P

@ CrossMark

Adv. Appl. Probab. 1-40 (2022)
doi:10.1017/apr.2021.57

ON A MIXED SINGULAR/SWITCHING CONTROL PROBLEM WITH
MULTIPLE REGIMES

MARK KELBERT" ** AND
HAROLD A. MORENO-FRANCO ©" ™ HSE University

Abstract

This paper studies a mixed singular/switching stochastic control problem for a multi-
dimensional diffusion with multiple regimes on a bounded domain. Using probabilistic
partial differential equation and penalization techniques, we show that the value func-
tion associated with this problem agrees with the solution to a Hamilton—Jacobi—Bellman
equation. In this way, we see that the regularity of the value function is c%In le(;coo‘

Keywords: Singular/switching stochastic control problem; Hamilton—Jacobi—Bellman
equations; nonlinear partial differential system

2020 Mathematics Subject Classification: Primary 49L.99
Secondary 93E20; 93C30

1. Introduction

Singular and switching stochastic control problems have been of great research interest
in control theory owing to their applicability to diverse problems of finance, economy, biol-
ogy, and other fields; see, e.g., [12, 16] and the references therein. For that reason, new
techniques and problems are continuously being developed. One of these problems, called a
mixed singular/switching stochastic control problem, concerns the application of both singular
and switching controls in an optimal way on some stochastic process that can change regime.
Within a regime, a singular control is executed.

This paper is mainly concerned with determining the regularity of the value function in
a mixed singular/switching stochastic control problem for a multidimensional diffusion with
multiple regimes on a bounded domain. Our study is focused on the stochastically controlled
process (Xé SIS ) that evolves as

t t
Xff:xjg—/ b(Xf’g,E,-)ds—k/ o(xf’g,e,-)dws—/ n,dz,,
! % T [Ti,6)
I; =¢; forte([%, Tiy1) and i>0, (1.1)
whereXg’ngcE@C]Rd,I(i =lecl:= {1,2,...,m},7;:= 1; A T, and 7 represents the first

exit time of the process X¢-¢ from the set O. Here W = {W, : t > 0} is a k-dimensional standard
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2 M. KELBERT AND H. A. MORENO-FRANCO

Brownian motion. The pair (£, ¢) is a stochastic control strategy, defined later on (see (2.1),
(2.2)), which consists of a singular control & := (n, ¢) € R? x Ry and a switching control
G := (i, £;)i>0 with 7; a stopping time and ¢; € I for i > 1. The process (&, ¢) is chosen in
such a way that it will minimize the cost criterion

VS&()NC’ E) = Z Ei,i[eirmﬂ)ﬂﬁilm Il{Ti+1<T}]

i>0

+3 EM;[ /[f,-,fm) e gy (X< )ds + g, (X5 ) o ngH. (1.2)

i>0

Under the assumption that there is no loop of zero cost (see (2.7)), one of the main goals of
this paper is to verify that the value function

Vi(®) = inf Vec(x.€), for (%, £) €O x 1, (1.3)
Y

isinC%!'n le(;fo; see Theorem 2.1.

Previous to this paper, the problem (1.3) has been studied extensively (in both bounded and
unbounded set domains) for separate cases: when the process X%'S does not change its regime
or when the singular control £ is not executed on X5:S: see, e.g., [6,12, 13,16, 19, 18] and the
references therein. It is natural to study stochastic control problems where both controls are
involved, and see how they can be applied.

For example, both (singular and switching) controls have been used in the study of inter-
actions between dividend and investment policies. In that context, a firm that operates under
an uncertain environment and risk constraints wants to determine an optimal control on its
dividend and investment policies (see [2, 4, 3, 15]). The authors assumed that the cash reserve
process of a firm switches between m-regimes governed by Brownian motions with the same
volatility but different drifts [4, 15], a two-dimensional Brownian motion with the same
stochastic volatility but different stochastic drifts [3], or different compound Poisson processes
with drifts [2]. The costs and benefits of switching regimes are made automatically in the firm’s
cash reserve and are not considered in the expected returns.

The optimal dividend/investment policy strategy problem mentioned above was studied
on the whole spaces R or R2; see [2, 4, 15] and [3], respectively. Using viscosity solution
approaches, the authors obtained qualitative descriptions of the value function

T
sup {E% g|:/ e_”’d§,1| }, with ¢ > 0 a fixed constant. (1.4)
e ’ 0

It must be highlighted that the explicit or quasi-explicit solution of the optimal strategy for the
first two cases mentioned in the previous paragraph (see [4, 3, 15]) has not yet been found and
still remains an open problem. For the case when the cash reserve process switches between m-
regimes governed by different Poisson processes with drifts, Azcue and Muler [2] proved that
there exists an optimal dividend/switching strategy, which is stationary with a band structure.

In addition, Guo and Tomecek [11] studied a connection between singular controls of finite
variation and optimal switching problems.

Notice that the mixed singular/switching stochastic control problem proposed in (1.1)—
(1.3) is defined on an open bounded domain @ C R¢, and the costs for switching regimes,
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On a mixed singular/switching control problem with multiple regimes 3

represented by ¥, are considered in the functional costs Vg .. Additionally, it must be high-
lighted that our problem is given in a general way, meaning that for every regime ¢, the drift and
the volatility of the process X&'S are stochastic, and there are two types of costs: g (Xé S ) od¢
when the singular control £ is exercised, and Ay (Xf S ) if not. For more details about the cost
g¢(X5:5) o dt, see the next section.

The main contributions of this paper are the following:

1. We characterize the solution u to a suitable Hamilton—Jacobi—Bellman (HJB) equation,
which is closely related to the value function V given in (1.3), as the limit of a sequence
of solutions to another system of variational inequalities that is related to e-penalized
absolutely continuous/switching (e-PACS) control problems; see Subsection 2.2.

2. We give an explicit representation of the optimal strategy of these e-PACS control prob-
lems. Then, by probabilistic methods and construction of an approximating sequence
of solutions as mentioned previously, we verify that the value function (1.3) and
the solution u to the HIB equation (2.9) agree on O, showing that V, belongs to
o1 (O)n W22(0); see Section 4.

loc

3. We find explicitly the solution i to a suitable HIB equation that is related to the value
function V given in (1.3), when O = (0, /) C R, [ > 0, and the parameters of the stochas-
tic differential equation (SDE) (1.1) are given by b(x, £) = bgx and o (x, £) = ogx for
x € (0, ), with by, oy € R such that oy > 0. Additionally, c; and g, are positive constant
functions and the running cost 4y is taken as h¢(x) := Kyx"*, where y; € (0, 1), Ky >0
are fixed; see Section 5.

The rest of this document is organized as follows. In Section 2 we consistently formulate
the stochastic control problem studied here (see (2.8)) and give the assumptions for obtaining
the main results of this paper, Theorems 2.1 and 2.2. Also we introduce the ¢-PACS control
problem and its HIB equation (2.19). Then, in Section 3, we introduce a nonlinear partial
differential system (NPDS) and give some a priori estimates. Afterwards, using Lemma 3.1,
Proposition 3.1, the Arzela—Ascoli compactness criterion, and the reflexivity of LfOC(O) (see
[8, Section C.8, p. 718] and [1, Theorem 2.46, p. 49], respectively), we prove the existence,
regularity, and uniqueness of the solution u® to (2.19); see Subsection 3.1. In Subsection 3.2,
we veritfy Theorem 2.1, which is proved by selecting a subsequence of {u°}.¢(0,1). Then, in
Section 4, we present a verification lemma for the ¢-PACS control problem. This lemma is
divided into two parts: Lemmas 4.1 and 4.2. Afterwards, we give the proof of Theorem 2.1.
After that, in Section 5, numerical examples of Theorem 2.1 are given when d = 1. In Section 6,
we draw our conclusions and discuss possible extensions of this paper. Finally, the proofs of
Lemma 3.1 and Proposition 3.1 are given in the appendix. To finalize this section, we men-
tion that the notation and the definitions of the function spaces that are used in this paper are
standard; the reader can find them in [1, 5, 8, 9, 10].

2. Model formulation, assumptions, and main results

Let W = {W, : ¢t > 0} be the k-dimensional standard Brownian motion defined on a complete
probability space (2, F, IP). Let IF = {F,};>0 be the filtration generated by W. The process
(X5:5,I¢) is governed by the SDE (1.1), where the parameters by := b(-, £): O —> R? and
op:= 0(-, £): O — R? x R, with £ €1 fixed, satisfy appropriate conditions to ensure that
the SDE (1.1) is well-defined; see Subsection 2.1. The control process (£, ¢)isini/ x S, where
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4 M. KELBERT AND H. A. MORENO-FRANCO

the singular control £ = (n, ¢) belongs to the class U of admissible controls that satisfy

(m,, &) eRY x Ry, 1> 0, such that X5 € O [0, 1),
(m, ¢) is adapted to the filtration I,
Zo— = 0 and ¢; is nondecreasing and is right-continuous
with left-hand limits (cadlag), t > 0, and |n;| =1 d{;-almost surely (a.s.), >0,
2.1

and the switching control process ¢ := (7;, €;)i>0 belongs to the class S of switching regime
sequences that satisfy

¢ is a sequence of [F-stopping times and regimes in [, i.e,
¢=(ti,€)izoissuchthat 0=1p <ty <2 <---, 7, f 00 as i1 oo P-as, 2.2)
and foreachi >0, ¢; e1={1,2, ..., m}.

Notice that /¢ is a cadlag process that starts in ¢ which has a possible jump at 0, i.e., if 1 =0,
I?, = £1. Without the influence of the singular control £ in X565 ie. ¢ =0, the infinitesimal
generator of X5-S, within the regime £ € I, is given by

Loug = tr[agDzug] — (bg, Dlug>, (2.3)

where ag = (ag jj) ;, , 18 such that ag j; := [oea] ] Here | - |, (-, -}, and tr[-] are the Euclidean
norm, the inner product, and the matrix trace, respectlvely

Remark 2.1. Taking AXf‘g = Xf’g x5s

; £, £,
., with (§, ¢) eU x S, we observe X s —th —
n,A¢, € Oforte [fi, fi+l)-

Given the initial state (5c, 57) € O x I and the control (£, ¢) €U x S, the functional cost of the
controlled process (X‘§ SIS ) is defined by (1.2) where K, ; is the expected value associated

with - 5, the probability law of (XE SIS ) when it starts at (5c, 57), and

xZ’
r(t)::/ (ng F ds—Z/

t/\TH—I
XS s )d (2.4)

AT

EATi4 ]
/[f AT, ) e_r(S)gzi <X§ §> o dts = / _r(S) (Xf’g)dff
i tATi 1

+ e "OAL, / g, Xéf—xmsAcs)dx, (2.5)

r,<5< EATi4+1

where ¢¢ denotes the continuous part of ¢, ¢g := ¢(+, £) is a positive continuous function from
O to R, and he := h(-, £), g¢ := g(-, £) are nonnegative continuous functions from O to R.
Notice that within the regime £ € I the singular control £ = (n, ¢) generates two types of costs.
One of them is when £ continuously controls the process X5'S by ¢¢; the other is when &

controls X°S by jumps of ¢. While X is in the regime ¢, the term fol g (Xf’_g — AnSAgs)dk

represents the cost for using the jump A¢; # 0 with direction —n; on X'Slf at time s.
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Remark 2.2. If gy = a, with a a positive constant, Equation (2.5) is reduced to the following

form:
/ efr(j)ggi (Xf‘f) od¢;=a / e~"0dg,.
[fistA'EH—]) [fist/\fi+l)

This means that the costs for controlling X5 by ¢ or A¢ # 0 are the same.

Remark 2.3. Notice that the cost for using the singular control &, defined in (2.5), was studied
in the case that X4+ does not change regime; see, e.g., [6, 12, 19].

The cost for switching from the regime £ to « is given by a constant ¥, , > 0, and we assume
that
0(1,53 = 19(1,@2 + ﬂlz,@y for £3 75 El, 62, (26)

which means that it is cheaper to switch directly from the regime £; to ¢3 than by using the
intermediate regime ¢. Additionally, we assume that there is no loop of zero cost, i.e.,

no family of regimes {{g, {1, ..., £,, Lo} 27)
such that ¢y, ¢, = ¢, 0, = - - =V,,0 =0. '
The value function is defined by
Vi®:= inf Ve (%), for (¥, 0)e O x L (2.8)

(&,9)eUxS

From (2.7) and by the dynamic programming principle, we identify heuristically that the value
function V; is associated with the following HJB equation:

max {[ce — Lelug — he, [D'ug| — g, ug — Meu} =0 in O, st up=00n90, (2.9)

where u=(uy, ..., uy) 1O —> R™ and, for ¢ €1, the operator L is as in (2.3) and M, is
defined by
Meu= min {u, + 19@,,(}. (2.10)
rel\(¢)

2.1. Assumptions and main results
First, let us give the necessary conditions to guarantee the existence and uniqueness of the
solution u to the HIB equation (2.9) on the space C%! (O) NW22(0):

loc
(H1) The switching costs sequence {U¢ i} el is such that V¢ > 0 and (2.6) and (2.7) hold.

