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ABSTRACT. We define the double ramification hierarchy associated to an F-cohomological field
theory and use this construction to prove that the principal hierarchy of any semisimple (ho-
mogeneous) flat F-manifold possesses a (homogeneous) integrable dispersive deformation at all
orders in the dispersion parameter. The proof is based on the reconstruction of an F-CohFT
starting from a semisimple flat F-manifold and additional data in genus 1, obtained in our pre-
vious work. Our construction of these dispersive deformations is quite explicit and we compute
several examples. In particular, we provide a complete classification of rank 1 hierarchies of
DR type at the order 9 approximation in the dispersion parameter and of homogeneous DR
hierarchies associated with all 2-dimensional homogeneous flat F-manifolds at genus 1 approx-

imation.
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INTRODUCTION

Since Witten’s conjecture [Wit91] and its proof by Kontsevich [Kon92], there have been grow-
ing and fruitful interactions between the area of integrable hierarchies of PDEs and algebraic
geometry of the moduli spaces of algebraic curves. In this context, and in connection with topo-
logical field theory, Dubrovin introduced in the 90s the notion of Frobenius manifold [Dub96],
a differential-geometric structure that encodes genus-zero information of a cohomological field
theory (CohFT) on the moduli space of stable curves, besides having far reaching connections
with other areas of mathematics.
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From the point of view of integrable systems, given a Dubrovin—Frobenius manifold, there
exists an associated integrable hierarchy of Hamiltonian quasilinear PDEs called Dubrovin’s
principal hierarchy, or simply principal hierarchy. An important problem in the theory of inte-
grable systems consists in constructing a full dispersive hierarchy starting from its dispersionless
limit.

In the framework of moduli spaces, the principal hierarchy associated to a Dubrovin—Frobenius
manifold and its dispersive deformation should satisfy additional constraints coming from the
intersection theory of the CohFT. In the semisimple case, there exist two different (but con-
jecturally Miura-equivalent [Burl5, BDGRIS, BGR19]) constructions defining such dispersive
deformations:

(1) The Dubrovin-Zhang construction [DZ01] is based on the idea that the partition func-
tion of the corresponding CohFT in all genera is the logarithm of the tau-function of
a special solution (called the topological solution) to a full dispersive hierarchy (the DZ
hierarchy). One can construct the hierarchy itself starting from this tau-function, and it
turns out that the principal hierarchy is the dispersionless limit of DZ hierarchy. More-
over the full DZ hierarchy and the principal hierarchy are related by a special change
of dependent variables, called a quasi-Miura transformation, which can be uniquely de-
termined in the semisimple case from genus zero information.

(2) The double ramification construction, introduced by one of the authors in [Burl5|, is
based on the definition of an infinite set of commuting Hamiltonian densities [BR16a] in
terms of intersection numbers of the CohFT, the double ramification cycles and other
natural tautological classes on the moduli space of curves.

For both constructions and in the (homogeneous) semisimple case, the reconstruction of the
full dispersive hierarchy from its dispersionless limit (the principal hierarchy of the Dubrovin—
Frobenius manifold encoding the genus 0 part of the CohF'T) is possible thanks to the Givental—
Teleman reconstruction theorem for the CohFT itself from its genus 0 part [Tell2, [Giv01].

Notice that, by construction, the dispersionless limits of both the DZ and DR hierarchies co-
incide with the principal hierarchy of the Dubrovin—Frobenius manifold underlying the CohFT.

In the last 20 years, it has been observed that many constructions related to Dubrovin—-
Frobenius manifolds can be extended to a more general setting ([Sab98, [Get04, Man05, LPR09,
S7Z11l, [AL13al [Lor14l KMS15, [AL17, [DHI17, BRI18, [KMS18|, [AL.19, BB19, [ABLR20]). For in-
stance, it was observed in [LPR09| that the notion of principal hierarchy does not require the
existence of an invariant flat metric. This leads naturally to the consideration of the gener-
alization of Dubrovin—Frobenius manifolds, called F-manifolds with compatible flat structure
[Man05] or simply flat F-manifolds [LPR0O9], obtained by replacing a flat metric with a flat
torsionless connection and keeping all the axioms of Dubrovin—Frobenius manifolds apart from
those involving explicitly the metric and not just the associated Levi-Civita connection. In
flat coordinates for the flat connection, the flows of the principal hierarchy are systems of con-
servation laws. In the case of Dubrovin—Frobenius manifolds, the presence of an invariant flat
metric has to deal with the presence of a local Hamiltonian structure.

In this paper we construct (homogeneous) double ramification hierarchies starting from a (ho-
mogeneous) CohFT. In particular, in the semisimple case, leveraging on the results of [ABLR20],
this provides dispersive deformations of the principal hierarchy associated to a semisimple (ho-
mogeneous) flat F-manifold. The existence of these dispersive integrable deformations relies
on:
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(1) a generalization of the notion of cohomological field theory, called F-cohomological field
theory (or F-CohFT for short) introduced in [BR1S8, [ABLR20)];

(2) areconstruction theorem for a semisimple (homogeneous) F-CohFT starting from a flat
F-manifold and additional data in genus 1 [ABLR20];

(3) the definition of an infinite set of commuting flows (the DR hierarchy) in terms of
intersection numbers of the F-CohF'T, the double ramification cycles, the top Hodge
class, and psi classes on the moduli space of stable curves.

The paper is organized as follows.

Section|1|is devoted to the construction of the DR hierarchy of an F-CohFT (see also [BR1S]).
The main properties of this hierarchy are given in terms of densities of local vector fields on
the formal loop space and a special basis for their integrals of motion. We also consider the
additional properties of the hierarchy in the case of a homogeneous F-CohFT.

In Section [2] after recalling the definition of a flat F-manifold and the construction of its
associated principal hierarchy, we present our main result: given an arbitrary semisimple flat
F-manifold and an associated principal hierarchy, we construct a family of dispersive integrable
deformations of the principal hierarchy. These deformations, called the descendant DR hierar-
chies, come from the family of DR hierarchies associated to a family of F-CohFTs parameterized
by a semisimple point of our flat F-manifold. The descendant DR hierarchy depends on a choice
of a certain vector field on the flat F-manifold, which we call a framing. We prove that the
descendant DR hierarchies corresponding to different framings are not related to each other by
a Miura transformation that is close to identity.

In Section [3, we discuss the role of (descendant) DR hierarchies in the problem of classifica-
tion of integrable deformations of integrable dispersionless systems of conservation laws. One
can impose various constraints for such integrable deformations, and we discuss the correspond-
ing results (mostly at the approximation up to some finite power of ¢) for flat F-manifolds of
dimension 1 and 2 in Section and [3.1.1] In Section [3.3] we briefly mention the problem of
computing general integrable deformations of principal hierarchies of flat F-manifolds. It was
conjectured in [AL18|] that the equivalence classes of such deformations are labeled by certain
functional parameters called Miura invariants. In the case of Dubrovin—Frobenius manifolds
and bihamiltonian deformations, these invariants are equivalent to central invariants, which are
known to classify deformations of semisimple local bihamiltonian structures of hydrodynamic
type ([DLZ06], [CPS18]).

Acknowledgements. The work of A. B. is supported by the Russian Science Foundation
(Grant no. 20-71-10110). P. L. is supported by MIUR - FFABR funds 2017 and by funds of
H2020-MSCA-RISE-2017 Project No. 778010 IPaDEGAN.

1. DOUBLE RAMIFICATION HIERARCHY OF AN F-CoHFT

In this section, we associate to any F-CohFT with a vector space V an infinite sequence
of commuting vector fields on the formal loop space of V, i.e., an infinite sequence of com-
patible systems of evolutionary PDEs of rank N := dim V' (in particular, in the form of con-
servation laws). This construction is a generalization of the double ramification hierarchy of
[Burl5l BR16a] to the context of F-CohFTs and enjoys most of its properties (for instance,
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recursion formulas for the higher symmetries), but loses in general the Hamiltonian nature.

1.1. F-cohomological field theories. We recall from [BR18| [ABLR20] the definition of an
F-cohomological field theory on the moduli space Mg,n of stable curves of genus g with n
marked points. We will denote by H*(X) the cohomology ring with coefficients in C of a
topological space X. When considering the moduli space of stable curves, X = Mg’n, the even

part H"(M,,,) in the cohomology ring H*(M,,) can optionally be replaced by the Chow

ring A*(M,,,). Here and in what follows we perform summation over repeated Greek indices.

Definition 1.1. An F-cohomological field theory (or F-CohFT) is a system of linear maps
Cont1: VI QVE — HY(Myns1),  29—1+n>0,

where V' is an arbitrary finite dimensional vector space, together with a special element e € V',
called the unit, such that, chosen any basis e1, ..., eqmy of V and the dual basis e, ..., ed™V
of V*, the following axioms are satisfied:

(i) The maps ¢;,+1 are equivariant with respect to the S,-action permuting the n copies
of Vin V* @ V®" and the last n marked points in ﬂgmﬂ, respectively.

(i) 7 cgnr1(e™ @RI 1€q;) = Coni2(e° @R €4, ®e) for 1 < o, aq, ..., 0, < dim V', where
T Mgnio = Mgy is the map that forgets the last marked point.
Moreover, co3(e* ® eg @ e) = 05 for 1 < a, 3 < dim V.

* ni+ng _
(iil) gl*cgy+gamitna1(€%° @ L™ e€0n,) = Cgymy+2(6%° ® Ricr€a; @ €,) @ Cgy myr1 (e @ ®jeJ60<j)

for 1 < ag,aq,...,Qn 10, < dimV, where I U J = {2,...,n1 +ns + 1}, |I| = ny,
|J| = ng, and gl: My, 12 X Mg, not1 — Mg tgsni+nat1 1S the corresponding gluing
map.

An F-CohFT taking value in H°(M,,,+1) = C only is called an F-topological field theory (or
F-TFT). Moreover, there is an obvious generalization of the notion of an F-CohFT where the
maps ¢y.,,11 take value in He"**(M, 1) ® K, where K is a C-algebra. We will call such objects
F-cohomological field theories with coefficients in K.

Definition 1.2. An F-CohFT ¢y, : V* ® VO — H®Y (M, 1) is called homogeneous if
there exists an operator @) € End(V), a vector 7 € V, and a complex constant vy such that

Qe = 0 and the following condition is satisfied:

(1.1) Degocypi1+ T 0 Cynioo (RT) =

= Cnt1 0 (—@t @I+ ) 1deld”eQe Id®j> + 79 nt1;

i+j=n—1

where Deg € End(H*(M,,,)) is the operator acting on H'(My,) by the multiplication by %,
T /VWHQ — ngn_i'_l is the map that forgets the last marked point, @7: V* @ V& — V* ®
V®m+) is the operator of tensor multiplication from the right by 7, and Q' € End(V*) is the
transposed operator. The constant v is called the conformal dimension of our F-CohFT.

Remark 1.3. Our definition of a homogeneous F-CohFT is slightly more general, than the one
from the paper [ABLR20|] where the operator () was required to be diagonalizable. However, it
is easy to see that all the results from [ABLR20] about homogeneous F-CohFTs are true with
the new definition (see also Section [2.1|with a new definition of a homogeneous flat F-manifold).
An example of a homogeneous F-CohFT with a nondiagonalizable operator ) will appear in
Section [3
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1.2. Vector fields on the formal loop space. Let A and A be the spaces of differential
polynomials and local functionals in formal (even) variables u¢, 1 < a < N, k > 0, and ¢, with
the differential grading deg, uj = k, deg,_ e = —1, where the definitions and the notations are
taken from |[Ros17. Section 2.1].

The space of densities of local multivector fields (on the formal loop space of V) is the
supercommutative associative algebra

A = Clu*, 0.]][uZ g, O« >0l [[€]],

where the new formal variables 0,5, 1 < o < N, k > 0, are odd (anti-commuting among
themselves and commuting with ¢ and uf) with degy Onr == k, u® := ug, and 0, = a0,
and the symbol *, as an index, denotes any of the allowed values for that index. The alge-
bra A* is endowed with the super grading, denoted by dege, which is defined by degy 0, =1
and degyuj = degge := 0. The sub-vector space of A homogeneous of super degree >0
is denoted by A and called the space of densities of local i-vector fields. We have A = AO
while A! is called the space of densities of local vector fields. The homogeneous component of
the space A’ of differential degree k will be denoted by (Az)

The operator 0, is extended from A to A* as the super-derivation
o O 0
Oy = Z (u’““% + 9a,k+1m> .
k>0 ’
The space of local multivector fields is defined as
= A*/(Imd, & C[¢]))

and, for ¢ > 0, the space of local i-vector fields Al s the image of ,41\’ in the quotient. If f € /T‘,
its image in A® is denoted by f = [ fdz. As before, A = A°, and A! is called the space of local

vector fields. Naturally, the spaces A inherit the differential grading degy .

