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We describe the basic cohomology ring of the canonical holomorphic foliation on a

moment-angle manifold, LVMB-manifold, or any complex manifold with a maximal

holomorphic torus action. Namely, we show that the basic cohomology has a description

similar to the cohomology ring of a complete simplicial toric variety due to Danilov and

Jurkiewicz. This settles a question of Battaglia and Zaffran, who previously computed

the basic Betti numbers for the canonical holomorphic foliation in the case of a shellable

fan. Our proof uses an Eilenberg–Moore spectral sequence argument; the key ingredient

is the formality of the Cartan model for the torus action on a moment-angle manifold.

We develop the concept of transverse equivalence as an important tool for studying

smooth and holomorphic foliated manifolds. For an arbitrary complex manifold with

a maximal torus action, we show that it is transverse equivalent to a moment-angle

manifold and therefore has the same basic cohomology.
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5542 Basic Cohomology of Canonical Holomorphic Foliations

1 Introduction

The moment-angle complex ZK corresponding to a simplicial complex K is a topological

space formed by gluing together products of discs and circles according to a recipe

determined by the combinatorics of K, see [3, 4]. The space ZK carries a natural torus

action, and ZK is a manifold when K is a triangulated sphere. An even-dimensional

moment-angle manifold Z� admits a complex structure invariant under the torus action

if and only if K is the underlying complex of a complete simplicial fan � (in other words,

K is a star-shaped sphere triangulation) [9, 17, 20].

Complex moment-angle manifolds are a subclass of LVMB-manifolds. The latter

is a class of non-Kähler complex manifolds with holomorphic torus action introduced

by Bosio [2] as a generalization of LVM-manifolds defined via intersections of Hermitian

quadrics in the works of Lopes de Medrano–Verjovsky [12] and Meerssemann [14]. It was

proved in [9, Theorem 9.4] that complex moment-angle manifolds are biholomorphic

to LVMB-manifolds of certain type, namely to those LVMB-manifolds for which 0 is

indispensable in the corresponding LVMB-datum. The LVMB-datum can be thought of

as the collection of cones Gale dual to the cones in the simplicial fan defining a complex

moment-angle manifold. In this formalism, LVM-manifolds correspond to simplicial

fans that are normal fans of convex polytopes.

LVMB-manifolds (and therefore complex moment-angle manifolds) are examples

of complex manifolds with maximal torus action, completely classified in [9] in terms

of simplicial fans. If a compact torus T acts on a smooth manifold M effectively, then

the following inequality holds for any x ∈ M:

dim T + dim Tx � dim M,

where Tx denotes the stabilizer at x. A T-action is called maximal if the above turns into

an equality for some x ∈ M. Examples of compact complex manifolds with a maximal

action of torus by holomorphic transformations include holomorphic tori, Hopf and

Calabi–Eckmann manifolds, moment-angle manifolds, LVM- and LVMB-manifolds, and

nonsingular complete toric varieties (toric manifolds). Moment-angle manifolds (or

LVMB-manifolds with 0 indispensable) are universal in the classification of [9], in the

sense that any complex manifolds with a maximal torus action is the quotient of a

complex moment-angle manifold by a free action of closed subgroup of torus.

Battaglia and Zaffran [1] considered a certain holomorphic foliation on a com-

plex LVMB-manifold, which later was shown in to be a particular case of the canonical

foliation on any complex manifold with a holomorphic torus action [8]. We review the
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construction of this canonical foliation in Section 2. Battaglia and Zaffran computed

the basic Betti numbers for their foliation in the case when the associated complete

fan is shellable. Their method consisted in applying the Mayer–Vietoris sequence.

They conjectured that the basic cohomology ring has a description similar to the

cohomology ring of a complete simplicial toric variety due to Danilov and Jurkiewicz [5].

The conjecture was justified by the fact that in the case of a complete regular fan, the

foliation becomes a locally trivial bundle over the associated toric variety with fibre a

holomorphic torus (see Remark 4.3).

In this paper, we first prove the conjecture for all complex moment-angle

manifolds with invariant complex structure (see Theorem 3.4). Our approach is different

from that of Battaglia–Zaffran: we use the Eilenberg–Moore spectral sequence and

establish the formality of the Cartan model for the torus action on ZK (see Lemma 3.2).

In the 2nd part of the paper, we study the notion of transverse equivalence for

foliated manifolds. It is useful, as the basic cohomology rings of transverse equivalent

foliated manifolds are isomorphic. We adapt the notion of transverse equivalence to

our situation of complex manifolds with maximal torus actions and their canonical

foliations (see Definition 5.2). We use the classification results of the 1st author [9] for

complex manifolds with maximal torus actions to show that the transverse equivalence

class of such a manifold is determined by its marked fan data (Theorem 5.7). As a

consequence, we prove that any complex manifold with a maximal torus action is

transverse equivalent to a complex moment-angle manifold (Theorem 5.8). This gives

a description of the basic cohomology ring for any complex manifold with a maximal

torus action (Theorem 5.10). Since LVMB manifolds are a particular class of maximal

torus actions, the conjecture of Battaglia and Zaffran is proved completely.

An important consequence is that the basic cohomology ring of a complex

manifold with a maximal torus action depends only on the combinatorics of the

underlying simplicial fan, and does not depend on the other pieces of data defining

the complex structure. This gives additional justification for considering the transverse

equivalence classes of maximal torus actions as proper analogues of complete toric

varieties in the non-rational case [11].

We note that our approach can be also applied to smooth moment-angle

manifolds ZK rather than complex ones. Nevertheless, it is important to emphasize the

holomorphic nature of the foliation under consideration. The reason is that we hope

that our methods can be applied for calculation of the basic Dolbeault cohomology for

the foliation and Dolbeault cohomology of complex moment-angle manifolds. Recently,

these rings were computed for the case when the foliation is transverse Kähler, that
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5544 Basic Cohomology of Canonical Holomorphic Foliations

is, when the fan � is polytopal. In the general case, the description of the Dolbeault

cohomology rings is an open problem, which we shall address in a subsequent work.

2 Preliminaries

2.1 The moment-angle complex

An abstract simplicial complex on the set [m] = {1, 2, . . . , m} is a collection K of subsets

I ⊂ [m] such that if I ∈ K then each J ⊂ I also belongs to K. We assume that the empty

set ∅ is in K. A one-element subset {i} ⊂ [m] is a vertex if {i} ∈ K; otherwise it is a ghost

vertex.

