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ABSTRACT. In this paper we study relations between various natural structures on F-manifolds.
In particular, given an arbitrary Riemannian F-manifold we present a construction of a canoni-
cal flat F-manifold associated to it. We also describe a construction of a canonical homogeneous
Riemannian F-manifold associated to an arbitrary exact homogeneous flat pencil of metrics
satisfying a certain non-degeneracy assumption. In the last part of the paper we construct
Legendre transformations for Riemannian F-manifolds.
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INTRODUCTION

Since its beginnings, the field of integrable systems has interacted deeply with the study of
differential geometric structures. A remarkable case of this interaction is provided by the notion
of a semi-Hamiltonian system of hydrodynamic type introduced by Tsarev in [T'sa86l [Tsa91].

These systems form a very wide class of integrable quasilinear system of PDEs of the form
(0.1) ul = v'(u)u i=1,...,n.
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The integrability is controlled by a set of n(n — 1) functions defined by the characteristic
velocities of the system

(0.2) Ily=——, i#]

satisfying suitable conditions, called semi-Hamiltonian conditions [Tsa86l, T'sa91] or richness
conditions [Ser91]. As the notation suggests, the functions I’ Zj can be identified with (a part
of ) the Christoffel symbols of a connection V. A torsionless connection V can be reconstructed
completely starting from Fﬁj in essentially two different ways. The first one leads naturally to
the notion of a Hamiltonian system of hydrodynamic type, while the second one leads to the
notion of an F-manifold with compatible connection.

In the first case, starting from Fﬁj one constructs a diagonal metric g satisfying the conditions

(0.3) Oilny/gi =T%,  j#4,

and all the remaining Christoffel symbols are uniquely defined through Levi-Civita’s classical
formula (V is the Levi-Civita connection of the metric g). However, as it is easy to check, the
general solution of depends on n arbitary functions of a single variable: if g;; is a solution
then ¢;(u)gy is still a solution.

Connections defined this way were introduced by Dubrovin and Novikov in [DN84]. We call
them Hamiltonian connections since they are related to the Hamiltonian formalism. Indeed,
when V is flat, the differential operator associated with the diagonal contravariant metric g
(0.4) P = ¢"§70, — ¢"'T] uF
defines a local Hamiltonian operator for the flow . In this case we call a Hamiltonian
system of hydrodynamic type. Conversely, given a flat non-degenerate pseudo-Riemannian
metric g;;, one can associate to it a local Poisson operator P¥ as in (0.4). If the metrics
defined by the solutions of system are not flat, it is still possible to introduce a class of
Hamiltonian operators of hydrodynamic type. The counterpart to the non-flatness of the metric
is the non-locality of the associated Hamiltonian operator (see [Fer91] for details). Integrability
of the corresponding system is realized via the existence of sufficiently many functionals Fy[u],
k=1,2,..., that Poisson commute with H[u] (the Poisson bracket is induced via (0.4)) and is
called a Poisson bracket of hydrodynamic type). In some very important cases, the systems of
hydrodynamic type (0.1 are not only Hamiltonian, but bi-Hamiltonian.

If a system of hydrodynamic type is bi-Hamiltonian with respect to two Poisson brackets
of hydrodynamic type induced by two local Hamiltonian operators, then the two corresponding
flat contravariant metrics form a flat pencil of metrics (see [Dub98]).

Another way to reconstruct a torsionless affine connection V starting from Fjj was developed
in [LP11]. Such connection and the product obtained identifying the Riemann invariants with
the canonical coordinates lead naturally to introduce a class of F-manifolds, called F-manifolds
with compatible connection [LPR11]. In the flat case these manifolds previously appeared in
the literature under the name of Dubrovin manifolds [Get04] and F-manifolds with compatible
flat structure [Man05]. Following [LPR11] we will call them flat F-manifolds.

For a special class of integrable systems of hydrodynamic type the Hamiltonian connec-
tions and the natural connection coincide. They are called Egorov systems of hydrodynamic
type [PT03] since the metrics satisfying system are potential for a suitable choice of
the Riemann invariants (depending on the chosen solution). Flat Egorov systems of hydrody-
namic type were studied by Dubrovin in [Dub90] and are called strongly integrable systems.
In a sense, [Dub90] can be seen as the dawn of what later would be the full-fledged theory of
Dubrovin-Frobenius manifolds (known in the literature until recently simply as Frobenius man-
ifolds). Indeed, in [Dub96] Egorov metrics appear as one of cornerstones of the vast landscape
of Dubrovin-Frobenius manifolds. Dubrovin showed in [Dub98| that starting from a flat pencil
of metrics that satisfies three properties (exactness, homogeneity, and Egorov property) one can
recover a Dubrovin-Frobenius manifold and coversely any Dubrovin-Frobenius manifold defines
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a flat pencil of metrics satisfying these properties. For instance, applying this construction to
the Saito flat pencil of metrics associated with a Coxeter group [Sai93, ISYS80] one gets the
polynomial Dubrovin-Frobenius manifold structure on the orbit space of the group [Dub9§].

Many of the constructions appearing in the theory of Dubrovin-Frobenius manifolds have
been generalized to the non-Egorov set-up, where Dubrovin-Frobenius manifolds are replaced
by flat and bi-flat F-manifolds (in the conformal case). We refer to the papers [AL13], [Lori4l,
KMS20,, [AL19, [KM19] for relations with Painlevé trascendents, to the papers [KMS20, [AL17,
KMST1§]| for relations with reflection groups (see also [Bo03|, Bo05] for relations between complex
reflections and Painlevé VI), to the papers [ABLR20al, BB19] for relations with F-cohomological
field theories, and to [ALIS, [ABLR20b|] for relations with integrable systems. In particular,
the results of [ABLR20a] combined with the results of [BR18| allow one to construct a gen-
eralization of double ramification hierarchy [Burl5, BR16] for any semisimple flat F-manifold.
The dispersionless limit of this hierarchy is the principal hierarchy associated with the given
flat F-manifold. More general (but only first order and second order) dispersive deformations
of the principal hierarchy have been considered in [ALI1S].

In [ALI3l Lorl4] the construction of bi-flat F-manifolds was based on an (augmented)
Darboux-Egorov system and the associated linear system of PDEs for the Lamé coefficients.
The diagonal metric defined by the square of the Lamé coefficients was interpreted in [ABLR20a]
as one of the data defining a semisimple Riemannian F-manifold (with Killing unit vector field).

This observation is the starting point of the present paper. The paper is divided into two
parts. In the first part we investigate the relations between (homogeneous) Riemannian F-
manifolds and flat (Section (1)) and bi-flat F-manifolds (Section [2) without semisimplicity as-
sumption. This generalization is not straightforward and requires using explicitly the Hertling-
Manin condition for F-manifolds [HM99).

In the second part of the paper we study the system

O Bij =DBirBrj, i#JFk#
Z alﬂij :07 i 7é j?
=1
Zulﬁlﬁij = — ﬁi]‘, i 7é j?
1=1
for functions f3;;, 7 # j, subject to the additional constraints
D10 — ) (AR + (u —u)(AB)ufal =(AB)s: i#J
ki,
D (! = u) (AR — u (u' = uF)(AB) juBi)] Z%(Ui +u?)(AB)i, 17

k#i,j

where (AB);; := pij—PBji. In the Egorov case, i.e. when (Af);; = 0, the additonal constraints are
automatically satisfied and the above system reduces to the system studied by Dubrovin in the
theory of semisimple Dubrovin-Frobenius manifolds [Dub96]. In the non-Egorov case, the first
constraint selects semisimple flat Riemannian F-manifolds. This case is of great importance in
the theory of integrable systems because the flat metric defines a local Hamiltonian structure for
the associated integrable hierarchies. The existence of a second compatible local Hamiltonian
structure for these hierarchies requires that also the second constraint is satisfied. As an
example, we focus on the three-dimensional case. It turns out that for any solution of the
system above one can construct three different homogeneous Riemannian F-manifolds related by
Legendre transformations. These transformations were first considered by Dubrovin [Dub96] in
the case of Dubrovin-Frobenius manifolds and generalized later by Stedman and Strachan [SS17]
to a more general framework. The definition given in this last paper can be promptly adapted
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to F-manifolds with compatible connection and in particular to flat F-manifolds, and we discuss
it in Section [6

Acknowledgements. The work of A. B. is supported by the Mathematical Center in Akadem-
gorodok under agreement No. 075-15-2019-1675 with the Ministry of Science and Higher Ed-
ucation of the Russian Federation. P. L. is supported by funds of H2020-MSCA-RISE-2017
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1. RIEMANNIAN F-MANIFOLDS AND FLAT F-MANIFOLDS

Throughout the paper we will use the Einstein summation convention for repeated upper
and lower indices, unless it is explicitly stated that such indices are fixed. Given a smooth
manifold M we denote by C5? its sheaf of smooth functions and by T3, and Q}, its tangent
and cotangent sheaves. Moreover, given one of these sheaves F, for brevity and at the cost of
a slight abuse of notation, we will write o € F to mean o € F(U) for any (or some, depending
on the context) open set U C M. In case several such sections appear in the same formula, the
set U is assumed to be the same for all of them. All definitions can be immediately adapted to
the holomorphic setting. In this case 7T, is intended as the holomorphic tangent bundle and
all the geometric data are supposed to be holomorphic.

F-manifolds have been introduced by Hertling and Manin in [HM99).