For any 1 < a < N, we define the (super) variational derivatives

5 0 0~y w0
duc 2_(~:) A 2 (=) 3001,

k>0 @ k>0

which are well defined on A® since they vanish on Im &y @® Clle]]-

The Schouten—Nijenhuis bracket [-,-]: A' x A7 — A+~ is defined by

(1.2) [Fogl = (3k (;gf) aup + (=10, (555;) 8§j,k) '

k>0

This Schouten—Nijenhuis bracket is a lift of the Schouten—Nijenhuis bracket [-,-]: Al x A —
A7~ defined by

(1.3) 7.4l :/(fef 5(Lga+( 1) ;f 6599)653:

A further lift of the Schouten—Nijenhuis bracket to At x A7 can be defined employing formal
Dirac delta functions, similarly to what was done in [BR16b|] for the quantum commutator of
two differential polynomials,

(1.4)
@90 = Y (500) 50 20000 = ) + (15 (0) - () 20lgo =)

k>0
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Taking the integral with respect to x of formula (I.4)), using that [ §(z — y)g(y)dz = g(y),
reproduces indeed formula ((1.2)), and further integration with respect to y gives (|1.3)).

As usual, for i = j = 1, the above Schouten—Nijenhuis brackets are called the Lie brackets.
For i = 1 and j = 0, the Schouten—Nijenhuis brackets reduce simply to the differentiation of
(a density of) a local functional along (a density of) a vector field, from which we see that the

symbol 0, can be interpreted as the operator 9% o Mia ‘A — A

Given a local vector field X € /A\l, there is a unique representative X € Al of X such
that X = X0, with X® € A. This representative is given by X = (%Ha. The system of

evolutionary PDEs associated to X is

o 66X
1. — = —(uy; =1,..., V.
( 5) at 58a (u*Jg)J « ) Y
Two systems of evolutionary PDEs
ou®  6X
— = —(uj; =1,...,N
8t 59a (u*7 6)7 « 9 ? )

ou® oY
E—@(U 6), CY—l,...,N,

are compatible, in the sense that, for any 1 < a < N, %%L: = %%L:, if and only if the associ-

ated local vector fields X,Y € A! satisfy [X,Y] = 0.

Under a Miura transformation (see [Rosl7, Section 2.1] for more details) of the form

(1.6) 0 = (ue) e AV = (AU 1<a <N,

ur=0 — 0, det (au ) 7£ O,
y ou*

the generators u} and 6, , of A* transform according to the formulae

~x% s dut
Uzé = Oﬁua(u*; 5), 9047].C = 83]; (Z(—ax) (a—za

>0 s

(1.7) v

uk=0

§M)>, 1<a<N, k>0,

ui=ui(ug;e)

where u®(uf; ) is obtained by inverting u® = u®(uZ;e) order by order in . For a local vector
field, these formulae give

7:/(Xa9a)dx:/ ( auﬂagxu>
= Ous

from which we obtain that a system of evolutionary PDEs (1.5]) transforms into

O oo - ( o a;X“)
s>0

0, | dx,

ur=ui(ug;e)

ot ouly

ui=uj(u};e)

Performing the change of formal variables

w9 =t (Sae). ot (Tae). rgasn k2
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one can rewrite a density of a local multivector field f(u},0..;¢) € (jm)[d} as a formal Fourier
series

2 : A1 yeeesryD1yeeesbm 5 p (e (D05 ag+> 70 by )z
foq,...,ocn,ﬂl ..... Bm S pa1 o pa:; QBlybl e QBmybm e ( ! 7 ) )
n,s>0
at,...,an€Z
b1, , b EZ

bi,..b : L ,
where the coefficient fi1 072" as a function of the indices ai,...,an,b1,. .. by, is &

homogeneous polynomlal of degree s 4+ d. Formal Fourier series of this type form a super-
commutative associative algebra where the formal variables ¢, . are odd. Moreover, the local
multivector field f corresponds to the constant term of the Fourier series. Similarly to the vari-
ables 0, ., one should interpret the variable g, , to represent the vector a_a This is coherent
with the following formulae for the variational derivatives in the variables p; and g, .:

5 axr a 5 o iaxr a
TP UL N N Dh

a€Z - a€Z

acting on local multivector fields to give densities of local multivector fields. Accordingly, using
the formal Fourier expansion 6(z) = > ., €'* for the formal Dirac delta function, it is easy to

obtain the formula for the Schouten—Nijenhuis bracket (1.4)) on At x A7 in the new variables:
af dg of
(19) @900 = 3 (oo oaet) + (1) () 32 (3) )

‘= \Yoa op2,
from which analogues of ((1.2)) and ([1.3)) are easily obtained by integration in x and then y.

()

1.3. Densities of local vector fields for the DR hierarchy. Denote by 1; € H*(M,,) the
i-th psi class, which is the first Chern class of the line bundle over M, ,, formed by the cotangent
lines at the ¢-th marked point. Denote by [E the rank g Hodge vector bundle over HM whose
fibers are the spaces of holomorphic one-forms on stable curves. Let \; := ¢;(E) € H¥(M,,,),
these classes are called the Hodge classes.

For any ay,...,a, € Z, Y.~ a; = 0, denote by DRy(ay, . ..,a,) € H*(M,,) the double ram-
ification (DR) cycle We refer the reader, for example to [BSSZ15] for the definition of the DR
cycle on /\/lg », which is based on the notion of a stable map to CP' relative to 0 and co. If not
all the multiplicities a; are equal to zero, then one can think of the class DRy (a,. .., a,) as the
Poincaré dual to a compactification in Mgm of the locus of pointed smooth curves (C; p1, ..., pn)
satisfying Oc (3°1_; aip;) = O¢. Consider the Poincaré dual to the double ramification cy-
cle DRy(ay,...,a,) in the space M,,. It is an element of Hy2g—31n) (M), and abusing
notation it is also denoted by DRy (ay, ..., an).

The restriction DRy(ay, ... 7a”)|Mctn’ where M'
compact type, is a homogeneous pof&nomlal in ay,...,a, of degree 2g with the coefficients
in H*(M,). This follows from Hain’s formula [Hail3] for the version of the DR cycle defined
using the universal Jacobian over M;tn and the result of the paper [MW13], where it is proved
that the two versions of the DR cycle coincide on ./\/lgtn (the polynomiality of the DR cycle
on My, is proved in [JPPZ17]). The polynomiality of the DR cycle on M, together with the
fact that A, vanishes on M, \ M, (see, e.g., [FP00, Section 0.4]) imply that the cohomology
class A\,DR,(=> 7  aj,a1,...,a,) € H*(M,, 1) is a degree 2g homogeneous polynomial in
the coefficients ay, ..., a,.

', 18 the moduli space of stable curves of



8 ALESSANDRO ARSIE, ALEXANDR BURYAK, PAOLO LORENZONI, AND PAOLO ROSSI

Given a vector space V with dimV = N and a basis ey,...,ey € V, let ¢y pp1: VI @ VO —
He"e“(ﬂgvnﬂ) be an F-CohFT with unit e = A*e,. For 1 < 8 < N and d > 0, we define the
following system of formal Fourier series:

(1.10)

ia(_€2)g « n ila aj)xr
Y34 :=— Z o (/DR)\(ggbgcgmH(e ® e Q@ Qj_1€q, > Qo <Hp > +2 J)
g

g,n>0,2g+n>0 av*a*2?=1 a;j,a1,..,an)
a,ai,...,an €%

where the integral above is intended to vanish whenever the dimension of the DR cycle does
not match the degree of the integrand. Thanks to the polynomiality property of the DR cycle,
(T.10) can be rewritten as a system of densities of local vector fields Yj 4 € (A" as

(1.11)

g2 N . L
Yia=— ) —7 Coetar(ayyran)tn /D Acynia(e® @ 3 @ @ _sea,) | Oaer | [
j=1

g,n>0,2g+n>0 Rg(chfafzyzl @;,01,...,0n)
k.k1,....,kn>0
k“rZ;‘L:l kj=2g

To this definition, we add the extra densities Y3 _; := —03;, 1 <3 < N.

The double ramification hierarchy associated to the given F-CohFT is the infinite system of
local vector fields Y4, 1 < 8 < N, d > —1, associated with the above densities or, in terms of
evolutionary PDEs, the system

(1.12) aa'jﬁ_apﬂd, 1<a,B<N, d>0,
where
(1.13)

g9 T o
Py, = E —Coef 4,1 (ay)n / A¥5Cania(e” ® €5 ® @_eq,) -
8,d nl (a1)*1...(an) DR, (= T g¥2C, B J=17q ]1;[1 k;

g,n>0,2g+n>0 i=1a5,0,a1,....an)
k1y..eskn>0
2?71 kj=2g

Let us adopt the convention Pg_, := 5. Notice that the system of evolutlonary PDEs
carries strictly less 1nf0rmat10n than the corresponding densities . We have the followmg
result.

Theorem 1.4 ([BR18|). All the equations of the DR hierarchy are compatible with each

other, namely,

0 ou® 0 ou®

— 5 1 S «, ) S N7 d 7d 2 0
o (3t§i> o] (%ﬁ) R A

This theorem is proved in [BR1§|, but we give another proof in Theorem (see part (ii)).
For 1 < 81,82 < N and dy,ds > 0, let us define the generating series

(1.14)
ia(—e?)9 o n
Yodipods(T,9) = — Y —— </D A5 52 Conra(e” @ e, ® €5, ® ®j1€aj)> :

|
g,n>0 n: Rg(a,b1,b2,a1,...,an)

a,b1,b2,a1,...,an €L
fzbla: 71b2y

where we adopt the convention that DRy (a, by, bg, ai,...,a,) = 0when a+b; +bg+2?:1 a; # 0.
To this definition, for future convenience, we add Y3 _1.5,4(2,y) = Ya a,-1(2,y) = 0,
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1<pB1,B2<N,d>0.

We will use the symbol 1, as an index, to denote the sum over the values 1 < « < N for that
index with the coefficients A%. For example, Yy 4 := A*Y), 4, Oy := A*0, 1, and atl = A+ 8#”

Theorem 1.5. For all 1 < 51,582 < N and dyi,dy > —1 such that d; + dy > —1, we have

( ) [Yﬂz,dz( ) Yﬂl,dl( )] axYﬁl,lerl;/D’Q,dz (1‘, y) - 8@/Y51,d1;52,d2+1($7 y):’
( ) [Yﬁz da> Yﬁl,dl] 0; 5 5 9
(iil) [Yiu.1, Vs .ay) = Ou(D — 1)Ys, 4,11, where D := % <uk3 ~+ eakE)Qak) + e

. N 0
(1V) [Y,32,07 Yﬁhdl] = aw 8_3Y517d1+1 ;

(V) Yip = —u“f, + 925, S € (Al)[ U which implies — Ou

[e%

= 0,u” for 1 < a < N;

otd
(vi) %Yﬁhdﬁl Y. 881 P/ﬁidﬁl Pglz,dl'
(vii) a%P = DP,.
Proof. For n > 0, let us use the notation [n] for the set {1,...,n}.
Let us prove part (i). If dj = —1 or do = —1, then the statement easily follows from

the definitions. For dy,dy > 0, the statement is analogous to [BR16b, Lemma 3.3], and we use
[BSSZ15l Corollary 2.2], describing the intersection of the psi classes with the DR cycle, together
with the fact that that A\, vanishes on ngn\/\/l;‘fn. Let n > 0 and consider integers ay, . .., G,13
with the vanishing sum. For a subset I = {i,... i1} C [n+ 3], i1 < iy < ... < i), denote
by Aj the string a;,, iy, . .., 4. For I,J C [n+ 3]\ {2,3} with /U J = [n+ 3]\ {2,3}, and for
g1, g2 > 0 with 2¢1 + |I| > 0, 2g2 + |J| > 0, let us denote by DRy, (as, Ar, —k) X DRy, (a3, A, k)
the cycle in Mgl+g2,n+3 obtained by gluing the two DR cycles at the marked points labeled by
the integers —k and k, respectively. Here, the coefficient a;, 1 < j < n + 3, is attached to the
marked point j. Then we have

(1.15) (asthy — agths) \ DR, (Ap,1s) = > Ag-k-DRy, (ag, Ar, —k) R DRy, (as, Ay, k).

1UJ=[n+3]\{2,3}
keZ,g1>0,g2>0
gi+92=g
2g1+1],2g2+|J|>0

One then needs to intersect this relation with the class —ale_iGQme_i“3ng1 g2cg7n+3(€al ®
®"+3ea ), where, as usual, the covector e*' is attached to the marked point 1 and each vec-
tor e,, is attached to the marked point 7. Thanks to the gluing axiom of the F-CohFT, by
the definitions ((1.10)) and , and after setting as = [ and a3 = [, the left-hand side
of equation (1.15)) produces the right-hand side of the equation in part (i) and depending on
whether, in the above sum, the marked point 1 belongs to the subset [ or J, we obtain either
of the two terms in the Lie bracket on the left-hand side of the equation in part (i).