The moment-angle complex ZK corresponding to K is a topological space

constructed as follows. Consider the unit m-dimensional polydisc:

D
m = {

(z1, . . . , zm) ∈ C
m : |zi|2 � 1 for i = 1, . . . , m

}
.

Then

ZK :=
⋃
I∈K

(∏
i∈I

D ×
∏
i/∈I

S

)
⊂ D

m,

where S is the boundary of the unit disk D.

The moment-angle complex is equipped with a natural action of the torus

Tm = {
(t1, . . . , tm) ∈ C

m : |ti| = 1
}
.

When K is simplicial subdivision of a sphere, ZK is a topological manifold [4, Theorem

4.1.4], called the moment-angle manifold.

We define an open submanifold U(K) ⊂ C
m in a similar way:

U(K) :=
⋃
I∈K

(∏
i∈I

C ×
∏
i/∈I

C
×
)

,

where C
× = C \ {0}. The manifold U(K) has a coordinate-wise action of the algebraic

torus (C×)m, in which Tm is a maximal compact subgroup. Furthermore, U(K) is a toric

variety with the corresponding fan given by

�K = {
R�〈ei : i ∈ I〉 : I ∈ K

}
,

where ei denotes the i-th standard basis vector of R
m and R�〈A〉 denotes the cone

spanned by the elements in A.
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By definition, ZK is a compact subset of U(K). Furthermore, ZK is a Tm-

equivariant deformation retract of U(K) [4, Theorem 4.7.5]. In the case when K is the

underlying complex of a complete simplicial fan, the deformation retraction U(K) → ZK
can be realized as the projection onto the orbit space of a smooth free and proper action

of a non-compact subgroup R ⊂ (C×)m isomorphic to R
m−n, as described next.

Construction 2.1. Suppose K is the underlying complex of a complete simplicial (not

necessarily rational) fan � in an n-dimensional space V. Choose generators a1, . . . , am

of the one-dimensional cones of � and consider the surjective linear map

q : Rm → V, ei �→ ai. (1)

Set

h′ = Ker q, R = exp(h′) = {eh′
: h′ ∈ h′} ⊂ (R×)m, H ′ = exp(ih′) ⊂ Tm. (2)

Note that the subgroup H ′ ⊂ Tm is not closed unless h′ is a rational subspace of Rm.

By [17, Theorem 2.2], the action of R on U(K) free and proper and the quotient

U(K)/R is Tm-equivariantly homeomorphic to the moment-angle manifold ZK. Further-

more, the subgroup H ′ ⊂ Tm acts on ZK = U(K)/R by restriction. The H ′-action on

ZK is almost free (i. e., all stabilizer subgroups are discrete), see [4, Proposition 5.4.6].

We therefore obtain a smooth foliation of ZK by the orbits of H ′. This foliation and its

holomorphic analogue will be studied further in Sections 3 and 5.

2.2 Basic cohomology and equivariant cohomology

Let g be a Lie algebra. A g�-differential graded algebra (g�-DGA for short) is a differential

graded algebra (DGA for short) equipped with an action of operators ιξ (concatenation)

and Lξ (Lie derivative) for ξ ∈ g, see [6, Definition 3.1] for the details. For a g�-DGA

(A, dA), the basic subcomplex Abasg is given by

Abas g := {
ω ∈ A : ιξω = Lξω = 0 for any ξ ∈ g

}
.

Basic cohomology of A is given by

Hbas g(A) = H(Abas g, dA).

We omit g by writing Hbas(A) for simplicity when g is clear from the context.
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5546 Basic Cohomology of Canonical Holomorphic Foliations

Let S(g∗) denote the symmetric (polynomial) algebra on the dual Lie algebra g∗

with generators of degree 2, and Λ(g∗) the exterior algebra with generators of degree 1.

The Weil algebra of g is the DGA

W(g) := (
Λ(g∗) ⊗ S(g∗), dW(g)

)
with the standard acyclic (Koszul) differential dW(g). We refer to W(g) simply as W when

g is clear from the context. There are two models for equivariant cohomology of A. The

Cartan model is defined as

Cg(A) = (
(S(g∗) ⊗ A)g, dg

)
,

where (S(g∗) ⊗ A)g denotes the g-invariant subalgebra. We think of an element ω ∈ Cg(A)

as a g-equivariant polynomial map from g to A. The differential dg is given by

dg(ω)(ξ) = dA(ω(ξ)) − ιξ (ω(ξ)).

The Weil model is defined as

Wg(A) = (
(W ⊗ A)bas, d

)
,

where d = dW ⊗ 1 + 1 ⊗ dA. The Mathai–Quillen isomorphism [13] implies that the Weil

model Wg(A) and the Cartan model Cg(A) have the same cohomology Hg(A). The algebra

Hg(A) is called the g-equivariant cohomology of the g�-algebra A.

A W�-algebra B is a g�-DGA that is also a W-module, see [7, Definition 3.4.1]. For

a W�-algebra B, there are weak equivalences between Bbas and the algebras Cg(B) and

Wg(B), see [7, Section 5.1]. In particular, we have Hbas(B) ∼= Hg(B) if B is a W�-algebra.

Now let M be a smooth manifold equipped with an action of a connected Lie

group G, and let g be the Lie algebra of G. Then the algebra Ω(M) of differential forms

on M is a W�-algebra, so we have algebra isomorphisms

Hbas

(
Ω(M)

) ∼= H
(
Cg(Ω(M))

) ∼= H
(
Wg(Ω(M))

)
.

If in addition G is a compact, then the algebra above is isomorphic to the equivariant

cohomology H∗
G(M) := H∗(EG ×G M), see [7, Theorem 2.5.1]:

Hbas

(
Ω(M)

) ∼= H∗
G(M).
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2.3 The case of torus actions

Let G be a compact torus, and M a smooth G-manifold. Let h′ be a subspace of the Lie

algebra g of G, and H ′ the corresponding Lie subgroup of G. Assume that the action

restricted to H ′ is almost free. Then we have a smooth foliation of M by H ′-orbits. It

follows from [10, Lemma 4.4] that Ω(M) and Ω(M)G have a structure of W(h′)�-algebras.

Lemma 2.2. The natural inclusion Ω(M)G
bash′ ↪→ Ω(M)bash′ is a quasi-isomorphism.

