inform
ation by describing w

hat is objectively know
n about the probabilities of events. State-contingent 

acts together w
ith a belief function over states induce belief functions over outcom

es. W
e assum

e that de-
cision  m

akers have preferences over belief functions that reflect both their valuation of outcom
es and the 

inform
ation available about the likelihood of outcom

es. W
e provide axiom

s characterizing a preference rep-
resentation  for belief functions that captures w

hat is (objectively) know
n about the likelihood of outcom

es 
and com

bines it w
ith subjective beliefs according to the “principle of insufficient reason”

w
henever the 

likelihood of events is unknow
n. T

his treatm
ent of partial inform

ation yields a natural distinction betw
een 

am
biguity and am

biguity attitudes. T
he approach is novel in its treatm

ent of partial inform
ation and in its 

axiom
atization of the uniform

 distribution in case of ignorance.

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1. Introduction

In econom
ics, decision analysis under uncertainty has alm

ost exclusively focused on the 
extrem

e cases of no inform
ation about probabilities

and, hence, purely subjective proba-
bilities derived from

 a decision m
aker’s preferences (Savage, 1954), or perfect inform

ation 
about probabilities

(objective lotteries) analyzed by von N
eum

ann and M
orgenstern (1944). 

Y
et, providing subjects w

ith  partial inform
ation about the probabilities of som

e events, E
lls-

berg (1961)
observed a system

atic preference for betting on events w
here probabilities w

ere 
know

n, for exam
ple on red balls and on blue-or-yellow

 balls in the three-color urn para-
dox. 1

A
s in the E

llsberg paradoxes, m
any econom

ic decision problem
s are characterized by partial 

know
ledge about the frequencies or probabilities of events. A

s Shafer (1990, p. 2)notes

“I m
ight have conclusive evidence, for exam

ple, that I lost m
y w

allet in one of three places, 
w

ithout any clue as to w
hich one. This calls for a belief function that assigns a degree of 

belief of 100%
 to the three places as a set, but a degree of belief of  0%

 to each of the three 
individually.”

In his M
athem

atical Theory of E
vidence, Shafer (1976)suggests a basic probability assignm

ent
to the events of an outcom

e space as prim
itive concept reflecting inform

ation about the proba-
bilities of events. G

iven a finite space of outcom
es X

 and the set of subsets (events) 2
X

, a basic 
probability assignm

ent,or a m
ass distribution

as it is m
ore com

m
only called (G

rabisch, 2016, p. 
380), is a probability distribution m

on the finite set of events 2
X

. If a m
ass distribution assigns 

positive w
eights to singleton events only, then it is a probability distribution over X

. In general, 
a m

ass distribution is the M
oebius transform

of a belief function.
E

ven if probabilities of states are unknow
n in general, the probabilities of som

e events m
ay 

be know
n from

 publicly available inform
ation, as in the case of the E

llsberg paradoxes 2
or from

 
incom

plete data collection as suggested by D
em

pster (1967). 3

M
ass distributions are a natural generalization of probability distributions, encoding available 

inform
ation about the probabilities of the events in 2

X
. In general, there w

ill be events A
 ∈

2
X

for w
hich the probability, i.e., the w

eight of the m
ass distribution m

(A
), is positive but the prob-

abilities of all subevents F
⊂

A
are zero. Since m

ass distributions correspond to belief functions, 
a special case of capacities, a natural notion of expected utility is given by C

hoquet expected 
utility (C

E
U

),

V
C
(m

)=
∑A∈

2
X

m
(A

)m
in {u

(x
)|

x∈
A }

.
(1)

In a sem
inal paper, Jaffray (1989)

assum
ed that decision m

akers have preferences over m
ass 

distributions on a set of outcom
es X

. A
 m

ass distribution represents the inform
ation about the 

probability distribution over outcom
es that an individual has at the point of decision m

aking. 
A

 preference order over a set of m
ass distributions assum

es, therefore, that decision m
akers 

can com
pare outcom

e distributions w
ith differing partial inform

ation, ranging from
 the case of 

1
W

e discuss this case in detail in E
xam

ple
3.

2
A

s in E
llsberg (1961), instructions of behavioral experim

ents often provide inform
ation about the probabilities of 

som
e events.

3
W

e w
ill discuss this approach in m

ore detail in Section
2.2.2.

2
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com
plete inform

ation, w
hen m

is a probability distribution, to the other extrem
e w

hen there is 
no inform

ation except that outcom
es are elem

ents of the set X
, m

(X
) =

1. Since every m
ass 

distribution m
defines a belief function µ

m
,

µ
m
(E

)=
∑F⊆

E

m
(F

)

for all E
⊆

S
, one can associate a unique set of probability distributions over outcom

es w
ith it, 

nam
ely, the core of µ

m
,

core(µ
m
)=

{p
∈

!
(X

)|
p
(A

)≥
µ

m
(A

)
forany

A
⊆

X}.
H

ence, a m
ass distribution corresponds to a set of probability distributions over outcom

es. 4

In the spirit of von N
eum

ann and M
orgenstern (1944), Jaffray (1989)

provides axiom
s 

for a preference order over m
ass distributions that characterize a representation V

satisfy-
ing

V
(m

)=
∑A∈

2
X

m
(A

)V
(e

A
),

(2)

w
here e

A
denotes the elem

entary m
ass distribution

assigning a w
eight of 1

to the event A
and, 

hence, a w
eight of 0

to all other events. T
he elem

entary m
ass distribution e

A
represents the 

case of partial inform
ation w

here it is know
n that the event A

occurs w
ith certainty but there 

is no inform
ation available regarding other events. If A

is a singleton, e.g., A
 =

{x}, then it 
is natural to identify V

(e
A
)

w
ith the utility of the outcom

e u
(x

). T
hus, the form

ula in E
qua-

tion (2)
coincides w

ith the expected utility representation of von N
eum

ann and M
orgenstern 

(1944)
w

henever m
is a probability distribution, i.e., assigns positive w

eight to singleton events 
only. 5

T
he representation in E

quation (2)
leaves open the question of how

 to evaluate elem
entary 

m
ass distributions e

A
for events that are not singletons. Further axiom

s are needed in order to 
determ

ine the value V
(e

A
)

of elem
entary m

ass distributions. Jaffray (1989)
axiom

atizes values 
for elem

entary m
ass distributions depending only on the m

axim
al and the m

inim
al outcom

e in 
these events. 6

T
he C

E
U

 of the belief function induced by a m
ass distribution in E

quation (1)is a 
special case of the representation derived in Jaffray (1989).

In this paper, w
e w

ill propose an alternative representation for preferences over m
ass distribu-

tions that em
bodies the P

rinciple of Insufficient R
eason (P

IR
). T

his representation incorporates 
the objective partial inform

ation of a m
ass distribution as in E

quation (2)but assum
es a general-

ized arithm
etic m

ean, i.e., a uniform
 distribution for am

biguous events, i.e., for elem
entary m

ass 
distributions e

A
,

V
(e

A
)=

φ
−

1 (
1|A| ∑x∈

A

φ
(u

(x
)) )

.
(3)

4
In this respect, m

odeling partial inform
ation by a m

ass distribution is sim
ilar to the approach of G

ajdos et al. (2008b)
w

ho represent partial inform
ation by sets of probability distributions. W

e w
ill discuss this relationship in m

ore detail in 
Section

5.1
below

.
5

Such application of the linear utility theory is restricted to belief functions, since the M
oebius transform

 of a capacity 
w

hich is not a belief function is negative for som
e events (C

hateauneuf and Jaffray, 1989).
6

T
he α

-M
E

U
and C

E
U

functionals are special cases.

3
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N
otice that the von N

eum
ann-M

orgenstern utility function 
u

is subject to a further trans-
form

ation φ
that vanishes for singleton events A

but, as w
e w

ill argue below
, w

ill reflect 
the decision m

akers’ attitudes tow
ards am

biguity w
hen events contain m

ore than one ele-
m

ent. 7

C
om

bining the representation for elem
entary m

ass distributions in E
quation (3)w

ith the rep-
resentation of partial inform

ation by a m
ass distribution m

in E
quation (2)yields a representation 

for a general m
ass distribution m

based on PIR

V
(µ

m
)=

∑A∈X
m

(A
)
φ

−
1 (

1|A| ∑x∈
A

φ
(u

(x
)) )

,
(4)

that w
e w

ill study in this paper.
In particular, w

e w
ill

1.
show

 that the outcom
e-distribution based theories of D

em
pster (1967), Shafer (1976), and 

Jaffray (1989)
can be em

bedded in a Savage fram
ew

ork of acts f
m

apping states in a set 
S

to outcom
es in a set X

w
hen partial inform

ation is m
odeled by a m

ass distribution over 
events in S

(rather than  X
directly);

2.
provide an axiom

atic foundation of the PIR
-based sm

ooth representation in E
quation (4);

3.
study am

biguity and am
biguity attitudes using m

ass distributions and the representation in 
E

quation (4); and
4.

show
 that the representation in E

quation (4)
provides a unifying perspective relating the 

notion of partial inform
ation m

odeled by sets of priors in G
ajdos et al. (2008a)

and the 
sm

ooth preference representation advanced in K
libanoff et al. (2005).

1.1. R
elation to the literature

M
odeling partial inform

ation by a m
ass distribution is conceptionally, although not form

ally, 
close to the idea of m

odeling partial inform
ation by sets of probability distributions advanced in 

G
ajdos et al. (2008a). 8

G
ajdos et al. (2008a)

assum
e that “objective but im

precise inform
ation”

determ
ines a set of probability distributions over states. 9

A
 decision m

aker has preferences over 
pairs (P

, f
)

consisting of a set of probability distributions over states P
reflecting objective 

partial inform
ation and a Savage act f

relating states to outcom
es. In this fram

ew
ork, the authors 

derive a m
axm

in expected utility (M
E

U
) representation. In contrast to G

ajdos et al. (2008a)w
e 

study a decision m
aker w

ho evaluates am
biguity over outcom

es according to a quasi-arithm
etic 

m
ean in the spirit of the PIR

. 10

From
 a form

al point of view
 our approach is closely related to Jaffray (1989). In particular, 

Jaffray (1989)
w

as the first to suggest a preference order on the set of belief functions over an 
outcom

e space and to apply the axiom
s ofvon N

eum
ann and M

orgenstern (1944)
in order to 

derive  the representation in E
quation (2). From

 this point on, how
ever, Jaffray (1989)

takes an-
other route for com

pleting his representation. W
hile he axiom

atized an evaluation for am
biguous 

7
T

he representation in E
quation (3)

resem
bles the representation of the sm

ooth m
odel proposed in K

libanoff et al. 
(2005), a relationship w

e w
ill explore in m

ore detail in Section
5.2

below
.

8
Indeed, G

iraud and Tallon (2011)
suggest the possibility of m

odeling partial inform
ation about the probabilities of 

events by belief functions but do not follow up on this idea.
9

G
ajdos et al. (2008a, p. 27).

10
W

e w
ill provide a m

ore detailed discussion of this approach in Section
5.1.

4
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events based on the m
axim

um
 and m

inim
um

 values of the am
biguous outcom

es, w
e propose to 

evaluate am
biguous outcom

es by a generalized arithm
etic m

ean.
In the literature, the distinction of am

biguity and am
biguity attitude becam

e an im
portant 

topic. Tw
o approaches em

erged from
 this literature: one by G

hirardato et al. (2004)
identifies 

am
biguity neutrality w

ith Subjective E
xpected U

tility (SE
U

) 11
and a second one by E

pstein and 
Z

hang (2001)
w

ith probabilistic sophistication. 12
T

he form
er approach is bound to confound 

risk attitudes and am
biguity attitudes and for the latter one has to distinguish am

biguous from
 

unam
biguous events. 13

E
valuating am

biguous outcom
es according to PIR

, one can com
pare this 

subjective average due to am
biguity w

ith the objective average of a uniform
 probability distribu-

tion over these outcom
es.

In a recent paper, G
rant et al. (2021)

provide an axiom
atic treatm

ent of preferences over acts 
in the fram

ew
ork of Savage (1954). In this context, they derive a subjective

belief function for 
am

biguous sets of outcom
es. M

oreover, the im
plicit linear utility representation

characterized in 
their paper allow

s for a generalized arithm
etic average as a special case.

1.2. E
conom

ic exam
ple: insurance

E
xam

ple 1 (Insurance). C
onsider a consum

er w
ith w

ealth W
facing a potential loss L

. From
 

a data set of sim
ilar cases, it is supposed to be know

n that a loss occurs in n
L

cases, no loss 
in n

W
cases, and that for n

U
cases there is no inform

ation recorded. From
 this data base, the 

insurer and the potential insuree
can derive the m

ass distribution m
( {W

−
L }) =

n
L

n
L +

n
W

+
n

U
, 

m
( {W

}) =
n

W
n

L +
n

W
+

n
U

and m
 ( {W

−
L

,W
}) =

n
U

n
L +

n
W

+
n

U
. D

enote by π
=

n
L

n
L +

n
W

the loss pro-
portion and by γ

=
n

L +
n

W
n

L +
n

W
+

n
U

the proportion of recorded outcom
es, w

hich m
ay be interpreted 

as a degree of confidence in the frequency distribution (π
, 1 −

π
). R

ew
riting the m

ass distribu-
tion in term

s of the param
eters π

and γ
, one obtains m

( {W
−

L }) =
γ
π

, m
( {W

}) =
γ
(1 −

π
), 

m
 ( {W

−
L

,W
}) =

1 −
γ

. E
valuating m

ass distributions over outcom
es by the representa-

tion based upon PIR
 in E

quation (4), the value of the initial allocation w
ithout insurance 

is

V
(m

)=
γ
π

u
(W

−
L

)+
γ
(1−

π
)u

(W
)+

(1−
γ
)φ

−
1 (

12 [φ
(u

(W
−

L
))+

φ
(u

(W
))] )

.