Part (ii) is immediately obtained from (i) upon integration in both x and y.

Part (iii) is obtained from (i) after setting 82 = 1, do = 1 and integrating in y. The generating
series [ Y3, ay+1,11(2,y)dy reduces to (D — 1)Y517d1+1 thanks to the following simple equality:

/ Ay 3o nas(e® ® e, ® e ® ®_j€q,) = (29 + 1) / Mgt ey nia(e® ® €5, ® RT €q,),
D D

Rg(a7b1107a‘17"'7an) Rg(a,bl,ah...,an)
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which is in turn a consequence of the following behavior of the involved cohomology classes
with respect to the morphism 7: M, 13 — My, o forgetting the third marked point:

(1.16) DR,(a,b1,0,a4,...,a,) = 7m"DRy(a, b1, a1, ..., ay),
(1.17) Cgnt3(€” ®eg ®e® Q]_1€q;) = T Coni2(e” ® €5 ® ®_4€q,),
(1.18) Ag =T Ag, T ( gl+1¢3) = (29 +n) SIH‘

Indeed, the operator D multiplies each term of Y, 4,41 by the number of variables €, u}, and 0, ,
appearing in that term, i.e., by 2g +n + 1.

Part (iv) is similarly obtained from (i) by setting do = 0 and integrating in y, as [ Y3, 4, +1,5,0(, y)dy
reduces by definition to %%thdlﬂ.

To deduce (v), we consider formula (|1.10]) and notice that, for (g,n) # (0, 1),

/ AgComi2(€” ®e® ®)_ eq;) = / Comt1(e” ® ®_1€q;),
DRy(a,—a—3"7_4 a;,a1,...,an) (AgDRg(a,—a—3>"7_; aj,a1,.. ,a"))

and 7, (\,DRy(a, —a—>""_, a;,a1,. .., a,)) is divisible by (a+>_"_, a;)* as proved in [BDGRIS,
Lemma 5.1], where 7: Mg,nﬁ — mg,nﬂ is the map forgetting the second marked point. When
g = 0and n = 1, we have instead DRy(a, —a —ay,a1) =1, A\g = 1, and ¢p3(e®* ® e ® eq,) = 05,
which gives the desired result.

Part (vi) immediately follows from parts (iv), (v), the properties Ker (9,| 1) = 0, Ker (9, 3) =
C[[e]], and the fact O szdl = %?ﬂlydl‘
2

,31 _ —
For part (vii), we compute 81 S = 50[3 Yii1p,0dedy = P (D —1)Ygs,0= D%Y@’O =

DO, P}y = 0,DPJ,. O

1.4. Densities of integrals of motion for the DR hierarchy. The DR hierarchy of a
CohFT is a Hamiltonian integrable system [Burl5l [BR16a], so the Hamiltonians both generate
the commuting vector fields and provide integrals of motion for the hierarchy. In the non-
Hamiltonian F-CohF'T case, integrals of motion have a separate geometric definition in terms
of intersection numbers on the moduli space of curves. For 1 < § < N and d > 0, we define
the following system of formal Fourier series:

_2\g n

Bd ._ (=) (/ d aj | pi(Zforay)e

g T Z Ag¢lcg:”+1( ®® 16C¥ Hpa? e =t )

(1'19) g,n>0 n! DRQ(‘Z?:l a;,a1,...,an) ’ j=1 ’
2g+n—1>0

al,...,an €L

which, thanks to the polynomiality property of the DR cycle, can be rewritten as differential
polynomials ¢??¢ € A as

29
Bd _ 5_Coef ) / \oabe . u°
(1.20) g Z n! (a1)"...(an)k b g¥ic, +2( -1 J H

g,n>0,2g+n—1>0 Rg (=251 a5,a1,,an)

kn>0

Z;Ll kj=2g
To this definition, we add the extra densities of conserved quantities ¢>~ ! :=u”, 1 < 8 < N,
and the “primary” local vector field YV := — [ g%%051 dx or, in other words, 9,¢%° = oY

305
I<B<N.
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Finally, for 1 < 51,82 < N and dy,ds > 0, let us define the generating series
(1.21)

2
“ (_E )g n —ibix —z
g,g; 0 (T, y) = Z " (/Di‘{g( Py nia(e” ® eg, ® ®_eq, ) (l |p ) b1z ,—ibyy
g

g,n>0,2g+n>0 b17b27a1»~~-7an)
b1,b2,a1,...,an€Z

To this definition, for future convenience, we add ggid_ (x,y) = gg;’_l(x y):=0,1< 6,6 <

N, d>0.

Theorem 1.6. For all 1 < (1,582 < N and dyi,dy > —1 such that di + dy > —1, we have
(1) [Yara (1), %% ()] = Oag 3" (2, y) — 0y957 0041 (2, 0);

(11> [Yﬁ1 dis 9 BQ d2] =0;
(111) [Y]l 1 627d2] _ ax(D _ 1)9,32412—1—1;
ﬁQ,dQ _ B2,d2+1 .
() (Vo007 = 0o g224,
(V) ai B1,di+1 _ 9,31,d1;
(vi) Yua <8 —2)Y;
(vii) Ygo 5P —Y.

Proof. The proof of (i) is completely analogous to the proof of (i) in Theorem For dy = —
or do, = —1, the statement easily follows from the definitions. Suppose dy,dy > 0. Let n > 0 and
consider integers aq, . .., a,+o with the vanishing sum. Let us write the same relation as ,
but with the psi classes taken at other marked points:

(a1t — agtha)\gDRy(Apya) = > Ay - k- DRy, (a1, A7, —k) B DRy, (as, Ay, k).
1UJ=[n+2]\{1,2}
keZ,9120,g2>0
g1+g2=g
2g1+|1],2g2+]|J|>0
Intersecting this relation with the class (—i)e~9@e =Wy, 1o ®®1 43 e,,) and forming
the corresponding generating series, we obtain part (i) (after setting ae = 51 and oy = (s).

The proof of (ii) to (iv) follows strictly the arguments in the proof of the corresponding parts
in Theorem [LA

The proof of part (v) is the same as the proof of part (vi) in Theorem

For the proof of (vi), consider the equation of part (iii) with dy = —1. Multiplying it by 63,,
summing over (3, and integrating over = we obtain, on the left-hand side,

— Y o
/[Yﬂ 1, ™0, dx = ’ Yl 0s,dr =Yy,
7 5052 ’
and, on the right-hand side,

Part (vii) is proved in an analogous fashion starting from (iv). O
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1.5. Homogeneous DR hierarchies. Let Y3, € (AYW and go? € AV 1 < B,a < N,
q,p > —1, be the densities of local vector fields and of integrals of motion of the DR hierarchy
associated to a homogeneous rank N F-CohFT. Let

G, = co3(e" ®eg®e,) €C
for1 <a,8,vy<N.

Consider the following vector field on the space of densities of local multivector fields on the
formal loop space:

~ 9 0 . 0 1—v 0
E, =) (<<5ﬁ — g5y + Oor” > du -3 _qﬁ)ea’kaeﬁ,k) Ty e

k>0

where ¢%es; = Qe, and r%, := 7. For convenience, let us define Y, o = P _5 = 0 and
gv 2 :=A%forall 1 <o,B<N.

Proposition 1.7. For all1 < a < N and d > —1, we have
(i) Ev( d) = dYadﬂanYﬁdﬂL”C o Yud-1;

(ii) E (Pﬁ g) = (d+ 1)PM + gl — 4Py g+ Pl
(iil) E,(g™?) = (d +2)g" qagﬁd e, gt
(iv) Ev( ):_—TVCfﬂ/u“HﬁJda:.

Proof. The proof is a simple consequence of equation . together with dimension counting
for the intersection numbers involved in the definitions of g*¢, Y, d, and Y and the fact that

mrpd = d — n+17r*@/)d L'1<i<n,d>1, where m: M, ,.1 — M,, forgets the last marked
point and 5i,n 41 s the closure in /\/lg7n+1 of the locus of stable curves whose dual graph is a tree
with two vertices, one of which has genus 0 and exactly two legs marked by i and n+1. [

In [BRS20], the authors presented an explicit conjectural formula for a bihamiltonian struc-
ture of the DR hierarchy corresponding to a homogeneous CohFT. This in particular gives a re-
cursion of certain type, called a bzhamzltoman recursion, expressing the flows 5a—, 1 < a < N,

d

of the hierarchy in terms of the flows 1 <a < N. For a general homogeneous F-CohFT,

atg’
we don’t expect the corresponding DR hierarchy to have a Hamiltonian structure. However,
we will now present a conjectural generalization of the bihamiltonian recursion in this setting.

Following [BRS20], we associate with a differential polynomial f € Aa sequence of differential
operators indexed by a =1,..., N and k£ > O:

o i\ Of i
10 =3 () gt

i>k

Consider an arbitrary homogeneous F-CohF'T and the corresponding DR hierarchy. Define
an operator 2 = () by

o ~ o 1-— Y o «a
= B (£0°) 00, + (£5008 4 48 ) Lo+ 0u0 L) 0,

where the notation E, (L5(g*°)) (respectively, L§(g*"),) means that we apply the operator E,
(respectively, d,) to the coefficients of the operator Lj(g*°).
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Conjecture 1.8. The following recursion relation is satisfied:

(1.22)
3 _
3P§7d - <(d + T,y) 55 + qg) 8xp;?,d+l + (axp;id>cgyry7 1 S «, 5 S N7 d Z —1.

Proposition 1.9.

(1) If our homogeneous F-CohE'T comes from a homogeneous CohF'T, then the recursion (|1.22))
coincides with the bihamiltonian recursion from part (2) of [BRS20, Conjecture 1.13].
(2) Conjecture is true in genus 0, i.e., if we set € = 0.

Proof. For part (1), using the notations from paper [BRS20] let us note that Pg, = na“(i%fl.

Therefore, we have to check that ng, K" = R§. This follows from the properties N (g)H =
L(9*°) and ¢4 + Napdl = Vas-

The proof of part (2) follows closely the proof of [BRS20, Proposition 2.1]. O

2. PRINCIPAL HIERARCHY OF A FLAT F-MANIFOLD AND DISPERSIVE DEFORMATIONS

In this section, using the results from the previous section, we construct a family of disper-
sive integrable deformations of a principal hierarchy associated to an arbitrary semisimple flat
F-manifold. Moreover, we prove that different hierarchies from this family are not equivalent
to each other by a Miura transformation that is close to identity.

2.1. Flat F-manifolds. Here we recall the notion of a flat F-manifold (|Get04], [Man05], see
also [AL18] and [LPR09]) and its main properties.

Definition 2.1. A flat F-manifold (M,V,o,e) is the datum of an analytic manifold M, an
analytic connection V in the tangent bundle 7'M, an algebra structure (7,M, o) with unit e on
each tangent space, analytically depending on the point p € M, such that the one-parameter
family of connections V, = V + zo is flat and torsionless for any z € C, and Ve = 0.

The algebras (7,M, o) are commutative and associative. Let t*, 1 < o < N, N = dim M,
be flat coordinates for the connection V. Locally, there exist analytic functions F(t!, ... tV),
1 < a < N, such that the second derivatives

_ O°F°
~otPot
are the structure constants of the algebras (7,M, o),

(2.1) cy,
o o 0 _ 0
a7 © o = Chyae
nates t* the unit e has the form e = Aa% for some constants A% € C. Moreover, the following

equations are satisfied:

Also, in the coordi-

O?F«
2.2 e = §3 1< <N
( ) at“atlg 5ﬁ’ = Oé,@ = )
O*F> Q*F* OPF> Q?F*
(2.3) = 1<a,8,7,0 <N,

OBOtr OO0t OtY Otk OtPOtS’
which are often called the oriented WDV'V equations. The N-tuple of functions F' = (F*,... FY)
is called a wvector potential of the flat F-manifold.

Conversely, given an open subset M of CV and analytic functions F!, ..., F¥ on M satisfying
equations (12.2)) and (2.3, these functions define a flat F-manifold (M, V, o, AO‘%) with the con-

nection V given by V 2 E% = 0, and the multiplication o given by the structure constants (2.1)).
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A point p € M of an N-dimensional flat F-manifold (M, V, 0, e) is called semisimple if T, M

has a basis 71, ..., 7y satisfying 7, o mg = 04,8m. Moreover, locally around such a point one
can choose coordinates u’ such that % o a% = 5aﬁ%. These coordinates are called canon-
ical coordinates. In particular, this means that the set of semisimple points is open in M. In
the canonical coordinates, we have e = > 2. Following [Dub96, page 196, we call a flat

F-manifold (M, V,o,e) semisimple if the set of semisimple points is dense in M.