Proof. First, we show that the induced homomorphism Hbash′(Ω(M)G) → Hbash′(Ω(M))

is injective. Let I : Ω(M)bash′ → Ω(M)G
bash′ be the linear map given by

I(α) =
∫

g∈G
g∗α dg, α ∈ Ω(M)bash′ ,

where dg denotes the normalized Haar measure on G. Then the composite Ω(M)G
bash′ ↪→

Ω(M)bash′
I−→ Ω(M)G

bash′ is the identity. Passing to cohomology, we obtain that the

homomorphism Hbash′(�(M)G) → Hbash′(�(M)) is injective.

Now, we prove that Hbash′(Ω(M)G) → Hbash′(Ω(M)) is surjective. This will be

done by showing that I(α) and α define the same cohomology class in Hbash′(Ω(M)).

Let [α] ∈ Hbash′(Ω(M)) be a cohomology class represented by α ∈ Ωbash′(M). Let

expG : g → G be the exponential map, and let γ1, . . . , γn be a lattice basis of Ker expG.

Define

D :=
{

v =
n∑

i=1

aiγi : 0 � ai < 1

}
.

Then the exponential map restricted to D gives a bijection expG |D : D → G. For v ∈ D and

t ∈ R, we define gt := expG(tv) ∈ G and

θg1
:=

∫ 1

0
g∗

t (ιXv
α)dt ∈ Ωbash′(M).

The form θg1
is basic because G is a commutative group. We have

lim
h→0

g∗
t+hα − g∗

t α

h
= LXv

g∗
t α = iXv

dg∗
t α + diXv

g∗
t α = diXv

g∗
t α = dg∗

t iXv
α,
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5548 Basic Cohomology of Canonical Holomorphic Foliations

implying that

dθg1
= d

∫ 1

0
g∗

t iXv
αdt =

∫ 1

0
dg∗

t iXv
αdt = g∗

1α − g∗
0α = g∗

1α − α.

Therefore ∫
g1∈G

(g∗
1α − α)dg =

∫
g1∈G

dθg1
dg = d

∫
g1∈G

θg1
dg.

On the other hand, ∫
g1∈G

(g∗
1α − α)dg = I(α) − α.

It follows that I(α) and α represent the same class in Hbash′(Ω(M)). This together with

I(α)∈Ωbash′(M)G yields that the induced homomorphism Hbash′(Ω(M)G)→Hbash′(Ω(M))

is surjective, proving the lemma. �

3 Basic Cohomology of ZK

Here we describe the basic cohomology algebra of ZK with respect to the foliation by

the orbits of the subgroup H ′ ⊂ Tm defined in Construction 2.1:

H∗
bas(ZK) := Hbash′

(
Ω(ZK)

)
.

We first reduce the computation of H∗
bas(Z�) to cohomology of a special DGA:

Lemma 3.1. Consider the algebra

N := Ch′
(
Ω(ZK)Tm) = (

S(h′∗) ⊗ Ω(ZK)Tm
, dh′

)
.

Then we have an isomorphism

H∗
bas(ZK) ∼= H(N ).

Proof. Applying the quasi-isomorphism of Lemma 2.2 to the W(h′)�-algebras Ω(ZK)

and Ω(ZK)Tm
, we obtain

H∗
bas(ZK) = Hbash′

(
Ω(ZK)

) ∼= Hbash′
(
Ω(ZK)Tm) = H

(
Ch′

(
Ω(ZK)Tm)) = H(N ).

�
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Recall that a DGA B is called formal if it is weak equivalent to its cohomology

algebra: (B, dB) � (H∗(B, dB), 0). (A weak equivalence is the equivalence relation

generated by quasi-isomorphisms; it may be realized not by a single quasi-isomorphism

of DGAs, but rather by a zigzag of quasi-isomorphisms.)

As Tm is compact, cohomology of the Cartan model

Ct
(
Ω(ZK)

) = (
S(t∗) ⊗ Ω(ZK)Tm

, dt

)
is the equivariant cohomology H∗

Tm(ZK), which is a module over S(t∗)=H∗
Tm(pt)=H∗(BTm).

Lemma 3.2. The algebra Ct(Ω(ZK)) is formal. Furthermore, there is a zigzag of quasi-

isomorphisms of DGAs between Ct(Ω(ZK)) and HTm(ZK) that respect the S(t∗)-module

structure.

Proof. In this proof, W is the Weil algebra W(t) of the torus Tm. Let E = EU(m) be the

space of orthonormal m-frames in C
∞. Let Ω(E) be the inverse limit of the algebras

of differential forms on the smooth manifolds of m-frames in C
N . We consider the

commutative diagram

Here ι and ιbas are the quasi-isomorphisms induced by the inclusion W ↪→ Ω(E)

of a free acyclic W�-algebra (see [7, Proposition 2.5.4 and §4.4]), and the restriction

Wbas ↪→ Ω(E)bas is the Chern–Weil homomorphism. The quasi-isomorphism ϕ is given

by Cartan’s theorem (see [7, Theorem 4.2.1]). The isomorphism ψ follows from the fact

that Tm acts freely on E.

The middle line of the diagram above gives a zigzag of quasi-isomorphisms

between Ct(Ω(ZK)) and Ω(ZK ×Tm E) that respect the S(t∗)-module structure.

Now, the Borel construction ZK ×Tm E is homotopy equivalent to the polyhedral

product (CP∞)K, which is a rationally formal space by [16, Theorem 4.8] or [4, Theorem

8.1.6, Corollary 8.1.7]. Rational formality implies a zigzag of quasi-isomorphisms

between Ω(ZK×Tm E) and H∗
Tm(ZK) = H∗(ZK×Tm E), as the de Rham forms Ω(ZK×Tm E) is
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a commutative cochain model. This zigzag can be chosen to respect the H∗(BTm)-module

structure (see [4, 8.1.11–8.1.12]). �

We have the following extended functoriality property of Tor in the category of

DGAs, which is a standard corollary of the Eilenberg–Moore spectral sequence:

Lemma 3.3 ([19, Corollary 1.3]). Let A and B be DGAs, let L, L′ be a pair of A-modules,

and let M, M ′ be a pair of B-modules given together with morphisms

f : A → B, g : L → M, g′ : L′ → M ′,

where g and g′ are f -linear. If f , g, and g′ are quasi-isomorphisms, then

Torf (g, g′) : TorA(L, L′) → TorB(M, M ′)

is an isomorphism.