For the case w
ith insurance at a prem

ium
 Q

 =
q
L

, one has u
(W

−
q
L

)
w

ith certainty. If 
V

(m
) <

u
(W

−
q
L

)
holds, the consum

er w
ill buy full insurance against the loss L

. For a 
risk-averse consum

er w
ith a concave von N

eum
ann-M

orgenstern utility index u
w

ho is also 
am

biguity averse, i.e., w
ith a concave function φ

, one has φ
−

1 (
12 [φ

(u
(W

−
L

))+
φ

(u
(W

))] )

<
12 [u

(W
−

L
) +

u
(W

)]
<

u (W
−

12
L

)
and π

u
(W

−
L

) +
(1 −

π
)u

(W
)

<
u
(W

−
π

L
). 

H
ence, V

(m
) <

γ
u
(W

−
π

L
) +

(1 −
γ
)u (W

−
12
L

)
<

u (W
−

(γ
π

+
(1−

γ
)

12 )
L

). If q
≤

γ
π

+
(1 −

γ
)

12
holds, then

u
(W

−
q
L

)≥
u
(W

−
(γ

π
+

(1−
γ
)

12
)L

)
>

V
(m

),

11
M

ore recently, Peter and Toquebeuf (2020)
discussed the im

plications of this approach for several non-expected 
utility representations w

idely used in econom
ic applications.

12
N

ehring (2006)
provides a lucid discussion of this issue.

13
M

achina and Siniscalchi (2014, Section 13.6, pp. 777-782)
provide an excellent survey on this controversy. B

aillon 
et al. (2018)suggest an em

pirical test for m
easuring distinct degrees of am

biguity and am
biguity attitude.

5
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w
hich im

plies that the consum
er w

ill buy full insurance. For γ
<

1, follow
ing the principle 

of insufficient reason the decision m
aker w

ill have to w
eigh the frequency inform

ation of π
against the equal probability in those cases w

here no recorded inform
ation is available. N

o-
tice that for π

>
12 , the decision m

aker m
ay be not w

illing to buy full insurance at the fair 
prem

ium
 q

=
π

. O
n the other hand, for π

<
12 , full insurance is bought even at an unfair 

prem
ium

 π
<

q
≤

γ
π

+
(1 −

γ
)

12 . T
his reflects the influence of am

biguity and am
biguity at-

titude.

2. Partial inform
ation, m

ass distributions, and the P
IR

In this section, w
e propose a form

al fram
ew

ork for studying partial inform
ation over states in 

a Savage fram
ew

ork.

2.1. The form
al fram

ew
ork: states, acts and m

ass distributions

C
onsider a finite state space S

and an outcom
e space X

. A
s in Savage (1954), actions

(or 
acts) are m

appings f
:
S

→
X

associating states w
ith outcom

es. Partial inform
ation about the 

probabilities of the states w
ill be m

odeled by a m
ass distribution

m
, a probability distribution 

over the finite set of events E
=

2
S

in the state space S
, that is m

(E
) ≥

0
for all E

∈
E

and 
∑

E∈E
m

(E
) =

1. W
e w

ill denote by F
the set of all acts and by M

S
the set of all m

ass distribu-
tions on the state space S

.
Special cases of a m

ass distribution m
are a probability distribution

if m
(E

) =
0

holds for all 
events E

w
ith |E| >

1
and an elem

entary m
ass distribution

if m
(E

) =
1

for som
e E

∈
E

(and, 
hence by im

plication), m
(F

) =
0

for all F
)=

E
.

R
em

ark 2. A
 m

ass distribution
m

on a set of events E
is the M

oebius transform
 of a belief 

function, or totally m
onotone capacity, µ

m
defined by µ

m
(E

) =
∑

F⊆
E

m
(F

)
for all E

∈
E

. A
 

capacity µ
is a belief function

if and only if its M
oebius transform

, i.e., the vector of coeffi-
cients m

µ
(E

), E
∈

E
, is non-negative and sum

s to 1, ∑
E∈E

m
µ
(E

) =
1. B

elief functions are 
convex capacities. N

ote that a m
ass distribution m

is a set function but not a capacity, since it 
is not m

onotone and not norm
alized. It is w

ell-know
n, e.g., G

ilboa and Schm
eidler (1994, T

he-
orem

4.3), that the C
hoquet integral of an act f

∈
F

w
ith respect to a belief function µ

m
can 

be expressed in term
s of its m

ass distribution as ∫
f

d
µ

m
=

∑

E∈E\∅
m

(E
) [m

in
s∈

E
f

(s) ]. Since 

a belief function µ
m

is a convex capacity, the set of probability distributions that are eventw
ise 

dom
inated by it, the core of µ

m
, is not em

pty. G
rabisch (2016, C

hapter 7, pp. 377-437)provides 
a com

prehensive treatm
ent of m

ass distributions, in particular, results regarding belief functions, 
their properties, and the relationship w

ith other set functions.

In the Savage fram
ew

ork, the outcom
e of an action f

:
S

→
X

w
ill depend on the state s∈

S

that w
ill be realized. T

herefore, uncertainty over outcom
es arises from

 uncertainty about states. 
R

elevant inform
ation, therefore, concerns the probability of states. W

e w
ill m

odel partial infor-
m

ation about states by a m
ass distribution m

on S
.

A
 tuple (f

, m
)

of an act f
and a m

ass distribution m
induces a m

ass distribution m
 ∗

f
on the 

set of outcom
es X

. For any set of outcom
es A

 ⊆
X

, the m
ass m

 ∗
f

allocated to the event A
by 

the act f
is

6
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Table
1

E
llsberg’s three-color urn.

2
S

∅
{R}

{B}
{Y}

{R
,B}

{R
,Y}

{B
,Y}

{R
,B

,Y}
m

(E
)

0
13

0
0

0
0

23
0

µ
m

(E
)

0
13

0
0

13
13

23
1

m
ass

distribution
on

states

30
60

R
B

Y

a
$100

0
0

b
0

$100
0

a ′
$100

0
$100

b ′
0

$100
$100

actions

2
X

{0 }
{100 }

{0
,100 }

m
∗

a
23

13
0

m
∗

b
13

0
23

m
∗

a ′
0

13
23

m
∗

b ′
13

23
0

m
ass

distribution
on

outcom
es

m
∗

f
(A

)=
∑

E⊆
S:f

(E
)=

A

m
(E

).
(5)

O
ne checks easily that m

 ∗
f

is a m
ass distribution on X

. For the special case of a probability 
distribution, this yields the probability of the event A

 ⊆
X

. T
he belief function over outcom

es in 
X

corresponding to m
ass distribution m

 ∗
f

is given by µ
m∗

f
(A

) =
µ

m
(f

−
1(A

) ).

E
xam

ple 3 (E
llsberg 1961, three-color urn). C

onsider the three-color version of the E
llsberg 

paradox w
here the decision m

aker can bet on the color of balls draw
n from

 an opaque urn con-
taining 30 red balls and 60 balls that are either black or yellow

 in unknow
n proportion. In this 

case, the state space is S
=

{R
,B

,Y }
and the outcom

es x
∈

X
are m

onetary paym
ents. T

here 
is no precise inform

ation regarding the probabilities of the colors. T
he inform

ation about the 
proportion of red and yellow

 or blue balls, respectively, suggests a probability of 13
for the event 

{R }
that a red ball is draw

n from
 the urn and a probability of 23

for the event {B
,Y }. T

his partial 
inform

ation can be represented by a m
ass distribution m

. T
he top panel of Table

1
records the 

m
ass distribution m

corresponding to the partial inform
ation about the urn in its first row

 and 
the associated belief function µ

m
. N

otice that the value of the m
ass distribution for events w

ith 
unknow

n probabilities has been set to 0.
In E

llsberg’s experim
ent, decision m

akers had to choose first on w
hether to bet on red, action 

a, or to bet on black, action b, and, secondly, betw
een betting on red or yellow

, action a ′, and 
betting on black or yellow

, action b ′. Possible acts and corresponding prizes are given in the left 
panel of Table

1.
T

here are tw
o possible outcom

es, X
=

{0
, 100}, and, om

itting the em
pty set, three possi-

ble events: outcom
e 100 occurs {100 }, outcom

e zero occurs {0 }, and either 100 or zero occurs 
{0

,100 }. For bet a, the decision m
aker has com

plete inform
ation about her chances to w

in 
$100. T

his follow
s from

 the fact that the proportion of red balls in the urn is know
n. H

ence, 
for betting on red, one can assign a m

ass value of one third to the event that an outcom
e of 100 

occurs, m
 ∗

a
( {100 }) =

1
/3, and a value of tw

o thirds to the event that the outcom
e is zero, 

m
 ∗

a
( {0 }) =

2
/3. In this case, there is no am

biguity about the event that either 0 or 100 m
ay 

obtain, m
 ∗

a
({0

, 100}) =
0. For bet b, one know

s that  there is a chance of one third of receiving 
nothing (w

hen the ball draw
n is red), hence m

 ∗
b

( {0 }) =
1
/3, and of tw

o thirds of getting either 
0 or 100, m

 ∗
b

({0
, 100}) =

2
/3. T

his bet illustrates a case of partial inform
ation: the probability 
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of tw
o thirds for the event of obtaining 0 or $100 cannot be subdivided betw

een 0 and $100, be-
cause the proportions of black and yellow

 balls are unknow
n. T

he corresponding belief function 
is not additive and reflects the am

biguity due to the lack of inform
ation about the proportions 

of black and yellow
 balls. A

pplying the sam
e reasoning to the bets a ′

and b ′
yields the m

ass 
distributions over outcom

es in the right panel of Table
1. 14

In sum
m

ary, for any (f
, m

) ∈
F

×
M

S
w

here f
:
S

→
X

is a Savage act and m
is a m

ass 
distribution on 2

S, E
quation (5)yields a m

ass distribution m
 ∗

f
on the set of outcom

es. L
et M

X

denote the set of m
ass distributions on X

, then m
 ∗

f
defines a m

apping from
 F

×
M

S
to the set of 

m
ass distribution on outcom

es M
X

, m
 ∗

f
:F

×
M

S →
M

X
. T

he m
ass distribution on outcom

es 
m

 ∗
f

com
bines the inform

ation from
 the m

ass distribution on states m
w

ith the inform
ation 

from
 the act f

∈
F

. W
e assum

e that a decision m
aker evaluates com

binations (f
, m

)
in the 

sam
e w

ay as the induced m
ass distributions m

 ∗
f

. 15
H

ence, preferences of a decision m
aker 

over acts, given the partial inform
ation of a m

ass distribution over states, w
ill be represented by 

a preference order !
over m

ass distributions on outcom
es in M

X
or the corresponding belief 

functions. 16

2.2. Partial inform
ation and m

ass distributions

Faced w
ith uncertainty about the outcom

e of an action, decision m
akers base their choices on 

beliefs about the likelihood of the outcom
es. Traditionally, such beliefs have been represented 

by probability distributions. von N
eum

ann and M
orgenstern (1944)

w
ere the first to assum

e a 
preference order over outcom

e lotteries and to derive an expected-utility representation from
 ax-

iom
s on these preferences. In contrast, Savage (1954)took state-contingent outcom

es as prim
itive 

objects of choice and deduced from
 preferences over these state-contingent outcom

es both a sub-
jective probability distribution over outcom

es and an expected-utility representation. T
he form

er 
approach assum

es that the likelihood of outcom
es is com

pletely specified by objective probabil-
ities (lotteries), w

hile the latter assum
es com

plete ignorance about the likelihood of events and 
view

s probabilities as purely subjective. W
e w

ill argue in this section that real decision situations 
are typically characterized by m

ore or less inform
ation about the likelihood of events, that is by 

partial inform
ation

about the actual probability distribution.
In his M

athem
atical Theory of E

vidence, Shafer (1976)
suggests belief functions

(or totally 
m

onotone capacities) as a concept capable of capturing partial inform
ation, evidence as he calls 

it. Partial inform
ation that is available for events, i.e., probabilities know

n for events, can be 
directly attributed to these events as in E

xam
ple

3, w
hile a probability of zero is assigned to 

events for w
hich no inform

ation is available. T
he M

oebius transform
 converts the m

ass distri-
bution into a belief function w

ith a w
ell-defined C

hoquet integral. T
he special case of perfect 

inform
ation (von N

eum
ann and M

orgenstern, 1944) corresponds to the lim
iting case of prob-

ability distributions. T
he case of no inform

ation
(Savage, 1954) or com

plete ignorance, on 
the other hand, arises if the m

ass distribution puts all w
eight on the set of all possible out-

com
es.

14
A

pplying E
quation (5), one obtains the sam

e result.
15

N
otice the analogy to the approach of G

ajdos et al. (2008a)
w

ho assum
e thata decision m

aker orders pairs of acts 
and sets of priors ( f

,P
) .

16
T

his is also the approach chosen in the sem
inal paper by Jaffray (1989).
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W
e find several approaches in the literature for how

 inform
ation determ

ines a belief function 
or m

ass distribution. W
hile D

em
pster (1967)

view
s belief functions as a form

al concept for 
capturing incom

plete statistical observations, Shafer (1976)regards them
 as a system

atic m
ethod 

for aggregating inform
ation from

 sources differing in reliability. 17
O

ther interpretations have 
been suggested in the literature. 18

A
 com

prehensive survey of these interpretations is beyond the 
scope of this paper. W

e w
ill, how

ever, provide tw
o exam

ples in order to illustrate the tw
o m

ost 
prom

inent approaches advanced by D
em

pster (1967)and Shafer (1976).

2.2.1. Shafer‘s (1976) theory of evidence
A

s the title of his book suggests Shafer (1976)sees his approach as a theory of evidence w
here 

statem
ents about the likelihood of events have to be judged by their reliability. T

he follow
ing 

exam
ple from

 Shafer (1990, C
hapter 7, p. 2)illustrates this approach.

E
xam

ple 4. In 1990, Shafer (1990, C
hapter 7, p.2)w

rites:

“W
e can derive degrees of belief for statem

ents m
ade by w

itnesses from
 subjective probabili-

ties for the reliability of these w
itnesses.