A flat F-manifold given by a vector potential F is called homogeneous if there exists a vector

field E of the form

)
(2.4) E=((65 — g’ + ra)%, g5, r" € C,
e

satisfying [e, E] = e and such that

aFa (6% (03 (03 «
for some Aj, B* € C. Note that this equation can be written more invariantly as Lieg(o) = o,
where Lieg denotes the Lie derivative. The vector field E is called the Fuler vector field. Around
a semisimple point, the Euler vector field has the following form in canonical coordinates:

E= ZZJL(U’ + ai)a‘zi for some a' € C.

Remark 2.2. As we already mentioned in Remark [I.3] our definition of a homogeneous flat
F-manifold is slightly more general than the one from [ABLR20], but all the results from that
paper remain valid.

Remark 2.3. In [AL13a], the authors introduced the closely related notion of a bi-flat F-
manifold that is the datum of two different flat F-manifold structures (V,o,¢e) and (V*, %, E)
on the same manifold M intertwined by the following conditions: (1) [e, E] = e, Lieg(o) = o;
(2) X*Y := (Fo) ' X oY (or X oV = (ex)"'X % Y) for all local vector fields X,Y on M,
where (Fo)~! is the inverse of the endomorphism of the tangent bundle given by Eo; (3)
(dy — dy+)(X o) = 0 for all local vector fields X on M, where dy is the exterior covariant
derivative. For a bi-flat F-manifold, the flat structure given by (V*, «, E) is called the dual
structure. In the semisimple case, the flatness of the dual structure is equivalent to the condition
VVE = 0 [ALL7] (see [KMSI18] for the regular case). Thus, the structure of a semisimple
homogeneous flat F-manifold is equivalent to the structure of a semisimple bi-flat F-manifold.

Given an F-CohFT ¢y 11: V*QVE" — HV"( My p41), dimV = N, and a basis ey,..., ey €
V, with e = A%,, an N-tuple of functions (F1, ..., FN) satisfying equations (2.2)) and (2.3))
can be constructed as the following generating functions:

Fo@t,. 1Y) = Z nl Z (/M Cont1(e” ® ®i—1€ai)> Ht 5
n>2 " 1<aq,..an<N 0,n+1 i=1

thus yielding an associated flat F-manifold structure on a formal neighbourhood of 0 in V' (see,

e.g., [ABLR20, Proposition 3.2]). The flat F-manifold associated to a homogeneous F-CohFT

is homogeneous with the Euler vector field (2.4 where qzea = Qeg and r, =T,

2.2. Principal hierarchy of a flat F-manifold. Given a flat F-manifold (M, V,o,e), one
can construct an integrable dispersionless hierarchy called a principal hierarchy associated to
(M,V,0,e) (see [LPRO9]). This construction generalizes the notion of a principal hierarchy
associated to a Dubrovin—Frobenius manifold. Before presenting the construction, let us intro-
duce a small generalization of the space of densities of local multivector fields.
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Let U be an open subset of CV, with coordinates u',...,u". Denote by O(U) the space of
analytic functions on U. Consider the following space:

v = O(U) [z, 0. [[e]]-

Clearly, the space A* can be considered as the space .2['] where U is a formal neighborhood
of 0. The space .Z will also be called the space of densities of local multivector fields. It is
easy to see that all constructions from Section [1.2| work with the space A' The space of local
multivector fields corresponding to .AU will be denoted by A'

Consider a flat F-manifold (M, V,o,e). For any point of M, on its open neighbourhood U,
one can consider a basis (over C[[z]]) Xa(2) = Y 07 | X042, 1 <a < N =dim M, in the
space of flat sections of the deformed connection V_, =V — zo:

(2.5) 0= (V — 20)Xa(2) = (V — z0) Z X, 420t
d—1

It is immediate to see from that X, _1, « =1,... N, are flat vector fields for V, while the
vector fields X, 4+1 are obtained via the recurrence relation VX, 441 = X, 40. If U is connected,
then the collection of flat sections X,(z) is determined uniquely up to a transformation of the
form X,(z) = Xp(2)G5(z), where G(z) = (G§(2)) € Maty,n(C)[[2]] is invertible. If M is
simply connected, then flat sections X, (z) can be constructed on the whole M.

Definition 2.4. A calibration of a flat F-manifold (M, V, o, e) is a basis X, = Y o | Xaa2,
Xoa € T(M), 1 <a<dim M, in the space of flat sections of the deformed connection V — zo.
A flat F-manifold with a fixed calibration is called a calibrated flat F-manifold.

Consider now a flat F-manifold structure on M C CV given by a vector potential F, together
with a calibration X,(z). The principal hierarchy associated to our calibrated flat F-manifold
is the following system of PDEs:

ou®
(26) 6’8 8 ( ,Bd|t'y u’y)? 1§O{,/B§N, dZ())

where X g,da% = Xpg 4. We see that the system ({2.6) has the form of a system of conservation
laws. Moreover, this is a system of quasilinear evolutionary PDEs, which is dispersionless and
integrable, in the sense that all the flows pairwise commute (see [LPR09]).

Suppose that M is a formal neighbourhood of 0 € CV. There exist unique flat sections X, (z)
on M satisfying the condition X, 1 = a% and the condition that X, 4 vanish at 0 for d > 0.
The corresponding principal hierarchy is called the ancestor principal hierarchy.

Proposition 2.5. Consider an F-CohF'T and the associated flat F-manifold and the DR hier-
archy. Then the dispersionless part of the DR hierarchy coincides with the ancestor principal
hierarchy of the flat F-manifold.

Proof. This immediately follows from the construction of the DR hierarchy and [ABLR20,
Proposition 3.2] (see also an analogous statement in [Burldl, Section 4.2.2]). O

We see that this proposition can be immediately used for a construction of dispersive de-
formations of ancestor principal hierarchies. In order to construct dispersive deformations of
arbitrary principal hierarchies, we need a generalization of the construction of the DR hierarchy;,
which we will introduce in the next section.
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2.3. Dispersive deformations of a principal hierarchy: descendant DR hierarchies.
In order to construct dispersive deformations of a principal hierarchy associated to an arbitrary
semisimple flat F-manifold, we first need to study analytic families of F-CohFTs depending on
a semisimple point of a flat F-manifold together with a vector in the tangent space to that point.

Consider a semisimple flat F-manifold structure on M C CV defined by a vector potential F.
Recall that on a connected open neighborhood U of an arbitrary semisimple point ¢ty € M, one
has the following objects (we use the notations from J[ABLR20), Section 1.2]):

e canonical coordinates u';

e the matrix ¥ := (gff;)

)

e the matrices D and T' defined by d¥ - U = D + [T, dU], where D is a diagonal
matrix consisting of one-forms, [ is a matrix with vanishing diagonal entries, and U :=
diag(ul,...,u") (in the homogeneous case this is the operator of multiplication by the
Euler vector field);

e a diagonal nondegenerate matrix H = diag(H,, ..., Hy) defined by dH-H~ = -D (the
entries of this matrix can be interpreted as the Lamé coefficients of a diagonal metric
associated with the flat F-manifold);

e the matrices ¥ and I' defined by ¥ := HU and T := HI:Hfl;

e asequence of matrices Ry = Id, Ry, Ry, ... defined by the relations dRy_1+ Ry _1[[", dU| =
[Ry,dU], k > 1.

Note that the matrix H is defined uniquely up to the transformation H +— AH, where A is

a constant nondegenerate diagonal matrix. After such a transformation, the matrices ¥, T,
and Ry, transform as follows: ¥ +— AW, ' — ATA™Y R, — AR,A™'. Recall also that if we
fix H, then the matrices R are defined uniquely up to the transformation

(2.7) Id+ Y Rz — (Id +) Dizi> (Id +) Rﬂ’),

i>1 i>1 i>1

where D;, 1 > 1, are arbitrary constant diagonal matrices.

Using the notations from [ABLR20, Section 4.4], for any Gy € CV, let us define an analytic
family of F-CohFTs parameterized by a point t € U by

Ot = U O H ()R (=2, B H(F).cMH 06,
where R(z) := Y, Riz', the above matrix action on F-CohFTs was introduced in [ABLR20,

Section 4.2], for any w; = (wy,...,w)) € (C*)N, and wy = (w3, ..., wy) € CV,
(wi0)9 e . .
. =2 ifig=41=...=1
w1,W2 (10 n N “0yg+n—1" n
Campi1(€° @ ®_je; ) = ¢ (i) ‘
0, otherwise,
and ctriv,w2 — C(l,..,,l),wg.

Note that the family ¢“0* depends, first, on the choice of H and, second, on the choice of R(z).
However, the dependance on H is simple: under the transformation H — AH, where A is a
nondegenerate constant diagonal matrix, R(z) transforms as R(z) — AR(z)A™! (and ¥ doesn’t
change), and therefore ¢“ot — ¢ATGol

We see that the simultaneous transformation H — AH, Gy — A2G, doesn’t change ¢Co.
This transformation doesn’t change the matrix H Gy, which has a geometrical meaning: if
we denote by X the degree zero part of cﬁ‘{’t(ea) € H*(My,), then X*% = SN HGY ol
Let us then choose H such that H;(ty) = 1.
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Notice that if Gy = 0, then the maps cg n+1 are zero for g > 1.

Let 71, ..., 7" be formal variables. Recall from [ABLR20, Section 3.2] (note, however, that we
prefer to use a different notation here) that for an F-CohFT ¢, ,41: V*QVE" — H (M 1)
its formal shift Sh-(c)yns1: V¥ ®@ VO — HYV( M, ,41)[[7*]] is defined by

1
Sh?<c)g,n+1 = Z %ﬂ-m* o cg,n+m+1 o (®(Ta€a)®m) )

m>0
where 7 = (71,...,7") and 7,,: mg7n+m+1 — mgmﬂ forgets the last m marked points. The
maps Shz(¢)gn11 form an F-CohFT with the coefficients in C[[7*]].

Proposition 2.6. 1. A vector potential of the flat F-manifold corresponding to the F-CohF'T cGorto
is equal to F(t* —t§). i i

2. Fort =1y+7 € U, the Taylor expansion of c%ot at ty coincides with the formal shift of cFoto,
i.e. chSL’fLOfFT Sh#(c%010) i1, as elements of Hom (V* @ VE™, H™ (M ,41)[[77]).

Proof. 1. Since Hy(fy) = 1, we have ¢ = U~ ({) R~} (—z,1p).c"™%. The fact that a vector
potential of the associated flat F-manifold is equal to F'(t* — ¢§) was proved in [ABLR20) Sec-
tion 4.4] (see equation (4.3) there).

2. An elementary computation shows that ¢! = W~1R1(—z).cTH G0 where the vector
H := (Hy,...,Hy) and the matrices ¥~!, R~!(—2), and H ! are computed at the point ¢. The
statement of part 2 of the proposition is equivalent to the property

% <\I/’1R’1(—z).cﬁ’H71G°>

which was proved in [ABLR20, proof of Proposition 4.11]. O

= T4 O <\IJ*1R*1(—2).CE’H71G°) o (®ep),

gn+1 gn+2

The degree zero parts of CGO’ ( ) € H*(M,,) induce a vector field on U, X = X*;% and

we already noticed that & = Z H72Gi-2 5.7~ Lhis motivates the following definition.

Definition 2.7. Consider a semisimple flat F-manifold (M, V,o,e). A vector field X on M is
called a framing if around each semisimple point of M in canonical coordinates u’, the field X
has the form X = Zz Lo H 2 - for some complex constants «;, 1 <7 < N.

Using this language, we can say that our family of F-CohFTs ¢“®! induces a framing

X =3 X0 on U, with X'(fy) = Gj.

Suppose vice versa that all the points of our flat F-manifold M are semisimple and X is
a framing on M. We see that for any point {5 € M the above construction gives a family
of F-CohFTs around ?, such that the induced framing coincides with X. This family is not
unique because the matrix R(z) is defined uniquely only up to the transformation . Sup-
pose that M is simply connected. Then it is easy to see that there is a consistent choice of
matrix R(z) in all the charts such that the local families glue in a global family of F-CohFTs
parameterized by ¢ € M. Let us denote this global family by ¢¥*. This global family is not
unique: in order to fix the ambiguity, one can, for example fix a choice of matrix R(z) at some

fixed point of M. Note that if X = 0, then the maps ¢ | are zero for g > 1.

9n+

Let us now apply the construction of the DR hierarchy to the F-CohFTs ¥t We obtain
a family of densities Yy, € (AYM, where the superscript  signals that the densities Yia
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analytically depend on t € M. It is convenient to consider the generating series of densities Yg, a4

Yg(z) = Z Yg’dzdﬂ.

d>—1

ovi(z)  aYi(2)
oty T ouY

Lemma 2.8. We have — C’ngY/f(z), 1<p8,7v<N.