Given a commutative ring R with unit, the face ring (or the Stanley–Reisner ring)

of a simplicial complex K is

R[K] := R[v1, ..., vm]/IK,

where R[v1, ..., vm] is the polynomial algebra, and IK is the Stanley–Reisner ideal,

generated by those square-free monomials vI = ∏
i∈I vi for which I �∈ K. We make R[K] a

graded ring by setting deg vi = 2 for i = 1, . . . , m.

Now we are ready to prove the main result of this section:

Theorem 3.4. There is an isomorphism of algebras:

H∗
bas(ZK) ∼= R[v1, . . . , vm]/(IK + J),

where IK is the Stanley–Reisner ideal of K, generated by the monomials

vi1 · · · vik with {i1, . . . , ik} /∈ K,

D
ow

nloaded from
 https://academ

ic.oup.com
/im

rn/article/2022/7/5541/5912319 by guest on 24 M
arch 2022



H. Ishida et al. 5551

and J is the ideal generated by the linear forms

m∑
i=1

〈u, q(ei)〉vi with u ∈ (t/h′)∗.

Here q : t → t/h′ is the projection, and t = R
m.

Proof. Denote g′ := t/h′. We have a splitting t ∼= g′ ⊕ h′. Hence, S(t∗) ∼= S(g′∗) ⊗ S(h′∗),
and S(t∗) is an S(g′∗)-module via the linear monomorphism q∗ : g′∗ → t∗. We also obtain

a DGA isomorphism

Ct
(
Ω(ZK)

) ∼= S(g′∗) ⊗ N , (3)

where N = Ch′
(
Ω(ZK)Tm)

(see Lemma 3.1), and the right-hand side is understood as the

Cartan model of N with respect to the Lie algebra g′.
Recall that H∗

Tm(ZK) ∼= R[K] (see [3, Corollary 3.3.1]). Since the fan � = q(�K)

is complete, the Stanley–Reisner ring R[K] is Cohen–Macaulay, that is, it is a finitely

generated free module over its polynomial subalgebra. Furthermore, the composite

g′∗ ↪→ t∗ → t∗I is onto for any I ∈ K, where tI is the coordinate subspace generated

by all ei with i ∈ I. Therefore, the criterion [4, Lemma 3.3.1] applies to show that R[K] is

a finitely generated free module over S(g′∗).
Consider the following pushout diagram of DGAs:

where the morphisms are given by

f ∗ : p �→ p(0), π∗ : p �→ p ⊗ 1, f̃ ∗ : ω �→ 1 ⊗ ω, π̃∗ : c �→ c ⊗ 1.
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5552 Basic Cohomology of Canonical Holomorphic Foliations

We have a sequence of algebra isomorphisms:

TorS(g′∗)
(
R, S∗(g′∗) ⊗ N

) ∼= TorS(g′∗)
(
R, Ct(Ω(ZK))

) ∼= TorS(g′∗)
(
R, H∗

Tm(ZK)
)

∼= Tor0
S(g′∗)

(
R, H∗

Tm(ZK)
) ∼= R ⊗S(g′∗) H∗

Tm(ZK) ∼= H∗
Tm(ZK)/S+(g′∗)

∼= R[v1, ..., vm]/(IK + J). (4)

The 1st isomorphism follows from (3). The 2nd isomorphism follows from Lemmas 3.2

and 3.3. In the 3rd isomorphism, the higher Tor vanish because H∗
Tm(ZK) is a free module

over S∗(g′∗). The 4th and 5th isomorphisms are clear. For the last isomorphism, recall

that q : t → t/h′ = g′ is the quotient projection, so that q∗(u) = ∑m
i=1〈u, ai〉vi for any

u ∈ g′∗.

On the other hand, we have a sequence of isomorphisms

TorS(g′∗)
(
R, S(g′∗) ⊗ N

) ∼= Tor0
S(g′∗)

(
R, S(g′∗) ⊗ N

) ∼= H(R) ⊗S(g′∗) H
(
S(g′∗) ⊗ N

)
∼= H

(
R ⊗S(g′∗)

(
S(g′∗) ⊗ N )

) ∼= H(N ) ∼= H∗
bas(ZK). (5)

For the 1st isomorphism, the higher Tor vanish by (4). The 2nd isomorphism is by

definition of Tor0. The 3rd isomorphism follows from the Künneth theorem, since

H
(
S(g′∗) ⊗ N

) = H∗
Tm(ZK) is a free module over S∗(g′∗). The 4th isomorphism is clear.

The last isomorphism is Lemma 3.1.

The theorem follows from (4) and (5). �

4 Complex Moment-Angle Manifolds and Maximal Torus Actions

We consider moment-angle manifolds ZK with a Tm-invariant complex structure.

The necessary and sufficient conditions for the existence of such a structure were

established in [17] and [9]. Namely, there is the following holomorphic version of

Construction 2.1 defining a complex structure and a holomorphic foliation on ZK.

Construction 4.1 (Complex structure on ZK). Assume that dimZK = m+n is even; this

can always be achieved by adding ghost vertices to K. A Tm-invariant complex structure
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on ZK is defined by two pieces of data:

– a complete simplicial fan � = {K; a1, . . . , am} in V with underlying simplicial

complex K and fixed generators a1, . . . , am of one-dimensional cones (a

marked fan);

– a choice of a complex structure on the kernel of the linear map q : Rm → V,

see (1).

A choice of a complex structure on Ker q is equivalent to a choice of an m−n
2 -

dimensional complex subspace h ⊂ C
m satisfying the two conditions:

(a) the composite h ↪→ C
m Re−→ R

m is injective;

(b) the composite h ↪→ C
m Re−→ R

m q−→ V is zero.

Consider the m−n
2 -dimensional complex-analytic subgroup

H = exp(h) ⊂ (C×)m.

By [17, Theorem 3.3], the holomorphic action of H on U(K) is free and proper, and the

complex manifold U(K)/H is Tm-equivariantly homeomorphic to ZK.

Conversely, assume that a moment-angle manifold ZK admits a Tm-invariant

complex structure. By [9, Theorem 7.9], the manifold ZK is Tm-equivariantly biholomor-

phic to the quotient U(K)/H as above. The marked fan � and the complex subspace

h ⊂ C
m are recovered as follows. The action of Tm on ZK extends to a holomorphic

action of (C×)m on ZK, although the latter action is not effective. The global stabilizers

subgroup (the noneffectivity kernel)

H = {
g ∈ (C×)m : g · x = x for all x ∈ ZK

}
is a complex-analytic subgroup of (C×)m. The Lie algebra h of H is a complex subalgebra

of the Lie algebra C
m of (C×)m. By [9, Proposition 7.8], it satisfies the following:

(a) the composite h ↪→ C
m Re−→ R

m is injective;

(b) the quotient map q : Rm → R
m/ Re(h) sends the fan �K to a complete fan

� = q(�K) in R
m/ Re(h).