D
egrees of belief obtained in this w

ay differ from
 probabilities in that they m

ay fail to add 
to 100%

. Suppose, for exam
ple, that B

etty tells m
e a tree lim

b fell on m
y car. M

y subjective 
probability that B

etty is reliable is 90%
; m

y subjective probability that she is unreliable is 
10%

. Since they are probabilities, these num
bers add to 100%

. B
ut B

etty’s statem
ent, w

hich 
m

ust be true if she is reliable, is not necessarily false if she is unreliable. From
 her testim

ony 
alone, I can justify a 90%

 degree of belief that a lim
b fell on m

y car, but only a 0%
 (not 10%

) 
degree of belief that no lim

b fell on m
y car. (This 0%

 does not m
ean that I am

 sure that no 
lim

b fell on m
y car, as a 0%

 probability w
ould; it m

erely m
eans that B

etty’s testim
ony gives 

m
e no reason to believe that no lim

b fell on m
y car.) The 90%

 and the 0%
, w

hich do not add 
to 100%

, together constitute a belief function.”

D
enote by l

the state that “a tree lim
b fell on the car” and by n

l
the state that “no tree lim

b fell 
on the car”. M

oreover, let π
be the likelihood of l

stated by the w
itness “B

etty” and by δ
the 

degree of confidence in her statem
ent, then the assessed likelihood of state l

is m
({l}) =

δπ
(l), 

m
({n

l}) =
δπ

(n
l), and m

({l, n
l}) =

1 −
δ. T

he follow
ing table sum

m
arizes the m

ass distribution 
m

and its associated belief function µ
m

. 19

2
S

∅
{l}

{n
l}

{l,n
l}

m
(E

)
0

910
0

110
µ

m
(E

)
0

910
0

1

17
Shafer (1976)typically illustrates his theory w

ith exam
ples w

here sources of inform
ation are statem

ents of w
itnesses 

or experts of differing reliability.
18

G
rabisch (2016, C

hapter 7, 377-337)
provides a survey and com

parison of the approaches of “U
pper and Low

er 
P

robabilities”
by D

em
pster (1967), of the “E

vidence Theory”
by Shafer (1976)

and of the “R
andom Sets”

approach by 
M

atheron (1975)and K
endall (1974). See also Pearl (1988, C

hapter 9)
for further references.

19
T

he “T
hree Prisoners Puzzle”, discussed in Pearl (1988, 417-421), provides a sim

ilar exam
ple.
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2.2.2. D
em

pster’s 1967
theory of low

er probabilities
In a sem

inal paper, D
em

pster (1967)
suggests the follow

ing m
odel for aggregating partial 

inform
ation. H

e considers a pair of spaces '
and S

and a m
ulti-valued m

apping (
assigning 

a subset (
(ω

) ⊂
S

to every ω
∈

'
. 20

T
he probability distribution µ

over '
is supposed to be 

know
n, but for S

no probability inform
ation is available.

Suppose, how
ever, that it is know

n that an elem
ent ω

∈
'

“corresponds to an uncertain out-
com

e s∈
(
(ω

), w
hat probability judgm

ents m
ay be m

ade about an uncertain outcom
e s∈

S
?” 

(D
em

pster, 1967, p. 325)

For finite sets '
and S

, {ω
∈

'
|∅)=

(
(ω

)⊂
S }

is the dom
ain of (

. A
ssum

ing µ
({ω

∈
'

 |∅ )=
(
(ω

) ⊂
S}) =

1, one can assign a low
er probability P

∗ (T
) =

µ
 ( {ω

∈
'

|∅)=
(
(ω

)⊂
T })

to 
every event T

⊆
S

. T
he low

er probability distribution is a belief function
and its dual P

∗(T
) =

1 −
P

∗ (T
c) =

µ
 ( {ω

∈
'

|
(
(ω

)∩
T

)=
∅ })

is the upper probability called possibility function.
(

is a correspondence from
 states in '

for w
hich probabilities are know

n to subsets of 
states in S. T

he tuple 
( µ

,(
)

of a probability distribution over states in 
'

and the corre-
spondence (

capturing the inform
ation about the unknow

n states in S
defines a belief func-

tion.T
he follow

ing exam
ple from

 M
ukerji (1997)

illustrates how
 partial inform

ation from
 a 

correspondence, m
apping from

 a space w
ith know

n probabilities into a space w
ith unknow

n 
probabilities, induces a low

er probability (belief function) on the space w
ith unknow

n probabil-
ities.

E
xam

ple 5. M
ukerji (1997, pp. 27-29)

considers futures trades in tw
o types of oranges, t1

and 
t2 . T

he payoff of the futures w
ill depend on the spot m

arket conditions in the future. A
ssum

-
ing that there are four payoff-relevant states of the w

orld *
 =

{θ1 ,θ2 ,θ3 ,θ4 }
corresponding 

to “a glut for both types of oranges” θ1 , “a glut of t1 -oranges
together w

ith a scarcity for 
t2 -oranges” θ2 , “a glut of t2 -oranges

together w
ith a scarcity of t1 -oranges” θ3 , and “scarcity 

of both types of oranges” θ4 . T
he probability of these payoff-relevant states is assum

ed
to be 

unknow
n.

T
he trader consults w

ith an expert w
ho provides the trader w

ith a probability distribution over 
five w

eather states '
 =

{ω
1 ,ω

2 ,ω
3 ,ω

4 ,ω
5 }

and a description of their im
pact on the payoff-

relevant states described by the im
plication m

apping (
 :

'
 →

2
*

given in the follow
ing ta-

ble.

'
ω

1
ω

2
ω

3
ω

4
ω

5

(
(ω

)
{θ1 }

{θ2
,θ3 }

{θ4 }
{θ3 }

{θ1
,θ2

,θ3
,θ4 }

T
he correspondence (

induces a m
ass distribution on the space of payoff-relevant states: for 

all E
⊆

*
, m

(E
) =

µ
((

−
1(E

))
for

E
∈

(
('

)
and 0

otherw
ise.

E
xam

ple
5

illustrates the idea of D
em

pster’s approach to deduce probability ranges, that is 
upper and low

er probabilities, for events in a space w
ith unknow

n probabilities from
 know

ledge 
about the relationship of these events w

ith states for w
hich probabilities are know

n.

20
D

em
pster (1967)uses the notation X

instead of '
.
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T
he approach of D

em
pster (1967)

can be easily applied to statistical m
odels w

ith a joint 
probability distribution over states and signals w

here the correspondence (
m

aps signals into 
sets of states. Indeed, W

akker (2000)
view

s D
em

pster (1967)’s notion of a belief function as 
resulting from

 a tw
o-stage process w

here

“in a first stage a random
 m

essage is received, designating a subset of the state space that w
ill 

contain the true state of nature”
(the correspondence (

) and w
here “uncertainty of the first 

stage, regarding the random
 m

essage to be received,[...]can be expressed in term
s of proba-

bilities” (the probability distribution on '
), w

hile “in the second, final stage, one elem
ent of 

a set of states of nature w
ill obtain, the true state of nature.”

(W
akker, 2000, p. 271)

2.3. A
m

biguity and the
Principle of Insufficient R

eason (P
IR

)

In Section
2.1, w

e show
ed that a m

ass distribution m
on a state space representing a decision 

m
aker’s inform

ation together w
ith actions f

m
apping from

 states in S
into outcom

es in X
induce 

a m
ass distribution m

 ∗
f

on X
. Follow

ing Jaffray (1989), w
e assum

e that preferences of the 
decision m

aker order the set M
X

of all m
ass distributions on the outcom

e set X
(equivalently, 

the corresponding set of belief functions). In the follow
ing Section

3, w
e w

ill provide a set of 
axiom

s characterizing the representation in E
quation (4). In our axiom

atisation, w
e depart from

 
Jaffray (1989)in the treatm

ent of events of com
plete uncertainty. R

ecall that an elem
entary m

ass 
distribution e

A
represents an inform

ation situation of com
plete ignorance w

here it is know
n that 

the event A
has occured, but w

here is com
plete am

biguity about the likelihood m
(B

) =
0

of 
all subevents B

⊂
A

. In case of unknow
n probabilities, L

uce and R
aiffa (1957, Section 13.2, 

278-286)
discuss four decision criteria, am

ong them
 (i) H

urw
icz’s “optim

ism
-pessim

ism
 index 

criterion”, and (ii) L
aplace’s “principle of insufficient reason”. A

dding a m
onotonicity axiom

 
Jaffray (1989)derives a value for elem

entary m
ass distributions depending only on the m

axim
um

 
and the m

inim
um

 outcom
e of an am

biguous event. Special cases of this representation are M
E

U
 

and α
-M

E
U

.
In contrast, in this paper, w

e w
ill axiom

atize an evaluation of elem
entary m

ass distributions 
V

(e
A
)

by a generalized arithm
etic m

ean
as in E

quation (3), that w
e repeat here for convenience, 

V
(e

A
) =

φ
−

1 (
1|A| ∑

x∈
A

φ
(u

(x
)) ). Inspired by the P

rinciple of Insufficient R
eason (P

IR
), this 

generalized arithm
etic m

ean
evaluates am

biguous events e
A

by a transform
ed arithm

etic average 
of outcom

es in A
.

T
he argum

ents for and against the Principle of Insufficient R
eason (PIR

) have been discussed 
extensively in the literature since it has been put forw

ard by Jam
es B

ernoulli. 21
T

he m
ain ar-

gum
ent in favor of PIR

 appeals to the balanced w
eighting of the uncertain outcom

es: if there 
is com

plete uncertainty regarding the outcom
es in a set then there is no reason to give special 

w
eight to a particular outcom

e. C
onsidering only the best and the w

orst outcom
es as in the 

H
urw

icz criterion m
ay distort the value of uncertain outcom

es unreasonably according to a sub-
jective optim

istic or pessim
istic perspective. In particular, a possibly large subset of outcom

es in 
the uncertain event m

ay be disregarded com
pletely. A

s K
eynes w

rote in 1921,

21
K

eynes (1921, p. 41)attributes the principle to Jam
es B

ernoulli and provides an extensive discussion of this rule that 
he calls “Principle of Indifference”.
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“equal probabilities m
ust be assigned to each of several argum

ents, if there is an absence 
of positive ground for assigning unequal ones. [...] how

ever, the plausibility of this principle 
w

ill be m
ost easily shaken by an exhibition of the contradictions w

hich it involves.”
(K

eynes, 
1921, p. 42)

T
he m

ain argum
ent against PIR

 is the dependence of the uniform
 probability on the precise 

specification of the state space. L
uce and R

aiffa (1957, p. 284)w
rite:

“Suppose w
e are confronted w

ith a real problem
 in decision m

aking under uncertainty, then 
our first task is to give a m

utually exclusive and exhaustive listing of the possible states of 
nature. The rub is that m

any such listings are possible, and in general these different abstrac-
tions of the sam

e problem
 w

ill, w
hen resolved by the principle of insufficient reason, yield 

different real solutions.”

R
efining the state space im

plies a larger num
ber of states and, therefore, according to the PIR

 a 
reduced likelihood of each state. T

he follow
ing E

xam
ple

6
from

 Savage (1954, p. 65)
illustrates 

this fact. 22

E
xam

ple 6 (Savage 1954, p. 65).

“Suppose [...] it is know
n of an urn only that it contains either tw

o w
hite balls, tw

o 
black balls, or a w

hite ball and a black ball. The principle of insufficient reason has 
been invoked to conclude that the three possibilities are equally probable, so that in 
particular 

the 
probability 

of 
one 

w
hite 

and 
one 

black 
ball 

is 
concluded 

to 
be 

1
/3. 

B
ut the principle has also been applied to conclude that there are four equally prob-

able possibilities, nam
ely, that the first 

ball is w
hite and the second black, etc. 

O
n 

this basis, the probability of one w
hite and one black ball is, of course, 1

/2. Person-
ally, I do not try to arbitrate betw

een the tw
o conclusions but consider that the exis-

tence of the pair of them
 reflects doubt on the notion that a person’s know

ledge rel-
evant to any m

atter adm
its any full and precise description in term

s of propositions 
he 

know
s 

to 
be 

true 
and 

others 
about 

w
hich 

he 
know

s 
nothing.” 

(Savage, 
1954, 

p. 
65)

W
hether one assesses the likelihood of a black and a w

hite ball being draw
n as 13

or 12
depends 

on how
 one defines the states of the w

orld in this exam
ple. T

he inform
ation about the states 

that have to be distinguished does not suffice for defining a unique state space. Savage considers 
tw

o possible descriptions of this situation: case (i): S
1 =

{(b
,b

),(w
,w

),(b
,w

) }
and case (ii): 

S
2 =

{b
,w }×

{b
,w }. Since there are three states in case (i) and four in case (ii) the PIR

 w
ould 

assign a probability of 13
to each state in case (i) and of 14

to each state in case (ii). N
ote, how

ever, 
that in both cases it is assum

ed that there is com
plete uncertainty about the probability of events 

other than the state space itself.
If the decision m

aker faces a bet (b
, w

)
on a w

hite and a black ball being draw
n from

 
the urn, how

ever, the PIR
 w

ill evaluate the probability distribution over outcom
es arising in 

both cases in the sam
e w

ay. In case (i) the elem
entary m

ass distribution is e
S

1
and the bet 

22
See also Sinn (1980, p. 505).
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f
(s) =

1
for

s=
(b

,w
)

and 0
otherw

ise yields the
m

ass distribution e
S

1 ∗
f

=
e{0

,1 }
assigning 

w
eight 1

to the event {0
,1 }

and w
eight 0

to the singleton events {0 }
and {1 }. H

ence, according 
to E

quation (3)
V

(e{0
,1 } ) =

φ
−

1 (
12

[ φ
(u

(0
))+

φ
(u

(1
))] ). Sim

ilarly, in case (ii), the elem
entary 

m
ass distribution e

S
2

and the bet f
induce the m

ass distribution e
S

2 ∗
f

=
e{0

,1 }
on the set of 

outcom
es {0

,1 }
yielding the sam

e value V
(e{0

,1 } ) =
φ

−
1 (

12
[ φ

(u
(0

))+
φ

(u
(1

))] ).

T
he follow

ing L
em

m
a show

s that the observation in E
xam

ple
6

is in fact quite general. If 
there is com

plete ignorance about the states in a set A
 ⊆

S
then, for each action f

∈
F

, there w
ill 

be com
plete ignorance about the outcom

es in its im
age f

(A
).