Proof. This follows from the definition of the densities Yg,d, the property %(CX ) gl = T1x ©

c¥l) nia 0 (®eg) (which is equivalent to part 2 of Proposition [2.6)), and the fact that 7*¢¢ =
9, + B 1 (2
d_ 50 qpipdl 1 < i < n, d > 1, where the class §° ., was defined in the proof of
7 w,n+171%7q 2,n+1

Proposition [I.7] O

Consider now a calibration X,(z) of our flat F-manifold M. Define densities ?g’d € (jl)[l]’
1<B<N,d>-1,by > ?gdzd“ = ?g(z) where

Yi(2) = Y(2)X}(2).

ovi, oV

Lemma 2.9. We have 2% = 52+
. , 0X%(2) ,
Proof. This immediately follows from Lemma [2.8/and the property —5— = CL 2Xg(2). O

Define densities of vector fields YB‘TZSC € (ﬁ}w)m? 1<B<N,d>-1, by

The previous lemma implies that for a fixed ¢ € M the density }76{ 4 1s the Taylor expansion
of the density Y49 at w7 =7, ie., Vi, = Ygleel as elements of (A")[). Therefore,
since for any ¢ € M the densities Yé,d produce a hierarchy of pairwise commuting flows, the

densities Yﬁdffc also produce a hierarchy of pairwise commuting flows. This hierarchy is called
the descendant DR hierarchy.

S (“IIM)M-

tY=u"Y

d (vt
vise = (Vi

w7 +u?’

In more details, the equations of the descendant DR hierarchy are given by

ou® .
J%:@3$W, 1<a,B<N, d>0,

where szsc;a = (]3;3 u*:()) o ﬁ;‘; = Zjiol Pji‘;ﬁiX b1, and P;‘;‘ are the differential poly-
nomials (T.13)) corresponding to the F-CohFT ¢¥*. Also, we adopt the convention ng_scl;o‘ =
opte  apLe
_ 9P

X§ ;. Note that we have 2% = 522

. . desc;a o
We immediately see that Pg, ‘e:O =X B,d‘m
the descendant DR hierarchy coincides with the principal hierarchy. For X = 0, the descendant
DR hierarchy coincides with the principal hierarchy.

_y» and therefore the dispersionless part of

Statements analogous to the ones from Theorem [1.5] are true for the descendant DR hierar-
chy. We present here the proof of a couple of them.

Note that if X§ , = 45, then Xf, coincides with ¢* up to a constant. We will say that a
calibration is of standard type it X§ ;| = 05 and Xy, = 1.
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Proposition 2.10. 1. We have %Pgﬁ’;ﬁf‘ = Pg;sw, 1<a,B<N,d>-1.
2. If our calibration is of standard type, then %Pfﬁfqo‘ = DP;E)SC;", 1<a,B<N.

9§ pdesc;a 9 pta 9 d+2 pta I o

Proof. To prove part 1, we compute 5.1 P54y vy = B0 Py = g1 Do Pl Xl 5=

d+1 Pf;a X o ﬁf;a o Pdesc;a
2120 pd—i*ri—1,8 B.d B.d u’Y>—>t’Y+u’Y'

o desc;a 9 pta 9 tAel o ate

For part 2, we compute 375 Py, i 35 P11 = 308 (Pﬂ?1 + Pyt ) = DPgy +
u_ 0 phta desc;a
t Juk Pﬁvo o Dpﬁvo |:|

uY =ty uY

To summarize the above constructions, given the following data:

e a flat F-manifold structure on M C CV given by a vector potential F' such that M is
simply connected and all the points of M are semisimple;

e its calibration;

e a framing on M,

we have constructed a dispersive integrable deformation of the principal hierarchy. In the next
section, we will prove that the dispersive deformations corresponding to different framings are
not related to each other by a Miura transformation that is close to identity.

2.4. Nonequivalence of dispersive deformations. We say that a Miura transformation (|1.6))—
(1.7) is close to identity if u®|.—o = u®.

Definition 2.11. Two dispersive deformations of the principal hierarchy of a calibrated flat
F-manifold are called equivalent if they are related by a Miura transformation that is close to
identity.

Theorem 2.12. Let us fix a calibrated flat F-manifold structure on a simply connected open
subset M C CV, with a vector potential F and which is semisimple at each point of M. Then,
for different framings X and X on M, the corresponding descendant DR hierarchies are not
equivalent.

Proof of Theorem[2.13 Following [ALIS], for a system of evolutionary PDEs of the form
8ua 1]

W:Qaa QQEAMa 1§OJSN,
let us consider the associated Miura matriz S(z) = (S§(2)) € Maty n (O(M)[[z]]) defined by
o Q"
S5 (z) :== Z

B
a>0 Qg4

U’CY:(SC,Ot’Y
E=Z

For a Miura transformation ([1.6))—(1.7)) that is close to identity, introduce its symbol T'(z) =
(T5(2)) € Maty,y (O(M)[[z]]) by

ou®
T = —
o) =3 o

d>0

Y _—
Ue —éc,otw
E=Z

It is easy to see that under the Miura transformation the Miura matrix of our system of PDEs
transforms as follows:

S(z) = T(2)S(2)T(2)"".
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Now consider the descendant DR hierarchies corresponding to different framings X and X.

Let us denote the Miura matrices of a flow -2 o from these two hierarchies by $9(z) and 59 z),

respectively. Clearly, 9 (0) = S Slend) (0). Suppose that the hierarchies are related by a Miura
transformation that is close to identity. Denote its symbol by T'(z). For the calibration of
our flat F-manifold, without loss of generality, we can assume that Xg , = 05. Consider the

expansions S (z) = 3. Slod 2 Sleed) () — S §ED 2 P() = S Ti2'. Then we
have - -

(71, 56 =0,
S50 4+ S0, Ty + [Ta, S) = S5,
(2.8) = gl _ Gleod) — [gleed) )

S5@D () = T(2)S@D ()T (2) ! = {

For the descendant DR hierarchy corresponding to the framing X', we have

PyS = Py§ + PEo XY, + Xg,,  Pio =Pl + X0

w0 w,00
which implies that the matrix S = (S§) := S ZIFI X{OSZS“’O) is given by

o

oP
S§ = Coef.2 “670
Uy

= Coef 2 / Alzbgcfgf(eo‘ ReQes) =
DR (a,0,—a) 7

u*=0

= 2Coef ;2 / /\lcfg(e"‘ ® eg),
DRi(a,—a)

which is equal to 2Coef ;2 fDRl(aﬁa) Al = 15 times the degree zero part of c“f;(eo‘ ® eg). By
the construction of the cohomological field theory ¢*?!, the degree zero part of cfg(ea ® eg) is
equal to va L HEXIL where YN | X% = X and @' are local canonical coordinates on M.
Since X # X, we conclude that if we denote S := 8§ — ij:l X{lﬂo§§“’0), then W(S — S)U-!
is a nonzero diagonal matrix. On the other hand, since \l/S (d) -1 g g diagonal matrix for
any 1 <a < N and d > 0, the diagonal part of [\If (S Zu lXﬁOS(“ 0)) UL U0t

equal to zero, which contradicts . [l

Note that during the proof of the theorem we have obtained the following explicit relation
between a framing and the differential polynomials defining the flows atﬂ and t“ of a corre-

sponding descendant DR hierarchy.

Lemma 2.13. Consider a flat F-manifold, a calibration satisfying Xg _, = 03, a framing X =

X fa, and a corresponding descendant DR hierarchy. Then we hcwe

XY =12

d desc;a -3
Coel.x (PI5 — P X7, )

oull,

ur=t*

2.5. Homogeneous dispersive deformations. As at the beginning of Section [2.3] consider a
semisimple flat F-manifold structure on M C C¥ defined by a vector potential F a Semisimple
point, canonical coordinates u’ on an open neighborhood U of this point, the diagonal matrix
of one-forms D, a diagonal nondegenerate matrix H, and matrices Rj;. Suppose that our
flat F-manifold is homogeneous with an Euler vector ﬁeld E of the form (2.4). By [ABLR20),
Proposition 1.14], the diagonal matrix zED is constant, ZED = —diag(dy,...,0n) = —A, ; € C.
Moreover, we have E*-2-H = AH, and by [ABLRQO Proposition 1.16] we can fix a choice of
Ry = —kRy + [A, Rg] for k > 1. By [ABLR20,

ot

matrices R, by the additional conditions E*-% e
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proof of Theorem 4.10], for an arbitrary 1 < [ < N and an eigenvector Gy of the matrix A
corresponding to the eigenvalue §; the family of F-CohFTs ¢ satisfies the property

_ o _ _ ) ] _
Deg o c50! | + B> 5ot = cfol o (-Qt R+ > e Qe Id®3> — 20,9c5t .
i+j=n—1

This implies that for any € U the F-CohFT ¢ is homogeneous of conformal dimension —24;.
Note that the corresponding framing X on U satisfies the property [F, X]| = (=26, — 1)X.

Suppose that M is connected, then it is clear that up to permutations of the components the

vector (d1,...,0x) doesn’t depend on a semisimple point. We come to the following natural
definition.
Definition 2.14. The vector 7 := (—2d1,...,—2dy) is called the vector of conformal dimen-

sions corresponding to our flat F-manifold.

Suppose that all the points of M are semisimple. As in the previous section, we can now glue
the local families of F-CohFTs in a global family. Note that given a framing X on M satisfying
[E,X] = (=26 — 1)X we can now construct a unique global family ¢¥* ¢ € M, of F-CohFTs
fixing the choice of matrices Ry using the Euler vector field.

Summarizing the considerations of this section, we obtain the following result.

Theorem 2.15. Consider a homogeneous flat F-manifold structure on a connected open subset
M C CV defined by a vector potential F. Suppose that all the points of M are semisimple. Let
¥ =(m,-..,7n) be the vector of conformal dimensions. Let 1 <1 < N and let X be a framing
on M such that [E, X] = (v, — 1)X. Then the family of F-CohFTs c¢%' satisfies the property

_ o _ _ ) ) _
Degocon i+ Ea%c;f;fﬂ =clo <_Qt R+ > e ®Q e Id@”) + NGy -

i+j=n—1

In particular, for anyt € M the F-CohFT ¢¥t is homogeneous of conformal dimension ;.

Let us now discuss properties of the descendant DR hierarchies in the homogeneous case.
Under the assumptions of the theorem, suppose also that M is simply connected. By [BB19,

Proposition 4.4], there exists a calibration X, (z) and complex matrices R;, i > 1, such that

X5 =05, [Q, ] = iR;, and

E“%X(z) = z%X(z) +[X(2),Q] + X (2)R(2),

where X (z) := Y7o, (X§,) 2" and R(z) := D1 R;%'. Such a calibration is called homoge-
neous. Consider now the associated descendant DR hierarchy.

Let us introduce a generating series P¢(z) by

PdeSC(Z) — Z (Pél’ezisc;a) szrl_

d>—1

Proposition 2.16. We have

E’npdesc(z) — Z%PdeSC(Z) + [Pdesc<z)’ Q] + PdeSC(Z)E(Z).
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Proof. Let us introduce generating series P'(z) and P!(z) by

Pi(z) = Z (ﬁ;‘;) 24t Pl(z) = Z <P§3> 24,

d>—1 d>—1

We have to check that

= LB 4 [P().Q) + P R).

uY =t +uY z

B, P (z)

For this, we compute

~ ~ 0\ ~
desc — arsB _ 0By t =
B = (B - Qg ) o
B <E (07 @%i) Pi(z) - x () 22l

(2.9) _Z%Pt( )- X(2) + [P'(2), QX (2) + 2P'(2)(E'C,) X (2),
where C, = (C9), and we recall that C§ = 66;%. Since zE'C,X(z) = BV X(z) =
22 X(2) + [ (2),Q] + X (2)R(2), the expression in line is equal to

o _

G P(E) - X2+ [P QIXG) + P (42 X06) + X, Q1+ X RLE) ) =

== P()+ [F(2), Q) + P R(),

as required. ]

3. TOWARDS A CLASSIFICATION OF DISPERSIVE DEFORMATIONS

In this section we consider the problem of classification of dispersive integrable deformations
of principal hierarchies for flat F-manifolds and observe the central role played in it by the DR
hierarchies. We propose two a priori different classes of deformations and we classify them, up
to some finite order in ¢, for 1 and 2 dimensional flat F-manifolds, respectively. Up to that
approximation, we observe that both classes contain essentially the DR hierarchies considered
in Section [2

3.1. Dispersive deformations of DR type and the rank 1 case.
3.1.1. Integrable systems of DR type. Given a local vector field X e (AHYW, consider the oper-
ator Dyg: A'[[z]] — A'[[2]] defined by
DxY (2) = 0,(D - 1)Y(2) — 2[X, Y (2)],
2) =Y Yiadk,  Yie Al

k>0

Suppose there exist N solutions Y4(z) € (A)Y, 1 < a < N, to the equation DxYy(z) = 0
with the initial conditions Y, (z = 0) = —6,,1. Then a new vector of solutions with the same
initial conditions can be found by the following transformation:

G.) Yalz) = a4V, (o),
where a(z) = 64 + >_._,ah 2" € Cl[[2]].