Here we identify R
m with the Lie algebra t of Tm.

It follows that a moment-angle manifold ZK admits a complex structure if and

only if K is the underlying complex of a complete simplicial fan (i.e., K is a star-shaped

sphere triangulation), and a stably complex structure on such ZK is defined by a choice

of a complex subspace h ⊂ C
m satisfying (a) and (b) above.
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5554 Basic Cohomology of Canonical Holomorphic Foliations

Now we proceed to describe the canonical holomorphic foliation on ZK.

Construction 4.2 (Holomorphic foliation on ZK). Recall the Lie subgroup H ′ ⊂ Tm

and its Lie algebra h′ ⊂ R
m = t from (2). Observe that h′ = Ker q = Re(h). The

complexification (h′)C ⊂ C
m is Ker qC, where qC : Cm → VC is the complexification of

(1). Now define the complex (m − n)-dimensional Lie group

(H ′)C = exp
(
(h′)C

) = exp
(

Ker qC
) ⊂ (C×)m.

The restriction of the (C×)m-action on U(K) to (H ′)C has discrete stabilizers (see [18,

Proposition 4.2] or [8, Propositions 3.3 and 5.2]. We therefore obtain a holomorphic

foliation of U(K) by the orbits of (H ′)C. The holomorphic foliation F� is mapped by

the quotient projection U(K) → U(K)/H to a holomorphic foliation of ZK ∼= U(K)/H by

the orbits of (H ′)C/H ∼= H ′. We denote the latter foliation by Fh′ and refer to it as the

canonical holomorphic foliation of ZK.

Remark 4.3. If the subspace h′ ⊂ R
m is rational (i. e., generated by integer vectors),

then H ′ is a subtorus of Tm and the complete simplicial fan � = q(�K) is rational.

The rational fan � defines a toric variety V� = ZK/H ′ = U(K)/(H ′)C. The holomorphic

foliation of ZK by the orbits of H ′ becomes a holomorphic Seifert fibration over the toric

orbifold V� with fibres compact complex tori (H ′)C/H (see [17, Proposition 5.2]).

Complex moment-angle manifolds ZK are example of complex manifolds with

maximal torus action, which we review following [9].

Let M be a connected smooth manifold equipped with an effective action of a

compact torus G. We say that the G-action on M is maximal if there exists a point x ∈ M

such that dim G+dim Gx = dim M. If the action of G on M is maximal, then we can think

of G as a maximal compact torus of the group of diffeomorphisms on M (see [9, Lemma

2.2]). Examples of maximal torus actions include the half-dimensional torus action on a

smooth toric variety and the Tm-action on a moment-angle manifold ZK.

Let C1 denote the category of complex manifolds with maximal torus actions,

with objects given by triples (M, G, y), where

• M is a compact connected complex manifold;

• G is a compact torus acting on M, the G-action is maximal and preserves the

complex structure on M;

• y ∈ M satisfies Gy = {1}.
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The set of morphisms HomC1
((M1, G1, y1), (M2, G2, y2)) consists of pairs (f , α), where

• α : G1 → G2 is a smooth homomorphism;

• f : M1 → M2 is an α-equivariant holomorphic map, that is, f (g ·x) = α(g) · f (x)

for x ∈ M1 and g ∈ G1;

• f (y1) = y2.

Given a compact torus G, we denote by g the Lie algebra of G and by expG : g → G

the exponential map. We think of Ker expG ⊂ g as a lattice in g. Let gC = g ⊗R C = g ⊕ ig

be the complexified Lie algebra. We denote by p : gC → g the 1st projection.

As a combinatorial counterpart of C1, we consider the category C2 with objects

given by triples (�, h, G) satisfying the following:

• G is a compact torus;

• � is a nonsingular fan in g with respect to the lattice Ker expG;

• h ⊂ gC is a complex subspace such that the restriction p|h : h → g is injective;

we denote by q : g → g/p(h) be the quotient map of real vector spaces;

• q(�) := {q(σ ) ⊂ g/p(h) : σ ∈ �} is a complete fan, and the map � → q(�) given

by σ �→ q(σ ) is bijective.

The morphisms HomC2
((�1, h1, G1), (�2, h2, G2)) are defined as the set of smooth homo-

morphisms α : G1 → G2 with the following properties:

• the differential dα : g1 → g2 induces a morphism of fans �1 → �2 (i.e., for

any σ1 ∈ �1, there exists σ2 ∈ �2 such that dα(σ1) ⊂ σ2);

• the complexified differential dαC : gC1 → gC2 satisfies dαC(h1) ⊂ h2.

It is proved in [9, Theorem 8.2] that the categories C1 and C2 are equivalent.

Namely, there is a functor F1 : C1 → C2 defined as follows. For (M, G, y) ∈ C1,

there exists a unique (�, h, G) ∈ C2 such that M is G-equivariantly biholomorphic to

the quotient manifold V�/H, where V� is the toric variety associated with �, and H is

the subgroup of the algebraic torus GC corresponding to h ⊂ gC. The category C1 fully

contains LVMB manifolds and, in particlar, moment-angle manifolds with invariant

complex structures (see [9, Section 10] for the details).

In the opposite direction, there is a functor F2 : C2 → C1 defined as follows.

Given (�, h, G) ∈ C2, define the manifold M as the quotient V�/H with the natural

G-action. This gives an object in C1. In particular, if � is a subfan of the standard fan

in g = R
m defining the toric variety C

m, then the manifold V�/H is G-equivariantly
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5556 Basic Cohomology of Canonical Holomorphic Foliations

homeomorphic to the moment-angle manifold ZK, where K is the underlying simplicial

complex of �. If � is a subfan of the fan defining the toric variety CPm, then the

corresponding manifold V�/H is an LVMB manifold.

The functors F1 : C1 → C2 and F2 : C2 → C1 are weak inverse to each other.