Definition 1.1. An F-manifold is a triple (M, o, e), where M is a manifold, o is a commutative
associative Cyp-bilinear product o: Ty X Tar — Tar on the Cip-module Tys of (local) vector fields,
satisfying the following identity:

(1.1) [XoY,WoZ]—[XoY,ZloW —[XoY,W|oZ—-Xo[Y;ZoW]+Xo[Y,Z]oW
+Xo[Y,W]oZ —-Yo[X,ZoW|+Yo[X,Z]oW+Yo[X,W]oZ =0,

for all local vector fields X,Y, W, Z, where [X,Y] is the Lie bracket, and e is a distinguished
vector field on M such that e o X = X for all local vector fields X . The requirement of having
a unit vector field can be dropped, and in this case a pair (M, o) will be called an F-manifold
without unit.

Remark 1.2. Condition (1.1) can be written in a more compact way as
Lxoy(o) =X oLy(o)+YoLx(o), XY €Ty,
where Lx denotes the Lie derivative.

If we express o through a (1,2) tensor ¢ with components cé-,c with respect to some local
coordinate system on M, then condition (|1.1)) reads:

(1.2) C10qCor — Cp0qChy = 0005, — 05y + 05 — chOnCy).

A point p € M of an n-dimensional F-manifold (M, o,e) is called semisimple if T,M has a
basis of idempotents 7, ..., m, satisfying m, o m = ;7. Thanks to integrability condition
locally around such a point one can choose coordinates u' reducing the product to a
canonical constant form: % o % = 51@,1%- Such coordinates are called canonical coordinates.
A generalization of canonical cordinates in the non semisimple regular setting has been found
by David and Hertling in [DHI17].

Let us recall the following definition /notation.
Definition/Notation 1.3. Consider a manifold M equipped with a commutative associative
product o in the tangent bundle.

1. The structure constants of the multiplication o in some coordinate system will be denoted
by i, .
ik
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2. A (pseudo-)Riemannian metric g on M 1is called invariant, or compatible with the
product o, if
(1.3) g X oY, Z)=9g(X,YoZ), XY, Z€Ty.
In coordinates this condition reads giqc?p = glqc?p or, equivalently, giqcép = glchp.
3. A torsionless connection V on M is said to be compatible with the product o, if
(Vxe)(Y, Z) is symmetric in all of its entries. This is equivalent to the property that
the Riemann tensor of the connection VN given by

VY = VxY + XX oY, XY €T,

doesn’t depend on A. By a result of Hertling [Hert02, Theorem 2.14] this implies condi-
tion (L.1)), and thus our manifold M is an F-manifold in this case.

4. If our manifold is equipped with a (pseudo-)Riemannian metric g and a unit vector field
for the product o, then the one-form 6 on M given by 0(X) = g(e, X), X € Ty, is
called the counit.

5. The derivative of a function f along a vector field X on M will be denoted by X (f).

Definition 1.4. A (pseudo-)Riemannian F-manifold is the datum of an F-manifold (M,o,e)
equipped with an invariant (pseudo-)Riemannian metric g such that

(1.4) RY,Z) (X o W)+ R(X,)Y)(ZoW)+R(Z,X)(YoW)=0, X,Y,Z W € Ty,
where R s the Riemann tensor of g. If, additionally, the condition
(1.5) Leg=0

is satisfied, then the manifold is called a (pseudo-)Riemannian F-manifold with Killing unit
vector field.

In coordinates condition reads
(1.6) Ry Ci + Rl + BY,6i = 0.
Remark 1.5. In the literature condition is usually replaced by (see, e.g., [LPR11l, Defi-
nition 17] and [DS11])
(1.7) ZoRW,)Y)X)+WoR(Y,Z)(X)+Y oR(Z W)(X)=0.

In two important cases the two conditions are equivalent:

e if R is the Riemann tensor of a torsionless connection compatible with the product (see
[LPR11, Remark 18]);
e if R is the Riemann tensor of the Levi-Civita connection of an invariant metric. Indeed:

G(ROW,Y)(X) 0 Z + R(Y. Z)(X) o W + R(Z,W)(X) 0 Y, A) =
= g(RW,Y)(X), ZoA)+g(R(Y, 2)(X), W o A) + g(R(Z,W)(X),Y o A) =
= —g(RW,Y)(ZoA)+ R(Y,Z)WoA)+ R(Z,W)(Y oA), X).
Definition 1.6. A flat F-manifold (or an F-manifold with compatible flat structure) is a

manifold M equipped with a commutative associative product o in the tangent bundle, a unit
vector field e, and a torsionless connection V such that

(1) Ve=0,

(2) V is compatible with the product,

(3) V is flat.
As we already mentioned, the second condition implies that our manifold is indeed an F-
manifold.
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It turns out that in flat local coordinates (#', ..., ") the structure constants of the product are

the second order partial derivatives of a vector field F = (F,..., F™). From the associativity
of the algebras (7,M, o) and the fact that the vector field ei% is the unit it follows that
O*F' :
l v .o
O*Ft 9*F! O?Ft 9?F!
(1.9) = 1<4,5,hk <n.

Otiott othotk — othot! oti ok’
The vector field F is called the vector potential of the flat F-manifold.

Remark 1.7. Let us observe that in general a flat F-manifold is not a Riemannian F-manifold
that happens to possess a flat metric (and hence a flat connection). The reason being that it’s
possible that none of the metrics g compatible with V (i.e. satisfying the condition Vg = 0) is
compatible with the product in the sense of .

1.1. From Riemannian F-manifolds to flat F-manifolds.

Theorem 1.8. Let (M, o0,g,¢€) be a Riemannian F-manifold with Killing unit vector field.

1. There is a unique torsionless connection V on M satisfying the condition
1 1
(1.10) (Vxg)(Y,Z) = idQ(X oY, Z)+ EdQ(X 0oZ,Y), X, Y.Z € Ty.
This connection is given by

~ 1
(1.11) VxY =VxY -2 (txoydd)*, XY € Ty,

where ¥V is the Levi-Civita connection associated to g, Lx 1S the operator of contraction
with the vector field X, and f: QY; — Tar is the isomorphism between local one-forms
and local vector fields induced by the cometric g~ *.

2. The tuple (M,0,V,e) defines a flat F-manifold.

Proof. For Part 1 the fact that the connection V given by satisfies is proved by a
straightforward computation, while for the uniqueness of the connection see [ABLR20a), proof
of Theorem 1.13].

Let us prove Part 2. We have to check the three properties from Definition [1.6]

Let us prove that

Ve =0.
Using it is easy to see that
(1.12) o(Vxe,Z) = o(Vxe, 2) ~ Ld0(X, ).
On the other hand,
(1.13) 46(X, Z) = X(g(e, Z)) — Z(gle. X)) — gle. [X, Z)).
and using

0 =(Vxg)(e, Z) = X(g(e, 2)) — g(Vxe, Z) — gle, Vx Z),
0 =(Vz9)(e, X) = Z(g(e, X)) — g(Vze, X) = g(e, V2 X),
and the fact that [ X, 7] = VxZ—-VzX in (1.13)), it is easy to see that equation becomes
1 =~ 1 =
(1.14) g(VXe, Z) = 59(V}(6, Z) + ig(VZe,X).

Let us show that the right-hand side of ([1.14) vanishes identically. Indeed, from (L.g)(X, Z) = 0
we have e(g(X, Z)) = g(le, X], Z) + g(X, [e, Z]). On the other hand, from (V.g)(X,Z) = 0 we
have also that e(g(X, Z)) = g(V.X, Z) + g(X, V.Z) and substituting this in 0 = (L.g)(X, Z)
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we get that the right-hand side of vanishes identically. Since g is non-degenerate and Z
is arbitrary, we obtain Vye = 0 for any local vector field X, as required.

Let us now prove that V is compatible with the product o, i.e. (Vxc)(Y,Z) = (Vye)(X, Z),
or, equivalently, Vicj; = Vicj;. We proceed as follows:

Vi — Vicy; =0kcy; — Oicy; + Ui — Uiy — Ui — lmckj + Dy + 105 G
. m Z 7
(115> _akclj ale] + kacl] Fk] ml F ij + Fl] mk>?

where we have indicated with I, the Christoffel symbols of the connection V. We have
i T 1 i
K= kT 59 Ty,

where 0; = gye!, T%, are the Christoffel symbols of the Levi-Civita connection constructed
from ¢, and df,; = 0,05 — 0s0,. In the expression it is convenient to treat separately
the contributions coming from the Levi-Civita connection of g, denote them by A, and those
coming from the additional terms containing the counit, denote them by B:

A =0y — 0ichj + 59" (OkGqm + OmGak —O0qGrkm)Cl; — 39 Y(Ok9qs + 0jGqk — Oq9nj)Comi

2

kokk kok

— 39 Y(O1Gmq + OmGiq —OgGim)Chy + 59 W0Gqs + 059t — 0g915) o>
—— ~—

1, 1 1 1
B =— -g"¢l,,d0c; + g™ ckjqusc T+ QQZSC?dequkJ — 59

5 5 meel . d9qsc

Using the associativity of the product, i.e. ¢}, it = cf, cjt, the first and the third terms in the
last expression cancel out, and we remain with

1 1 1 1
B = 2g" el — 507 ichudiby — 59" el + 59" D0,

kj~m kjm l]m lgm

Since ¢ is compatible with the product o, we have

1 mi S 1 ms 1 mz s 1 ms )
B = Eg C%jcmlaqes - 29 Z] mla 9 ;1] mka 9 + 29 ;1] mka 9

Now we integrate by parts obtaining:

1 mi 1 1 ms Z 1 ms l
B =39 0 (i) — 59 "l 05045, — 59" mi0s(cl;04) + ST mi0q0sCh
1 1 1 ms Z 1 ms Z
- 59 Clja ( mke ) + 29 01]0 0 ka + 29 8 (Cl] ) - Eg 0 0 Clj

