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A critical branching process

with immigration in random environment

Valeriy Afanasyev∗

Steklov Mathematical Institute of RAS, Moscow, Russian Federation

Abstract

A Galton-Watson branching process with immigration evolving in a random environment is con-
sidered. Its associated random walk is assumed to be oscillating. We prove a functional limit
theorem in which the process under consideration is normalized by a random coe�cient depending
on the random environment only. The distribution of the limiting process is described in terms of
a strictly stable Levy process and a sequence of independent and identically distributed random
variables which is independent of this process.

Keywords: Branching process in random environment, branching process with immigration,
functional limit theorem

1. Introduction

This paper is a continuation and development of [1] and [2]. The theory of a critical branching
process in random environment is presented in [1]; it is supposed there that the process starts with
a �xed number of particles and is considered under the condition of non-extinction at a distant
moment. Considering the same process, but with immigration, is natural from the point of view
of the logic of studying various models of branching processes. The author, studying oscillating
random walk in a random environment, has used in [2] a special case of a branching process
with immigration in a random environment, when one immigrant joins each generation, and the
reproduction law for a �xed random environment is geometric. In the present paper we get rid of
these restrictions.

Let (Ω,F ,P) be a probability space and ∆ be the space of probability measures on N0 :=
{0, 1, . . .} equipped with the metric of total variation. A random environment is a sequence of
random elements Q1, Q2, . . ., mapping the space (Ω,F ,P) into ∆2. Thus, Qn for each n ∈ N
has the form (Fn, Gn), where Fn, Gn are probability measures on N0. A branching process with

immigration in random environment ((BPIRE)) is a stochastic process possessing the following
properties. For a �xed random environment {Qn, n ∈ N} this is an inhomogeneous branching
Galton-Watson process with immigration. Here, for each n ∈ N,the number of immigrants joining
the (n− 1)th generation has the distribution Gn and the o�spring reproduction law of particles of
the (n− 1)th generation is Fn.

∗Corresponding author
Email address: viafan@mi.ras.ru (Valeriy Afanasyev)
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Let Zn be the size of nth generation without the immigrants which joined this generation (we
assume that Z0 = 0), ηn be the number of immigrants which joined the nth generation. Let
fn (·) and gn (·) be generating functions of distributions Fn and Gn respectively.

We consider this model under the assumption that the random elements Q1, Q2, . . . are inde-
pendent and identically distributed.

Set for i ∈ N
Xi = ln f ′i (1) , µi = g′i (1)

(suppose that 0 < f ′1 (1) < +∞, 0 < g′i (1) < +∞ a.s.). Introduce the so-called associated random

walk :

S0 = 0, Sn =

n∑
i=1

Xi, n ∈ N.

It is clear that the random vectors (X1, µ1) , (X2, µ2) , . . . are independent and identically distributed
under our assumptions.

We impose the following restriction on the distribution of X1.
Hypothesis A. The distribution of X1 belongs without centering to the domain of attraction

of some stable law with index α ∈ (0, 2] and the limit law is not a one-sided stable law.
Under Hypothesis A the Skorokhod functional limit theorem is valid: there are such positive

normalizing constants Cn that, as n→∞,

Wn
D→W,

where Wn =
{
C−1n Sbntc, t ≥ 0

}
, the process W = {W (t) , t ≥ 0} is a strictly stable Levy process

with index α ∈ (0, 2] and the symbol
D→ means convergence in distribution in the space D [0,+∞)

with Skorokhod topology. Moreover,
Cn = n1/αl (n) ,

where {l (n) , n ∈ N} is a slowly varying sequence. It is known that the �nite-dimensional distri-
butions of the process W are absolutely continuous. Note that ρ := P (W (1) > 0) ∈ (0, 1) given
Hypothesis A. Thus, the Spitzer-Doney condition is satis�ed:

lim
n→∞

P (Sn > 0) = ρ ∈ (0, 1) .

The Spitzer-Doney condition means that the random walk {Sn} is oscillating.

2. Statement of main result

The aim of this paper is to prove a functional limit theorem for the process
{
Zbntc, t ≥ 0

}
, as

n→∞ (see Theorem 1). We need some notation and de�nitions to formulate the theorem. Let for
n ∈ N

Mn = max
1≤i≤n

Si, Ln = min
0≤i≤n

Si.

It is known (see [1], Lemma 2.5) that, if the Spitzer-Doney condition is satis�ed, then, as n→∞,

{(Qi, Si, µi) , i ∈ N | Ln ≥ 0} D→
{(
Q+
i , S

+
i , µ

+
i

)
, i ∈ N

}
,

{(Qi, Si, µi) , i ∈ N| Mn < 0} D→
{(
Q−i , S

−
i , µ

−
i

)
, i ∈ N

}
,

12 The 5th international conference on stochastic methods (ICSM-5)



where
{(
Q+
i , S

+
i , µ

+
i

)}
,
{(
Q−i , S

−
i , µ

−
i

)}
are some random sequences. Moreover: a) the sequences{

Q+
i , i ∈ N

}
,
{
Q−i , i ∈ N

}
can be viewed as some random environments; b) the sequences

{
S+
i , i ∈ N

}
,{

S−i , i ∈ N
}
are the corresponding associated random walks (S+

0 = S−0 = 0); c) the sequences{
µ+i , i ∈ N

}
and

{
µ−i , i ∈ N

}
are positive and constructed by

{
Q+
i , i ∈ N

}
and

{
Q−i , i ∈ N

}
,

respectively, the same as the sequence {µi, i ∈ N} is constructed by {Qi, i ∈ N}. Suppose that the
sequences

{
Q+
i , i ∈ N

}
and

{
Q−i , i ∈ N

}
are de�ned on the same probability space (Ω∗,F∗,P∗)

and are independent.
We now come back to our initial BPIRE. Set Ni = {i, i+ 1, . . .} for i ∈ Z. Fix i ∈ N0 and, for

n ∈ Ni, denote by Zi,n the total number of particles in the nth generation which are the descendants
of the immigrants joined the ith generation (we assume that Zi,n = 0 for i ≥ n and i < 0). Note
that the random sequence {ηi; Zi,n, n ∈ Ni+1} is a usual (without immigration) branching process
in the random environment {Gi+1; Fn, n ∈ Ni+1}. In particular, if the random environment is
�xed, then Gi+1 is the distribution of the random variable ηi which should be interpreted as the
number of particles in the initial generation. Set for n ∈ Ni

ai,n = e−(Sn−Si).

The sequence {ηi; ai,nZi,n, n ∈ Ni+1} is a nonnegative martingale if the random environment
{Gi+1; Fn, n ∈ Ni+1} is �xed. Hence (without assuming that the random environment is �xed),
there is a �nite limit limn→∞ ai,nZi,n P-a.s.

Set

Q∗i =

{
Q+
i , i ∈ N,

Q−−i+1, i ∈ Z \N,

S∗i =

{
S+
i , i ∈ N0,
−S−−i, i ∈ Z \N0,

µ∗i =

{
µ+i , i ∈ N,
µ−−i+1, i ∈ Z \N.

The sequence E∗ := {Q∗k, k ∈ Z} can be considered as a random environment (we denote the com-
ponents of Q∗k by G

∗
k and F

∗
k ). We assume that the probability space (Ω∗,F∗,P∗) is reach enough

for we are able to de�ne on it a branching process with immigration in the random environment E∗.
Fix i ∈ Z and, for j ∈ Ni, denote by Z

∗
i,j the total number of particles in the jth generation being

descendants of immigrants which joined the ith generation (we denote the number of such immi-

grants as η∗i ). Note that the sequence
{
η∗i ; Z

∗
i,j , j ∈ Ni+1

}
is a branching process in the random

environment
{
G∗i+1; F

∗
j , j ∈ Ni+1

}
with the initial value η∗i . The sequence

{
S∗j − S∗i , j ∈ Ni

}
is

the associated random walk and the random variable µ∗i is under �xed environment the mean of
the random variable η∗i . Set

a∗i,j = e−(S∗
j−S∗

i ).

In accordance with the above the limit

lim
j→∞

a∗i,jZ
∗
i,j =: ζ∗i

exists P∗-a.s. and P∗ (ζ∗i > 0) > 0 for i ∈ N0 (see [1], Proposition 3.1).
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Introduce the following random series:

Σ1 :=
∑
i∈Z

µ∗i+1e
−S∗

i , Σ2 :=
∑
i∈Z

ζ∗i e
−S∗

i

It is clear that Σ1 > 0 P∗-a.s. and P∗ (Σ2 > 0) > 0. Both series converge P∗-a.s. under certain
restrictions.

Let W be a strictly stable Levy process W with index α (in the sequel we call W simply the

Levy process). By the Levy process we specify the (lower) level L = {L (t) , t ≥ 0} of the Levy

process as
L (t) = inf

s∈[0,t]
W (s) .

Let, further, γ1, γ2, . . . be an independent of W sequence of independent random variables dis-
tributed as the random variable Σ2/Σ1.

By these ingredients we de�ne �nite-dimensional distributions of a random process Y = {Y (t), t ≥ 0}
which is the limiting process in the Theorem 1. First we set Y (0) = 0. Consider an arbitrary
m ∈ N and arbitrary moments t1, t2, . . . , tm: 0 = t0 < t1 < t2 < . . . < tm. The random vector

{Y (t1), . . . , Y (tm)} coincides in distribution with the following vector Ŷ :=
{
Ŷ1, . . . , Ŷm

}
. We de-

scribe at �rst the possible values of the vector Ŷ . Its �rst several coordinates coincide with γ1, the
next several coordinates coincide with γ2 and so on up to the mth coordinate. The coordinates of
the vector Ŷ are speci�ed according to the level L of the Levy process W . The �rst coordinate Ŷ1
is equal to γ1. Let the coordinate Ŷk for some k < m be known. For instance, Ŷk = γl for some
l ∈ N. If the level of the Levy process at the moment tk+1 remains the same as at moment tk, i.e.
L (tk+1) = L (tk), then Ŷk+1 = γl. If the level of the Levy process at the moment tk+1 is changed,
i.e. L (tk+1) < L (tk), then Ŷk+1 = γl+1.

Set for n ∈ N0

an = e−Sn , bn =
n−1∑
i=0

µi+1e
−Si (b0 = 0).

Introduce for each n ∈ N the random process Yn = {Yn (t) , t ≥ 0}, where

Yn (0) = 0, Yn (t) =
abntc

bbntc
Zbntc.

Note that for k ∈ N the ratio bk/ak is equal to the mean of Zk for a �xed random environment.
Let the symbol ⇒ mean convergence of random processes in the sense of �nite-dimensional

distributions and ln+ x = max (0, lnx) for x > 0.

Theorem 1. If Hypothesis A is valid and E
(
ln+ µ1

)α+ε
< +∞ for some ε > 0, then, as

n→∞,
Yn ⇒ Y.

The author of [2], studying a random walk in random environment, proved a particular case
of Theorem 1 (when the o�spring generating function fn (·) is fractional-linear and gn (s) ≡ s for
each n ∈ N). We would like to stress that the proof of theorem 1 di�ers signi�cantly from that one
given in [2].
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Optimal Threshold Stopping Times for Ito Diffusions

Vadim Arkina, Alexander Slastnikova,∗
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Abstract

The paper deals with an optimal stopping problem for one-dimensional Ito diffusion process and
terminal payoff function. We study the following problem: Under what conditions the stopping time
which is optimal over the class of threshold strategies (specifying by first time when the underlying
process exceeds some level) remains optimal over all stopping times. We prove that excessiveness
of payoff function is the only necessary and sufficient condition which connects optimality over the
class of threshold stopping times and over all stopping times.

Keywords: Ito diffusion processes, Optimal stopping, Threshold stopping time

1. Introduction

Let Xt, t ≥ 0 be a diffusion process with values in D ⊆ R, defined on a stochastic basis
(Ω,F , {Ft, t ≥ 0},P).

Let us consider an optimal stopping problem for this process:

Exg(Xτ )e−ρτ1{τ<∞} → sup
τ∈M

, (1)

where g : D → R is payoff function, ρ > 0 is discount rate, 1A is indicator function of the set A,
and Ex means the expectation for the process Xt starting from the initial state x. The supremum
in (1) is taken over some classM of stopping times (s.t.) τ with values in [0,∞] (we allow infinite
value with positive probability). Usually M is the class of all stopping times with respect to the
natural filtration FXt = σ{Xs, 0 ≤ s ≤ t}, t ≥ 0).

In this paper we study the case when class M of stopping times is specified by threshold
strategies, i.e. the first times when the underlying process exceed some levels (thresholds). Similar
threshold decisions arise, e.g., in mathematical finance, investment models under uncertainty (real
options), etc. For example, solutions ‘to invest or not’, ‘to abandon or not’ depend on whether the
observed values (which determine a decision) will be more or less than some levels.

Villeneuve [1] was arguably the first who was especially interested in easily testable conditions
ensuring the existence of an optimal threshold strategy for a general process and payoff function.
He stated the sufficient conditions under which the stopping set for the geometric Ito diffusion
process is a segment [x∗,+∞) for some x∗. But his result as well as more later studies (e.g. [2],
[3], [4]) are accompanied by a set of additional requirements to both the underlying process and
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the payoff (like smoothness, boundary conditions, etc.). The majority of these requirements seems
to be rather technical and not necessary for ‘threshold optimality’. In our paper we attempt to
clarify what are the minimal conditions that ensure the optimality of threshold stopping times.

1.1. Definitions and assumptions

Let Xt be an Ito diffusion process with values in the segment D ⊆ R with boundary points l
and r, where −∞ ≤ l < r ≤ +∞, open or closed (i.e. it may be (l, r), [l, r), (l, r], or [l, r]), which
is the solution to the SDE:

dXt = a(Xt)dt+ σ(Xt)dwt, X0 = x, (2)

where wt is a standard Wiener process, a : D 7→ R and σ : D 7→ R+ are the drift and the diffusion
coefficients, respectively. The boundary point is not included in D if it is inaccessible, else it is
absorbing and the process remains forever at this point after its reaching.

Denote I = int(D) = (l, r).
We assume the following conditions of non-degeneracy σ2(x) > 0 for any x ∈ D, and local

integrability: ∫ x+ε

x−ε

1 + |a(y)|
σ2(y)

dy <∞ for some ε > 0,

at any x ∈ I. These conditions ensure an existence of a weak solution to the SDE (2), unique in
the sense of probability law, and this solution is a regular process, i.e., starting from an arbitrary
point x ∈ I, the process reaches any point y ∈ I in finite time with positive probability. We
assume also that Xt is non-explosive process.

The infinitesimal generator of the process Xt has the following type (in the appropriate domain):

Lf(x) = a(x)f ′(x) + 1
2 σ

2(x)f ′′(x).

It is known that under the above conditions there exist (unique up to constant positive multipliers)
positive increasing and decreasing functions ψ(x) and ϕ(x) with absolutely continuous derivatives,
which are the fundamental solutions to the ODE Lu(x) = ρu(x) almost sure (in Lebesgue measure)
on the interval I.

In order to exclude incorrect and trivial cases we assume that payoff function g(x) is bounded
below, and g(x0) > 0 for some x0 ∈ I.

2. Optimality of threshold stopping times

For p ∈ I let us define τp = inf{t ≥ 0 : Xt ≥ p} — the first time when the process Xt exceeds
threshold p. We will call τp as threshold stopping time. Let Mth = {τp, p ∈ I} be a class of all
such threshold stopping times.

We say the process XA
t is a restriction of the process Xt on the set A ⊂ D if XA

0 ∈ intA and
XA
t = Xt∧TA where TA = inf{t ≥ 0 : Xt ∈ ∂A} — the first hitting time to a boundary of A. In

other words, the restricted (on A) process is started from the interior of A and is absorbed when
it reaches the boundary of A. The process XA

t has the same infinitesimal generator as Xt, and ∂A
is its absorbing points.
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In line with this definition the nonnegative function f : A→ R+ is said to be ρ-excessive with
respect to restriction of Xt on A if for all x ∈ intA and any stopping time τ

Exf(Xτ∧TA)e−ρτ1{τ<∞} ≤ f(x).

The following theorem states the criterion when the given threshold p∗ specifies the stopping
time τp∗ which is optimal over all stopping times uniformly in all initial states x of the diffusion
Xt. This result gives conditions for ‘threshold optimality’ without any additional ‘unnecessary’
requirements (except a very weak claim on the right-side differentiability of the payoff function at
the threshold p∗). These conditions are only the optimality over all threshold stopping times and
excessiveness of the payoff function over the optimal threshold.

Theorem 1. Let for some p∗ ∈ I there exists g′(p∗+0). Then τp∗ is the optimal stopping time in
problem (1) over all stopping times for all x ∈ I if and only if the following conditions hold:

(i) τp∗ is an optimal stopping time in the problem (1) over the class Mth of threshold stopping
times for all x ∈ I;

(ii) function g(x) is ρ-excessive with respect to restriction of process Xt on the segment [p∗, r).

To check point (i) we can use the following simple criterion.
τp∗ be an optimal stopping time in the problem (1) over the class Mth of threshold stopping

times for all x ∈ I if and only if:

g(x)/ψ(x) ≤ g(x∗)/ψ(x∗) whenever x < p∗ and g(x)/ψ(x) does not increase for x ≥ p∗.

As the direct consequence of this result and the criterion of ρ-excessiveness from [5] we can give
the necessary and sufficient conditions for optimality of threshold stopping time in commonly used
“almost piecewise-smooth” case.

The continuous on the interval (a0, b) function f(x) is called almost piecewise-smooth with the
exception set A = {a1, ..., an, ...} (where a0<a1<a2<...≤b such that for any c, a0 < c < b the
set {a ∈ A : a ≤ c} is finite), if the derivative f ′(p) is absolutely continuous on the intervals
(ai, ai+1), i ≥ 0, and there are one-sided derivatives f ′(a0+0), f ′(ai±0), i ≥ 1.

Corollary 1. Let for some p∗ ∈ I the payoff function g(x) is almost piecewise-smooth (with the
exception set A = {a1, ..., an, ...}) on the interval (p∗, r).

Then τp∗ is the optimal stopping time in problem (1) over all stopping times for any x ∈ I, if
and only if the following conditions hold:

g(x) ≤ ψ(x)g(p∗)/ψ(p∗) for x < p∗; (3)

ψ′(p∗)g(p∗) ≥ ψ(p∗)g′(p∗+0); (4)

Lg(x) ≤ ρg(x) a.s. (in Lebesgue measure) for x > p∗; (5)

g′(ai+0)− g′(ai−0) ≤ 0 for all i ≥ 1; (6)

g(r) ≤ lim inf
y↑r

g(y), if r is an absorbing boundary point. (7)

The above corollary extends the corresponding results in [3] to the case of more general payoff
functions and Ito diffusions. Crocce and Mordecki [2] studied the optimal stopping time of threshold
form for more general diffusion processes, and payoff functions satisfying so called “right regularity
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condition (RRC)”, which means informally, that ’g(x) does not increase as quick as ψ(x) does
when approaching r’. Their conditions of optimality are close to ours, but in contrast to (4), which
is ‘local’ condition (i.e. involves the values of functions g, ψ and their derivatives only at the
threshold point p∗), the corresponding condition in [2] is non-local and involves the values g(x)
and ϕ(x) for all x ≥ p∗ also.

Another type of threshold strategies in optimal stopping problems concerns a threshold struc-
ture of the stopping set S = {x ∈ D : V (x) = g(x)}. This problem and the correspondent
conditions are slightly different from those for optimal threshold stopping times. Obviously, if
stopping time τp∗ is optimal for all x ∈ I, then [p∗, r) ⊂ S, but not vice versa. Although, the first
exit time from the continuation set will be optimal stopping time in most cases, but this fact is
valid only under certain additional conditions (see, e.g. [1] or [6]). In [4] for the case of almost
piecewise-smooth (on a stopping set) payoff functions it was proved that (3)–(7) are the sufficient
conditions for threshold structure of the stopping set S, but these conditions remain necessary only
under certain additional restrictions (as continuity of the payoff g(x) on D, and left-boundary con-
dition lim supx↓l g(x)/ϕ(x) = 0). Moreover, [4] provided an example of a problem where stopping
set has a threshold structure, but condition (3) fails.

3. The case of two-thresholds stopping times

Theorem 1 from previous section can be extended also for the case of two-thresholds (‘interval’)
stopping times.

For any a, b, where l < a < b < r, let us define τ(a,b) = inf{t ≥ 0 : Xt /∈ (a, b)} — the first
exit time out of the interval (a, b), and the corresponding class M2

th = {τ(a,b), l < a < b < r} of
two-thresholds stopping times.

The following result can be viewed as a generalization of Theorem 1 for two-thresholds stopping
times.

Theorem 2. Let for some a∗, b∗ ∈ I, a∗ < b∗, there exist g′(a∗−0) and g′(b∗+0).
Then τ(a∗,b∗) is the optimal stopping time in problem (1) over all stopping times for any x ∈ I,

if and only if the following conditions hold:
(i) τ(a∗,b∗) is an optimal stopping time in the problem (1) over the class M2

th of two-thresholds
stopping times for all x ∈ I;

(ii) the function g(x) is ρ-excessive with respect to the restriction of process Xt on the set
(l, a∗] ∪ [b∗, r).

To prove this we can consider two restrictions of the process Xt on the segments [a∗.r) and
(l, b∗], and then apply the results on threshold stopping times from previous section.

An analogous arguments allow to consider also the cases when stopping times are specified by
3 or more thresholds, e.g. for stopping times τ(a,b,c) = inf{t ≥ 0 : Xt /∈ (a, b) or Xt ≤ c}, where
l < a < b < c < r.
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A multivariate central limit theorem for weighted sums
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Abstract

We consider the ”typical” behavior of the weighted sums of independent identically distributed
random vectors in k-dimensional space. It is shown that in this case the rate of convergence in the
multivariate central limit theorem is of order O(1/n) up to logarithmic factor. This extends the
one-dimensional Klartag and Sodin result.

Keywords: multivariate central limit theorem, weighted sums, rate of convergence

Main result

Let X,X1, X2, . . . , Xn be independent identically distributed random vectors in Rk with finite
third absolute moment β3 = E‖X‖3 <∞, zero mean EX = 0 and unit covariance matrix cov(X) =
I. Let Z be the standard Gaussian random variable in Rk with zero mean and unit covariance
matrix. Denote by B, the class of all Borel convex sets in Rk.

Sazonov in [1] obtained the following error bound of approximation for distribution of the
normalized sum of random vectors by the standard multivariate normal law:

sup
B∈B

∣∣∣∣∣P
(

1√
n

n∑
i=1

Xi ∈ B

)
− P(Z ∈ B)

∣∣∣∣∣ ≤ C(k)
β3√
n
, (1)

where C(k) depends on dimension k only.
The bound (1) is optimal one in general. Moreover, the rate O(1/

√
n) may not be improved

under higher order moment assumptions. It is easy to show in one-dimensional case k = 1 taking
X such that

P(X = 1) = P(X = −1) = 1/2.

Nevertheless, the situation is di?erent when we consider a weighted sum

θ1X1 + . . .+ θnXn,

where
∑n

j=1 θ
2
j = 1. If we are interested in the typical behavior of these sums for most of θ in the

sense of the normalized Lebesgue measure λn−1 on the unit sphere

Sn−1 = {(θ1, . . . , θn) :
n∑

j=1

θ2j = 1},
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then we have to refer to a recent remarkable result due to Klartag and Sodin. In [2] they have
showed that in one-dimensional case k = 1 for any ρ : 1 > ρ > 0, there exists a set = ⊆ Sn−1 :
λn−1(=) > 1− ρ, and a constant C(ρ) depending on ρ only such that for any θ = (θ1, . . . , θn) ∈ =
one has

sup
a,b∈R,a<b

∣∣∣∣∣P
(
a ≤

n∑
i=1

θiXi ≤ b

)
−
∫ b

a

1√
2π

exp

(
−x

2

2

)
dx

∣∣∣∣∣ ≤ C(ρ)
β4
n
, (2)

where β4 = E‖X‖4 and C(ρ) ≤ C log2(1/ρ) with some absolute constant C. It is clear that
C(ρ) → ∞ as ρ tends to 0. And the case of equal weights, that is when θi = 1/

√
n for all

i = 1, . . . , n is the worst case in the sense of closeness of distribution function of weighted sum to
the standard normal distribution function.

Bobkov in [3] refined the rates of approximation for distributions of weighted sums (2) up to
order O(n−3/2) by using the Edgeworth correction of the fourth order provided β5 = E‖X‖5 <∞.
In addition, see [4] and [5] for recent approximation results related to weighted sums in one-
dimensional case k = 1.

We extend (2) to the multivariate spaces Rk with k ≥ 2. In the above notation, we formulate
our result.

Theorem 1. Let X,X1, X2, . . . , Xn be independent identically distributed random vectors in Rk

with finite fourth absolute moment β4 = E‖X‖4 < ∞, zero mean EX = 0 and unit covariance
matrix cov(X) = I. Let Z be the standard Gaussian random variable in Rk with zero mean and
the unit covariance matrix. Denote by B, the class of all Borel convex sets in Rk. Then for any
ρ : 1 > ρ > 0, there exists a set = ⊆ Sn−1 : λn−1(=) > 1− ρ, and a constant C(ρ, k) depending on
k and ρ only such that for any θ = (θ1, . . . , θn) ∈ = one has

sup
B∈B

∣∣∣∣∣P
(

n∑
i=1

θiXi ∈ B

)
− P(Z ∈ B)

∣∣∣∣∣ ≤ C(ρ, k)
β4(log(n))k/2

n

with C(ρ, k) ≤ C(k) log2(1/ρ), where C(k) depends on k only.

The proof of Theorem 1 is based on Klartag and Sodin’s technique in Theorem 1 for weighted
sum of independent random variables in [2], Bhattacharya and Ranga Rao Theorem 13.2 [6] and also
on Theorem 1 in S.2 in Sazonov’s book [7]. The last two theorems concern the rate of convergence
of the sum of identically distributed random vectors.
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Abstract

We consider continuous-time symmetric branching random walk on a multidimensional lattice. The
population of particles consists of two types. We study the effect of spatial clustering, which arises
under conditions of criticality of branching and superexponentially light tails of random walk.

Keywords: Branching Random Walks, Multi-type Processes, Multidimensional Lattices,
Clustering

1. Introduction

We consider continuous time branching random walk on Zd with two types of particles. The
space-time evolution of the field includes the processes of walk, birth and death of particles. It is
assumed that particles evolve independently of each other and of all prehistory.

In [1], the effect of spatial clustering was demonstrated for a population of particles of the same
type described by a random walk with superexponentially light tails under the condition of the
criticality of the branching law. In this paper, we give a generalisation of this observation to the
case of an irreducible critical process with two types of particles.

The transport of particles of each type i on Zd before the first transformation (reproduction or
death) is supposed to be described through the random walk generators

Liψ(x) = κi
∑

z∈Zd\{0}

[ψ(x+ z)− ψ(x)]ai(z), (1)

which act in space lp(Zd), 1 ≤ p ≤ ∞ [2]. Functions ai(z) specify the distribution of random jumps,
the parameters κi > 0 are coefficients of diffusion. The following conditions are assumed:

1.
∑

z∈Zd\{0}
ai(z) = −ai(0) = 1, ai(z) ≥ 0;

2. symmetry: ai(z) = ai(−z);
3. irreducibility: for every z ∈ Zd there is a set of vectors z1, z2, . . . , zk ∈ Zd, such that z =∑k

j=1 zj with ai(zj) > 0 for j = 1, . . . , k.
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Clearly, the structure of a random walk essentially depends on the distribution of its jumps.
To obtain the asymptotics, we assume the following condition of superexponential lightness of the
tails: for every λ ∈ Rd ∑

z∈Zd
e〈λ,z〉ai(z) <∞. (2)

To satisfy this condition, a sufficiently fast decrease in ai(z) is required with an increase in the
norm of the vector z, ai(z) can be function with finite range or a function satisfying the inequality

ai(z) ≤ c1e−c2|z|
γ
, z ∈ Zd,

for some c1, c2 > 0 and γ > 1. Note that the large deviation theorems, as well as asymptotic
estimates were obtained in [3] and [1], respectively, based on the assumption (2).

Transition probabilities pi(t, x, y) (the probability that the particle to be at the point x at the
moment of time t provided that at the initial moment of time it was at the point y) of a random
walk with generator Li satisfy (see, for example, [4]) the inverse Kolmogorov equations

∂pi(t, x, y)

∂t
= Lipi(t, ·, y)(x), pi(0, x, y) = δxy, (3)

where δxy is a Kronecker delta.
We consider the branching process. Each of the particles of the type i in a short time dt can

die with the probability βi(0, 0)dt, or produce k offsprings of the first type and l offsprings of the
second type with the probability βi(k, l) ≥ 0 under the assumption (k, l) 6= (1, 0) for i = 1 and
(k, l) 6= (0, 1) for i = 2. The generating function of the corresponding branching process (see, for
example, [5]) in this case has form

Fi(z1, z2) =
∑
k+l>2

zk1z
l
2βi(k, l). (4)

We denote by nij(t, x, y) the number of j-type particles, located at time t > 0 in y, which are
offsprings of a particle of type i, located at the innitial moment in x.