(H2) The /domain set O is an open and bounded set such that its boundary 00 is of class
CH | with o € (0, 1) fixed.

Let € be in 1. Then the following hold:

(H3) The functions hy. g € C>@' (O) are nonnegative, and llhell oo (@) ||gg||C21a/( are

0)
bounded by some finite positive constant A.

(H4) Let S(d) be the set of dxd symmetric matrices. The coefficients of the differ-
ential part of Ly, ag = (agij)axd: O — S(d), bp=(bg1,...,beq): O —> R4, and
ce: O —> R, are such that ay ij» bei, co € cxo (@, ce>0o0n O, and ||ag ij||C2,a/ (@)’
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[1beill 2 (B) llcell oy (5) are bounded by some finite positive constant A. We assume

that there exists a real number 6 > 0 such that
(a0, 2) > 0|¢)?, forallxe O, ¢ e RY. (2.11)
Under Assumptions (H1)—-(H4), the first main goal obtained in this document is as follows.

Theorem 2.1. The HJB equation (2.9) has a unique nonnegative strong solution (in the almost-
everywhere (a.e.) sense) u = (uy, . .., uy) where uy € 01 @ N Wz’oo((’))for each ¢ € 1.

loc

Remark 2.4. Previous to this work, the HIB equation (2.9) was studied in 1983 by Lenhart and
Belbas [13], in the absence of |Dlug| — g¢. They proved that the unique solution to their HIB
equation belongs to Wz*o"(@). This HIB equation is related to optimal switching stochastic
control problems. Afterwards, Yamada [18] analyzed the HJB equation for (2.8) when ¢y , =0
and g, = g for £, k € . This case is an example of a system with loops of zero cost whose HIB
equation has the form

max { max{lc; — Lelii = he). D'l - g} —0inO, sti=0ond0. 2.12)

Yamada showed that there exists a solution & to (2.12) in C%! @ N leo’go((’)) that does not
depend on the elements of I, and assuming g > 0, he guaranteed that it belongs to C!(OQ)N
C(@ and is the unique viscosity solution to (2.12). Comparing those papers with ours, we see
that the results presented here are more general than those of [13], and under the assumption
of the absence of loops of zero cost in the system, we guarantee the unique solution « to (2.9)

in the a.e. sense.

In addition to the statement in (H2), we need to assume that the domain set is convex, which
will permit us to verify that the value function V and the solution u to (2.9) agree on O.

(H5) The domain set O is an open, convex, and bounded set such that its boundary 00 is of
class C*%, with o' € (0, 1) fixed.

Under Assumptions (H1) and (H3)-(HS5), the second main goal obtained in this document
is as follows.

Theorem 2.2. Let V be the value function given by (2.8). Then V(X) = uz(x) for (5c, Z) ceOxl.

To finalize, let us comment on the assumptions mentioned above. Under (H1)—(H4) and
using the Schaefer fixed point theorem (see, e.g., [8, Theorem 4, p. 539]), for each ¢, § € (0, 1)
fixed, we guarantee the existence and uniqueness of the classical nonnegative solution %%
to the NPDS (3.1); see Proposition 3.1 and the appendix for the proof. Also, those assump-
tions are required to show some a priori estimates of u®-®, which are independent of ¢, §; see
Lemma 3.1. Since (H1) holds, ¢; > 0 on O, and using Lemma 3.1, we verify that u® is the
unique nonnegative solution to the HIB equation (2.20); see Subsection 3.1. Once again mak-
ing use of (HI1) and ¢y >0 on O, we prove that the solution u to the HIB equation (2.9) is
unique; see Subsection 3.2. Finally, Assumption (HS5) helps to check that the value function V,
given in (2.18), and the solution u to the HIB equation (2.9) agree on O.

2.2. e-PACS control problem

To prove the theorems above (Theorems 2.1 and 2.2), we first study an e-PACS control prob-
lem that is closely related to the value function problem seen previously. At the same time, the
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solution to the HJB equation related to this stochastic control problem (see Proposition 2.1)
helps to guarantee the existence and regularity of the solution to the system of variational
inequalities (2.9). The verification lemma for this part, which is divided into two lemmas
(Lemmas 4.1 and 4.2), will be presented below to provide the proofs of Theorem 2.1 and
Proposition 2.1.

Define the penalized controls set /¢ in the following way:

U= {& =(n, {) €U : ¢, is absolutely continuous, 0 < ¢, <2C/e}, (2.13)
with ¢ € (0, 1) fixed, where C is some fixed positive constant independent of e. For each
(5(, f) €O xTand (&, ¢) eU* x S, the process Xf’g = {ng > 0} evolves as

t t
XS = xEs _ﬁ [b(Xf’g,e,-) +m5§.5]ds+ﬁ o-(Xf’g, Ei)dWS, (2.14)
Ti Ti

I,=4¢; forte[%, Tiy1) and i>0, (2.15)

where 7; = 7; A 7 and T = inf { t>0: Xf’g ¢ (’)}. Before introducing the corresponding func-

tional cost Vg ¢ of (§, ¢) eU® x S, let us define the penalization function .. Consider ¢ as a
function from IR to itself that is in C°*°(IR) and satisfies

pt)=0, 1<0, @@>0, >0,

/ " (2.16)
p)=1—1,1=2, ¢ (=0, ¢°(1)=0.

Then, ¥, is taken as ¥ (t) = ¢(t/¢), for each ¢ € (0, 1). Also, for each (x, £) € O x I fixed, we
define the Legendre transform of H¢(y, x) := H®(y, x, £) := V. (ly|> — ge(x)*) by

L@, %)= F@,x 0:= sup {{y,y) —Hi(y,x}, foryeR‘
yeRd

Notice that, for each (x, £) € O x I fixed, Hg(y, X)is a C? and convex function with respect
to the variable y € R?, since ¥, € C°(IR) is convex. The penalized cost of (&, ¢) eU® x S is

defined by
VSS(;C’ Z) = Z E%,Z[e_r(rm)ﬂ&lm Lz, <f}]
>0
Titl .
+ ZIEM[/ e e, (X6<) + £ (Eom, Xf‘)]ds]. 2.17)
i>0 T

The value function for this problem is given by
VEX) := inf Ve (X, £), (2.18)
i (€, c)elde 5;5‘( F)

whose corresponding HIB equation is

max {[cz — L¢luj + sup {<D1u§,y) — E(y, .)} — I, Ul — Mgus} =0, in O,

yeRR4 (2.19)

s.t. ug =0, ondO,
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where Ly, M, are as in (2.3), (2.10), respectively. Observe that (2.19) can be rewritten as

D'u¢

max{[clg—ﬁg]ui—l—wg( 2)_hg,u§—/\/lgu8}=0, in O,

(2.20)
s.t. up =0, ondO,

because of H(y, x) = sup,cga { (v, y) — [;(y, )}. Under Assumptions (H1)~(H4), the follow-
ing result is obtained, whose proof is given in the next section; see Subsection 3.1.

Proposition 2.1. For each ¢ € (0, 1) fixed, there exists a unique nonnegative strong solution
ut = (u‘; - ufn) to the HJB equation (2.20) where uj, € co! ((9) nwW= *(0) for each £ € 1.

loc

3. Existence and uniqueness of the solution to the HJB equations

This section is devoted to guarantee existence and uniqueness of the solution to the HIB
equations (2.9) and (2.20). The solution u® to (2.20), with ¢ € (0, 1) fixed, will be constructed

as the limit of a sequence of functions {148"S } 5€(0.1)’ when § goes to zero, which are solutions
to the following NPDS:
lee = Leluy” + w(\Dl o[ - g%) 2 v’ e = Pe) =he. in 0,

xel\(e) (3.1)
s.t. u;"s =0, on d0.
The Schaefer fixed point theorem is employed to guarantee the existence of the classic solution

to u®% to (3.1). For that aim we need some a priori estimates of «®, which will also help to
verify the theorems seen in the section above.

Remark 3.1. From now on, we consider cut-off functions w € CZ°(O) which satisfy 0 <w <
1, w=1 on the open ball Bg, C Bg/, C O and w =0 on O\ Bg/,, with r >0, g’ = ﬁ“ , and
B € (0, 1]. It is also assumed that ||a)|| 2(35 ) < Kj, where K| > 0 is a constant mdependent of
€ and 4.

Under Assumptions (H1)—(H4), the following results are obtained. Their proofs can be
found in the appendix.

Lemma 3.1. Let u®® = (ui 5, e, u;‘s) be a vector solution to the NPDS (3.1), whose compo-

nents are in C* (6) Then, for each £ € 1, there exist positive constants C1, Co, C3 independent
of €, 8 such that if x € O, then

0<u’) <0y, (3.2)
Pl )| < o, (3.3)
w(x)‘Dz (x)( <Cs. (3.4)

Propositlon 3.1. Let ,8€(0,1) be fixed. There exists a unique nonnegative solution
ut® = ( u; 5, e, uf,;‘s) to the NPDS (3.1) where ufz"s € Che (O)for each £ €.

Remark 3.2. The NPDS (3.1) has been studied in a number of similar problems. One of them
is when the second term on the left-hand side of (3.1) does not appear. This equation was
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considered by Lenhart and Belbas [13] to study a HIB equation related to a switching stochastic
control problem when there is no loop of zero cost. Later, Yamada [18] used an NPDS similar
to (3.1) to study the HIB equation (2.12). Equations of this type also appear in some stochastic
singular control problems; see [12] and the references therein.

3.1. Proof of Proposition 2.1

Let e€(0,1) and £€l be fixed. Since ui"s, Bljui’a are bounded, uniformly in §,
on the spaces (Cl(a), ||'||C1(O)> and (C(Er), ||'||C(B,.)), respectively, where B, C O (see
Lemma 3.1), and using the Arzela—Ascoli compactness criterion (see [8, p. 718]) and the
fact that for each p € (1, 00), (Lp(Bﬁr), ||'||]_}’(B,))’ with B, C O, is a reflexive space (see

[1, Theorem 2.46, p. 49]), it can be proven that there exist a subsequence {ui’af’}A of

n>1
[uf? }sc0.1, and a function uf in C1(0) N W°(0) such that

loc

,5,"1 . ,5;l .
I/l; 8;,——:0 ME m C' O), 8lu§ 5;1_—30 Blui m C]oc(o), (3 5)
.6 :
i = d;ut, weakly L) (O), for each p € (1, 00).

n

We proceed to proving Proposition 2.1.

Proof of Proposition 2.1. Existence. Taking « €I\ {¢}, and using (2.3), (3.1), and
Lemma 3.1, we have that s (u,ﬁ’s — ui"s — 19@,,(> is locally bounded, uniformly in é. From

here and (3.5), we obtain that uz —u, — ¥, <0in O. Then,
uy — Muu® <0, inO. (3.6)

Note that the previous inequality is true on the boundary set 30, since uj”s = u?‘s =0on a0

and ¥ , > 0. Recall that the operator M, is defined in (2.10). On the other hand, since uz'gﬁ is
the unique solution to (3.1), when 8 = §j, it follows that

X 2
/ {[Ce _ Eg]ui’an + 1//,;( Dlu?sn _g§> }wdx < f hywdx, forw eB(B,), (B.7)
r Br
where
B(A) .= {w € C°(A): w > 0 and supp[w] CACO}. (3.9)
By (3.5) and letting §; — 0 in (3.7), we obtain that
2
[ce — Lelug + Wa( Dlui - g%) <hy ae.inO. (3.9

2
From (3.6) and (3.9), max {[Cg — Lol + wg( Dlug| - g%) — Iy, — Mgus} <0ae.inO.

We shall prove that if

up(x*) — M (x*) <0, for some x* € O, (3.10)
then there exists a neighborhood N+ C O of x* such that
Dluz

2
o — Lolu +¢€( —g%) —hy, ae.inNe. 3.11)
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Assume (3.10) holds. Then, taking « € I\ {¢}, we see that uj — uy — ¥¢ , <uj — Meu® <0at
x*. Since uj — uy, is a continuous function, there exists a ball B,, C O such that x* € B, and
u; —uf, — V¢, <0in By, . From here, and defining N+ as ﬂxeﬂ\{e} B, we have that N« C O
is a neighborhood of x* and

up —uy, — V¢, <0, inNy, fore el {€}. (3.12)