Now observe that 0, = g,.¢c?;, and using the compatibility of g with o this is equal to
Gps€" ) = gps0) = ga1, since e is the unit of o, and analogously for other indices. Therefore, B
simplifies to

1 mi 1 ms 7 1 mi 1 ms 7
B=z3g qgmzC§j—§g Os9rjCmi — 59 qgka?j+§g 0sG15Comis

1 mi s 1 ms i )
+ 59 Os [Cz]a Conke — C%jaqcml} + 59 0q [leaSCZj - kaascgj] :
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Note that the first four terms of B cancel out with four terms of A, and we are left with
A+ B=C+ D, where

. ‘ 1 . 1 : 1 .
C =0kcy; — 0164 + 59" (OkGmg — OmGrg)Cl; — 59" (OkGsj + 0jGsk ) Cry — 59" (0tgqm — OmGiq)Ch;

2 2
]' ms 7
+ 39 (01955 + 0;9s1) Coe
1 mi S S 1 ms 7 7
D =39 0. [c,04Chn — CLi00Con] + 29 0, [cru0sCl; — Gp0scl;] -

To conclude, we rewrite D using the Hertling-Manin condition ([1.2)). Renaming summed indices
and using the compatibility of g with o in the second term (i.e. ¢™*¢,, = ¢""¢;,, and analogously
for the other monomial in the second term), we obtain:

1 is 1 8
D 259 Op [C?jachk - CZjaqclsﬂ + 59 Op [Cglaqcij - Cgkaqcm =

j jaqczs)l - CZlanle] )

1 s 1 s
259 Op [C?'achk - Cgkzaqcfj} - 59 Op [CZ
where in the last line we have rearranged the terms in order to apply (1.2)) to the expressions
inside square brackets. Applying ((1.2)) and using the fact that Qpcg’q = gj, (and analogously for
other indices), we obtain:

1 18 1 18
D =59 [9ja01¢% — a5l + 9i1g05¢hy, — gqsOrcty] — 59 [9ja0kcl — 9a0sC + grq05c?y — 9450

1 s 1 i
=59 0195a¢%) = 401950 — Oslgarei] + €§i0sGar + 0plgracly) — €0i91] — 5Oy

1 i 1 )
= 59" [0k(954¢%) — <510(950) — Osgarcii] + 059 + 0plgrqcls) — cuding] + 5051

where we have performed integration by parts and used the invariance of g with respect to o.
Now in the expression for D we write 0;(gj4c,) = Oi(9gsqCj;) and expand the expression using
the Leibnitz rule and do the same with 0y (g;4c%):

D =39 [c?kalgsq — L Olgjq + c;’lﬁsqu — cgk(?jglq] + ialcjk — éf)kcjl

L Lo 1.
= 59" [i0k9s0 = €10 (9ia) + 0590 — ¢40j9ka] = 5OkCH + 501
To compare more effectively C' and D, we rewrite C' as

i 7 1 s 1 s

C =0kcj; — Oicy; + 59 (Okgsq — Osgrg)cl; — 59 (OkGqj + 0j9qr)ch
1 K] 1 K]
— 59 (01945 — Osgug)ci; + 59 (01945 + 0i9q1) i
where we have renamed summed indexes and used the invariance of g with respect to o. It is
now immediate to see that C'+ D = 0, thus proving that V is compatible with the product o.
Before proving that V is flat, let us prove some preliminary lemmas.

Lemma 1.9. Let M be a manifold equipped with a torsionless connection V and a vector field X
such that VX = 0. Then LxT =V xT for any tensor field T on M.

Proof. Note that for any vector field Y we have VxY = LxY + Vy X = LxY. Therefore, if T
is a (k,1) tensor, then
1
i=1
1
VTV YD) = S TV VY Vi) = (V) (M, Vi),

=1
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as required. O

Lemma 1.10. Consider a manifold M equipped with a commutative associative product o and
a unit vector field e.

1. If M is equipped with a (pseudo-)Riemannian metric g such that L.g = 0, then L.0 = 0.
2. If M is equipped with a torsionless connection V compatible with the product o and such
that Ve = 0, then L.c = 0.

Proof. For Part 1 we compute
(LO)(Y) =e(0(Y)) —0(LY) = (Leg)(e,Y) + g(Lee,Y) + gle£eY ) — QLY T = 0,
and for Part 2:

(£ee)(X,Y) "2 (V,0)(X, V) = (Vxo)(e, Y) = Vaeletes Y T] — e(Ve, V) — cle.P5¥) = 0.
[

Lemma 1.11. Consider a manifold M equipped with a commutative associative product o, a
unit vector field e, and a torsionless connection V. Then V is flat if and only if the curvature
operator R of V satisfies condition (1.4]) together with the condition

(1.16) R(e,X)=0, X €Tu.

Proof. Substituting Y = e in (1.4)) and using ([1.16|) and the fact that e is the unit for o, one
obtains immediately that R(Z, X)(W) = 0 for all local vector fields X, Z, W. The converse
statement is obvious. O

Proposition 1.12. Consider a manifold M equipped with a commutative associative product o
and two connections V,V such that V s compatible with the product and

VyY =VxY +W(XoY), XY €Ty,
for some (1,1) tensor field W. Then
(1.17) RY,Z) (X o W)+ R(X,Y)(ZoW)+ R(Z,X)(Y o W) =
—R(Y,Z) (X o W)+ R(X,Y)(Zo W)+ R(Z,X)(Y o W), X,Y,Z,W € Tu,

where R, R are the Riemann tensors for the connections V, 6, respectively.
Proof. Denote by I'ly the Christoffel symbols of the connection V and by a’} the Christoffel
symbols of the connection V. We have
F?k = a?k + b?k,
where bj:k = cS»kWSh and, therefore,

Rz,w + vkb?j - vjb?k + bgjbfk bhkbs - RZ,W + T

Using the condition Vic} = V¢, it is immediate to prove that

Thy = (e VuWi, — iV, Win) + Wi (el — chicli)

ikj

or, equivalently,

R(X,Y)(Z) = RX,Y)(Z) + [(VxW)(Z oY) = (VyW)(Z 0 X)]
+[WW(ZoX)oY)-WW(ZoY)oX)|, X,Y,Z¢€ Ty,

which implies ([1.17]) via a simple straightforward computation. O
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We are now ready to prove that V is flat. Denote by R the Riemann tensor of V. By
Lemma it is sufficient to check that R satisfies condition (|1.4) together with condi-
tion (L.16). For the (1,1) tensor field W on M defined by W(X) := —3(ixdf)* we have

VyY = VyY + W(X oY) and, therefore, by Proposition condition ([1.4]) is true for the
tensor R, since this condition is true for the tensor R.
It remains to check that R(e, X) = 0 or, equivalently,

ph i _
Ri.e? = 0.
We have
Dh j _ j h __ _(Th s _jrh _ 1S Th j
Rikje =e akrij e(Ti) +Fije Iy Fz’krjsea

Using the condition Ve = 0 we can reduce the above expression to

(1.18) Rh el = —e(Tlh) — 0p0ie" — Thoje® — Tl die® + T30,

Let us express

~ 1
ka = F?k + b?;« where b;‘k = —ighsclikdels.

Using that L.g = 0 it is not difficult to prove that
e(fﬁk) = ffkaseh — f?mﬁkem — fzmﬁiem — 0,0,e".

Similarly using L.g = 0, and the conditions £.0 = 0 and L.c = 0, which hold because of
Lemma [1.10, one can prove that

e(bh) = b5,.0.e" — bl Ope™ — bl Die™.
Combining the above relations we get
e(Th) =T5.0," —Th Ope™ —Th 0;e™ — 0;0,e",
and substituting this on the right-hand side of we get E?kjej = 0, as required. O

Let us remark that in Theorem no assumption is made about the semisimplicity of the
product o or even its regularity in the sense of David-Hertling (see [DHI17]). The above theorem
was proved in [ABLR20al, Theorem 1.13] assuming that the product is semisimple.

1.2. From flat F-manifolds to Riemannian F-manifolds. Now we try to reconstruct a
Riemannian F-manifold with Killing unit vector field starting from a flat F-manifold.

Theorem 1.13. Let (M,0,V,e) be a flat F-manifold and let g be an invariant metric satisfying
condition (1.10). Then the tuple (M, o, g,e) defines a Riemannian F-manifold with Killing unit
vector field.

Proof. The proof is based on the following lemma.

Lemma 1.14. Let (M,o,V,e) be a flat F-manifold and g be any metric satisfying condi-

tion (1.10)).
1. We have L.g = 0.
2. Let V be the connection defined by

~ 1
VXy = VXy + é(bxoyde)ﬁ.

Then ﬁg =0.
3. The Riemann tensor of g satisfies condition (|1.4)).
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Proof. Part 1:
emma [[.9 . 1 1
(Leg)(v,2) "2 (g) (v, 2) B Zdo(y, 2) + Sdo(z,v) =,

by skewsymmetry of df.
Part 2:

(Vxg)(Y. 2) =X (g(Y, Z)) — 9(VxY, Z) — g(Y.VxZ) =
=(Vxg)(Y, Z) + g(VxY, Z) + g(Y,VxZ) — g(VxY,Z) — g(Y,VxZ) =

1 1 .
=(Vxg)(Y, 2) = 5d0(X oY, Z) = 5d0(X © Z,Y)

=0.
Part 3 immediately follows from Part 2 and Proposition since V is flat. 0
The theorem obviously follows from the lemma. 0

Remark 1.15. In the case of a semisimple flat F-manifold, in canonical coordinates, an in-
variant metric is diagonal, g;; = 0;gi;, and system ([1.10)) reads

050kGii — U435 — Uk 9ii = 5(% — 00)(0ig55 — 959:), 1 <1, 4,k < dim M.