Given (M, G, y) ∈ C1, we define a holomorphic foliation on M as in the case of

moment-angle manifolds, see Construction 4.2. Namely, we consider the Lie subgroup H ′

of G corresponding to the Lie subalgebra h′ := p(h) ⊂ g. It was shown in [8, Propositions

3.3 and 5.2] that the action of H ′ ⊂ G on M is almost free. Thus, we have a holomorphic

foliation of M by H ′-orbits. We refer to this foliation as the canonical foliation on M

(see [10, Section 2]).

5 Transverse Equivalence

Let (M1, F1) and (M2, F2) be smooth manifolds with foliations F1 on M1 and F2 on M2.

We say that (M1, F1) and (M2, F2) are transversely equivalent if there exist a foliated

manifold (M0, F0) and surjective submersions fi : M0 → Mi for i = 1, 2 such that

• f −1
i (xi) is connected for all xi ∈ Mi, and

• the preimage under fi of every leaf of Fi is a leaf of F0

(see [15, Definition 2.1] for details).

The important property of the transverse equivalence is that the algebra of basic

differential forms is an invariant of the equivalence class:

Proposition 5.1. If foliated manifolds (M1, F1), (M2, F2) are transversely equivalent via

(M0, F0) and fi : M0 → Mi, then there is a DGA isomorphism Ω∗
bas(M1) ∼= Ω∗

bas(M2).

Proof. We show that each f ∗
i : Ω∗

bas(Mi) → Ω∗
bas(M0) is a DGA isomorphism. The map f ∗

i

is injective since fi is a submersion. To prove that f ∗
i is surjective, we take a basic form

ω ∈ Ω
q
bas(M0) and construct ω′ ∈ Ω

q
bas(Mi) such that f ∗

i ω′ = ω. Choose a point xi ∈ Mi

and q tangent vectors v1, . . . , vq ∈ T Mi|xi
. Take any x0 ∈ f −1

i (xi) and tangent vectors

u1, . . . , uq ∈ T M0|x0
such that dfi(uj) = vj. Then put ω′(v1, . . . , vq) := ω(u1, . . . , uq). This

definition is independent of all choices. First, it is independent of the choice of a point

x0, since f −1(xi) is connected, belongs to a single leaf of F0 and Lξω = 0 for any section

ξ of T F0. Second, the definition of ω′ is independent of the choice of vectors u1, . . . , uq,

since Ker dfi|x0
⊂ T F0|x0

and ω is a basic form. Thus, ω′ is a well-defined basic form and

f ∗
i (ω′) = ω. �
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Transverse equivalence is an equivalence relation on foliated manifolds.

Restricting our attention to complex manifolds with maximal torus actions and their

canonical foliations, we obtain the appropriate version of transverse equivalence, as

described next.

Definition 5.2. Let (M1, G1, y1), (M2, G2, y2) ∈ C1. We say that triples (M1, G1, y1) and

(M2, G2, y2) are principal equivalent (p-equivalent for short) if there exist (M0, G0, y0) ∈
C1 and morphisms (fi, αi) ∈ HomC1

((M0, G0, y0), (Mi, Gi, yi)) for i = 1, 2 such that

• Ker αi is connected;

• fi : M0 → Mi is a principal Ker αi-bundle.

Lemma 5.3. Let (M, G, y), (M0, G0, y0) ∈ C1. Let F and F0 be the canonical foliations on

M and M0, respectively. Let (f , α) ∈ HomC1
((M0, G0, y0), (M, G, y)) be a morphism such

that

• Ker α is connected;

• f : M0 → M is a principal Ker α-bundle.

Then

• f −1(x) is connected for all x ∈ M, and

• the preimage under f of every leaf of F is a leaf of F0.

Proof. Since Ker α is connected and f : M0 → M is a principal Ker α-bundle, we have

that f −1(x) is connected for all x ∈ M.

We put (�, h, G) = F1(M, G, y) and (�0, h0, G0) = F1(M0, G0, y0). It follows from

[9, Theorem 11.1] that α is surjective and the differential dα : g0 → g induces a one-to-

one correspondence between the primitive generators of 1-cones in � and the primitive

generators of 1-cones in �′. Let p0 : gC0 → g0 and p : gC → g be the projections. We put

h′ = p(h) and h′
0 = p0(h0). Let q0 : g0 → g0/h′

0 and q : g → g/h′ be the quotient maps.

Since dαC(h0) ⊂ h and p ◦ dαC = dα ◦ p0, we have dα(h′
0) ⊂ h′. Hence, dα : g0 → g

induces a linear map dα : g0/h′
0 → g/h′. Since dα induces a one-to-one correspondence

between the primitive generators of 1-cones in � and the primitive generators of 1-

cones in �′, we have that dα induces a one-to-one correspondence between the primitive

generators of 1-cones in q(�) and the primitive generators of 1-cones in q0(�′). This

implies that dα is an isomorphism. Therefore, (dα)−1(h′) = h′
0. Furthermore, since dα

is surjective, its restriction dα|h′
0
: h′

0 → h′ is also surjective. For the corresponding Lie
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5558 Basic Cohomology of Canonical Holomorphic Foliations

subgroups H ′
0 = expG h′

0 ⊂ G0 and H ′ = expG h′ ⊂ G, the map α|H ′
0
: H ′

0 → H ′ is also

surjective.

Let L be a leaf of F. By definition, L is an H ′-orbit, that is, L = H ′ · x for some

x ∈ L. Since f : M0 → M is a principal bundle, there exists x0 ∈ M0 such that f (x0) = x.

We need to show that f −1(L) = H ′
0 · x0. The map f is α-equivariant and α(H ′

0) = H ′ by the

previous paragraph, which implies that H ′
0 ·x0 ⊂ f −1(L). To show the opposite inclusion,

let x′
0 ∈ f −1(L). Then f (x′

0) ∈ L. Hence, there exists h′ ∈ H ′ such that x = h′ · f (x′
0).

Since α|H ′
0
: H ′

0 → H ′ is surjective, there exists h′
0 ∈ H ′

0 such that α(h′
0) = h′. Then we have

f (h′
0 ·x′

0) = h′ ·f (x′
0) = x = f (x0). Since f is a principal Ker α-bundle, there exists k ∈ Ker α

such that x0 = k · (h′
0 · x′

0). Now (dα)−1(h′) = h′
0 implies that Ker dα ⊂ h′

0. Since Ker α is

connected, we obtain Ker α ⊂ H ′
0. Therefore, k · h′

0 ∈ H ′
0 and x′

0 = (kh′
0)−1 · x0 ∈ H ′

0 · x0.

