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REPRESENTATIONS OF FINITE-DIMENSIONAL QUOTIENT
ALGEBRAS OF THE 3-STRING BRAID GROUP

PAVEL PYATOV AND ANASTASIA TROFIMOVA

ABSTRACT. We consider quotients of the group algebra of the 3-string
braid group B3 by p-th order generic polynomial relations on the elem-
entary braids. If p =2, 3, 4, 5, these quotient algebras are finite dimen-
sional. We give semisimplicity criteria for these algebras and present
explicit formulas for all their irreducible representations.
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INTRODUCTION

A classical theorem by H.S. M. Coxeter states that the quotient of the n-string
braid group B,, by the p-th order relation o? = 1 on its elementary braid generator
o is finite if and only if

1/n+1/p>1/2. (0.1)
In case of B3 we obtain finite quotient groups of orders 6, 24, 96, and 600, for
p = 2, 3, 4, and 5, respectively [9]. Generalizing this setting one can consider

quotients of the group algebra C[B,] obtained by imposing a p-th order monic
polynomial relation on the elementary braids. Under condition (0.1) the resulting
quotient algebras are finite dimensional and, by Tits deformation theorem (see [10,
Section 68] or [13, Section 5]) in the generic situation these algebras are isomorphic
to the group algebras of the corresponding Coxeter’s quotient groupsso they are
semisimple. As a next step it would be interesting to find semisimplicity conditions
and to describe explicitly irreducible representations of these finite dimensional
quotients.

A significant progress in this direction was made by I. Tuba and H. Wenzl. In
the paper [23] they classified all the irreducible representations of Bs in dimensions
d < 5. Their classification scheme in dimensions d < 4 yields all the irreducible
representations for the quotients in cases n = 3, p = 2, 3, 4, and describes their
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semisimplicity conditions. However, for p = 5 the above-mentioned quotients of
C[Bs] admit irreducible representations of dimensions up to 6 and the classification
in [23] does not cover them. In this note we construct all the irreducible representa-
tions of these algebras of dimension d < 6 and find criteria for their semisimplicity.
In dimensions d < 5 we reproduce the classification of irreducible representations
of Bs from [23]. In dimension d = 6 our list gives all the irreducible representations
of Bj that factor through representations of the quotients of C[Bs;] that we denote
Qx (their definition is given in the next section, see (1.7)). The latter factorization
means that the spectrum of the elementary braid in these representations contains
5 different eigenvalues, one of them with multiplicity 2. We are working in the
diagonal basis for the first elementary braid generator g;, and we restrict our con-
siderations to the case where all p roots of its minimal polynomial are distinct. For
the sake of completeness we present formulas for representations from I. Tuba and
H. Wenzl list in this basis too.

Our paper is organized as follows. In the next section we fix notation and derive
preliminary results on possible values of the central element of B3 in low dimensional
irreducible representations (d < 6). Section 2 contains our main results: criteria
of semisimplicity of the p = 2, 3, 4, 5 quotients of C[B3](Theorem 4) and explicit
formulae for all their irreducible representations(Proposition 2).

Let us describe briefly some related approaches and results. In [24] B. Westbury
suggested an approach to representation theory of Bj that uses representations of
a particular quiver. It was subsequently used by L.Le Bruyn to construct Zariski
dense rational parameterizations of the irreducible representations of Bs of any
dimension [15], [14]. This approach proved to be effective in treating a problem of
braid reversion (see [15]). However it does not provide semisimplicity criteria for the
representations constructed. A 5-dimensional variety of irreducible 6-dimensional
representations of Bs constructed below is contained in an 8-dimensional family of
Bs-representations of type 6b (see Fig. 1 in [15]).

For the more general case of B,, n > 3, series of irreducible representations
related to Iwahori-Hecke algebras (the p = 2 case) and Birman—Murakami—Wenzl
algebras (the p = 3 case, with additional restrictions) are well investigated (for a

review, see [16]). Some other particular families of the B, -representations were
found in [12], [1].
In another line of research M. Broué, C. Malle and R. Rouquier [3], [1] generalized

the notions of the braid group and of the Hecke algebra associated not only to
Coxeter group, but to an arbitrary finite complex reflection group W. Their generic
Hecke algebra is defined over certain polynomial ring R = Z[{u;}]. Broué, Malle
and Rouquer conjectured that generic Hecke algebra is a free module of rank |W|
over its ring of definition. This conjecture is now proved (see [18], [20], [21], [1 1] and
the list of references to Theorem 3.5 in [2]). The algebras Qx (1.7) we are dealing
with in this work are specializations of generic Hecke algebras of the groups 63
and Gy, Gs, G16 (in Shephard and Todd’s notations) under homomorphism R — C
that assigns certain complex values to the variables u;. The freeness conjecture in
these cases is proved in [17], [5], [06], so the dimensions of the algebras Qx coincide
with the cardinalities of their corresponding Coxeter groups.
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1. BRAID GROUP Bj AND ITS QUOTIENTS:
SPECTRUM OF ELEMENTARY BRAIDS

The 3-string braid group Bj is generated by a pair of elementary braids— g; and
g2 —satisfying the braid relation

919291 = g29192- (1.1)
Alternatively it can be given in terms of generators
a=g192, b=g19291, (1.2)
and relations
a® =0 =c, (1.3)
where ¢ = (g192)® = (g919291)? is a central element of Bz which generates the
center Z(Bs) [3]. Thus, the quotient group Bs/Z(Bs) = (a, bla® = b? = 1) is
the free product Zsz * Zs of two cyclic groups, which is known to be isomorphic to
PSL(2, Z).
Let X be a finite set of pairwise different nonzero complex numbers:
X =A{x1, z2, ..., zp}, ;€ C\{0}, z; #x; Vi#j. (1.4)
We set n=|X|
Px(9):= [] (9—=1), wherege{g, g2} (1.5)
i=1

In this paper we consider finite dimensional quotient algebras of the group al-
gebra C[Bj3] obtained by imposing the following polynomial conditions on the ele-
mentary braids:!