P
roposition 7. G

iven an event A
 ⊆

S
and an action f

∈
F

, then e
A ∗

f
=

e
f

(A
) .

P
roof.

T
he result follow

s im
m

ediately from
 E

quation (5).
!

G
iven that actions, e.g., bets, m

ap often on the sam
e set of outcom

es, L
em

m
a

7
im

plies that in 
case of com

plete uncertainty the num
ber of states in the set of states w

ith unknow
n probabilities 

does not m
atter. A

 careful specification of the actions f
∈

F
w

ill identify the set of outcom
es for 

w
hich there is com

plete am
biguity. 23

R
epresenting inform

ation over the probabilities of a state space by a m
ass distribution restricts 

the PIR
 to elem

entary m
ass distributions. H

ence, specifying partial inform
ation by a m

ass dis-
tribution show

s that the exact specification of the unknow
n state space is less im

portant for the 
correct uniform

 distribution over outcom
es. W

e take this observation as a supporting argum
ent 

for considering m
ass distributions over outcom

es in X
as the relevant dom

ain for the preferences 
of a decision m

aker.

3. A
xiom

s and representation

In this section, w
e assum

e an infinite set of consequences X
together w

ith an algebra X
of 

subsets of X
containing all finite subsets. D

enote X̄
the set of finite subsets of X

.
L

et M
be the set of belief functions on X

that are concentrated on a finite subset. In other 
w

ords, for any belief function µ
m

∈
M

there exists a finite num
ber of sets A

1 , ..., A
n ∈

X̄
such 

that ∑
ni=

1
m

(A
i ) =

1. H
ence, µ

m
(D

) =
1

for D
=

∪
ni=

1 A
i .

A
 special case of a belief function in M

is a finitely supported probability distribution or 
lottery

l
on X

. B
y assum

ption, the set of consequences X
is sufficiently rich to allow

 for 
a certainty equivalent in X

for any lottery in M
. A

busing notation, w
e m

ake no distinction 
betw

een consequences in X
and the degenerate lotteries in M

concentrated on a singleton sub-
set.W

e assum
e that the decision m

aker’s preferences are given by a binary relation !
on M

, 
that is decision m

akers can order the set of belief functions M
. Preferences over the set of be-

lief functions com
pare both the values of outcom

es and the available inform
ation about their 

likelihood. A
t one extrem

e, if a belief function gives only positive w
eights to singleton events, 

23
In this paper, w

e consider finite sets of states. For infinite state and outcom
e spaces, G

rant et al. (2021, E
xam

ple 1, p. 
10)point out a discontinuity that can arise in context of evaluating acts by PIR

. T
hey provide an exam

ple w
ith an infinite 

dim
ensional outcom

e space X
and consider a sequence of outcom

e sets {0
,

1n
,1 }

that shrinks in the lim
it to the set {0

,1 }
as n →

0. In this context acts m
ay no longer be “uniform

ly continuous” if the probability of the states depends also on n.
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one has full inform
ation, that is belief functions are probability distributions over outcom

es, and 
at the other extrem

e, one m
ay know

 only the set of all possible outcom
es if the belief func-

tion gives full w
eight of 1 to a finite set of outcom

es. A
 decision m

aker is supposed to be 
able to com

pare such outcom
e-inform

ation scenarios as, for exam
ple, in the E

llsberg tw
o-urn 

case.A
 convex com

bination of any tw
o belief functions is a belief function again. W

e interpret a 
m

ixture of the tw
o belief functions µ

, ν∈
M

w
ith w

eight λ ∈
[0

, 1], λ
µ

 +
(1 −

λ
)ν∈

M
, as 

a tw
o-stage lottery over tw

o belief functions. B
elief functions are convex capacities and, hence, 

have a non-em
pty core, i.e., a set of probability distributions consistent w

ith the inform
ation 

given by the m
ass distribution. C

onvex com
binations of belief functions represent the sets of 

probability distributions consistent w
ith the inform

ation contained in the convex com
bination of 

the m
ass distributions.

Since convex com
binations of belief functions are again belief functions, M

is a m
ixture 

space. H
ence, one can apply the von N

eum
ann-M

orgenstern axiom
 system

24
to the preference 

relation !
in order to deduce an “expected utility” representation for a belief function. In this 

context, A
xiom

s 1 to 3 have the sam
e interpretation as in the von N

eum
ann-M

orgenstern setup. 
In particular, the independence axiom

 (A
xiom

3) allow
s one to split off com

m
on aspects w

hen 
com

paring outcom
e-inform

ation scenarios represented by belief functions.

A
xiom

 1 (W
eak O

rder). !
is a transitive and com

plete relation on M
.

A
xiom

 2 (C
ontinuity). For any µ

, ν
, ξ∈

M
such that µ

 /
ν/

ξ, there exist 0 <
λ

1 , λ
2
<

1
such 

that λ
1 µ

 +
(1 −

λ
1 )ξ/

ν/
λ

2 µ
 +

(1 −
λ

2 )ξ.

A
xiom

 3 (Independence). For any µ
, ν

, ξ∈
M

and 0 <
λ <

1, if µ
 /

ν, then λ
µ

 +
(1 −

λ
)ξ/

λ
ν+

(1 −
λ
)ξ.

A
ny belief function in M

can be represented as a convex com
bination of elem

entary belief 
functions.

D
efinition 8. W

e call e
A

∈
M

an elem
entary belief function, if e

A
(B

) =
1

for any B
⊇

A
and 

e
A
(B

) =
0

otherw
ise.

T
he m

ass distribution of an elem
entary belief function e

A
assigns w

eight 1 to A
and 0 to all 

other events. A
ny belief function µ

m
∈

M
can be w

ritten as

µ
m
(B

)=
∑A∈X

m
(A

)e
A
(B

),

or sim
ply as µ

m
=

∑
A∈X

m
(A

)e
A

. 25

A
s w

e w
ill show

 in the proof of T
heorem

 1, axiom
s 1-3 guarantee (see Jaffray, 1989) that 

there is a linear utility function on M
:

V
(µ

m
)=

∑A∈X
m

(A
)V

(e
A
),

(6)

24
Jaffray (1989)

w
as the first to m

ake this point.
25

T
he sum

 is taken over A ∈
X

such that m
(A

) >
0. B

y the definition of µ
m

∈
M

, there is only a finite num
ber of such 

sets.
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that is an expected value of the elem
entary belief functions e

A
w

ith respect to the m
ass distri-

bution m
of the belief function µ

m
. A

n elem
entary belief function e

A
represents a situation of 

com
plete ignorance w

ith respect to the set of outcom
es in A

. In other w
ords, the decision m

aker 
is certain that the true outcom

e belongs to A
, but nothing m

ore. In order to specify V
(e

A
)

in 
E

quation (6), additional assum
ptions need to be m

ade about decision m
aker’s evaluation of such 

situations. 26

In this paper, w
e w

ould like to derive a representation in w
hich also non-extrem

e outcom
es 

in A
influence the evaluation V

(e
A
). M

oreover, outcom
es lacking inform

ation about their like-
lihood should be equally w

eighted because of their inform
ational sym

m
etry, the principle of 

insufficient reason. M
aintaining axiom

s 1–3, w
e w

ill propose four additional axiom
s w

hich w
ill 

characterize the evaluation of elem
entary belief functions V

(e
A
)

by a function φ
and a uniform

 
distribution as in E

quation (3). 27

For notational sim
plicity, w

e w
rite A

 !
B

instead of e
A
!

e
B

for A
, B

∈
X̄

, and A
 !

x
instead 

of A
 !

{x}
for x∈

X
.

A
xiom

 4 (M
onotonicity). For any x∈

X
\
A

and y∈
A

, x
!

y
if and only if

( A
\{y}) ∪

{x} !
A

.

A
ccording to A

xiom
 4, replacing one of the possible outcom

es in an event A
by a w

eakly 
preferred one provides valuable inform

ation about the com
position of the set A

and cannot m
ake 

the situation of com
plete ignorance about the outcom

es in A
w

orse.
T

he value of a set of outcom
es depends both on the unknow

n likelihood of the outcom
es in 

the set and on the com
position of outcom

es in the set. If ignorance about the outcom
es in a set 

B
is less im

portant than ignorance over the outcom
es in another set A

then the ignorance about 
the com

bined set A
 ∪

B
should not m

atter m
ore than the ignorance about A

nor less than the 
ignorance about B

.

A
xiom

 5 (Set B
etw

eenness). If A
 !

B
and A

 ∩
B

=
∅

, then A
 !

A
 ∪

B
!

B
. 28

A
 failure of Set B

etw
eenness, say A

 ∪
B

≺
B

, w
ould im

ply that adding better outcom
es to B

m
akes it less attractive.

A
xiom

 6 (Set C
ontinuity). For any x

0 , y
, z∈

X

(a) if x
0 /

y
and {x

0 , y} /
z, then {x

1 , y} /
z

for som
e x

1 ∈
X

such that x
0 /

x
1 /

y;
(b) if x

0 ≺
y

and {x
0 , y} ≺

z, then {x
1 , y} ≺

z
for som

e x
1 ∈

X
such that x

0 ≺
x

1 ≺
y.

Set C
ontinuity m

eans that strict preference betw
een a situation of com

plete ignorance and a 
certain alternative is robust w

ith respect to a m
inor change in one of the possible outcom

es.

26
For exam

ple, Jaffray (1989)
provides an additional axiom

 such that V
(e

A
)

depends only on the w
orst and the best 

outcom
es in A

.
27

T
he axiom

atization of the principle of insufficient reason in this paper w
as inspired by the axiom

atization of the 
quasi-arithm

etic m
ean as an aggregator of continuation values in K

e (2019). G
ravel et al. (2012)

use axiom
s sim

ilar to 
our A

xiom
s 5

and 7
in their expected utility representation w

ith a uniform
 distribution over a set of outcom

es. H
ow

ever, 
they consider only situations of com

plete ignorance w
hen no partial inform

ation is available.
28

A w
eaker version of this axiom

 is sufficient to derive the representation. N
am

ely, if B
∼

x
for B

∈
X

and x∈
X

, then 
B

∼
B

∪
{x}. N

evertheless, w
e stick to the stronger version because of its intuitive appeal.
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A
xiom

 7 (C
ertainty E

quivalence C
onsistency). For any x

, y∈
X

, if A
 ∩

B
=

∅
and |A| =

|B|, 
then A

 ∼
x

and B
∼

y
im

ply A
 ∪

B
∼

{x
, y}.

A
ccording to A

xiom
 7, tw

o disjoint events of the sam
e cardinality should have a union w

hich 
is equivalent to the union of their certainty equivalents. T

hat is, com
bining tw

o situations of 
com

plete ignorance is equivalent to com
bining their certainty equivalents, provided that the 

tw
o situations are m

utually exclusive and the num
ber of possible outcom

es in both cases is the 
sam

e.
A

 necessary feature of the principle of insufficient reason is the fact that it does distinguish 
events w

ith the sam
e num

ber of elem
ents only by the outcom

es involved, i.e., for x
, y

/∈
A

, the 
set of outcom

es A
 ∪

{x}
m

ust be indifferent to the set of outcom
es A

 ∪
{y}

if y∼
x. In fact, it is 

easy to see that A
xiom

s 4 im
plies this principle of “equal w

eights to equivalent outcom
es”, i.e., 

if y∼
x, then A

 ∪
{x} ∼

A
 ∪

{y}.
D

enote by U
the set of values of u, i.e. U

=
u
(X

). In the appendix, w
e prove the follow

ing 
theorem

.

T
heorem

 9. A
xiom

s 1-7 hold if and only if there exists a representation V
of preferences !

on 
M

such that

V
(µ

m
)=

∑A∈X
m

(A
)
φ

−
1 (

1|A| ∑x∈
A

φ
(u

(x
)) )

,
(7)

w
here u

is a von N
eum

ann-M
orgenstern utility function on X

and φ
is a continuous strictly 

increasing function on U
. Such V

is unique up to a positive linear transform
ation. G

iven that V
is fixed, u

is unique and φ
is unique up to a positive linear transform

ation.

It is straightforw
ard to

check that the function V
(e

A
) =

φ
−

1 (
1|A| ∑

x∈
A

φ
(u

(x
)) )

satisfies 
the A

xiom
s A

4, A
5, A

6, and A
7. It is not trivial, how

ever, to show
 that these axiom

s are also 
sufficient for a representation by a quasi-arithm

etic m
ean. T

he proof of this theorem
 uses a lit-

tle know
n theorem

 characterizing a function as a quasi-arithm
etic m

ean (M
atkow

ski and Páles, 
2015,  T

heorem
 C

). A
xiom

s A
4 to A

7 im
ply the im

portant bi-sym
m

etry property of this func-
tion.

4. G
eneral properties of the representation

In this section, w
e w

ill discuss som
e properties of the representation (7). O

ur focus w
ill be on 

how
 am

biguity and am
biguity attitudes are captured by this representation. Since lotteries are a 

special kind of belief functions, risk attitudes are defined by the restriction of our representation 
to these lotteries. In contrast, am

biguity attitudes can be defined by com
paring belief functions 

that are lotteries to m
ore general belief functions. 29

29
K

libanoff et al. (2005), N
eilson (2010), and Izhakian (2017)

consider tw
o layers of uncertainty in order to obtain 

distinct m
easures for risk attitudes and am

biguity attitudes. From
 an axiom

atic perspective, all three are very different to 
the approach suggested in this paper.
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4.1. A
m

biguity and am
biguity attitudes

M
ost of the literature on am

biguity (e.g., M
achina and Siniscalchi, 2014, pp. 730-732) dis-

tinguishes situations of risk, w
here the decision m

aker know
s the probabilities of all outcom

es, 
from

 situations under am
biguity, w

here the decision m
aker know

s only the outcom
es w

hich m
ay 

occur but not their probabilities. T
his distinction can be traced back to (K

night, 1921, pp. 224-
225). In m

odels of am
biguity w

here probabilities are subjective and unknow
n (Savage, 1954; 

A
nscom

be and A
um

ann, 1963), there is no obvious criterion for classifying a situation as “m
ore 

or less am
biguous”. H

ence, for purely subjective beliefs derived from
 preferences, m

ost attem
pts 

to distinguish am
biguity from

 am
biguity attitude have failed (see M

achina and Siniscalchi, 2014, 
p. 750).