This is a complete compatible system whose general solution depends on n = dim M arbitrary
constants (see [ABLR20al Proposition 1.8] and the paragraph before).

1.3. An example: the Lobachevsky hyperbolic half-plane. We conclude this section with
an example of Riemannian F-manifold with Killing unit vector field. Consider the following
(rotated) version of the Lobachevsky hyperbolic half-plane: H := {(z,y) € R?*|z > y} with the
metric g := (I_Ly)Q(alzzc2 + dy*). We declare (z,%) to be canonical coordinates for a semisimple

product o, so that in these coordinates ¢/, = 659} The unit vector field is e = 0, + 9. It is
immediate to check that £.g = 0 and that g is invariant. Finally, condition in this case
reads:
nglcsindf + Rgmkéféf + Rilméif;‘sf =0, 1<kilmi,j<2,

which is clearly satisfied if k,I,m # ¢. Otherwise, since condition is symmetric with
respect to cyclic permutations of k,l,m, we can assume that m = 4. If also [,k # 4, then
automatically | = k (because dim#H = 2) and the condition reduces to R’ ,, = 0, which is
true by skewsymmetry. If exactly two indices from k, [, m are equal to ¢, then we can assume
that ¢ = m = [ # k, and the condition reduces to R}, + RJ,, = 0, which is also satisfied by
skewsymmetry. If i = m = k = [, then all the terms in the constraint are equal to R’ = 0,
again by skewsymmetry. Therefore, (H, 0, g,e) is a semisimple Riemannian F-manifold with
Killing unit vector field.

It is easy to compute that flat coordinates of the associated flat F-manifold are given by
th = x;fy, t* = & and a corresponding vector potential is (F*', F?) = (tltz, @ - %(tl)_2>.
The unit vector field is %.

In Section [3.3] we will see that the Lobachevsky hyperbolic half-plane is an example of a

Riemannian F-manifold with flat normal bundle.

1.4. A non-semisimple example in dimension 2. Let us consider the flat structure defined
in David-Hertling canonical coordinates (z,y) (see [DHIT]) by the data

cfj = 5f+j_1, e =0, E =20, + y0,,
and by the Christoffel symbols (only non vanishing symbols are listed)
b a

1 _ 2 _ 7
1—\22__7 F22_ )
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where a and b are constants (we list in the Appendix the vector potentials associated with this
family). It is easy to check that the associated metrics exist only if b = 0 and are given by

g= (y) ey
cy® O
where ¢ is an abitrary constant and f(y) is an arbitrary function.

1.5. A non-semisimple example in dimension 3. Let us consider the flat structure defined
in David-Hertling canonical coordinates (z,vy, z) by the data

=0, e=0y  E =10, +yd, + 20.,
and by the Christoffel symbols (only non-vanishing symbols are listed)
a (ab+2b)y — 2az 1 ala+1)1
Fg3:F§2:—a ngz - F%QZ—_>
Y (a+2) y (a+2)y
where a # 2 and b are constants (see [AL19, Theorem 5.10]). The associated invariant metrics
satisfying ([1.10]) (obtained using the computational software Maple) have the form

g1 912 G13
g= 1921 g2 0|,
g3 0 0
where
2 CLZ(CLQ + 3a + 3) 4a%-3 1 4a%+3a—6 a?—2
= 2F' G - 3ave 22 — 2 bey3  at2 F
o = 2P+ G+ 5 (SR ) o 2 (0 S22 ) -
2 a(a + 3) 14a%43a—6
g = - _— 3 a+2 F
g12 921 3( 012 )C?J zZ+y (?J)u
2 (2a+3)a
g13 = g2 = g3 = Cy3 oot .

In the above formulas ¢ is an arbitrary constant while F'(y) and G(y) are arbitrary functions.

2. HOMOGENEOUS RIEMANNIAN F-MANIFOLDS AND BI-FLAT F-MANIFOLDS

In this section we consider flat F-manifolds equipped with a second distinguished vector field,
called the Euler vector field. In the literature one can find three different and (a posteriori)
equivalent ways to do this:

(1) Dropping the axioms involving explicitly the metric apart from those involving only the
Levi-Civita connection in the definition of a (conformal) Dubrovin-Frobenius manifold.
This is the most straightforward way and leads to the definition of a Dubrovin-Frobenius
manifold without metric [AL17] or flat F-manifold with (linear) Euler vector field [DH19]
or homogeneous flat F-manifold [ABLR20a] (see also [ABLR20b, Remark 2.2]).

(2) In terms of a flat meromorphic connection on the bundle 7*T'M on P x M called Saito
structure without metric (see [Sab9§| for details).

(3) In terms of a pair of compatible flat structures. This generalizes the notion of compatible
flat metrics (flat pencil of metrics) and leads to the notion of a bi-flat F-manifold.

2.1. Homogeneous flat F-manifolds and bi-flat F-manifolds.

Definition 2.1. [ABLR20a] A homogeneous flat F-manifold (also called a manifold with Saito
structure in [KMSI8|) is a flat F-manifold (M,o,V,e) equipped with a vector field E, called
the Euler vector field, satisfying Lgo = o and VVE = 0.

Definition 2.2. [ALI3] A bi-flat F-manifold is a manifold M equipped with two different flat
F-manifold structures (o,V,e) and (x,V*, E) related by the following conditions:

(]') ‘CEO = 0Oy

(2) X xY = (Eo)" 'X oY for all local vector fields X,Y on M;
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B) Vx(YoZ)=Vy(XoZ)=ViY oZ)— Vi (X oZ) for all local vector fields X,Y, Z
on M.

Remark 2.3. Note that the condition Lro = o in these two definitions implies that Lge = —e.

The connections V and V* are called the natural connection and the dual connection, re-
spectively. The dual connection is defined at the points where the operator Eo is invertible.
Moreover, from the above conditions it follows that it is uniquely determined in terms of the
natural connection, the dual product, and the Euler vector field via the following expression:

Iyf =T —¢iVIE".
Conversely, the natural connection is uniquely determined in terms of the dual connection, the
product, and the unit vector field via:

I‘fj = Fff — cé-inek.
Compatibility of the dual connection with the dual product is a consequence of the other axioms
(see [AL19] for details) and flatness of the dual connection is equivalent to linearity of the Euler
vector field (see [AL1T] for the semisimple case and [KMS18] for the general case) VVE = 0.

Therefore, the structure of a bi-flat F-manifold is equivalent to the structure of a homogeneous
flat F-manifold with invertible Euler vector field.

2.2. From homogeneous Riemannian F-manifolds to homogeneous flat F-manifolds.
The construction of Theorem produces a homogeneous flat F-manifold provided that we
add some further conditions on a Riemannian F-manifold.

Definition 2.4. A homogeneous (pseudo-)Riemannian F-manifold is a (pseudo-)Riemannian
F-manifold equipped with a distinguished vector field E, called the Euler vector field, such that
the following conditions are satisfied:

‘CEo:Oa ‘CEg:Dg7
where D is a constant.
We can now state the main result of this section.

Theorem 2.5. Let (M, o0,g,e, E) be a homogeneous Riemannian F-manifold with Killing unit
vector field. Then the data (M,o,V, e, E), where V is given by Theorem defines a homo-
geneous flat F-manifold.

Proof. We only need to prove that VVE = 0. Recall that
F?k = F;‘lk + b?kv

where F?k are the Christoffel symbols of the connection V, f?k are the Christoffel symbols of

the Levi-Civita connection of the metric g, and b?k = —%gShcijdels. Using the flatness of V we
obtain
(2.1) (VVE)i,; = 00;E" + %0 E' 4+ T}, 0, E™ — T 0, E' + E(T},;).

From the homogeneity of the metric it follows that
E(g7) = — Dg” + "0, " + "0, E",
E(gij) =Dgij — gisO;E° — 950 E°.
Using these facts, after an elementary but long computation, one gets
E(T%) = T%50.E —Ti0.E° —T%,0,E° — 9;0,E".
Since Lgg = Dg and Lge = —e, we have L = (D — 1)0 and Lgdf = (D — 1)df. Using also
that Lgo = o we conclude that L Eb?k = 0 and, therefore,

E(b),) = b3, 0B — bl 0 B° — b0, E°.
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Combining the above relations we get
E(T%,) =T5.0.E" — T4 0, E° — 100, E° — 0,0,
and substituting this on the right-hand side of (2.1 we get VVE = 0. O

3. RIEMANNIAN F-MANIFOLDS WITH FLAT NORMAL BUNDLE

A particular class of Riemannian F-manifolds consists of F-manifolds equipped with an in-
variant (pseudo-)metric g satisfying condition E 1.5)) together with

(3.1) R, = Z‘% ChiChin = ChiChm) X (o) X (- €a = *1,

a=1

where R h = QZSng;h are the components of the Riemann curvature tensor of the metric g and
the vector fields X(,) satisfy the conditions

(32) C;leXéa) - C;:flvaéoz)?

(the fact that relation implies condition is a simple direct computation). Here V is
the flat connection given by Theorem[I.8 Let us call such Riemannian F-manifolds Riemannian
F-manifolds with flat normal bundle.

Given a Riemannian F-manifold with flat normal bundle, it is easy to check that the affinors
W(a) := X(q)o0 satisfy the conditions

(3.3) R = o (Wi (Wia))h — (W) i(Wia)i)
(3.4) (Wi W(a,)] 0,

(3.5) 9ik(Wia))§ = g6(Wia))¥,

(3.6) ViWi)s = Vi(Wia)ks

where V is the Levi-Civita connection associated to the metric g. Equations
can be interpreted as the Gauss-Peterson-Mainardi-Codazzi equations for an n-dimensional sub-
manifold with flat normal connection embedded in an (n + N)-dimensional (pseudo-)Euclidean
space. The (pseudo-)metric g can be interpreted as the induced metric and the affinors W,
as Weingarten operators.