Px(g) = 0. (L6)
As was already mentioned in the introduction the quotient algebras

Q@x = C[B3]/(Px(9)) (1.7)
are finite dimensional if and only if |X| = n < 6. With a particular choice of

polynomials Px(g) = g™ — 1 they are the group algebras of the quotient groups
B3 /{¢g™) and, by the Tits deformation argument, Qx ~ C[Bs/{(¢™)] for n < 6 and
for generic choice of x; € X and, therefore, in a generic situation @) x is semisimple.

In the next section we will construct irreducible representations of these algebras.
We use the Artin—-Wedderburn theorem to prove that for quotient algebras Q x we
obtained the complete classification of the irreducible representations. It turns out
that their dimensions do not exceed 6. In the rest of this section we will show that
in these irreducible representations the spectra of the central element ¢ (1.1) and
of generators a and b (1.2) are, up to a discrete factor, defined by the eigenvalues
x; of the elementary braids.

Let V be a finite dimensional linear space, with dim V' = d and let px v: Q@x —
End(V) be an irreducible representation of @Q@x. We will assume that the charac-
ter of px,v is a continuous function of parameters x; € X.2 We recall | X| = n.

In the braid group elementary braids g; and go are conjugate to each other and, hence,
conditions on them are identical.
2A1 representations constructed in the next section satisfy the continuity condition.
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Without loss of generality we can assume that the minimal polynomial of px v (g),
where g € {g1, g2} is Px. Indeed, from equation (1.6) we obtain Px(px v(g)) = 0.
Therefore, the minimal polynomial of px v (g) divides Px and, hence, the eigenval-
ues of px,v(g) belong to X. Let X’ C X be the set of these eigenvalues. We can
consider the irreducible representation of @) x+, by removing from X all the elements
which do not belong to X".

By the assumption that the minimal polynomial of px v (g) is Px, the definition
of Px and the fact that the elements of X are distinct we also have that d > n.
The characteristic polynomial of elementary braids g1, g» in representation px v (g)
then has the form

n=|X| n
II,(9) :== H (g —x;)™, where m; € N* such that Zmi =d. (1.8)
i=1 i=1

n m;

In particular, det px,v(g) = [[;,_; }

We recall that a = g1go, b = g1g291, and ¢ = (g1g2)3. Since c is central, we apply
Schur’s lemma and we have that ¢ acts in the irreducible representation px v as a
scalar operator. We denote

A:=pxyv(a), B:=pxyv(), pxv(c):=C,ldy. (1.9)

By the definition of ¢ we have det px v (c) = (det px.v(g1))*(det px.v(g2))® =
(ITi=, ="*)®. Hence, we obtain the following relation:

n ;6 d
(ITizy &™) = (C,)" (1.10)
By (1.3) operators A and B satisfy equalities
A® = B*=C,ldy. (1.11)

Notice that A and B cannot be scalar, otherwise the matrices px v (g1) and
px,v(g2) would have common eigenvectors, meaning that the representation px v
would be reducible. Thus, A and B should have at least two different eigenvalues,
lying in the sets

SpecAC CM/3 {1, v, v}, vi=eY3 SpecBC Cp?-{1, -1} (112)

The following proposition describes explicitly the spectrum of operators A and B
in low dimensional representations, where \#* denotes the multiplicity k& of the
eigenvalue .

Proposition 1. Let px,v: Qx — End(V) be a family of irreducible representations
of algebras Qx (1.7) such that
a) their characters are continuous functions of parameters x; € X ;
b) the characteristic and minimal polynomials of the matrices px v(g1) and
px,v(g1) are given by II, (1.8) and Px (1.5), respectively.

Let A, B, C, be as defined in (1.9). Denote v := e2™ /3 and introduce no-
tation ep(X) for k-th elementary symmetric polynomial in the set of variables
X ={zi}i=1,...n-

Then for n = |X| <5 and d = dimV < 6 the coefficient C, and eigenvalues of
operators A and B can take the following values.
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Ifd=n=2, then C, = —ea(X)3,

Spec A = —ey(X) - {v, v '}, SpecB=iey(X)? - {1, -1} (1.13)
Ifd=n =3, then C, = e3(X)?,
Spec A = e3(X)5 - {1, v, v™'}, SpecB = e3(X)- {1, —1#2}, (1.14)

where the symbol m#*™ means that element m appears n times in the set;
If d=n =4, then for any root h(X) := Yes(X), C, = h(X)3,

Spec A =h(X) - {1%2 v, v~ '}, Spec B = h(X)? - {1#2, —1#2}; (1.15)
If d = n =5, then for any root f(X) := m, C, = f(X)S,
Spec A = f(X)?- {1, v#% (v 1)#2},  Spec B = f(X)*-{1%#3, —1%#2}; (1.16)
Ifd=6,n=5 m; =2,1<1i<5, then C, = —z,e5(X),
Spec A = —/wies(X)- {172, 72, (v=1)#2},
Spec B =i ¢/xe5(X) - {173, —1#3}.

Proof. Denote Try (respectively, Tr) an operation of taking trace in representation
px,v (respectively, taking traces of matrices A, B and of their powers). To prove
assertions of the proposition we calculate functions Try (g¥gs), for k =2, ..., 5, in
two different ways. The first way is to apply cyclic property of the trace, the braid
relation and to take into account scalarity of the central element px y(c). The
second way is to use minimal and characteristic polynomials of elementary braids
g1 and go. For illustration purposes the simplest case d = n = 2 is considered in
detail.