In the approach advanced in this paper, the uncertainty w
hich a decision m

aker faces is closely 
related to the inform

ation available. B
elief functions provide a natural fram

ew
ork for distin-

guishing am
biguity and am

biguity attitudes: am
biguity is a property of the objective inform

ation 
em

bodied in belief functions and am
biguity attitude is a property of the subjective preferences 

over these belief functions.
A

ssum
ing that am

biguity is a property of the objective inform
ation em

bodied in a belief func-
tion and in the corresponding m

ass distribution, w
e form

alize increasing am
biguity by analogy 

w
ith the increasing risk literature originated by R

othschild and Stiglitz (1970). O
ur D

efinition
10

w
ill be based on the follow

ing notion of centroid.
For a m

ass distribution m
and the corresponding belief function µ

m
, define the centroid

p
∗

of 
the core of µ

m
as

p
∗(x

)=
∑A3

x

m
(A

)

|A|
(8)

for all x∈
X

. It is not difficult to show
 that p

∗
is the average of the extrem

e probabilities in the 
core of µ

m
. D

enneberg (2000, p. 64)refers to p
∗

as the Shapley m
easure of µ

m
, w

hile G
ajdos et 

al. (2008a)call it the Steiner point of the core.

D
efinition 10. For tw

o m
ass distributions, w

e say that m
is obtained from

 n
by an elem

entary 
increase in am

biguity
if m

and n
both share the sam

e centroid and m
(E

) >
n
(E

)
for exactly one 

set E
⊆

X
. W

e say that m
is a spread

of n
if it is obtained from

 n
by a sequence of elem

entary 
increases in am

biguity.

To understand this definition, let us look at the sets F
i ⊆

X
such that m

(F
i ) <

n
(F

i ). In other 
w

ords, these are the sets that lose from
 the elem

entary increase in am
biguity. N

ote that ∪
i F

=
E

. 
Indeed, if x

is in E
but not in ∪

i F
, the centroid loses a positive m

ass at x, and if x
is in ∪

i F
but 

not in E
, the centroid gains a positive m

ass at x, so the tw
o sets m

ust coincide to preserve the 
centroid.

A
 sim

ple exam
ple of the elem

entary increase in am
biguity for X

=
{1

, 2
, 3}

is given by a 
situation of com

plete ignorance w
ith m

(123
) =

1
and a uniform

 lottery n
(1

) =
n
(2

) =
n
(3

) =
13 . 

B
oth have (

13
, 13

, 13
)

as their centroid and m
(E

) >
n
(E

)
for exactly one set E

=
123. A

nother 
exam

ple is given by n ′(123
) =

13 , n ′(12
) =

n ′(23
) =

29 , n ′(1
) =

n ′(3
) =

19 , w
here m

is also 
obtained from

 n ′by an elem
entary increase in am

biguity. N
ote how

 the centroid plays here a role 
sim

ilar to the m
ean in decision analysis under risk.

T
he follow

ing exam
ple provides further illustration.
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E
xam

ple 11 (This exam
ple describes the setup of an experim

ent run by K
ops and Pasichnichenko 

(2021)). C
onsider an urn containing 21

balls w
hich are either green or blue. Subjects w

ere given 
the inform

ation that k
balls w

ere green and k
balls w

ere blue and the rem
aining 21 −

2
k

balls 
w

ere either green or blue in an unknow
n proportion. A

rguably, there is m
ore am

biguity if 2
k

is 
close to zero than if 2

k
is close to 21. T

he m
ass distribution for the urn w

ould assign m
({g}) =

m
({b}) =

k21
and m

({g
, b}) =

21−
2
k

21
. L

et m
1

and m
2

be tw
o m

ass distributions corresponding to 
different values of k, i.e., k

1
<

k
2 . T

hen m
1

represents an elem
entary increase in am

biguity w
ith 

respect to m
2 .

T
he m

ass distribution m
reflects the available inform

ation of a decision m
aker and, hence, 

defines am
biguity objectively. A

m
biguity attitude,on the other hand, is a property of the sub-

jective preferences of the decision m
aker. H

ence, w
hile am

biguity is em
bedded in the belief 

function, the evaluation of the belief function should reflect the (subjective) am
biguity attitude 

of the decision m
aker, since it is derived axiom

atically from
 preferences over belief func-

tions.
Since spreads represent objective increases in am

biguity, am
biguity attitudes m

ay be defined 
as attitudes to spreads.

D
efinition 12 (A

m
biguity attitudes). A

 decision m
aker is am

biguity averse (resp. loving, neutral)
if µ

m
"

µ
n

for all m
ass distributions m

and n
such that m

is a spread of n. (resp. µ
m
!

µ
n, 

µ
m

∼
µ

n).

O
n the other hand, follow

ing E
llsberg (1961), it is possible to define am

biguity attitude by 
com

paring a situation of com
plete ignorance, e

A
, w

ith the corresponding uniform
 lottery (w

ithout 
am

biguity), /
A

, w
hich gives equal w

eight to each outcom
e in A

,

/
A
(x

)=
{

1|A|
for

x∈
A

0
otherw

ise.

T
he follow

ing proposition show
s that both definitions of am

biguity attitudes are, in fact, 
equivalent for representation (7). M

oreover, w
e see that am

biguity attitude is m
easured by the 

function φ
:R

 →
R

.

P
roposition 13. The follow

ing statem
ents are equivalent.

(i)
A

 decision m
aker is am

biguity averse (resp. loving, neutral).
(ii)

A
 decision m

aker alw
ays prefers the uniform

 lottery to the situation of com
plete ignorance 

w
ith respect to the sam

e set of outcom
es (resp. prefers ignorance, indifferent).

(iii)
φ

is a concave (resp. convex, linear) function.

A
ll proofs are given in the appendix.

B
efore providing som

e m
ore general results on am

biguity and am
biguity attitude in Sub-

section 4.2
below

, w
e w

ill try to provide m
ore intuition by studying the case of tw

o out-
com

es.

E
xam

ple 14 (Tw
o-outcom

e case). C
onsider the case of tw

o outcom
es, X

=
{x

1 ,x
2 }

and a belief 
function µ

m
. In this case, w

riting V
(x

1 , x
2 )instead of V

(µ
m
)one obtains from

 the representation 
(7)
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V
(x

1 ,x
2 )=

m
1 u

(x
1 )+

m
2 u

(x
2 )+

m
12 φ

−
1 (

12
[ φ

(u
(x

1 ))+
φ

(u
(x

2 ))] )

w
ith 

m
i =

m
({x

i }), m
k
l =

m
({x

k , x
l }), etc. denoting the param

eters of the m
ass distribu-

tion. A
ssum

ing that the functions u
and φ

are differentiable for all x
1

and x
2 , the equation 

V
(x

1 , x
2 (x

1 )) =
c

defines im
plicitly a function x

2 (x
1 ). B

y the im
plicit function theorem

, w
e 

get the slope of the function x
2 (x

1 ), s(x
1 , x

2 ), as the tangent line to the indifference curve at 
point (x

1 , x
2 ),

s(x
1 ,x

2 )=
−

∂
V

(x
1 ,x

2 )
∂
x

1
∂
V

(x
1 ,x

2 )
∂
x

2

=
−

m
1 +

12
m

12 ρ
(x

1 ,x
2 )φ

′(u
(x

1 ))

m
2 +

12
m

12 ρ
(x

1 ,x
2 )φ

′(u
(x

2 )) ·
u ′(x

1 )

u ′(x
2 )

,

w
hereρ

(x
1 ,x

2 )=
(φ

−
1) ′ (

12 [φ
(u

(x
1 ))+

φ
(u

(x
2 ))] )=

1
φ ′ (

φ −
1 (

12 [φ
(u

(x
1 ))+

φ
(u

(x
2 ))] ))

.

T
he partial derivative of the representation V

,

∂
V

(x
1 ,x

2 )

∂
x

1
=

m
1 u ′(x

1 )+
12
m

12 ρ
(x

1 ,x
2 )φ

′(u
(x

1 ))u ′(x
1 ),

has a first term
 corresponding to the risk part of the representation and a second term

 corre-
sponding to the am

biguity part. H
ence, in general, am

biguity attitudes and risk attitudes jointly 
determ

ine the evaluation of an outcom
e. T

he function ρ
(x

1 , x
2 )

m
easures the am

biguity atti-
tude at the average expected utility w

ith respect to the uniform
 distribution w

hich is the default 
distribution in case of am

biguity by the principle of insufficient reason.
A

s special cases, w
e obtain:

•
no am

biguity (pure risk):
m

12 =
0,

s(x
1 ,x

2 )=
−

m
1

m
2 ·

u ′(x
1 )

u ′(x
2 ) ,

•
com

plete am
biguity (com

plete ignorance):
m

12 =
1

(⇒
m

1 =
m

2 =
0),

s(x
1 ,x

2 )=
−

φ ′(u
(x

1 ))
φ ′(u

(x
2 )) ·

u ′(x
1 )

u ′(x
2 ) ,

•
am

biguity neutrality:
φ

is a linear function,

s(x
1 ,x

2 )=
−

m
1 +

12
m

12

m
2 +

12
m

12 ,

•
certainty:

x
1 =

x
2 ,

s(x
1 ,x

2 )=
−

m
1

m
2 .

N
ote that

1.
certainty im

plies independence from
 risk and am

biguity attitudes, hence, the m
arginal rate 

of substitution equals the know
n odds: −

m
1

m
2 ,

2.
for no am

biguity, δ=
0, only risk attitudes, as m

easured by the B
ernoulli utility function u, 

m
atter: −

m
1

m
2 ·

u ′(x
1 )

u ′(x
2 ) , and

3.
am

biguity neutrality is not equivalent to pure risk, that is 
m

1 +
12
m

12

m
2 +

12
m

12 )=
m

1
m

2 .
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Figure
1a

Figure
1b

Fig.1.A
m

biguity
δ

and
A

m
biguity

attitudes
a.

T
he follow

ing diagram
s show

 indifference curves of the preference representation V
over out-

com
e com

binations (x
1 , x

2 )
for different degrees of am

biguity δ
(1a) and an exponential am

bi-
guity attitude function φ

(x
) =

x
a

w
ith different degrees of am

biguity attitude a
(1b).

Fig.1a illustrates the effect of am
biguity on the evaluation of belief functions by an am

biguity 
averse decision m

aker. W
ithout am

biguity (green indifference curve), δ=
0, the lottery /

X
yields 

the highest utility and w
ith com

plete am
biguity (red indifference curve), δ=

1, utility is at the 
low

est level. T
he indifference curves for interm

ediate degrees of am
biguity (δ=

14 , 
12 , 34 ) lie 

betw
een these tw

o extrem
es. N

otice that both bets (x
1 , x

2 ) =
(1

, 0
)

and (x
1 , x

2 ) =
(0

, 1
)

are 
valued the sam

e for any δ, but are valued increasingly low
er as am

biguity increases, δ→
1.

Fig.1b show
s indifference curves for different degrees of am

biguity aversion. A
s the degree of 

am
biguity aversion decreases, a→

1, the utility of the bets (x
1 , x

2 ) =
(1

, 0
)

and (x
1 , x

2 ) =
(0

, 1
)

increases. For am
biguity neutrality, a=

1, V
(µ

m
) =

V
(/

X
)

for all degrees of am
biguity δ.

4.2. C
om

parison of am
biguity attitudes

In this section, w
e form

alize the idea that a “m
ore concave” φ

corresponds to a higher degree 
of am

biguity aversion or pessim
ism

.
L

et i
and j

be tw
o decision m

akers w
ith preferences on M

satisfying A
xiom

s 1-7. W
e assum

e 
that both decision m

akers share the sam
e preferences on X

. For the next definition, let C
E

(l)
be 

a certainty equivalent of a lottery l.

D
efinition 15. D

ecision m
aker i

is w
eakly m

ore risk averse
than decision m

aker j
if C

E
i (l) "

C
E

j
(l)

for any lottery l.

If a less am
biguity averse decision m

aker prefers risk to am
biguity, then the sam

e m
ust be true 

for a m
ore am

biguity averse decision m
aker. T

his intuition form
s the basis for the com

parison of 
am

biguity attitudes in the next definition.

D
efinition 16 (M

ore am
biguity averse). D

ecision m
aker i

is m
ore am

biguity averse than decision 
m

aker j
if for any A

 ∈
X̄

and any lottery lon A
, l/

j
e
A

im
plies l/

i
e
A

.
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N
ow

 w
e can characterize this relation in term

s of concave transform
ations of φ

. 30
A

lthough 
our characterization includes restrictions on risk preferences, w

e do not assum
e that the tw

o 
decision m

akers m
ust share the sam

e utility function u
for risk for their am

biguity preferences to 
be com

parable.

P
roposition 17. The follow

ing holds.

(i)
If i

is m
ore am

biguity averse than j
and i

is w
eakly m

ore risk averse than j
, then φ

i ◦
u

i =
h ◦

φ
j ◦

u
j

for som
e strictly increasing and concave function

h.
(ii)

If φ
i ◦

u
i =

h ◦
φ

j ◦
u

j
for som

e strictly increasing and concave function h
and j

is w
eakly 

m
ore risk averse than i, then i

is m
ore am

biguity averse than
j

.

T
here is a corollary to Proposition

17
w

here “m
ore am

biguity averse”, “m
ore risk averse” 

and “concave” is replaced by “m
ore am

biguity loving”, “m
ore risk loving” and “convex”, re-

spectively. In general, how
ever, such com

parative-static analysis is difficult if risk attitudes and 
am

biguity attitudes do not m
atch. A

n exhaustive and careful study of this relationship in the spirit 
of the study by C

hateauneuf et al. (2005)
for the rank-dependent m

odel is beyond the scope of 
this paper.

In order to gain further insights, how
ever, w

e w
ill assum

e for the rest of this section that all 
decision m

akers share the sam
e von N

eum
ann-M

orgenstern utility function. T
he next statem

ent 
follow

s im
m

ediately from
 Proposition

17
and, therefore, given w

ithout a proof.