2. Critical irreducible branching process

We denote the first moment

m
(1)
ij (t, x, y) := Enij(t, x, y);

by D = (dij) we denote the matrix of the derivatives of the generating functions (4) with the
coefficients

dij :=
∂(Fi(z1, z2) + δi1β1(1, 0)z1 + δi2β2(0, 1)z2)

∂zj

∣∣∣∣
z1=1,z2=1

, i, j = 1, 2.

Introduce the second factorial moments

bijk :=
∂2Fi(z1, z2)

∂zj∂zk

∣∣∣∣
z1=1,z2=1

, i, j, k = 1, 2;
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and by D(t, x) = (dij(t, x)) denote the corresponding matrix, where

dij(t, x) := E
∑
y∈Zd

nij(t, x, y) =
∑
y∈Zd

m
(1)
ij (t, x, y), i, j = 1, 2.

We call a branching process irreducible if the matrix D is irreducible (see [5, Th. 4.6.2]). Then
according to [5, Th. 4.7.5] for t→∞

dij(t, x) = uivje
rt + o(er1t), (5)

where r1 < r, r is the Perron root of the matrix D, ui and vj are components of the corresponding
r right and left eigenvectors.

Definition 1. An irreducible branching process is called critical if r = 0 and

2∑
i=1

2∑
j=1

2∑
k=1

vib
i
jku

juk > 0.

Let ni(t, x) be a number of particles at time t in a subpopulation generated by a particle of
type i, that located at x at the initial time:

ni(t, x) =
2∑
j=1

∑
y∈Zd

nij(t, x, y).

We consider a critical irreducible branching process. From [5, Th. 6.3.4] it follows that for t→
∞ the probability of non-degeneration of a subpopulation has the following asymptotic behaviour

P
(
ni(t, x) > 0

)
=
ci
t

+ o(1/t)→ 0,

P
(
ni(t, x) = 0

)
= 1− ci

t
+ o(1/t)→ 1,

(6)

where ci is a constant. Substituting r = 0 in (5) we obtain dij(t, x) = uivj + o(1). Note that

dij(t, x) = E
∑
y∈Zd

nij(t, x, y) = E

( ∑
y∈Zd

nij(t, x, y)|ni(t, x) > 0

)
P

(
ni(t, x) > 0

)
,

whence, denoting Cij :=
uivj
ci

= const, for t→∞ we get

E

( ∑
y∈Zd

nij(t, x, y)|ni(t, x) > 0

)
=

uivj + o(1)

ci/t+ o(1/t)
= Cijt+ o(t). (7)

In virtue of (6) we have P
(
ni(t, x) = 0

)
→ 1 for t→∞. Thus, we get that most subpopulations

degenerate by time t→∞. But those subpopulations that are not degenerate have linear growth
due to (7).

By p
(d)
i (t, x, y) we denote transition probability on Zd defined by Li, i = 1, 2. It means that

p
(d)
i (t, x, y) is the solution of the Cauchy problem

∂p
(d)
i (t, x, y)

∂t
= Lip(d)i (t, x, y), p

(d)
i (0, x, y) = δx(y).
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Note that p
(d)
i (t, x, y) = p

(d)
i (t, x− y, 0). Let x− y = s, from [3, (4.7)] we have for s = O(

√
t)

p
(d)
i (t, 0, s) =

e−(B
−1
i s,s)/(2t)

(2πt)d/2
√

detBi
+ o(t−d/2),

where matrix Bi =
(
b
(kj)
i

)
k,j

, k, j = 1, . . . , d, i = 1, 2 has elements

b
(kj)
i =

∑
z∈Zd\{0}

zkzjai(z).

Let at the initial moment of time at each point there be one particle of type i. We denote the set
of odd positive integers N1 and the set of even positive integers N2. We consider a certain particle
at time t and all its progenitors up to the initial time. The history of walking on the lattice of a
particle and its progenitors is presented in the form of a sequence of n > 1 intervals τi,

∑n
i=1 τi = t,

such that on the intervals τi, i ∈ N1, the walk is determined by the L1, and on τi, i ∈ N2, the walk
is determined by the L2. We denote the time trajectory (the time vector between switching states
L1 and L2) τ = (τ1, . . . , τn), the probability of moving from x to y on Zd in accordance with τ by
p(d)(τ, x, y). Due to the Kolmogorov-Chapman equation, for n > 2 we obtain

p(d)(τ, x, y) =
∑
xi∈Zd

16i6n−1

(
p
(d)
1 (τ1, x, x1)

n−1∏
i=2

p
(d)
s(i)(τi, xi−1, xi)p

(d)
s(n)(τn, xn−1, y)

)
,

where s(i) = 1 for i ∈ N1 and s(i) = 2 for i ∈ N2.

3. Main Results

Lemma 1. We denote the total time spent by the particle in the first state t1 :=
∑
i∈N1

τi and the

total time spent by the particle in the second state t2 :=
∑
i∈N2

τi. Then

p(d)(τ, x, y) =
∑
x′∈Zd

p
(d)
1 (t1, x, x

′)p
(d)
2 (t2, x

′, y).

For d = 1, the distance between the start points of subpopulations that did not degenerate
by the time t → ∞ has a geometric distribution with an average value of t

ci
+ o(t) (6) and non-

degenerate subpopulations have particles at a distance from the initial particle of the order of no
more than

√
t with a probability arbitrarily close to 1. Thus, particle clusters with length of order√

t are separated by empty intervals with length of order t.

For d = 2 we consider the square of the lattice with side t
√
ln t√
ci

(ci is the constant from (6)) and

divide it into cells with side
√

t ln t
ci

, the number of cells is t. We call a cell degenerate at time t if it

does not contain the starts of populations that do not degenerate at time t. The probability that
for t→∞ all subpopulations of cell degenerate is

Pdeg(t) =

(
1− ci

t
+ o(1/t)

) t ln t
ci

→ e− ln t =
1

t
,
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and the probability of the existence of cell, all subpopulations of the initial particles of which have
degenerated, is

1−
(

1− Pdeg(t)

)t
= 1− 1

e
.

Non-degenerate subpopulations have particles at a distance from the initial particle of the order

of no more than
√
t �

√
t ln t
ci

. Therefore, by the time t → ∞ we get particle-free circles with a

radius of the order of
√

t ln t
ci

at a distance of the order of t
√
ln t√
ci

.
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The Uniqueness Theorem for the Viscosity Solution
of an Integro-Differential Equation

as a Verification Argument for the Survival Probability

Tatiana Belkinaa,∗

aCentral Economics and Mathematics Institute RAS, Moscow, Russian Federation

Abstract

This work relates to the problem of the identifying of some solutions to linear integro-differential
equations as the probability of survival (non-ruin) in the corresponding collective risk models
involving investments. The equations for the probability of non-ruin as a function of the initial
reserve are generated by the infinitesimal operators of corresponding dynamic reserve processes.
The direct derivation of such equations is usually accompanied by some significant difficulties, such
as the need to prove a sufficient smoothness of the survival probability. We propose an approach
that does not require a priori proof of the smoothness. It is based on previously proven facts for a
certain class of insurance models with investments: firstly, under certain assumptions, the survival
probability is at least a viscosity solution to the corresponding integro-differential equation, and
secondly, any two viscosity solutions with coinciding boundary conditions are equivalent. We apply
this approach, allowing us to justify rigorously the form of the survival probability, to the collective
life insurance model with risky investment.

Keywords: Survival Probability, Viscosity Solution, Integro-Differential Equations

1. Introduction

The problem of viscosity solutions of linear integro-differential equations (IDEs) for non-ruin
probabilities as a functions of an initial reserve in collective risk models, when the whole surplus
of the insurer is invested into a risky asset, is considered in [1]. For a rather general model of the
resulting surplus process, it is shown that the non-ruin probability always solves corresponding
IDE in the viscosity sense. Moreover, for the case when the distributions of claims in the insurance
risk process have full support on the half-line, a uniqueness theorem is proved in [1]. In the
present paper, we use these results to establish that the solution of some previously formulated and
investigated boundary value problem for IDE defines the probability of ruin for the corresponding
surplus model. Thus, the uniqueness theorem for a viscosity solution plays the role of a verification
argument for the solution of the IDE as the probability of non-ruin for the resulting surplus process
in the models with investments. The approach proposed here can be considered as an alternative
tool along with traditional verification arguments based on the use of the martingale approach
(see, e.g., [2], [3] and references therein). It can be used when it is possible to determine a priori
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the value of the probability of non-ruin at an initial surplus which is equal to zero, and its limiting
value when the initial surplus tends to infinity.

The mentioned general model, which is studied in [1], considers an insurance risk in the classical
actuarial framework but under the assumptions that the price process of the risky asset is a jump-
diffusion process defined by the stochastic exponential of the Lévy process. The classical actuarial
framework involves two possible versions of the original model (without investment): the classical
Cramér-Lundberg model or the so-called dual risk model (also called compound Poisson model with
negative claims [4], or life annuity insurance model [5]). To demonstrate the main idea of this paper,
we consider the dual risk model and assume that the insurer’s reserve is invested to a risky asset
with price modelled by the geometric Brownian motion. We use this particular case of the model
considered in [1], because 1) for the case of an exponential distribution of jumps, the existence of a
twice continuously differentiable solution to the boundary value problem for the corresponding IDE
is proved in [6], where its properties also are studied and the numerical calculations are done, and
2) the value of the survival probability at zero surplus level is a priory known (unlike, for example,
the Cramér-Lundberg model with investment, where it can be determined only numerically; see,
e.g. [7]).

2. The model description and statement of the problem

The typical insurance contract for the policyholder in the dual risk model is the life annuity
with the subsequent transfer of its property to the benefit of the insurance company. Thus, the
surplus of a company in a collective risk model is of the form

Rt = u− ct+

N(t)∑
k=1

Zk, t ≥ 0. (1)

Here Rt is the surplus of a company at time t ≥ 0; u is the initial surplus, c > 0 is the life annuity
rate (or the pension payments per unit of time), assumed to be deterministic and fixed. N(t) is
a homogeneous Poisson process with intensity λ > 0 that, for any t > 0, determines the number
of random revenues up to the time t; Zk (k = 1, 2, ...) are independent identically distributed
random variables with a distribution function F (z) (F (0) = 0, EZ1 = m < ∞, m > 0) that
determine the revenue sizes and are assumed to be independent of N(t). These random revenues
arise at the final moments of the life annuity contracts realizations.

We assume also that the insurer’s reserve is invested to a risky asset with price St modelled by
the geometric Brownian motion,

dSt = µStdt+ σStdwt, t ≥ 0,

where µ is the stock return rate, σ is the volatility, wt is a standard Brownian motion independent
of N(t) and Zi’s.

Then the resulting surplus process Xt is governed by the equation

dXt = µXtdt+ σXtdwt + dRt, t ≥ 0, (2)

with the initial condition X0 = u, where Rt is defined by (1).
Denote by ϕ(u) the survival probability: ϕ(u) = P (Xt ≥ 0, t ≥ 0). Then Ψ(u) = 1− ϕ(u) is

the ruin probability. Then τu := inf{t: Xu
t ≤ 0} is the time of ruin.
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Recall at first that the infinitesimal generator A of the process Xt has the form

(Af)(u) =
1

2
σ2u2f ′′(u) + f ′(u)(µu− c)− λf(u) + λ

∞∫
0

f(u+ z) dF (z), (3)

for any function f(u) from a certain subclass of the space C2(R+) of twice continuously differentiable
on (0,∞) functions (in the case σ > 0; if σ = 0 we are dealing with a different class of functions,
see [8]).

One of the important questions in this and similar models is the question of whether the survival
probability ϕ(u) is a twice continuously differentiable function of the initial capital u on (0,∞). In
the case of a positive answer to this question, we can state that ϕ(u) is a classical solution of the
equation

(Af)(u) = 0, u > 0, (4)

and the properties of this probability can be investigated as properties of a suitable solution to this
equation. In [9], for the case of exponential distribution of Zk and σ > 0, such a suitable solution
in the set of all solutions of the linear IDE (4) is selected using some results of renewal theory; the
regularity (twice continuous differentiability) of ϕ(u) is studied using a method based on integral
representations; asymptotic expansions of the survival probability for infinitely large values of the
initial capital is obtained.

In contrast to the direct method used in [9], we propose a method based on the assumption of
the existence of a classical (or, maybe, viscosity) solution to a boundary value problem for the IDE
(4) and verification arguments for the survival probability related to the concept of viscosity. For
the case of exponential distribution of the company’s random revenues and σ > 0, the existence
theorem for IDE (4) with boundary conditions

lim
u→+0

f(u) = 0, lim
u→+∞

f(u) = 1, (5)

is proved in [6]. The uniqueness of the classical solution is also established, as well as its asymptotic
behaviour at zero and at infinity. For the case σ = 0, a non-smooth (generally speaking) solution
is presented in [8].

The problem we are solving here: to prove that if there exists the solution f of the problem (4),
(5), then it determines the survival probability of the process (2). For the solving this problem, we
use the results of [1] on the survival probability as a viscosity solution to equation (4).

3. Survival probabilities as viscosity solutions of IDEs: preliminary results [1]

Let denote by C2
b (u) the set of bounded continuous functions f : R→ R two times continuously

differentiable in the classical sense in a neighbourhood of the point u ∈]0,∞[ and equal to zero on
]−∞, 0]. For f ∈ C2

b (u), the value (Af)(u) is well-defined.
A function Φ :]0,∞[→ [0, 1] is called viscosity supersolution of (4) if for every point u ∈]0,∞[

and every function f ∈ C2
b (u) such that Φ(u) = f(u) and Φ ≥ f the inequality (Af)(u) ≤ 0 holds.

A function Φ :]0,∞[→ [0, 1] is called viscosity subsolution of (4) if for every u ∈]0,∞[ and every
function f ∈ C2

b (u) such that Φ(u) = f(u) and Φ ≤ f the inequality (Af)(u) ≥ 0 holds.
A function Φ :]0,∞[→ [0, 1] is a viscosity solution of (4) if Φ is simultaneously a viscosity super-

and subsolution.
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From the results of [1], formulated for the more general model of the surplus process, we have
that the following propositions are true:

Theorem 1. The survival probability ϕ of the process (2) as a function of an initial surplus u is
a viscosity solution of IDE (4) with A defined by (3).

Theorem 2. Suppose that the topological support of the measure dF (z) is R+ \ {0}. Let Φ and Φ̃
be two continuous bounded viscosity solutions of (4) with the boundary conditions Φ(+0) = Φ̃(+0)
and Φ(∞) = Φ̃(∞). Then Φ ≡ Φ̃.

4. Main results

Theorem 3. Let the topological support of the measure dF (z) be R+ \ {0} and the survival prob-
ability ϕ(u) of the process (2) be continuous on [0,∞[ and not identically zero. Suppose there is a
continuous viscosity solution Φ of IDE (4) with the boundary conditions (5). Then ϕ ≡ Φ.

Proof. First, we note that, as is easy to see, ϕ(0) = 0 (see also [6, Lemma 1]). In addition, if ϕ(u)
is not identically zero, then

lim
u→+∞

ϕ(u) = 1. (6)

Indeed, by the Markov property for any t, u ≥ 0 we have the identity ϕ(u) = ϕ(Xτu∧t). Using
the Fatou lemma and the monotonicity of ϕ we get, for t → ∞, that ϕ(u) = limtEϕ(Xτu∧t) ≤
≤ E limt ϕ(Xτu∧t) ≤ Eϕ(Xτu)I{τu<∞}+ limu→+∞ ϕ(u)E I{τu=∞}. In virtue of definitions the first
term in the right-hand side is zero. Then ϕ(u) ≤ ϕ(u) limu→+∞ ϕ(u). Since ϕ(u) is monotone, we
conclude from this inequality that if it is not identically zero, then equality (6) is true. In view of
Theorem 1 the survival probability ϕ is the viscosity solution of IDE (4). Therefore, from Theorem
2 on the uniqueness of the viscosity solution with fixed boundary conditions we have ϕ ≡ Φ.

Let us consider an example of the application of Theorem 3 in the case of exponential distri-
bution of Zi. In [6] the following proposition is proved.

Theorem 4. Let F (z) = 1 − exp (−z/m), σ > 0, and 2µ > σ2. Then the following assertions
hold:

(I) there exists a twice continuously differentiable function f satisfying the equation IDE (4)
and conditions (5);

(II ) this solution may be defined by the formula f(u) = 1−
∞∫
u
g(s) ds, where g(u) is the unique

solution of the following problem for an ordinary differential equation (ODE):

1

2
σ2u2g′′(u) +

(
µu+ σ2u− c− 1

2m
σ2u2

)
g′(u) +

(
µ− λ− µu− c

m

)
g(u) = 0, u > 0, (7)

lim
u→+0

|g(u)| <∞, lim
u→+0

[ug′(u)] = 0, (8)

lim
u→∞

[ug(u)] = 0, lim
u→∞

[u2g′(u)] = 0, (9)

with the normalizing condition
∞∫
0

g(s) ds = 1. (10)
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Moreover, in [6], asymptotic representations of the solution f at zero and at infinity are obtained
and examples of its numerical calculations by solving the ODE problem (7)–(10) are given.

Theorem 5. Let the conditions of Theorem 4 be satisfied. Then the function f defined in this
theorem is the survival probability for the process (2), i.e., ϕ ≡ f .

To prove this theorem, we show that the probability of non-ruin is continuous and non-
identically zero, and then we use Theorem 3. For the case σ = 0, this approach can also be
applied to a non-smooth (generally speaking) solution constructed in [8] (see [10]).

5. Conclusion

A new approach to justifying the survival probabilities in dynamic insurance models with
investments as the solutions of corresponding IDE problems is proposed. This approach avoids
direct proof of the smoothness of the survival probability by using verification arguments based
on the uniqueness of the viscosity solution. It can be applied if it has been previously proved,
that the survival probability is continuous, not identically equal to zero function, has a known
value at zero initial surplus and is a viscosity solution of some IDE problem. The first two facts
can be established quite simply, and the last fact can be proved for a whole class of models, as
it is done in [1]. In this case, for specific models from this class, it remains only to prove the
existence of a solution (classical or in the sense of viscosity) for the corresponding IDE problem.
On the other hand, it remains unclear whether this approach can be applied to models in which
the corresponding problem for the IDE is not a boundary problem (see, e.g., [7]).
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Abstract

We derive probabilistic representations of solutions to the Cauchy problem for systems of nonlinear
parabolic equations with self and /or cross diffusion. If the second order term coefficients in a
parabolic system are multiplied by a small factor ε2 then we show that the solution uε(t, y) of the
Cauchy problem for the considered PDE system goes to a limit u(t, y) = limε→0 uε(t, y) uniformly
over [0, T ]×Rd for some T > 0 and the function u(t, y) is a weak solution of the Cauchy problem
for a hyperbolic system.

Keywords: Stochastic equations, parabolic and hyperbolic systems, the Cauchy problem,
vanishing viscosity

1. Introduction

Conservation and balance laws describing a number of fundamental phenomena in physics,
chemistry, biology and other fields as a rule are presented as hyperbolic or parabolic PDE systems.

It is well known that a vanishing viscosity method allows to connect solutions of the Cauchy
problem for systems of parabolic and systems of hyperbolic equations and to justify the choice of
physically meaningful weak solutions to latter.

Here we consider the Cauchy problem for parabolic systems

∂um
∂t

+

d∑
i=1

∇yif im(u) =

d1∑
q=1

d∑
i,j=1

∇2
yi,yj [G

ij
mq(y, u)uq] +

d1∑
q=1

cmq(u)uq, (1)

called parabolic systems with cross-diffusion and, separately, its subset

∂vm
∂t

=
d∑

i,j=1

Gij(x, v)∇2
xi,xjvm −

d1∑
q=1

d∑
i=1

Bi
mq(x, v)∇xivq +

∑
q

cmq(x, v)vq, (2)

with Bi
mq(v) = ∇vqf im(v) called systems with self-diffusion. We construct stochastic systems asso-

ciated with the Cauchy problem solutions for these systems. As a result we construct probabilistic
representation of the Cauchy problem solutions and on this base give a justification of the vanishing
viscosity method of constructing solutions to the Cauchy problem for hyperbolic systems. Namely,
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for Gε = ε2G we prove the existence of a limit of strong and/ or weak solutions of (1) and (2) as
ε→ 0.

Development of the theory of diffusion processes with nonlinear forward Kolmogorov equations
was started in papers by M.Kac [1] and H. McKean [2]. Later this theory was actively developed
in connection with its important applications in various fields and in particular in connection with
the Vlasov equation in plasma physics. Equations of the Vlasov type are called regular equations
since they can be considered both with respect to measures and their densities due to the fact
that their coefficients are functionals of these equation solutions. In applications an important
role is played as well by singular equations that is nonlinear equations with coefficients which are
functions depending on their solutions. These systems admit measure valued solution only after
regularisation.

A probabilistic interpretation for nonlinear backward Kolmogorov equations was developed by
M.Freidlin [3] and extended to systems by Yu. Dalecky and Ya. Belopolskaya [4] and the McKean
approach was extended to systems in [5] -[7].

Here we present stochastic systems associated with systems (1) and (2), construct probabilis-
tic representations for classical and weak solutions to this systems and investigate the vanishing
viscosity limits of these solutions.

2. Stochastic system associated with nonlinear parabolic systems with self-diffusion

We start with constructing a stochastic system associated with (2). To this end changing
g(T − t, y) = v(t, y) for some T > t ≥ 0 we consider the Cauchy problem

∂gm
∂t

+

d∑
i,j=1

Gij(x, g)∇2
xi,xjgm −

d1∑
q=1

d∑
i=1

Bi
mq(x, g)∇xigq +

∑
q

cmq(x, g)gq = 0, gm(T, x) = u0m(x),

(3)
where Gij = 1

2

∑d
k=1A

ikAkj and construct a stochastic system associated with it.
Let (Ω,F , P ) be a given probability space and w(t) ∈ Rd be the Wiener process. Consider a

system of stochastic equations

dξ(s) = A(ξ(t), g(T − s, ξ(s)))dw(s), ξ(t) = x ∈ Rd, s ≥ t, (4)

dη(s) = c∗(ξ(s), g(T −s, ξ(s)))η(s)ds−C∗(ξ(s), g(T −s, ξ(s)))(η(s), dw(s)), η(t) = h ∈ Rd1 , (5)

h · g(T − t, x) = E[ηt,h(T ) · u0(ξt,x(T ))]. (6)

Here h · g =
∑d1

j=1 hjgj , c
∗h · g = h · cg, B = CA and C∗(h, y) · g = h ·C(g, y), y ∈ Rd. In [4] there

were stated conditions on coefficients of (4), (5) and u0m which ensure that there exists a unique
solution (possibly local in time) to the system (4) – (6). Here we consider a more simple case.

We say that conditions C 1 holds if coefficients A(y, u) ∈ Rd ⊗ Rd, Ci(y, u), c(y, u) ∈ Rd1 ⊗
Rd1 , i = 1, . . . d, are bounded twice differentiable functions as well as functions u0m(y), y ∈ Rd, u ∈
Rd1 .

We say that condition C 2 holds if d1 × d1-matrices Bi, i = 1, . . . , d, have simple spectrum
σi = {λi1, . . . , λid1} corresponding to eigenvectors h1, . . . , hd1 , Bi(x, g)hm = λim(x, g)hm.

Theorem 1. Assume that C1 and C2 hold. Then there exists an interval [T1, T ] ⊂ [0, T ] such that
there exists a solution to (4)− (6) for all t ∈ [T1, T ] and functions gm(t, x) are classical solutions of
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(3). In addition, functions gm,ε satisfying (4)− (6) with Aε = εA, c ≡ 0, Cε = ε−1A−1C converge
uniformly on compacts to limit functions gm(T − t, x) such that um(t, x) = gm(T − t, x) satisfy the
Cauchy problem

∂um
∂t

= −
d1∑
q=1

d∑
i=1

Bi
mq(x, u)∇xiuq +

∑
q

cmq(x, u)uq, um(0, x) = u0m(x). (7)

The proof of the first statement one can find in [4]. We give here a draft of the proof to the
second statement. Consider (3) and (4), (5) with coefficients Aε = εA, c ≡ 0 and Cε = ε−1A−1B.
In this case a solution to (5) has the form

ηε(t) = exp

{
−
∫ t

s
ε−1[A−1B](ξε(τ), gε(T − τ, ξε(τ))) · dw(τ)−

−1

2

∫ t

s
ε−2[A−1B]2(ξε(τ), gε(T − τ, ξε(τ)))dτ

}
h.

Let eigenvectors hm,m = 1, . . . , d1, of matrices Bi corresponding to eigenvalues λim be chosen
for for initial data in (5). Then we get

ηεm(s) = exp

{
−
∫ s

t
ε−1A−1(ξε(τ), gε(T − τ, ξε(τ))λm(ξε(τ), gε(T − τ, ξε(τ))) · dw(τ)−

−1

2

∫ s

t
ε−2‖A−1(ξε(τ), gε(T − τ, ξε(τ)))λm(gε(T − τ, ξε(τ)))‖2dτ

}
hm.

Since under theorem assumptions one can verify that

κε(t) = ε−1A−1(ξε(τ), gε(T − τ, ξε(τ))λm(ξε(τ), gε(T − τ, ξε(τ)))

satisfies Novikov’s condition we put Mε(t) = ηεm(t), dQε = Mε(T )dP and deduce that w̃(t) =∫ t
0 κε(s)ds + w(t) is a Brownian motion with respect to Qε. In addition by the Girsanov theorem

[8] the process ξε(t) which satisfies

dξε(s) = εA(ξε(t), gε(T − s, ξε(s)))dw(s), ξε(t) = x, (8)

satisfies as well to the SDE

dξ̃εm(s) = −λm(ξ̃ε(τ), gε(T − s, ξ̃εm(s)))ds+ εA(ξ̃εm(s), gε(T − s, ξ̃εm(s)))dw̃(s), (9)

Thus, Qε- law of ξ̃εm(s) is the same as the P -law of ξεm(s) that yields

gm,ε(t, x) = EP [ηεs,hm(t)u0m(ξεt,x(t))] = EQε [u0m(ξ̃εt,x(t))].

Denote by (xm(s), gm(T − s, x)) a solution to a system

dxm(s) = −λm(xm(s), g(T − s, xm(s)))ds, xm(t) = x,

gm(T − s, x) = u0m(ξm(T )).
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Since under theorem 1 assumptions gm,ε satisfying (6) with A = εA are proved to be bounded
and Lipschitz continuous functions we can verify that they converge in the sup-norm as ε → 0
to functions gm such that um(t, x) = gm(T − t, x) satisfy (7) and the processes ξ̃εm(s) converge to
xm(s) with probability 1.

Similar considerations based on relations

h · g(T − t, x) = E

[
ηt,h(T ) · u0(ξt,x(T )) +

∫ T

t
ηt,h(s) · c(ξt,x(s), g(T − s, ξt,x(s)))g(T − s, ξt,x(s))ds

]
dη(s) = −C∗(ξ(s), g(T − s, ξ(s)))(η(s), dw(s)), η(t) = h ∈ Rd1

allow to extend theorem 1 results to the case c(x, u) 6= 0.

3. Stochastic system associated with nonlinear parabolic systems with self-diffusions

Consider next a simplified version of a system of the form (1)

∂vm
∂t

+
d∑
i=1

∇yif im(y, v) =
d∑

i,j=1

∇2
yi,yj [G

ij
m(y, v)vm] +

d1∑
q=1

cmq(y, v)vq, vm(0, y) = u0m(y). (10)

The corresponding stochastic system has the form

dξm(s) = fm(ξm(s), v(s, ξm(s)))ds+Am(ξm(s), v(s, ξm(s)))dwm(s), ξm(0) = ξ0m, (11)

where vm(t, y) is a density of a measure µm(t, dy) satisfying∫
Rd
h(y)µm(t, dy) = E

[∫
Rd
h(ξm(t)) exp

{∫ t

0
cm(ξm(s), v(s, ξm(s)))ds

}]
(12)

for any h ∈ Cb(Rd), wm(t) ∈ Rd are independent Wiener processes, ξ0m are independent random
variables with distribution µ0m which do not depend on wm, Gm = 1

2AmA
∗
m.

To obtain a more tractable stochastic system we consider a mollified version

dξm(s) = fm(ξm(s), u(s, ξm(s)))ds+Am(ξm(s), u(s, ξm(s)))dwm(s), ξm(0) = ξ0m, (13)

um(t, y) = E

[
ρ(y − ξm(t)) exp

{∫ t

0
cm(ξm(s), u(s, ξm(s)))ds

}]
, (14)

where ρ is a mollifier. Remark that if ρ goes to the Dirac delta-function δ then formally the limit
of (14) and (12) coincide.

In what follows we need another representation for the above function um(t, y) = uγm(t, y).
Namely, let Cd = C([0, T ];Rd), ξm be a canonical process on Cd and γm = L(ξm) be its law that is
a probability measure on Cd. Consider a system including (13) and

um(t, y) =

∫
Cd
ρ(y − ξm(t, ω)) exp

{∫ t

0
cm(ξm(s, ω), u(s, ξm(s, ω)))ds

}
γm(dω). (15)

To verify that (13), (15) is associated with (10) we check that this system is equivalent to

dξm(s) = fm(ξm(s), ρ ∗ µγm(s, ξm(s)))ds+Am(ξm(s), ρ ∗ µγm(s, ξm(s)))dwm(s), (16)
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∫
Rd
h(y)µγm(t, dy) =

∫
Cd
h(ξm(t, ω)) exp

{∫ t

0
cm(ξm(s, ω), ρ ∗ µγ(s, ξm(s, ω)))ds

}
γm(dω), (17)

where ξm(0) = ξ0m and ρ ∗ µγm(s, y) =
∫
Rd ρ(y − x)µγm(s, dx).