CASE d = n = 2. First of all, we apply cyclic property of the trace to notice
that Try(¢?¢g2) = Tr B. From the other side we have Px(g1) = 0. Therefore,
9% = (z1 + x2)g1 — 1221, Hence,

(1.17)

Try (97g2) = Try (21 + 22)g192 — 212292)
= (z1 + 22) Tr A — z22(z1 + 22) = €1(X) (Tr A — e2(X)).

Noticing that spectral condition (1.12) for the non-scalar 2 x 2 matrix B assumes
Tr B = 0 and taking into account e; (X) # 0 and the continuity of Tr A as a function
of 21 2, we conclude that Tr A = e5(X). From (1.10) we have C, = £e(X)?3, which
together with spectral condition on A (1.12) leaves us the only possibility to fulfill
relations for the traces of A and B, namely the one presented in (1.13).

CASE d = n = 3. Acting similarly, we shall evaluate Try (gf’gg) in two different
ways. First, we use cyclic property of the trace and the braid relation (1.1):

Try (g3 g2) = Try (g2 g291) = Try (g192)° = Tr A2 (1.18)
Second, we apply minimal polynomial for g; and characteristic polynomial for gs:
Try (g5g2) = e1(X) Tr B — e3(X) Tr A + e3(X)er (X).

Comparing the results of these calculations and taking into account that, by (1.12)
and (1.10), traces of powers of A and B can be expressed in terms of (roots of)
e3(X) and, hence, are algebraically independent from e;(X) and e3(X) we find
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that Tr A = Tr A2 = 0, Tr B = —e3(X). On the other hand from (1.10) one finds
C, = V/le3(X)?, which, together with the spectral conditions (1.12), gives (1.14)
as the only possibility to satisfy the above relations for traces.

CASE d = n = 4. Similarly to the case d = n = 3 we calculate Try (gfg2) in two
ways:

Try (9192) = Trv ((9192)°g1) = C, Trv ((9192) " 91) = Cpes(X)/ea(X),

Tey (ggn) = e1(X) Tr A% — en(X)Tr B+ e(X) Tr A — e3(X)er(X). (1.19)

where in the last line we take additionally into account Equation (1.18). Hence,
using an algebraic independence of C, and thus of Tr A, Tr A% and Tr B from
the elementary symmetric polynomials e;(X), ¢ = 1, 2, 3, one concludes: Tr A =
C,/ea(X), Tr A% = e4(X), Tr B = 0. The latter conditions are only compatible
with equations (1.10) and (1.12) in two cases given in (1.15).

CASE d =n = 5. Here we calculate Try (g7 g2):

Trv(9792)Cp Trv ((9192) 'g3) = C, Trv (97 ' 92)

= 65?’;() (CpZ:E§; —e1(X)TrA? +ep(X)Tr B —e3(X)Tr A + 64(X)€1(X)>7

where passing to the second line we expressed g; Lin terms of positive powers of g1
using its minimal polynomial and then used d = 5 analogue of formula (1.19).
Calculating Try (g7g2) in another way we obtain

Try (97g2) = e1(X) (C ea(X)

p€5(X)> —ea(X)TrA? +e3(X)Tr B —es(X) Tr A

+ 65(X>61(X>.

Now collecting coefficients in the independent polynomials e;(X), ¢ =1, 2, 3, 4, and
taking into account Equation (1.10) we find C, = e5(X)%°, TrA = —e5(X)?/5,
Tr A% = —e5(X)¥5, Tr B = e5(X)3/, which in combination with (1.12) finally
leads to conditions (1.16).

CASE d = 6, n = 5: We calculate Try (g7g2) in two ways similarly to the previ-
ous case, but using now different expressions Try (g1) = e1(X) + 4, Try (g7 ") =
ea(X)/es(X) + x; !, following from the characteristic polynomial (1.8). Collecting
then coefficients in independent polynomials we derive C, = —z;e5(X), Tr A =
Tr A2 = Tr B = 0, which in combination with (1.12) proves (1.17). O

2. Low DIMENSIONAL REPRESENTATIONS OF ¢, AND SEMISIMPLICITY

In this section we construct explicitly representations of algebras () x whose data
coincide with those given in Proposition 1. Investigating reducibility conditions for
these representations we obtain semisimplicity criteria for algebras (Qx and classify
their irreducible representations. We derive formulas for the representations in the
basis of eigenvectors of ¢;.

Proposition 2. The algebras Qx in cases | X| < 5 have the following representa-
tions of dimensions dimV' < 6.
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If | X| =dimV = 1, there ezxists a unique representation,

P (91) = P (g2) = 1. (2.1)

If | X| =dimV = 2, there exists a unique representation,

(g1) = diag{ Lo (e) ! o ) )
= dia = . .
Px \91 g1%1, T25, Px (92 w1 — 29 \a? — 2129 + 22 22

If |X| =dimV = 3, there exists a unique representation,

zaxs(z2tws)  zs(@itwezs) w2(xitasws)

A(X) A.(X) A(X)

P (g1) = diag{z1, 22, 23}, P (g2) = 13(22;{;1)1:3) mg(;é?)%) 11(22;{;1)953) :
zo(z2tzima)  zi(T2daixe)  wizo(w14T2)

As(X) As(X) A3 (X)

(2.3)
where
|X|
AX) =[] (&5 —a). (2.4)
j=1,j#i

If | X| = dimV = 4, there exist two inequivalent representations depending on
the choice of the square root h = y/eq(X):

1024.))((91) diag{xlv T2, T3, I4}7

o Biysva  Biveya  Biy27s
A(X)  A(X)  A(X) A(X)

B2 o B2z Bay2 (2 5)
(4) ( ) Ao (X) Az (X) Az (X) Az (X) .
Ph,x\92 B3 B33 a3 B33
Az(X)  As(X)  Az(X)  Asz(X)
Ba Baya Bavya

AX) MO0 A AN

Here

ai(h, X) = e3(XVer(X\) — hea(X V), X\ i= X\ {a},

Bi(h, X) = es(X)/xi —h, i=1,2, 3,4, (2.6)

Ya(hy, X) := 2124 + Tpxc — hy,  a, b, c € {x2, x3, T4} are pairwise distinct.