>0 Yt

Theorem 3.1. Assume that X € (Kl)[l} satisfies the following properties:



FLAT F-MANIFOLDS, F-COHFTS, AND INTEGRABLE HIERARCHIES 23

a) there exist N solutions Y,(z) = ad-12" € A zll, 1 <a < N, to the equation
h ist N solutions Y, i0 Yaa-12 € (AHM 1 N, to th
(3.2) DxYa(z) =0
with the initial conditions Yo(z =0) = —041,
(b) %X = —u®bp1 + 02R, R € (AU, where 25 = A*S- and A* are some complex
constants.
Then, up to a transformation of type (3.1)), we have
(i) Yao = —Uaea L+ 03D —-1)7'R,
(11) Y]l 1=
(111> [ a1,d1 a2,d2j| :O; ].SO[l,OéQSN, dladQZ_
) [
) 50

0
(IV ag, 07 aq, d] axmyal,d—i-l; 1 S g, Qg S N; d Z _1;

(v

Proof. The proof follows closely the proof of [BDGR20), Theorem 5.1-5.2] with Lie brackets of
densities of local vector fields replacing Poisson brackets of differential polynomials. O

ad+1 Ya,d;lﬁaﬁN;dE—L

Remark 3.2. When we restrict to ¢ = 0, a particular local vector field satisfying condi-
tion (a) of Theorem [3.1]is given by X = —(D —2) [ F*(u},...,u™ )0, 1dx where the functions
Fo(tt, ... tY) are solutions to the oriented WDVV equations , . It is easy to check
that for such X solutions Y,(z) are given by Y, (z) = =D as1 X’ aP3.12%T" where the func-

tions X[ b 4 form a calibration of the flat F-manifold satisfying X} s _, = 62 (see Section
Therefore the functions Y, (z) are the generating series of densities of local vector fields of the
principal hierarchy of the flat F-manifold. Note that condition (b) for our X is equivalent to

%tlf = t*, which can always be fulfilled by adding to F'“ appropriate linear terms.

Definition 3.3. Let X € (AYH)W satisfy the hypotheses of Theorem . Then we say that X =
Yy 1 and the induced hierarchy of compatible densities of local vector fields Y, 4, 1 < a < N,
d > —1, are of double ramification (DR) type.

Theorem 3.4. The double ramification hierarchy (1.11)) associated to an F-CohFT is a hier-
archy of double ramification type.

Proof. Hypotheses (a) and (b) of Theorem follow immediately from claims (iii) and (v),
respectively, of Theorem [I.5] O

3.1.2. Classification of rank 1 hierarchies of DR type. Thanks to Theorem and Remark [3.2]
it makes sense to use equation to find all possible deformations of DR type of a principal
hierarchy associated to a given flat F-manifold, at low order in the dispersion parameter ¢.
These deformations will, in particular, include the ones coming from all F-CohFTs with the
given genus 0 part.

Consider the ancestor principal hierarchy associated to the genus 0 part of the trivial CohFT,
i.e., the CohFT with V = C(e) and ¢, ,,(e®") =1 € H°(M,,,) for all (g,n) in the stable range.
Let e; = e, uy —uk, O := 01 for k > 0, with u := up, 0 := 0, as usual, and Y; := Y] 4 = Yy 4.
A direct computation (at the approximation up to £”) shows that its most general deformation
of DR type is either of the form

8u o 571

3.3 —— -1
(3:3) oty 60

2 4
=uu; + ¢ C’Llu?, +é (02’17115 + CQQUJQU;;)
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10 (C 8C51C:
+ &° (03,1U2U5 + Cspus (u) > + (;T:) £C’1 105 2) ur + (—ﬁ + 303,1) U3U4)

15 (C 8 4
+ &8 (04 1 (u2) us + Cyz (ug) ug + (ﬁ + ECQ,ICQ,Q + %01,103,1) U

( 123 (Cy,1) 2022 57 9 3302,103,1>
——=— | Uury

(Co2)® + —01,103,2 +

28 Cl 1 100 76’1,1
177 (Cy1) 2C: 201 333 33C5 1 C:
n < 5111 2,2 100 (02 2) —C’1 1059 + %) UgUs
— i 2
+ < 21 (J1 ) 1201, 21C1, 04’1) (3)
24 (Cyy) 02 2 24 9 132C51C5 4
+ < Cl 1 175 (CQ 2) + 101710372 + T) U3Ug
8802 1 022 5502 1032 _ 8802720371 1L 6C Ul
21 (Cy,) 6.1 21C 4 B A
+ 0(e'),
with C; ; € C and 1 # 0, or of the form
ou 0Y
(34) a_tl = 5—‘91 = uuy + ECUQ, C e C.

Notice that, imposing Cyo = 0 for all £ > 1 in equation , we recover the most gen-
eral Hamiltonian deformation of DR type, obtained in [BDGR20], which is in turn in one to
one correspondence with the most general rank 1 CohFT. This shows that the extra parame-
ters Cya, k > 1 control the strictly non-Hamiltonian deformations (at least with respect to the
Hamiltonian operator 0,). We expect these to correspond to F-CohFTs that are not CohFTs.

Remark 3.5. It is easy to check that the r.h.s of equation (3.3)) is a total z-derivative. Com-
paring with the results of [ALMI15] we see that a similar result can be obtained starting from
generic scalar conservation laws of the form

0
(3.5) a—Zl —9,P,  d>0,
Py=Y &"Py, Py € A,
1>0
choosing
ud+1
® Pip= @
° % = 0; the reduction to this form by means of a Miura transformation is always

pozssible and it is unique,
and imposing the following conditions:

o Commutativity of the flows.
e String property: %Pd_‘_l = P, for d > —1, where P_; := 1.

According to the conjecture formulated in [ALMI5|, it should be possible to write all the
coefficients appearing in the deformation as functions of the coefficients of the quasilinear part.
Moreover, the coefficients of the quasilinear part should be constant (due to the string property)
and arbitrary. This is consistent with the formula since the additional free parameters
appearing at the order €% are related to the coefficients of the quasilinear part by constraints
obtained considering higher order conditions.
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Even more intriguing is the isolated deformation (3.4]), which, up to reabsorbing the con-
stant C' into the factor ¢, is the celebrated Burgers equation, which is dissipative and hence
non-Hamiltonian. The appearence of terms with odd powers of ¢ in a hierarchy of DR type
rules out the possibility that it is the double ramification hierarchy of an F-CohFT. However,
considering that flat F-manifolds are known to appear in genus 0 open Gromov-Witten and
Saito theory [PST14, BCTIS8, BCT19, BB19] it is tempting to conjecture that Burgers equa-
tion and its higher symmetries might control some version of F-CohFT on the space of
Riemann surfaces with boundaries, where curves can indeed possess half-integer genus account-
ing for odd powers of the genus parameter c.

The fact that Burgers equation (3.4]) and its higher symmetries form a hierarchy of DR type
can be proved rigorously at all orders in € as follows.

Theorem 3.6. The vector field X = [(uu, + euy,)8dx of the Burgers equation defines a
hierarchy of DR type, i.e., it satisfies conditions (a) and (b) of Theorem .

Proof. Let us first present a reformulation of the Schouten—Nijenhuis bracket [-, -] : ALx AT — AL
in terms of formal differential operators. Consider an arbitrary local vector field X = [ X6dx €
Al and a density Y =", ., Vil € Al. The local vector field X defines a flow on the space of
differential polynomials by

Ju  6X

ot 00 =X
and we consider also formal differential operators Ly and Ly defined by

6uk

k>0 k>0
Directly from the definition (|1.2)), we obtain the following identity:
0 ~

where we apply the dlfferentlatlon ; to the operator Ly coefficient-wise.

Let us now take X = [(uu, + cu,,)0dz.

Let us prove condition (a) of Theorem by showing that a required solution Y'(z) =
> k1 Yaz" ! of equation (3.2)) is given by

Y(Z) _ _ezsaxez(u—Qsam)el PN LY Z k+1L zs@m o ez(u 260y) o a
k>—1
Since Zy = —ud, + £0?, equation (3.2) is equivalent to
~ OLy (.
(36) &,3 @) DLy(Z) =z (a—i() — Ly(z) 9] (—u&g + 885)) s

where D = Zn>0 Up 70— au + 682, and we apply D to Ly ;) coefficient-wise. Note that DLy(Z) =
Z%Ly(z). Therefore, equation (3.6|) is equivalent to

0 0
—8$ o @ (62587” o ez(u—?a@,c) o ax> — a (ezaaz o ez(u—Zaaz) o ax>
+ €20z o 2 (4=2802) 5 9 o (—ud, +€0?) &
o 6368‘” o (_ax ou+ 582) o ez(u—Qsax) o ax _ ezsax o gez(u—%ax) o ax

ot
+ %% o *(u2e0:) o(—0y0u+¢ed*)od, &
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& %ez(“%&”) :[62(1“2581), —0, ou +d?).

Note that the last equation follows from the elementary identity %(u —2e0,) = [u—2e0,, —0, 0
u+ 02].

Condition (b) of Theorem immediately follows from the equation %7 = —ub; +¢b,. 0O

3.2. Homogeneous dispersive deformations and the rank 2 case.

3.2.1. Homogeneous deformations with string and dilaton property. Let us fix a homogeneous
flat F-manifold structure on an open subset M C CV given by a vector potential F, together
with a homogeneous calibration of standard type. We consider systems of evolutionary PDEs
of the form

aa
(3.7) 31:5 0.P5, 1<a,B<N, d>0,

1>0
such that the following properties are satisfied:

(1) Commutativity of the flows: the flows % pairwise commute,

(2) The dispersionless limit of the system 1| coincides with the principal hierarchy of the
given calibrated ﬂat F-manifold,
(3) String property: 8u1 PB a1 = P§qfor d > —1, where Pg_, 1= 4,

(4) Dilaton property: 8 — = DPgO,
(5) Homogeneity condition: EWP( ) = 22 P(2) + [P(2),Q] + P(2)R(2) for some v € C,
where P(z) == Y o, (Pgg)z""".

In this section, working out the N = 2 case, we observe how descendant DR hierarchies appear
in the problem of classification of dispersive integrable deformations of principal hierarchies of
flat F-manifolds of the above form, which we refer to as a homogeneous deformation with string
and dilaton properties. The role played by conditions (3), (4), and (5) is central in producing
finite dimensional spaces of deformations even without having to quotient with respect to
equivalence up to Miura transformations of the dependent variables.

Remark 3.7. Axioms (1), (3), and (4) above correspond closely to properties (iii), (iv), and (v)
of Theorem for hierarchies of local vector fields of DR type. Homogeneity (5) corresponds to
property (iii) of Proposition for homogeneous DR hierarchies. Finally, condition (2) above
is satisfied by hierarchies of DR type, see Remark[3.2] This means that homogeneous dispersive
deformations with string and dilaton properties contain homogeneous descendant hierarchies
of DR type whose local vector fields have only even powers of €. It’s not a priori clear that the
converse is true and it would be interesting to investigate this point.

3.2.2. Classification of semisimple homogeneous flat F-manifolds in dimension 2. In the semisim-
ple case, using canonical coordinates uyq, ..., uy, the structure of a homogeneous flat F-manifold
can be recovered from a solution of the following system ([AL19]):

o, Z | L
auk _FUsz + Fz]P;k: + 1 krky t 7& k 7é J 7£ L,
X or Y ory

(3.8) Z Fue 0, ;uk (%’: =T, i .
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For N = 2, the above system reduces to (3.8, and the general solution is
. €.

UZ‘—U]‘

where ¢; and €, are arbitrary constants. Note that the corresponding vector of conformal
dimensions is equal to (2€g,2¢;). In order to compute a vector potential, we need to introduce
flat coordinates u,v (these correspond to ¢!, ¢? in Section [2.1)). We have to distinguish 3 cases:

I. € + € # 0,1. In this case, flat coordinates are

1

U1 — U2 m 24+c +2—C
u = v = u U
4 ) 4 1 4 25

where c =292 ;= L -£(, 1, and a vector potential is
€1+e€2’ 1—€1—e2 L

2m

umtl 2 4—c® mu : 1
uv_Qcm—i—l’?—i_TQm_—l s 1fm7é—1,5,0,1,

(F', F?) = uv—2010gu,§+%u*2>, if m=-—1,

4.,3/2 v2 | 4-c2 : _
uv—gcu/,3+Tulogu>, if m=

N[—=

The unit is %, the Euler vector field is E = 1 u%—i—v%, and ¥ = <(27C)(m71), (2+c)(m71)>.

m 2m 2m

If m is a half-integer, these are the vector potentials of the bi-flat F-manifold structures
defined on the orbit space of the dihedral group I5(2m) [ALL7]. If also ¢ = 0, the above
vector potential comes from the Dubrovin—Frobenius manifold structure defined on the
orbit space of the dihedral group.