Then applying the Ito formula we can verify that um given by (15) is connected with a weak
solution of the Cauchy problem

∂gm
∂t

+
d∑
i=1

∇yif im(y, ρ ∗ g) =
d∑

i,j=1

∇2
yi,yj [G

ij
m(y, ρ ∗ g)gm] +

d1∑
q=1

cmq(y, ρ ∗ g)gq, gm(0, y) = u0m(y).

(18)
by a relation um(t, y) =

∫
Rd ρ(y− x)gm(t, x)dx. Note that (18) is a system of the McKean -Vlasov

type PDEs.

Theorem 2. Let (ξm,ε(t), um,ε(t, y)) be a unique solution of the system (13), (15) with Am,ε = εAm
such that ξm,ε(t) ∈ Rd is a Markov process and um,ε(t) ∈ L1(Rd) ∩ Lip(Rd). Then the couple
(ξm,ε(t), um,ε(t, y)) converges to a solution of the system

dxm(s) = fm(u(s, xm(s)))ds, xm(0) = ξ0m, (19)

um(t, y) = ρ(y − xm(t)) exp

{∫ t

0
cm(xm(s), u(s, xm(s)))ds

}
. (20)

Moreover um(t) = ρ ∗ gm(t, y), where vm is a weak solution of a system

∂gm
∂t

+ divfm(ρ ∗ g) =

d1∑
q=1

cmq(y, ρ ∗ g)gq, gm(0, y) = u0m(y).

The proof of the first statement of the theorem is close to the proof of the correspondent
statement in [7]. Convergence of the Lipschitz continuous function um,ε(t) to a Lipschitz continuous
function um(t) in sup-norm and convergence of a solution ξm,ε(t) to xm(t) as ε→ 0 with probability
1 can be verified. Besides um,ε(t) converge to um(t) in a weak sense.

4. Conclusion

We show that probabilistic interpretation of the second order conservation and balance laws
can be used to justify the vanishing viscosity method of constructing weak solutions to systems of
nonlinear hyperbolic equations.
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Abstract

Two–sided bounds are constructed for a probability density function of a weighted sum of chi-
square variables. Both cases of central and non-central chi-square variables are considered. The
upper and lower bounds have the same dependence on the parameters of the sum and differ only
in absolute constants. The estimates obtained will be useful, in particular, when comparing two
Gaussian random elements in a Hilbert space and in multidimensional central limit theorems,
including the infinite-dimensional case.

Keywords: two–sided bounds, weighted sum, chi-square variable, Gaussian element

Introduction

The tight non-asymptotic bounds for the Kolmogorov distance between the probabilities of two
Gaussian elements to hit a ball in a Hilbert space have been recently derived in [1] and [2]. The key
property of these bounds is that they are dimension-free and depend on the nuclear (Schatten-one)
norm of the difference between the covariance operators of the elements and on the norm of the
mean shift. The obtained bounds significantly improve the bound based on Pinsker’s inequality
via the Kullback–Leibler divergence. It was also established an anti-concentration bound for a
squared norm ||Y ||2 of a non-centred Gaussian element Y with mean a in a Hilbert space. The
decisive role in proving the results was played by the upper estimates for the maximum of the
probability density function p(x, a) of ||Y ||2, see Theorem 2.6 in [2]. It was noted in [2] that
obtaining lower estimates for supx p(x, a) remains an open problem. Partly the last problem was
solved in Christoph, Prokhorov and Ulyanov [3], Theorem 1. In the present paper we get two–sided
dimension-free bounds for supx p(x, a). Thus, for upper bounds, we obtain a new proof, which is
of independent interest. And the new lower bounds show the optimality of the upper bounds in
[2], since the upper and lower estimates differ only in the absolute constants.
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Main results

For i.i.d. Zk ∼ N(0, 1), consider the weighted sum

W0 = λ1Z
2
1 + . . .+ λnZ

2
n, λ1 ≥ . . . ≥ λn > 0.

It has a continuous probability density function p(x) on the positive half-axis. Define the functional

M(W0) = sup
x

p(x).

Theorem 1. Up to some absolute constants c0 and c1, we have

c0(A1A2)
−1/4 ≤M(W0) ≤ c1(A1A2)

−1/4,

where

A1 =

n∑
k=1

λ2k, A2 =

n∑
k=2

λ2k

and

c0 =
1

2e2
√

2π
> 0.026, c1 =

2√
π
< 1.129.

Theorem 1 can be extended to more general weighted sums:

Wa = λ1(Z1 − a1)2 + . . .+ λn(Zn − an)2

with parameters λ1 ≥ . . . ≥ λn > 0 and a = (a1, . . . , an) ∈ Rn.
It has a continuous probability density function p(x, a) on the positive half-axis x > 0. Define

the functional
M(Wa) = sup

x
p(x, a).

Remark. It is known that for any non-centred Gaussian element Y in a Hilbert space, the
random variable ||Y ||2 is distributed as

∑∞
i=1 λi(Zi − ai)

2 with some real ai and λi such that
λ1 ≥ λ2 ≥ . . . ≥ 0 and

∑∞
i=1 λi <∞. Therefore, the upper bounds for M(Wa) immediately imply

the upper bounds for the probability density function of ||Y ||2.
We only consider a typical situation where none of the coefficients λk dominates the other

coefficients.

Theorem 2. If λ21 ≤ 1
3A1, then one has a two-sided bound

1

4
√

3

1√
A1 +B1

≤M(Wa) ≤ 2√
A1 +B1

,

where

A1 =
n∑

k=1

λ2k, B1 =
n∑

k=1

λ2ka
2
k.

Moreover, the left inequality holds true without any assumption on λ21.
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Auxiliary results

For the lower bounds in the theorems, one may apply the general inequality

M(η)2 Var(η) ≥ 1

12
,

where η is an arbitrary random variable with M(η) denoting the maximum of its density. It goes
back to the work by Statulyavichus [4]; the equality in this relation is attained for the uniform
distribution on any finite interval.

The proofs of the upper bounds in the theorems are based on the following lemma.

Lemma 1. Let α2
1 + . . .+ α2

n = 1. If α2
k ≤

1
m (m = 1, 2, . . .), then the characteristic function f(t)

of the random variable W = α1Z
2
1 + . . .+ αnZ

2
n satisfies

|f(t)| ≤ 1

(1 + 4t2/m)m/4
. (1)

In particular, in the cases m = 4 and m = 3, W has a bounded density with M(W ) ≤ 1
2 and

M(W ) < 1 respectively.

Proof. Necessarily n ≥ m. The characteristic function has the form

f(t) =

n∏
k=1

(1− 2αkit)
−1/2,

so

− log |f(t)| = 1

4

n∑
k=1

log(1 + 4α2
kt

2).

First, let us describe the argument in the simplest case m = 1. For a fixed t, consider the
concave function

V (b1, . . . , bn) =
n∑

k=1

log(1 + 4bkt
2)

on the simplex

Q1 =
{

(b1, . . . , bn) : bk ≥ 0, b1 + . . .+ bn = 1
}
.

It has n extreme points bk = (0, . . . , 0, 1, 0, . . . , 0). Hence

min
b∈Q1

V (b) = V (bk) = log(1 + 4t2),

that is, |f(t)| ≤ (1 + 4t2)−1/4, which corresponds to (1) for m = 1.
If m = 2, we consider the same function V on the convex set

Q2 =
{

(b1, . . . , bn) : 0 ≤ bk ≤
1

2
, b1 + . . .+ bn = 1

}
,

which is just the intersection of the cube [0, 12 ]n with the hyperplane. It has n(n−1)
2 extreme points

bkj , 1 ≤ k < j ≤ n, with coordinates 1
2 on the j-th and k-th places and with zero elsewhere. Indeed,
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suppose that a point b = (b1, . . . , bn) ∈ Q2 has at least two non-zero coordinates 0 < bk, bj <
1
2 for

some k < j. Let x be the point with coordinates xl = bl for l 6= k, j, xk = bk + ε, and xj = bj − ε,
and similarly, let y be the point such that yl = bl for l 6= k, j, yk = bk − ε, and yj = bj + ε. If ε > 0
is small enough, then both x and y lie in Q2, while b = (x+ y)/2, x 6= y. Hence such b cannot be
an extreme point. Equivalently, any extreme point b of Q2 is of the form bkj , 1 ≤ k < j ≤ n. We
may therefore conclude that

min
b∈Q2

V (b) = V (bkj) = 2 log(1 + 2t2),

which is the first desired claim.
In the general case, consider the function V on the convex set

Qm =
{

(b1, . . . , bn) : 0 ≤ bk ≤
1

m
, b1 + . . .+ bn = 1

}
.

By a similar argument, any extreme point b of Qm has zero for all coordinates except for m places
where the coordinates are equal to 1

m . Therefore,

min
b∈Qm

V (b) = V
( 1

m
, . . . ,

1

m
, 0, . . . , 0

)
= m log(1 + 4t2/m),

and we are done.
In case m = 4, using the inversion formula, we get

M(W ) ≤ 1

2π

∫ ∞
−∞
|f(t)| dt ≤ 1

2π

∫ ∞
−∞

1

1 + t2
dt =

1

2
.

Similarly, in the case m = 3,

M(W ) ≤ 1

2π

∫ ∞
−∞

1

(1 + 4
3 t

2)3/4
dt < 0.723.

Lemma is proved.
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Abstract

We prove that a joint distribution of a locally integrable increasing process X◦ and its compensator
A◦ at a terminal moment of time can be realized as a joint terminal distribution of another locally
integrable increasing process X? and its compensator A?, A? being continuous.

Keywords: Increasing Process, Compensator, Terminal Joint Distribution, Doob–Meyer
Decomposition

In [1] a class W of probability measures on the space (R2
+, B(R2

+)) is introduced. It includes
all measures µ satisfying the following conditions:

1)
∫
R2
+

(x+ y)µ(dx, dy) <∞,

2)
∫
R2
+
xµ(dx, dy) =

∫
R2
+
y µ(dx, dy),

3) ∀λ ≥ 0:
∫
{y≤λ} xµ(dx, dy) ≤

∫
R2
+

(y ∧ λ)µ(dx, dy).

It is shown in [1] that the joint distribution of terminal values of an integrable increasing
process and its compensator belongs to the class W. Conversely, given µ ∈W there is constructed
an increasing integrable process such that the joint distribution of terminal values of the process
and its compensator is µ and, moreover, the compensator is continuous. Thus, if X◦ = (X◦t )t∈[0;∞)

is an integrable increasing process with a compensator A◦ = (A◦t )t∈[0;∞), one can define on a
certain stochastic basis another integrable increasing process X? = (X?

t )t∈[0;∞) with a compensator
A? = (A?t )t∈[0;∞), such that

Law (X?
∞, A

?
∞) = Law (X◦∞, A

◦
∞) . (1)

Moreover, the compensator A? is continuous.
The main goal of the article is to extend the last statement to the locally integrable case.

Namely, we state the following theorem.

Theorem 1. For any locally integrable increasing process X◦ = (X◦t )t∈[0;∞) with a compensator
A◦ = (A◦t )t∈[0;∞) on some stochastic basis there exists another locally integrable increasing process
X? = (X?

t )t∈[0;∞) with a compensator A? = (A?t )t∈[0;∞), such that relation (1) holds, as well as A?

is continuous.

∗Corresponding author
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Let us clarify that a complete description of the class of possible distributions of a random
vector (X◦∞, A

◦
∞) is not known yet in the locally integrable case. Condition 3) is still necessary

but its sufficiency is proved under an additional assumption that replaces conditions 1) and 2) (see
Proposition 3.6 [1]). However, this additional assumption is not necessary (see [2]). We believe
that our Theorem 1 sheds extra light on this problem and can simplify its solution.
Proof of Theorem 1. Let a locally integrable increasing process X◦ = (X◦t )t∈[0;∞) and its com-
pensator A◦ = (A◦t )t∈[0;∞) be given on some stochastic basis B◦ := (Ω◦, F◦, P◦, (F◦t )t∈[0;∞)).
Let (Tn)∞n=1 be a localizing sequence of finite stopping times. We will show that without loss of
generality one can assume that Tn = n, n ∈ N.

Indeed, let us consider an arbitrary continuous strictly increasing function ψ: [0; 1] → [0; ∞],
ψ(0) = 0, ψ(1) =∞, and let T0 := 0. Next, define on the measurable space (Ω◦, F◦, P◦) the flow
of σ-fields

F̃◦t := F◦(Tn−1+ψ(t−n+1))∧Tn , t ∈ [n− 1; n], n ∈ N,

and the processes
X̃◦t := X◦(Tn−1+ψ(t−n+1))∧Tn , t ∈ [n− 1; n], n ∈ N,

Ã◦t := A◦(Tn−1+ψ(t−n+1))∧Tn , t ∈ [n− 1; n], n ∈ N.

Let us notice that here we deal with a time-change, since, for all n ∈ N and t ∈ [0; ∞), random
variables (Tn−1 + ψ(t − n + 1)) ∧ Tn are finite stopping times. Additionally, this time-change is
continuous. Thus, the flow of σ-fields (F̃◦t )t∈[0;∞) is a filtration, which is right-continuous. It is
known (see [3], ch. 10) that a continuous time-change preserves the property of being predictable.
Hence, the new pair of processes X̃◦ and Ã◦ remains a pair of a locally integrable increasing process
and its compensator with respect to the stochastic basis (Ω◦, F◦, P◦, (F̃◦t )t∈[0;∞)).

Next, we easily see that,
(
X̃◦n, Ã

◦
n

)
=
(
X◦Tn , A

◦
Tn

)
, for all n ∈ N, whence, passing to limit

n → ∞, it follows that
(
X̃◦∞, Ã

◦
∞

)
= (X◦∞, A

◦
∞). Hence, the random vectors

(
X̃◦∞, Ã

◦
∞

)
and

(X◦∞, A
◦
∞) have the same distribution.

Thus, we may assume that X◦ = (X◦t )t∈[0;∞) is a locally integrable increasing process with the
localizing sequence of finite stopping times Tn = n, n ∈ N, and the process A◦ = (A◦t )t∈[0;∞) is the
compensator of X◦.

We continue with one auxiliary proposition. First we will give the following definition. We shall
call an adapted process X = (Xt)t∈[0;∞) a generalized increasing process, if the process Xt −X0,
t ∈ [0;∞), is increasing process.

Lemma 1. Let a locally integrable generalized increasing process X◦ = (X◦t )t∈[0;∞) such that
E[X◦n] < ∞, for any n ∈ N, be given on a stochastic basis B◦ := (Ω◦, F◦, P◦, (F◦t )t∈[0;∞)),
and A◦ = (A◦t )t∈[0;∞) being its compensator, i.e. A◦ is predictable process with right-continuous
nondecreasing trajectories such that the process (Xt − X0) − (At − A0), t ∈ [0; ∞), being a local

martingale. Let also another integrable generalized increasing process X [n] = (X
[n]
t )t∈[0;n] on a

different stochastic basis B[n] := (Ω[n], F [n], P[n], (F [n]
t )t∈[0;n]), n ∈ N, with a compensator A[n] =

(A
[n]
t )t∈[0;n] be given. Moreover,

Law
([
X

[n]
0 , A

[n]
0

]
,
[
X [n]
n , A[n]

n

])
=

= Law ([X◦0 , A
◦
0] , [X◦n, A

◦
n]) .
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Then one can define a pair of processes X [n+1] = (X
[n+1]
t )t∈[0;n+1] and A[n+1] = (A

[n+1]
t )t∈[0;n+1]

on a certain extension B[n+1] := (Ω[n+1], F [n+1], P[n+1], (F [n+1]
t )t∈[0;n+1]) of a stochastic basis B[n],

satisfying the following conditions:

(i) X [n+1] is an integrable generalized increasing process, and process A[n+1] is its compensator,

(ii) the processes (X
[n]
t )t∈[0;n] and (X

[n+1]
t )t∈[0;n] coincide,

(iii) the processes (A
[n]
t )t∈[0;n] and (A

[n+1]
t )t∈[0;n] coincide,

(iv)

Law
([
X

[n+1]
0 , A

[n+1]
0

]
,
[
X [n+1]
n , A[n+1]

n

]
,
[
X

[n+1]
n+1 , A

[n+1]
n+1

])
=

Law
(
[X◦0 , A

◦
0] , [X◦n, A

◦
n] ,
[
X◦n+1, A

◦
n+1

])
,

(v) process (A
[n+1]
t )t∈[n;n+1] is continuous.

The proof of lemma goes along the same lines as the proof of Lemma 3.1 in [4].
Now we are ready to continue the proof of Theorem 1. We start with the following recursive

procedure.
Step 1. Applying Theorem 2.1 (i) [1] to the integrable increasing process (X◦t )t∈[0; 1], as well

as its compensator (A◦t )t∈[0; 1] and a stopping time T = 1, we get Law (X◦1 , A
◦
1) ∈ W. Then

by Theorem 2.1 (ii) [1], there exists a stochastic basis B[1] := (Ω[1], F [1], P[1], (F [1]
t )t∈[0; 1]), and

an integrable process (X
[1]
t )t∈[0; 1] on it with a continuous compensator (A

[1]
t )t∈[0; 1], such that

Law
(
X

[1]
1 , A

[1]
1

)
= Law (X◦1 , A

◦
1).

All the steps starting from the second are performed similarly.
Step n + 1, n ≥ 1. Remark that the pair of processes (X◦t )t∈[0;∞) and (A◦t )t∈[0;∞) and the

pair of processes (X
[n]
t )t∈[0;n] and (A

[n]
t )t∈[0;n] fit the requirements of Lemma 1. So, applying this

lemma, we build a stochastic basis

B[n+1] := (Ω[n+1], F [n+1], P[n+1], (F [n+1]
t )t∈[0;n+1]),

and an integrable increasing process (X
[n+1]
t )t∈[0;n+1] with a continuous compensator (A

[n+1]
t )t∈[0;n+1],

satisfying the condition

Law
(
X

[n+1]
n+1 , A

[n+1]
n+1

)
= Law

(
X◦n+1, A

◦
n+1

)
.

Now, we are ready to define the required stochastic basis

B? :=
(
Ω?, F?, P?, (F?t )t∈[0;∞)

)
and a locally integrable increasing process X? = (X?

t )t∈[0;∞) on it with a continuous compensator
A? = (A?t )t∈[0;∞). Put:

Ω := R2
+ × [0; ∞]× [0; ∞]× [0; 1], F := B(Ω),
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Ω? := Ω[1] × (Ω)∞, F? := F [1] ⊗
∞⊗
i=2

F ,

F?t :=


F [1]
t ⊗ {∅, Ω}∞, t ∈ [0; 1],

F [1]
1 ⊗Ft−1 ⊗ {∅, Ω}∞, t ∈ (1; 2],

F [1]
1 ⊗

(⊗n−1
i=2 F1

)
⊗Ft−n+1 ⊗ {∅, Ω}∞, t ∈ (n− 1; n], n ≥ 3,

(for more details about Ω and F see Lemma 2.1 in [4]).
Next, in view of the Ionescu-Tulcea theorem (see e.g. [5]) on the measurable space (Ω?, F?)

there exists a unique probability measure P?, such that

∀n ∈ N ∀B[n] ∈ F [n] : P?(B[n] × (Ω)∞) = P[n](B[n]).

Further, let ω? =
(
ω[1], ω2, . . . , ωn, . . .

)
∈ Ω?. Set

X?
t (ω?) :=

{
X

[1]
t

(
ω[1]
)
, t ∈ [0; 1],

X
[n]
t

(
ω[1], ω2, . . . , ωn

)
, t ∈ (n− 1; n], n ≥ 2,

A?t (ω?) :=

{
A

[1]
t

(
ω[1]
)
, t ∈ [0; 1],

A
[n]
t

(
ω[1], ω2, . . . , ωn

)
, t ∈ (n− 1; n], n ≥ 2,

M?
t (ω?) := X?

t (ω?)−A?t (ω?) , t ≥ 0.

We will show that M? = (M?
t )t∈[0;∞) is a martingale on

(
Ω?, F?, P?, (F?t )t∈[0;∞)

)
. For this

purpose we will prove that for any 0 ≤ s < t and a set B?
s ∈ F?s we have∫

B?
s

M?
t (ω?) P?(dω?) =

∫
B?

s

M?
s (ω?) P?(dω?). (2)

Indeed, there is an integer n ≥ t. Then the condition B?
s ∈ F?s implies B?

s = B
[n]
s × (Ω)∞,

where B
[n]
s ∈ F [n]

s or B?
s = ∅. So, in what follows we consider the case B?

s = B
[n]
s × (Ω)∞,

because (2) trivially holds, if B?
s = ∅. Now, let ω? =

(
ω[1], ω2, . . . , ωn, . . .

)
∈ Ω? and ω[n] :=(

ω[1], ω2, . . . , ωn
)
∈ Ω[n]. Then for t ∈ [0; n] one has M?

t (ω?) = M
[n]
t (ω[n]). Taking into account

that the process M [n] = (M
[n]
t )t∈[0;n] is a martingale, we come to the required relation (2):∫

B?
s

M?
t (ω?) P?(dω?) =

∫
B

[n]
s ×(Ω)∞

M
[n]
t (ω[n])P?(dω?) =

=

∫
B

[n]
s

M
[n]
t (ω[n])P[n](dω[n]) =

∫
B

[n]
s

M [n]
s (ω[n])P[n](dω[n]) =

=

∫
B?

s

M?
s (ω?) P?(dω?).

The process A? = (A?t )t∈[0;∞) is a predictable (by continuity) increasing process.
Finally, formula (1) is obtained from the relations

lim
n→∞

(X?
n, A

?
n) = (X?

∞, A
?
∞) , lim

n→∞
(X◦n, A

◦
n) = (X◦∞, A

◦
∞) ,

Law (X?
n, A

?
n) = Law (X◦n, A

◦
n) , n ∈ N,

and the fact that almost sure convergence implies weak convergence. �
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Remark 1. We have already proved that the process M? = (M?
t )t∈[0;∞) is a martingale with respect

to filtration (F?t )t∈[0;∞). The filtration (F?t )t∈[0;∞) is not right-continuous in general. However,
every right-continuous process M = (Mt)t∈[0;∞) which is a martingale with respect to some fil-
tration (Ft)t∈[0;∞) is also a martingale with respect to the right-continuous filtration generated by
(Ft)t∈[0;∞):

Ht :=
⋂
ε>0

Ft+ε, t ≥ 0,

as it follows form Corollary 8.9 [6]. This shows that a filtration in Theorem 1 can be taken right-
continuous.
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Asymptotic Analysis of Insurance Models with Bank Loans and
Reinsurance

Ekaterina V. Bulinskayaa,∗

aLomonosov Moscow State University, Moscow, Russian Federation

Abstract

Discrete-time models became popular in actuarial mathematics during the last two decades, since in
many cases they reflect more precisely the real situation. In order to control the insurance process
a company may use such tools as reinsurance, bank loans, investment and dividends. Below we
consider an insurance model with bank loans and non-proportional reinsurance. First, we establish
the optimal policy of bank loans in the framework of cost approach. Second, the limit behavior of
the company surplus under optimal control is investigated. In particular, the strong law of large
numbers (SLLN) and central limit theorem (CLT) are proved. The model stability with respect to
small fluctuations of the underlying distributions is also treated.

Keywords: Discrete time, Bank loans, Reinsurance, Limit theorems, Stability
2008 MSC: 62P05, 90C31, 91B30

1. Introduction and Model Description

It is well-known that discrete-time insurance models are popular during the last two decades,
see, e.g. [3]-[12]. So, we investigate the following discrete-time insurance model.

Suppose that the claims arriving to insurance company are described by a sequence of indepen-
dent identically distributed (i.i.d.) non-negative random variables (r.v.’s) {Xi, i > 1}. Here Xi is
the claim amount during the i-th period (year, month or day). Let F (x) be its distribution function
(d.f.) having density ϕ(x) and finite expectation. Each period, the company uses non-proportional
reinsurance treaty with retention level a, and bank loans. If a loan is taken at the beginning of
period (before the claim arrival) the rate is b1, whereas the emergency loan after the claim arrival is
taken at the rate b2 with b2 > b1. Our aim is to choose the loans in such a way that the additional
payments entailed by loans are minimized. Denote by M the premium acquired by direct insurer
(after reinsurance) during each period and assume the expected value principle of calculation:

M = (1 + β1)EX − (1 + β2)E(X − a)+ = (1 + β1)Emin(X, a)− (β2 − β1)E(X − a)+.

Here β1 and β2 are the safety loadings of insurer and reinsurer respectively, usually, β1 < β2.
If x is the initial capital and y is the capital after the bank loan, then f1(x), the minimal

expected additional costs during one period, are given by

f1(x) = min
y>x

[b1(y − x) + b2E(min(X, a)− (y +M))+]. (1)

∗Corresponding author
Email address: ebulinsk@yandex.ru (Ekaterina V. Bulinskaya)
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Evidently, (1) can be rewritten in the form:

f1(x) = −b1x+ min
y>x

G1(y), with G1(y) = b1y + b2E[min(X, a)− (y +M)]+.

Now let fn(x) be the minimal expected costs during n periods and α the discount factor for future
costs. Then using the dynamic programming, see, e.g., Bellman [1], one easily obtains the following
relation:

fn(x) = −b1x+ min
y>x

Gn(y), with Gn(y) = G1(y) + αEfn−1(y +M −min(X, a)).

Next, in Section 2 we establish the optimal n-step policy of bank loans. Section 3 is devoted to
investigation of model stability with respect to small perturbations of the claim amount distribu-
tion. The limit theorems for surplus process are provided in Section 4. Due to limit on the paper
length some proofs are omitted. Conclusion and further research directions appear in Section 5.

2. Optimal Policy

It is not difficult to prove the main optimization result

Theorem 1. Let F (M) < 1− b1
b2
< F (a), then there exists an increasing sequence of critical levels

{yn}n>1 such that

fn(x) = −b1x+

{
Gn(yn), if x 6 yn,
Gn(x), if x > yn.

The sequence is bounded by ȳ satisfying the equation H(y) = 0 where H(y) = G′1(y)− b1α.

Proof. Obviously, E[min(X, a)− z]+ =
∫ a
z F̄ (s) ds where F̄ (s) = 1−F (s). Therefore, G′1(y) = b1−

b2F̄ (y+M) for y+M < a and G′1(y) = b1 > 0 otherwise. So, there exists y1 = F−1(1− b1
b2

)−M > 0
such that G′1(y1) = 0 and

f1(x) = −b1x+

{
G1(y1), if x 6 y1,
G1(x), if x > y1

and f ′1(x) =

{
−b1, if x 6 y1,
−b2F̄ (x+M), if x > y1.

In other words, f ′1(x) < 0 for all x. Further proof is carried out by induction. Since

G′2(y) = G′1(y) + α

∫ ∞
0

f ′1(y +M −min(s, a))ϕ(s) ds and G′′2(y) > 0,

we straightforwardly get G′2(y) 6 G′1(y) for all y, that is, y2 > y1. Moreover,

G′2(y) > G′1(y)− b1α = H(y).

This entails the inequality y2 6 ȳ. It follows immediately that expression of f2(x) is similar to
that of f1(x) with y2 instead of y1 and f ′2(x) < 0 for all x. Assuming the same is true for n we can
write

f ′n(x)− f ′n−1(x) =


0, x 6 yn−1,
−G′n−1(x), yn−1 < x 6 yn,
G′n(x)−G′n−1(x), yn < x.

Thus, it is clear that yn 6 yn+1 6 ȳ, which ends the proof.

Corollary 1. If M = 0 then limn→∞ yn = ȳ.

For M > 0 such statement is not valid. To verify this fact the numerical analysis was carried
out using Python.
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3. Model Stability

Suppose now that we have two different sequences of claims {Xn} and {Yn} with distribution
functions FX and FY respectively. The corresponding minimal n-steps costs will be denoted by fn,X
and fn,Y , other functions and constants depending on distribution will be marked by subscripts X
and Y , as well.

The distance between distributions will be measured in terms of the Kantorovich metric.

Definition 1. Let random variables X and Y , defined on the same probability space, possess finite
expectations. The distance based on the Kantorovich metric is given as follows:

κ(X,Y ) =

∫ ∞
−∞
|FX(t)− FY (t)| dt

where FX and FY are the respective distribution functions of X and Y .

The distance between the cost functions is measured in terms of the Kolmogorov uniform metric.
Thus, we are going to study

∆n = sup
x
|fn,X(x)− fn,Y (x)|.

To this end we need the following

Lemma 1. Let functions gi(y), i = 1, 2, be such that |g1(y) − g2(y)| < δ for some δ > 0 and any
y, then supx | infy>x g1(y)− infy>x g2(y)| < δ.

Proof. Fix x and put Ci = infy>x gi(y). Therefore, by definition of infimum, for any ε > 0 there
exists such y1(ε) > x that g1(y1(ε)) < C1+ε. Hence g2(y1(ε)) < g1(y1(ε))+δ < C1+ε+δ implying
C2 < g2(y1(ε)) < C1 + ε + δ. Letting ε → 0 one gets immediately C2 < C1 + δ. In a similar way
one establishes C1 < C2 + δ, thus obtaining the desired result |C1 − C2| < δ.