If | X| = dimV = 5, there exist five inequivalent representations corresponding
to different values of the root f(X) := ¢/e5(X):

(5

P0x (1) = diag{a, wo, w5, 24, w5}, pPx(92) = lImijli<ij<s, (2.7)

V) S T i (F + 20
Ai(X) ’
(z7 +f$z+f)Hk 1.k, (f? + mixy) .,
frix;A(X) : » Vi J

)

ea(X\)er (X V) + fries(X

mij(f7 X) =

(2.9)
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If |X| = 5, dimV = 6, there exist five inequivalent representations pgs))(, 1=
1, ..., 5, corresponding to all admissible values C, = —x;e5(X) of the central ele-

ment c¢. Formulas for pg} are given in Table 1. Formulas for the other represen-

tations can be obtained by the transposition of the eigenvalues x5 and x;, that is,

6 6) .
p57;(=Ui5opé’;(,Z:1,...,4.

TABLE 1. 6-dimensional representation of Qx, |X|=5

6

P (g1) = diag{x1, x2, @3, T4, x5, T3}, pSx (92) = ||gisli<i.i<s,

s

ea(Xer(X\) —wiwses (X ) XVe=X\{ai}h, i=1, ..., 4

Gii =

A(X)
Jla= Paqbqc Go1 = D1 Gab = qaPb
G :=||gijlli<ij<a ST AL T T 22A (X)) T T 2 (X))

where indices a, b, c€{2, 3, 4} are pairwise distinct, and

qa(X) =124 + e, Pi(X) :=e5(X) —xi2?

gs51 952 . 1 1
Gy = dia; {7, }
3 (961 962) & A1(X) Ax(X)
q4r Q3(03407“) x3
h X):=
Gap = (953 954) <(0120T) (01203407,)), where r(X) o1 (72 —21)Aa(X\2)
gz Jos and oo f(...xi...xj...):=f(...xj...x;...) for any f(X)
u q3qav pa2(X)
, wh X):= , and
G (955 956) <(Jl2 ov) (012 O“)) where v(X) x125(T2 — 1) A5 (X\2) o
33 1=
ges 66 w(X) = r122(x3 +24) (X324 — T1275) + X324 (T2 — ml)(mf +x2T5)
' (22 —21)A5(X)\2)
w 3(o )
1 g q3 ;jou
g35 36 25A5(X) (Us;;w) 114(0127;34010) ’
Gz 1= 945 g46 ! o
w(X) :=p1(X) (1222324 {T123 + 25 (T2 + 74) }
—a¥{@1w3(v2 +24) + T52224})
z 9394(0120230W)
1 1 w%w‘g
(o230w) (01202) ’
AS(X) ;%3.15 1122
g15 g6 2(X):=(eres —xiez)(z1e103 — €273 )T 1 T5
G13 = 2 3
925 926 +es(w1 —xs5) (27 (e1 — x1){es(z1 —ws) —era}

+ (z1e2 —e3){z1e2+ (x1 —x5)23 }a5),

where e; are elementary symmetric polynomials in variables
T2, T3, T4.

Remark 1. As it is noticed in Section 1 a representation of @ x is also a represen-
tation of Qx/ if X C X'.
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Remark 2. Irreducible representations of B3 of dimensions d < 5 were classified
by Imre Tuba and Hans Wenzl in [23]. We reproduce their table of representations
in the basis where g; takes a diagonal form. In their approach I. Tuba and H. Wenzl
used a different basis, in which matrices of the braids ¢g; and go assume a special
‘ordered’ triangular from. This allows them analyzing also algebras whose minimal
polynomials Px have multiple roots and, hence, matrices of the braids g; o are
not diagonalizable. These cases are missed in our approach. Instead, our method
is suitable for construction of the 6-dimensional representations for algebras @ x,
|X| = 5 and, thus, allows us classifying irreducible representations for these algebras
and studying their semisimplicity.

Note also that formulas for representations of dimensions d < 5 have been re-
constructed in [5] using different methods with the help of the CHEVIE package of
GAP3 (see [18], [22]).

Proof. By our initial assumptions matrices of braids g; » in any representation are
diagonalizable. We choose a basis where px v (g1) := D, is diagonal. By (1.8) the
diagonal components of D, are x; taken with multiplicities m;.

Keeping in mind that in an irreducible representation matrices A and B of braids
a and b are also diagonalizable (see Equation (1.11)) we use for them parameteri-
zation

A=U"'D,U, B=VD,V~' (2.10)

Here D, and D, are diagonal matrices whose diagonal components are elements of
Spec A and Spec B. For irreducible representations of dimensions < 6 they were
defined in Proposition 1. Due to relation g; = a~'b matrices U and V have to
satisfy condition

UD,V = D;'UVD,,. (2.11)

We solve this matrix equality for U and V in cases where diagonal matrices Dy,
D, and D, are as described in Proposition 1. Formulae for representations given
in Proposition 2 follow then, e.g., from relation go = gfla: px.v(ge) = Dg_lA.

Solving (2.11) is straightforward but rather tedious computation. For an inter-
ested reader we give few details of it in cases d = 2, 3, 4.

Case d = 2. We choose
D, = diag{z1, 72}, Da = —eo(X)diag{v, v™1}, Dy = iea(X)? diag{1, —1}.