3.1. Riemannian F-manifolds with flat normal bundle and Hamiltonian operators.
Conditions also appear in the Hamiltonian formalism for systems of hydrody-
namic type [Fer91] (see also [FM90] for the special case of metrics with constant curvature and
[CLV20] for a detailed discussion of Jacobi identity).

Theorem 3.1. [Fer91] If det(g”) # 0, then the operator

L d - j
(3.7) PY = g¥ o = g Tt + Zga (dx) (W) s, €a= %L,

defines a Hamiltonian operator if and only if (gV) defines a pseudo-Riemannian metric, the
coefficients I, are the Christoffel symbols of the associated Levi-Civita connection V, and the

affinors W,y satisfy conditions (ﬂ..,.)

We thus see that any Riemannian F-manifold with flat normal bundle gives, via this theorem,
a non-local Hamiltonian operator.

Ferapontov also considered the limiting case where the index « takes values in infinite set
(even continuous, with the sum replaced by an integral) and conjectured that any integrable
diagonalizable quasilinear system of PDEs (semi-Hamiltonian system) is indeed Hamiltonian
w.r.t. a suitable Poisson bracket of this class. This conjecture has been verified in the case
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of arbitrary n-component reductions of dKP [GLR09] and dispersionless 2D Toda hierarchy
[CLR10]. In both cases the Riemann tensor of the generic reduction admits an integral repre-
sentation that in some special cases reduces to a finite sum of residues at some marked points.
In the case of semisimple Riemannian F-manifolds condition (|1.4]) ensures that all flows of the
associated principal hierarchy are semi-Hamiltonian. Thus, validity of the Ferapontov conjec-
ture in this setting would imply the possibility of writing the Riemann tensor associated with
the invariant metric g of a Riemannian F-manifold in terms of the solutions of system
with the finite sum in possibly replaced by an integral.

3.2. An example with a special Lauricella bi-flat F-manifold.

Proposition 3.2. ([AL13| Section 7], |[Lorl4l Section 5]) The connection V defined by the
Christoffel symbols

e =0, L% = 1%, LG = v — L = — Zrzia L FJFRF
I£i
the dual connection V* defined by the Christoffel symbols
*7 *7 ui *7 *7 Ej *7 . ul *7 1 - - -

1#i
the products i, := 60}, and ¢}, = 5056, and the vector fields e := Y Oy and E = Y"_ u* 0},

T ul

define a bi-flat semisimple F-manifold structure for any choice of the constants €y, ..., €,.

These examples are related to the theory of Lauricella functions [Laul893], Lauricella con-
nections, and Lauricella manifolds [CHLO5| Loo07] and for this reason are called the Lauricella
bi-flat structures [AL19).

We focus on the case ¢, = —1, ¢ =1, ..., n. This is related to the system of chromatography
equations [Fer91]. The invariant metric in this case has non-vanishing components

gii:CiH(ul—Ui)Q, izl,...,n,
1#1

where ¢1, ..., ¢, are arbitrary nonzero constants. It was observed in [Fer91, Example 5] that
the associated Riemann tensor admits the following quadratic expansion:

Rj==) XXl i#]
a=1

where

A 1
Xy =0 .
“ (@H#aw - u&))
This implies that condition (3.1]) is satisfied.

Proposition 3.3. The vector fields X(ia), a=1,...,n of this specific example are covariantly
constant w.r.t. the flat connection V with ¢, = —1, i =1,...,n. The rank of the n x n matrix
whose columns are the vector fields X,y 1s n — 1.

Proof. The proof is by a straightforward computation. 0

Therefore, the Lauricella bi-flat F-manifolds with ¢, = —1 are Riemannian F-manifolds with
flat normal bundle.
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3.3. An example with the Lobachevsky hyperbolic half-plane. The Riemann tensor of
the Lobachevsky hyperbolic half-plane from Section is given by R}2 = 1 and thus condi-
tion is satisfied with o = 1, &1 = —1, and X(;) = e. Since Ve = 0 condition is also
satisfied. Therefore, the Lobachevsky hyperbolic half-plane is a Riemannian F-manifold with
flat normal bundle. The associated non-local Hamiltonian operator given by Theorem is

g (u!—u?)? d W12y uwleu 1 2
(P”):< > (102)2>—x+< £ 2(u’” ;) 12 (ux+um)>

0 o (ul ) S5 (ul — u?)
—1 -1
(@) el k() e
w2 (L)l k(L)
4. FLAT HOMOGENEOUS RIEMANNIAN F-MANIFOLDS

Let (M, o, g, e, E) be a semisimple homogeneous (pseudo-)Riemannian F-manifold with Killing
unit vector field. In canonical coordinates the metric g is diagonal. Let us introduce the Lamé

coefficients H; := /g; and the Ricci rotation coefficients B;; := 8}51', i # 7. It is easy to check
that they satisfy the following overdetermined system of PDEs:

(4.1) Ok Bij =DBirBrj iFjFkFA,

(4.2) e(Bi;) =0, i F

(4.3) E(Bij) = — Bij, 1 # g,

where

i=1 i=1

Given a solution of the above system, the Lamé coefficients of the metric g are obtained solving
the overdetermined system of PDEs

(4.4) 0;H; =P Hj, i # 7,
(4.5) e(H;) =0,
(4.6) E(H;) =dH;,

where d is an eigenvalue of the matrix V;; := (v/ — u’)B;; [Dub96, [AL13]. Note that then
Lrg = Dg with D = 2d + 2.

This system has been extensively studied in [AL13] where it has been shown that in the case
n = 3 it is equivalent to a 2-parameter family of Painlevé VI. Replacing equation (4.3]) with
the equation

E(Bi;) = (di —dj = 1)Bij, i # 7,
and equation (4.6) with the equation
E(H;) = d;Hj,

one gets the system for general semisimple bi-flat F-manifolds [Lor14]. In this case only the
differences of the constants d; can be chosen arbitrarily, while d; must be an eigenvalue of the
matrix Vj; == (v/ — u')By — (dj — d1)d;. Comparing the system for generic semisimple bi-flat
F-manifolds to the special case related to homogeneous Riemannian F-manifolds with Killing
unit vector field it is clear that the first one reduces to the second one imposing the condition
dlzdgz...zdn.

In this section we want to study solutions of the system ((4.1)),(4.2),(.3),([.4),[4.5).([.6))

for which the resulting metric g is flat. This amounts to consider the additional conditions

(4.7) 0iBji + 0iBi + > BuBix =0, i # ]

ki, j
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These additional conditions are automatically fulfilled if the rotation coefficients are symmetric.
This is the special case corresponding to exact homogeneous flat pencils satisfying the Egorov
property, which are equivalent to Dubrovin-Frobenius manifolds.

Using (4.2) and (4.3)) we can reduce conditions (4.7 to a set of @ algebraic constraints.
Indeed, from (4.2)) and (4.3) we get

9;Bij = .1 .{Z(ui—uk)akﬁij—ﬁij}a i # 7,

ul — ut
ki j
and thus becomes
(4.8) D 1w = uF) (AR + (0 — u)(AB)jiBu] = (AB)ij, i # J,

ki,

where (AB);; := Bi; — Bji- In the Egorov case (Af);; = 0 the above conditions are automatically
satisfied. The Egorov conditions imply 9;(H}) = 0;(H?) and thus (locally) the metrics with
rotation coefficients (3;; are potential in the coordinates (u', ..., u™). The Egorov conditions are
not invariant with respect to transformations u* — @' = ¢’(u’) preserving the diagonal form of
the metric. Metrics that are potential for a suitable choice of @' satisfy the weaker conditions
[Dar10, [Ego70]

(4.9) BiiBixBri = BjiBikBrj, 1t #J # k #i.

4.1. The three-dimensional case. The case n = 2 is trivial. In this case condition (4.8)
reduces to (Af3);; = 0. Let us consider the case n = 3. Following [AL13] we can reduce the sys-
tem of partial differential equations to a system of ODEs. Indeed, equations (4.2))
and tell us that the functions f3;; are homogeneous functions of degree —1 which depend
only on the differences of the coordinates. This means that we can write

1 ud —ul 1 ud — ul
1 ud — ul 1 ud — ul
1 ud —ul 1 ud —ul
523=u3_u2F23 (UQ_UI>7 532:u3_u2F32 (uQ—ul)'
Introducing the variable z = Z;:Zi we get the system
dFis 1 dFy 1
= Fi3 F: = Fos F
Iz -1 131732, e =1 231731,
dFlg 1 dFSl 1
e PENERREEEE 1z et
dF: 1 dF: 1
=Py, o=l

The above system admits two first integrals Iy, I given by det(V + AId) = \* + \I; + I, or,
explicitly,

Iy = FioFy + FigFs + FosFi, Iy = Fi3F50Fy — FogFy Fo,

and
0 Fiy  Fi3
V - —F21 0 F23
—Fy —F5 0
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The constraint (4.8]) reads

(u® — u?)(AB)13623 + (u® — u")(AB)23 13 — (AB)12 = 0,
(u' — u?)(AB)12831 + (u® — u")(AB) 13621 — (AB)23 = 0,
(u® — u")(AB)23Biz + (u® — u?)(AB)12832 + (AB)13 = 0,

or, in terms of the functions Fj;,

[3 == (Z — Z)(AF)lg -+ (Z - 1)F23(AF)13 - ZFlg(AFgg) == O,
I = (2" = 2)F31(AF )19+ (1 — 2) Fy (AF) 13 + 2(AF )93 = 0,
Is = (22 — 2)F3a(AF) 15 + (1 — 2)(AF) 13 — 2F15(AF )93 = 0,

where (AF');; := Fj; — Fj;. This can also be written in the matrix form as

(AF)lg 0 22 —Z (Z — 1)F23 —ZF13
w (AF)lg = |0 s where W = (Z2 - Z)Fgl (1 — Z)Fgl z
(AF)Qg 0 (22 — Z)Fgg 1—2z —ZF12

It is easy to check that

det W = 2%(z — 1)*(I, — I+ 1).