Meanwhile, observe that

since (3.5) holds. Then, by (3.12)—(3.13), we have that for each « € I\ {£}, there exists a §*) e
(0, 1) such that if 8; < 8@, then 1 — 4% — ¥y, < 0in Ny. Taking 8 := mineen (g {8©)},
0 _ e _ o <01in Ny, for all §; <& and « €T\ {¢}. From here and

it follows that u,
since for each §; < &', uZ"S;’ is the unique solution to (3.1), when § = §j, this implies that

" =i ()

0, f I\ {¢}, 3.13
‘C(O)aﬁ——:o ork €I\ {6) (3.13)

) 2
/ {[cz — Eg]u?a" + gﬁg( D! uz’a” - g%) }wdx = / hewwdx, for w € B(Ny).
Mc* ./V;*

Therefore, (3.11) holds. Hence, we get that for each ¢ € (0, 1), u® = (uf, ey ufn) is a solution
to the HIB equation (2.19). O
Proof of Proposition 2.1. Uniqueness. Let ¢ €(0,1) be fixed. Suppose that u®=
(5, ... uf,) and v¥ =(vE, ... vE) are two solutions to the HIB equation (2.20) whose

components belong to C%! O)n leo’fo((’)). Take (xo, £o) € O x I such that
”ZO(XO) — vio(xo) = sup {ui(x) - vz(x)}. (3.14)

(x,0)eOxI

Notice that by (3.14), we only need to verify that
Uy, (x0) — vy, (x0) <0, (3.15)

which is trivially true if xy € 90, since uio — VZ) =0 on 0. Let us assume xy € O. We shall
verify (3.15) by contradiction. Suppose that ”20 — vjo > 0 at xg. Then, by continuity of ”20 —
vzo, there exists a ball B, (xo) C O such that

ey [“20 — VZ)] > min {czo(x) [uzo(x) - vjo(x)]} >0, in By, (xp). (3.16)

x€By, (x0)
The last inequality is true because of ¢y, > 0 in O. Taking £1 € I such that
MoV (x0) = vy, (x0) + Deg.0: 5 (3.17)
by (2.20) and (3.14), we get that VZ) — (vi1 4 1950’21) — V;;O — My V* < ujo — My <0 at

xo. If VZ,(XO) — My, v¥(x0) < 0, there exists a ball By, (xp) C O such that vio — Mg,* <0in
B, (xp). Moreover, from (2.20),

[C[O — ‘CZO]VE() + 1&8(|D1v20|2 _ g%()) — hZO :0,

in B,, (xo). (3.18)
[czo —Eeo]uzo +1//g<|D1u20|2 —g%()) —hyy <0, ’
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2 2
- g%()) — wg( — g%()) is a continuous function in O, since

2 2
8,-1420, 8,-\}20 € CY(®), which satisfies wg( Dluj0 - g%o) - 1//8( Dlvz) — g%o) =0 at xq,
since x is the point where uio - vio attains its maximum. Meanwhile, by Bony’s maximum
principle (see [14]), it is known that for every r < r3, with r3 > 0 small enough,

Notice that 1#5( Dlujo Dlvio

trag,D*[uf, — v, ]] <0.  a.e.in B.(xo). (3.19)
So, from (3.16), (3.18), and (3.19), we have that for every r < r:= min{ry, ra, r3},
0= tfar D[, — %, ]
Dluzo

1. ¢
Dve0

2 2
= [, =iy + (beg: D'[u, =i, 1) + v (D1, | =) v ([0 )

> min {czo(x)[uﬁo(x) — vio(x)]} + (bé()v Dl[uio — v§0]>

"~ xeBy, (%)
2 2 1. ¢ 2 2 :
+ 1//€< D Ug,| — g£0> — %( D Veo| — gzo), a.e. in B,(xp).
Then,
lim { inf ess | ¥ (|D'ul 2 g — (D" 2 g2
r—0 B,(x0) ¢ to gZO ¢ to ggo
: r £
<= pin {e@[ut,0 -]} <0. 320
. 2 2 . . . .
This means 1//6( Dlujo — g%o) - wg( Dlvio - g%()) is not continuous at xo which is a
contradiction. Thus,
0= vjo — (vjl + l?go,gl) = v,ﬁo — MgV < u,ﬁo — Myu® <0 atx. (3.21)
This implies that
uy, (x0) — vy, (x0) = uy, (x0) — v (x0) > 0, (3.22)

Vi, (0) = v, (x0) + D ¢, -
By (3.14) and (3.22), we have that ”Z — vzl attains its maximum at xg € O, where its value
agrees with uj (xo) — v (x0). Then, replacing uj — vy by uj —vj above and repeating the

same arguments seen in (3.17)—(3.21), we get that there is a regime ¢, € I such that

uy, (x0) — vy, (x0) =y, (x0) — vy, (x0) = uy, (x0) — v, (x0) > 0,

Vi, (x0) = v, (x0) + Doy 5.
Recursively, we obtain a sequence of regimes {¢;};>¢ such that

Uy, (x0) — v, (x0) = up,  (x0) — v, (x0) = - - - = up (x0) — vy, (x0) > 0,

Ve, (x0) =V, (x0) + Ve e,y (3.23)
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Since T is finite, there is a regime ¢’ that will appear infinitely often in {¢;};>¢. Let £, = ¢, for
some n > 1. After 7 steps, the regime £’ reappears, i.e. £, ; = £'. Then, by (3.23), we get

Vo (x0) =V (0) + 00 6,0 + Dty b0+ D (3.24)

n+fl71’l/'

Notice that (3.24) contradicts the assumption that there is no loop of zero cost (see Equation
(2.7)). From here we conclude that (3.15) must hold. Taking v* — u® and proceeding in the
same way as before, it follows that for each £ €1, VZ — uﬁ <0 in O, and hence we conclude
that the solution u® to the HIB equation (2.20) is unique. (|

3.2. Proof of Theorem 2.1
In view of Lemma 3.1 and by (3.5), the following inequalities hold for each £ € II:
0<ut<C, and [D'uf|<Cs inO, (3.25)

for some positive constant C4 = C4(d, A, &’). The constant C is as in (3.2). Moreover, for
each Bg, C O, there exists a positive constant Cs = Cs(d, A, o) such that

||D2u2 | |U’(B;;r) <(Cs, foreachpe(l, c0). (3.26)
Then, from (3.25)—(3.26) and using again the Arzela—Ascoli compactness criterion and the

fact that (L” (B[}r), [1-1] » (Bﬂr)) is a reflexive space, we have that there exist a subsequence

{uz" }nzl of {MZ}SE(O,I) and a ug in C%! (5) N W2’°°((9) such that

loc

uz" —> up in C(O), 8,‘14?' _)O djutg in Cloc(0),
En—>

en—0
&n P (327)
i, sn——:O jjug, weakly Ly (O), for each p € (1, 00).
Remark 3.3. We use the notation C = C(x, ..., %) and K = K(%, . . ., %) to represent positive

constants that depend only on the quantities appearing in parentheses.

We proceed to proving Theorem 2.1.

Proof of Theorem 2.1. Existence. Now, let £ €I be fixed. Since ui” is the unique strong
solution to the HIB equation (2.20) when ¢ = g,, which belongs to 0.1 (6), it follows that for
each k € I\ {¢}, u?’ — (u,i" + 195,,() < u?’ — Myuf" <0 in O. From here and (3.27), we have
that uy, — u,e — 9 <0in O. Then, up — Meu <0, in O. Also, we know that [c; — £g]uz” +

lﬁgn( Dluz” 2_ g%) < hy a.e.in O. Thus,

0< ¢8n<|D1u§"

= g,%) <hg—[ce — Leluy",  ae.inO. (3.28)

Consequently, by (H3), (3.25), (3.26), and (3.28), there exists a positive constant Cg =
Ce(d, A, o) such that

OS/Brlﬂan<

for each @ € B(B,), with B(-) as in (3.8). Thus, using definition of ¥, (see (2.16)), and since
|D1ui" ’2 — g% is continuous in O, we have that for each B, C O, there exists ¢’ € (0, 1) small

1 én
D u,

= g%)wdx 5/ {he — [ce — Loluy" }ordx < Cg
B,
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On a mixed singular/switching control problem with multiple regimes 13

enough so that for all &, < ¢/, DluZ" — g¢ <01in B,. Then, since (3.27) holds, it follows that
ID'ug| < g¢ in O. From (3.28), we get fBr {[ce - Lg]ui” — hg}wdx <0, for each @w € B(B,).
From here and (3.27), we obtain that [c; — L¢]ug — he <0 a.e. in O. Therefore, by what we
saw previously,

max {[CZ — Lolug — e, |Dug| — go, ue — M(u} <0, ae.inO. (3.29)

Without loss of generality we assume that uy (x*) — Myu(x*) < 0, for some x* € O. Otherwise,
equality holds in (3.29). Then, for each x € [ such that ¥ # £, uy — (e + Vo) <up — Myu <
0 at x*. There exists a ball B, (x*) C O such that

e — (e +Ve) <ug — Meu<0, in By, (x"), (3.30)

by the continuity of u; — u, in O. Now, consider that |D1ug} — g¢ <0 for some x7 € B (x*).
Otherwise, equality again holds in (3.29). By continuity of |D1ug| — g¢, we have that for
some B,(x}) C O, Dlug| —g¢ <0 in By, (x}). From here, using (3.27), (3.30) and taking
N = B, (x*)NB,, x’l‘), it can be verified that there exists an &’ € (0, 1) small enough so
that for each &, < &', ID'u}"| — g¢ <0 and u}" — Meu <0 in N. Thus, [c; — Leluy" = hy
a.e. in NV, since u®" is the unique solution to the HIB equation (2.20), when & = &,,. Then,
f/\/ {[cz - Lg]ui" — hg}wdx =0, for each @ € B(N). Hence, letting &, — 0 and again using
(3.27), we get that u = (uy, . . ., uy,) is a solution to the HIB equation (2.9). O

Proof of Theorem 2.1. Uniqueness. Suppose that
u=Wy,...,uy) and v=@r,...,Vn)

are two solutions to the HJB equation (2.9) whose components belong to C%! (5) N W]2OCOo (0).
Take (xg, £o) € O x I such that

ugy(x0) — veg(xo) = sup  {ue(x) — ve(x)}. (3.31)
(x,£)eOxI

As before (see Subsection 3.1), we only need to verify that
Ugy — Ve = 0, atxpeO. (3.32)
Assume that ug, — vg, > 0 at xo. Then there exists a ball B, (xo) C O such that

C@Q [ME() - Ve()] 2 xegli]?xo) {CZ() (X)[WO(X) - Vl() (x)]} > 0

in B (xp), by the continuity of ug, — v, in O and the fact that cgy >0 in O. Meanwhile,
from (3.31), vgy — M,V < gy — Meyu <0 at xg. If vey — Mg,v < 0 at xo, there exists a ball
B,,(x0) C O such that vgy — Myv <0 in By, (xo). Now, consider the auxiliary function f, :=
gy — Ve, — Qug,y, With o € (0, 1). Notice that f, =0 on 90, for ¢ € (0, 1), and

fo 1 ey — ve, uniformly in O, when o | 0. (3.33)

In addition, there is a ¢’ € (0, 1) small enough so that SqueBrz(xo){fa(x)} > 0 forall ¢ € (0, @),

since ug, — vy, > 0 at xo. By (3.31) and (3.33), there exists ¢ € (0, ¢’) small enough so that f;
has a local maximum at x; € By, (xo) N By, (xo). It follows that

D1y (x5) | =1 — 01D gy (x5) | < D uey (x5) | < g(x5)-
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Thus, there exists a ball B, (x@) C By, (x0) N B, (xp) such that [ce, — Lgy1ve, — hey =0 and
[cey — Loy luey — hgy < 0in By, (x5). Then, by Bony’s maximum principle, we have that

0> lim { inf ess tr[agOsz@]} > ceofp + Oh,
r—0 Br(X@

at xp, which is a contradiction since ohy > 0, fé, >0, and c¢, >0 at Xp- We conclude that
0=vg, — Mgyv <ugy — Mgu<0 at xo. Using the same arguments seen in the proof of
uniqueness of the solution to the HIB equation (2.9) (see Subsection 3.1), it can be verified
that there is a contradiction with the assumption that there is no loop of zero cost (see Equation
(2.7)). From here we conclude that ((3.32)) must hold. Taking v — u and proceeding in the
same way as before, we see that u is the unique solution to the HIB equation (2.9). O

4. Verification lemma for £-PACS control problem and proof of Theorem 2.2

In this section, under Assumptions (H1) and (H3)—(HS5), we shall verify that the value func-
tion V given in (2.8) agrees with the solution u to the HIB equation (2.9) on O. To that end, let
us start by showing that the value function V¢ given in (2.18), with ¢ € (0, 1) fixed, agrees with
the solution u® to (2.20). The proof of this result is presented in two parts; see Lemmas 4.1
and 4.2.