Noticing that matrices U/V are defined up to left /right multiplication by a diagonal
matrix we use for them the following ansatzes

1 =* 1 *
o= (o) =)

where stars stand for unknown components. With this settings Equation (2.11)
defines U and V up to conjugation by a diagonal matrix. We choose a solution

which gives a nice expression (2.2) for pg?)(gg),

1 —— 1 Ve

U— ) v-lzitvas V= i T, —To+i/e2

_vritrv T xo 1 ’ T1—T2—1 /€2 1 :
1 i/es
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Note that, unlike U and V, resulting expression for pg?) (g2) is defined with the only
restriction x; # 2 and does not depend on a choice of root /es.
Case d = 3. We choose
D, = diag{z1, z2, 3}, Do = 63(X)§ diag{1, v=1, v},
Dy = e3(X) diag{1, -1, —1},
and use ansatzes

1 = 1
U=1|x 1 , V=1x
x % *

= % %
O = ¥
= O %

The solution of Equation (2.11) which gives formula (2.3) for pg?)(gg) reads

1 z1+h z1+h 1 -1 -1
To2+h z3+h 9
U= | zvb 1 zatvh V= _lmzme)@atmzs) g
- x1+vh x3+vh ) - (z2—x3) (2 +z223)
z3+v " th z3+v " th 1 (mlfazg)(xg%»xl:cg) 0 1
z1+v—th  xatv—lh " (w3—w2)(z3+zaz3)

Case d = 4. We choose D, = diag{z1, z2, =3, x4},

D, = h(X)diag{1, 1, v, v~'}, Dy = h(X)? diag{1, 1, —1, —1},

and ansatzes for U, V:

I Ut I At
U:(\p <1>>’ VZ(A 1)’

where T is 2 x 2 unit matrix, ®* and A* are arbitrary 2 x 2 matrices, and 2 x 2

matrix ® has unit diagonal components. A particular solution of Equation (2.11)

which gives expression (2.5) for pgf)X (g2) reads

zy(w3—x2)B1ya  z1(wa—x2)B1ys
ot — ( z3(x1—x2)B3 z4(x1—22)Ba >
za(z3—x1)B2 za(rga—x1)B2 ’
w3 (v2—w1)PBs3 z4(z2—21)PB4
T1Z2 Toxa+vh
N (z1z2+v—1h)(x2w3+1h) x3x4-+rh
bl

T1Z2

zoxs+v th

(z1z2+Vh)(z2mat+rv—1h)

x3x4+v—1h

1 Toxs+vh
B zox3z+rh
zoxs+rv th 1 ’

A+_

Toxs+r—1h

z3(z3—22) (21— Vh)v4

z4(za—z2)(31—Vh)7s

z1(z1—x2)(x3—Vh)
13(E3*E1)(I2*\/ﬁ)

z1(z1—x2)(zs—Vh)
14(14*11)(932*\/5) ’

z2(v2—21) (23— Vh)

z1 (za—21)(z3+VhR)

z2(z2—21) (34— Vh)

zo(z4—x2)(z3+Vh)y3

Y2 z1(zz—21)(za+Vh)

z3(za—a3)(z2+Vh)
xo(z3—x2)(xa+vVh)ya

)(

1 z3(z4—z3)(z1+Vh)
)(
)(

z4(ws—24)(z1+Vh)

zq(z3—m4)(w2+Vh)
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To get it we exclude consecutively matrices A*, ¥~ & from Equations (2.11)
expressing them finally in terms of ¥*. The only condition imposed by Equation
(2.11) on the components of ¥ is

(U1 (WF)2p (23 — x9)(wa — 1) 74
(UH)12(TF)21 (24— @2) (23 — 21)73

The three remaining degrees of freedom are due to arbitrariness in conjugation of

U and V by a diagonal matrix. We fix it to get the expression for pg?) (g92) in the
most suitable form.

Solving Equation (2.11) in cases d = 5, dim V' = 5, 6, is more lengthy. We skip it
presenting final results of the calculations in equations (2.7)—(2.9) and in Table 1.
For them the braid relation (1.1) can be checked directly. O

Proposition 3. For the algebras Qx (1.7) defined by the set of data X (1.4), the
representations p@, d < 5, described in Proposition 2 are irreducible if and only if
the following conditions on their parameters are satisfied.
If 1X] =2, pg?)is irreducible if
2
IZ-(]-) =7 — 37 + ac? # 0, (2.12)
where indices i, j € {1, 2} are distinct.
If | X|=3, p()?) is irreducible if
I0) = a? + wjup #0, (2.13)
where i, j, k € {1, 2, 3} are pairwise distinct.
If|X| =4, pﬁf)x is irreducible if

I,(;li) =a? —h#0, Jf(:li)jkl = xixj + xpr; — h #0, (2.14)

where i, j, k, | € {1, 2, 3, 4} are pairwise distinct.
If |X] =5, p?k is irreducible if

I}i‘) = 333 +a;f+ f2#0, J](ci)j =TTy + 240, (2.15)

where i, j € {1, 2, 3, 4, 5} are pairwise distinct.

Otherwise, they are reducible but indecomposable.

For representations pf;(, s=1,...,5, also given in Proposition 2, we present
a less detailed statement, which describes conditions under which all of them are
irreducible.

If |X]| =5, pf;(, 1 < s <5, are irreducible if

IZ@ =e5(X)+ad #0, Ji(f) = %(X)—x?z? #0, Ki(i.)klm =TT+ T Ty # 0,
' (2.16)

where i, §, k, I, m € {1, 2, 3, 4, 5} are pairwise distinct.
Otherwise, among them there are reducible but indecomposable representations.

Proof. We will search for invariant subspaces in representations p.(,‘fl) of Proposi-
tion 2. Note that for any y € Qx such that Specpx v (y) is multiplicity free an
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invariant subspace in V should be a linear span of some subset of a basis of eigen-
vectors of px v (y).