Here we have to distinguish two cases:

(1)
(2)

The Egorov case: (AB);; = 0 for all ¢ # j. In this case the constraints I3, Iy, I5 are
automatically satisfied.

The non-Egorov case: (Af);; # 0 for some i # j. In this case the determinant of the
matrix of the system must vanish. As a consequence, the values of the two first integrals
cannot be chosen independently:

[1:[2—1.

Using this relation and the fact that the vector ((AF)ia, (AF )13, (AF)s3)" belongs to
the kernel of W it is possible to prove that the constraints I3 = 0,1, = 0,15 = 0
are compatible with the system of ODEs for the functions Fj;. In other words, this
system can be reduced to the set defined by the algebraic system [, = ¢ — 1,1, =
q, 13 =0,1, = 0,15 = 0, where ¢ is a constant. Since the functions [; are, at a generic
point, functionally independent, it would be reasonable to expect that the system for
the functions Fj; reduces to a single first order ODE on this set. Remarkably, this is
not the case due to a jump in the rank of the Jacobian of the functions I; on this set.

4.1.1. An example: the case ¢ = 0. Let us consider for instance the metrics satisfying the
potentiality condition (4.9)). In this case ¢ = 0 and the solution of the algebraic system [; =

1,1

Fos =

=0,I3=0,Iy = 0,15 = 0 (obtained using the computational software Maple) is given by

(2_1)(F§1F321+F21F§1 F1+F21F31) F21(F221+F321)+5((2_1>F221F31+F331)
2(F3 + F3))?

=Pz - 1)(=F3 + F3 F3) + 2Fn Fy) — FJ) + 3FnF3)

Z(_le F221F321 _F221 +F321)(F1 +F31>
—Fy (2 = 1)0(Fyy Foy + F5, F3) + 365, Fa — Fy)
2(=Fy — F5 F3) +20Fy Fyy — F3) + F3)(F3 + F3)

(z — 1)(3F241F31 + 3F5 F3) + 3F5 Fyy — F3)) Fin
(—Fyy — F3F3 + 200 Fyy — F3 + F3) (F5, + F3)
(2 = 1)0Fo (F3y + F3 By + ) — 3Fn F3) ) Fin
(—Fyy — F5i 3 + 25F21F31 P34 F3)(Fgy + F3)

+
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where § = \/—F% — FZ — 1 and the function Fy3 is obtained substituting the previous expres-
sions in
Fo— F31Fo3F1o
3= ]/
Fo1 F3o
Moreover, on this set the Jacobian of the functions I; has rank 4.
The reduced system is

iy FaFa [3F241F31 + 3FLF3 + 3FL Fyy — F3 + 0(F5 + F F2 + F3, — 3F21F§1)}

dz 2(—Fyy — F5 F5) + 20 Fn Fyy — F5y + F5)(F5 + F5)) ’
dF3 _ [F251 B F5’1F3,21 - 2F21F§L1 + F231 - 3F21F321 + 5(_F§1F31 B F221F3?1 - 31:‘2211:’?& + F??1)}F31F21
dz 2(Fyy + F3 P — 200 Fyy + Fy — ) (F3) + F3) '
The general solution is
1 az
Fyy=———, F3 = —
2 az+b o (az +b)vV—b>—1

Starting from this solution we get

Foy — (UQ — ul) For — — (I(Ul — u3)
21 — 1 3 1 2\ 31 — )
(au! — aud + bu' — bu?) (au' — au® + but — bu?)v/—b* — 1
P = b(a+ b)(u' — u?) P (ut —u®)(a + b)v/—b> — 1
(au' — au? 4 bul — bu?)’ T (aut — aud + bul — bu?)
P (u® — u?)ab " (u? —u?)v/—=b% -1
32 = b =

—0% — 1(aut — au? + but — bu?)’ (au' — au? + bu' — bu?)’

The matrix V' in this case has eigenvalues 1,0, —1. This means that if d = 1,0, —1, then the
overdetermined system for the Lamé coefficients 4.6)) admits solutions. For d = —1 we
get

1
H =
! (a4 b)u! — au’ — bu?’
1
H, = _
2 (a+0)((u! — u?)b+ a(u —u?))’
Hy = — -

—02 — 1(a + b)((u! — u2)b+ a(u! —ud))
For d = 0 we get

- (u? — )
B = ((a+b)u' — aud — bu?)’
0 - (u® — ul)
((u' — u?)b+ a(u' — u?))b’
H, — (u' —u?) |

((a+b)ut — aud — bu?)v/—b> — 1
and for d = 1 we get
((a+Db)(u')? — 2(av® + bu?)u' + a(u®)? + b(u?)?)

B = ((a+b)u' — au? — bu?) ’

g, — _(at)()’ - 2u*(at bjul + (2w’ — (u))a + b(u?)”)
((a+b)u' — aud — bu?)(a + b) ’

H - ((a+b)(u')? — 2u3(a + b)u' + a(u?)?* — bu?(u® — 2u3))a.

V= —1((a + b)u! — au’ — bu?)(a +b)
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Solutions corresponding to generic values of ¢ can be treated in a similar way but the compu-
tations are much more involved.

Remark 4.1. In the case ¢ = 0 the rotation coefficients satisfy the potentiality condition .
This means that there exist coordinates (a',...,u™) related to canonical coordinates (u',...,u")
by u' = @' (u') (for some functions ©') reducing the metric to the potential form. In other words
this is the closest case to Dubrovin-Frobenius manifolds.

5. EXACT HOMOGENEOUS FLAT PENCILS OF METRICS

Definition 5.1. A pair of contravariant metrics (g1, go) defines a flat pencil of metrics go — Agy
if and only if the following conditions are satisfied:

e the metric go — \g1 is flat for any \;
e the contravariant Christoffel symbols F()\)k of the pencil are the pencil of the contravari-
ant Christoffel symbols:

— ¥

r (1)k-

e =Tt

Flat pencils of contravariant metrics play a crucial role in the theory of Dubrovin-Frobenius
manifolds. Dubrovin proved that any Dubrovin-Frobenius manifold defines a flat pencil of
contravariant metrics ([Dub96]). In this case ¢g; coincides with the inverse of the covariant
metric 7 of the Dubrovin-Frobenius manifold and g, is the intersection form defined by

g;J = nilclikEk7

(2)k

where c{k are the structure constants of the product and E* are the components of the Euler
vector field. Vice versa, Dubrovin showed how to construct a Dubrovin-Frobenius manifold
starting from a flat pencil of metrics satisfying the following three additional properties:

e Fxactness: there exists a vector field e such that

Lego =91,  Legr =0.
e Homogeneity:
Lpgs = (d —1)gs,
where E' := gil(g1);¢7
e Fgorov property: locally there exists a function 7 such that
' = gi*o,T, = g5 0,T.

Remark 5.2. FEzactness implies that e, E] = e and combining this with the homogeneity con-
dition we get

Lrg = LpLegs =L Lpgs — Lipege = (d—2)g1.

Remark 5.3. In the case of Dubrovin-Frobenius manifolds the vector fields e and E coincide
with the unit vector field and the Euler vector field, respectively.

5.1. From flat pencils of metrics to homogeneous Riemannian F-manifolds.

Theorem 5.4. Let g, = g — An be an exact homogeneous flat pencil of metrics such that the
operator R defined by

R =V E' = Vi, E
is invertible, where V(1) and V 9y are the Levi-Civita connections corresponding to the metrics n

and g, respectively, and we recall that E* = g'n;el. Then the data (o,n,e, E), where the
product o is defined by the structure constants

C;Lk‘ - LS <FSC) - F(z)l> (R 1){7 isz = gsmnm}“

defines a homogeneous flat (pseudo-)Riemannian F-manifold with Killing unit vector field.
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Proof. To prove the theorem we need some results from [Dub98]. More precisely, let us introduce
the tensor field
; ; 1k 2)k
Air]f = Ly’ (th) - th) ) .

The following identities hold true [Dub98, Lemmas 2.2 and 2.6]:

,',]zsAgk — T]jsAik,

gzsAgk — gjsAik,

51 AUAP = AkAY
(5.2) LpAlt = (d—1)Alk
Note that from the first two identities it follows that

(5.3) My = s A
(5.4) sy = g A

Using the tensor A, the tensors R and ¢ can be expressed as follows:
Ry = (107 =07 B = gyt @ g0
(5.5) Chie = A (R1)].
Lemma 5.5. The following identity holds true:
AR = AR
Proof. Equivalently, we have to prove that Af"R™ = Af™ R for which we compute
AP R™ = Arg AP B ashg  Apm gt B asmg  arh gt & asmg PR gl Az ph,
as required. 0

In order to prove the theorem, we need to prove the following:
e The product is commutative:

he = Al (B ) APty (R = o
e The product is associative:

2 —1\s A mr Lemma —1\m A sr (5.1)
Ric, Chk _Aqlnqy(R 1)7~Ah Nimk Agl QJ(R 1) A7 Nk =

18]
" m Lemma mr s 5.1)
=D (R A N A (R I D =
m Lemma[535l 4\ m, -
=AT 0y (RIA - AT g (R)2AY s = Riciychy
e The vector field e is the unit of the product:
e = i (T =18") (R e = B () = 18") (R = RUR] = 4.
e The metric 7 is invariant with respect to the product:

j Lemma

1 _ _ Lemm.
oichi =g A ma (B B Al (R © A (R
=i AL g (R™)] = ﬂhjc’lk-
e Lro = o. This is true, because equation (|5.2) first implies that £ER§» = 0, and then

using (5.5)) it gives that Lgcl, = ¢}, since Lgn; = (2 — d)ni;.
0

Remark 5.6. [t is easy to check that the affinor L coincides with the operator of multiplication
by the Euler vector field. Indeed we have

CzlkEh - ngAlhEh"mk(R 1)1' = msRlszk(R_l){ = gmsnmkéi = gmjﬁmk = Li.