Now we are able to estimate ∆1.

Lemma 2. Assume κ(X,Y ) = ρ, then ∆1 6 b2ρ.

Proof. According to Lemma 1 we need to estimate |G1,X(y)−G1,Y (y)| for any y. The definition of
these functions givesG1,X(y)−G1,Y (y) = b2

∫ a
y+M (F̄X(s)−F̄Y (s)) ds.As usually, F̄X(s) = 1−FX(s).

This leads immediately to the required estimate.

Next, we prove the main result demonstrating the model stability.

Theorem 2. If κ(X,Y ) = ρ, then ∆n 6 Dnρ where Dn = b2(1−αn)
1−α + b1(α−αn)

1−α .

Proof. As in Lemma 2 we begin by estimating for all y

|Gn,X(y)−Gn,Y (y)| 6 |G1,X(y)−G1,Y (y)|+ α∆n−1(X,Y )

with

∆n−1(X,Y ) = |
∫ ∞
0

fn−1,X(y +M −min(s, a)) dFX(s)−
∫ ∞
0

fn−1,Y (y +M −min(s, a)) dFY (s)|.

Adding and subtracting in expression under the modulus sign
∫∞
0 fn−1,X(y+M−min(s, a)) dFY (s)

and rewriting this integral in the form fn−1,X(y +M)−
∫ a
0 f
′
n−1,X(y +M − s)F̄X(s) ds, we obtain

the recurrent relation
∆n 6 ∆1 + α(∆n−1 + b1ρ),

since |f ′n−1(y)| 6 b1 for any y. Whence the desired statement is obvious.
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4. Limit Theorems

The last problem considered in the paper is limit behavior of the company surplus as the
planning horizon n tends to ∞. To this end we need some further notation. Let x be the initial

capital. Since we use the reinsurance treaty with retention level a at each step, put X
(a)
k =

min(Xk, a) where Xk denotes claim amount in the k-th period. According to Theorem 1 the
optimal policy of insurer is characterized by the sequence of critical levels yn as follows. At the
first step of n-step process it is necessary to raise the initial capital to level yn if x 6 yn and take

no loan otherwise. Thus, if Z
(n)
k is the surplus at the k-th step of the n-step process then Z

(n)
0 = x

and

Z
(n)
1 =

{
yn +M −X(a)

1 , x 6 yn,

x+M −X(a)
1 , x > yn,

, . . . , Z(n)
n =

{
y1 +M −X(a)

n , Z
(n)
n−1 6 y1,

Z
(n)
n−1 +M −X(a)

n , Z
(n)
n−1 > y1.

(2)

Now we prove the SLLN for the surplus.

Theorem 3. For x > a−M with probability 1

Z
(n)
n

n
→ δ(a) = M − EX(a), as n→∞.

Proof. It easily follows from (2) that for x > a−M

Z(n)
n = x+ nM −

n∑
k=1

X
(a)
k , (3)

hence, according to the SLLN for a sequence of i.i.d. r.v’s with a finite mean the statement of the
theorem is true.

Thus, we can formulate the following

Corollary 2. If δ(a) 6 0 then the ultimate ruin probability of the company is equal to 1.

It is also possible to establish the asymptotical normality of surplus. Namely,

Theorem 4. For x > a−M

Z
(n)
n − EZ

(n)
n√

V arZ
(n)
n

d→ N , as n→∞,

here N has Gaussian distribution with parameters (0, 1) and
d→ signifies convergence in distribution.

Proof. The assertion easily follows from CLT for i.i.d. r.v’s. According to (3)

Z
(n)
n − EZ

(n)
n√

V arZ
(n)
n

= −
∑n

k=1X
(a)
k −

∑n
k=1 EX

(a)
k√∑n

k=1 V arX
(a)
k

.

So one uses the properties of convergence in distribution (see, e.g., Billingsley [2]) and the properties
of Gaussian distributions to derive the asymptotic normality.

Thus, it is not difficult to obtain the bounds on the size of surplus with probability 1 − ε for
small ε > 0 and choose the appropriate values of retention level a and safety loadings βi, i = 1, 2.
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5. Conclusion and Further Research Directions

We consider a discrete-time model of insurance company performance under bank loans and
non-proportional reinsurance. It is established that the optimal policy minimizing the additional
costs entailed by bank loans is determined by an increasing sequence of critical levels yn. The
model stability with respect to small perturbations of input process distribution in terms of the
Kantorovich metrics is demonstrated. SLLN and CLT are proved for the surplus of insurance
company under optimal control.

Next stages of research involve consideration of more complicated input processes and search
of optimal reinsurance treaty.
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Extremal problem for doubly stochastic matrices and application to the
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Abstract

The paper deals with some problems concerning the chromatic number of a random hypergraph.
We show that the chromatic number of a random 3-uniform hypergraph H(n, 3, p) is concentrated
in 2 or 3 consecutive values which can be found explicitly. The proof is based on the application
of the result which solves an extremal problem for doubly stochastic matrices.

Keywords: Random hypergraph, Chromatic number, Second moment method, Doubly stochastic
matrices

1. Introduction and the background of the problem

The theory of random graphs and hypergraphs was always in the focus of study in probabilistic
combinatorics. One of main stochastic models of random graphs is the famous binomial model
G(n, p), which can be viewed as the Bernoulli scheme on the edges of the complete graph on
n vertices: every edge is included into G(n, p) independently with probability p. Its natural
generalization is the model of a random k-uniform hypergraph H(n, k, p). Recall that a hypergraph
H is a pair of sets H = (V,E), where V is a finite set whose elements are called vertices, and E is
a family of subsets of V that are called edges of the hypergraph. If every edge consists of k vertices
then a hypergraph is called k-uniform. An r-coloring of a vertex set is an arbitrary mapping
f : V → {1, . . . , r} . It is called proper if no edge is monochromatic. The chromatic number χ(H)
of a hypergraph H is the minimum number of colors required for a proper coloring of H.

The paper is devoted to the estimation of the chromatic number of the random hypergraph in

the binomial model H(n, k, p). Let K
(k)
n be a complete n-vertex k-uniform hypergraph, n ∈ N. A

random k-uniform hypergraph H(n, k, p) is revealed as the Bernoulli scheme: every edge of K
(k)
n

is included into H(n, k, p) independently with probability p ∈ (0, 1). Clearly, G(n, p) = H(n, 2, p).
We study the asymptotic behaviour of the chromatic number of H(n, k, p) for large n, when k is
fixed, and p = p(n) is a function of n.

∗Corresponding author
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1.1. Related work: random graphs

The problem of estimating the chromatic number of G(n, p) was intensively studied since the
1970s. One of the remarkable results in this area is the famous theorem of  Luczak [1], which states
that for p ≤ n−5/6, there is a concentration of χ(G(n, p)) in two consecutive values with probability
tending to 1, i.e. there exists a function h = h(n) such that

Pr (χ(G(n, p)) ∈ {h, h+ 1})→ 1 as n→∞. (1)

N. Alon and M. Krivelevich [2] showed that the same result holds in a wider range of values of
p = p(n), namely, for p 6 n−1/2−ε when ε is an arbitrary positive constant. However, the proofs
of these results do not give any clue about the exact value of the function h in (1). Since then a
lot of efforts has been made to find this hidden function. Achlioptas and Naor [3] established the
value of h in the sparse case when np = c > 0 is a fixed number. Coja–Oghlan, Vilenchik [4] and
Coja–Oghlan [5] showed that in fact, there is a one-point concentration of χ(G(n, p)) in the sparse
case for almost all values of the parameter c.

The first attempt to find the values of χ(G(n, p)) in the non-sparse case, np → +∞, was
made by Coja–Oghlan, Panagiotou and Steger [6]. They proved that if 0 < δ ≤ 1/4 is fixed
and p ≤ n−3/4−δ then χ(G(n, p)) is concentrated in three consecutive values which can be found
explicitly. In the recent paper [7] Kargaltsev, Shabanov and Shaikheeva showed that under the
same conditions one of the three values can be omitted for almost all functions p, so the function
h = h(n) from (1) was found for almost all p up to n−3/4−δ.

1.2. Related work: random hypergraphs

The problem concerning the concentration of the chromatic number of the random hypergraph
H(n, k, p) was intensively studied for the last five years. Dyer, Frieze and Greenhill [8] proved that
in the sparse case χ(H(n, k, p)) is concentrated in two consecutive values. Namely, they considered
the case when the expected number of edges is a linear function of n, i.e. p

(
n
k

)
= cn and c > 0

does not depend on n. The authors proved that for any fixed integer r ≥ 2,

• if c > rk−1 ln r − 1
2 ln r, then

P
(
χ

(
H

(
n, k, cn/

(
n

k

)))
> r

)
−→ 1 as n→∞;

• let ur = rk−1 ln r, then there exists such cr ∈ (ur−1, ur) that for all c < cr

P
(
χ

(
H

(
n, k, cn/

(
n

k

)))
≤ r
)
−→ 1 as n→∞;

• cr can be chosen equal to

cr = rk−1 ln r − r − 1

r
(1 + ln r)−O(k2r1−k ln r). (2)

Thus, for any c ∈ (ur−1, ur), the chromatic number of H
(
n, k, cn/

(
n
k

))
is either r, or r + 1.

Moreover, for any c ∈ (ur−1, cr), its limit distribution is just constant r. Later, the bound (2) on
the parameter cr was improved by Shabanov [9] and by Ayre, Coja–Oghlan and Greenhill [10].
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In the current paper we investigate χ(H(n, k, p)) in the non-sparse case, i.e. when pnk−1 → +∞.
The only known result concerning the concentration problem is due to Demidovich and Shabanov
[11], but it deals with k ≥ 4 and does not touch the case k = 3. The reason is that their proof relies
on the solution of some extremal problem for doubly stochastic matrices which has been known
only for k ≥ 4.

1.3. Extremal problem for doubly stochastic matrices

Suppose that r ≥ 3 is an integer. Let Mr denote the set of r × r real-valued matrices M =
(mij , i, j = 1, . . . , r) with nonnegative elements satisfying the following conditions:

r∑
i=1

mij =
1

r
, for any j = 1, . . . , r;

r∑
j=1

mij =
1

r
, for any i = 1, . . . , r. (3)

So, for any M ∈Mr, the matrix r ·M is doubly stochastic. Now, denote

H(M) = −
r∑

i,j=1

mij ln(r ·mij); Ek(M) = ln

1− 2

rk−1
+

r∑
i,j=1

mk
ij

 . (4)

In statistical physics H is the entropy function and Ek is the energy function. Denote for c > 0,
Gc,k(M) = H(M) + c · Ek(M). It is known that that if c = c(r, k) is not too large then the value
Gc,k(M) reaches its maximal value at the matrix Jr which has all entries equal to 1/r2. The first
result of this type was obtained by Achlioptas and Naor [3] in the case k = 2.

Theorem 1. [3] Suppose r ≥ 3 is an integer and c < (r − 1) ln(r − 1). Then for any M ∈ Mr,
Gc,2(M) ≤ Gc,2(Jr).

The authors of [7] improved this as follows.

Theorem 2. [7] There exists an absolute constant r0 such that if r > r0 and

c < r ln r − 1

2
ln r − 1− 1

2
r−1/6 (5)

then for any M ∈Mr, Gc,2(M) ≤ Gc,2(Jr).

For k ≥ 4, Shabanov [9] proved the following.

Theorem 3. [9] There exists an absolute constant d such that if k ≥ 4, max(r, k) > d and

c < rk−1 ln r − 1

2
ln r − r − 1

r
−O(k2r1−k/3 ln r) (6)

then for any M ∈Mr, Gc,k(M) ≤ Gc,k(Jr).

Both bounds (5) and (6) are optimal up to the summand of the order or(1).

The aim of our work was to generalize Theorems 2 and 3 to the case k = 3.
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2. New results

The first new result of the paper provides the solution for the extremal problem concerning Gc,k
in the case k = 3.

Theorem 4. There exists an absolute constant r0 such that if r ≥ r0 and

c < r2 ln r − 1

2
ln r − 1− r−1/6 (7)

then for any M ∈Mr, Gc,3(M) ≤ Gc,3(Jr).
The proof of Theorem 4 is very technical, it follows the general scheme from [9], but we also

had to derive some new ideas.

Using Theorem 4 we were able to deal with the chromatic number of the random 3-uniform hy-
pergraph. The second result allows to find the upper bound for the chromatic number of H(n, 3, p)
when p = p(n) does not decrease too slow.

Theorem 5. Let 0 < γ < 1/5 be fixed. Denote c = c(n) = 1
np
(
n
3

)
. If c 6 n

1
5
−γ and c → ∞ as

n→∞ then for any function r = r(n)→∞ satisfying the condition

c < r2 ln r − 1

2
ln r − 1− r−1/6,

it holds that
P (χ (H (n, 3, p)) ≤ r + 1) −→ 1 as n→∞.

Finally, by using the first moment method we show the following lower bound for χ(H(n, 3, p)).

Theorem 6. Let c = c(n) = 1
np
(
n
3

)
and fix an arbitrary ε > 0. If c → ∞ and c = o(n) then for

any function r = r(n)→∞ satisfying the condition

c > r2 ln r − 1

2
ln r + ε,

it holds that
P (χ (H (n, 3, p)) > r) −→ 1 as n→∞.

3. Conclusion

Theorems 5 and 6 allow us to make a conclusion about the concentration of the chromatic
number of the random 3-uniform hypergraph. Note that the condition on the parameter c = 1

n ·p
(
n
3

)
required by Theorem 5 is more restrictive. So, for c ≤ n1/5−γ , we have the following picture.

Let rp = rp(n) = min
{
` ∈ N : c < `2 ln `

}
. Clearly, c ∈

[
(rp − 1)2 ln(rp − 1), r2p ln rp

)
. Hence,

with probability tending to 1

• if c ∈
[
(rp − 1)2 ln(rp − 1), r2p ln rp − 1

2 ln rp −O(1)
)

then the chromatic number of H(n, 3, p)
is concentrated in two points: rp and rp + 1;

• if c ∈
[
r2p ln rp − 1

2 ln rp −O(1), r2p ln rp − 1
2 ln rp +O(1)

]
the chromatic number of H(n, 3, p)

is concentrated in three points: rp, rp + 1 and rp + 2;

• if c ∈
[
r2p ln rp − 1

2 ln rp +O(1), r2p ln rp
)

the chromatic number of H(n, 3, p) is concentrated
in two points: rp + 1 and rp + 2.

Thus, only in the bounded segment there is a limit concentration in three values, in all other cases
it is concentrated in two points.

56 The 5th international conference on stochastic methods (ICSM-5)



Acknowledgments

Research of Yu.A. Demidovich was supported by the RFBR, project number 19-31-90016.
Research of D.A. Shabanov was supported by the grant of the President of Russian Federation no.
MD-1562.2020.1

References

[1] T. Luczak, A note on the sharp concentration of the chromatic number of random graphs, Combinatorica, 11:3
(1991), 295–297.

[2] N. Alon, M. Krivelevich, The concentration of the chromatic number of random graphs, Combinatorica 17
(1997), 303–313.

[3] D. Achlioptas, A. Naor, The two possible values of the chromatic number of a random graph, Annals of Mathe-
matics, 162:3 (2005), 1335–1351.

[4] A. Coja–Oghlan, D. Vilenchik, The chromatic number of random graphs for most average degrees, International
Mathematics Research Notices, 2016:19 (2015), 5801–5859.

[5] A. Coja-Oghlan, Upper-bounding the k-colorability threshold by counting covers, Electronic Journal of Combina-
torics, 20:3 (2013), Research paper 32.

[6] A. Coja-Oghlan, K. Panagiotou, A. Steger, On the chromatic number of random graphs, Journal of Combinatorial
Theory, Series B, 98 (2008), 980–993.

[7] S.A. Kargaltsev, D.A. Shabanov, T.M. Shaikheeva, Two values of the chromatic number of a sparse random
graph, Acta Mathematica Universitatis Comenianae, 88:3 (2019), 849–854.

[8] M. Dyer, A. Frieze, C. Greenhill, On the chromatic number of a random hypergraph, Journal of Combinatorial
Theory, Series B, 113 (2015), 68–122.

[9] D.A. Shabanov, Estimating the r-colorability threshold for a random hypergraph, Discrete Applied Mathematics,
282 (2020), 168–183.

[10] P. Ayre, A. Coja-Oghlan, C. Greenhill, Hypergraph coloring up to condensation, Random Structures and Algo-
rithms, 54:4 (2019), 615–652.

[11] Yu. Demidovich, D. Shabanov, On the chromatic number of random hypergraphs, Doklady Mathematics, ac-
cepted for publication.

DemidovichY., ShabanovD. 57



Testing hypothesis versus
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Abstract

We point out necessary and sufficient conditions of uniform consistency of nonparametric sets of
alternatives approaching with hypothesis for widespread nonparametric tests. Nonparametric sets
of alternatives can be defined both in terms of distribution function and in terms of density (or
signals in the problem of signal detection in Gaussian white noise). Such conditions are provided
for χ2−tests with increasing number of cells, Kolmogorov test, Cramer-von Mises tests, tests
generated L2- norms of kernel estimators and tests generated quadratic forms of estimators of
Fourier coefficients. Necessary and sufficient conditions of existence of consistent tests are explored
as well.

Keywords: Cramer-von Mises tests, chi-squared test, consistency, goodness of fit tests, signal
detection

In nonparametric estimation there is clear compactness criteria for existence of consistent esti-
mator. Rates of convergence of nonparametric estimators have been comprehensively explored.

In nonparametric hypothesis testing, if sets of alternatives is nonparametric, we did not know
answer on similar questions. We could not provide exhaustive criterion of uniform consistency for
sets of alternatives approaching with hypothesis. We could not point out necessary and sufficient
conditions for uniform consistency of sets of alternatives having given rate of convergence to hy-
pothesis even for widespread nonparametric tests. Our goal is to provide natural answers on these
problems. The detailed statements and proofs of these results one can find in [3] and [4].

Let X1, . . . , Xn be sample of i.i.d.r.v.’s having c.d.f. F ∈ =. Here = is set of all distribution
functions of random variables having values into interval (0,1)

We explore problem of testing hypothesis

H0 : F (x) = F0(x) = x, x ∈ [0, 1] (1)

versus sets of alternatives defined in terms of

distribution functions
Hn : F ∈ Υn, Υn ⊂ = (2)

or in terms of densities p(x) = 1 + f(x) = dF (x)
dx

H1n : f ∈ Ψn, Ψn ⊂ L2(0, 1). (3)

∗Corresponding author
Email address: erm2512@mail.ru (Mikhail Ermakov)
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Here L2(0, 1) is Hilbert space of all quadratically integrable functions g(t), t ∈ (0, 1) with L2-norm

‖g‖ =
(∫
g2(t) d t

)1/2
.

For part of setups the problem of goodness of fit testing for distribution function or density
is replaced with the problem of signal detection in Gaussian white noise. This allows to simplify
technical part of paper.

We are interested in uniform consistency of nonparametric tests. If test or test statistic is
uniformly consistent for sets of alternatives, we say that these sets of alternatives are uniformly
consistent for these tests or test statistics.

For any test Kn denote α(Kn) its type I error probability and β(Kn, F ) its type II error
probability for alternative F ∈ =. Denote

β(Kn,Υn) = sup
F∈Υn

β(Kn, F ). (4)

We say that sequence of sets of alternatives Υn is uniformly consistent for tests Kn, α(Kn) =
α+ o(1), 0 < α < 1, generated test statistics Tn, if

lim sup
n→∞

β(Kn,Υn) < 1− α. (5)

We implement similar definitions for sets of alternatives (3).
For setups mentioned above we point out necessary and sufficient conditions of uniform consis-

tency of sets of alternatives (2) and (3) for test statistics of

Kolmogorov tests;

Cramer-von Mises tests;

chi-squared tests with number of cell growing with the sample size;

tests generated quadratic forms of estimators of Fourier coefficients of orthogonal expansion of
signal;

tests generated L2 –norms of kernel estimators.

Last four of above mentioned tests statistics have quadratic structure. The results and proofs
for these test statistics are similar. Thus we begin with presentation of this results. After that we
point out the main differences in the case of Kolmogorov test.

Denote F̂n – empirical distribution function of X1, . . . , Xn.
If sets of alternatives are defined in terms of distribution functions, necessary and sufficient

conditions of consistency will be provided in the framework of distance method.
Test statistics can be considered as functionals Tn(F̂n) depending on empirical distribution

functions. Functionals Tn(F ) admits interpretation as norms or seminorms defined on the set of
differences of distribution functions. Established uniform consistency of tests statistics on sets of
alternatives

Υn(Tn, ρn) = {F : Tn(F ) > ρn > 0, F ∈ =}

allows to make a conclusion about uniform consistency of any sequence of sets of alternatives Υn

in terms of their distances or semidistances

inf
F∈Υn

Tn(F )

from hypothesis.
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For specially selected sequences ρn, ρn → 0 as n→∞, in papers [1, 3], we established uniform
consistency of sets Υn(Tn, ρn) of alternatives for χ2−tests with growing number of cells with in-
creasing of sample size, tests generated L2- norms of kernel estimators and tests generated quadratic
forms of estimators of Fourier coefficients. Moreover asymptotic minimaxity of tests on these sets
has been established [1, 3]. In this talk we establish uniform consistency of sets Υn(T, ρn) of alter-
natives for Cramer - von Mises test [3]. Some similar result was established for Kolmogorov test
[4].

Proof of results on uniform consistency of sets of alternatives (3) defined in terms of densities
or signals are based on these results.

Problem of signal detection is considered for the following setup. We observe a realization of
random process Yn(t) defined stochastic differential equation

d Yn(t) = f(t) dt+
σ√
n
dw(t), t ∈ [0, 1], σ > 0, (6)

where f ∈ L2(0, 1) is unknown signal and dw(t) is Gaussian white noise.
The following nonparametric sets of alternatives are often explored

Hn : f ∈ Vn = { f : ‖f‖2 ≥ ρn, f ∈ U ⊂ L2(0, 1) }, (7)

where ρn → 0 as n→∞. Here U is a center-symmetric convex set.
We answer on the following four questions given bellow. The answer on the first question is

provided for problem of signal detection in Gaussian white noise and does not touch test statistics
mentioned above.

For which bounded center-symmetric convex sets U there is sequence ρn → 0 as n → ∞ such
that there is uniformly consistent sequence of tests for sets Vn of alternatives ?

We show that uniformly consistent test exists, if and only if, set U is relatively compact. Note
that necessary and sufficient condition of existence of uniformly consistent nonparametric estimator
on nonparametric set is relative compactness of this set. The same compactness condition arises
in solution of ill-posed inverse problems with deterministic errors. The problem of existence of
consistent tests has been explored for different setups. The most complete bibliography one can
find in [2].

The answer on the next three questions is provided for i.i.d.r.v.’s model in the case of Cramer-
von Mises tests and chi-squared tests. Test statistics generated quadratic forms of estimators of
Fourier coefficients or tests generated L2- norms of kernel estimators the answer is provided for
problem of signal detection in Gaussian white noise.

Let ρn = n−r, 0 < r ≤ 1/2, and r is fixed. How to define biggest bounded sets U such that sets
Vn are uniformly consistent for one of above mentioned test statistics ?

We call such sets U– maxisets. The exact definitions of maxisets are provided in [3] and [4].
For 0 < r < 1/2, for test statistics having quadratic structure (see [3]) we show, that maxisets
are bodies in Besov spaces Bs

2∞(P0), P0 > 0. Here r = 2s
1+4s for chi-squared test statistics, test

statistics being L2- norms of kernel estimator and test statistics being quadratic forms of estimators
of Fourier coefficients of signal. For Cramer- von Mises tests we have r = s

2+2s .
If r = 1/2, we could not find sets satisfying all requirements of the definition of maxisets. How-

ever, we show that bounded convex sets of functions with a fixed finite number of nonzero Fourier
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coefficients satisfy similar requirements. In further statements for case r = 1/2, the maxisets can
be replaced with such sets.

For nonparametric estimation the notion of maxisets has been introduced Kerkyacharian and
Picard [5]. Maxisets of nonparametric estimators have been comprehensively explored.

Let each set Ψn be bounded in L2(0, 1). Then Cramer- von Mises tests, chi-squared tests, tests
generated L2-norms of kernel estimators and quadratic forms of estimators of Fourier coefficients of
signal are uniformly consistent, if and only if, sets Ψn of alternatives does not contain inconsistent
sequence of simple alternatives fn ∈ Ψn. In other words sets of alternatives are uniformly consistent,
if and only if, all sequences of simple alternatives fn ∈ Ψn are consistent. Thus the problem of
uniform consistency for sets Ψn of alternatives is reduced to the problem of consistency of any
sequence of simple alternatives fn ∈ Ψn.

How to describe all consistent and inconsistent sequences of simple alternatives having given
rate of convergence to hypothesis ?

We explore this problem as problem of testing hypothesis

�H0 : f(x) = 0, x ∈ [0, 1], (8)

versus sequence of simple alternatives

�Hn : f = fn, c n−r ≤ ‖fn‖ ≤ C n−r, (9)

where 0 < r ≤ 1/2 and 0 < c < C <∞.
We propose the following answer on this question (see [3]):

sequence of simple alternatives fn, c n
−r ≤ ‖fn‖ ≤ C n−r, is consistent, if and only if, func-

tions fn admit representation as functions f1n from maxiset with the same rate of convergence to
hypothesis plus functions fn − f1n orthogonal to functions f1n.

We show that, for any ε > 0, there are maxiset and functions f1n from maxiset such that the
differences of type II error probabilities for alternatives fn and f1n is smaller ε and f1n is orthogonal
to fn − f1n.

Thus, each function of consistent sequence of alternatives with fixed rate of convergence to
hypothesis contains sufficiently smooth function as an additive component and this function carries
almost all information on its type II error probability.

What can we say about properties of consistent and inconsistent sequences of alternatives
having fixed rate of convergence to hypothesis in L2- norm?

We establish that asymptotic of type II error probabilities of sums of alternatives from consistent
and inconsistent sequences coincides with the asymptotic for consistent sequence.

We call sequence of alternatives fn purely consistent if there does not exist inconsistent sequence
of alternatives f2n having the same rates of convergence to hypothesis and such that f2n are
orthogonal to fn − f2n.

It is easy to show that any sequence of alternatives from maxisets with fixed rates of convergence
to hypothesis is purely consistent.

In terms of concentration of Fourier coefficients we point out analytic assignment of purely
consistent sequences of alternatives.
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We show that, for any ε > 0, for any purely consistent sequence of alternatives fn, cn−r ≤
‖fn‖ ≤ Cn−r, there are maxiset and some sequence f1n from this maxiset, such that there holds
‖fn − f1n‖ ≤ εn−r.

For Kolmogorov test statistics

T (F̂n) = max
x∈[0,1]

| F̂n(x)− F0(x) |.

we show [4] uniform consistency of Kolmogorov tests for sets of alternatives

Υn(e1, e2, a) = {F : n1/2 max
e1≤x≤e2

|F (x)− F0(x)| > a, F ∈ =1 }

with arbitrary e1, e2, 0 < e1 < e2 < 1 and a > 0. Here =1 is set of all continuous strongly increasing
distribution functions, =1 ⊂ =.

For problem of hypothesis testing on a density we explore simple alternatives

�Hn : f = fn, c n−r ≤ ‖fn‖∞ ≤ C n−r, (10)

where ‖fn‖∞ is L∞-norm of fn.
We show that in this case bodies Bs

∞,∞(P0) in Besov spaces Bs
∞,∞, r = s

2+2s are maxisets. For
these maxisets similar answers on third and fourth question takes place.
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On the Information Content of some Stochastic Algorithms
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Abstract

We formulate an optimization stochastic algorithm convergence theorem, of Solis and Wets type.
We compare the flow of information of two convergent algorithms by comparing the associated
filtrations by means of the Cotter distance of σ-algebras. The main result is that two conver-
gent optimization algorithms have the same information content if both their limit minimization
functions generate the full σ-algebra of the probability space.

Keywords: Stochastic algorithms, Global optimization, Convergence of information σ-fields.

1. On the convergence of random optimization algorithms

The main references for this work are: [1], [2], [3], [4], [5], [6], [7] and [8]. A convergent
stochastic search algorithm for global optimization of a real valued function f defined on a domain
D is a sequence of random variables (Yn)n≥1 such that the sequence (f(Yn))n≥1 converges (almost
surely or in probability) to a random variable which gives a good estimate of minx∈D f(x). For the
general problem of minimizing f : D ⊆ Rn 7→ R over D, a bounded Borel set of Rn, we consider
the following natural algorithm.

Sp.1 Let X1, X2, . . . , Xn, . . . be independent random variables with common distribution over D

verifying furthermore, with B(D) the Borel σ-algebra of D:

∀B ∈ B(D) λ(B) > 0⇒ P[X1 ∈ B] > 0 . (1)

Sp.2 Y1 := X1

Sp.3 Yn+1 = Yn1I{f(Yn) < f(Xn+1)}+Xn+11I{f(Yn) ≥ f(Xn+1)}

A variant of the algorithm we now present was introduced in [2] having in mind performing
global optimization in unbounded domains.

pS.1 Let X1, X2, . . . , Xn, . . . independent random variables with common uniform distribution
over D
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pS.2 Z1 := X1

pS.3 Let Y1, Y2, . . . , Yn, . . . be a sequence of independent random variables such that Yn _ N(Xn, σ).

pS.4 Zn+1 := Zn1I{f(Zn) < f(Yn+1)}+ Yn+11I{f(Zn) ≥ f(Yn+1)}.