Consider representations p(¥) of dimension d = dim V' < 5. Here the spectrum
of p(4(g;) is simple. Choose a basis of eigenvectors of p¥(g;): {vy, 1= dpi, 1 <i <
d}r=1,..q.- Denote

Vy :=Span{vg: k €Y}, whereY C{1,2, 3,4, 5}. (2.17)

Obviously, any invariant subspace in the representation space V, if exists, should
be of the form V3. Furthermore, if the representation is decomposable then the
decomposition is

V=V ®Vy, whereV:={1,234,5}\Y. (2.18)

Correspondingly, the matrix p.(fl) (g2) is block-triangular (respectively, block-diago-
nal) with blocks labelled by indices from subsets Y and Y if and only if the represen-
tation is reducible (respectively, decomposable). Let us analyze the block structure
of p¥(gy) in cases d = 3, 4, 5 (case d = 2 is trivial).

Case d = 3. Representation pgg) (2.3) has 2-dimensional invariant subspace V{1 2}

if and only if I. 3(?)2 = 0. Its complementary 1-dimensional subspace V{3 exists under

conditions Igg = 12(2)1 = 0. Altogether conditions Ig()?)Q = IS% = 2(3)1 = 0 lead to
1 = w9 = x3 = 0 and, hence, they are incompatible. Invariance conditions in
two other cases— V(s 3y, Vi1, and V{33, V{2; — differ from the above by a cyclic
permutation of the subscript indices. It follows that pgg’) is irreducible if and only
if inequalities (2.13) are fulfilled, and otherwise it is indecomposable.

o . . . !
Case d = 4. Conditions for existence of invariant subspaces in sz )X are

4 4 4 4 4
Vit2,sy: If(z,i =0; Vig: If(zg = Jf(7,,2234 =0or Ii(z% = Ji(z,2324 =0; (2.19)
Vitey: I}(f% = Ii(:,li =0; Vigay: J}(:,l1)234 =0or I}(;,l) = I}(f% =0. (2.20)

For the rest of invariant subspaces their existence conditions can be obtained by
a cyclic permutations of subscripts 1, 2, 3, 4 in (2.19) ®, or of subscripts 2, 3, 4 in
(2.20). Altogether these conditions justify irreducibility criterium (2.14). Decom-
posability, e.g., V = V(1231 & Vi4y or V = V{1 9y @& Vi34}, demands

4) _ 74 _ 74 _ (4 _ 4 _ 7@ _ 7@ _
Ih,l = Ih,z = Ih,S = Ih,4 =0 or Ih,3 = Ih,4 = Jh,1234 =0
or similar sets of relations with permuted subscripts 2, 3, 4. One can check that

these conditions are incompatible with initial settings for X (1.4).

3The only exception is subspace V(1}, which cannot be invariant in this representation.
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Case d = 5. Invariant subspaces in p(f5;( exist under conditions:

Vii,2,3,4} 1}552 = 0;
Visy: J}?Q J} ?34 = 0 (or any permutation of subscripts 2, 3, 4) (2.21)

or J}?l)Q = 1}5:2 = I](cii = 0 (or any permutation of subscripts 1, 2, 3, 4);

Vioay: Jigs =0or 11 = 17 = 0;
) (2.22)

Viasy: JJS51)2 = 0 (or any permutation of subscripts 1, 2, 3).

For the rest of invariant subspaces the existence conditions can be obtained by
permutation of indices in formulas above. Taken together these conditions prove
irreducibility criterium (2.15). On the other hand, an attempt to find decomposition
into invariant subspaces, like V' = Vi 23 41 © Vi5y or V = V3 31 @ Vi4 5}, results
in a set of conditions

1) =00 =Jf =000 19 =10 =10 =P =0

(or any permutation of subscrlptb 1,2, 3,4, 5),

which are incompatible with (1.4). Thus, representations p( )

posable.

are always indecom-

Case d = 6 is more sophisticated. We carry out considerations for representation
pé g( (see Table 1). For the other 6-dimensional representations results follow then
by transpositions of arguments x;.

Take a basis of eigenvectors of pg (91): {vg = 0ps, 1 <@ < 6}g=1,.6. Assume

there exists an invariant subspace va C V and consider its subspace
W= Viny U V12,343

Spectrum of p5 X(gl) in this subspace is simple, so W has a form W = Vy (2.17)
for some subset Y C {1, 2, 3, 4}. We consider separately cases with different Y.

Case W = V; 234). Consider action of matrix p(5 g((gg) on W. Since compo-

nents gs; and ggo of this matrix are always nonzero we conclude that vectors vs
and vg belong to Viy, and hence, Vi, = V', which is a contradiction.

Case W = Vjyy. Considering action of pgj;( (92) on v1 € W C Vipy we obtain

v5 € Viny. Now let us assume that Vi, = Vjy 53. Then the matrix pé ;((92) should
take block-diagonal form with vanishing components go1 = g31 = g41 = g61 =
925 = g35 = gas = ges = 0. This happens if and ony if p;(X) = Jl(g) = 0. Thus,
we conclude that representation p( ) under condition J1(§) = 0 has the invariant
subspace Vy; 53. This subspace is not further reducible.

Case W = Vj33y. From the action of p5 X(gg) on vy € Viny we get vg € Vipy,
as gog # 0. Assuming then Vi,, = V{27376} and checking block-triangularity of

Pé;((gz)' g12 = G13 = §16 = a2 = §43 = Gas = g52 = gs3 = gs6 = 0, we find
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that this case is realized under condition ¢4(X) = KE() 1)423 = 0. Thus, Viz36) is a
minimal invariant subspace containing W' = Vi3 3.