P
roposition 18. D

ecision m
aker i

is m
ore am

biguity averse than decision m
aker j

if and only if 
φ

i =
h ◦

φ
j

for som
e strictly increasing and concave function h.

It follow
s from

 Proposition
18

that one can define a coefficient of am
biguity aversion−

φ ′′
φ ′

in 
analogy to the degree of risk aversion in standard expected utility theory under pure risk.

P
roposition 19. Suppose φ

i
and φ

j
are tw

ice continuously differentiable functions. D
ecision 

m
aker i

is m
ore am

biguity averse than decision m
aker j

if and only if for any r∈
U

,

−
φ

′′i
(r)

φ
′i (r) ≥

−
φ

′′j
(r)

φ
′j
(r)

.
(9)

O
nce again in analogy to the theory of decision m

aking under pure risk, the next proposition 
w

ill show
 that w

ith increasing am
biguity aversion our representation V

based on the principle of 
insufficient reason in E

quation (7)converges to the C
hoquet integral V

C
in E

quation (1).

P
roposition 20. Let i1 , i2 , ...

be a sequence of decision m
akers such that

(i) for any n, i
n+

1
is m

ore am
biguity averse than i

n ,
(ii) for any decision m

aker j
, there exists ñ

such that i
ñ

is m
ore am

biguity averse than j
,

then for any µ
 ∈

M
, V

n (µ
)

converges to the C
hoquet integral of µ

.
If in addition each φ

n
is tw

ice continuously differentiable, then −
φ ′′n
φ ′n

converges uniform
ly to 

+∞
.

30
T

his procedure is sim
ilar to w

hat one does in the theory of decision-m
aking under risk (Y

aari, 1987) and in the 
sm

ooth m
odel of K

libanoff et al. (2005).
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5. M
ultiple priors and sm

ooth preferences

In this section, w
e discuss tw

o closely related approaches in the literature. G
ajdos et al. 

(2008a)
m

odel partial inform
ation

about probabilities by restricting the set of probabilities to 
a subset P

⊆
!

(X
) 31

that is interpreted as the set of beliefs consistent w
ith the inform

ation 
available. In another approach, K

libanoff et al. (2005)m
odel inform

ation about probabilities by 
a (second-order) probability distribution ν

on the set of probabilities !
(X

). 32
Taking the support 

of the (second-order) probability distribution ν
of K

libanoff et al. (2005)
as a constraint on the 

set of probability distributions in !
(X

), that is, taking P
=

supp
(ν

)
highlights the sim

ilarity of 
these approaches.

For sim
plicity, w

e consider a finite set of outcom
es X

in this section.

5.1. M
ultiple priors and partial inform

ation

In order to study partial inform
ation

about probabilities,G
ajdos et al. (2008a)consider choice 

situations under uncertainty w
here decision m

akers have to rank Savage acts f
:
S

→
X

, m
ap-

ping from
 a set of states S

into a set of outcom
es X

, in the light of objective inform
ation about 

the possible probabilities of states. O
bjective inform

ation constrains the set of priors P
⊆

!
(S

).
D

ecision m
akers are assum

ed to be able to com
pare decision situations (P

, f
), consisting 

of inform
ation about probabilities P

and acts f
. In this fram

ew
ork, the authors derive a M

E
U

 
representation

U
(P

,f
)=

m
in

p∈
ϕ
(P

) ∑s∈
S

u
(f

(s))P
(s)

w
here the set of relevant priors ϕ

(P
)

is a selection from
 the set of inform

ation-consistent prob-
abilities P

. T
his set of endogenously derived probability distributions ϕ

(P
)

is interpreted as the 
set of subjective

beliefs of the decision m
aker in the light of the objective partial inform

ation P
.

G
ajdos et al. (2008a)

also derive a notion of com
parative precision and a concept of im

preci-
sion aversion

in term
s of properties of the selection m

apping ϕ
. For exam

ple, one m
ay take all 

probabilities in a neighborhood of the centroid of the core of P
as the subjective set of beliefs 

ϕ
(P

)
(G

ajdos et al., 2008a, Section 4, p. 42). T
he size of the neighborhood can be interpreted as 

a m
easure of im

precision.
It is w

ell-know
n (see, e.g., G

ilboa and Schm
eidler, 1994, T

heorem
 E

, p. 202) that a belief 
function µ

has a non-em
pty core and that the C

hoquet integral of a belief function satisfies the 
follow

ing relationship

V
C
(µ

)=
m

in
p∈

core(µ
) ∑x∈

X

u
(x

)p
(x

).

W
e can interpret the C

hoquet integral of a belief function as a M
E

U
 functional over the prob-

ability distributions in the core of the capacity µ
. T

herefore, the objective inform
ation encoded 

in the belief function µ
defines uniquely a set of probability distributions com

patible w
ith the 

inform
ation in µ

. H
ence, one  m

ay view
 the C

hoquet integral of a belief function as a special case 
of the approach advanced in G

ajdos et al. (2008a).

31
!

(X
)

is the set of all probability distributions over X
.

32
B

oth G
ajdos et al. (2008a)

and K
libanoff et al. (2005)

consider probability distributions over a set of states !
(S

), 
rather than over outcom

es !
(X

). A
pplying their reasoning to the fram

ew
ork in this paper is, how

ever, straightforw
ard.
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In contrast to the C
hoquet integral of the belief function µ

, the representation based on the 
principle of insufficient reason advanced in this paper can be view

ed as a w
eighted average of 

the extrem
e probability distributions of the core of µ

. T
he follow

ing proposition show
s that 

our representation V
(µ

)
can be interpreted as an expected utility w

ith respect to a probability 
distribution p

∈
core(µ

).

P
roposition 21. For any µ

 ∈
M

, there exists a probability p
∈

core(µ
)

such that

V
(µ

)=
∑x∈

X

p
(x

)u
(x

).

In other w
ords, V

(µ
) =

V
(p

)
for som

e probability p
∈

core(µ
). In the next proposition, w

e 
show

 that for the case of am
biguity neutrality, p

is the centroid of core(µ
). M

oreover, the centroid 
serves as a benchm

ark for am
biguity attitude.

P
roposition 22. For any µ

 ∈
M

and centroid p
∗

of core(µ
), if a decision m

aker is am
biguity 

averse (resp. loving, neutral), then

V
(µ

)≤
V

(p
∗)

(resp.
V

(µ
)≥

V
(p

∗),
V

(µ
)=

V
(p

∗) )
.

T
he follow

ing exam
ple illustrates these results.

E
xam

ple 23. C
onsider the follow

ing belief function on X
=

{x
, y

, z}
defined by the m

ass distri-
bution m

x +
m

x
y +

m
y
z =

1. H
ence, one obtains the belief function

µ
m
(A

)=



1
for

A
=

X

m
y
z

for
A

=
{y

,z}
m

x +
m

x
y

for
A

=
{x

,y}
m

x
for

A
=

{x
,z}

m
x

for
A

=
{x}

0
otherw

ise

.

Fig.2
illustrates the core of µ

m
,

core(µ
m
)=

{
p

∈
!

3|
p

x ≥
m

x ,p
x +

p
y ≥

m
x +

m
x
y
,p

y +
p

z ≥
m

y
z }

.

A
ccording 

to 
form

ula
(8), 

the 
centroid 

of 
core(µ

m
)

is 
( p

∗(x
),

p
∗(y

),
p

∗(z)) =
(m

x
+

m
x
y

2
, 

m
x
y +

m
y
z

2
, 

m
y
z

2

). It is easy to check that p
∗(x

) +
p

∗(y
) +

p
∗(z) =

1. T
he core and its 

centroid are also indicated in Fig.2.
In case of am

biguity neutrality, w
e have

V
(µ

m
)=

m
x u

(x
)+

m
x
y [

12
( u

(x
)+

u
(y

)) ]+
m

y
z [

12
( u

(y
)+

u
(z)) ]

=
p

∗(x
)u

(x
)+

p
∗(y

)u
(y

)+
p

∗(z)u
(z),

as claim
ed in Proposition

22.
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Fig.2.C
ore

ofthe
belieffunction

µ
m

and
its

centroid.

5.2. The sm
ooth m

odel

In econom
ic applications, the sm

ooth m
odel of decision m

aking under uncertainty, suggested 
and axiom

atized by K
libanoff et al. (2005), has proved very useful since it allow

s to analyze opti-
m

ization problem
s w

ith standard differential calculus. T
he sm

ooth m
odel represents uncertainty 

about probability distributions by a secondary probability distribution ν
on !

(S
)

and am
biguity 

attitude by a real-valued function 3
on the expected values of the unknow

n probabilities,

V
(f

)=
∫!
(S

)

3

(
∑s∈

S

u
(f

(s))π
(s) )

d
ν
.

In econom
ic applications, one can interpret the utility function u

applied to outcom
es as m

easur-
ing the decision-m

aker’s attitude tow
ards risk and the function 3

applied to the expected values 
of the probability distributions π

∈
!

(S
)

as the decision-m
aker’s attitude tow

ards am
biguity.

T
he representation proposed in this paper shares som

e sim
ilarities w

ith but also som
e differ-

ences to the sm
ooth representation w

hich w
e w

ould like to discuss in this section. R
egarding 

econom
ic applications, how

ever, the representation is equally sm
ooth and can, therefore, be an-

alyzed by differential calculus m
ethods.

In contrast, to the sm
ooth m

odel of K
libanoff et al. (2005), w

e do not consider a probability 
distribution over all elem

ents of !
(X

)
but only uniform

 distributions over all probability distri-
bution in the faces B

of the sim
plex !

(X
). T

he uniform
 distribution over probabilities in a face 

1
/|A|reflects the principle of insufficient reason

w
ith respect to the uncertainty about the prob-

abilities in the event (face) A
, w

hile the probability distribution over the faces of the sim
plex, 

i.e. the m
ass m

, represents the (partial) inform
ation of the decision m

aker. C
learly, if there is 

com
plete uncertainty, m

(X
) =

1, the decision m
aker applies the principle of insufficient reason 

to all outcom
es, 1

/|X|. If there is full inform
ation, that is, if ∑

x∈
X

m
({x}) =

1
then the decision 

m
aker know

s the probability of each outcom
e x

and the principle of insufficient reason becom
es 

irrelevant.
M

ore form
ally, define a utility function û

over outcom
es as û

(x
) =

φ
(u

(x
))

for all x
∈

X
. 

T
hen representation (7)becom

es
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Fig.3.U
niform

distributions
on

the
subsets

of
X

=
{x

,y
,z}.

V
(µ

m
)=

∑A⊆
X

m
(A

)
φ

−
1 (

1|A| ∑x∈
A

û
(x

) )

=
E

σ
φ

−
1(E

π
û
),

(10)

w
here E

denotes the expectation operator, σ
(π̄

A
) =

m
(A

)
for all A

 ⊆
X

and π̄
A

is the uniform
 

distribution over the event (face) A
of !

(X
). T

he last expression in (10)
corresponds to the 

sm
ooth m

odel of K
libanoff et al. (2005). T

he follow
ing Fig.3

for X
=

{x
, y

, z}
illustrates this 

interpretation.
N

otice that according to form
ula (8)

the centroid p
∗

of core(µ
m
)

is the convex com
bination 

of the points in !
(X

)
w

ith w
eights given by the m

ass m
.

6. C
oncluding rem

arks

In this paper, w
e suggest and axiom

atize a representation for a preference order over belief 
functions. B

elief functions capture the (partial) inform
ation about probabilities over outcom

es 
that a decision m

aker m
ay have. In this fram

ew
ork, am

biguity is an objective feature of the infor-
m

ation available in a decision situation. T
he preference order captures subjective features of the 

decision m
aker such as the evaluation of outcom

es, risk attitudes and attitudes tow
ards am

biguity. 
T

his approach allow
s for a clear separation of am

biguity as a feature of the inform
ation em

bod-
ied in a belief function and am

biguity attitude as a feature of the preference relation. H
ence, this 

approach resolves an im
portant problem

 of decision m
aking under uncertainty as discussed in 

M
achina and Siniscalchi (2014).
M

oreover, in our axiom
atization, w

e provide a characterization of a decision m
aker evaluating 

the outcom
es of an am

biguous event according to a generalized average, that is a uniform
 dis-

tribution over the outcom
es in the am

biguous event. U
niform

 distributions in case of ignorance 
have a long tradition in econom

ic and statistical decision theory as “Principle of N
on-Sufficient 

R
eason”, attributed to Jam

es B
ernoulli by K

eynes (1921, p. 41)
or “Principle of Indifference” 

(K
eynes, 1921). 33

H
ow

ever, such a representation has not received enough attention in m
odern 

axiom
atic m

odels.

33
See also M

achina and Siniscalchi (2014)Section 13.2.5.25
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A
ppendix. P

roofs

T
he m

ain T
heorem

9
uses the follow

ing result of M
atkow

ski and Páles (2015)w
hich w

e quote 
here for the reader’s convenience.

M
atkow

ski and Páles (2015)define a quasi-arithm
etic m

ean as follow
s:

“T
he notion of quasi-arithm

etic m
ean

w
as introduced in the book of H

ardy, L
ittlew

ood and 
Pólya in [12] a

as a function A
f :∪

∞n=
1 I

n→
I

defined by

A
f
(x

1 ,...,x
n ):=

f
−

1 (
f

(x
1 )+

···+
f

(x
n )

n

)
(n∈

N
,x

1 ,...,x
n ∈

I
)

w
here I⊆

R
denotes a non-degenerated interval (also in the rest of this paper) and f

:
I→

R
is a continuous strictly m

onotone function. T
he m

ean A
f

is said to be the quasi-arithm
etic 

m
ean generated by f

. T
he restriction of A

f
to I

n
w

ill be called the n-variable quasi-
arithm

etic m
ean generated by f

.”

M
atkow

ski and Páles (2015)prove the follow
ing theorem

.