The zig-zag algorithm was introduced in [9] (see also for other references and a convergence
proof [10]) in order to optimize a quadratic function in two sets of multidimensional variables.

pS.1 Let Y1, Y2, . . . , Yn, . . . be a sequence of independent random variables with common uniform
distribution over D.

pS.2 Z1 := Y1

pS.3 For each n ≥ 1, let λn1 , . . . , λ
n
N be independent sequences of independent random variables

with uniform distribution in [a, b] an interval such that:

∀λ ∈ [a, b] ∀x, y ∈ D λx+ (1− λ)y ∈ D .

which is possible as D is bounded.

pS.4 Define the random variable Xj0
n such that:

f(Xj0
n ) = min

1≤j≤N
f(λnjZn + (1− λnj )Yn+1)

pS.5 Zn+1 := Zn1I{f(Zn) < f(Xj0
n )}+Xj0

n 1I{f(Zn) ≥ f(Xj0
n )}.

The following approach of a convergence result follows the presentation in [2] – which, in
turn, follows the context formalism of [1] – and observe that this approach may be applied to the
algorithms described above.

Let f : D ⊂ Rn −→ R be a measurable function defined on a domain D that can be unbounded.
Let (Ω,F,P) be a complete probability space.

Definition 1 (Essential infimum of f in D).

α := inf{t ∈ R : λ({x ∈ D : f(x) < t}) > 0} (2)

with λ being the Lebesgue measure on Rn.

Definition 2 (Level set of f of height ε over α).

Eα+ε,M :=

{
{x ∈ D : f(x) < α+ ε} if α ∈ R
{x ∈ D : f(x) < M} if α = −∞

(3)

Definition 3 (The algorithm). • A function ψ : D × Rn 7→ D ⊂ Rn such that the following
hypothesis [H1] is verified.

[H1] :

{
∀t, x f(ψ(t, x)) ≤ f(t)

∀x ∈ D f(ψ(t, x)) ≤ f(x)
(4)
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• A sequence of random variables given by:{
Y1 = X1

Yn+1 = ψ(Yn, Xn) for n ≥ 1
(5)

where Xn _ Pn satisfying hypothesis in Formula (1), and Pn being a probability measure –
the law of Xn – that may depend on P1, . . . ,Pn−1 in case of adaptive random search.

Theorem 1 (Random search algorithm convergence). Suppose that f is measurable and bounded
from below. Let α be the essential infimum of f in D.

H2(ε) For pure random search this hypothesis is defined for every ε > 0 as:

lim
k→+∞

∏
1≤j≤k

P[Xj ∈ Ecα+ε,M ] = lim
k→+∞

∏
1≤j≤k

Pj [E
c
α+ε,M ] = 0 .

H ′2(ε) For adaptive search this hypothesis is defined for every ε > 0 as:

lim
k→+∞

inf
1≤j≤k

P[Xj ∈ Ecα+ε,M ] = lim
k→+∞

inf
1≤j≤k

Pj [E
c
α+ε,M ] = 0 . (6)

If for some ε > 0 hypothesis H2(ε) ( in case of pure random search) or H ′2(ε) (in case of adaptive
search) are verified, then:

lim
n→+∞

P[Yn ∈ Eα+ε,M ] = 1 . (7)

If for every ε > 0 hypothesis H2(ε) (in case of pure random search) or H ′2(ε) (in case of adaptive
search) are verified, then the sequence (f(Yn))n≥1 converges almost surely to a random variable
Minf,Y such that P[Minf,Y ≤ α] = 1.

Theorem 2 (The unique minimizer case). Suppose the same notations and the same set of hypoth-
esis of Theorem 1, namely that for every ε > 0 hypothesis H2(ε) (in case of pure random search)
or H ′2(ε) (in case of adaptive search) are verified. Suppose, furthermore, that f is continuous and
that admits an unique minimizer z ∈ D. Then we have almost surely that limn→+∞ f(Yn) = f(z) .
If, furthermore, D is compact then limn→+∞ Yn = z .

2. On the information content of a stochastic algorithm

The class F is the class of all sub-σ-algebras of F identified up to sets of probability zero. In
1985, Cotter showed that Strong convergence defines a topology which is metrizable (see [7]). The
Cotter distance dc is defined on F× F by:

dc(H,G) =
+∞∑
i=1

1

2i
min (E [|E[Xi | H]−E[Xi | G]|] , 1) , (8)

with H,G ∈ F, ‖X‖1 the L1(Ω,F,P) norm of X, with (Xi)i∈N a dense denumerable set in
L1(Ω,F,P). We have that (F, dc) is a complete metric space.

Let Y = (Yn)n∈N be a stochastic algorithm for the minimization of f on a domain D.
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Definition 4. Let α be the essential infimum of f on D defined in Formula (2). Following Theo-
rem 1, the algorithm Y converges on D if the sequence (f(Yn))n∈N converges almost surely to a
random variable Minf,Y such that:

P [Minf,Y ≤ α] = 1 .

Definition 5. The flow of information associated to the algorithm Y = (Yn)n≥1 for the global
minimization of the function f is given by natural filtration of (f(Yn))n≥1, which is the increasing
sequence of σ-algebras defined by:

FYn := σ (f(Y1), . . . , f(Yn)) .

The terminal σ-algebra associated to this algorithm, FY∞, is naturally defined as (in the two
usual notations):

FY∞ := σ

(
+∞⋃
n=1

FYn

)
=

+∞∨
n=1

FYn .

Definition 6. Two algorithms Y1 and Y2 are informationally asymptotically equivalent
(IAE) if and only if:

lim
n→+∞

dc

(
FY

1

n ,FY
2

n

)
= 0 .

Proposition 1. Let Y1 and Y2 be two algorithms, Then:

Y
1IAE Y2 ⇔ dc

(
FY

1

∞ ,FY
2

∞

)
= 0 . (9)

Our purpose now is to illustrate the intuitive idea that a convergent algorithm for minimizing
a function must recover all available information about the function.

Theorem 3. With the notations of Definition 4, let Y1 and Y2 be two algorithms that converge.
We have that:

σ
(
Minf,Y1

)
= F = σ

(
Minf,Y2

)
⇒ Y

1IAE Y2 .

Theorem 4. With the notations of Definition 4, let Y1 and Y2 be two algorithms that converge.
Let us suppose that the set Minf,Y1(Ω) ∪Minf,Y2(Ω) is denumerable. We then have that:

Y
1IAE Y2 ⇒ Minf,Y1 = Minf,Y2 a. s. (10)

Proposition 2. With the notations of definition 4, let Y1 and Y2 be two algorithms that converge.
Suppose, furthermore, that f is continuous, that f admits an unique minimizer and D is compact.
Then we have that:

Y
1IAE Y2 ⇒ Minf,Y1 = Minf,Y2 a. s.
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Abstract

Baumgarte’s stabilization method is applied to achieve stability in inverse dynamical problem.
Helmholtz conditions are considered to check whether an obtained system will be reducible to the
form of Lagrange equations of the second kind with Rayleigh dissipation function. Some conditions
can be considered as differential equations with respect to stabilization function. In this paper we
investigate all their possible solutions and their properties.

Keywords: Inverse problem, Rayleigh function, dissipation, constraint stabilization

1. Introduction

During a numerical integration an accumulation of errors or deviations from given constraints
can cause a numerical solution instability. To avoid this accumulation Baumgarte in his paper
[1] suggested not to consider constraints as partial integrals but rather to equate first their full
time derivatives to some arbitrary linear form. An appropriate ratio of linear form coefficients can
annihilate some negative effects of errors’ accumulation. In the paper [2] there were considered
some methods of estimation of permissible ratios. Baumgarte’s method can be approached to
construct a system of differential equations by a given set of constraints with a priory stable
numerical solution with respect to constraint equations. Some generalized methods of solving
inverse problems are investigated in [3]. The obtained system should be reducible to the form of
Lagrange equations of the second kind with Rayleigh dissipation function. To check it we should
apply generalized Helmholtz conditions that were considered in the paper [4]. These conditions
restrict our possible set of stabilization functions at Baumgarte’s approach and set a relation
between a stabilization function and dissipation function. For example, linear case of stabilization
function and its properties were considered in paper [5].

2. Problem Statement

Let’s consider a mechanical system described by a set of generalized coordinates q = (q1, . . . , qn)
and generalized velocities q̇ = dq/dt = (q̇1, . . . , q̇n). Let a motion of the system be restricted by a
set of differential constraints:

aij(q, q̇)q̇j = ai,0(q, q̇);

j = 1, . . . , n, i = 1, . . . ,m, m < n.
(1)
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Here and later we will be using Einstein notation that implies summation under repeating
indexes. The next step for us is to set up a system of ordinary differential equations of the second
order that satisfies these constraint equations. To solve this problem we can consider equations (1)
as a system of algebraic equation with respect to the generalized velocities q̇.

As a number of equations in (1) is less than a number of independent variables then its solution
is some subspace in the linear space of generalized velocities only if the system is not inconsistent.
So we can write it down as follows:

q̇j = vj(q), where vj : aij(q, q̇)vj = ai,0(q, q̇) ∀j = 1, . . . , n i = 1, . . . ,m.

Also it’s worth noting that by defining functions vj(q) for a given example we reduce the
dimension of solution’s subspace from n−m to 0 and fully determine our system of equations.

Let’s redefine constraint equations (1) according to our introduced notation

hj = q̇j − vj(q) = 0, j = 1, . . . , n. (2)

To set up differential equations of the second order we just have to differentiate equation (2)
with respect to time. However, our goal is to construct the system with respect to constraint
stabilization. So we will consider nonlinear stabilization function in perturbation equations

ḣj = F j(h,q, q̇), j = 1, . . . , n, (3)

where F j(0,q, q̇) = 0.
The system of equations can be obtained by differentiating (2) with respect to constraint

equations (3). So our system can be written as follows:

fa = q̈a − ∂va

∂qb
q̇b − F a(h,q, q̇) = 0, a, b = 1, . . . , n. (4)

A goal of stabilization term in the obtained system is to control the level of deviations’ accu-
mulation. From mechanical point of view it can be achieved by introducing a Rayleigh dissipation
function into the system. So the next for us is to check whether equations (4) are reducible to the
form of Lagrange equations of the second kind with dissipation. To accomplish this we can use
generalized Helmholtz conditions:

∂fa
∂q̈b

=
∂fb
∂q̈a

; (5)

1

2

(
∂fa
∂q̇b

+
∂fb
∂q̇a

)
− d

dt

(
∂fa
∂q̈b

)
= sab(q, q̇, t); (6)

∂fa
∂qb
− ∂fb
∂qa
− 1

2

d

dt

(
∂fa
∂q̇b
− ∂fb
∂q̇a

)
= rab(q, q̇, t); (7)

∂2fa
∂q̈b∂q̈c

= 0; (8)

∂sab
∂q̇c

=
∂sac
∂q̇b

; (9)

∂rab
∂q̇c

=
∂sac
∂qb
− ∂sbc
∂qa

; (10)

∂rca
∂qb

+
∂rbc
∂qa

+
∂rab
∂qc

= 0. (11)

Kaspirovich I., MukharlyamovR. 69



Conditions (5) and (8) are obviously satisfied. Let’s also consider tensor sab as a sum of two
non symmetric ones: sab = 1/2(dab + dba), then condition (6) leads to the following result:

∂va

∂qb
+
∂Fa

∂hb
+
∂Fa

∂q̇b
+
∂vb

∂qa
+
∂Fb

∂ha
+
∂Fb

∂q̇a
+ dab + dba = 0. (12)

This expression can be considered as a partial differential equation with respect to stabilization
vector function F. Now we might analyse its possible solutions and check whether they satisfy the
rest of the generalized Helmzolts conditions.

3. Solution analysis

Various solutions can be obtained by simply grouping different terms in the sum of the expres-
sion (12). Let’s emphasize terms in one group with one color.

•
∂va

∂qb
+
∂Fa

∂hb
+
∂Fa

∂q̇b
+
∂vb

∂qa
+
∂Fb

∂ha
+
∂Fb

∂q̇a
+ dab + dba = 0. (13)

These highlighted terms in different groups switch with their upper and lower indexes. So to
find a solution of the equation (13) we can solve the following equation:

∂Fa

∂hb
+
∂Fa

∂q̇b
= −∂v

b(q)

∂qa
− dab(q, q̇)

A solution of this equation can be written as follows:

Fa = −∂v
b

∂qa
− γa(q, q̇), (14)

where γa =
∫
dab(q, q̇)dq̇b. However, if we apply the homogeneity condition F(0,q, q̇) = 0

then we obtain that the term γ should be equal to zero. It means that dissipation tensor dab
should be also equal to zero. So, in this case lack of dissipation function would not let us
control the deviation accumulation and by that prevent us from solving stabilization problem.

•
∂va

∂qb
+
∂Fa

∂hb
+
∂Fa

∂q̇b
+
∂vb

∂qa
+
∂Fb

∂ha
+
∂Fb

∂q̇a
+ dab + dba = 0. (15)

Here we can see again that green and red terms switch their upper and lower indexes. But
unlike solution (13) here we add an extra group with partial derivatives of nonlinear stabi-
lization function with respect to generalized velocities. So, equation (15) corresponds to the
following system:


∂Fa

∂hb
= −∂v

b

∂qa
− dab(q, q̇);

∂Fa

∂q̇b
+
∂Fb

∂q̇a
= 0.

(16)
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A solution of this equation can be written as follows:

Fa = −
(
dab+

∂vb

∂qa

)
hb,

where dissipation tensor dab should satisfy the following restrictions based also on other
Helmholtz conditions: dab = dba, ∂dac

∂q̇b
+ ∂dbc

∂q̇a = 0, ∂dab
∂q̇c = ∂dac

∂q̇b
. In this case we can vary the

function dependence of dab on generalized coordinates and velocities to both satisfy obtained
condition and solve the stabilization problem. For example, if dissipation tensor d is constant
then all of obtained conditions are automatically satisfied and by changing the ratios of these
constants we can control the accumulation of errors.

•
∂va

∂qb
+
∂Fa

∂hb
+
∂Fa

∂q̇b
+
∂vb

∂qa
+
∂Fb

∂ha
+
∂Fb

∂q̇a
+ dab + dba = 0. (17)

As we can see previous cases lead to only linear functions as solutions or no solutions at
all. So now we will group derivatives with constraints to have an opportunity to obtain a
nonlinear one. Expression (17) corresponds to the system:

∂Fa

∂hb
+
∂Fb

∂ha
= 0;

∂Fa

∂q̇b
= −∂v

b

∂qa
− dab.

(18)

To analyse the fi

rst equation let’s consider vector function F as a curl of some other vector function: F =
∇×A or in index representation

Fa = εabc
∂Ac

∂hb
,

where ε is a Levi-Civita tensor. Approaching this representation first equation of the system
(18) can be written in the form:(

εacd
∂

∂hb
∂

∂hc
+ εbcd

∂

∂ha
∂

∂hc

)
Ad = 0, a, b, c, d = 1, . . . , n. (19)

The solution makes sense only if a number of constraints greater than 2 because of Levi-
Civita tensor structure. Both terms in equation (19) contain partial derivatives with respect
to hc, so we can integrate it and obtain the following expression:(

εacd
∂

∂hb
+ εbcd

∂

∂ha

)
Ad = αd(h1, . . . , hc−1, hc+1, . . . , hn), d = 1, . . . , n. (20)

where α is an arbitrary vector function that does not depend on hc. By choosing these
functions we can solve system of non homogeneous first order partial differential equations
(20) with respect to A. Then we compute its curl and set a stabilization function F. As
the structure of α is chosen arbitrary we can not predict the behaviour of its solution with
respect to the rest of Helmholtz conditions. All restrictions should be considered for the
specific example respectively.
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4. Conclusion

Some solutions for the stabilization function correspond to the linear case considered in previous
papers. This case is completely investigated and we can tell for sure that stabilization problem in
this case can be solved. However, there is a possibility that for a number of constraints greater
than 2 we can find a solution that would be a nonlinear stabilization function with some extra
unexpected properties.
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On the law of large numbers and linear regression of fuzzy random variables
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Abstract

The quasiscalar product and the quasinorm of fuzzy random variables are introduced. A new
form of the law of large numbers is established. A linear regression of fuzzy random variables
is constructed based on the principle of minimizing the distance associated with the introduced
quasinorm.

Keywords: Fuzzy random variables, means, covariance, variance, law of large numbers, linear
regression

Fuzzy random variables (FRV) appeared as a branch of fuzzy mathematics in [1]-[3]. They are
widely used in financial mathematics, forecasting, decision theory, and others. In particular, the
mathematical model of a random experiment with fuzzy outcomes is interpreted as a fuzzy random
variable. The current state of the theory of fuzzy random variables is reflected in [4]-[6] and others.

The main results of this work are devoted to extreme properties of fuzzy random variables, the
law of large numbers for fuzzy random variables and linear regression of fuzzy random variables.

1. Fuzzy numbers and fuzzy random variables

We will use an interval representation of fuzzy numbers (see, for example, [7]). Namely, we will
match each fuzzy number with the set of its α - intervals.

As you know, the set α - level of a fuzzy number A with the membership function µA(x) is
defined by the relation

Aα = {x|µA(x) ≥ α} (α ∈ (0, 1]), A0 = supp(A).

In standard assumptions, all α-levels of a fuzzy number are closed and bounded intervals of
the real axis. Denote the left (lower) border of the interval a−(α) , and the right (upper) one is
a+(α), so Aα = [a−(α), a+(α)]. Sometimes a−(α) and a+(α) called, respectively, the left and right
indexes of the fuzzy number.

Denote by J0 - the set of fuzzy numbers in the interval representation of which the functions
a−(α) and a+(α) are quadratically summable.

Let the fuzzy number z̃ corresponds to α - levels zα = [z−(α), z+(α)], with α ∈ (0, 1].
For the fuzzy numbers z̃ and ũ from J0, we define a quasiscalar product

〈z̃, ũ〉 = 0.5

1∫
0

(z+(α)u+(α) + z−(α)u−(α))dα. (1)
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The quasinorm z̃ is 〈z̃, z̃〉1/2 .
Expression (1) resembles the scalar product of vector functions (z+(α), z−(α)) and (u+(α), u−(α)).
It is not difficult to check the properties of this quasiscalar product
1) 〈z̃, ũ〉 = 〈ũ, z̃〉 ∀ũ, z̃ ∈ J0; 2) 〈c1z̃, c2ũ〉 = c1c2 〈z̃, ũ〉, provided that the product of the

numbers c1c2 > 0; 3) 〈z̃1 + z̃2, ũ〉 = 〈z̃1, ũ〉 + 〈z̃2, ũ〉 ∀ũ, z̃1, z̃2 ∈ J0; 4) 〈z̃, z̃〉 ≥ 0, the condition
〈z̃, z̃〉 = 0 is equivalent to zero of the left and right indexes z̃; 5) Cauchy-Bunyakovsky Inequality

| 〈z̃, ũ〉 | ≤ 〈z̃, z̃〉1/2 〈ũ, ũ〉1/2.
On a set of fuzzy numbers, you can enter different definitions of the distances between them

(see [3], [7]).
It is convenient for us to determine the distance between the fuzzy numbers z̃ and ũ from J0

with sets α - levels [z−(α), z+(α)] and [u−(α), u+(α)] formula

ρ(z̃, ũ) =

(∫ 1

0
(z−(α)− u−(α))2 + (z+(α)− u+(α))2dα

) 1
2

. (2)

This kind of distance was previously used, for example, in [8].
Let (Ω,Σ, P ) be a probability space.
The measurable map X̃ : Ω→ J0 will be called a fuzzy random variable.
Consider the intervals of α - levels of a fuzzy random variable X̃ at a fixed ω. Namely, Xα(ω) =

{t ∈ R : µX̃(ω) ≥ α}, where µX̃(ω) - membership function of a fuzzy number X̃(ω) , and α ∈ (0, 1].

The interval Xα(ω) imagine Xα(ω) = [X−(ω, α), X+(ω, α)], where the boundaries of X−(ω, α) and
X+(ω, α) - random variables. They are called, respectively, the left and right index of the fuzzy
random variable X̃.

Below we will consider the class X of fuzzy random variables X̃, for which
Condition 1. For each fuzzy random variable X̃ ∈ X indexes X−(ω, α) and X+(ω, α) are

functions that are quadratically summable by Ω× [0, 1].
Let’s say

x−(α) =

∫
Ω

X−(ω, α)dP, x+(α) =

∫
Ω

X+(ω, α)dP. (3)

A fuzzy number x̃ with indexes defined by formulas (3) is called a fuzzy expectation of a fuzzy
random variable X̃.

Let Xα(ω) = [X−(ω, α), X+(ω, α)] - interval α - level of the fuzzy random variable X̃.
Expectation E(X̃) of a fuzzy random variable X̃ is a number defined by the expression

E(X̃) = 0.5

1∫
0

∫
Ω

(X−(ω, α) +X+(ω, α))dPdα. (4)

We define a quasi-scalar product for FRV X̃ and Ỹ with α - level sets [X−(ω, α), X+(ω, α)]
and [Y −(ω, α), Y +(ω, α)] by the formula

〈
X̃, Ỹ

〉
= 0.5

1∫
0

∫
Ω

(X+(ω, α)Y +(ω, α) +X−(ω, α)Y −(ω, α))dPdα. (5)

In this case, the quasinorm of the fuzzy random variable X̃ will be denoted ||X̃|| =
〈
X̃, X̃

〉1/2
.

74 The 5th international conference on stochastic methods (ICSM-5)



Note that the same properties 1)-5) hold for the quasiscalar product (5) as for the quasiscalar
product of fuzzy numbers. Other types of semi-scalar products of fuzzy random variables are
considered, for example, in [9], [10].

Define the distance between the FRV X̃ and Ỹ from the class X with the expression

d(X̃, Ỹ ) = (

1∫
0

∫
Ω

(
[
X−(ω, α)− Y −(ω, α)

]2
+
[
X+(ω, α)− Y +(ω, α)

]2
)dPdα)1/2. (6)

Expectation E(X̃) and the fuzzy expectation x̃ of a random variable X̃ have the following
extreme properties:

1. For a given fuzzy random variable X̃ with indexes X−(ω, α), X+(ω, α) the expectation
E(X̃) is the only solution to an extreme problem

d(X̃, y)→ min (y ∈ R),

where the distance d(X̃, y) is defined by the formula (6).
2. Expectation E(X̃) is the only solution to the following extreme problem

ρ(x̃, y)→ min (∀y ∈ R),

where is the distance ρ is defined by the formula (2).
3. The fuzzy expectation x̃ of a fuzzy random variable X̃ is the only solution to the following

extreme problem
d(X̃, ỹ)→ min (∀ỹ ∈ J0).

In accordance with [11], we define the covariance between the fuzzy random variables X̃ and
Ỹ with intervals α - level [X−(ω, α), X+(ω, α)] and [Y −(ω, α), Y +(ω, α)] by formula

cov[X̃, Ỹ ] = 0.5

1∫
0

∫
Ω

((X−(ω, α)− x−(α))(Y −(ω, α)− y−(α))+

+(X+(ω, α)− x+(α))(Y +(ω, α)− y+(α)))dPdα. (7)

This definition is closely related to the quasi-scalar product (5) and distance (6) that we have
introduced.

The variance of a fuzzy random variable X̃ is determined by the equality D(X̃) = cov[X̃, X̃].
According to (6), (7) the property is true

cov[X̃, X̃] = D(X̃) =
1

2
d2(X̃, x̃) (∀X̃ ∈ X), (8)

where x̃ is a fuzzy expectation of a fuzzy random variable X̃.
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2. Law of large numbers and linear regression of fuzzy random variables

Consider Chebyshev’s inequality.
Lemma 1 (Chebyshev Inequality). for a fuzzy random variable X̃ with a fuzzy expectation

x̃ and a given ε > 0, there is an inequality

P (d(X̃, x̃) ≥ ε) ≤ 2

ε2
D(X̃). (9)

The proof uses equality (8).
The inequality (9) is similar to the corresponding inequality from [11], but it uses a different

definition of distance.
Fuzzy random variables X̃1, X̃2 are called uncorrelated if cov[X̃1, X̃2] = 0.
Theorem 1 (Law of large numbers). Let X̃1, X̃2, ..., X̃n be a sequence of pairwise uncorre-

lated fuzzy random variables, and their variances are uniformly bounded, i.e. there is a constant
c > 0 such that D(Xi) ≤ c (i = 1, 2...). Then the relation is true

P (d(
1

n

n∑
i=1

X̃i,
1

n

n∑
i=1

x̃i) ≥ ε) ≤
2c

nε2
. (10)

Indeed, putting X̃ = 1
n

n∑
j=1

X̃i in the inequality (9), taking into account the properties of the

variance, we get the desired result.
In contrast to the known results (see, for example., [4], [6], [10]) in the case of metric (6), it is

possible to specify an estimate (10) for the convergence rate (in probability).
Consider the optimal linear approximation of the (predicted) fuzzy random variable Ỹ by

the system of (predictive) fuzzy random variables X̃1, X̃2, ..., X̃n. In a number of works (see, for
example., [5], [9], [12]) tasks of this kind were considered. In this case, the specifics of the task are
determined by the choice of the distance to minimize. We investigate the question of approximating

a random variable Ỹ with linear combinations
n∑
i=1

βiX̃i with real coefficients βi (i = 1, ..., n) by

the distance minimization criterion (6). First we consider an extreme problem with non-negative
coefficients βi ≥ 0 (i = 1, ..., n)

d(Ỹ ,
n∑
i=1

βiX̃i)→ min (∀βi ≥ 0). (11)

Take place
Lemma 2. Let the fuzzy random variables X̃i be quasi-orthogonal for i 6= j, and their quasi-

norms κj :=
〈
X̃j , X̃j

〉1/2
6= 0 (j = 1, ..., n). in addition. Let the condition

〈
Ỹ , X̃j

〉
≥ 0 (j =

1, ..., n). Then problem (11) has a non-negative solution, and a unique one. It has the form βi = bi
κ2
i

,

(i = 1, ..., n).

For the proof, we use the left index
n∑
i=1

βiX̃i under non-negative conditions of coefficients βi is

equal to
n∑
i=1

βiX
−
i , and the right index is equal to

n∑
i=1

βiX
+
i . So, the distance in (11) is characterized

by a fairly simple formula.
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Note that this condition
〈
Ỹ , X̃i

〉
> 0 means that the FRV Ỹ and X̃i increases (in this sense)

or decreases simultaneously.
In a general situation it is true
Theorem 2. Let the fuzzy random variables of the system {X̃i} be quasi-orthogonal for i 6= j,

and all their quasinorms κi 6= 0 (i = 1, ..., n). Then the problem

d(Ỹ ,
n∑
i=1

βiX̃i)→ min (βi ∈ R) (12)

has a solution, and a unique one. It has the form βi = bi
κ2
i

(i = 1, ..., n).

When proving theorem 2, we consider an extreme problem for a shifted fuzzy random variable

of the form Z̃ = Ỹ + c
n∑
i=1

βiX̃i, where c is a sufficiently large number. Then we use Lemma 2 and

the following special property of the distance (6) between fuzzy random variables.
Lemma 3. For any fuzzy random variables X̃, Ỹ and W̃ from X, the equality is fulfilled

d(X̃ + W̃ , Ỹ + W̃ ) = d(X̃, Ỹ ).
We emphasize that, in contrast to the known results, the type of optimal coefficients in theorem

2 coincides with the Fourier coefficients in the system {X̃i}, as if we used linear approximation
methods in Hilbert space to find them.
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Multidimensional Carleman theorem in terms of cumulants

Konstantin Kostyashin
Lomonosov Moscow State University, Moscow, Russia

Abstract

We study the relationship between characteristics of probabilistic distributions, moments and cu-
mulants. The well-known Carleman’s condition guaranteeing that a probability distribution is
uniquely determined by its moments is considered both in terms of moments and cumulants. The
latter let simplify the checkable condition that is demonstrated with some examples. The crucial
result provides multi-dimensional variant of the condition.

Keywords: moment problem, Carleman’s condition, cumulants, semi-invariants

1. On relation between moments and cumulants

Method of moments has a wide range of applications while proving limit theorems. The distri-
bution which is uniquley defined by the sequence of its moments is commonly called M-determined.
There is a number of M-determinacy conditions, relations between which have been revealed, for
instance in [6]. Mainly, these conditions are expressed in the terms of moments, but sometimes it
makes sense to consider other distribution characteristic - cumulants. Reformulation of well-know
results in terms of cumulants turns to be practically justified.