22 ALESSANDRO ARSIE, ALEXANDR BURYAK, PAOLO LORENZONI, AND PAOLO ROSSI

Remark 5.7. It is is easy to prove that

i d—1 7 i 1 1S
Rj = 7(5] + V(l)]E + 59 dﬁsj.

Indeed,
1 , : ,
Vi =0.E" + §gks (0:9js B + E?0;95 — 059, E7) =
1

=0,E" + §gks (0igjs B — 950 B — g0 B + (1 — d)gsi — D95 E7) =
1 4 .
:aiEk + 2 (gks@gjsEj - az‘Ek - gksas(gijEj) + (1 - d)éf) =
1 1, — W 1—d
:EazEk + 5 (gk aigjsE” - gk (95(gijE3)) + T(Sf =
1 1 } 1—d
zi&Ek + 5 (gksf)igjsE] - gksﬁsﬁi) + T(Sf =
1 k 1 ks 7 ks I ks 1—d k
:E&E + 5 (g 0i(gjsE’) — g™ 9;s0,E7 — g OSQZ-) + Téi =
1 1—d
== g"dl;, + ——5".
29 + 2 (2

In the Egorov case df = 0 this formula reduces to Dubrovin’s formula.

5.2. The semisimple case. Let us analyze what Theorem[5.4]gives us in the case of a semisim-
ple flat pencil of metrics. Semisimplicity means that there are special coordinates u', ..., u"
such that

nz'j _ fz 5; 7 gij — f’uléé

It is easy to check that the pencil is semisimple if and only if the eigenvalues of L are functionally

independent, and then these eigenvalues can be taken as coordinates u!, ..., u". Using exactness
it is easy to check that in the coordinates u!, ..., u™ the unit vector field and the Euler vector
field read
el =1, E' =, 1=1,...,n.
uations ([5.3]) an Af) im at AZF =0 for i |, an en we compute
Equations (5.3) and (5.4) imply that A =0 for i # j, and th put
ik ko, fI . . i _uk ko, fI . .
A]k: u{gu %7 lfk#ja Rk:iA]k: u]2u %, lfk#‘],
N if j =k, AR ) if j = k.

From (5.5)), under the assumption det R # 0, we immediately get that ¢, = 6:d}.

Actually, in the semisimple case we don’t need the assumption det R # 0: we can directly

define

Cip = 0,0y
This product is clearly compatible with the metric n and satisfies the condition Lo = o. Thus,
the data (0,7, e, E') defines a homogeneous flat Riemannian F-manifold with Killing unit vector
field.

We conclude that an arbitrary semisimple exact homogeneous flat pencil of metrics gives a
homogeneous flat Riemannian F-manifold with Killing unit vector field. The converse statement
is clearly not true since the existence of a second compatible flat metric requires the fulfillment
of the additional constraints [Mok17]

) . 1 ) )
uw'0; B85 + ! 0; ;5 + Z Ukﬁik@jk = —5(51'3' + Bji), 1 F#J.

ki,
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Using the previous conditions these constraints can be replaced by the following set of n(n-1)

2
constraints:

(5:6) Yl — u) ARy~ (f — P AB)B] = S+ u)(AB)y i
k#i.5
Summarizing, semisimple exact homogeneuos flat pencils are obtained by solutions of the system

subject to the n(n — 1) constraints (4.8) and (/5.6]).

5.3. Semisimple exact homogeneous flat pencils in dimension 3. Let us consider the
three-dimensional case. We need to study the same system studied in Section for the
functions F;; subject to the additional constraints , which, in terms of the functions Fj;,
can be written as

1 ul4u? _ ’LL1F23 u2F13
Q6 2 u22_u1 %3_u1 u3_2u2 , (AF>12 0
_ u” F u” F: 1 u“tu _
Q? — _u27211 u3,ZI1 T W —u2 (AF>13 = |0
Q8 _ ul F3o lu3+ul u3Fig (AF>23 O
u?—ul 2 ud—ul ud—u?

These can be replaced by the constraints

I = Q¢—u'l3=0,
I; = Q;—u’l; =0,

Iy = Qs—u’l; =0,
that is
_1 Fiz
Is > 0 1| [(AF) 0
Il =10 w —% (AF)3| = |0],
Iy Fioz —% 0 (AF)a3 0

u 7’!.1,1

where we recall that z = %5="7. Assuming f3;; # 3;; for some i # j, the solution of the algebraic
System I3 = [4 = I5 = ]6 = ]7 = ]8 =01is given by

1v/2z-1 1 1 /-
Fo = - ° ) F31=-vz—1, F12=——Z7

2 /—z 2 2yz—-1

1 1 1 1
F32=§V—Z, F13:—§VZ—17 F23=—§ =

It is easy to check that the above functions satisfy the system of ODEs for the functions Fj;
and that the value of the first integrals I; and I5 on this solution is % and %L, respectively. The

cigenvalues of the matrix V' are 1 and —3 (with multiplicity 2). This means that if d =1, —3
the overdetermined system for the Lamé coefficients admits solutions.
For d = 1 we get

Hy = cvVud — ulVu? — ul, Hy = —cVu! —u2vVud — u2, H; = cvu? — udVul — ud.

This example can be immediately generalized to arbitrary dimensions leading to the pair of flat
diagonal metrics

. 1 A
(5.7) (g1)i = | J(@* = u), (g2)ii = — | [(u" — u).

ki ki

The corresponding bi-flat F-manifold structure is the special case of Lauricella bi-flat F-manifolds
corresponding to the choice ¢; = %, i = 1,...,n. The metrics of this example provide two lo-
cal Hamiltonian structures of hydrodynamic type for the quasi-classical limit of coupled KdV
equations [AFST, [FP91].
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1
For d = —3 we get

1 2ul —ud —u? 1 2ul —ud—u?
aP, ( s + Q) 2 —u3
2 2
H1 - 9

1 2ul —ud—u? 1 [ 2ul —ud—u? 1 2ul —ud—u? 1 2ul —ud—u?
H C1 P—% < u?—u3 + P% u?—u? Co Q—% u?—ud + Q% u2—u3
2 = = Y ’
2 ud — ul 2 ud — ul

1.3 .2 1.3 .2 1.3 .2 1.3 .2
Lol (M) - P (ME) | o @ (M) - (M)
= — _|_ J—
3 2 Vud =yl 2 wl — 12 ’
where P¥(z) and Q¥(x) are Legendre functions of the first and second kind respectively, i.e.
are solutions of the general Legendre equation

2
U
(1—22)y" — 20y + [1/(1/—{—1)— 1_$2} y=0.

6. LEGENDRE TRANSFORMATIONS
Throughout this section we will not assume that F-manifolds have unit.
6.1. The Legendre transformation for F-manifolds with compatible connection.

Definition 6.1. An F-manifold with compatible connection [LPR11] is a manifold M equipped
with an associative commutative product o and a connection V satisfying the following condi-
tions:

o V is torsionless and compatible with the product o.

e The Riemann tensor R of V satisfies the condition

(6.1) RYY,Z)(X o W)+ R(X,Y)(Zo W)+ R(Z,X)(Y o W) = 0.

Given a semisimple F-manifold with compatible connection one can define an integrable
hierarchy

(6.2) uf;:c;kau];, i=1,...,n,
where the X7 are components of a vector field X satisfying the linear system of PDEs
(6.3) VX = ¢, V; X

Non-trivial solutions of this system exist because of semisimplicity [LPR11l, Section 5]. If the
connection V is flat, then condition is automatically satisfied. In this case a countable set
of solutions of is obtained starting from a frame of flat vector fields X, 0y, p = 1,...,n,
by means of the following recursive relations:

(6.4) ViX{par) = X

(p,c)°
This was called the principal hierarchy, since in the case of Dubrovin-Frobenius manifolds it
reduces to Dubrovin’s principal hierarchy [LPR11].

Recall that an invertible vector field X is a vector field for which there exists another vector
field Y such that X oY = e. Following [Stel7, [SS17], for any invertible vector field X solving
the linear system we can define a generalized Legendre transformation. We will call such
a vector field a Legendre vector field.

Theorem 6.2. Let (M,0,V) be an F-manifold with compatible connection and_let X be an
invertible vector field satisfying condition (6.3). Then the data (M,o,V), where V is the con-
nection defined by

VyZ := X o Vy(X o 2),

giwe an F-manifold with compatible connection.

Proof. The statement of the theorem follows from the following facts proved in [Stel7, [SS17]:
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e The connection V is compatible with the product o if and only if V is compatible with
the product o and X satisfies condition (6.3)).

e The torsion of V vanishes as a consequence of the vanishing of the torsion of V and of
condition (|6.3).

e If X satisfies condition , then the Riemann tensor R of V and the Riemann tensor R
of V are related by the following identity:

R(Y,Z)W)=X "oR(Y,Z)(X oW).
0

Remark 6.3. If V s flat then V is flat too. Moreover, if the product o has a unit e and
VX =0, then Ve = 0.