T
heorem

 C
.L

et n ≥
2

and let M
:
I

n→
I. T

hen M
is an n-variable quasi-arithm

etic m
ean, 

that is, M
=

A
f |I

n
for som

e continuous strictly m
onotone function f

:
I→

R
if and only if

(i) M
is a continuous and sym

m
etric function on I

n
w

hich is strictly increasing in each of its 
variables;
(ii) M

is reflexive;
(iii) M

bisym
m

etric, that is, for all x
i,j ∈

I
(i, j∈

1
,...,n

), w
e have

M
(M

(x
1
,1 ,...,x

1
,n ),...,M

(x
n
,1 ,...,x

n
,n ))=

M
(M

(x
1
,1 ,...,x

n
,1 ),...,M

(x
1
,n ,...,x

n
,n )).

a
G

. H
. H

ardy, J. E
. L

ittlew
ood, and G

. Pólya. Inequalities. C
am

bridge U
niversity Press, C

am
bridge, 1934. (first 

edition), 1952 (second edition).

T
heorem

9
A

xiom
s 1–3

im
ply that there is a linear utility function V

on M
, i.e.

V
(µ

m
)=

∑A∈X
m

(A
)V

(e
A
).

L
et u

be defined by u
(x

) =
V

(e{x} )
for each x

∈
X

. Since for any lottery l m
∈

M
, w

e have 
m

(A
) >

0
only if |A| =

1, function V
(l m

)
has an expected utility form

,

V
(l m

)=
∑x∈

X

m
({x})u

(x
).

R
ecall that X

contains a certainty equivalent of any lottery in M
, for exam

ple, for any x
, y∈

X

and 0 <
λ <

1
there is z∈

X
such that u

(z) =
λ
u
(x

) +
(1 −

λ
)u

(y
). T

herefore, U
is an (open, 

closed, half-closed, finite or infinite) real interval of positive length (om
itting the trivial case 

of com
plete indifference). To construct representation (7), w

e have to show
 that there exists a 

continuous strictly increasing function φ
:
U

→
R

such that
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V
(e

A
)=

φ
−

1 (
1|A| ∑x∈

A

φ
(u

(x
)) )

(11)

holds for any A
 ∈

X̄
. To do this, w

e first prove (11)for tw
o-elem

ent sets and then generalize the 
result to arbitrary finite sets.

L
et function M

:
U

2→
R

be defined by

M
( u

(x
),u

(y
)) =

V
(e{x

,y} )
.

N
ote that M

is w
ell-defined, because if u

(x
1 ) =

u
(x

2 )and u
(y

1 ) =
u
(y

2 ), then {x
1 , y

1 } ∼
{x

2 , y
2 }

by M
onotonicity, therefore V

(e{x
1 ,y

1 } )=
V

(e{x
2 ,y

2 } ). In w
hat follow

s w
e study properties of this 

function.
For each r∈

U
by richness of X

there exist x)=
y

such that u
(x

) =
u
(y

) =
r. Since x∼

y, 
Set B

etw
eenness im

plies {x} ∼
{x

, y}. Since
M

( u
(x

),u
(y

)) =
V

(e{x
,y} )=

V
(e{x} )=

u
(x

),

w
e get M

(r, r) =
r, i.e., M

is reflexive.
L

et r1 , r2 , s∈
U

and r1
<

r2 . Take different x
1 , x

2 , y∈
X

such that u
(x

1 ) =
r1 , u

(x
2 ) =

r2
and 

u
(y

) =
s. B

y M
onotonicity {x

1 , y} ≺
{x

2 , y}, thus M
(r1 , s) <

M
(r2 , s). T

herefore, M
is strictly 

increasing in both variables.
For the next step, w

e have to show
 first that for any A

 ∈
X̄

there exists a certainty equivalent 
c
A

, i.e. c
A

∈
X

and c
A

∼
A

. Indeed, if x ∗, x∗ ∈
A

and x ∗!
x
!

x∗
for all x

∈
A

, then x ∗!
A

 !
x∗

by Set B
etw

eenness. W
e can find 0 ≤

λ ≤
1

such that V
(e

A
) =

λ
u
(x ∗) +

(1 −
λ
)u

(x∗ ). 
T

herefore, the certainty equivalent of the lottery λ
x ∗+

(1 −
λ
)x∗

is also a certainty equivalent of 
A

.N
ow

 w
e w

ould like to prove that

M
( M

(r,s),M
(t,k

)) =
M

( M
(r,t),M

(s,k
))

(12)

for arbitrary r, s, t, k∈
U

(bisym
m

etry). To do this, take different x
, y

, z, w
∈

X
such that u

(x
) =

r, u
(y

) =
s

etc. Since M
(r, s) =

u (c{x
,y} ), w

e have

M
( M

(r,s),M
(t,k

)) =
M

(u
(c{x

,y} )
,u

(c{z,w} ))
.

A
xiom

 7
im

plies that {c{x
,y} , c{z,w} } ∼

{x
, y

, z, w} ∼
{c{x

,z} , c{y
,w} }, w

hich leads to

M
(u

(c{x
,y} )

,u
(c{z,w} ))=

M
(u

(c{x
,z} )

,u
(c{y

,w} ))

from
 w

hich (12)follow
s.

T
he fact that M

is continuous follow
s from

 Set C
ontinuity. To show

 this, w
e take tw

o interior 
points r0

and s0
in U

and prove that if |r−
r0 | <

δ, then |M
(r, s0 ) −

M
(r0 , s0 )| <

ε. L
et r0

>

s0 , x
0 , y

0 ∈
X

, u
(x

0 ) =
r0 , and u

(y
0 ) =

s0 . Since u
(y

0 ) <
M

(r0 , s0 ) <
u
(x

0 ), w
e can take ε

>
0

such that the ε-neighborhood of M
(r0 , s0 )

entirely lies betw
een u

(y
0 )

and u
(x

0 ). Take z∈
X

such that u
(z) =

M
(r0 , s0 ) −

ε. Since {x
0 , y

0 } /
z, by part (a) of Set C

ontinuity {x
1 , y

0 } /
z

for 
som

e x
0 /

x
1 /

y
0 . L

et δ1 =
r0 −

u
(x

1 ) >
0. If r

>
r0 −

δ1 , then for x∈
X

such that u
(x

) =
r

w
e have x/

x
1

im
plying {x

, y
0 } /

{x
1 , y

0 } /
z, w

hich m
eans M

(r, s0 ) >
M

(r0 , s0 ) −
ε. U

sing 
part (b) of Set C

ontinuity and follow
ing a sim

ilar argum
ent, w

e can find δ2
>

0
such that if 

r
<

r0 +
δ2 , then M

(r, s0 ) <
M

(r0 , s0 ) +
ε. B

y taking δ=
m

in{δ1 , δ2 }, w
e finish the proof that 

M
is continuous in the first variable. For the second variable, the proof is sim

ilar.
T

hus, w
e proved that M

is continuous and strictly increasing in both variables, satisfies (12)
and M

(r, r) =
r

for all r∈
U

. A
ccording to the theorem

 characterizing the quasi-arithm
etic m

ean 
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(see M
atkow

ski and Páles (2015), T
heorem

 C
), M

satisfies these conditions if and only if there 
exists a continuous and strictly m

onotonic function φ
0 :

U
→

R
w

ith w
hich

M
(r,s)=

φ
−

1
0

(
φ

0 (r)+
φ

0 (s)

2

)
(13)

holds for each r, s∈
U

. D
efine φ

=
φ

0
if φ

0
is an increasing function, and φ

=
−

φ
0

otherw
ise. 

T
herefore, φ

is a continuous strictly increasing function satisfying (13). T
hus, w

e proved (11)
for tw

o-elem
ent sets.

N
ow

 w
e extend (11)to an arbitrary A

 ∈
X̄

. Suppose that (11)is true for all sets w
ith no m

ore 
than n

elem
ents, n ≥

2, and prove (11)for a set A
 =

{x
1 , ..., x

n+
1 }.

If n +
1

is an even num
ber, then by A

xiom
 7

w
e have

A
∼

{c{x
1 ,...,x

k } ,c{x
k+

1 ,...,x
2
k } },

w
here 2

k=
n +

1. T
he later set has only tw

o elem
ents, so w

e can apply representation (11), i.e.

V
( e

A
) =

φ
−

1 (
φ

(u
(c{x

1 ,...,x
k } ))+

φ
(u

(c{x
k+

1 ,...,x
2
k } ))

2

)

.
(14)

Since k≤
n, using the induction hypothesis w

e can rew
rite

φ
(u

(c{x
1 ,...,x

k } ))=
φ

(V
(e{x

1 ,...,x
k } ))=

1k

k
∑i=

1

φ
( u

(x
i ))

(15)

and sim
ilarly

φ
(u

(c{x
k+

1 ,...,x
2
k } ))=

1k

2
k

∑i=
k+

1

φ
( u

(x
i ))

.
(16)

Substituting the tw
o term

s in E
quation (14), by the right-hand sides of equations (15)

and (16)
w

e obtain

V
( e

A
) =

φ
−

1 (
12
k

2
k

∑i=
1

φ
( u

(x
i )) )

,

as claim
ed.

N
ow

 suppose that n +
1

is an odd num
ber. For a certainty equivalent c

A
by Set B

etw
eenness 

w
e haveA

∼
{x

1 ,...,x
n+

1 ,c
A }.

T
he later set has n +

2
elem

ents, w
hich is an even num

ber. B
y repeating the previous argum

ent 
w

e obtain

φ
( V

( e
A
)) =

12
k

2
k−

1
∑i=

1

φ
( u

(x
i )) +

12
k
φ

( u
(c

A
))

.

Since u
(c

A
) =

V
(e

A
),

2
k−

1
2
k

φ
( V

( e
A
)) =

12
k

2
k−

1
∑i=

1

φ
( u

(x
i ))

,
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therefore,

φ
( V

( e
A
)) =

1
n+

1

n+
1

∑i=
1

φ
( u

(x
i ))

.

T
hus, w

e proved (11)for a set w
ith n +

1
elem

ents.
T

he proof that the representation im
plies the axiom

s is straightforw
ard. T

he sam
e is true for 

the uniqueness results.
T

his proves the theorem
.

P
roposition

13
W

e prove only the case of am
biguity aversion since the other cases are sim

ilar.
(i)⇒

(ii)
is trivial because the situation of com

plete ignorance is obtained from
 the corre-

sponding uniform
 lottery by an elem

entary increase in am
biguity.

(ii)⇒
(iii)Since V

(/{x
1 ,x

2 } )≥
V

(e{x
1 ,x

2 } )
for any x

1 , x
2 ∈

X
, w

e have

u
(x

1 )+
u
(x

2 )

2
≥

φ
−

1 (
φ

(u
(x

1 ))+
φ

(u
(x

2 ))

2

)
.

(17)

B
ecause φ

is a strictly increasing function, w
e can apply it to both sides of inequality (17). W

e 
know

 that φ
is defined on an interval and continuous, and w

e have just show
ed that for any r1

and r2
from

 that interval, φ
(

12
r1 +

12
r2 ) ≥

12
φ

(r1 ) +
12
φ

(r2 ). H
ence, it is concave.

(iii)⇒
(i)A

ssum
e first that m

is obtained from
 n

by an elem
entary increase in am

biguity, i.e. 
by shifting som

e positive m
ass to set E

from
 a finite num

ber of sets F
i

in such a w
ay that the 

centroid is preserved. L
et p

i be the fraction of the m
ass that is shifted aw

ay from
 F

i , ∑
i p

i =
1. 

N
ote that µ

m
"

µ
n

if and only if V
(E

) ≤
∑

i p
i V

(F
i ). B

ecause the centroid is preserved, for 
any x∈

E
it m

ust be that
∑i:x∈

F
i

p
i

|F
i | =

1|E| ,

otherw
ise the centroid w

ould have been shifted. D
enoting φ

(u
(x

)) =
φ

x , w
e obtain

V
(E

)=
φ

−
1 (

∑x∈
E

1|E| φ
x )

=
φ

−
1 

∑x∈
E


∑i:x∈

F
i

p
i

|F
i | 

φ
x 

=
φ

−
1 

∑

i

∑x∈
F

i

p
i

|F
i | φ

x 
=

φ
−

1 
∑

i

p
i 

∑x∈
F

i

1|F
i | φ

x 



≤
∑

i

p
i φ

−
1 

∑x∈
F

i

1|F
i | φ

x 

=
∑

i

p
i V

(F
i ),

w
here the inequality follow

s from
 the convexity of φ

−
1. T

hus, µ
m
"

µ
n

w
hen m

is obtained 
from

 n
by an elem

entary increase in am
biguity.

If m
is a spread of n, then m

is obtained from
 n

by a sequence of elem
entary increases in 

am
biguity. T

hus, w
e have µ

m
"

µ
n

because the preference relation is transitive, and, therefore, 
the decision m

aker is am
biguity averse.
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P
roposition

17
(i)L

et h
be defined by the equation φ

i ◦
u

i =
h ◦

φ
j ◦

u
j . N

ote that h
is w

ell-defined, because 
φ

j ◦
u

j
(x

) =
φ

j ◦
u

j
(y

)
im

plies φ
i ◦

u
i (x

) =
φ

i ◦
u

i (y
). W

e m
ust show

 that h
is concave. Pick 

arbitrary r1
and r2

am
ong the values of φ

j . T
here exist x

, y∈
X

such that φ
j ◦

u
j
(x

) =
r1

and 
φ

j ◦
u

j
(y

) =
r2 . M

oreover, there exist lotteries l i
and l j

on {x
, y}

such that l i∼
i
e{x

,y}
and 

l j∼
j

e{x
,y}

(see the proof of T
heorem

9). T
hen

h
(

12
r1 +

12
r2 )=

h
(

12
φ

j ◦
u

j
(x

)+
12
φ

j ◦
u

j
(y

))=
h◦

φ
j ◦

u
j ◦

C
E

j
(l j

)

N
ote that l j!

j
l i, since otherw

ise w
e w

ould have l i/
j

l j∼
j

e{x
,y} and, therefore, l i/

i
e{x

,y} , 
a contradiction. T

his im
plies that C

E
j
(l j

) !
C

E
j
(l i). B

ecause i
is w

eakly m
ore risk averse 

than j
, w

e have C
E

j
(l i) !