Two cases considered above illustrate appearance of conditions like J(®) # 0
and K .@ # 0 in formulation of the proposition. Permuting arguments x;, that
is, considering all representations p(®) one can obtain all polynomials J© | K(©) in
the conditions of their reducibility. Consideration of the other cases with W # &
is similar. It does not result in any other independent reducibility conditions. In

(6)

particular, for representation Ps x one obtains:

— incase W = Vip 3 43 Immmal possible invariant subspace Viny = V(23 45 6};
— in case W = V; 4; minimal possible invariant subspace Viny = Vi1 45,6}

In searching for a decomposition of péG;( into a direct sum these invariant subspaces

could be complements, respectively, for the subspaces Viny = Vj1 2} (case W = V1)
and Viny = Via,36) (case W = V(3 31). As we see, this does not happen. In all other
reducible regimes with W # @ representations p(®) turn to be indecomposable.

It remains to consider the case W = &. Assuming that Vj,, is 2-dimensional,

i.e., Viny = Vi5,6}, we get a contradiction since block-triangularity conditions for

pég( G153 = G23 = 0 do not have any solution.

Still, there is a possibility to find 1-dimensional space Vi,,. This happens if
2 x 2 matrices G13, Go3 and G33 for certain values of parameters x; have common
eigenspace Viny, which is a null space for G13 and Gao3. Calculating determinants
of G13 and G23'

det G135 ~ K5 1234J Jig)(%(X) + xg), det Giaz ~ J15 J(G)( 5(X) + 95?)7

we see that the only new possible regime where one observes nontrivial invariant

subspace is given by condition I§6) = 0. Indeed, in this case one finds common
eigenvector

{(a2 + waw3) (a3 — w123) (23 — wows + 23), T1w3(af — wyws + 22)},

with eigenvalues 0, 0 and x5, respectively, for G13, Ga3 and G33. The invariant
subspace generated by this vector does not have an invariant direct summand, as
there is no invariant subspace containing Vi; 5 3 4} O

Our main result follows as a direct consequence of Propositions 2 and 3:

Theorem 4. For |X| < 5 the algebra Qx (1.7) defined by a set of data X (1.4) is
semisimple if and only if one of the following conditions hold.

1X| =2, 1% 20 (2.23)

X| =3, {1}, 15} n {0} = (2.24)

1) )

for all pairwise distinct indices i, j, k € {1, 2, 3};

4 4
X[ =4, {1&, 15, 118, 18 Y0 {0y = o (2.25)

ij ) Tijk?

for any h such that h? = e4(X) and for all pairwise distinct indices i, j, k, | €
{1,2,3, 4}
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2 5 4
x| =5, {17, 1C), 1",

for any f such that f° = es5(X), for any h such that h? = e4(X\"), and for all
pairwise distinct indices i, 3, k, I, m € {1, 2, 3, 4, 5}.

In the semisimple case all irreducible representations of these algebras are de-
scribed in Proposition 2.

JO ) 46 6 5 g©

Skl fz’ fiig? ij 0 M jklm} n {0} =09 (226>

Remark 3. For the algebras Qx, |X| =2, 3, 4, the statement of theorem was first
proved in [23] (see Theorem 2.9 there). For the algebras Qx, | X| = 5, polynomial
conditions of the form Ii(G) =0, Ji(f) =0, Kl(i)klm = 0 have appeared recently in

the investigations of the algebra decomposition matrices (see [7, Section 3.15]).

Proof. The existence of reducible but indecomposable representations serves as a
criterion of nonsemisimplicity of an algebra. Proposition 3 provides such represen-
tations for all algebras @ x which the theorem above declares to be nonsemisimple.

On the other hand, by the Artin—-Wedderburn theorem an algebra over an alge-
braically closed field is semisimple if and only if sum of squares of dimensions of its
inequivalent irreducible representations equals dimension of the algebra. Dimen-
sions of the algebras Qx for |X| = 2, 3, 4, and 5 are, respectively, 6, 24, 96, and
600 (see [19, Theorem 3.2(3)] and [5, Corollaries 3.4 and 4.11]). Then, Propositions
2 and 3 provide enough irreducible representations for algebras QQx to guarantee
their semisimplicity under conditions (2.23)—(2.26). For instance in case | X| = 5
the algebra @ x under conditions (2.26) has the following inequivalent irreducible

representations (see Proposition 2 and Remark 1): (?) = 5 times 1-dimensional,

(g) = 10 times 2-dimensional, (g) = 10 times 3-dimensional, 2 x (i) = 10 times
4-dimensional, 5 times 5-dimensional, and 5 times 6-dimensional. Altogether:
5%12410%22 41032+ 10 %42 + 5% 52 + 5 * 62 = 600, which fits the dimension
of the algebra and proves its semisimplicity. O

REFERENCES

[1] S. Albeverio and A. Kosyak, g-Pascal’s triangle and irreducible representations of the braid
group B3 n arbitrary dimension, preprint arXiv:0803.2778 [math.QA].

[2] C. Boura, E. Chavli, M. Chlouveraki, and K. Karvounis, The BMM symmetrising trace con-
jecture for groups Ga, Gs, G, G7, Gg, J. Symbolic Comput. 96 (2020), 62-84. MR 3959529

[3] M. Broué, G. Malle, and R. Rouquier, On complez reflection groups and their associated
braid groups, Representations of groups (Banff, AB, 1994), CMS Conf. Proc., vol. 16, Amer.
Math. Soc., Providence, RI, 1995, pp. 1-13. MR 1357192

[4] M. Broué, G. Malle, and R. Rouquier, Complex reflection groups, braid groups, Hecke alge-
bras, J. Reine Angew. Math. 500 (1998), 127-190. MR 1637497

(5] E. Chavli, Universal deformations of the finite quotients of the braid group on 3 strands, J.
Algebra 459 (2016), 238-271. MR 3503973

(6] E. Chavli, The BMR freeness conjecture for the tetrahedral and octahedral families, Comm.
Algebra 46 (2018), no. 1, 386-464. MR 3764871