First of all, we derive the relationship between moments and cumulants. It might be conveniently
done by means of considering Bell polynomials. Let φ(t) — characteristic function of random
variable ξ. Unlike moments cumulants can not be explicitly expressed by using distribution fucntion
Fξ(x). Basically, cumulants κn, n = 0, 1, 2...., are defined as coefficients in the Maclaurin series of
K(t), which is logarithm of characteristic function φ(t):

K(t) = lnφ(t) = itκ1 +
(it)2

2!
κ2 + . . .+

(it)n

n!
κn + . . . =

∞∑
n=1

(it)n

n!
κn. (1)

This Maclaurin series can be rewritten with the use of momemnts µn of random variable ξ:

K(t) = lnφ(t) = ln

{
1 +

∞∑
n=1

(it)n

n!
µn

}
. (2)

The relation with moment generating function:

M(t) = exp[K(t)]

∗Corresponding author
Email address: kostjr57@gmail.coml (Konstantin Kostyashin)

78 The 5th international conference on stochastic methods (ICSM-5)



Dk[M(t)] =

n−1∑
i=0

Cin−1D
n−i[K(t)]Di[M(t)]

where Dk – k−th derivative. For t = 0:

µn =
n−1∑
i=0

Cin−1κn−iµi

κn = µn −
n−1∑
i=1

Cin−1κn−iµi

Thus, cumulants can be defined through moments and the following equation is true

ln

{
1 +

∞∑
n=1

(it)n

n!
µn

}
=

∞∑
n=1

(it)n

n!
κn.

Use Maclaurian series for the left side and get

∞∑
m=1

(−1)m+1

( ∞∑
n=1

(it)n

n!
µn

)m
m

=
∞∑
n=1

(it)n

n!
κn. (3)

For the next statements we need to introduce Bell polynomials.

Definition 1. The partial or incomplete exponential Bell polynomials are a triangular array of
polynomials given by

Bn,k(x1, x2, . . . , xn−k+1) =

=
∑ n!

j1!j2! · · · jn−k+1!

(x1
1!

)j1 (x2
2!

)j2
· · ·
(

xn−k+1

(n− k + 1)!

)jn−k+1

,

where the sum is taken over all sequences j1, j2, j3, . . . , jn−k+1 of non-negative integers such that
these two conditions are satisfied:

j1 + j2 + · · · = k,

j1 + 2j2 + 3j3 + · · · = n.

Definition 2. The sum

Bn(x1, . . . , xn) =

n∑
k=1

Bn,k(x1, x2, . . . , xn−k+1)

is called the nth complete exponential Bell polynomial.

Now equating the coefficients of like powers of it in the both sides of (3) and considering
Definitions 1 and 2, the relation between moments and cumulants is derived:
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µn =
n∑
k=1

Bn,k(κ1, . . . , κn−k+1), (4)

κn =
n∑
k=1

(−1)k−1(k − 1)!Bn,k(µ1, . . . , µn−k+1), (5)

where Bn,k - incomplete exponential Bell polynomials.

Let now consider multi-dimensional case. Mixed cumulants of order j = (j1, ..., jk) for the vector
X = (X1, ..., Xk) are coefficients κX in the series:

lnφX(t1, ...tk) =
∑

j1+...jk≤n

ij1+...+jk

j1!...jk!
κj1,...,jkX tj11 ...t

jk
k + o(|t|n)

Note, if X and Y are independent random variables, then:

lnφX+Y = lnφX + lnφY

and hence:
κj1,...,jkX+Y = κj1,...,jkX + κj1,...,jkY

The following relations for mixed moments and mixed cumulants are true:

mj
X =

∑
λ(1)+...λ(q)=j

1

q!

j!

λ(1)!...λ(q)!

q∏
p=1

κ
(λ(p))
X (6)

κjX =
∑

λ(1)+...λ(q)=j

(−1)q−1

q!

j!

λ(1)!...λ(q)!

q∏
p=1

m
(λ(p))
X , (7)

where the sum is taken over all unordered sets of integer non-negative vectors λ(k).

2. Carleman theorem in terms of cumulants

Remind the formulation of Carleman Theorem, crucial result for moment problem solving.
Carleman Theorem All moments mk = E[Xk] of arbitrary random variable X with distribution
function F for integer positive k are known. For X depending on distribution function domain we
define following values:
Case of R

C =
∑∞

k=1

1

(m2k)1/2k

Case of R+

Ĉ =
∑∞

k=1

1

(mk)1/2k

In both cases divergence of the series is sufficient condition for moment problem of F to be uniquely
determined.
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Theorem 1 (Carleman condition in terms of cumulants). For moment problem determinacy it is
sufficient

+∞∑
n=0

( 2n∑
k=1

B2n,k(κ1, κ2, . . . , κ2n−k+1)
)− 1

2n
=∞

or
+∞∑
n=0

B2n(κ1, κ2, . . . , κ2n)
− 1

2n =∞

Let us provide an example that justifies the necessity to switch on cumulants instead of moments.

Example 1. Normal distribution with parameters µ and σ2. Generating function of cumulants is
K(t) = iµt − σ2t2

2 . In this particular case only two first factors in Maclaurian series of K(t) are
nonzero. K ′(t) = κ1 = µ, K ′′(t) = κ2 = σ2, κ3 = κ4 = · · · = 0. So,there is a need to calculate
only two terms B2,1 and B2,2 (they equal κ1 + κ2 and κ1 respectively), then substitute them in the
condition of Theorem 1, we get the sum that diverges

+∞∑
n=1

1

(2µ+ σ2)
1
2n

We can conclude that the moment problem is uniquely determined.

Remark 1. By virtue of Marcinkiewicz theorem [1] function expressed as expP (t), where P (T ) -
polynom, can be characteristic function only if the power of this polynom does not exceed 2.

Multidimensional variant of Carleman Theorem in terms of moments was presented in the paper
[2], and results on multidimensional distribution of M-determined random variables, which are used
as well, were derived by Petersen in [3]. Consider X = (X1, ..., Xk)− random vector. Instead of
moments m2n the following value is introduced

λ2n = µ2n,0,0...0 + µ0,2n,0...0 + ...+ µ0,0,0...2n,

where µj1,j2,...,jk− moments.
Rewrite the sufficient condition:

∞∑
n=1

λ
−1/2n
2n =∞

Taking into account mixed moments definition:

µ2n,0,0...0 = E[X2n
1 ·X0

2 · · ·X0
k ] = E[X2n

1 ] = m2n
X1

λ2n =
k∑
i=1

m2n
Xi
,

where m2n
Xi

is defined in relation (6). And the condition is:

∞∑
n=1

(
k∑
i=1

m2n
Xi

)−1/2n
=∞
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It means we reduced the problem to one-dimensional case, Xi− random variables. Use the real-
tion (6), that let us rewrite the latter equality in terms of cumulants :

∞∑
n=1

 k∑
i=1

∑
λ(1)+...λ(q)=2n

1

q!

2n!

λ(1)!...λ(q)!

q∏
p=1

κ
(λ(p))
Xi

−1/2n =∞

This expression might be simplified by turning back to Bell polynomials, but it does not reduce the
number of necessary calculations and estimations.

3. Conclusion

The paper contains mainly well-known results of moment problem theory but formulated in the
terms of cumulants, which were remarkably mentioned and used in [4]. In the class of particular
problems this approach significantly simplify the process of M-determinacy research and explicitly
applied in the practical problems such as presented in [5]. More comprehensive and detailed
results on variety of checkable conditions for M-determinacy problem and their relationships might
be found in the paper [6].
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A Simple Wiener-Hopf factorization method for pricing options with
barriers in Lévy-driven models

Oleg Kudryavtseva,∗
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Abstract

The paper suggests a new approach to pricing options with barriers under pure non-Gaussian Lévy
processes with jumps of finite variation. The key idea behind the method is to represent the process
under consideration in short time intervals as consequent upward and downward movements. We
use such a splitting rule to the Lévy process at exponentially distributed randomized time points.
Then we obtain the barrier option price by recurrent solving simple Wiener-Hopf equations.

Keywords: Wiener-Hopf factorization, Lévy processes, Numerical methods, Option pricing,
Barrier options

1. Barrier options and Lévy processes

1.1. Pricing barrier options

A standard option pricing problem in computational finance deals with the numerical methods
to compute an expectation of a specific type function G, which depends on a stochastic process
St modeling a stock price dynamics. If the payoff function G depends not only on the stock price
at the terminal date but also on its observed trajectory, we obtain the typical setting for pricing
path-dependent options in finance.

The most popular path-dependent options are barrier options, which include single and double
barrier options. Recall that a double barrier option is a contract which pays the specified amount
G(ST ) at the terminal date T , provided during its lifetime, the price of the stock does not cross
specified constant barriers D from above and U from below. When at least one of the barriers is
crossed, the option expires worthless, or the option owner is entitled to some rebate. If U = +∞, we
obtain a down-and-out single barrier option. In the case of D = −∞, we deal with an up-and-out
single barrier option.

In the current paper, we concentrate on a particular class of financial models known as one-
dimensional Lévy processes. For an introduction to Lévy models in application to finance, we refer
to [4].

From a probabilistic viewpoint, one can express barrier option prices in terms of conditional
expectation on a payoff function that depends on the underlying stochastic process and its extrema.
In analytical terms, the option pricing problem under consideration leads to complex partial inte-
grodifferential equations subject to appropriate boundary conditions.

∗Corresponding author
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By now, several large groups of relatively universal numerical methods exist for pricing bar-
rier options under Lévy processes: Monte Carlo simulations, backward induction methods and
numerical methods for solving integrodifferential equations. Notice that the known results on pric-
ing double barrier options are rather limited. The double-barrier problem is related to a matrix
Wiener-Hopf factorization (see details in [3]), which is not analytically available yet. To treat
the problem in general case numerically, one should apply the Laplace transform (or the time
discretization), then the Wiener-Hopf method, to solve two coupled integrodifferential equations
that require complicated approximate formulas for the Wiener-Hopf factors. The overview of the
existing numerical methods can be found in [2, 5, 6, 8, 10, 9, 11]. Therefore, pricing double barrier
options in exponential Lévy models remains a computational challenge.

The goal of the current paper is to suggest a new, easy, and effective method to price barrier
options under pure non-Gaussian Lévy processes. The main advantage of the method is applying
explicit Wiener-Hopf factorization formulas.

1.2. Lévy processes

A Lévy process is a stochastically continuous process with stationary independent increments
(for general definitions, see, e.g., [4]). A Lévy model may have a Gaussian component and pure
jump component. The latter is characterized by the density of jumps, which is called the Lévy
density. A Lévy process Xt can be completely specified by its characteristic exponent, ψ, definable
from the equality E[eiξX(t)] = e−tψ(ξ) (we confine ourselves to the one-dimensional case).

The Lévy-Khintchine formula gives the characteristic exponent of a pure non-Gaussian Lévy
process of finite variation:

ψ(ξ) = −iµξ +

∫ +∞

−∞
(1− eiξy)F (dy) (1)

where µ ∈ R is the drift, 1A is the indicator function of the set A, and the Lévy measure F (dy)
satisfies ∫

R\{0}
min{1, |y|}F (dy) < +∞, (2)

Assume that the riskless rate r is constant, and, under a risk-neutral measure chosen by the
market, the underlying evolves as St = S0e

Xt , where Xt is a Lévy process. Then we must have
E[eXt ] < +∞, and, therefore, ψ must admit the analytic continuation into the strip =ξ ∈ (−1, 0)
and continuous continuation into the closed strip =ξ ∈ [−1, 0].

Further, if d ≥ 0 is the constant dividend yield on the underlying asset, then the following
condition (the EMM-requirement) must hold: E[eXt ] = e(r−d)t. Equivalently,

r − d+ ψ(−i) = 0. (3)

2. The problem setup and general pricing formulas

2.1. The problem setup

Let T,K,D,U be the maturity, strike, the lower barrier, and the upper barrier, and the stock
price St = DeXt be an exponential Lévy process under a chosen risk-neutral measure (see (3))
which is pure non-Gaussian with jumps of finite variation (see (2)). Without loss of generality, we
confine ourselves to a double barrier put option. Set the riskless rate and the dividend rate equal
to r and d, respectively. We consider an approach to pricing continuously monitored double barrier
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put options without rebate under a Lévy process with the characteristic exponent (1) that satisfies
(2).

Let us introduce h = lnU/D. Then the payoff at maturity is 1(0,h)(XT )G(XT ), where G(x) =
(K − Dex)+, and the no-arbitrage price of the double barrier put option at the beginning of a
period under consideration (t = 0) and Xt = x with x ∈ (0, h) given by

V (T, x) = Ex
[
e−rT1XT>01XT<h

G(XT )
]
, (4)

where T is the final date, Xt = inf0≤s≤tXt and Xt = sup0≤s≤tXt are the infimum and the
supremum of the process Xt, respectively. The short-hand notation Ex[·] means that we take the
expectation conditioned on the event X0 = X0 = X0 = x.

2.2. General formulas

For computing the expectation (4), we introduce the following sequence of the functions. Let
q > 0. Set v0(q, x) = G(x)1(0,h)(x), and for n = 1, 2, . . . define

vn(q, x) = Ex
[
vn−1(q,XTq+r)

(1 + r/q)
1XTq+r

>01XTq+r
<h

]
, (5)

where the random time Tq+r ∼ Exp (q + r).
Let N be a sufficiently large natural number. Computing the sequence (5) recurrently, for q =

T/N , we obtain vN (N/T, x). Using Laplace transform techniques and Post-Widder approximate
formula we prove that for a fixed x, vN (N/T, x) converges to V (T, x) as N → +∞.

Thus, we need a method to compute efficiently the right hand side of (5).

3. Wiener-Hopf factorization and splitting method

3.1. Wiener-Hopf factorization method

The state-of-art implementation of the Wiener-Hopf method for pricing single barrier options
leads to the factorization of q/(q + ψ(ξ)), where ψ(ξ) is the characteristic exponent of the Lévy
process Xt. Let us introduce the following operators (see [1]):

Equ(x) = E[u(x+XTq)], (6)

E+q u(x) = E[u(x+XTq)], (7)

E−q u(x) = E[u(x+XTq)], (8)

where Tq ∼ Exp (q). In terms of the operators (6)-(8), the Wiener-Hopf factorization reads

Eq = E+q E−q = E−q E+q . (9)

Taking into account that XTq − XTq ∼ XTq and (6)-(8) one can calculate the sequence (5) with
q = N/T and h = +∞ as follows: for n = 1, . . . , N

vn(q, x) =
1

(1 + r/q)
E−q+r1(0,+∞)E+q+rvn−1(q, x). (10)

Unfortunately, in the case of double barrier options (with h < +∞), the formulas similar to (10)
are not available for general Lévy models. Instead one need to factorize the following matrix:(

exp(iξh) 0
(q + r + ψ(ξ))/(q + r) exp(−iξh),

)
see e.g. [3].
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3.2. Splitting procedure

The new approach to calculating (5) requires the following steps. First, we represent Xt as a
difference between two subordinators X+

t and −X−t :

Xt = X+
t − (−X−t ).

Recall, that a subordinator is a Lévy process with sample paths being almost surely non-
decreasing. According to [4, Proposition 3.10], a subordinator has no diffusion component, only
positive jumps of finite variation and non-negative drift.

X+
t and X−t are Lévy processes with the characteristic exponent ψ+(ξ) and ψ−(ξ), respectively.

Let X+,1
t and X+,2

t be Lévy processes with the same characteristic exponent ψ+(ξ), i.e. X+,1
t ∼

X+
t and X+,2

t ∼ X+
t . Due to the property of increments of a Lévy process to be stationary

independent, we conclude that Xt and X+,1
t/2 + X−t + X+,2

t/2 are identically distributed. It means
that for a fixed t > 0 the current position of Xt with starting point x has the same distribution as
the final position of the discrete-time process Ys with the following dynamics:

• Y0 = x;

• Yt/2 = X+,1
t/2 – an upward movement;

• Y3t/2 = Yt/2 +X−t – a downward movement;

• Y2t = Y3t/2 +X+,2
t/2 – an upward movement.

Let a natural number N be sufficiently large and q = N/T . Since the randomized time Tq+r
converges in mean square sense to 0 as N → +∞, we may approximate XTq+r in (5) with Y2Tq+r .
Notice that in this case, the following relations hold

Y2Tq+r = x+X+,1
Tq+r/2

+X−Tq+r
+X+,2

Tq+r/2
; (11)

1Y 2Tq+r
>0 = 1(0,+∞)(x)× (12)

1(0,+∞)(x+X+,1
Tq+r/2

+X−Tq+r
);

1Y 2Tq+r
<h = 1(−∞,h)(x)× 1(−∞,h)(x+X+,1

Tq+r/2
)× (13)

1(−∞,h)(x+X+,1
Tq+r/2

+X−Tq+r
+X+,2

Tq+r/2
).

Introduce the following operators:

E+u(x) = Ex[u(X
+
Tq+r/2)], (14)

E−u(x) = Ex[u(X−Tq+r
)]. (15)

Notice that Tq+r/2 is also an exponentially distributed random variable but with the intensity
parameter equal to 2(q + r). We show that X+

T2(q+r)
and −X−Tq+r

admit trivial factorizations.

Due to the relations (11), (12) and (13) we may approximate vn(q, x) in (5) as follows:

vn(q, x) ≈ 1

(1 + r/q)
Ex[vn−1(q, Y2Tq+r)1Y 2Tq+r

>01Y 2Tq+r
<h]

=
1(0,h)(x)

(1 + r/q)
E+1(0,h)E−1(0,h)E+vn−1(q, x). (16)

The operators E− and E+ can be efficiently implemented by using the Fast Fourier Transform
(FFT) for real-valued functions (see e.g. [10]).
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4. Conclusion

In the paper, we suggested a new approach for pricing exotic options with a payoff depending
on the infimum and/or supremum of Lévy processes at expiry. The method suggested makes it easy
to implement such a sophisticated tool as the Wiener-Hopf factorization for general Lévy models
with jumps of finite variation. In future research, we plan to extend our approach to general Lévy
models with jumps of infinite variation.
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Application of Multiple FourierLegendre Series to the Implementation of
Strong Exponential Milstein and WagnerPlaten Methods for

Non-Commutative Semilinear SPDEs with Nonlinear Multiplicative Trace
Class Noise

Dmitriy F. Kuznetsova,∗

aPeter the Great Saint-Petersburg Polytechnic University, Saint-Petersburg, Russian Federation

Abstract

This work is devoted to the mean-square approximation of iterated Itô stochastic integrals with
respect to the infinite-dimensional Q-Wiener process. These integrals are part of the high-order
strong numerical methods (with respect to the temporal discretization) for semilinear stochastic
partial differential equations with nonlinear multiplicative trace class noise, which are based on
the Taylor formula in Banach spaces and exponential formula for the mild solution of semilin-
ear stochastic partial differential equations. For the approximation of the mentioned stochastic
integrals we use the multiple FourierLegendre series converging in the sense of norm in Hilbert
space.

Keywords: Semilinear stochastic partial differential equation, Infinite-dimensional Q-Wiener
process, Nonlinear multiplicative trace class noise, Iterated Itô stochastic integral, Generalized
multiple Fourier series, Multiple FourierLegendre series, Exponential Milstein scheme,
Exponential WagnerPlaten scheme, Legendre polynomial, Mean-square approximation, Expansion

1. Introduction

This work continues the research [1], [2] on methods of the mean-square approximation of
iterated stochastic integrals (ISIs) with respect to the infinite-dimensional Q-Wiener process. It
is well known that effective approach to the construction of high-order strong numerical methods
(with respect to the temporal discretization) for semilinear stochastic partial differential equations
(SSPDEs) is based on the Taylor formula in Banach spaces and exponential formula for the mild
solution of SSPDEs [3], [4]. In [3], [4] the exponential Milstein and Wagner–Platen methods for
SSPDEs with nonlinear multiplicative trace class noise were constructed. Under the appropriate
conditions these methods have strong convergence orders 1.0 − ε and 1.5 − ε [3], [4] (here ε is
an arbitrary small posilive real number) and include Itô ISIs of multiplicities 1 to 3 with respect
to the infinite-dimensional Q-Wiener process. The numerical modeling of these ISIs is a difficult
problem if commutativity conditions for SSPDE are not fulfilled [3], [4]. In this paper, we extend
the method [5] and combine the obtained results with the results from [1], [2].

∗Corresponding author
Email address: sde_kuznetsov.inbox.ru (Dmitriy F. Kuznetsov)
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2. Approximation of ISIs From the Exponential Milstein and Wagner–Platen Schemes

Let U,H be separable R-Hilbert spaces, let (Ω,F, {Ft}t∈[0,S] ,P) be a filtered probability space,
let Wt be an U -valued Q-Wiener process with respect to {Ft}t∈[0,S] , which has a linear trace class
covariance operator Q : U → U . Let LHS(U0, H) be a space of Hilbert-Schmidt operators mapping
from U0 to H, where R-Hilbert space U0 is defined as follows U0 = Q1/2U .

Consider the parabolic SSPDE with nonlinear multiplicative trace class noise

dXt = (AXt + F (Xt)) dt+B(Xt)dWt, X0 = ξ, t ∈ [0, S], (1)

where nonlinear operators F, B (F : H → H, B : H → LHS(U0, H)), linear operator A : D(A) ⊂
H → H as well as the initial value ξ are assumed to satisfy the conditions of existence and
uniqueness of the mild solution of the SSPDE (1) [4] (Assumptions A1–A4).

This paper is devoted to the approximation of the most complex Itô ISIs from the Milstein and
Wagner–Platen schemes [3], [4] for the non-commutative SSPDE (1), which have the form

I
(1)
T,t =

∫ T

t
B′(Z)

(∫ t2

t
B(Z)dWt1

)
dWt2 ,

I
(2)
T,t =

∫ T

t
B′(Z)

(∫ t3

t
B′(Z)

(∫ t2

t
B(Z)dWt1

)
dWt2

)
dWt3 ,

I
(3)
T,t =

∫ T

t
B′′(Z)

(∫ t2

t
B(Z)dWt1 ,

∫ t2

t
B(Z)dWt1

)
dWt2 ,

where 0 ≤ t < T ≤ S, Z : Ω → H is an Ft/B(H)-measurable mapping, and B′, B′′ are Frêchet
derivatives.

Let I
(l)M,ql
T,t (l = 1, 2, 3) be approximations of the integrals I

(l)
T,t (l = 1, 2, 3) [1], [2], [6]

I
(1)M,q1
T,t =

∑
i1,i2∈JM

B′(Z) (B(Z)ei1) ei2
√
λi1λi2I

(i1i2)q1
(11)T,t ,

I
(2)M,q2
T,t =

∑
i1,i2,i3∈JM

B′(Z)
(
B′(Z) (B(Z)ei1) ei2

)
ei3
√
λi1λi2λi3I

(i1i2i3)q2
(111)T,t ,

I
(3)M,q3
T,t =

∑
i1,i2,i3∈JM

B′′(Z) (B(Z)ei1 , B(Z)ei2) ei3
√
λi1λi2λi3

(
I
(i1i2i3)q3
(111)T,t + I

(i2i1i3)q3
(111)T,t + 1{i1=i2}I

(0i3)1
(01)T,t

)
,

where

I
(0i3)1
(01)T,t =

1

2
(T − t)3/2

(
ζ
(i3)
0 +

1√
3
ζ
(i3)
1

)
,

I
(i1i2)q1
(11)T,t =

1

2
(T − t)

(
ζ
(i1)
0 ζ

(i2)
0 +

q1∑
i=1

1√
4i2 − 1

(
ζ
(i1)
i−1ζ

(i2)
i − ζ(i1)i ζ

(i2)
i−1

)
− 1{i1=i2}

)
,

I
(i1i2i3)q2
(111)T,t =

q2∑
j1,j2,j3=0

Cj3j2j1

(
ζ
(i1)
j1

ζ
(i2)
j2

ζ
(i3)
j3
− 1{i1=i2}1{j1=j2}ζ

(i3)
j3
−

−1{i2=i3}1{j2=j3}ζ
(i1)
j1
− 1{i1=i3}1{j1=j3}ζ

(i2)
j2

)
, (2)
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Cj3j2j1 = (T − t)3/2Gj3j2j1 , Gj3j2j1 =
1

8

√
(2j1 + 1)(2j2 + 1)(2j3 + 1)Lj3j2j1 ,

Lj3j2j1 =

∫ 1

−1
Pj3(z)

∫ z

−1
Pj2(y)

∫ y

−1
Pj1(x)dxdydz,

I
(0i3)1
(01)T,t, I

(i1i2)q1
(11)T,t , and I

(i1i2i3)q2
(111)T,t are approximations of Itô ISIs

I
(0i3)
(01)T,t =

∫ T

t

∫ s

t
dτdw(i3)

s , I
(i1i2)
(11)T,t =

∫ T

t

∫ s

t
dw(i1)

τ dw(i2)
s , I

(i1i2i3)
(111)T,t =

∫ T

t
I
(i1i2)
(11)s,tdw

(i3)
s ,

1A is the indicator of the set A, w
(i)
s (i ∈ JM ) are independent standard Wiener processes, JM =

{i : i = (l1, . . . , ld) and l1, . . . , ld ∈ {1, . . . ,M}, λi > 0}, J+∞
def
= J, d ∈ N, λi and ei (i ∈ J)

are eigenvalues and eigenfunctions of Q (which form an orthonormal basis of U) correspondingly,

ζ
(i)
j =

∫ T
t φj(s)w

(i)
s (j = 0, 1, . . .) are i.i.d. N(0, 1)-r.v.’s, φj(s) and Pj(s) (j = 0, 1, . . .) are complete

orthonormal systems of Legendre polynomials in L2([t, T ]) and L2([−1, 1]) correspondingly.

Let L
(k)
HS(U0, H) (k ≥ 2) be the space of k-linear Hilbert–Schmidt operators from U0 × . . .×U0

(k times) to H. Let ‖·‖
L
(k)
HS(U0,H)

be operator norm in this space.

Theorem 1. [2], [6] Suppose that B(v) ∈ LHS(U0, H) and

B′(v)(B(v)) ∈ L(2)
HS(U0, H), B′(v)(B′(v)(B(v))), B′′(v)(B(v), B(v)) ∈ L(3)

HS(U0, H)

for all v ∈ H. Furthermore, let∥∥B(Z)Q−α
∥∥
LHS(U0,H)

+
∥∥B′(Z)(B(Z))Q−α

∥∥
L
(2)
HS(U0,H)

+
∥∥B′(Z)(B′(Z)(B(Z)))Q−α

∥∥
L
(3)
HS(U0,H)

+

+
∥∥B′′(Z)(B(Z), B(Z))Q−α

∥∥
L
(3)
HS(U0,H)

<∞

with probability 1 for some α > 0 (we suppose that Frêchet derivatives B′, B′′ exist). Then

M
∥∥∥I(1)T,t − I

(1)M,p
T,t

∥∥∥2
H
≤ (T − t)2

(
C1 (TrQ)2

(
1

2
−

p∑
j=1

1

4j2 − 1

)
+KQ

(
sup

i∈J\JM
λi

)2α)
,

M
∥∥∥I(2)T,t − I

(2)M,q
T,t

∥∥∥2
H

+ M
∥∥∥I(3)T,t − I

(3)M,q
T,t

∥∥∥2
H
≤

≤ (T − t)3
(
C2 (TrQ)3

(
1

6
−

q∑
j1,j2,j3=0

(Gj3j2j1)2
)

+ LQ

(
sup

i∈J\JM
λi

)2α)
,

where q ∈ N, M,C1, C2,KQ, LQ <∞, TrQ =
∑
i∈J

λi <∞.

Note that q � p if T − t� 1. The proof of Theorem 1 is based on Theorems 2, 3 (see below).
Consider the following Itô ISIs

J [ψ(k)]
(i1...ik)
T,t =

∫ T

t
ψk(tk) . . .

∫ t2

t
ψ1(t1)dw

(i1)
t1

. . . dw
(ik)
tk

,
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where 0 ≤ t < T ≤ S, ψl(τ) (l = 1, . . . , k) are nonrandom functions on [t, T ], w
(i)
τ (i = 1, . . . ,m)

are independent standard Wiener processes, w
(0)
τ = τ, i1, . . . , ik = 0, 1, . . . ,m.

Let ∑
({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})
{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

be the sum with respect to all possible permutations of the set

({{g1, g2}, . . . , {g2r−1, g2r}}, {q1, . . . , qk−2r}),

where {g1, g2, . . . , g2r−1, g2r, q1, . . . , qk−2r} = {1, 2, . . . , k}, braces mean an unordered set, and
parentheses mean an ordered set.

Theorem 2. [6] (also see [1], [2]). Suppose that ψl(τ) (l = 1, . . . , k) are continuous nonrandom
functions on [t, T ] and {φj(x)}∞j=0 is a complete orthonormal system of continuous functions in

L2([t, T ]). Then J [ψ(k)]
(i1...ik)
T,t = l.i.m.

p1,...,pk→∞
J [ψ(k)]

(i1...ik)p1,...,pk
T,t and

M
(
J [ψ(k)]

(i1...ik)
T,t − J [ψ(k)]

(i1...ik)p1,...,pk
T,t

)2
≤ k!

Ik − p1∑
j1=0

. . .

pk∑
jk=0

C2
jk...j1

 , (3)

where

J [ψ(k)]
(i1...ik)p1,...,pk
T,t =

p1∑
j1=0

. . .

pk∑
jk=0

Cjk...j1

(
k∏
l=1

ζ
(il)
jl

+

[k/2]∑
r=1

(−1)r×

×
∑

({{g1,g2},...,{g2r−1,g2r}},{q1,...,qk−2r})
{g1,g2,...,g2r−1,g2r,q1,...,qk−2r}={1,2,...,k}

r∏
s=1

1{ig2s−1
= ig2s 6=0}1{jg2s−1

= jg2s }

k−2r∏
l=1

ζ
(iql )

jql

)
, (4)

l.i.m. is a limit in the mean-square sense, i1, . . . , ik = 0, 1, . . . ,m, ζ
(i)
j =

∫ T
t φj(s)dw

(i)
s are i.i.d.