Let us assume that (X*°S, I) evolves as (2.14)—(2.15), with (€, ¢) € U® x S and initial state

()Nc, f) € O x . Recall that U4? is defined in (2.13) and S is the set of elements ¢ = (7;, £;)i>0
that satisfy (2.2). The functional cost Vs  is asin (2.17).
Under Assumptions (H1)—(H4), Lemmas 4.1 and 4.3 will be proven.

Lemma 4.1. (Verification lemma for ¢-PACS control problem, first part) Let € € (0, 1) be
fixed. Then u%(fc) < V;,g(fc, Z) for each ()?, Z) €O x T and (&, ¢c) eU? x S. From now on, for

simplicity of notation, we replace X&-S by X in the proofs of the results.

Proof of Lemma 4.1. Let {u®% }a>1 be the sequence of unique solutions to the NPDS (3.1),
when 8 = §;, which satisfy (3.5). By Proposition 3.1, it is known that uZ"S;’ eCH (O)fort el
Then, using integration by parts and It6’s formula (see Corollary 2 (p. 68) and Theorem 33
(p. 81), respectively, in [17]) in e”(*)uzaﬁ(Xt) on [%, Tiy1), i>0, where T=T1,AT,
T =inf{r > 0:X, € O} and r(¢) is as in (2.4), and taking the expected value, we have that

Y =% ,8;1 ,5;,
E)"c,i[e r(r,) uz (Xfi)] = Ei,f[[”il (Xfl) + ﬁ[o)gl]l{rl —0.1; <r,i:0}

.85 287

+ [”Z) (XTI) - “Z. (Xfl) - 19‘30’41]1{n=0,r1<r,i=0}

N [e—r(mﬁ)u;fﬁ (Xinz,) — Moo [0, € A 71 X, u55]
tAT] £.8+

+ / e ey (Ko x,)

0

= Leguy (X0 + (Dl (x,), ésms)]ds} 1, oim0]
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On a mixed singular/switching control problem with multiple regimes 15
+ [e_r(tAfm)“zsﬁ (Xentipr) — /ﬁei[fi, EA T X, U0
EAT 4 X
+f e e, (X, X,)
% !
8,6;, 1 8,5;1 o
- Ee,-blgi (Xs) + <D Uy, (X5), §5m5>:|d5:| ]l{iyéO}:| , 4.1)
where
— . . 5 t/\f,'+1 | &8,
Mdmmnmxﬁﬂzf fm@wwmmwmwm 4.2)
% '

Since My, [fi, t ATl X, u‘g"sﬁ] is a square-integrable martingale,

(v, y) < Ve(IyI* — ge(0?) + E(, %),

and 5
8 b5
[ce — Lolu, +%<‘D1M§ | —g%) <hy,

it follows that

E: [e_r(ﬁ) " (%) | < '[[“Z}aﬁ (Xa) + Peo.c | Iy

71=0,79 <r,i:()}

+ D[n, . 01: X, ue"sf’]ﬂ{

1—1=0,r1<r‘i=0}
—F(tAT b5

+e r(fATI)I:uZ (Xt/\fl) + 1950’(1]]1{-” #0,i=0}
—H(tAT; 8

te r(tAﬁH)[qu (mei“) + ﬁei,£i+|]1{i#0}

+ D[t ATy, Lo, 15 X, us"sﬁ]l{n £0,i=0}

+ D[t A Tigts iy Lig1s X, us"sﬁ]l{i;ﬁm

tAT] .
+ ﬂ{rl;éo,i:()}/ e_r(S)I:hﬁo(Xs)+lzo(§smnxs) ds
0

—_

EATi4 .
+ Lyizo) / e_r(s)[hg,.(XS)+l§i(§5m5,X5)]dsi|, (4.3)
Ti
where

D[t A Tipts iy big1s X, us’aﬁ] = e—r(t/\fm) [”fz,a" (Xt/\fi+l) - [uzli}: (Xt/\f1+1) + ﬁ@iliﬂﬂ'
(4.4)

We have

max {e_r(mi')uzlSﬁ (Xinz,) [P A Tt G, Ligr, X, u®] }§2C1 + max ce(x)

(x,0)eOxI
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by Lemma 3.1. Meanwhile, we know that

,04
max u; "(x) — up(x)| — 0.
(x.0)eOxI 8,—0

Then, letting first §;— 0 and then ¢+ — oo in (4.3), and by the dominated convergence theorem,
we obtain that

e (x2)]

= E}’Z[[er(nﬂ)%iﬂ (XTi+l) + D[ti'*‘l’ i, biy1; X, u€] } Lz i <v)

Tit1 .
+ ﬁ e~ [hﬂi(Xs) + lz, ({sms, Xs)]ds + e*r(riﬂ)ﬁzwgi+1 Lz, <T}i|’ (4.5)
%

for i > 0. Observe that D[tit1, €;, Lit1, X, uf | Lz, <7y < 0 for i >0 since uf — (uf + ¥y ) <
uﬁ — Myuf <0. From this remark and (4.5), we deduce the statement of the lemma
above. O

4.1. e-PACS optimal control problem

Before presenting the second part of the verification lemma and proving it, we first con-
struct the control (58 * gt *) which turns out to be the optimal strategy for the e-PACS control
problem. To that end, let us introduce the switching regions.

For any £ € I, let S; be the set defined by

S; = {x €O uj(x) — Meu®(x) = O}.

Notice that S; is a closed subset of O and corresponds to the region where it is optimal to
switch regimes. The complement C; of S; in O, where it is optimal to stay in the regime £, is
the so-called continuation region

C; = [xe O up(x) — Mou' (x) < O].

Remark 4.1. Observe that u5 € W.°(C2) = €y} (CZ). This implies that

loc — Yloc

2 ,
1 2 0,
D u; —ge> € Cye (CF),

he —Iﬂs<

since hy € C2* (0)) and v, <|D1u2 |2 - g%) e 0 (C?). From here and using Theorem 9.19

loc
of [10], we have that uf € Clz(;g/ (c).

Remark 4.2. Notice that there are no isolated points in a switching region S;.
Also, the set S; satisfies the following property.
Lemma 4.2. Let € be in 1. Then
si=8:= J S
kel\{¢}

where SZK = {x € Cy tuy(x) = ug (x) + Ve }
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Proof. We obtain trivially that gg C &4, since uz —u, — Vg < ui — Myu® <0 on O for
k €\ {£}.If x € S7, there is an £1 # £ where uZ(xz = ujl () + V¢,¢, - Notice that x must belong
to either C;?l or Sgl. If xe CZ’ then x € SZ?,ZI C §;. Otherwise, there is an €3 # £; such that
uj l()c) = ”22 (x) + D¢, ¢, This implies
wy (X) =y, () + Fe.0y + Dy e, = up, () + Dy
since (2.6) holds. Then, uj(x) = ujz(x) + ¥¢,¢,. Again x must belong to either ng or sz. If

X € C,fz, we have x € Sf e, C gf . Otherwise, by the same argument as before, and since the
number of regimes is finite, it must be that there is some ¢; # £ such that x € CZ and “2 x)=

uji(x) + V¢, Therefore x € SZ&, C gg O

Now we construct the optimal control (5 &, g"?'*) to the problem (2.18). Let (Sc, 57) be in
O x . The dynamics of the process X; ™ := {X;"™: ¢+ > 0} and (£5*, ¢®*) is given recursively
in the following way:

(i) Define 7y =0 and £;_ =0 If 5c¢c§, take 7;":= 0 and pass to Item (ii) because of
Lemma 4.2. Otherwise, the process X** evolves as

AT, . AT
X“i*:;c—/ [b(Xf’*,£3)+m§’*§f’*]ds+/ o (X2*, £5)dw,, fort >0,
0 0

AT
(4.6)
with Xg* =X, t*:= inf {¢ > 0: X7 ¢ O},
=1 At and 1= inf{t >0: X" e %}. 4.7
The control process §°* = (n®*, **) is defined by
D'ut, (x5)
G if Dl (X0)| 0 and £ €0, 7).
* - £ %
my”" = Dl (x07) 0 (4.8)
Yo, if [Dlu, (i) | =0and ¢ € [0, ),
where 9 € R? is a fixed unit vector, and ¢;"* = f; ¢&*ds, with ¢ € [0, 7}") and
. 2
g =2yl (|Dhug, (X0 | - ey (X0 *) )|, (x5)]. 4.9)

(i) Recursively, letting i > 1 and defining
£f € arg min {ui (Xif) + 194?_1,,{},
cenfer, | (4.10)
T =t AT, ‘Elil:infit>7:i*2X € @*},
if T < 7%, the process X** evolves as
P ok tATH»l .
s &,% * E,%k o E,%
XtAf* _XT* _/.* I:b(XS ,€i>+ms é‘s ]d&
T

i+1 i 4
i

*
i

INT1
+/ o(Xf’*,Zf)dWs, for t > 77, @.11)
T,
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where

,if Dl (X) | £0and e e [, 7).

(4.12)
Y. if [D'u, (X5

=0and t €[/, T/,).
with yo € R being a fixed unit vector, and ;" = f e {5 *ds, with t € [ T, l+1) and
. 2
é.;,‘,* :21!/’é< MZ* <X8 *) _gZ* (XS *) )‘Dlul* <Xs *)
Remark 4.3. Suppose that 7 < t* for some i > 0. We notice that for ¢ € [ T, i’fH),

—8(X;)) Dl (x77).

ACP* =0, Iny*| =1, and, by (2.16) and (3.25), this yields that g‘f* < 2%. Also we see that
XtEC* 1ft€[ , l+1) by Lemma 4.2.

(4.13)

2
n§eet =2y (D'l (x07)

Remark 4.4. On the event {t* = o0}, 7/ =7;* for i > 0. From here and by (4.8)—(4.9) and
(4.12)—(4.13), we have that the control process (58**, g‘“?**) belongs to U¢ x S. On the event
{t* <00}, let I be defined as { =max {i € N: 7' < t*}. Then, if we take 7 := t*+i and
= { fori> 1, where lelis fixed, it follows that ¢&* = (rl.*, E;‘)i>l € S. Meanwhile, since
(3.25) holds on O and u; =0o0n 90, we take 0" =0and n%* := y, for ¢ > v*. In this way,
we have that (Jng’*, ;8'*) eU®.

Remark 4.5. Taking
>|<
Z OT (t)+2£ r r](t)

i>1

we see that it is a cadlag process.
Lemma 4.3. (Verification lemma for ¢-PACS control problem, second part) Let ¢ € (0, 1)
be fixed and let (X®*, I**) be the process that is governed by (4.6)—(4.13). Then u;(fc) =
Ve cox (5c, 57) = Vg(i)for each (5(, 57) eOxL

Proof. Take fi*’q = 7 Ainf {t >Tr X9 ¢ Oq}, with O, := {xe O :dist(x, 00) >
1/q} and g a positive integer large enough. By Remarks 4.1 and 4.3, it is known that uj is
a C? function on C; and that Xi* e Cs* if te [A* a f* q) Then, using integration by parts

and It0’s formula in ="y’ (Xf *) on the interval [£°7, 1), and taking expected value
on it, we obtain a similar expressmn to that of (4.1). Now, considering that M g*[ JEA
A;‘f, X&*, ] which was defined in (4.2), is a square-integrable martingale, and since

2
1
[C[?< - E[T]M% =hg:ﬂ - I//g( D uzf

N 85?>

on C% and the supremum of /;(», x) is attained if y is related to n by n = 2wg(|y 12 — g (x)z)y,
1.e.,

1 (2w (17 P = ge?) v, x) =20 (17 P = g6 Iy = v (17 = ge?))
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it can be checked that

E},E[e_r(fi*’q)uzﬁ‘ (X;:k*q):l
= E”E[[u;{ (Xil**) + 79@8,@*1‘] 1{rf‘=0,rf‘<r*,i=0}
[uj* (Xii‘*) ”Z* (Xs ) ﬁ@* E*]]l{rl =0, <7*,i=0}

€% tAT £, %
MZO (XtA'El*'q> ]l{rl*;ﬁo,i:O} +e ( ’+I)Me* (XtAfiT{) ]l{i;éO}
A*,q

N
+ 1r20.i=0) / e Oy (X5 + [ (G0 ng ™, XE™)1ds
0
intd
+ Liizoy /:w + e*r(s)[he;k(va*)_i_l*({s* ne* st*)]d5:|. “4.14)
TI-’

Notice that fi*’q 1 7" as ¢ — oo, Pz-a.s. Consequently, letting first ¢ — oo and then ¢ — oo in
(4.14), we see that

Eiyz[efr(f) & (Xi:k):l

fi*l .
+ / T e O () + LGS, XE)ds + e e L, <r*}] (4.15)
fi* ¢ i

i+l

for i > 0, with D[ oF, 0f

T s X&*, us] as in (4.4). By (4.7) and (4.10),

D[ T 6 Gy XOF e]l{

t+1 <T*}

Therefore, from here and (4.15), we obtain the desired result that was given in the lemma
above. O

4.2. Proof of Theorem 2.2

To conclude this section, we present the proof of Theorem 2.2, which will be proven under
Assumptions (H1) and (H3)—(HS5). Recall that ¢/ and S are the families of controls & = (n, ¢)
and ¢ = (7;, £;)i>0 that satisfy (2.1) and (2.2), respectively. The functional cost Vg  is given
by (1.2) for (¢, ) el x S.