II. ¢, = ¢, e = 1 — ¢, ¢ # 0 (see the remark about the case ¢ = 0 below). Using the flat

coordinates
c
we obtain
1_ € 9 L—c _,, 2 _ 1\.—v
(3.9) F =gu +— e, F?=cuv+ (2¢—1)e ",
The unit is 22, the Euler vector field is E = uZ — 2 and ¥ = (2 — 2¢,2c). For

c= %, the above vector potential comes from the genus 0 Gromov—Witten potential of
the complex projective line.

In the case ¢ = 0, choosing the flat coordinates u = us and v = —1In (u; — ug), we
obtain F! = % and F? = uv — e . This flat F-manifold is isomorphic to the flat

F-manifold (3.9) with ¢ = 1 and shifted by v — v + mi.

II. €; = ¢, e = —c. If ¢ # 0, then using the flat coordinates
u

U= u; — U, v:(ul—ug)ln(ul—ug)—i—f,

we obtain

1
F!' =cuv + u? (C; —clnu) ,

2 _C o, of 3¢+l c+l _c 9
F—zv +u< 1 T Inu 2(lnu) .

The unit is .2 the Euler vector field is £ = u2 + (u+v)Z, and § = (—2¢, 2¢).
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If ¢ = 0, then choosing as flat coordinates the canonical coordinates u = u; and
U = U9 We obtain
2 2

The unit is 2 + 2 the Euler vector field is F = u:Z +v2, and 5 = (0,0).

3.2.3. Integrable deformations of rank 2 homogeneous principal hierarchies. We now want to
classify all homogeneous deformations with string and dilaton properties of principal hierar-
chies associated to the homogeneous two-dimensional flat F-manifolds considered above. In our
computations below, we have observed the following remarkable facts:

e If such a deformation exists and is nontrivial at the £? approximation, then v must be
equal to v, or 7.

e For v = ~;, at the €2 approximation, any such deformation coincides with the descen-
dant DR hierarchy constructed using an appropriate framing. In particular, any such
deformation at the approximation up to €? can be extended to a deformation at all
orders of ¢.

Let us consider all three cases from Section 3.2.2] in detail.

Case I. For simplicity, we consider the case % = 7., which guarantees that there is a unique
homogeneous calibration of standard type such that R; = 0 for ¢ > 1. Recall that the vector of

(2725;”71), (2“;&?71)). We have three subcases.

conformal dimensions is (7y1,72) = (

Case 11. If 7 # 7, and v = 1, we obtain
Pll’O =v — 2cu™

+ Aum 2D (e = 2)(em — ¢ = 2m + DU 2 4 mie — 2)20" gy — cuvg) + O,

, _mP(d—c?)

Py e u?™ 4+ Am(c® — d)u” ze(m=1) 2 (m(cm — ¢ —4m + 6)u*™ M2
) m —
+m(c — 4" Uy, —u™ vm) + 0(eh),
and
2
Py =uv — mnj—cl W Ayl (m(c —2)(em — ¢ —2m — 2)u™ *u?
N m(c—2)(em —c—2m — 2)um*1um om—c— 4Um> L oY),
m—1 m—1
2 4 — 2
P3 :% + Muzm + Am(c 4 2)u 212 <m(cm —c—4m)(c — 2)u*" 32
n m(em — ¢ —4m)(c — 2)u2m_2um _om—c—2m— 2um_1vm ey
m— 1 m — 1

Here A is an arbitrary complex constant. This deformation is given by the descendant DR
hierarchy corresponding to the framing (X!, X?) = 124 (—u_%c(m Q) MU_%(C_Q)(WZ_I)>.

m—
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Case 12. If 7 # 7o and v = 5, we obtain

1 _ m
Piy=v—2cu

4+ Byzcm-Dg2 (m(c+2)(em — c+2m — Hu™uZ + m(c + 2)*u™ upy — cu”'vg,) + O(e?),

2 4 — 2
PZ, :%uml + Bm(c? — 4)urm=Dg? (m(em — ¢+ 4m — 6)u?™ 42
I m _
+m(c+ D™ Puy, — u" v, ) + O(e4),
and
2
Py, =uv TE 1 4 Byaetm-12 <m(c +2)(em — ¢+ 2m + 2)u™ 2u?
’ m+ 1
‘%m@+axmn_c+mn+%um*%x—gliﬁié%x-+O@ﬂ,
m—1 m—1
2 4 — 2
P22,1 :% + %uﬁn 4 Bm(c — Q)U%C(m—l)€2 <m(cm —c+ 4m)(c + 2>u2m—3u926
n m(em — ¢+ 4m)(c+ Q)uszzum _cm—c+2m+ 2umflvm L OE.
m—1 m—1

Here B is an arbitrary complex constant. This deformation is given by the descendant DR

hierarchy corresponding to the framing (X1, X?) = 12B ( uzc(m_l) MW(C”)(’” 1)>

Case I3. If 71 = 75 (which is equivalent to ¢ = 0) and v coincides with them, we get a

two-parameter family of deformations formed by linear combinations of the deformations from
Cases I1 and I2.

oF®

Case II. There is a unique homogeneous calibration of standard type such that Xg, = 57,

0 O
—c 0
(71,72) = (2 — 2¢,2¢). We have three subcases.

El = , and él = 0 for ¢ > 2. Recall that the vector of conformal dimensions is

Case I11. If 7, # 7, and v = 1, we obtain

-1 2c—3 2c—3
P210 :C e 2 + A(C — 1)62(6_1)1]52 (uxx - ‘ e_vvz + ‘ e_vva:x) + 0(84)7
’ 2 2c c
2 —1 — 1) —1)°
P220 =cu — (2c—1)e™ " + Ae?le=Dvg? ( ¢ € Uy + (c ) vi - (e ) Ua::c) + 0(54)7
b c C

and

2 —-1
va1 :%UQ + C(C4 >(2v + 1)e 2 4 AeeDvg? (c((c — v+ Dug,

c—1
2

Pl =cuv —c(2c — 1)(v+1)e " + Ae2lemlvg? <—§((20 —1)v + 2)e"ug,

(2e 80+ 3)e 02 + <2 (20~ 8o + 2)evum) Lo,

Cc —

(2= 20+ 3002 — (c— D)((c— 1o + 1)vm) +O(eY,

where A is an arbitrary complex constant. This deformation is given by the descendant DR
hierarchy corresponding to the framing (X!, X?) = 124 (¢2(e=lv _e(2e=Dv),
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Case 112. 1f 7 # 7, and v = 5, we obtain

c—1
2

2c+1 _, 5 2c+1
e vy —

2c 2c

Pyy = e ® + B(c—1)e *e? (—um + e”vm) + O(e"),

2c—1
P22’0 =cu — e (2c — 1) + Be 2%¢? ( ¢ €Uy — CVU + cvm;,;) + 0(eh),
and
2 -1 1
Pl :%uz + C(C4 >(21} +1)e " + B(c— 1)e 2¥e? (—(cv — Dy, + 5((20 + v — 3)e 02

1
—5((20 + 1)v — Q)e_vvm> +0(e"),
Pt =c*uv —c(2c — 1)(v + 1)e™®

1 1
+ Bee *e? (5((20 — 1)v — 2)e Uy — 5(201} —3)v2 + (cv — 1)vm> +O(eY),

where B is an arbitrary complex constant. This deformation is given by the descendant DR

hierarchy corresponding to the framing (X!, X?) = % (%6_26”, —e_(QC_l)”).

Case I113. If 4y = 79 (which is equivalent to ¢ = %) and v coincides with them, we get a

two-parameter family of deformations formed by linear combinations of the deformations from
Cases II1 and II2.

Case II1. There is a unique homogeneous calibration of standard type such that ﬁ’% = 0 for
i > 1. Recall that the vector of conformal dimensions is (71, 72) = (—2¢, 2¢).

Case II11. If 1 # 72 (equivalently, ¢ # 0) and v = 73 = —2¢, we obtain

1 3
Ply=u(l—2clnu) + cv + Au=>"'e? (— (c + 5) w2 4 vy (5 —c¢(1+1n u)) um> + O(e"),

1
P12,0 =u(lnu — (14 1nu)) + Au=2"1? (—u‘l ((c + 5) Inu + c) u?+

+ (c(l +1Inu) — %) Vgg + (2(1 +Inu) — (1 +Inwu)* — 2%) Um) + O(e%),
and

PQl,1 =— gu(cu(l +2Inu) — 2cv — u) + Au*7'e? (e(e — Luvg, + c(1 — c)u+

tu (c(l — ) lnu— <c - %) (c— 2)) u) + O,

2
P =- £u2(2(clnu—|—c— )4+c—1)Inu+ %'02—1—

3 3
§ Ayl (c ((1 —¢)Inu + 3 c) u? + cu ((c— Dlnu+c— 5) Vgz +
3
+u (0(1 —o)In®u— (2¢* —dc+ 1) Inu — ¢® + 3¢ — 5) um) +O(eY),

where A is an arbitrary complex constant. This deformation is given by the descendant DR
hierarchy corresponding to the framing (X!, X%) = —124(y =2 4 =2¢(1 + Inu)).
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Case III2. If 1 # 7 (equivalently, ¢ # 0) and v = 75 = 2¢, we obtain

1 1
Ply=u(l —2clnu) + cv + Bu*'e” ((c — 5) U U2 — Uy (clnu +c+ 5) um) +O(eh),

1
P12,0 :u(lnu — C(l + In? u)) + Bu2e 12 ((5 — c(l +In u)) Vgpt+
+ c(11r1u+1)2—l Upy + 0 c—1 1nu+c—1+i u? ) + O
2c i 2 2¢ T P
and

Py, =— zu(cu(l 4 2Inu) — 2cv — u) + gBuzc’lg2 (2(c+ D)ul — 2(c + Duvg,+

oo

Hu(2(c + 1) Inu + 2¢ + 3)ug,) + O(e?),
2
]322’1 = — §u2(2(clnu +e—1)+c—1)Inu+ %1}2+

+ Bu*'e? (<62 + g —1+c(c+ 1)1nu> uZ +u (1 — g —c* —cle+ 1)lnu> Uzt

T <c2 +c— g +c(e+1)(Inu+2) lnu)) um> +O(eh),

where B is an arbitrary complex constant. This deformation is given by the descendant DR

hierarchy corresponding to the framing (X', X?) = 28 (—u? 4% (1 —1 —Inu)).

Case 1113. If v = 75 (equivalently, ¢ = 0) and v = ; = 0, we get the two-parameter family
of deformations

2

Pl =5 + At + O(),
U2

P =5 + Be*v,, + O(e%),

which is given by the descendant DR hierarchy corresponding to the framing (X!, X?) =
12(A, B). This hierarchy is just the DR hierarchy of the rank 2 F-topological field theory

A, fag=...=a, =1,
Cont1(e™ ® @ 1€4,) =18 B, ifag=...=a, =2,
0,  otherwise,

and it coincides with the system of two uncoupled KdV hierarchies.

3.3. General integrable deformations and open problems. In Section [3.2.1, we con-
sidered the problem of classification of dispersive deformations, containing only even powers
of ¢ and satisfying properties (1)—(5), of principal hierarchies of two-dimensional homogeneous
semisimple flat F-manifolds. We observed that at the approximation up to €2 all such defor-
mations are given by the descendant DR hierarchies.

In this section, we consider more general dispersive deformations of the same rank 2 principal
hierarchies: first, we allow odd powers of € in the dispersive deformation , and, second, we
require that only properties (1)—(2) are satisfied. In other words, we require only integrability,
i.e., pairwise commutativity of the flows. In the table below, we summarize the results of
computations of such deformations at the approximation up to €2 (the results for Case I were
already obtained in [ALIS]). When we refer to a functional parameter relative to an integrable
deformation, we mean that at a specified order the equivalence classes of deformations depend
on an arbitrary function. Recall (see Definition that two deformations are said to be
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equivalent if they are related by a Miura transformation that is close to identity.