N(0, 1)-r.v.’s for various i or j (ifi 6= 0), in (3): T − t ∈ (0,+∞) for i1, . . . , ik = 1, . . . ,m and
T − t ∈ (0, 1) for i1, . . . , ik = 0, 1, . . . ,m, Cjk...j1 is the Fourier coefficient

Cjk...j1 =

∫
[t,T ]k

K(t1, . . . , tk)

k∏
l=1

φjl(tl)dt1 . . . dtk,

Ik =

∫
[t,T ]k

K2(t1, . . . , tk)dt1 . . . dtk,

K(t1, . . . , tk) = ψ1(t1) . . . ψk(tk)1{t1<...<tk} for k ≥ 2 and K(t1) ≡ ψ1(t1), here and in (4): 1A is
the indicator of the set A, [x] is an integer part of x ∈ R.

Note that from (4) if k = 3, ψ1(τ), . . . , ψ3(τ) ≡ 1, p1 = . . . = p3 = q2 we obtain (2).
Consider the Itô ISIs with respect to the Q-Wiener process in the form

I[Φ(k), ψ(k)]T,t =

∫ T

t
Φk(Z)

(
. . .

(∫ t2

t
Φ1(Z)ψ1(t1)dWt1

)
. . .

)
ψk(tk)dWtk , (5)
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where Z : Ω→ H is an Ft/B(H)-measurable mapping, ψl(τ) (l = 1, . . . , k) are the same functions

as in Theorem 2, and Φk(v)(. . . (Φ1(v)) . . .) ∈ L(k)
HS(U0, H) for all v ∈ H.

Let I[Φ(k), ψ(k)]MT,t be an approximation of ISI (5)

I[Φ(k), ψ(k)]MT,t =
∑

i1,...,ik∈JM

Φk(Z) (. . . (Φ1(Z)ei1) . . .) eik

k∏
l=1

√
λilJ [ψ(k)]

(i1...ik)
T,t , (6)

and let I[Φ(k), ψ(k)]M,p1...,pk
T,t be an approximation of ISI (6)

I[Φ(k), ψ(k)]M,p1...pk
T,t =

∑
i1,...,ik∈JM

Φk(Z) (. . . (Φ1(Z)ei1) . . .) eik

k∏
l=1

√
λilJ [ψ(k)]

(i1...ik)p1,...,pk
T,t , (7)

where 0 ≤ t < T ≤ S, i1, . . . , ik ∈ JM , M <∞.

Theorem 3. [1], [2], [6]. Let the conditions of Theorem 2 be fulfilled. Moreover, let Q : U → U
is a linear, nonnegative and symmetric trace class operator (λi and ei (i ∈ J) are its eigenvalues
and eigenfunctions correspondingly), Wτ , τ ∈ [0, S] is an U -valued Q-Wiener process, Z : Ω →
H is an Ft/B(H)-measurable mapping, Φk(v)(. . . (Φ1(v)) . . .) ∈ L

(k)
HS(U0, H) for all v ∈ H, i.e.

‖Φk(Z) (. . . (Φ1(Z)ei1) . . .) eik‖
2
H ≤ Lk < ∞ with probability 1 for all i1, . . . , ik ∈ JM , M ∈ N.

Then

M
∥∥∥I[Φ(k), ψ(k)]MT,t − I[Φ(k), ψ(k)]M,p1...pk

T,t

∥∥∥2
H
≤ Lk(k!)2 (Tr Q)k

Ik − p1∑
j1=0

. . .

pk∑
jk=0

C2
jk...j1

 , (8)

where M <∞, TrQ =
∑
i∈J

λi <∞.

It should be noted that the right-hand side of the inequality (8) is independent of M and tends
to zero if p1, . . . , pk →∞ due to the Parseval’s equality.
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Resonances in Large Systems with Random External Force
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Abstract

Main goal of our presentation is a review of (earlier and new) results and problems concerning non-
equilibrium statistical physics of large systems of particles (vertices of large metric graph) with
arbitrary quadratic interaction and (deterministic and random) external influence. In particular,
we consider conditions for resonance, time evolution of the distribution of potential and kinetic
energies along the graph, and other problems.

Keywords: Piecewise deterministic Markov processes, Non-equlibrium statistical physics,
Stochastic resonance, Many particle systems

1. Models

We observe many qualitative phenomena in physics and biology and it is natural to look for
mathematical micro models with similar qualitative behavior. For example, biological organisms
can exist only in very narrow temperature range. Moreover, the temperature of all parts of the
organism should be in this range. Between these parts there are many interactions which still are
not yet understood on the level of mathematical non-equilibrium statistical physics models. That
is why it is important to find some many component models with external random forces and the
following properties: 1) it should demonstrate various qualitative phenomena, like smooth (small
fluctuations) temperature distribution along the components of large system, 2) some external
forces can produce resonance, that can “kill” many component system, 3) most interesting is
that some random forces also can help to avoid such resonance, 4) this model should not be too
complicated, that is should allow to obtain various rigorous mathematical results.

First of all, we assume that internal forces are purely deterministic and only external can be
random. We consider the following general linear systems of N0 point particles in Rd with N = dN0

coordinates qj ∈ R, j = 1, .., N . We denote:

vj =
dqj
dt
, pj = mjvj , j = 1, .., N,

q = (q1, ..., qN )T , p = (p1, ..., pN )T , ψ(t) = (q1, ..., qN , p1, ..., pN )T ,
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where mj is the mass of the particle which has qj as one of its coordinates. Potential (interaction)
and kinetic energies are defined as follows:

U(ψ(t)) =
1

2

∑
1≤j,l≤N

Vj,lqjql =
1

2
(q, V q), T (ψ(t)) =

N∑
j=1

p2j
2

=
1

2
(p, p),

The time evolution is described by the general linear system

q̈j = −
∑
k

Vjkqk + fj(t, pj), j = 1, .., N, (1)

or, in vector notation,

F = (0, ..., 0, f1(t, p1), ..., fN (t, pN ))T

as
q̇j = pj ,

ṗj = −
∑
k

Vj,kqk + fj(t, pj),

or
ψ̇ = Aψ + F, (2)

where

A =

(
0 E
−V 0

)
Here V is positive-definite matrix which defines the interaction between objects (particles), fj are
external forces acting on the coordinate j.

Two examples:
1. The simplest example (called harmonic oscillator) is N = 1 with the equation

q̈ = −ω2
0q + f(t, v),

where f(t, v) is the sum of two terms: driving force g1(t) and dissipative force g2(t, v) = −α(t)v +
β(t), where α(t) ≥ 0, β(t) can be random stationary processes.

2. Imagine that N coordinates qi of particles are vertices of some metric graph without multiple
edges l = (i, j). The edges of such graphs are all l = (i, j) such that Vij 6= 0. Assume also that for
each edge l some non-zero number al (its length) is given. We define potential:

U =
∑

l=(i,j)

(qi − qj − al)2,

which provides interaction force on the coordinate j:

Qj = −∂U
∂qj

.

Particular case (very popular in the literature) is the linear graph with edges (1, 2), (2, 3), ...,
(N − 1, N).
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Most interesting case for us is when all fk = 0 except one, for example, for k = N . For example,
convergence to Gibbs equilibrium due to white noise force [12] or due to random collisions of particle
N with external particles [9], convergence to Liouville measure due to energy conserving collisions
[11]. But convergence to equilibrium is not yet a really non-equilibrium phenomena. For example,
in biology such Gibbs equilibrium is death.

Simplest (but not “simple”) non-equilibrium models are linear models where each particle
does not walk randomly in space but is situated in its own potential well, however it can have
complicated dynamics inside its well. Moreover, the well itself moves in space. For such model it is
necessary that particles could not collide. Example is [10], where using such model, we proved the
convergence (under some scaling) the macro Euler equations for Chaplygin gas, very popular now
among physicists in (besides the gas itself) such fields as string theory, ball lightning, dark energy.

Adding nonlinear perturbations is more difficult problem and could demand cluster expansion
techniques. But, seemingly, it will not add much in qualitative features of dynamics because any
non-degenerate potential well is approximately quadratic.

The main question is to find parameters (V, F ) such that qk(t) and vk(t) are bounded uniformly
in t. Resonance is the contrary case - when as T →∞ for all or at least for some k:

max
0≤t≤T

|vk(t)| → ∞, max
0≤t≤T

|qk(t)| → ∞.

This can occur for many reasons:
1. External force is somehow synchronized with oscillations of the system itself. For the

harmonic oscillator this is the case when ω = ω0. Otherwise, there will be boundedness but the
bound is proportional to |ω − ω0|−1. If the dissipation force −αv with constant α > 0 is added,
resonance does not occur. For general α(t) we give examples when resonance does not occur.
We give also examples of other forces f(t, v), see also [1], where there are examples when the
deterministic dissipation force can be approximated by special random forces.

2. This could give impression that forces like

f(t) =

∫
a(ω) sinωtdω,

where the support of the function a(ω) contains ω0, also provide resonance. But this is not always
true. For example, if a(ω) is smooth and has finite support there will not be resonance. If f(t)
is random it should be in some sense symmetric with respect to ω0. But now there is no general
exact formulation.

3. For general case of N particles, if the external force sinωt acts on one specified particle, the
result is similar: for boundedness ω should not belong to the spectrum of the matrix V . And in
the boundedness case, the bound is also inverse proportional to its distance from the spectrum.
Such results were obtained in [7] for the case of linear graph with periodic boundary conditions.

4. Resonance for one particle shows complete periodic transfer of kinetic (heat) energy to
potential energy, and backwards. For large number of particles the situation is more complicated.
The central question is to understand how both energies are distributed over parts of the system.
In particular, the group of Petersburg physicists, see [7, 8], considered several linear models, similar
to (1) for linear graph. They considered similar force, as in (1), acting on one particle (they call
this “force loading”), and also the case called “kinematic loading” where one particle, say with
number 1, has fixed dynamics q1(t) = C sinωt, which disturbes the whole chain.
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5. Moreover, for the boundedness not only external forces but also the initial conditions (de-
terministic or random) qk(0), vk(0), k = 1, ..., N are very important. However, here there are many
asymptotics relative to large t and large N . In this case, without external forces, even if the initial
conditions are uniformly bounded, it does not guaranty the boundedness at all. If the initial con-
ditions are uniformly bounded but sufficiently random, then qk(t), vk(t) essentially grow with time.
That is, boundedness occurs relatively rare. But, for example, if the profile of initial conditions is
sufficiently smooth in some exactly defined sense, there are many examples of boundedness in the
series of papers [2, 3, 4, 5].

2. Conclusion

Main goal of our mathematical project is to find models of non-equilibrium mathematical
physics which could model various qualitative phenomena in physical and biological media.
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Abstract

The paper contains several results of the popular model in the population dynamics: continuous-
time branching random walk on the multidimensional lattice with two types of particles. Main
results are dedicated to the moments and their limits of subpopulations generated by a single
particle of each type. Moreover, there is considered the model which can illustrate the situation
connected with the epidemic spread. In this model we call the first type of particles infected
and the second type of particles immunity-generated. At the initial moment there is one infected
particle which can infect others. Here, main results are moments and their limits of local number
of particles of each type on the side on the lattice. Besides, there was considered the effect of
intermittency of infected particles.

Keywords: Branching Random Walks, Multi-type Processes, Multidimensional Lattices,
Intermittency

1. Introduction

Branching random walk is one of widely used tools to describe the processes associated with
birth, death and migration of particles [7]. Such processes occur in population dynamics and have
numerous applications in biology and demography [2].

The multi-type processes, seemingly for the first time, were considered by Sevastyanov in [3]. He
considered both discrete and continuous time branching processes with a finite number of types and
studied the limit distribution of the particles under different conditions. Nowadays, this problem
is also widely studied, for example, see [5], [6].

The aim of our research is to consider such multi-type processes on the multidimensional lattice
Zd, d ∈ N, so that particles can also jump between the sites on Zd. Such processes, seemingly, are
considered for the first time.

We study two-type processes on Zd, d ∈ N. We will mainly consider the distribution of subpop-
ulations generated by a single particle of each type. Here, we assume that each particle can produce
not only particles of the same type but also particles of another type. Particles can wander on
Zd and walking of each type is described by their own generators. One of the assumptions of this
model is that particles cannot change their types, so that in addition to this model, we consider
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another model where we throw away this assumption and assume that particles of the first type
can change occasionally their type to the second one. We also assume that particles of the first
type can produce only the particles of the same type or die or wander on the lattice. At the same
time, particles of the second type can either wander or die during the small time period. Such
processes can be applyed to epidemic models where, for example, the first type of particles can be
called infected and the second type can describe particles with the developed immunity.

2. Description of the Model

The subject of the study is the particle field N(t, y) = [N1(t, y), N2(t, y)]T , where Ni(t, y) is the
number of particles of type i = 1, 2 at the time moment t > 0 at the site y ∈ Zd. We assume that
Ni(0, y) = li for i = 1, 2 and all y ∈ Zd.

Each particle of type i, where i = 1, 2 spends at the point y ∈ Zd some random time up to the
first transformation. After that there are several opportunities.

1. Firstly, a particle of type i can die. We denote the corresponding mortality intensity as
µi > 0. Then during the small time period the particle can die with the probability µidt.

2. Secondly, each particle of type i can produce new particles of both types. Denote by βi(k, l) >
0, k + l > 2, the intensity of a particle of type i to produce k particles of type i = 1 and l
particles of type i = 2. Then we define the corresponding generating function of branching
(without particle death) for i = 1, 2:

Fi(z1, z2) =
∑
k+l>2

zk1z
l
2βi(k, l). (1)

3. Thirdly, particles can jump between the points on the lattice. We assume that the probability
of jump from a point y to a point y+v during the small time period dt is equal to κiai(y, y+
v)dt, i = 1, 2. Here κi > 0 is the diffusion coefficient. Assume that ai(x, y) = ai(y, x), so the
random walk is symmetric. Moreover, random walk will be assumed to be homogeneous in
space: ai(y, y+v) = ai(v) and irreducible, so that span{v : ai(v) > 0} = Zd. Also ai(0) = −1,∑

v ai(v) = 0. The generator of the corresponding random walk has the form

Liψ(x) = κi
∑
v

(ψ(x+ v)− ψ(x))ai(v). (2)

4. Finally, nothing happens and a particle continues to stay at the point y ∈ Zd

Introduce the subpopulations which can be represented as the following column-vectors:

ni(t, x, y) = [ni1(t, x, y), ni2(t, x, y)]T (3)

Here ni(t, x, y) is the vector of particles at the time moment t at the point y, generated by
a single particle of type i which at the initial moment was at the site x ∈ Zd. Its components
nij(t, x, y) are the numbers of particles at the time moment t at the point y of type j, generated
by a single particle of type i at x at the moment t = 0. The initial condition is

nij(0, x, y) = δi(j)δx(y), (4)

where δu(v) is the Kronecker function on Zd.
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Introduce the generating function. Given z = (z1, z2)

Φi(t, x, y; z) = Ez
ni1(t,x,y)
1 z

ni2(t,x,y)
2 . (5)

This generating function specifies the evolution of a single particle of type i = 1, 2. Thus, we
obtain

Lemma 1. The generating functions Φi(t, x, y; z), i = 1, 2, specified by (5) satisfy the differential
equation

∂Φi(t, x, y; z)

∂t
= LiΦi(t, x, y; z) + µi(1− Φi(t, x, y; z)) + Fi(Φ1(t, x, y; z),Φ2(t, x, y; z))

−
∑
k+l>2

βi(k, l)Φi(t, x, y; z);

Φi(0, x, y; z) =

{
1, x 6= y;

zi, x = y.

The proof of Lemma 1 can be obtained with the usage of backward Kolmogorov equation
method.

Remark 1. Assume that

βi(k, l) 6
ck+l0

k!l!
, k + l > 2, (6)

for some c0 > 0, then the Carleman condition is hold (see [8]), which guarantees that for each
i = 1, 2 the function Fi(z1, z2) from (1) is an analytic function in |zi − 1| < δ0 for some δ0 > 0
(see [4]).

3. Results

The aim of our research is to study the moments of the random variables nij(t, x, y), i, j = 1, 2.

Define m
(1)
ij (t, x, y) = Enij(t, x, y). Then from Lemma 1 we get

Lemma 2. Let (6) be true. Then, for each i, j = 1, 2, the functions m
(1)
ij (t, x, y) satisfy the

differential equation

∂m
(1)
ij (t, x, y)

∂t
= Lim(1)

ij (t, x, y)− µim(1)
ij (t, x, y)−

∑
k+l>2

βi(k, l)m
(1)
ij (t, x, y)

+
∑
k+l>2

βi(k, l)(km
(1)
1j (t, x, y) + lm

(1)
2j (t, x, y)); (7)

mij(0, x, y) = δi(j)δx(y). (8)

In case when both types of particles have equal generators Li (see (2)) and the underlying
random walk has finite variance of jumps, so that for i = 1, 2∑

v 6=0

ai(v)|v|2 <∞, (9)

where | · | is the vector norm, there were obtained asymptotic behaviours of each m
(1)
ij (t, x, y) as

t→∞.
There were also obtained differential equations for the second momentsm

(2)
ij (t, x, y) := En2ij(t, x, y)

and found their solutions in terms of Fourier transform.
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4. Model with Possible Transitions between Particles Types

One of the assumptions of our model was the fact that particles cannot change their types
during the time. Here, we consider an example where particles of the first type can become the
particles of the second type. This model can describe the distribution of some virus. We shall call
the particles of the first type as infected particles and the particles of the second type as particles
with immunity-generated. Let r be the intensity to build up the immunity for infected particle
during the small time period. It means that the particle change the type with the probability
rdt during the small time dt. The initial condition of the problem is Ni(0, x) = δ1(j)δ0(x). Let
us denote bn, n > 2 as the intensity to infect n − 1 new particles (in designations of Section 2
we say that bn = β1(n, 0),). Here we assume that at each point on the lattice there are enough
healthy particles which can become infected. Also we consider the case when β2(k, l) ≡ 0 for all
k, l : k + l > 2. We are interested in studying moments of Ni(t, y), i = 1, 2.

For this model there were obtained differential equations for Ri(t, x) := ENi(t, x), where i = 1, 2.
Let β =

∑∞
n=2(n− 1)bn. Then

∂R1(t, x)

∂t
= (β − µ1 − r)R1(t, x) + L1R1(t, x);

R1(0, x) = δ0(x);
∂R2(t, x)

∂t
= L2R2(t, x)− µ2R2(t, x) + rR1(t, x);

R2(0, x) = 0.

Here, there were also found asymptotic behaviours for the first moments Ri(t, x) in case of
finite variance of jumps (see (9)). Moreover, there were obtained the differential equations for the
second correlation functions Rij(t, x, y) = ENi(t, x)Nj(t, y) and found their asymptotic behaviours
in case of finite variance of jumps (see (9)). Besides, we studied the effect of intermittency (see [1])
for infected particles in case when transition intensities satisfy the following condition∑

v∈Zd

e(λ,v)a1(v) <∞ for all λ ∈ Rd. (10)

5. Conclusion

The paper contains a description of model with two types of particles where each type can
produce offsprings of both types, die and wander on Zd with continuous time. In this model there
were obtained differential equations for the first two moments of all subpopulations generated by
a single particle of each type. Also there were found their asymptotic behaviours in particular
cases. Moreover, we consider the model where particles of the first type can change their type to
the second one. Here, we got the asymptotic behaviours for the first two moments and studied
the effect of intermittency under various conditions. All results obtained in paper are new and,
seemingly, such models are considered for the first time.
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Abstract

Technology development of teletraffic and Queuing systems, has led to the development of the
relevant mathematical theory. Also, technology of distributed computing In this paper, we aim to
use the methods of this scientific field from a new angle, for modeling and predicting the operation
of distributed computing systems. For a target system we choose our own distributed computing
system. By correlating entities from the domain of distributed computing with the terminology
of queue theory, we obtain a full ready method for calculating important numerical characteristics
of distributed system. By considering the problem of using specific input data, we achieve a high
relevance of the resulting model.

Keywords: Queueing theory, Distributed computing, Stochastic process, Program design

1. Introduction

Queueing theory is the part of the probability theory, the mathematical study of queues −
waiting lines of various origin. It has a large application in such areas as telecommunication,
traffic engineering, computing and particularly in industrial engineering. It can be used wherever
a system of mass service, a queueing system occurs. In modern world it has the huge importance,
and as such − huge scientific basis[4].

By constructing a queueing model queue lengths and waiting time can be predicted. This can
give an important information for making design or managing decisions.

This article specifically delves into distributed computing technologies. Work on distributed
computing, as a similar technology to parallel computing, started in the 1960s, and since then it
only grew and expanded. This technology is currently used in many volunteer and commercial
projects [1].

For example, BOINC - The Berkeley Open Infrastructure for Network Computing, is a an open-
source middleware system for volunteer and grid computing [2]. As of the current day, BOINC
has an average daily performance of approximately forty thousand petaflops, from eight hundred
thousand of user’s computers. Since it’s foundation in 2002 it was awarded by National Science
Foundation three times, and was ranked as the largest computing grid in the world by Guinness
World Records.

Email addresses: anton.mamonov.golohvastogo@mail.ru (Mamonov Anton Alekseevich),
salpagarov-si@rudn.ru (Salpagarov Soltan Ismailovich)
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As we currently working on improving our own distributed computing system [3], we turned to
queueing theory. PDCS 1 - Peer-to-peer Distributed Computing System, is a currently developing
software for P2P calculation, and as such it’s operation highly depends on behavior of the users
and flow of their requests. By presenting our system as a special case of a queuing system, we hope
to use it’s mathematics and prediction mechanics in our system’s modeling.

Figure 1: Conceptual Model of PDCS

2. Theoretical basis

For efficient designing of an distributed computing system, the issue of load balancing needs to
be addressed. Thankfully, models from the queueing theory [5] quite suitable for this.

Consider the work of the office with v employees, each of whom uses a personal computer
for periodic calculations. In the terminology of the queuing theory, each employee is a stream of
requests and personal computers are the service devices. With the flow rate of requests λ, the
processing speed µ, and with the maximum number of requests in the queue of the device r, it is
possible to compose an Erlang model and calculate the time characteristics [4].

However, for the standard situation, when each employee uses only his personal computer, not
one common, but a set of v separate systems is formed. In a situation when the flow rate of requests
is small and the processing time is large, for the first there is an imbalance between the individual
devices - while half of them are free, the other half are in the queue and vice versa.

But if you use middleware for communication between devices, it is possible to combine the
threads into a single thread with flow rate λ and the total queue capacity R = r ∗ v.
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Even with the additional time spent on transferring information between devices, the benefit
of using a distributed system is obvious. The shorter total time spent in the queue reflects a more
efficient use of the available computing resource. Thus queueing theory justifies the distribution of
computation.

In order to further increase the efficiency of calculations, it is necessary to take into account
the heterogeneous nature of devices and requests in a real situation. Employee requests can vary
in complexity, just as the computers can vary in power.

To take this into account, one can turn to multiservice models. Assuming the presence of K
types of services, it is necessary to convert the scalar quantities λ and µ into vectors of dimension K
and compose a vector of comparative complexity b. The traditional model of a multiservice system
involves assigning a standard unit to the least complex request, and displaying the complexity of
the rest through comparison with the standard unit. After that, in the mathematical model, the
processing of an request of the i-type requires the work of the bi number of devices.

With the addition of a difference in the power of computers in this model, a vector q of dimension
v was formed - the number of requests of minimal complexity performed by one of v devices per
unit time.

3. Efficiency evaluation

As was mentioned, the vital parametric for distribution computing system, as well as for any
other queueing system, is time for request processing, spent on waiting in queue and actual cal-
culation both. Fortunately, queueing theory has a comprehensive set of models and corresponding
formulas to calculate the required data. But in order to use these models correctly, we need to
fulfil those models with valid input parameter values.

Gaining actual value for λ and µ can be done by means of probability theory. These parameters
are purely stochastic, and differs from one system to another. But focusing on one particular case,
simple monitoring can give a satisfying selection for estimating concrete values of the request’s flow
rate and processing speed.

Either way, while important for resulting estimations, these parameters have a small influence
over work process inside distributed computing system. However frequent requests are made,
system can only work so fast to complete as many as it can. In contrast, vector of comparative
complexity b, greatly affects work process, or more precisely, distribution process. If one type of
task is more complex than another, the system must know exactly how ”more” complex it is in
order to properly allocate system resources. Else it will result in idle time on some nodes and
overload on others, to the point with no benefits by using distribution altogether.

To gather this data, we firstly need to determine what kind of services our system will provide.
In the classic telecommunication situation, it would be different traffic formats, such us text, audio
and video transferring. Thus, it would be easy to scale them, depending on the amount of data
transferring per second. For distributed computing system it will be different, due to heterogeneous
nature of calculating. We would need to set a extremely large number of formulas as separated
services, or find a way to generalize them down to a few universal one.

The most natural way to do so came from distributed architecture of our system. In order
to distribute the calculations most effectively, we developed a method way to estimate complex-
ity of each request, by the operational analysis. The meaning of this method is to obtain the
number of uses for each elementary operation, such as addition, subtraction, multiplication, e.t.c..
Addition and subtraction, actually the same thing for a computer to calculate, will be the least
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complex request in queueing model, and so more complex operation − multiplication, division and
exponentiation, will be estimate through comparison.

Since the system is intended to be used in various fields of scientific research, calculations can
use a huge range of input data. Elementary operations, though generally follow the same order in
complexity escalation, have different ratios with different requests. For example, in the classical
geometry numbers usually only squared or cubed, which is equivalent to one or two multiplication
respectively. But in probability theory exponentiation can reach three-digit numbers. And while
proportion between multiplication and exponentiation is a clear one, same can’t be said about
division and finding n’th root.

Therefore, to compose reliable queueing models, for each calculations field we will need to find
it’s own vector b − vector of comparative complexity. To do so, we only need to calculate the
approximate time for all those basic operations, with input data specific to that field. Based on
these data, the model will be able to most effectively predict system workload and provide much
needed estimation accordingly.

4. Conclusion

During this research, we find a new way to use models from queueing theory to design and
estimate distributed computing systems. With knowledge gained, we builded a model for our own
system.

Figure 2: Resulting model for distributed computing system

On 2 we visualised resulting mathematical model. It’s based on Erlang multiservice model[4],
with following markings. Double M represents that we consider input and output flow of requests
as a Markov chains, with rates of requests and processing being λ and µ respectively. These rates
are vectors of dimension K, with K being numbers of elementary operations, processed by the
system. Vector B of comparative complexity represent ratio between those operations. P(r+ v) is
the probability that the maximum number of requests is reached already, thus it is the probability
of request denial. Finally, v and r is number of computers in system and queue’s volume.
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By using this model, or similar one for others distributed computing systems, it is easy to
predict system behavior. After quick gathering of input data, from usage statistic, math methods
of queueing system can be applied, for calculating average time in waiting, amount of denied
request, e.t.c..

In further research, we are planning to use this model for more effective distribution of calcu-
lation in our system.
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Abstract

The sums and maxima of non-stationary random length sequences of regularly varying random
variables may have the same tail and extremal indices, Markovich and Rodionov (2020). The main
constraint is that there exists a unique series in a scheme of series with the minimum tail index.
The result is now revised allowing a random bounded number of series to have the minimum tail
index. This new result is applied to random networks.

Keywords: Random length sequence, Tail index, Extremal index, Random network

1. Introduction

Random length sequences and distribution tails of their sums and maxima attract the interest of
many researchers due to numerous applications including queues, branching processes and random
networks [1], [2], [3], [4], [5], [6], [7], [8].
Let {Yn,i : n, i ≥ 1} be a doubly-indexed array of nonnegative random variables (r.v.s) in which the
”row index” n corresponds to time, and the ”column index” i enumerates the series. On the same
probability space, the existence of a sequence of non-negative integer-valued r.v.s {Nn : n ≥ 1} is
assumed. Let {Yn,i : n ≥ 1} be a strict-sense stationary sequence with extremal index θi having a
regularly varying tail

P{Yn,i > x} = ℓi(x)x
−ki (1)

with tail index ki > 0 and a slowly varying function ℓi(x). There are no assumptions on the
dependence structure in i. In [5], the weighted sums and maxima

Y ∗
n (z,Nn) = max(z1Yn,1, ..., zNn

Yn,Nn
), Yn(z,Nn) = z1Yn,1 + ...+ zNn

Yn,Nn

for positive constants z1, z2, ... were considered. A similar result was obtained in [9] for random
sequences of a fixed length l ≥ 1 and when {Yn,i : n ≥ 1} has a power-type tail, i.e. P (Yn,i > x) ∼
c(i)x−ki as x → ∞, where c(i) is a real-valued positive constant.

Definition 1. A stationary sequence {Yn}n≥1 with distribution function F (x) and Mn =
∨n

j=1 Yj =
maxj Yj is said to have extremal index θ ∈ [0, 1] if for each 0 < τ < ∞ there is a sequence of real
numbers un = un(τ) such that

lim
n→∞

n(1− F (un)) = τ and

∗Corresponding author
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lim
n→∞

P{Mn ≤ un} = e−τθ (2)

hold ([10], p.63).