Proof of Theorem 2.2. Let {u®"},>1 be the sequence of unique strong solutions to the HIB
equation (2.20), when ¢ = g,, which satisfy (3.27). From Lemma 4.3, we know that

U (X) = Ve gons (%, £) = Vo1 (%, £)  for (%, £) € O x I,
with (5%, ¢®*) as in (4.7)—(4.10) and (4.12)—(4.13), when & = g,,. Notice that

le, (5, BY) = (BY, 86 07) = Ve, (I8 0y > = g6:(0)°) = Bger (),
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with 8 € R and y € R¢ a unit vector. Then, from here and considering (X*»*, I*»*) governed
by (4.6) and (4.11), it follows that

VZ()NC)<V§€n* e (X, E)
=2_E; U O g (KPP g (s

i>0

+e™ 'H)ﬁf* L l{fz‘iﬁr*}]

=2 B U ' e lhgy (X) + LEE ™, X ))ds

i>0

+e —r(z, l+1)l9z* o*

i+1

]l{riil<r*}:| Zu?’(%) (4.16)

Notice that Vgen.x cenx is the cost function given in (1.2) corresponding to the control
(§°m*, ¢*»*) where the second term in the right-hand side of (2.5) is zero, since ¢“»* has the
continuous part only. Letting &, — 0 in (4.16), we have u;(x) > V;(x) for each 5c 57) eOx1L
Let { £n-d } | be the sequence of unique solutions to the NPDS (3.1), When e =g, and

8 =65, which satlsfy (3.5) and (3.27). Let us assume (X, I) evolves as in (1 1) with initial
state (x, E) € O x I and the control process (&, ¢) belongs to U x S. Take ‘L’l = 1; Adnf{t >
Ti1:X: ¢ O4), with i> 1, Oy := {x € O : dist(x, 90) > 1/q}, and g a positive integer large
enough. Using integration by parts and It6’s formula in e”(*)ua” "Xpon [t ), i=0,we
get that

e () % (X,

&ns0;
= [uél (Xrl) +ﬂ€0’e1]1{r]=0,r]<r,i=0}
05 &n,05
[ 0 =y () = P [ 1 i)

~q A
el )MZ’S" (me;f) L #0,i=0) + ¢ (W’“)uz, o (qu )%;ﬁo}

ent] o s
+1(r20.i=0) / e [er (X ¥ (x.)
= Legtigy (%) Jas + (Dl (%), m oz |
t/\f[li—l &, .85
+ Lo ﬁ‘i eir(s)[[cli (Xs)ué" ”(Xs)
T

— Lo (X,)]ds + <D1u2"5ﬁ (X.). m)d{f ]
_ Z e—’(s)j[s; 2, X, us’l"sﬁ]]l{rl #£0,i=0)
0=<s<tnt]

— Z r(s)j[s £, X, ut» ]]1{#0}

~q Aq
T; <s< t/\‘L’,.Jrl

— M@O [0, tA flq;X, ug”’sﬁil]l{tl#o,ﬁo} M@ [ t A 'L'_H,X, M‘E”’(S;‘]]l{i#()}, “4.17)
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where Mg [ tA t+1,X uén%i ]1s as in (4.2) and

M (Xom — meAL) —u" ¥ (X,o),  fori>0.

. Bi1 . Ene

J[s,ﬁi, X, ubn "] = ”‘6’,-1

Since X;— —n;A¢; € O for s € [fiq, tA fi[{H)’ i>0, and O is a convex set, by the mean value
theorem, we have

n»‘sﬁ n;(sﬁ
Uy (Xs— - ]nsAé‘s) - uz (Xs—)‘

— T[54, X, urh] < 0

1
<Az / D0 — A AL |ab
0 1

Taking the expected value in (4.17), and since Mg[ ENAT +1’X’ uen"sﬁ] is a square-

integrable martingale and [cg, — Ly, ] endi o hy,, we obtain

sl 0]
[ ”el " (Xz,) +ﬁ£0£1]1{11=0,11<r,i=0}
n,(si,
+ [ Z (Xfl) 4 (Xfl) - ﬂfo,il]l{rlzo,rlq’izo}

~q . ~4q o
+e_r(ml)”Z'5"(Xm )1{11#01 0p+e (W"“)MZ'&"(XW )ﬂ{z;éo}

q

><x

tqu
+ Lz, 0,i=0} /0 —) [heO(X )ds + ‘D

/

dA Tz 20.i=0)

t/\fl-q
+ Lyizo0) / \ e [hz (Xo)ds + ‘

+ 2 A / Dl X — Am AL

0<s<tAT4

1
+ ) e_r(s)ACs/ DY (X — Am AL dﬂ{i#O}} (4.18)
0

~q
T; <S<t/\'[+1

Notice that for s € [ tA Tz+1)

qu"B;’(XS) - < max uz"’aﬁ(x) —ue(x)] — 0,

! (x,0)eOyxI &n\0;

&n,85 €ns84
‘ajuz, X,) — 9 max |9 () — dupr)| —> 0,

i (x,0)eO0yxI 7,05
oy (X = s AE) = B, (X, — A AL
< max aju;"’aﬁ(x)—ajug(x) — 0,
(x,0)eO0yxI &n,8;,—>0
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with A € [0, 1]. Then, letting &,, §; — 0 in (4.18), by the dominated convergence theorem and
using [D'ug,| < g¢,, we have

E)},~|:e_r(f;1)u€,- (Xf’q)] < E;{jl:[uel (Xrl) + l?go’(l]]l{

71=0,71 <t,i=0}

+ [ueo (X'r]) — Uy, (Xn) - 19/30,@1]1{

11:O,rl<r,i:0}

— 24 — 24
+e r(tArl)uzo (Xt/\f]q>]]‘{tl #0,i=0} +e r(t/\Tﬁ»l)uzi <Xt/\fg_|>]l{l;é0}
~q

t/\Tl
+ Ly 40.10) / e [hgy (Xo)ds + gy (Xe_) 0 dc°]
0

~q

AT
+ 1{,’#0} [q e~ ") [hz,-(Xs)dS + ggl.(Xs_) o dé’s]:| , 4.19)
T
with g¢,(X;—) o d¢,— as in (2.5). Again, letting ¢ — oo and ¢ — oo in (4.19), we have
Bz i [e_r(fi)”& (Xfi)]

< E},Z[{e_r(ri+l)uei+l (Xfi+1) —+ D[TH—] s gi, Ei.l’_l, X, M]}]l{

Titl <T}
Tit1 _
+ / O e (X)ds + g, (Xe) o d | + €70 4, 11 o <T}} (4.20)
7 !

fori >0, with 7; = 7; A T and D[7jy1, ¢}, Li+1, X, u] as in (4.4). Noticing that
D[TH-la Zh El’—l-l? Xv M]]]-{‘L','+1<‘L’} = 0

and using (1.2), (4.20), we obtain u;(x) < Vg ¢ (5c Z) for each (5c, 57) € O x L. Since the previ-
ous property is true for each control (£, ¢) €U x S, we conclude that u;(x) < V(%) for each
(%, 0)eOxL O

4.3. On &-PACS optimal controls

Previously, we checked that the value function V, defined in (2.8), satisfies the HIB equa-
tion (2.9). This means that for each £ €I fixed, the domain set O is divided into three parts.
Consider Cp := O\ (Mg U Sy) where

N = {xe(’):|D1V/g|=g4} and S;={xeO:V, =M,V

The open set Cy is where V; satisfies the elliptic partial differential equation [c; — L¢]V, = hy,
which suggests that the ‘optimal control’ (§*, ¢*) corresponding to this problem will not be
exercised when the process X¢ 5" is in C. Otherwise, either £* or ¢* will be exercised on
X&"5" in the following way:

(i) if X5 e N \ Sy, the singular control £* will act on X" in such a way that X&s"
will be pushed back to some point y € 3Cy;

(i) if X¢"<" e Sy, the switching control ¢* will be executed in such a way that the process
X5%¢" will switch to some regime x # £ at time 7, <T.
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On a mixed singular/switching control problem with multiple regimes 23

The construction of an optimal strategy for the problem (2.8) still remains an open problem
of interest. A way to carry out this construction is to verify first that dC; is at least of class C!,
which is not easy to do.

In the literature, we can see that the existence of an optimal dividend/switching strategy,
which is an example of a mixed singular/switching control problem, has been solved when
the payoff expected value is given by (1.4) and the cash reserve process switches between
m-regimes governed by different Poisson processes with drifts; see [2], in which the authors
proved that their solution is stationary with a band structure.

Another way to address the problem (2.8) is by means of ¢-PACS optimal controls, which
have been constructed in (4.6)—(4.13).

By Lemma 4.3 and the proof of Theorem 2.2, it is known that for each £ €I, VE" -V
as &, 0, and Vg < Veenr cenx(-, £) < VE" on®, with (ES"**, ggﬂ’*) as in (4.6)—(4.13), and
Veenss cens (-, £), Ve, Vg" given by (1.2), (2.8), and (2.18), respectively.

Taking &, small enough and assuming that the process X;"™ is on the regime L} attime t €
[tF, 7/ |). we have that X e CZZ and the control (§%*, ¢®»*) will be exercised as follows:

(i) if the controlled process X®* satisfies

D1V ()| = g (x5).

Enyk

then ¢;"* =0 and X;"™ will stay in Cer;

2
() if 0< ‘Dlvggf(xf"**) — g (Xf"’*)2 < 2¢,, the process X;"*

will be crossing 8Cg;<

persistently;
(i) otherwise, & = (n}"™, ¢;") will exercise a force
2
1y,8 Epy*
— DV, (th )
En i

and in the direction

at X;"" in such a way that it will be pushed back to 3C;:.

(iv) Attime ¢t =17 <7t*, Xi';’* will be in Sg!: for the first time and will switch to the regime
i+1 i
*
iy

This procedure will be repeated until the time *, which represents the first exit time of the
process X** from the set O.

5. Explicit solution to the HJB equation (2.9) on open intervals of R

In this section, we consider the controlled process (XS SIS ) that evolves as (1.1) where

Xg’g =5%€(0,]) CRR, forsome !> 0 fixed,and [;_={el:= {l,...,m}. Here W= {W,: 1>
0} is a one-dimensional standard Brownian motion. The parameters of the SDE (1.1) are given
by b(x, £) = bex and o (x, £) = oyx for x € (0, [), with by, o¢ € R such that oy > 0.
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Let us take the value function V() as in (1.3) where c¢(x) and g¢(x) are positive constant
functions that are denoted by ¢, and g¢, respectively, and the running cost /4 is taken as hp(x) :=
K¢x¥t where y; € (0, 1), K¢ > 0 are fixed. For simplicity, we assume that y; # 2 j; cf. (5.3). By
Theorem 2.2, it is known that VZ()?) satisfies (in the a.e. sense) the following HIB equation:

max {[CZ — ﬁz]ﬁz — hz, }Ijt%‘ — gz, Ijtz — le}} =0in (0, l),
s.t.i17(0) = (1)) =0

(5.1

where Myt = min,eq (¢} {itx + D¢« }, and the parameters ¥¢ , € R are nonnegative and satisfy
(2.6)—(2.7). Here

1
~ 2 2~ ~
Loitg(x) = 70ix ity (x) — byxity,
and 122, ﬁZ represent the first and second derivatives of .

In the subsection below, we shall give an explicit solution to the HIB equation (5.1) with
some additional restrictions on the constant parameters.

5.1. Construction of the solution to the HJB equation (5.1)

Considering ¢ €I fixed, let us first construct the solution to the following system of
variational inequalities:

max {[ee = LeJiie = he. [] — g} =0in 0.0, st @@= =0.  (52)

It is well known that the general solution to [c; — L¢]ig = hy on [x;f, l], with xj > 0, has the
form _
fe(x) =Agx¢ 4+ Bpx"t + Kpx,

where
— 2K,

l =
o2(ri,e — ve)(ve — r2.6)
and ry ¢, r2,¢ denote the negative and positive solutions to

2b 2
r2—<—j+1)r—ij=o. (5.3)
Oy Oy
Taking
_ gux if0<x< x}‘,
ie(x) := _ (5.4)
{Agx”l + Byx"t + Kpx?t ifx’g <x<lI,

we see easily that
|ity| —ge=00n[0,x}) and [c¢ — Lelite —he=0o0n [x7, 1],
and if ¢y + by <0, then
[ce — Lelig(x) — he(x) = ge(ce +be)x — Kex¥* <0 forxe (O, x’g)
In order for u to satisfy (5.2), we shall consider parameters by, oy, c¢, and g¢ such that

|| —ge <0 on (x, 1) (5.5)
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TABLE 1. Parameter values for the equations (5.3) and (5.8).