Remark 6.4. In canonical coordinates the Legendre transformation is given by the following
formulas:

~J

—i ;X i i S,
Fij:Fij:i:Fij+8jlnX7 17&]7
X
- X . i
M =T =T, —9,nX, i 47,
. X .

where we have used the fact that
0 X =TL(X - X), i#].
6.2. The Legendre transformation for Riemannian F-manifolds.

Theorem 6.5. Let (M, 0,g,¢) be a (pseudo-)Riemannian F-manifold with Killing unit vector
Jield and V' be the associated flat structure on M. If a Legendre vector field X s flat, i.e.
VX =0, then the data (M,o,e,q), where g is given by

gV, Z2)=g(XoY,X0Z), Y,Z<Ty,

define a new (pseudo-)Riemannian F-manifold structure with Killing unit vector field on M

whose associated flat structure is V.

Proof. To prove invariance of the metric g, we compute
GYoZW)=g(XoYoZ XoW)=g(XoY,XoWoZ)=g(Y,WoZ),

as required. o
To prove that V is the flat connection associated to g in the sense of Theorem (1.8, we have
to prove that

(6.5) (Vyg)(W, 2) = %d@(Y oW, Z)+ %d@(Y o Z,W).
Note that
AW, Z) =W(0(Z)) — Z(O(W)) = 0(W. Z]) = (Vwg)(e. Z) — (Vzg)(e,W).
Therefore, condition (6.5]) is equivalent to
(6.6)
(Tra) (. 2) = 3 (Frawg)(e. 2)

(V55)(e.Y o W) + %(vwg)(e, W) — 2 Twd)e, Y o 2).

1 1
2 2
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To prove this we compute
(Vyg)(W,2) =Y (9 (X oW, X 02)) —g(VyW,Z) —g (W, VyZ) =
=(Vyg) (X oW, X0Z)+g((Vyo)(X,W),X0Z)+g(XoVyW,XoZ)
+g (X oW, (Vyo)(X,2)) +9 (X oW, X 0VyZ) -5 (VyW,Z) =g (W, VyZ) =
=(Vyg) (X oW, X0Z)+g((Vyo)(X,W),Xo0Z)+g(XoVyW,XoZ)
+9 (X oW (Vyo)(X,2)) + g (X oW, X 0 VyZ) =g (VyW,Z) =g (W, VyZ)
~g (X o (Tra(X, W), 2) =5 (W, X "o (Vye)(X, 2)) =
—~(Vyg) (X oW, X 0 Z).
Therefore, equation is equivalent to

67)  (Vyg)(XoW.Xo2) :%(vmwg)(zyo 7) - %(vzg)(y,yo Y o W)
+ 2 (Vyeg)(X. X o W) — L (Vwg)(X. X oY 0 2)

Using that (Vyg)(W,Z) = 3d0(Y o W, Z) + 3d0(Y o Z, W), for the left-hand side of we
obtain

1 — — 1 — —
§d9(YoXoVV,XoZ)+§d9(YoXoZ,XoW),
while for the right-hand side of (6.7) we get

1 —= = 1 - — 1 —
Zd@(YoWoX,XoZ)JrZ—LdQ(YoWoXoZ,X)—ZdQ(ZoX,XoYoW)
1 — — 1 - = 1 — —
—ZdG(ZoXoYoI/V,X)—i—Zd@(YoZoX,XoW)—i—Zd@(YoZoXoVV,X)
—id@(WoY,YoYoZ)—id@(WoYoYoZ,Y):

1 — — 1 — —
= §d0(YoXoW,XoZ)—|—idQ(YoXoZ,XoW),

as required.

The fact that the Riemann tensor of § satisfies condition ((1.4)) follows now from the fact
that V is flat and Proposition m

The property L.g = 0 follows from Lemma [I.14] O

Remark 6.6. In the semisimple case, in canonical coordinates the Lamé coefficients H; of the
metric g are related to the Lamé coefficients H; of the metric g by

ﬁ,L:HZF, izl,...,n,
where X satisfies the condition
0, X =Tj;(X' - X') = 5;@'#()(] - X)), i#]J

Using this fact we get Bi; = 3;;. In classical differential geometry two diagonal metrics with the
same rotation coefficients are said to be Combescure equivalent.

If the Legendre vector field is homogeneous, then the associated transformation preserves the
homogeneity property.

Theorem 6.7. Let (M, o0,g,e, E) be a homogeneous Riemannian F-manifold with Killing unit
vector field. If the Legendre vector field X is flat and homogeneous, i.e. LpX =d- X for some
constant d, then the data (M,0,q,e, E) define a new homogeneous Riemannian F-manifold with
Killing unit vector field.
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Proof. Due to the previous theorem we only need to check homogeneity of the new metric g,
but this follows immediately from the hypothesis and we have Lgg = (D + 2d + 2)3. O

Below we provide an interpretation of the results from Sections and in terms of
Legendre transformations.

6.2.1. The flat F-manifolds from Section |4.1.1. Let us consider the flat structure (V,o,e) as-
sociated with the first metric obtained in Section [£.1.1] In canonical coordinates it is given by
the Christoffel symbols

ro_ b e _ (a+0b)
2 (aul — aud + bul — bu?)’ 12 (au' — au® + but — bu?)’
a (a+ )
Ik = 3, = —
B (aul — aud + bul — bu?)’ 13 (au' — aud + bu' — bu?)’
b
ng - - Fg:a -

(au' — au? + bu' — bu?)’ (au' — aud + bu' — bu?)’

using the conditions
(6'8) F;j:_rzj :_F;"i (i#j)a ;k: (275]7&]{;#2), FZZ—ZFZ-
J#
It is straightforward to check that vector fields that are flat with respect to V are linear
combinations of the unit vector field X ;) := e, of the vector field X (o) with components

1 3 —2 (a+0) —3 (a+0b)

X = u? — u?, X = ; (ut — u?), X = - (u? — ut),
and of the vector field 7(3) with components
1
Xg = —(a+ b)(u')? — 2(au® + bu)u' — a(u?)? — b(u?)?,
7?3) = (a+b)(u')? —2(a+ b)u'u? + au®(2u® — u®) + b(u?)?,
Xy = (a+b)u')? =26 (a+bu + a(u?)? - bu?(u® — 2u?).

Applying the Legendre transformations generated by the vector fields 7(2) and 7(3) to the first
metric we get the second and the third metric of Section [.1.1]

6.2.2. The F-manifolds from Section[5.3 Let us consider the flat structure (V, o, €) associated
with the first metric of Section In canonical coordinates it is given by the Christoffel
symbols

, 1
1J 2(U7—UZ)’ Z#]a
using conditions . It is straightforward to check that vector fields that are flat with respect
to V are linear combinations of the unit vector field Xy := e, of the vector field X ;) with
components
X! =
@ =l — w) (- )
— PPy (Rt 4 pp (2t
X = - :
2w — )l — @)@ — @)
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and of the vector field 7(3) with components

1 2ul —ud—u?
—1 Q_% ( u2—yu3

Y

X = |

v \/(U1 —u?)(ul — ud)(u? — ud)
G () o ()
X(3) = 5 2 2

2 \/(ul — u2)(u1 _ u3)(u2 — u3)

b () o ()
X = — 2 5

(3) .

scenario also in the case n > 3.

7. APPENDIX

In dimension 2 regular non semisimple homogeneous flat structures are given by the two-
parameter family considered in the Example 1.4. In this Appendix we list the associated vector

2 u - @) — ) — )
Applying the Legendre transformations generated by the linear combinations of the vector fields
X(2) and X (3) to the first metric we get the metrics corresponding to the eigenvalue —%.

Remark 6.8. In dimension 3 the solution of the system ({.1[4.214.-4.85.6) is unique: it

coincides with the collection of rotation coefficients of the metric g, defined in formula (5.7)).
The corresponding non-Eqgorov homogeneous exact flat pencils of metrics are obtained from the
flat pencil (5.7) by means of Legendre transformations. Some computations suggest a similar

potentials. We have 5 different cases depending on the values of the parameter a.

Case I: a # —2,—1,0,1. The flat coordinates are given by
a+1
Y

u=x——1, v = )
ay a-+1

In these coordinates we have
e = 0Oy, E=ud,+ (a+1)v0,

and the vector potential reads

a’(a — 1)u® + b*(a + l)a%lva%l

F'= F? =

a(a + 2)uv + 2b(a + 1)%0%

2(a — 1)a? ’ (a+2)a

Case II: a = —2. The flat coordinates are given by
1 1
u=x+ =by, v=——.
2 Y
In these coordinates we have
ez@u, Ezuau_vav
and the vector potential reads

1 1 b2
F1:§u2—ﬂ§, F? =wv+blno.

Case III: a = —1. The flat coordinates are given by
u=z+by, v=Iny.

In these coordinates we have
e =0,, E=uo,+ 0,
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and the vector potential reads

Case I'V:

1 1
F' = §u2 — Zer%’ F? = uv — 2be".

a = 0. The flat coordinates are given by

u=x+bylny, v =1.

In these coordinates we have

e = 0y, E = (u+bv)d, + v o,

and the vector potential reads

1 1 1 3 1
F'= —u? — —b*v*(Inv)? + §b2v2 Inv — 11)2 v?, F?= —bv?ilnv+ 5()1)2 + uv.

2 2

Case V: a = 1. The flat coordinates are given by

Y
u=ux Y, V=7

In these coordinates we have

e =0,, E=ud,+2v0,

and the vector potential reads
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