Thus, f −1(L) = H ′
0 · x0 is a leaf of F0. �

Theorem 5.4. Let (M1, G1, y1), (M2, G2, y2) ∈ C1 be complex manifolds with maximal

torus actions. Let F1 and F2 be the canonical foliations on M1 and M2, respectively. If

(M1, G1, y1) and (M2, G2, y2) are p-equivalent, then (M1, F1) and (M2, F2) are transversely

equivalent.

Proof. This follows from Lemma 5.3 immediately. �

The p-equivalence class of a maximal torus action is determined by the combi-

natorial data defined next.

Definition 5.5. A marked fan is a quadruple (Ṽ, �̃, �̃, λ̃), where

• Ṽ is a finite dimensional R-vector space;

• �̃ is a finitely generated subgroup of Ṽ that spans Ṽ linearly;

• �̃ is a fan in Ṽ and each 1-cone of �̃ is generated by an element of �̃;

• λ̃ is a function λ̃ : �̃(1) → �̃, where �̃(1) is the set of 1-cones of �̃, and λ̃(ρ) is

a generator of ρ ∈ �̃(1).

We say that a marked fan (Ṽ, �̃, �̃, λ̃) is simplicial (respectively, complete) if the fan �̃ is

simplicial (respectively, complete). We denote by C̃2 the class that consists of complete

simplicial marked fans.

We say that marked fans (Ṽ1, �̃1, �̃1, λ̃1) and (Ṽ2, �̃2, �̃2, λ̃2) are isomorphic if

there exists a linear isomorphism ϕ : Ṽ1 → Ṽ2 such that

• ϕ(�̃1) = �̃2;
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• ϕ induces an isomorphism of fans �̃1 and �̃2;

• λ̃2 ◦ ϕ|
�̃

(1)
1

= ϕ ◦ λ̃1.

Construction 5.6 (The marked fan data of a maximal torus action). We define a map

F̃1 : C1 → C̃2

that assigns to each complex manifold with maximal torus action (M, G, y) ∈ C1 a

complete simplicial marked fan (Ṽ, �̃, �̃, λ̃) ∈ C̃2 as follows. Set (�, h, G) = F1(M, G, y).

As before, let p : gC → g be the projection, h′ = p(h) and q : g → g/h′ the quotient map. For

each 1-cone ρ ∈ �(1), we denote by λ(ρ) ∈ Ker expG the primitive generator of ρ. Now set

Ṽ := g/h′, �̃ := q(Ker expG), �̃ := q(�), and λ̃(q(ρ)) := q(λ(ρ)) for ρ ∈ �(1). The properties

of the map F̃1 are described in the next two theorems.

Theorem 5.7. Let (M1, G1, y1), (M2, G2, y2) ∈ C1 be complex manifolds with maximal

torus actions. Then (M1, G1, y1) and (M2, G2, y2) are p-equivalent if and only if the

marked fans F̃1(M1, G1, y1) and F̃1(M2, G2, y2) are isomorphic.

Proof. For j = 0, 1, 2, let (�j, hj, Gj) := F1(Mj, Gj, yj). Let pj : gCj → gj be the projection,

h′
j := pj(hj), qj : gj → gj/pj(hj) the quotient map and expGj

: gj → Gj the exponential map.

Suppose that (M1, G1, y1) and (M2, G2, y2) are p-equivalent. Then there exists

a triple (M0, G0, y0) ∈ C1 and (fi, αi) ∈ HomC1
((M0, G0, y0), (Mi, Gi, yi)) for i = 1, 2

such that Ker αi is connected and fi : M0 → Mi is a principal Ker αi-bundle. The map

dαi : g0/h′
0 → gi/h

′
i is an isomorphism (see the proof of Lemma 5.3), and it induces

an isomorphism between F̃1(M0, G0, y0) and F̃1(Mi, Gi, yi). Hence, F̃1(M1, G1, y1) and

F̃1(M2, G2, y2) are isomorphic.

Conversely, suppose that F̃1(M1, G1, y1) and F̃1(M2, G2, y2) are isomorphic. By

definition, this means that there is a linear isomorphism ϕ : g1/h′
1 → g2/h′

2 such that

• ϕ(q1(Ker expG1
)) = q2(Ker expG2

);

• ϕ induces an isomorphism of fans q1(�1) → q2(�2);

• λ̃2 ◦ ϕ|
q1(�

(1)
1 )

= ϕ ◦ λ̃1.

We construct (�0, h0, G0) ∈ C2 and use [9, Theorem 11.1] to show that (M1, G1, y1) and

(M2, G2, y2) are equivalent. Define

�0 := {
(γ1, γ2) ∈ Ker expG1

× Ker expG2
| ϕ(q1(γ1)) = q2(γ2)

}
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and denote by g0 the linear hull of the discrete subgroup �0 in g1 × g2. Let

expG1×G2
: g1 × g2 → G1 × G2 be the exponential map. Then G0 := expG1×G2

(g0) is

a subtorus of G1 × G2 and �0 coincides with the kernel of expG0
: g0 → G0. Since

q1 and q2 are bijective on the sets of cones of the fans, for each σ1 ∈ �1 we can

define Φ(σ1) = q−1
2 ◦ ϕ ◦ q1(σ1) ∈ �2. This implies that, for each ρ1 ∈ �

(1)
1 , the

element λ0(ρ1) := (λ1(ρ1), λ2(Φ(ρ1))) is a primitive element of �0. Suppose that a

cone σ1 ∈ �1 is spanned by ρ1,1, . . . , ρ1,k ∈ �
(1)
1 . Then we denote by Ψ (σ1) the cone

in g0 spanned by λ0(ρ1,1), . . . , λ0(ρ1,k). Under this notation, we have a nonsingular fan

�0 := {Ψ (σ1) ⊂ g0 | σ1 ∈ �1}. Let αi : G0 → Gi be the projection G1 × G2 → Gi restricted to

G0 ⊂ G1 × G2 for i = 1, 2. Then αi : G0 → Gi is surjective and its differential dαi : g0 → gi

induces a morphism of fans �0 → �i that is bijective on the sets of cones. In particular,

dαi : g0 → gi induces a one-to-one correspondence between the primitive generators of

1-cones in �0 and the primitive generators of 1-cones in �i.