L) by | 00 | co | g | Ke'| Ve
1 -1 109 1 1 1 0.5
2105 1 1.2 |1 1 0.5
3105113 1 1 1 |05

Additionally, they must satisfy
1

+ < Ke )]_” if cp by > 0 (5.6)
X< | ——— , ifcpg+by >0, .
¢ ge(ce 4+ by)

since if (5.6) holds and x € (0, x}), then

[ee — Lelite(x) — he(x) = x" (ge(ce + b)x' 7 — Ky)
<X (gelce +be) () " —Ky) <. (5.7)

In order for ity to belong to c! ([0, 1]), by smooth fit, the parameters A;, By, and x’l‘f must satisfy
the following system of equations:

Al Byl + K 0" =0,
Ag+Be (X)) 4 R — g () T =0, s.t. (5.6). (5.8)
rieAe + 12,0Be (x§) > 4 Ko ()T — ge (X?)l_rl'z =0,

By what we have seen previously, we have the next result.

Proposition 5.1. Let by, oy, co, and g¢ be parameters satisfying (5.5) and (5.6). Then the func-
tion iy given as in (5.4) is a solution to the variational inequalities (5.2). Moreover; if Ay, By,
and x}f are a solution to (5.8), then uy belongs to cl(o, mnc? ([0, n\ {x’g}) and is unique in
this space.

The uniqueness of ity is guaranteed by [7, Theorem 1.1].

Numerical examples. Table 1 contains the values that are considered to find numerically the
solution i, to the variational inequalities (5.2), when £ = 1, 2, 3 and [ = 3; see the left panel of
Figure 1.

Table 2 presents the numerical solutions to the system of equations (5.3) and (5.8) for the
parameters given in Table 1. Observe that when ¢ = 2, 3, the condition (5.6) is satisfied. The
left panel of Figure 3 shows that (5.5) and (5.7) are satisfied for the parameters seen in Table 1.
From here observe that  is the numerical solution to the variational inequality (5.2) for the
parameters given in Table 1.

Let us now give two examples where the conditions (5.5) and (5.6) are not satisfied.
Consider the following parameters:

Table 4 presents the numerical solutions to the system of equations (5.3) and (5.8). The left
panel of Figure 2 shows that it; does not satisfy the condition (5.5). Notice that x; ~ 0.4411
does not satisfy the condition (5.6), leaving a discontinuity of i, at x3; see the right panel of
Figure 1. Additionally, in the right panel of Figure 2, we see that i, violates (5.7).
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TABLE 2. Approximate solution to the system of equations (5.3) and (5.8) with the parameters given in

Table 1.

Cl g 2 Ay By X}

1 | =3.0259 | 0.8160 | —0.0221 | —1.5657 | 0.5231
2 | -0.8439 | 2.8439 | —-0.0215 | -0.0480 | 0.2118
3 | =0.9027 | 1.3110 | -0.0622 | —-0.4213 | 0.3249

TABLE 3. Parameter values for the equations (5.3) and (5.8).

0| by ge | ce | & | Ke | ve
1| 0.1 05110515 1 0.5
2105103 5 0.7 1 0.1

TABLE 4. Approximate solution to the system of equations (5.3) and (5.8) for the parameters given in

Table 3.
f rie ra ¢ A ¢ Bg x’,f
1| -1.2932 | 3.0932 | —-0.2253 | -0.0978 | 0.7138
2 | —=16.7461 | 6.6350 0 -0.0002 | 0.4411
0.7 ‘ 2
iy (z)
0.6 =< T~ 777?2(1) 1
05 f o7 N sl s
04 f 7 AN
7 N\ 1t
03} / N
oz} / \
: /_/ \\ 05 -
0.1 »i'_/ W fo e ———
o / L L L L L 0 L L ~
0 0.5 1 15 2 25 3 0 0.5 1 15 2 25 3

FIGURE 1. The left and right panels show plots

respectively.
1 0.5 5
/
S
ol
0 /
Mo = /
05/
RS
T o - L) - @) -1 (e Lija() — (@)
» l#4 ()~ 1 - (2 ~ g2
2 . L . n : 15 . n
0 05 1 15 2 25 3 0 0.5 1 15 2 25 3

FIGURE 2. The left and right panels show plots of [c; — L¢]ity — hy and ‘122’ —ggon (O, x}f) and (va l)
for the parameters given in Table 4.
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5.1.1. Construction of the solution to (5.1). In this part, we consider the vector function i =
(it1, ..., i) such that its elements are given as (5.4) and satisfy the hypothesis of Proposition

5.1 in such a way that ity belongs to Cl([O, mn Cz([O, 0\ {xz‘f}) and is the unique solution of
(5.2) for each ¢ € I. Assume that the entrances of # are different.

We will study the parameters ¢ , > 0 where u satisfies the HIB equation (5.1). For that,
define first the sets Dy , and Uy, with £ # «, by

Dy ={x €0, D) : up(x) = u (0},
U ={x €Dy : 0 < [ite — ity |(y) < [ite — it |(x) for any y € Dy }.
Now let us take f?g,,(, with €, ¥ € [ and £ # k, in the following way:
Doy = [ite — @ ] (Xe.c),  for some Xg c € Uy, fixed. (5.9)
If Uy . =0, we set f)g,,( = 0. We have the following result.

Lemma 5.1. If iy < e + z%,c on (0, )\ Uy «, then ity is a solution to the following system of

variational inequalities:

ity| — ge. e — (it + Do)} =0in (0, D),
s.t. ug(0) =ue() =0.

max{[c; — Lelitg — he, (5.10)

Remark 5.1. Notice that if ¢ , > 13‘@,,(, ug satisfies (5.10) with 13‘@,,( replaced by ¢ ., but there
would be no opportunity to switch from the state £ to « since ity < i, + U¢ , on (0,0).
To conclude this part, let us suppose that for each £ €I fixed, i, satisfies the following
condition:
Uy < Uy +1A9L,( on (0, ) \ Uy « for each « # £. 5.11)

From here, it is easy to see that
fig = Myii = fig — min lite + Do} <0 on(0,D)\ U Uy .
“F ey,
Remark 5.2. Defining g§g ={xe (0,0 : 1y = Myu}, we have that
g[ = U Up Torlel,
K#L
which is the zone where it is optimal to switch from the state £ to some other state «.

Proposition 5.2. Let i1 = (12 Lo veos itm) be the vector function whose entrances, given by (5.4),

are different and satisfy the hypotheses of Proposition 5.1 and the condition (5.11). If 55,,(,
defined in (5.9), satisfy the conditions (2.6)—(2.7), then u is the unique solution to (5.1).

Remark 5.3. Taking Ny := {x € (0, 1) : |it}| — g¢ = 0}, we have that C¢ := (0, 1) \ (N, U Sp) is
the zone where it is not optimal to switch to any other state.

Numerical example. Consider the parameters given in Table 1. The left panel of Table 5
presents the approximate values of 19@,,( which are found using (5.9).

The right panel of Table 5 presents the approximate values of 194,,; + z§,;,,{. Note that the
inequalities (2.6)—(2.7) are always satisfied, say 5‘1,2 ~(0.1368 < 5‘1,3 + 5‘3,2 ~ (0.1444. Table 6
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TABLE 5. The table on the left presents the approximate values of 194_ «- The table on the right presents
the approximate values of ¥y ¢ + ¥¢,, with £ #k # k.

K K

1 2 3 1 2 3
14 4
1 - 0.1368 | 0.0981 1 - 0.1444 | 0.2886
2 0.1736 - 0.1518 2 0.1750 - 0.2718
3 0.0233 | 0.0462 - 3 0.2199 | 0.1601 -

TABLE 6. Approximate values of X; , where switching from the state £ to the state x is recommended.

K
1 2 3

4

1 - 0.6490 | 0.7025

2 2.1774 - 2.1330

3 0.5261 | 2.3187 -

presents the approximate values of X; , where switching from the state £ to the state « is
recommended.

Finally, Figure 3 shows that the function #, indeed satisfies the HIB equation (5.1). The
figures in the left column show the plots of [c; — L¢]ug — he and ]ﬁﬂ —g¢ on (O, x’(") and
(xZ‘, l), respectively. Note that [c, — L]itg — he <0 on (O, x}f), and |Z/e| —ge<0on (x}f, )
The figures in the right column show the plots of &, — M iie on (0,/). Also, we observe that

N, = (0,x}) and Sy = (X, Xe e},

for £, «, k e 1={1, 2, 3} with £ # « # k. Suppose, for illustration, that the process has started
from the point X = 2 at the regime 1. Then the optimal strategy requests to switch to the regime
3 at the point xy 3. Then, following the figure at the bottom right corner, the optimal strategy
requests either to switch to the regime 2 at the point x3 > or to the regime 1 at the point X3 1,
depending on which point is reached first, and so on.

6. Conclusions and some further work

The main contribution of our paper consists in combining singular and switching controls
for the general diffusion model on a bounded domain. Under Assumptions (H1)-(H4), we
showed that the existence and uniqueness of the strong solutions to the HIB equations (2.9) and
(2.20) are guaranteed on the space C%! (@) N WIZO’SO(O). After that, we proved that the value
function V# for the e-PACS control problem seen in Subsection 2.2 satisfies (2.20), showing
that for £ €1, Vj € Co! (5) N le(;so((’)). Finally, assuming also that the domain set O is an
open convex set and by probabilistic arguments, we verified that the value function V, given in
(2.8), is characterized as a limit of V¢ as ¢ | 0, which permitted us to conclude that V satisfies

(2.9) and, from here, to see that for £ € I, V; € C*!1(O) N W22(0).

loc
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FIGURE 3. The figures in the left column show the plots of [c; — L¢]ity — he and ’ﬁ/e‘ —ge¢on (0, x’g)

and (xj, l), respectively. The figures in the right column show the plots of i1, — Mty on (0,1).

Although the optimal control process for the mixed singular/switching stochastic control
problem (2.8) was not given explicitly, and this is still an open problem, we constructed a
family of &-PACS optimal control processes {(§°*, ¢®*)} _ (see (4.6)—(4.13)) such that
the limit of their value functions V*» (as g, — 0) agrees with the value function V.

There are many extensions to be considered and directions for future research. Some of
them could be as follows:

1. To study the value function V given in (2.8) when the infinitesimal generator of the
process X&°S, without the influence of the singular control £ in XS, within the regime
£, is given by

Loug = tr[agD2ug] — <bg, Dlug)
+ /IRd [l/l((x +2) —up(x) — <Dlu[, Z)]l{me(o’])}]S[(x, z)v(dz),

where v is a Radon measure on ]R‘j := R?\ {0} satisfying f]Rﬁf [Izl2 A l]v(dz) < 00, and
s¢: O x RY —> [0, 1] is such that

/ 5¢(x, DL xy¢0)v(dz) < 00
Rd

*

for x € O. In this case, the main difficulty lies in obtaining some a priori estimates of
f{\z|e(0,1)} [fol |D?uf (- + 12)|dt]|z|?s¢ (-, 2)v(dz) that are independent of .
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2. To analyze the problem given in (1.1)—(1.3) on the whole space R¢. In this direction, a
technically involved problem could be studied when the controlled process can switch
between m-regimes which are governed by Brownian motions with different drifts.

3. Additionally, this problem could be extended to verify that the value function V given
in (2.8) is a viscosity solution to the HIB equation (2.9) on unbounded sets when the
ellipticity condition (2.11) is omitted. Recall that the viscosity solutions for problems of
this type were studied in [2, 4, 15] and [3] for the cases of R and R?, respectively.

Appendix A. Proofs of Lemma 3.1 and Proposition 3.1

Recall that Lemma 3.1 and Proposition 3.1 are under Assumptions (H1)—(H4). Let us first
show (3.2) and (3.3) of Lemma 3.1, which helps to verify the existence of the classic solution
u®? to the NPDS (3.1). Afterwards, to complete the proof of Proposition 3.1, we shall prove
(3.4) of Lemma 3.1. From now on, for simplicity of notation, we replace «**° by u in the proofs.