[7] E. Chavli, Decomposition matrices for the generic Hecke algebras on 3 strands in character-
istic 0, Algebr. Represent. Theory 23 (2020), no. 3, 1001-1030. MR 4109146

[8] W.-L. Chow, On the algebraical braid group, Ann. of Math. (2) 49 (1948), 654-658. MR 26050

[9] H. S. M. Coxeter, Factor groups of the braid group, Proceedings of the Fourth Canadian
Math. Congress, Banff 1957 (M. S. Macphail, ed.), University of Toronto Press, 1959, pp. 95—
122.


https://arxiv.org/abs/0803.2778
http://www.ams.org/mathscinet-getitem?mr=3959529
http://www.ams.org/mathscinet-getitem?mr=1357192
http://www.ams.org/mathscinet-getitem?mr=1637497
http://www.ams.org/mathscinet-getitem?mr=3503973
http://www.ams.org/mathscinet-getitem?mr=3764871
http://www.ams.org/mathscinet-getitem?mr=4109146
http://www.ams.org/mathscinet-getitem?mr=26050

442

(10]

(11]

(12]

(13]
(14]
(15]

[16]

(17]
(18]
(19]
20]
(21]
(22]
(23]

24]

P. PYATOV AND A. TROFIMOVA

C. W. Curtis and I. Reiner, Methods of representation theory. Vol. II, Pure and Applied
Mathematics (New York), John Wiley & Sons, Inc., New York, 1987. MR 892316. With
applications to finite groups and orders, A Wiley-Interscience Publication.

P. Etingof, Proof of the Broué—Malle—Rouquier conjecture in characteristic zero (after I. Lo-
sev and I. Marin—G. Pfeiffer), Arnold Math. J. 3 (2017), no. 3, 445-449. MR 3692497

E. Formanek, W. Lee, 1. Sysoeva, and M. Vazirani, The irreducible complex representations
of the braid group on n strings of degree < m, J. Algebra Appl. 2 (2003), no. 3, 317-333.
MR 1997750

T. Halverson and A. Ram, Partition algebras, European J. Combin. 26 (2005), no. 6, 869-921.
MR 2143201

L. Le Bruyn, Most irreducible representations of the 3-string braid group, preprint
arXiv:1303.4907 [math.RA].

L. Le Bruyn, Dense families of B3-representations and braid reversion, J. Pure Appl. Algebra
215 (2011), no. 5, 1003-1014. MR 2747234

R. Leduc and A. Ram, A ribbon Hopf algebra approach to the irreducible representations of
centralizer algebras: the Brauer, Birman—Wenzl, and type A Iwahori—Hecke algebras, Adv.
Math. 125 (1997), no. 1, 1-94. MR 1427801

I. Losev, Finite-dimensional quotients of Hecke algebras, Algebra Number Theory 9 (2015),
no. 2, 493-502. MR 3320850

G. Malle and J. Michel, Constructing representations of Hecke algebras for complex reflection
groups, LMS J. Comput. Math. 13 (2010), 426-450. MR 2685134

I. Marin, The cubic Hecke algebra on at most 5 strands, J. Pure Appl. Algebra 216 (2012),
no. 12, 2754-2782. MR 2943756

I. Marin, The freeness conjecture for Hecke algebras of complex reflection groups, and the case
of the Hessian group Gae, J. Pure Appl. Algebra 218 (2014), no. 4, 704-720. MR 3133700
I. Marin, Report on the Broué—Malle—Rouquier conjectures, Perspectives in Lie theory,
Springer INdAM Ser., vol. 19, Springer, Cham, 2017, pp. 359-368. MR 3751133

J. Michel, The development version of the chevie package of gap3, J. Algebra 435 (2015),
308-336. MR 3343221

I. Tuba and H. Wenzl, Representations of the braid group Bz and of SL(2, Z), Pacific J.
Math. 197 (2001), no. 2, 491-510. MR 1815266

B. Westbury, On the character varieties of the modular group, preprint, University of Not-
tingham, 1995.

NATIONAL RESEARCH UNIVERSITY HIGHER SCHOOL OF ECONOMICS 20 MYASNITSKAYA STREET,

Moscow 101000, Russia & BOGOLIUBOV LABORATORY OF THEORETICAL PHYSICS, JOINT INSTI-
TUTE FOR NUCLEAR RESEARCH, 141980 DuBNA, Moscow REGION, RuUSSIA

E-mail address: pyatov@theor. jinr.ru

NATIONAL RESEARCH UNIVERSITY HIGHER SCHOOL OF ECONOMICS 20 MYASNITSKAYA STREET,

Moscow 101000, Russia & CENTER FOR ADVANCED STUDIES, SKOLKOVO INSTITUTE OF SCIENCE
AND TECHNOLOGY, Moscow, RUSSIA

E-mail address: nasta.trofimova@gmail.com


http://www.ams.org/mathscinet-getitem?mr=892316
http://www.ams.org/mathscinet-getitem?mr=3692497
http://www.ams.org/mathscinet-getitem?mr=1997750
http://www.ams.org/mathscinet-getitem?mr=2143201
https://arxiv.org/abs/1303.4907
http://www.ams.org/mathscinet-getitem?mr=2747234
http://www.ams.org/mathscinet-getitem?mr=1427801
http://www.ams.org/mathscinet-getitem?mr=3320850
http://www.ams.org/mathscinet-getitem?mr=2685134
http://www.ams.org/mathscinet-getitem?mr=2943756
http://www.ams.org/mathscinet-getitem?mr=3133700
http://www.ams.org/mathscinet-getitem?mr=3751133
http://www.ams.org/mathscinet-getitem?mr=3343221
http://www.ams.org/mathscinet-getitem?mr=1815266

	Introduction
	1. Braid Group B_3 and its Quotients: Spectrum of Elementary Braids
	2. Low Dimensional Representations of q_x and Semisimplicity
	References