Now define h0 := (h1×h2)∩gC0 . Then h0 is a C-subspace of gC0 ⊂ gC1 ×gC2 . Moreover,

the restriction p0|h0
of the projection p0 : gC0 → g0 is injective because both p1|h1

and

p2|h2
are injective. Put h′

0 := p0(h0). Let q0 : g0 → g0/h′
0 be the quotient map. Since qi and

dαi both are surjective, the composite qi ◦ dαi : g0 → gi/h
′
i is surjective for i = 1, 2. We

claim that

Ker q1 ◦ dα1 = Ker q2 ◦ dα2 = h′
0. (6)

The 1st equality above holds since q2 ◦ dα2 = ϕ ◦ q1 ◦ dα1 and ϕ is an isomorphism.

For the 2nd equality of (6), let (γ1, γ2) ∈ Ker q2 ◦ dα2. Then we have q2(γ2) = 0 and

hence γ2 ∈ h′
2. The identity q2 ◦ dα2 = ϕ ◦ q1 ◦ dα1 implies ϕ ◦ q1(γ1) = 0. Since ϕ is

an isomorphism, q1(γ1) = 0. Hence, γ1 ∈ h′
1. Therefore, (γ1, γ2) ∈ h′

0. We proved that

Ker q2 ◦ dα2 ⊂ h′
0. For the opposite inclusion, let (γ1, γ2) ∈ h′

0. Then γ1 ∈ h′
1 and γ2 ∈ h′

2.

Then q2 ◦ dα2(γ1, γ2) = q2(γ2) = 0, which implies Ker q2 ◦ dα2 ⊃ h′
0.

Since dα1 : g0 → g1 is surjective and Ker q1 ◦ dα1 = h′
0, we have that dα1 induces

an isomorphism dα1 : g0/h′
0 → g1/h′

1. Since the maps �0 → �1 given by σ0 �→ dα1(σ0)

and �1 → q1(�1) given by σ1 �→ q1(σ1) are bijective, the composite �0 → q1(�1) given

by σ0 �→ q1 ◦ dα1(σ0) is also bijective. Now, both dα1 and q0 = (dα1)−1 ◦ q1 ◦ dα1 are

isomorphism, so that

q0(�0) = {
q0(σ0) : σ0 ∈ �0

}
is a complete fan in g0/h′

0, and the map �0 → q0(�0) given by σ0 �→ q0(σ0) is bijective.

Therefore, (�0, h0, G0) ∈ C2.
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Applying [9, Theorem 11.1] to the morphism αi : (�0, h0, G0) → (�i, hi, Gi), we

obtain an αi-equivariant principal Ker αi-bundle V�0
/H0 → V�i

/Hi
∼= Mi. It remains to

show that Ker αi is connected for i = 1, 2. Since αi : G0 → Gi is surjective, we have that

Ker αi is connected if and only if dαi(Ker expG0
) = Ker expGi

. Recall that Ker expG0
= �0.

Take γ1 ∈ Ker expG1
. Since ϕ(q1(Ker expG1

)) = q2(Ker expG2
), there exists γ2 ∈ Ker expG2

such that q2(γ2) = ϕ ◦ q1(γ1). Then we have (γ1, γ2) ∈ �0 with dα1(γ1, γ2) = γ1, showing

that dα1(Ker expG0
) = Ker expG1

. Similarly, dα2(Ker expG0
) = Ker expG2

. Thus, Ker αi is

connected. �

The following result is an adaptation of [9, Theorem 11.2, Remark 11.3] to our

situation.

Theorem 5.8. The map F̃1 : C1 → C̃2 is essentially surjective. Furthermore, for any

marked fan (Ṽ, �̃, �̃, λ̃) ∈ C̃2, there exists a moment-angle manifold ZK with a Tm-

invariant complex structure such that its marked fan F̃1(ZK, Tm, y) is isomorphic to

(Ṽ, �̃, �̃, λ̃).

Proof. Let (Ṽ, �̃, �̃, λ̃) ∈ C̃2. Let �̃(1) = {ρ̃1, . . . , ρ̃m′ } be the set of 1-cones of �̃, and let K
be the underlying simplicial complex of �̃, given by

K := {{i1, . . . , ik} ⊂ {1, . . . , m′} | ρi1 + · · · + ρik ∈ �̃
}
.

Put γ̃j := λ̃(ρj) for j = 1, . . . , m′. Since �̃ is finitely generated, we can choose elements

γ̃m′+1, . . . , γ̃m, m � m′, such that γ̃1, . . . , γ̃m′ , γ̃m′+1, . . . , γ̃m generate �̃ and m − dim Ṽ is

nonnegative and even. For i = 1, . . . , m, let ei denote the standard basis vectors of R
m.

The collection of cones �K := {R�〈ei : i ∈ I〉 : I ∈ K} is the fan of the toric variety U(K).

Let � : Rm → Ṽ be the linear map given by �(ei) = γ̃i for i = 1, . . . , m. Then there

exists a C-subspace h of C
m such that Re: Cm → R

m restricted to h is injective and

Re(h) = Ker � (see Construction 4.1). Therefore (�, h, Tm) ∈ C1, and the moment-angle

manifold ZK = U(K)/H has the required properties. �

Remark 5.9. Theorem 5.8 also implies that the map F̃1 : C1 → C̃2 restricted to LVMB-

manifolds is essentially surjective, because every complex moment-angle manifold is an

LVMB-manifold.

We can finally describe the basic cohomology ring of an arbitrary complex

manifold with a maximal torus action:
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Theorem 5.10. Let (M, G, y) ∈ C1 be a complex manifold with a maximal torus

action, and let (Ṽ, �̃, �̃, λ̃) = F̃1(M, G, y) be the corresponding marked fan data. Let

�̃(1) = {ρ̃1, . . . , ρ̃m} be the set of 1-cones of �̃. There is an isomorphism of algebras:

H∗
bas(M) ∼= R[v1, . . . , vm]/(IK + J),

where IK is the Stanley–Reisner ideal of the underlying simplicial complex of �̃, and J

is the ideal generated by the linear forms

m∑
i=1

〈
u, λ̃(ρ̃i)

〉
vi, u ∈ Ṽ∗.

Proof. By Theorem 5.8, for the manifold M, there exist a moment-angle manifold

ZK with isomorphic marked fan data. By Theorem 5.7, the manifolds ZK and M are

p-equivalent as manifolds with maximal torus actions. By Proposition 5.1, their basic

cohomology algebras are isomorphic. Finally, the basic cohomology algebra of ZK is

described by Theorem 3.4. �
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