A.1. Verification of Equations (3.2) and (3.3)
Proof of Lemma 3.1. Equation (3.2). Let (xg, £9) € O x I be such that

ugy(xo) = min  up(x).
x€O,Lel

If xo € 00, it follows easily that ug(x) > ug,(xo) =0 for all (x, £) € O x 1. Suppose that xo € O.
Since ug, = 0 in 0, we have that ug,(xg) < 0. On the other hand, we know that

D'ugy(x0) =0,  tr[ag,(x0)D?ue,(x0)] > 0,
g, (x0) — U (x0) <0, forx €\ {£o}.

Then, using (H3), (3.1), and (A.1),

(A.1)

2
0< tr[agoD ugo] = Ceoltey — hey < Cooltey,  at xo.

Since c¢, > 0 on O, it follows that g, (x0) = 0. Therefore ue(x) > ug,(x9) =0, for all x € O and
Lel

For each ¢ € I, consider v, as the unique solution to the Dirichlet problem [c; — L]V, = = he
in O, such that 7 =0 on 9O. By Theorem 1.2.10 of [9], it is well known that ¥, € C** (O)
and

”‘N}Z“CZ,Q’(@) SKzIIhellco,a/(@) <K)A =:Cy,

where Ky = K»(d, A, &), since (H2)—(H4) hold. Meanwhile, from Equation (3.1), it can be
seen that for each £ €1, [c; — L¢]ug < hy in O. Then, taking n, := uy — v¢, we get, for each
tel,

[ce — ﬁ[]ng <0, inO, s.t. ne =0, on 00. (A.2)

Letxj € O be a maximum point of 7. If x; € 00, trivially we have ug — vy < 0in O. Suppose
that x} € O. Note that n¢(x}) > 0 and

Dlng(x’g) =0, tr[az (xif)Dzng (xz)] <0. (A.3)

Then, using (A.2)—(A.3), we have 0 > tr[a[DZT]g] > c¢ny at x;. Hence, ny < 0 at xj, since g >
0 on O. We conclude that [uy — ¥¢](x) < [u¢ — V¢](x}) = 0 for x € O. Therefore, for each £ € I,
O0<uy<Cion @ O
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Proof of Lemma 3.1. Equation (3.3). For each £ € I, consider the auxiliary function w; :=
1, 12 Vol
|D ug} — Mg sue on O, where
Ag 5= max |D1ug(x)‘
(x,0)eOxI
and A > 1 is a constant that will be selected later on. Observe that if A, 5 <1, we obtain a
bound for A, s that is independent of ¢, §. Hence, we obtain the statement given in the lemma

above. We assume henceforth that A, 5 > 1. Taking first and second derivatives to wy, it can be
checked that

—tr[agDzwd =-2 Z <a@Dl oiltg, D1 Biu4>
i

—2) " t[agD*dug|diug + 2Ac str{agDur]. (A4)
i
Meanwhile, from (2.3) and (3.1),
Mg str[arDug] = AAe s [Bm IR %,z,x(')], (A.5)
rkel\{¢}

where Ve ¢(-), Vs e.(-) denote 1//€<|D1ug|2 — g%), Ys (ue — Uy — 19@,,(), respectively, and
l~)1ug = (by, Dlue> + ceug — hy. Now, differentiating (3.1), multiplying by 20;u,, and taking
the summation over all i, we see that

-2 Z tr[a(Dzaiue]aiug = bzu( — 21//;’2(-)<D1ug, D! I:‘Dlug ’2 — g%:l>

1

=2 3" 0 O IP'we* — (D'ue, D) (A.6)
cel\{¢}
where
Doug:= 2y dugte|[0kac|D?ue ] — 2(D'ue, D' [{be. D'ug) + coup — he]). (A7)

k
Then, from (A.4)—(A.6), it can be shown that

—tl‘[agDZWg] =-2 Z (ang oy, Dlaiu@) + 5214@ + )\Ae’(gﬁlu(
i

2
_ 2wé,e(‘)<D1W’ D! [|D1uz| _ g5]> F A Aps Ve ()
2
= 3 O IP el = (D' Dl )] = e s, ).
kel\{¢}
on O. Notice that by (H3), (H4), and (3.2),
-2 Z(ale iy, D! Biu4> + 5214( + AAE’BDIMZ

12
<2Ad|D" ug|” = 6|D%ug|” + 2A[1+ &*]|D e | [D?ug |
+2A[1 + C1]|D'ug| + AAg s A[ D ue| + C1]
A1 +d3]2} °

< |:2Ad+ D" ug

+2A[1 + C11|D'ue| + 2A. s A[|D'ue| + €1 ] (A.8)
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Then, by (A.8) and using the convexity property of ¥, i.e. ¥.(r) < ¥/(r)r for all r € R, we see
that

— tr[a[DZWg] < K3|Dlue|2 + K3[1 + KA8,5]|Dlug| + AK3A; 5
— 9L O{2{D e, DD ue|?) ~ Ka|Due] — 2 s [D'e |~ g2 ]

_ w(g’“(.){z[mlmz — (D'u, Dlu,{)] — Mo s[ue — e — 19“]} (A.9)
kel\{¢}

on O, for some Kz =K3(d, A, &'). Let (x;,£,)eO x1 (depending on A) be such that
we, (X)) = max , o) @y we(x). From here, (3.2), and by definition of wy, we see that

ID"ue)|” < D ug, 6)|* + 14c 5C1, for (x, £) € O x 1. (A.10)

So it suffices to bound |D1ug,\(x;\)|2 by a positive constant C = C(d, A, &’). If x; € 30, by
(3.2), it can be verified that [Dluy, | < d>Cy on 9O. Then, from (A.10),

|D1ug(x)|2 <Ci[dCi +2Ap 5], for(x, ) e O x L (A.11)
On the other hand, observe that for each ¢ > 0, there exists x, € O such that
[Acs — 0] <D ue () [ (A.12)
Using (A.11) in (A.12) and letting o — 0, we have
Als < C1[dC +2As 5] (A.13)
Multiplying by 1/A, s in (A.13), and since A. s > 1, we get
ID'ue(x)| <Ae 5 <dC+ACy, for (v, £)€ O x L (A.14)

In this case, considering A > 1 fixed and C; := C1[dC; + A], we obtain the result that is pro-
posed in the lemma. Let x; be in O. It is known that 3,‘|D1u[)\ |2 — Mg s0iug, =0 at x;. Then,

2 atx. (A.15)

2(D"ug,. DD, ') =224 5D,
Also, since ¥, , > 0 and wy, (x;3) — w;(x;) > 0 for each « € I, and
yil® = 2l =2[y1 1F = G v2) ] = Iy = y21* < 2[yn 1 = 1. v2)]

for y;, 2 € R4, we have

2[|D1ugA

2 _ (Dluy,, DluK>] — Mes[ue, — e — D4, ] > 0, atx;. (A.16)
By (A.9), (A.15), and (A.16), and since tr[agA (x;L)D2W¢A(x)\)] <0, we have

0 < —tr[ag, D*we, | < K3|Dlug, |* + K3[1+ 1A405][DVug, | + 1K3A, s
— L, O Mes Dl [P = Ks[Dlug, | + 340582 | (A7)
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at x;. On the other hand, notice that either wé,h(') < % or ‘/’é,ek(') = % at x;. If wé,h(') < %
at x;, then by the definition of i, given in (2.16), it follows that \Dlug~A (xk)iz —8u, ()c;h)2 <
2¢. This implies that |Dluy, (xk)|2 < A% +2. Then, by (A.10) and arguing as in (A.14), we
obtain [D'ug(x)| <Ag5 <2+ A%+ AC for each (x, £) € O x L. For A > 1 fixed, this yields
the result given in the lemma. Now, assume that Wé, h(~) = é Then, taking A > max{1, K3}
fixed, using (A.17), and proceeding similarly as for (A.14), we get 0 <[K3 — )»]|D1ugA }2 +
K3[2+ A1|D'ug, | + AK3 at x;. From here, we obtain that |D'uy, (x1)| < K4 for some K4 =

K4(d, A, &’). Using (A.10) and by arguments similar to (A.13), we conclude that there exists
C> =Cx(d, A, ') such that [D'ug| <A, 5 < C0n O. O

A.2. Existence and uniqueness of the solution to the NPDS
Let CK, Ck' be the sets given by (CKO)y™, (Ck""/(ﬁ))m, respectively, with k € N and o’ €
(0, 1). Defining
lvllee = max |l )

for each w = (wi, ..., wy) € CX, the reader can verify that || - ||« is a norm on Ck and
(C*, || - ll¢x) is a Banach space.
Notice that for each w € C! fixed, there exists a unique solution u € 2 to the NPDS

[ce = Lolutre(ID we — g =he — Y Ys(wr — we — Do) in O,
kel\{¢} (A.18)

s.t. uy =00n 030,

since (H2)—(H4) hold and

> Ys(w — we — Py,0) €CHO)

cel\{e}

(see [10, Theorem 15.10, p. 380]). Additionally, from [1, Theorem 4.12, p. 85] and [9, Theorem
1.2.19], it follows that

lluell oo @, < K [Ilhzllm/(o) + Ve (D uel* = gDl o)

+ 3 ||wa<we—wk—w,K)HU,/(O)], foreel,  (A19)
rkel\{¢}

for some K5 = Ks(d, A, a), where p’ € (d, 00) is such that o’ =1 —d/p’. Observe that for
each w e C!, we get [c, — L¢lug < hy, with £ € I. Then, arguing in the same way as in the
proof of (3.2), it follows that for each w € C!,

2m maxeel{||we |17} _
MmO < onO, forlel, (A.20)
) mln(x’K)G@XH{CK(x)}

with Cy as in (3.2). Meanwhile, taking 7y = |D'u|> — AMuy, with
A= max [D'w@),
(x,0)eOxI
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and following steps similar to those seen in the proof of (3.3), it can be verified that for each
weCl,

D!y §K6{1 +m2£({||w,(||cl(o)}} on O, forlel, (A.21)
K

for some constant Kg¢= Kg¢(A,d, 0, m, A, 1/5). We proceed to give the proof of
Proposition 3.1.
Proof of Proposition 3.1. Existence. Define the mapping

T:C - lle) — € 11 - Hler)

by T[w] = u for each w € Cl, where u e 2o - Clis the unique solution to the NDPS (A.18).
To use Schaefer’s fixed point theorem (see e.g. [8, Theorem 4, p. 539]), we only need to verify
the following: (i) the mapping T is continuous and compact; (ii) the set A:= {weCl:w =
oT[w], for some o € [0, 1]} is bounded uniformly, i.e. ||w||o1 < C, for each w € A, where C
is some positive constant that is independent of w and g.

To verify the first item above, notice that, by (A.19)-(A.21) and by the Arzela—Ascoli com-
pactness criterion (see [8, Section C.8, p. 718]), T maps bounded sets in C! into bounded sets
in itself that are precompact in C'. With this remark and by the uniqueness of the solution to
the NPDS (A.18), the reader can verify that 7T is a continuous and compact mapping from C!
into itself. Let us prove the second item above. Consider now w € A. Observe that if o =0, it
follows immediately that =0 € C', where 0 is the null function. Assume that € C! is such
that T[w] = éw = (éwl, R éwm) for some g € (0, 1], or, in other words, w € C2% and

[ce — Lolwe=f;, in O, st.wy=0, ondO, forlel, (A.22)

where

fei= QI:hZ — V(D' el /) — g — D Vslwr — we — m)].

cel\{e}

By Theorems 6.14 and 9.19 of [10], we have that w e 3 since (H2)-(H4) hold and
fe € C]""/(@). Then, A C C3*'. Observe that 0 < wy < C; on O, because of [c; — Lolwy < hy.
Taking 7, = |D11r,u(g|2 — )Aw(, with A := max . ycox1 |DIZU(()C)|, using (A.22) and applying
the same arguments seen in the proof of (3.3), one can check that for each w = (wy, ..., wy) €
A, we have

ID'wy| <Cy, onO, for £el, (A.23)

where C; is a positive constant as in Lemma 3.1. Notice that Cy and C, are independent of
w and g. It follows that A is bounded uniformly. From that, we see that the items above,
(i) and (ii), are true, and by Schaefer’s fixed point theorem, there exists a fixed point u =
(u1, ..., uy) €C! to the problem T[u] = u which satisfies the NPDS (3.1). In addition, we
have u = T[u] € C>*', and by arguments similar to those seen previously, it can be shown that
u is nonnegative and belongs to C 3.4 (), Again, repeating the same arguments seen above, we
can conclude that u € C4’°‘,(6). O

Proof of Proposition 3.1. Uniqueness. The uniqueness of the solution u to the NPDS (3.1)
is obtained by contradiction. Assume that there are two solutions u, v € ¢4 to the NPDS
@B.1).Letv=(vy,...,vy) € ¢4 be such that ve = ug — vy for £ € I Let (xo, £o) € O x I be
such that vy (x,) = max, o Gy ve(x). If x, € 0O, trivially we have uy — vy <0in O, fort el
Suppose that x, € O. Then

Dlvg, (x) =0,  trlag, (x0)D?ve, (x5)] <0,

(A.24)
g, (Xo) — U (Xo) = Vg, (Xo) — Vie(xo)  for ko # L.
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Then, from (3.1) and (A.24),
0> tr{ag, D*vy, ]

=ceve, + ), {Wslue, = the = Ve,0) = YsOe, e — Ve = Deoi)} = ceve, atxe
wel\{£o)
(A.25)

because of
0 <s(ug, — ue — Ve, i) — Ys(ve, — vie — Ve, i)

at x,, for k € I. From (A.25) and since ¢y, > 0, we have that iy (x) — ve(x) < ug, (Xo) — ve, (x5) <
0 for (x, £) € O x I. Taking now v := v — u and proceeding in the same way than before, we
obtain immediately that v — u; <0Oon O for £ € 1. Therefore u = v, and from here we conclude
that the NPDS (3.1) has a unique solution #, whose components belong to C4‘°‘/(6). U

A.3. Verification of Equation (3.4)
Let us define the auxiliary function ¢, by

¢ = w2|D2ug]2 + 1A} sootr[ag, D?ug ] + M|D1u@|2 on O, (A.26)
with
Alg= max o®)|Dux)|,
(x,0)eOxI

A>max{l,2/6}, u>1 fixed, and oy, = (0tgyj)axa such that oy, = ag,ij(xo), where
(x0, £o) € O x I is fixed. Recall that w is a cut-off function as in Remark 3.1. We shall show that
¢¢ satisfies (A.25). In particular, (A.25) holds when ¢, is evaluated at its maximum x,, € O,
which helps to show that (3.4) is true.