Case Values of ¢ Integrable Integrable sec-
first order | ond order de-
deformations | formations

I c# 12 Miura trivial Two functional

parameters

I c==12 One functional | Two functional
parameter parameters

IT c#1 Miura trivial Two functional

parameters

II c=1 One functional | Two functional
parameter parameters

11 arbitrary c Miura trivial Two functional

parameters

TABLE 1. Functional parameters for the integrable deformations at the approx-
imation up to &2

For special values of the functional parameters, we recover the genus one approximations
of the descendant DR hierarchies from Section [3.2.3] Unfortunately, for generic choices of the
functional parameters the existence of a full dispersive hierarchy is an open problem. Concern-
ing this we point out that, in [ALIS], it was conjectured that, up to equivalence, integrable
deformations for systems of any rank are labelled by a simple set of invariants called Miura
inwvariants. Consider a system of evolutionary PDEs of the form

(3.10)
8uoc af, *\, B af, *\, B a *\, B,
T AG(u")uy+e (Bﬁ (u)uy, + B/Bv(u )uxux)
+e* (CF (u*)ufl,, + C’gv(u*)u'fugx + C’gw(u*)ugu;ui) +..., a=1...,N,

and as in the proof of Theorem [2.12] consider the associated Miura matrix
Mg(u*,p) = AZ(u*) + Bg‘(u*)p + Cg(u*)pQ + ...
The Miura invariants of the system (3.10) are the eigenvalues \'(u*,p) of the Miura ma-

trix. If the eigenvalues of the matrix (A%) are pairwise distinct at some point (u',...,u") =
(u})rig, oo ,ué\iig) € CV, then the Miura invariants are well defined as formal power series whose
coefficients are functions on an open neighbourhood of (uly, . . ., ul,):

(3.11) N=v'+XNp+Xp*+..., i=1,...,N.

The functional parameters of Tablecan be identified with a part of the coefficients A\{, A2, A3, \2
in formula . The presence of odd powers of p in the expansion seems an exceptional
phenomenon. In the case of special deformations satisfying all the properties (1)—(5) from
Section there are examples related to open Gromov-Witten theory ([BRI18]) and we
expect that this is not a coincidence. However, this point requires further investigation.

REFERENCES

[ABLR20] A. Arsie, A. Buryak, P. Lorenzoni, P. Rossi. Semisimple flat F-manifolds in higher genus.
arXiv:2001.05599.

[AL12] A. Arsie, P. Lorenzoni. Poisson bracket on 1-forms and evolutionary partial differential equations.
Journal of Physics A: Mathematical and Theoretical 45 (2012), no. 47, 475208.

[AL13a]  A. Arsie, P. Lorenzoni. From the Darbouz—FEgorov system to bi-flat F-manifolds. Journal of Geometry
and Physics 70 (2013), 98-116.



[AL13b]
[ALM15]
[AL17]
[AL18]
[AL19]
[BB19]
[Burl5]
[BCT18)]
[BCT19]
[BDGRI8]
[BDGR20]
[BGR19]
[BR164]
[BR16b)]
[BR18]
[BRS20]
[BSSZ15]
[CPS1g]
[DH17]

[Dub96]

[Dub04]

[DLZ06]

[DZ01]
[FPOO]
[Get04]
[GivO1]
[Hail3]

[JPPZ17]

FLAT F-MANIFOLDS, F-COHFTS, AND INTEGRABLE HIERARCHIES 33

A. Arsie, P. Lorenzoni. F-manifolds with eventual identities, bidifferential calculus and twisted
Lenard-Magri chains. International Mathematics Research Notices 2013 (2013), no. 17, 3931-3976.
A. Arsie, P. Lorenzoni, A. Moro. On integrable conservation laws. Proceedings A 471 (2015),
no. 2173, 20140124.

A. Arsie, P. Lorenzoni. Complex reflection groups, logarithmic connections and bi-flat F-manifolds.
Letters in Mathematical Physics 107 (2017), no. 10, 1919-1961.

A. Arsie, P. Lorenzoni. Flat F-manifolds, Miura invariants, and integrable systems of conservation
laws. Journal of Integrable Systems 3 (2018), no. 1, xyy004.

A. Arsie, P. Lorenzoni. F-manifolds, multi-flat structures and Painlevé transcendents. Asian Journal
of Mathematics 23 (2019), no. 5, 877-904.

A. Basalaev, A. Buryak. Open WDVV equations and Virasoro constraints. Arnold Mathematical
Journal 5 (2019), no. 2-3, 145-186.

A. Buryak. Double ramification cycles and integrable hierarchies. Communications in Mathematical
Physics 336 (2015), 1085-1107.

A. Buryak, E. Clader, R. J. Tessler. Open r-spin theory II: The analogue of Witten’s conjecture for
r-spin disks. arXiv:1809.02536v4.

A. Buryak, E. Clader, R. J. Tessler. Closed extended r-spin theory and the Gelfand—Dickey wave
function. Journal of Geometry and Physics 137 (2019), 132-153.

A. Buryak, B. Dubrovin, J. Guéré, P. Rossi. Tau-structure for the double ramification hierarchies.
Communications in Mathematical Physics 363 (2018), no. 1, 191-260.

A. Buryak, B. Dubrovin, J. Guéré, P. Rossi. Integrable systems of double ramification type. Interna-
tional Mathematics Research Notices 2020 (2020), no. 24, 10381-10446.

A. Buryak, B. Dubrovin, J. Guéré. DR/DZ equivalence conjecture and tautological relations. Geom-
etry & Topology 23 (2019), no. 7, 3537-3600.

A. Buryak, P. Rossi. Recursion relations for double ramification hierarchies. Communications in
Mathematical Physics 342 (2016), 533-568.

A. Buryak, P. Rossi. Double ramification cycles and quantum integrable systems. Letters in Mathe-
matical Physics 106 (2016), 289-317.

A. Buryak, P. Rossi. Fxtended r-spin theory in all genera and the discrete KdV hierarchy.
arXiv:1806.09825.

A. Buryak, P. Rossi, S. Shadrin. Towards a bihamiltonian structure for the double ramification
hierarchy. Letters in Mathematical Physics 111 (2021), article number 13.

A. Buryak, S. Shadrin, L. Spitz, D. Zvonkine. Integrals of 1-classes over double ramification cycles.
American Journal of Mathematics 137 (2015), no. 3, 699-737.

G. Carlet, H. Posthuma, S. Shadrin. Deformations of semisimple Poisson pencils of hydrodynamic
type are unobstructed. Journal of Differential Geometry 108 (2018), no. 1, 63-89.

L. David, C. Hertling. Regular F-manifolds: initial conditions and Frobenius metrics. Annali della
Scuola Normale di Pisa, Classe di Scienze 17 (2017), no. 3, 1121-1152.

B. Dubrovin. Geometry of 2D topological field theories. Integrable systems and quantum groups
(Montecatini Terme, 1993), 120-348, Lecture Notes in Math., 1620, Fond. CIME/CIME Found.
Subser., Springer, Berlin, 1996.

B. Dubrovin. On almost duality for Frobenius manifolds. Geometry, topology, and mathematical
physics, 75132, Amer. Math. Soc. Transl. Ser. 2, 212, Adv. Math. Sci., 55, Amer. Math. Soc.,
Providence, RI, 2004.

B. Dubrovin, S.-Q. Liu, Y. Zhang. On Hamiltonian perturbations of hyperbolic systems of conserva-
tion laws I: Quasi-triviality of bi-Hamiltonian perturbations. Communications in Pure and Applied
Mathematics 59 (2006), no. 4, 559-615.

B. Dubrovin, Y. Zhang. Normal forms of hierarchies of integrable PDEs, Frobenius manifolds and
Gromov—Witten invariants. arXiv:math/0108160.

C. Faber, R. Pandharipande. Logarithmic series and Hodge integrals in the tautological ring. With
an appendiz by Don Zagier. Michigan Mathematical Journal 48 (2000), no. 1, 215-252.

E. Getzler. The jet-space of a Frobenius manifold and higher-genus Gromov—Witten invariants.
Frobenius manifolds, 45-—89, Aspects Math., E36, Friedr. Vieweg, Wiesbaden, 2004.

A. Givental. Semisimple Frobenius structures at higher genus. International Mathematics Research
Notices 2001 (2001), no. 23, 1265-1286.

R. Hain. Normal functions and the geometry of moduli spaces of curves. Handbook of moduli. Vol. I,
527-578, Adv. Lect. Math. (ALM), 24, Int. Press, Somerville, MA, 2013.

F. Janda, R. Pandharipande, A. Pixton, D. Zvonkine. Double ramification cycles on the moduli
spaces of curves. Publications Mathématiques. Institut de Hautes Etudes Scientifiques 125 (2017),
221-266.



34 ALESSANDRO ARSIE, ALEXANDR BURYAK, PAOLO LORENZONI, AND PAOLO ROSSI

[KMS15] M. Kato, T. Mano, J. Sekiguchi. Flat structure on the space of isomonodromic deformations.
arXiv:1511.01608.

[KMS18] Y. Konishi, S. Minabe, Y. Shiraishi. Almost duality for Saito structure and complex reflection groups.
Journal of Integrable Systems 3 (2018), no. 1, xyy003.

[Kon92] M. Kontsevich. Intersection theory on the moduli space of curves and the matriz Airy function.
Communications in Mathematical Physics 147 (1992), 1-23.

[LRZ15] S.-Q. Liu, Y. Ruan, Y. Zhang. BCFG Drinfeld-Sokolov hierarchies and FJRW-theory. Inventiones
Mathematicae 201 (2015), 711-772.

[LPR09] P. Lorenzoni, M. Pedroni, A. Raimondo. F-manifolds and integrable systems of hydrodynamic type.
Archivum Mathematicum 47 (2011), no. 3, 163-180.

[Lor14] P. Lorenzoni. Darbouz—Egorov system, bi-flat F-manifolds and Painlevé VI. International Mathe-
matics Research Notices 2014 (2014), no. 12, 3279-3302.

[Man05] Y. Manin. F-manifolds with flat structure and Dubrovin’s duality. Advances in Mathematics 198
(2005), no. 1, 5-26.

[MW13]  S. Marcus, J. Wise. Stable maps to rational curves and the relative Jacobian. arXiv:1310.5981.

[PST14] R. Pandharipande, J. P. Solomon, R. J. Tessler. Intersection theory on moduli of disks, open KdV
and Virasoro. arXiv:1409.2191v2.

[Ros17] P. Rossi. Integrability, quantization and moduli spaces of curves. Symmetry, Integrability and Ge-
ometry: Methods and Applications 13 (2017), 060.

[Sab9s] C. Sabbah. Frobenius manifolds: isomonodromic deformations and infinitesimal period mappings.
Expositiones Mathematicae 16 (1998), no. 1, 1-57.

[SZ11] S. Shadrin, D. Zvonkine. A group action on Losev—Manin cohomological field theories. Annales de
I'Institute Fourier 61 (2011), no. 7, 2719-2743.

[Tel12] C. Teleman. The structure of 2D semi-simple field theories. Inventiones Mathematicae 188 (2012),
no. 3, 525-588.

[Wit91] E. Witten. Two-dimensional gravity and intersection theory on moduli space. Surveys in Differential
Geometry 1 (1991), 243-310.

A. ARSIE:

DEPARTMENT OF MATHEMATICS AND STATISTICS, THE UNIVERSITY OF TOLEDO, 2801W,
BANCROFT ST., 43606 ToLEDO, OH, USA
Email address: alessandro.arsie@utoledo.edu

A. BURYAK:
FacurTy OF MATHEMATICS, NATIONAL RESEARCH UNIVERSITY HIGHER SCHOOL OF ECONOMICS,
6 USACHEVA STR., Moscow, 119048, RUSSIAN FEDERATION;
CENTER FOR ADVANCED STUDIES, SKOLKOVO INSTITUTE OF SCIENCE AND TECHNOLOGY,
1 NOBEL STR., Moscow, 143026, RUSSIAN FEDERATION;

P.G. DEMIDOV YAROSLAVL STATE UNIVERSITY,
14 SOVETSKAYA STR., YAROSLAVL, 150003, RUSSIAN FEDERATION
Email address: aburyak@hse.ru

P. LORENZONT:

DIPARTIMENTO DI MATEMATICA E APPLICAZIONI, UNIVERSITA DI MILANO-BICOCCA,

Via RoBeRTO Co0zzI 53, 1-20125 MILANO, ITALY AND INFN SEZIONE DI MILANO-Bicocca
Email address: paolo.lorenzoniQunimib.it

P. Rossr:
DIPARTIMENTO DI MATEMATICA “TULLIO LEVI-CIVITA”, UNIVERSITA DEGLI STUDI DI PADOVA,
ViA TRIESTE 63, 35121 PADOVA, ITALY

Email address: paolo.rossi@math.unipd.it



	Introduction
	Acknowledgements

	1. Double ramification hierarchy of an F-CohFT
	1.1. F-cohomological field theories
	1.2. Vector fields on the formal loop space
	1.3. Densities of local vector fields for the DR hierarchy
	1.4. Densities of integrals of motion for the DR hierarchy
	1.5. Homogeneous DR hierarchies

	2. Principal hierarchy of a flat F-manifold and dispersive deformations
	2.1. Flat F-manifolds
	2.2. Principal hierarchy of a flat F-manifold
	2.3. Dispersive deformations of a principal hierarchy: descendant DR hierarchies
	2.4. Nonequivalence of dispersive deformations
	2.5. Homogeneous dispersive deformations

	3. Towards a classification of dispersive deformations
	3.1. Dispersive deformations of DR type and the rank 1 case
	3.2. Homogeneous dispersive deformations and the rank 2 case
	3.3. General integrable deformations and open problems

	References