C
E

i (l i). T
hus,

h
(

12
r1 +

12
r2 )≥

h◦
φ

j ◦
u

j ◦
C

E
i (l i)=

φ
i ◦

u
i ◦

C
E

i (l i)

=
12
φ

i ◦
u

i (x
)+

12
φ

i ◦
u

i (y
)=

12
h
(r1 )+

12
h
(r2 )

Since h
is a continuous function defined on an interval, this im

plies that it is concave.
(ii)A

ssum
ing l/

j
e
A

, w
e m

ust show
 that l/

i
e
A

. N
ote that

φ
−

1
i

(V
i (l))=

φ
i ( ∑

x∈
A

l(x
)u

i (x
))=

φ
i ◦

u
i ◦

C
E

i (l)

≥
φ

i ◦
u

i ◦
C

E
j
(l)=

h◦
φ

j ◦
u

j ◦
C

E
j
(l)

=
h◦

φ
j
( ∑

x∈
A

l(x
)u

j
(x

))

>
h
(

1|A| ∑
x∈

A
φ

j ◦
u

j
(x

))

≥
1|A| ∑

x∈
A

h◦
φ

j ◦
u

j
(x

)

=
1|A| ∑

x∈
A

φ
i ◦

u
i (x

)

=
φ

−
1

i
(V

i (e
A
)),

w
here the first inequality follow

s from
 C

E
i (l) !

C
E

j
(l), the second follow

s from
 l/

j
e
A

, and 
the third follow

s from
 Jensen’s inequality. Since φ

−
1

i
is m

onotone, this im
plies l/

i
e
A

. T
hus, i

is m
ore am

biguity averse than j
.

P
roposition

19
B

y Proposition
18, w

e only need to show
 that expression (9)is equivalent to φ

i =
h ◦

φ
j

for 
a strictly increasing and concave function h. T

he proof is standard. B
y differentiating equation 

φ
i (r) =

h
(φ

j
(r))

tw
ice and rearranging term

s, w
e get

h ′′(φ
j
(r))=

φ
′i (r)

(φ
′j
(r)) 2

[
φ

′′i
(r)

φ
′i (r) −

φ
′′j
(r)

φ
′j
(r) ]

,

w
hich is non-positive if and only if the term

 in square brackets is non-positive.

P
roposition

20
From

 the assum
ptions and Proposition

18
it follow

s that for any n
there exists a strictly in-

creasing and concave function h
n

such that φ
n+

1 =
h

n ◦
φ

n . M
oreover, for any continuous strictly 

increasing function ψ
on U

there exist ñ
and a strictly increasing and concave function h̃

such 
that ψ

=
h̃◦

φ
ñ .

Take an arbitrary µ
 ∈

M
. A

ccording to representation (7), V
n (µ

)
is a convex com

bination of 
the term

s
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3
(A;

φ
n )=

φ
−

1
n

(
1|A| ∑x∈

A

φ
n (u

(x
)) )

,

w
hereas the C

hoquet integral of µ
is a convex com

bination of the term
s

3
(A

)=
m

in {u
(x

)|
x∈

A }
w

ith the sam
e w

eights m
(A

). It is clear that 3
(A

) ≤
3

(A; φ
n )

for all n. B
y Jensen’s inequality, it 

is also true that 3
(A; φ

n+
1 ) ≤

3
(A; φ

n )
for all n. T

herefore, w
e only need to show

 that 3
(A; φ

n )

is close to 3
(A

)
for a sufficiently large n. W

e can do this by choosing ψ
such that 3

(A; ψ
) −

3
(A

) ≤
ε

for all A
. T

hen

3
(A

)≤
3

(A;
φ

n )≤
3

(A;
ψ

)≤
3

(A
)+

ε

for any n ≥
ñ, w

hich m
eans that V

n (µ
)

converges to the C
hoquet integral of µ

.
Since w

e can alw
ays pick ψ

w
ith a sufficiently large coefficient of am

biguity aversion, it 
follow

s from
 Proposition

19
and A

ssum
ption (ii) that −

φ ′′n
φ ′n

converges uniform
ly to+∞

.

P
roposition

21
Since for any A

 ⊆
X

,

m
in

x∈
A

u
(x

)≤
φ

−
1 (

1|A| ∑x∈
A

φ
(u

(x
)) )

≤
m

ax
x∈

A
u
(x

),
(18)

w
e haveφ

−
1 (

1|A| ∑x∈
A

φ
(u

(x
)) )

=
∑x∈

A

α
A
(x

)u
(x

)

for som
e probability distribution α

A
over A

. T
herefore,

V
(µ

m
)=

∑A⊆
X

m
(A

)
φ

−
1 (

1|A| ∑x∈
A

φ
(u

(x
)) )

=
∑A⊆

X

m
(A

) ∑x∈
A

α
A
(x

)u
(x

)

=
∑x∈

X

u
(x

) ∑A3
x

m
(A

)α
A
(x

).

For each x∈
X

, define

p
(x

)=
∑A3

x

m
(A

)α
A
(x

),

and show
 that p

is a probability in the core of µ
m

. Since m
 ≥

0
and α

A
≥

0, w
e have p

≥
0. 

A
lso,

∑x∈
X

p
(x

)=
∑x∈

X

∑A3
x

m
(A

)α
A
(x

)=
∑A⊆

X

∑x∈
A

m
(A

)α
A
(x

)

=
∑A⊆

X

m
(A

) ∑x∈
A

α
A
(x

)=
∑A⊆

X

m
(A

)=
1
.

N
ow

 show
 that p

is in the core of µ
m

. For any B
⊆

X
, w

e have
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p
(B

)=
∑x∈

B

p
(x

)=
∑x∈

B

∑A3
x

m
(A

)α
A
(x

)=
∑A⊆

X

∑x∈
B∩

A

m
(A

)α
A
(x

)

=
∑A⊆

B

∑x∈
A

m
(A

)α
A
(x

)+
∑A\
B)=∅

∑x∈
B∩

A

m
(A

)α
A
(x

).

Take the first term
,

∑A⊆
B

∑x∈
A

m
(A

)α
A
(x

)=
∑A⊆

B

m
(A

)=
µ

m
(B

).

Since the second term
 is non-negative, p

(B
) ≥

µ
m
(B

).

P
roposition

22
If a decision m

aker is am
biguity averse, then φ

is concave by Proposition
13, w

hich im
plies

V
(µ

m
)=

∑A⊆
X

m
(A

)
φ

−
1 (

1|A| ∑x∈
A

φ
(u

(x
)) )

≤
∑A⊆

X

m
(A

)
1|A| ∑x∈

A

u
(x

)

=
∑x∈

X

u
(x

) ∑A3
x

m
(A

)

|A|
=

∑x∈
X

u
(x

)p
∗(x

).

T
he argum

ent for the other cases is sim
ilar.

R
eferences

A
nscom

be, F.J., A
um

ann, R
.J., 1963. A definition of subjective probability. A

nn. M
ath. Stat.34, 199–205.

B
aillon, A

., H
uang, Z

., Selim
, A

., W
akker, P., 2018. M

easuring am
biguity attitudes for all (natural) events. E

conom
et-

rica
86 (5), 1839–1858.

C
hateauneuf, A

., C
ohen, M

., M
eilijson, I., 2005. M

ore pessim
ism

 than greediness: a characterization of
m

onotone risk 
aversion in the rank-dependent expected utility m

odel. E
con. T

heory
25, 649–667.

C
hateauneuf, A

., Jaffray, J.Y
., 1989. Som

e characterizations of low
er probabilities and other m

onotone capacities through 
the use of M

öbius inversion. M
ath. Soc. Sci.17 (3), 263–283.

D
em

pster, A
.P., 1967. U

pper and low
er probabilities induced by a m

ultivalued m
apping. A

nn. M
ath. Stat.

38 (2), 
325–339.

D
enneberg, D

., 2000. N
on-additive m

easure and integral, basic concepts and their role for applications. In: G
rabisch, M

., 
M

urofushi, T., Sugeno, M
. (E

ds.), Fuzzy M
easures and Integrals. Physica-V

erlag, pp.289–313.
E

llsberg, D
., 1961. R

isk, am
biguity and the Savage axiom

s. Q
. J. E

con.75 (4), 643–669.
E

pstein, L
.G

., Z
hang, J.-K

., 2001. Subjective probabilities on subjectively unam
biguous events. E

conom
etrica

69, 
265–306.

G
ajdos, T., H

ayashi, T., Tallon, J.-M
., V

ergnaud, J.-C
., 2008a. A

ttitude tow
ard im

precise inform
ation. J. E

con. T
heory

14 
(1), 27–65.

G
ajdos, T., Tallon, Jean-M

arc, V
ergnaud, J.-C

., 2008b. R
epresentation and aggregation of preferences under uncertainty. 

J. E
con. T

heory
141 (1), 68–99.

G
hirardato, P., M

accheroni, F., M
arinacci, M

., 2004. D
ifferentiating am

biguity and am
biguity attitude. J. E

con. T
he-

ory
118,  133–173.

G
ilboa, I., Schm

eidler, D
., 1994. A

dditive representations of non-additive m
easures and the C

hoquet integral. A
nn. O

per. 
R

es.52 (1), 43–65.
G

iraud, R
., Tallon, J.-M

., 2011. A
re beliefs a m

atter of taste? A case for objective im
precise inform

ation. T
heory D

e-
cis.71,  23–31.

G
rabisch, M

., 2016. Set Functions, G
am

es and C
apacities in D

ecision M
aking. Springer, N

ew Y
ork.

G
rant, S., R

oorda, B
., Y

ang, J., 2021. C
oherent R

ich B
eliefs, D

ecom
posable Splits, and D

ynam
ically C

onsistent C
hoice. 

D
iscussion paper. A

ustralian N
ational U

niversity, C
anberra.

G
ravel, N

., M
archant, T., Sen, A

., 2012. U
niform

 expected utility criteria for decision m
aking under ignorance or objec-

tive am
biguity. J. M

ath. Psychol.56 (5), 297–315.

32



J.E
ichberger

and
I.Pasichnichenko

JournalofE
conom

ic
Theory

198
(2021)

105369

Izhakian, Y
., 2017. E

xpected utility w
ith uncertain probabilities theory. J. M

ath. E
con.69, 91–103.

Jaffray, J.Y
., 1989. L

inear utility theory for belief functions. O
per. R

es. L
ett.8 (2), 107–112.

K
e, S., 2019. B

oundedly rational backw
ard induction. T

heor. E
con.14 (1), 103–134.

K
endall, D

., 1974. Foundations of a theory of random
 sets. In: H

arding, E
., K

endall, D
. (E

ds.), Stochastic G
eom

etry. J. 
W

iley, N
ew Y

ork, pp.322–376.
K

eynes, J.M
., 1921. A Treatise on Probability. D

over Publications, N
ew Y

ork. 2004 edn.
K

libanoff, P., M
arinacci, M

., M
ukerji, S., 2005. A sm

ooth m
odel of decision m

aking under am
biguity. E

conom
etrica

73 
(6), 1849–1892.

K
night, F.H

., 1921. R
isk, U

ncertainty, and Profit. H
oughton M

ifflin, N
ew Y

ork.
K

ops, C
., Pasichnichenko, I., 2021. Testing N

egative V
alue of Inform

ation and A
m

biguity A
version. D

iscussion paper. 
School of E

conom
ics, U

niversity of B
ristol.

L
uce, R

.D
., R

aiffa, H
., 1957. G

am
es and D

ecisions. Introduction and C
ritical Survey. W

iley, N
ew Y

ork.
M

achina, M
.J., Siniscalchi, M

., 2014. C
hapter 13 -

A
m

biguity and am
biguity aversion. In: M

achina, M
., V

iscusi, K
. 

(E
ds.), H

andbook of the E
conom

ics of R
isk and U

ncertainty, vol.1. N
orth-H

olland, pp.729–807.
M

atheron, G
., 1975. R

andom
 Sets and Integral G

eom
etry. J. W

iley, N
ew Y

ork.
M

atkow
ski, J., Páles, Z

., 2015. C
haracterization of generalized qasi-arithm

etic m
eans. arX

iv :1501 .02857v2
[m

ath .C
A

].
M

ukerji, S., 1997. U
nderstanding the non-additive probability decision m

odel. E
con. T

heory
9, 23–46.

N
ehring, K

., 2006. Is it Possible to D
efine Subjective Probabilities in Purely B

ehavioral Term
s? A C

om
m

ent on E
pstein-

Z
hang  (2001). W

orking Paper.
N

eilson, W
., 2010. A sim

plified axiom
atic approach to am

biguity aversion. J. R
isk U

ncertain.41, 113–124.
Pearl, J., 1988. Probabilistic R

easoning in Intelligent System
s. N

etw
orks of Plausible Inference. M

organ K
aufm

ann 
Publishers, revised second printing.

Peter, R
., Toquebeuf, P., 2020. Separating am

biguity and am
biguity attitude w

ith m
ean-preserving capacities: T

heory 
and applications. D

iscussion paper. U
niversity of G

renoble-A
lpes.

R
othschild, M

., Stiglitz, J.E
., 1970. Increasing risk: I. A definition. J. E

con. T
heory

2 (3), 225–243.
Savage, L

.J., 1954. Foundations of Statistics. W
iley, N

ew Y
ork.

Shafer, G
., 1976. A M

athem
atical T

heory of E
vidence. Princeton U

niv. Press.
Shafer, G

., 1990. B
elief functions. Introduction. In: Shafer, G

., Pearl, J. (E
ds.), R

eadings in U
ncertain R

easoning. M
organ 

K
aufm

an Publishers, pp.1–10, chap. 7.
Sinn, H

.-W
., 1980. A rehabilitation of the principle of insufficient reason. Q

. J. E
con.94 (3), 493–506.

von N
eum

ann, J., M
orgenstern, O

., 1944. T
he T

heory of G
am

es and E
conom

ic B
ehavior. Princeton U

niversity Press, 
N

ew Jersey.
W

akker, P., 2000. D
em

pster belief functions are based on the principle of com
plete ignorance. Int. J. U

ncertain. Fuzziness 
K

now
l.-B

ased Syst.8 (3), 271–284.
Y

aari, M
.E

., 1987. T
he dual theory of choice under risk. E

conom
etrica, 9–115.

33