Lemma A.1. Let ¢¢ be the auxiliary function given by (A.26). Then there exists a positive
constant C7 = C7(d, A, o', K1) such that on (x, £) € O x [,

o?uaD?pe] = 26w [D¥ue [* + ne?[D2ue | - 220741 50 [Du|

2
—AG[AL] = IO+ WALy = Cre+ 0 D Ol — ]
kel\{¢}

2 2
+A;’3w2¢é’e(~){2w[)ﬂ — 2]|D?ug|” — 24C7|D%ug| — (h + w)C7 + AT(Dlug, Dlm)}.
£,8
(A27)

Before providing the verification of the lemma above, let us first prove (3.4).

Proof of Lemma 3.1. Equation (3.4). Let ¢, be as in_(A.26), where A > max{l1, 2/0} is fixed
and u > 1 will be determined later on, and (xg, £¢) € O x I satisfies

o(x0)[Dugy(xo)| =Al s = max  @(x)|D’up(x). (A.28)
(x,0)eOxI

Notice thatif xo € O \ Bg/,, by Remark 3.1 and (A.26), we obtain 0;;u¢(x) = 0, for each (x, £) x
O x L. From here, (3.4) is trivially true. So assume that x¢ is in Bg,. Without loss of generality
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we also assume thatAé’(s > 1, since ifA;,S <1, we get that a)(x)|D2ug(x)| EA;,g <lfor(x, £)e
O x 1L Taking C3 = 1, we obtain the resultin (3.4). Let (x,, £,) € O x I be such that be, (xp) =
max ., o) &yq Pe(x). If x,, € [0} \ Bg/,, from (3.3) and (A.26) it follows that

o |Dug|* < 1AL st D?uc] + nC3, for (x, )€ O x L (A.29)

Evaluating (xg, lp) in (A.29) and by (2.3), (H3), (2.16), (3.1), and (3.3), it can be verified that
[A;’(Sf <AA[l+ CQ]A;’S + uC3. From here and because Al,g > 1, we conclude that

&
()| Dup(x)| <ALy <AA[1+ Col +pC5 =:C3, for (x, )€ O x L.
From now on, assume that x,, € Bg',. Then
D¢y, (x,) =0,  tr[ag, ()D* e, (x,)] < 0. (A.30)

Noting that
202
ACs

200* [D3ug|? - 20.C7A! j0? |Dug| > — [Al, T

with C7 > 0 as in Lemma A.1, and using (A.25) and (A.30), we have that
2112 2 2 G 1 72 1
0>20pw?|Dug, | —2*C7| 1+ 5 [As 5] — CrL+wA; 5 — Cru
+ 4L 0w, 20040 = 21|D%ug, | = 22C1[D2ug, | =+ WG|, at

From here, we have that at least one of the following two inequalities is true:

29Mw2’D2ugu

c
- A2C7|:1 + 77][A;’6]2 — GO+ WALy —Ciu<0, atx,, (A3

Al oyl Z(.){Zw[)ﬂ —2]|D%u,

22005 D2, | - G+ WG <0, atn. (A32)
Suppose that (A.31) holds. Then, evaluating (x,, £,,) in (A.26), we get

22Cy c; 2 Ci(v+p) (6]
be, < m[l + 7:|[Ai‘5] + WA;S +2 +uCs

e[ G 2 G0+ cr)'?
AAAL 1 =LAl S TEAL L Atk (A33
+ 8,8{ 20'“ |: + 0 i|[ 8,5] + ZQ/J/ £,6 + 20 atxy, ( )

Meanwhile, evaluating (xp, o) in (A.26) and using (2.3) and (3.1), we get
1 72 1
boo > [Abs] — AAAL[C2+ 1], atxo. (A.34)

Then, taking p large enough so that
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with 5
A2 C C
o) 7 7
K= |14+ =,
7 29[+9}

using (A.33)—(A.34), and since ¢y, (xp) < be, (xy) and A, Ai,a > 1, we have that
(1) (A) 172

1 K ] w_ | K 02, GG+ G
WA [1 o }Ag"s K< n [es]+ Aestop

with

Then,

272 A A
b 1_£ _Q Al P < 2K§M) _ﬁ GO+ Al G
A2 [Aes]” = + es T 55
WA 1 m A m 2001 20

From here, we conclude there exists a constant C3 = C3(d, A, o, K3) such that
o) D?ue(x)| <ALy < C3 for(x, ) e O x L.
Now, assume that (A.32) holds. Then

20736 — 21D%ug, |* < 2.C70|D2ug, | + (h + 11)Cs

at x,,, since ¥/ > 0 and < 1. From here, we have that a)|D2u@M | < Kék’”) at x,,, where Kék’“)
is a positive constant independent of A ; s- Therefore,

5 2
[ALs]” = LAAL S[Co + 11 < ey (x0) < e, () < [Kg\’”)] +AAAL KO+l

From here, we conclude that there exists a constant C3 = C5(d, A, o, K1) such that a)}Dzug } <
Als<Csforall (x, £) e O x I O

Proof of Lemma A.1. Taking first and second derivatives of ¢y on Fﬂ/,, it can be verified
that

trl:agD2¢g]
= }Dzug ’ztr[agDza)z] + 2<a@D1a)2, D! ’Dzu@ ’2> + a)ztr[aZDz‘Dzug |2]
+ )\A;’Str[ochD2ug]tr[agD2a)] + ZAA;’(;(angw, Dltr[ochDzugD

+ )»A;’aa) Z agoﬁtr[agDza,','ug] + ,bLtI‘I:agDz |D1ug |2:|
Ji

From here and noticing that from (2.11),

tr[agDz}D] Up |2] > 26 |D2bt@ |2 +2 Z 3,‘M@tr[a4D28iug],
i

tr[agDziDzug |2] > 29|D3u4|2 +2 Z 3jiu5tr[a5D23j,’u5],
Ji
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we find that

tr[agDzd)g] > 20 [w2|D3u@’2 + M|D2u5|z] + ‘D2u5|2tr[a@D2a)2]
+2(aD'w?, D'[D?ug|*) + AL str[ag, D?ug Jtr[arD?w)]
+22A} s(aD'o, D'trfeg,D?ue]) + 2 Y tr[agD*djue |0iu

i
+ Z [20)23j,'ug + )»A;!aa)agoj,-]tr[agDzaj,-ug]. (A.35)
Ji

Meanwhile, differentiating twice in (3.1), we see that

tu[aeD?ue] = v/ i 70 + ¥l O%[[Duel* = &3]+ D il OnL
cel\ (¢}

+ 3 O — ] — wdfa]D20m] — ol [, |D%u]
kel\{¢}
— tr[[3jae |D*djue ] — 3ji[he — (be, D ug) — cou], (A.36)

_ _ _ _ — - . —(i 2
where 7y = (nél) ..... r;;d)) and 7y, = (7]@1,)( ..... 7]%)() with 772[) = 8,~[|D1ug| —g%] and
7 .= 8;[ug — u,]. From (A.6) and (2.35)~(2.36), it follows that

N =
oPulaD?g] = 26w [P [* + uo?|D%ue | | + s + Da
+ w2{xpg{€(-)([2w2D2w + 1AL swo |7ie, ie)

+ Z I/féfz,K(')([szDQue+AA;’5wae0]ﬁe,K,ﬁe,x)}
xel\{¢}

+o?y, (Ds+ o > Y5, (IDse. (A37)
kel\{¢}

where

Ds3 = sz(angwz, D! ‘Dzug’2> + ZAA;’(;wZ(anga), Dltr[o%D2ug])
= [20*0ue + 1AL s g, ] [2ur[djaeD*jue ] — B5{be. D' ue)].
ij
134 = w2|D2ug |2tr[agD2a)2] — uw252u5 + Mé)awztr[agoDzug]tr[agDzw]
— Z [2w48jiug + )»A;’gaﬁagoji] {tr[[ajiag]Dzu(] + 3ji[hg — Cgu@]] ,
ji
Ds .= Z,u(Dlug, ﬁ() + tr[[2a)2D2ug + )»Ai’swago]Dz[‘Dlw‘z - g%]],
D¢, := Z;L(Dlug, 7_)@’,(> + tr[[Za)zDzu@ + XA;’awago]Dz[ug — u,c]]
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Recall that Doug is given in (A.7). To obtain the next inequalities, we shall recurrently use
(H3), (H4), Remark 3.1, (3.2), (3.3), and A, > 1. Then,

Dy z =2 [4aKid* + A% + P12+ Alld + A1) 24] 502 D
—2d%0A 512+ ANACo A — 4d° A[AL s 12 + Al (A.38)
and by (2.11),
D 2 472 2 2 172
Dy > —{2Ad°Ky +d*A°Ki + d°A[2+ A][d° + 1]} [A 5]
—{2u[2CAd® +2d'PAC, ]+ dPAA[2+ A][2C + C1 )AL
- 2;L{2C2Ad2 +2C1Cod" A —2C, Ad' 2}, (A.39)
On the other hand, since A > % and using (2.11), we have that
([20*D?ue + )\AE’Sa)ago]y, y) = o[AA} 50 — 20[Du|] Iy I*
> wA} 5[40 —2] lyI* >0, (A.40)
for y € R?. From here and since l/fg,l(') >0and wéie’K(-) > 0, it follows that
V! Of[20°DPug + 1A, so0ag, Jiie, 7e)

+ D U O[20°D%ug + AAL soag, Jiie. fiex) 2 0. (A4D)
cel\{¢}

It is easy to verify that
@*(D'ug, D! [D2ug|*) + 24! jo(D'ug, D' trferg, D?ue]) + (D g, D' D ue )
=(D'u¢, D'¢¢) — (D'ug, D' w?) D2u¢|2 — A} strfog D*ug](D'ug, D'ow)  (A42)

since
iy = |D2ue }zaiwz + wzai’Dzug ’2
+ AL su[agyD?ue]diw + 1AL sotr[ag,D*due] + 1d;| D uc|>  on Bg,.
Then, by (A.40) and (A.42),
Ds > 20A! 516 — 21|D%ue|* +2(D'ug, D' )
— 40d"? KA 5|D*ug| — 20 A2 CrK AL 5| DPu |
—4uA%d'PAL jCo — 20dAPAL 5 — AN dPAL
—4dPANAL ;2N dPAAL ;. (A.43)
Using the properties |A|> — 2tr[AB] + |B|*> = 2 (A — ,~j) >0 and [y]>—2(y1, y2) +

> =3, 01 — v2.)* > 0, where A = (A))axa» B= Bijaxa> and y1 = (1.2, - - ., Y1.4) Y2 =
(2.1, --.,¥y2.4) belong S(d) and R, respectively, and by definition of ¢y, it is easy to
corroborate the following identity:

« = ¢ — P, for #L. (A.44)

Applying (A.41)—(A.44) in (A.37) and considering that all constants that appear in those
inequalities (i.e. (A.41)—(A.44)) are bounded by a universal constant C; = C7(d, A, o', K}),
we obtain the desired result in the lemma above. With this remark, the proof is concluded. [
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