I.i.d. r.v.s {Yn} give θ = 1. The converse may be incorrect. An extremal index that is close to
zero implies a kind of a strong local dependence.
Let us recall Theorem 4 derived in [5]. It is assumed that the ”column” sequences {Yn,i : i ≥ 1}
have stationary distributions (1) in n with positive tail indices {k1, k2, ...} and extremal indices
{θ1, θ2, ...} for each fixed i, where {ℓi(x)} are restricted by the condition: for all A > 1, δ > 0 there
exists x0(A, δ) such that for all i ≥ 1

ℓi(x) ≤ Axδ, x > x0(A, δ) (3)

holds. Nn has a regularly varying distribution with tail index α > 0, that is

P (Nn > x) = x−αℓ̃n(x). (4)

There is a minimum tail index k1 and k := limn→∞ inf2≤i≤ln ki,

ln = [nχ], (5)

and χ satisfies

0 < χ < χ0, χ0 =
k − k1

k1(k + 1)
. (6)

An arbitrary dependence structure between {Yn,i} and {Nn} is allowed. The tail of Nn does not

dominate the tail of the most heavy-tailed term Yn,1. Let un = yn1/k1ℓ♯1(n), y > 0, where ℓ♯1(n)
is the de Brujin conjugate of ℓ(x) = (ℓ1(x))

−1/k1 , and the positive weights {zi} are assumed to be
bounded as in [5].

Theorem 1. [5] Let the sets of slowly varying functions {ℓ̃n(x)}n≥1 in (4) and {ℓi(x)}i≥1 in (1)
satisfy the condition (3). Suppose that k1 < k and

P{Nn > ln} = o (P{Yn,1 > un}) , n → ∞ (7)

hold, where the sequence ln satisfies (5) and (6). Then the sequences Y ∗
n (z,Nn) and Yn(z,Nn) have

the same tail index k1 and the same extremal index θ1.

Theorem 1 is based on Theorem 2 we recall further. Let us denote Y ∗
n (z) = Y ∗

n (z, ln) and
Yn(z) = Yn(z, ln).

Theorem 2. [5] Let k1 < k, (3), (5) and (6) hold. Then the sequences Y ∗
n (z) and Yn(z) have the

same tail index k1 and the same extremal index θ1.

Our objectives are twofold. At first, we revise Theorem 1 for the case when a random number
of ”column” series may have the minimum tail index. At second, we modify Theorem 1 with regard
to random networks. Each node pair in a random network is connected with some probability [11].
Let Gn = (Vn, En) be a directed graph with a set of vertices Vn = {1, ..., n}, and a set of directed
edges En. Google’s PageRank vector R = (R1, ..., Rn) is the unique solution to the following system
of linear equations:

Ri = c
∑

j:(j,i)∈En

Rj

Dj
+ (1− c)qi, i = 1, ..., n, (8)

108 The 5th international conference on stochastic methods (ICSM-5)



where the summation is taken over a number of pages j that link to page i (in-degree), Dj is the
number of outgoing links of page j (out-degree), c ∈ (0, 1) is a damping factor, q = (q1, q2, ..., qn)
is a personalization probability vector or user’s preferences such that qi ≥ 0 and

∑n
i=1 qi = 1, and

n is the total number of pages. The World Wide Web (Web) is a very large interconnected graph
where nodes correspond to pages. The PageRank was designed to rank pages on the Web in such
a way that a page is important if many important pages have a hyperlink to it [12].
A stochastic approach to analyze (8) is the following. The PageRank of a randomly chosen Web
page (i.e. a vertex on a Web graph) considered as a root node of a Galton-Watson tree with random
in- and out-degrees may be modeled as a r.v. R which is the solution of the fixed-point problem
(cf. [6], [13], [14], [15])

R =D
N
∑

j=1

AjRj +Q (9)

assuming that {Rj} are independent identically distributed (i.i.d.) copies of R and E(Q) < 1
holds. (Q,N, {Aj}) is a real-valued vector. N denotes the in-degree. Q is a personalization value
of the vertex [13]. =D means equality in distribution. Under the assumptions (we shall call it
Assumptions A) that {Rj} are i.i.d. and independent of (Q,N, {Aj}) with {Aj} independent of
(N,Q), and that N and Q are allowed to be dependent, it is stated in [13], [15] that the stationary
distribution of R in (9) is regularly varying and its tail index is determined by the most heavy-tailed
distributed term in the regularly varying distributed pair (N,Q).
This result was generalized by [1], and the unique solution of (9) is proved to be intermediate
regularly varying1, if Q or N has an intermediate regularly varying distribution, or (Q,N) has a
two-dimensional regularly varying distribution. The multivariate version of (9)

R(i) =D
K
∑

k=1

N(k)(i)
∑

m=1

Rm(k) +Q(i),

where Rm(k) =D R(k) holds, is considered with similar assumptions and regularly varying state-
ments by thinking that N (k)(i) is a number of type-k children of a type-i ancestor and considering
a multi-type Galton-Watson tree.
A Max-Linear Model [16] is obtained by substitution sums in (8) by maxima, i.e.

R(i) =
∨

j→i

AjR(j) ∨Qi, i = 1, ..., n. (10)

Under Assumptions A the power law tail P{|R| > x} ∼ Hx−α,2 α > 0, H > 0 as x → ∞ of the so
called ’minimal/endogeneous’ solution of the equation

R =D





N
∨

j=1

AjRj



 ∨Q, (11)

1The class of intermediate regularly varying distributions such that limα↑1 lim sup
x→∞ F (αx)/F (x) = 1 includes

regularly varying distributions.
2The symbol ∼ means asymptotically equal to or f(x) ∼ g(x) ⇔ f(x)/g(x) → 1 as x → a, x ∈ M where the

functions f(x) and g(x) are defined on some set M and a is a limit point of M .
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is derived in [17]. We propose to apply Theorem 1 to the right-hand sides of (9) and (11) under
weaker assumptions than the Assumptions A. Namely, the conditions that PageRanks {Rj} of the
first generation are i.i.d. and the mutual independence of {Rj} and N are omitted. By a modified
Theorem 1 (Theorem 5) we obtain that the most heavy-tailed terms {Rj} determine the heaviness
of the tail and the extremal index of both the sum and maximum.
The paper is organized as follows. The revision of Theorems 1 and 2 by Theorems 3 and 4 is given
in Section 2. The modification of Theorem 4 by Theorem 5 to find the extremal and tail indices
of PageRank and the Max-Linear Model as influence measures of nodes in random direct graphs
is presented in Section 3. Conclusions and a discussion are presented in Section 4. The proofs are
given in Section 5.

2. Revision of Theorem 1

We revise Theorem 1 by Theorem 4 allowing a random bounded number d ≥ 1 of series to have
a minimum tail index. To this end, we extend Theorem 2 by Theorem 3. We assume in Theorems
3 and 4 that ki = k1, i ∈ {1, ..., d}, 1 ≤ d ≤ ln − 1, k1 < k, where

k := lim
n→∞

inf
d+1≤i≤ln

ki, (12)

and that (5), (6) hold.
We introduce the following independence condition:
(A1) The stationary sequences {Yn,i}n≥1, i ∈ {1, ..., d} are mutually independent, and independent
of the sequences {Yn,i}n≥1, i ∈ {d+ 1, ..., ln}.

Denote M
(i)
n = max{Y1,i, Y2,i, ..., Yn,i}, i ∈ {1, .., ln}.

Theorem 3. Let (3) hold for all d+ 1 ≤ i ≤ ln. Then the sequences Y ∗
n (z, ln) and Yn(z, ln) have

the same tail index k1.

1. If, in addition, (A1) holds, then Y ∗
n (z, ln) and Yn(z, ln) have the same extremal index

θ(z) =

d
∑

j=1

θjz
k1
j /

d
∑

j=1

zk1j . (13)

2. If, instead, (A1) does not hold and d = 1, then their extremal index is equal to θ1, but it may
not exist, if d > 1. Assuming for d > 1 that all elements in pairs of the ”column” sequences
{Yn,i}n≥1, i ∈ {1, ..., d} have the same mutual dependence, and

d−1
∑

j=1

P{zjM
(j)
n > un, zj+1M

(j+1)
n ≤ un, ..., zdM

(d)
n ≤ un} = o(P{zdM

(d)
n ≤ un}) (14)

holds as n → ∞, Y ∗
n (z, ln) and Yn(z, ln) have the extremal index θd.

Remark 1. Since an enumeration of the first d ”column” sequences is not significant, one can
rewrite the condition (14) with regard to the ith column and obtain the same statement for any θi,
i ∈ [1, d].

Corollary 1. Let Yn,i = Yn,1, n ≥ 1, i ∈ {1, ..., d}. Then Y ∗
n (z, ln) and Yn(z, ln) have the same

tail index k1 and the same extremal index θ1.
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Remark 2. If there are in total d+1 stationary mutually independent ”column” sequences having
the same tail index k1 and extremal indices θ1, ..., θd+1, then Y ∗

n (z, ln) and Yn(z, ln) have the tail
index k1 and the extremal index that is a superposition of θ1, ..., θd+1 as derived in [9], see Theorem
2 in [5].

Example 1. In case of an arbitrary dependence among elements of the d ”columns” series with
the minimum tail index, the extremal index of maxima Y ∗

n (z, ln) and sums Yn(z, ln) may not exist.
Suppose elements of odd ”row” sequences coincide and elements of the even rows are i.i.d.. Then
sums and maxima over rows are differently distributed and the sequences Y ∗

n (z, ln) and Yn(z, ln)
are nonstationary.

Example 2. The assumption (14) is valid for the following d ”column” sequences. Let elements of
each ”column” sequence be sums of corresponding elements of all previous ”columns”, i.e. Yn,i =
∑i−1

j=1 Yn,j and z1 ≤ z2 ≤ ... ≤ zd. Each of d ”column” sequences has the tail index k1 that follows

from the first statement of Theorem 3. Since M
(1)
n = M

(2)
n < M

(3)
n < ... < M

(d)
n holds, then

∑d−1
j=1 P{zjM

(j)
n > un, zj+1M

(j+1)
n ≤ un, ..., zdM

(d)
n ≤ un} = 0 holds.

Now we reformulate Theorem 1.

Theorem 4. Let the sets of slowly varying functions {ℓ̃n(x)}n≥1 in (4) and {ℓi(x)}d+1≤i≤ln in (1)
satisfy the condition (3). Assume that d is a bounded discrete r.v. such that d < dn = min(C, ln),
C > 1 holds, and d and {Yn,i} are mutually independent. Let (7) hold. Then Y ∗

n (z,Nn) and
Yn(z,Nn) have the same tail index k1, but their extremal indices do not exist.

Corollary 2. The results of Theorems 3 and 4 remain true if the tail indices {kn,i} of elements
in the ”columns” {Yn,i : n ≥ 1} are different, apart of those columns with the minimum tail index.
The elements of the columns with non-minimum tail indices may be partly light-tailed distributed.

The corollary follows from the proof of Theorem 3 and Lemma 1 in [5].

3. Application to Random Networks

Each node in a random network may be considered as a root of some directed graph of its
followers (i.e. nodes with incoming links to the root node) which may contain cycles. Thus, gen-
erations of followers may be overlapping. The rth generation implies the set of nodes in the tree
at distance r from the root node [12]. There may exist links between nodes within generations.
Influence characteristics of nodes such as PageRanks or the Max-Linear Models calculated by these
generations may be dependent.
Generations may be non-stationary distributed since their nodes may belong to communities with
different distributions and the graph is not necessarily fully connected, Fig.1. A community struc-
ture is ’the organization of vertices in clusters, with many edges joining vertices of the same cluster
and comparatively few edges joining vertices of different clusters’ [18]. There are methods to ex-
tract the community structure of large networks, see, for instance, [19], [20].
Theorem 4 is further reformulated in the context of PageRank and the Max-Linear Model. Denote
an in-degree of the node i as Ni. Ni determines the random size of the generation of a one-link
neighborhood from the node i. Let us denote AjR(j) = cR(j)/Dj , j ∈ {1, ..., Ni} in (8) and (10)
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Figure 1: The (disconnected) graph with nodes from different communities (a dashed arrow may be absent). Nodes
from dominating communities with the most heavy-tailed distributed influence indices having the minimum tail index
k1 are marked by filled circles, and nodes from other communities by open circles and filled rings.

as zjYi,j with zj = c. Then one can rewrite the right-hand sides of (9) and (11) in notations of
Theorems 1 and 4 as

Yi(c,Ni) = c

Ni
∑

j=1

Yi,j +Qi, Y ∗
i (c,Ni) = c

Ni
∨

j=1

Yi,j ∨Qi, i ∈ {1, ..., n}, (15)

where {Yi,j} are not i.i.d. r.v.s. {Yi,j} and Qi as well as {Yi,j} and Ni are not necessarily mutually
independent. Ni satisfies (7). In the context of PageRank Qi = (1− c)qi holds.
Let us consider the matrix (16) of the array {Yn,i : n, i ≥ 1} corresponding to (15), and the tail
and extremal indices of its columns are shown in matrix (17):









cY1,1 cY1,2 cY1,N1 ... 0 0 Q1

cY2,1 0 cY2,3 ... cYn,N2 0 Q2

... ... ... ... ... ...
0 cYn,2 cYn,3 ... 0 cYn,Nn

Qn









, (16)

(

k1 k2 k3 ... ... kNn
β

θ1 θ2 θ3 ... ... θNn
1

)

. (17)

The sequence {Nn} is equal to the number of non-zero elements in the rows and it is not necessarily
increasing. Row elements in (16) (excluding {Qi}) correspond to the first generations of followers
of nodes that can be arbitrary enumerated as 1, 2, ..., n. The column i contains a community and
has the extremal index θi. Zeroes in the rows imply that the first generations do not contain
followers from the corresponding communities. ”Column” series may be mutually dependent and
have tails (1) with tail indices {ki}. The latter columns may (partly) coincide. In random networks
the column dependence reflects the fact that communities may be overlapping.
The last column in (16) contains i.i.d. r.v.s of user preferences {Qi}. Theorem 4 is valid if {Qi} are
heavy- or light-tailed distributed. In- and out-degrees of nodes are available statistics in practice,
but the user preference has to be simulated [13]. The preference is often expected to be uniformly
distributed, i.e. an arbitrary page can be selected by a user uniformly among the nodes of the
network. In [13] Pareto distributed {Qi} were studied by real data. The tail of {Ni} is assumed
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here to be lighter than the regularly varying tails of {Yi,j} and {Qi}. We assume that there exist
columns with a minimum tail index k1, k1 < k.
Let the graph be partitioned into communities of nodes whose PageRanks are stationary regularly
varying distributed with tail indices {k1, k2, ...} and extremal indices {θ1, θ2, ...}. We assume that
at least one neighbor of a root-node i belongs to one of the d most heavy-tailed (dominating)
communities (i.e. there exists a type-k1 child of the ancestor i). The number of such neighbors is
random and they may belong to different dominating communities. It means that all row sequences
{Yn,i : n ≥ 1} in (16) must have at least one element with the smallest tail index.

Theorem 5. PageRanks and the Max-Linear Models of n root-nodes have the same minimum tail
index as one of the d most heavy-tailed distributed communities within a random graph associated
with the roots as n → ∞. Their extremal index is equal to the extremal index of the most heavy-
tailed distributed community if the latter is unique, and it is calculated by (13) using extremal indices
of the d most heavy-tailed communities if the latter are mutually independent and independent of
the rest of communities, or it may not exist if the latter independence condition is not valid.

Theorem 5 determines the extremal index of the node in the directed graph (except for the
graph leaves).

Remark 3. There are three important practical assumptions in Theorem 5.
(1) By Corollary 2 the node influence indices within non-dominating communities are allowed to be
non-stationary distributed. This property allows us to use non-stationary distributed communities
if they are not tail dominant.
(2) All elements of the dominating communities have to be regularly varying distributed. To our best
knowledge, PageRanks are proved to be power law distributed for branching trees in [13], the directed
configuration model in [21] and directed generalized random graphs in [14] under Assumptions A.
The existence of an asymptotic PageRank distribution for directed graphs is proved assuming a local
weak convergence of a sequence of directed graphs to a limiting graph [22]. The conditions under
which the PageRank of the root in the limiting graph shows a power-law tail was not found in [22].
(3) The dependence between communities impacts the extremal index of PageRanks and the Max-
Linear Models of the root-nodes.

Our approach can be used to simulate an enlargement of graphs with given values of the tail
and extremal indices of the nodes. To this end, one can simulate communities of nodes with
given tail and extremal indices connected to a sequence of root-nodes which do not belong to the
communities. If there is a unique community with the minimum tail index among them, then the
sequence of the root nodes inherits its tail and extremal indices. Selecting d mutually independent
communities with a minimum tail index k1 and extremal indices θ1, ..., θd, PageRank and the Max-
Linear Model sequences of the associated root nodes will have the same tail index k1 and the
extremal index θ(z) calculated by (13) using θ1, ..., θd and taking weights zj = c, j ∈ {1, ..., d}.
Adding the sequence of roots as a new community does not change the dependence structure and
the heaviness of tail of PageRank and the Max-Linear Model of the next sequence of roots, namely,
it will be (k1, θ(z)).
Since the reciprocal of the extremal index approximates the mean cluster size [10], the extremal
index can also be used as the node influence. Namely, a node with the extremal index close to zero
may be considered as an influential one since there are generations (the clusters) of followers in its
coupled graph with a large number of nodes whose influence measures exceed a sufficiently high
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threshold u. One can consider the generations as random length blocks that can be overlapping.
Theorem 5 is valid both for directed and undirected graphs. The calculation of PageRank by
undirected graphs is considered in [23], for instance.

4. Conclusions and discussion

This paper makes a fundamental step forward by extending the analysis of PageRank and the
Max-Linear Model to its extremes and to graphs that are not necessarily trees. Our approach to
find the asymptotic distributions and local cluster properties of PageRank and the Max-Linear
Model is based on results derived for the sums and maxima of non-stationary random lengths
sequences in [5]. The main constraint of these results is that a unique series with the minimum tail
index in a scheme of series with regularly varying tails is assumed. This assumption may not be
realistic in practice since a node in a random network may have a random number of followers (not
necessarily a unique follower) belonging to the most heavy-tailed communities. Another important
assumption is that the mutually dependent series are allowed to be regularly varying. Regarding
PageRank and the Max-Linear Model the regularly varying assumption of the latter characteristics
is crucial, since the power-law tails are proved to our best knowledge only for mutually independent
series.
Our results are twofold. At first, we extend Theorems 3 and 4 in [5] by Theorems 3 and 4. Secondly,
we interpret these results to PageRank and the Max-Linear Model. Theorem 5 is the analogue of
Theorem 4 for random networks.
To our best knowledge, the extremal index of PageRank and the Max-Linear Model is considered
at first time. The extremal index may serve as a new influence measure of nodes.

5. Proofs

5.1. Proof of Theorem 3

The proof is similar to that of Theorem 3 [5]. We just indicate the modifications. The nu-
meration of Theorem 3 [5] is preserved throughout the proof. Let us take the same sequence of

thresholds un = yn1/k1ℓ♯1(n), y > 0 as in [5].

Tail index. At first, we show that the tail index of Yn(z) and Y ∗
n (z) is the same. The right-hand

side of (12) in [5] can be rewritten as

P{Yn(z) > un} ≤ P{

d
∑

i=1

ziYn,i > un(1− ε)} +

ln
∑

i=d+1

P{ziYn,i > unεi}, (18)

where
∑ln

i=1 εi = 1 holds and {εi} is a sequence of positive elements. Let us denote ε =
∑ln

i=d+1 εi.
One may take εi, i ∈ {d+1, ..., ln}, in such a way to satisfy εi → 0 and ε → 0 as n → ∞. Moreover,
choosing {εi = 1/lη+1

n }, η > 0 as in Lemma 1 in [5] one can derive (13) in [5] substituting 2 by
d+ 1, namely, the following

ln
∑

i=d+1

P{ziYn,i > unεi} = o(1/n) (19)
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as n → ∞. To prove the latter, we need to assume (3) for d + 1 ≤ i ≤ ln. For simplicity, let us
consider the case d = 2. Then by (7) in [5]

P{z1Yn,1 > un} = (z1/y)
k1n−1(1 + o(1)), n → ∞ (20)

and (13) in [5] we obtain

P{z1Yn,1 + z2Yn,2 > un(1− ε)}

≤ P{z1Yn,1 > un(1− ε)ε∗1}+ P{z2Yn,2 > un(1− ε)ε∗2}

=
n−1

(y(1− ε))k1

[

(

z1
ε∗1

)k1

+

(

z2
ε∗2

)k1
]

(1 + o(1)),

where ε∗1 + ε∗2 = 1 holds. Let us denote

(z∗)k1 =

(

z1
ε∗1

)k1

+

(

z2
ε∗2

)k1

.

By (14) in [5] it follows

P{Yn(z) > un} ≤

(

z∗

y(1− ε)

)k1

n−1(1 + o(1)) + o(1/n). (21)

From another side, we have

P{Yn(z) > un} ≥ P{z1Yn,1 > un} =

(

z1
y

)k1

n−1(1 + o(1)) (22)

and the left-hand side of (9) in [5] does not change. The heaviness of tail of both Yn(z) and Y ∗
n (z)

coincides. The proof is the same for d > 2.

Extremal index for d independent ”column” sequences. We assume the condition (A1).
Denoting

M∗
n(z) = max{Y ∗

1 (z), ..., Y
∗
n (z)} = max{z1M

(1)
n , ..., zlnM

(ln)
n }, n ≥ 1,

where Y ∗
n (z) = Y ∗

n (z, ln) as in (18) [5], we have due to independence

P{M∗
n(z) ≤ un} =

d
∏

j=1

P{zjM
(j)
n ≤ un}P{zd+1M

(d+1)
n ≤ un, ..., zlnM

(ln)
n ≤ un}.

Since the extremal index of the sequence {Yn,j}n≥1, 1 ≤ j ≤ d is assumed to be equal to θj , by (2)
and (20) we get

lim
n→∞

d
∏

j=1

P{zjM
(j)
n ≤ un} = exp(−

d
∑

j=1

θj(zj/y)
k1).
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By (19) and (21) in [5] and by (2), we obtain

P{zd+1M
(d+1)
n ≤ un, ..., zlnM

(ln)
n ≤ un} = P{zd+1M

(d+1)
n ≤ un}(1 + o(1)) → 1,

since

nP{zd+1Yn,d+1 > un} ∼ n · n−kd+1/k1ℓ(n) → 0

as n → ∞ due to kd+1 > k1. We obtain

lim
n→∞

nP{Y ∗
n (z) > un} =

d
∑

j=1

(

zj
y

)k1

(23)

since it holds

P{Y ∗
n (z) > un} = P{max(z1Yn,1, ..., zdYn,d, zd+1Yn,d+1, ..., zlnYn,ln) > un}

∼

d
∑

i=1

P{ziYn,i > un}+ P{max(z1Yn,1, ..., zdYn,d) ≤ un}P{max(zd+1Yn,d+1, ..., zlnYn,ln) > un}

=

d
∑

j=1

(

zj
y

)k1

· n−1(1 + o(1)) + o(1/n)

due to (9), (12), (13) and Lemma 1 all in [5]. Then from

P{M∗
n(z) ≤ un} = exp(−

d
∑

j=1

θj(zj/y)
k1)(1 + o(1)) (24)

we obtain that the extremal index of Y ∗
n (z) is equal to (13). In the same way as in the proof of

Theorem 3 in [5] one can show that Yn(z) has the same extremal index.

Extremal index for d arbitrary dependent ”column” sequences. We show that the extremal
indices of the sequences Y ∗

n (z) and Yn(z) may not exist if the condition (A1) is not valid. If d = 1,
i.e. there is a unique ”column” series with the minimum tail index, we are in the conditions of
Theorem 2. Let us consider the case d > 1.
Note, that Y ∗

n (z) and Yn(z) may be non-stationary distributed if the pair-wise dependence between
elements of ”column” sequences is different as in Example 1. Assume further that Y ∗

n (z) and Yn(z)
are stationary distributed. Let us rewrite (19) in [5] as

P{M1,d ≤ un} −

ln
∑

i=d+1

P{ziM
(i)
n > un}

≤ P{z1M
(1)
n ≤ un, ..., zlnM

(ln)
n ≤ un} = P{M∗

n(z) ≤ un}

≤ P{M1,d ≤ un} ≤ P{zdM
(d)
n ≤ un}, (25)

where M1,d = max{z1M
(1)
n , z2M

(2)
n , ..., zdM

(d)
n }. By (21) in [5] and assuming (3), we have

ln
∑

i=d+1

P{ziM
(i)
n > un} = o(1), n → ∞. (26)
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We get

P{M1,d ≤ un} = 1− P{M1,d > un}

= 1− P{zdM
(d)
n > un} −

d−1
∑

j=1

P{zjM
(j)
n > un, zj+1M

(j+1)
n ≤ un, ..., zdM

(d)
n ≤ un}.

Assuming that (14) holds, the expression

P{M∗
n(z) ≤ un} = P{zdM

(d)
n ≤ un}(1 + o(1)) = exp(−θd(zd/y)

k1)(1 + o(1))

that is required to obtain the extremal index θd for Y ∗
n (z) follows, otherwise not. The same holds

for Yn(z) since

P{M∗
n(z) ≤ un} = P{Mn(z) ≤ un}(1 + o(1)) (27)

can be derived similarly to (23) in [5] due to the common tail index of Y ∗
n (z) and Yn(z).

5.2. Proof of Corollary 1

The existence of a common tail index k1 for Y ∗
n (z, ln) and Yn(z, ln) can be shown the same way

as in the proof of Theorem 3. Since Y ∗
n (z, d) =

∨d
i=1 ziYn,1 = z∗∗Yn,1 and Yn(z, d) =

∑d
i=1 ziYn,1 =

z∗Yn,1 hold and by (18), (19), (20) we get

P{Yn(z, ln) > un} = (z∗/y)k1 n−1(1 + o(1)),

as n → ∞. The same is valid for Y ∗
n (z, ln) since z∗∗ < z∗. Due to M1,d = M

(1)
n z∗∗ and by (25),

(26) we obtain

P{M∗
n(z) ≤ un} = P{M (1)

n z∗∗ ≤ un}(1 + o(1)) = exp(−θ1(z
∗∗z1/y)

k1)(1 + o(1))

due to (20). The same is valid for Mn(z) as in Theorem 3 in [5]. Thus, the statement follows.

5.3. Proof of Theorem 4

Denote Sn,d =
∑d

i=1 ziYn,i and Sn,ln−d =
∑ln

i=d+1 ziYn,i. Since d is bounded by dn = min(C, ln)
we get

P{Yn(z) > un} = P{Sn,d + Sn,ln−d > un}

= P{Sn,d + Sn,ln−d > un, 1 ≤ d ≤ ⌊dn − 1⌋}+ P{Sn,d + Sn,ln−d > un, d > dn − 1}

=

⌊dn−1⌋
∑

m=1

P{Sn,m + Sn,ln−m > un}P{d = m}+ o(1), n → ∞.

In the same way it follows

P{Yn(z) > un} ≥ P{Sn,d > un, 1 ≤ d ≤ ⌊dn − 1⌋} =

⌊dn−1⌋
∑

m=1

P{Sn,m > un}P{d = m}.

Similarly, one can obtain the lower bound of P{Y ∗
n (z) > un} replacing sums by maxima. Applying

the same steps of the proof to P{Sn,m + Sn,ln−m > un} and P{Sn,m > un} as in Theorem 3 we
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obtain that the sequences Y ∗
n (z, ln) and Yn(z, ln) have the same tail index k1.

We investigate the extremal indices of Y ∗
n (z, ln) and Yn(z, ln) in case of the independence condition

(A1). If dn = C holds, then by (23) and (24) it follows

P{M∗
n(z) ≤ un} =

⌊C−1⌋
∑

m=1

exp



−

m
∑

j=1

θj(zj/y)
k1



P{d = m}(1 + o(1)) = A(y),

lim
n→∞

nP{Y ∗
n (z) > un} =

⌊C−1⌋
∑

m=1

m
∑

j=1

(zj/y)
k1P{d = m} = τ(y).

The expression

θ(z) = − ln (A(y)) /τ(y)

cannot be considered as an extremal index of Y ∗
n (z) due to the presence of the arbitrary constant

y > 0 which is included in un. The same result is valid for Yn(z) due to (27). The same proof
follows for dn = ln < C because of the majorant converging series.
If (A1) does not hold, then the extremal indices of Y ∗

n (z) and Yn(z) do not exist by similar reasons.
In case that (27) is fulfilled, one can indicate only bounds for P{Yn > un} and P{Y ∗

n > un} by
(21) and (22).

5.4. Proof of Theorem 5

The statement is based on the proof of Theorems 3 and 4. According to (15) sums {Yi(c,Ni)}
and maxima {Y ∗

i (c,Ni)}, i ∈ {1, ..., n} determine PageRanks and the Max-Linear Models of n
nodes in the graph, where Yi(c,Ni) and Y ∗

i (c,Ni) are built by PageRanks of neighbors of node i
considered as the root of the coupled tree. These neighbors belong to some communities. In the
same way as in the proof of Theorem 4, one can get that Yn(c,Nn) and Y ∗

n (c,Nn) have the minimum
tail index as the most heavy-tailed distributed communities, let’s say k1, as n → ∞. Following the
proof of Theorem 4 in [5] and considering the maxima of sequences {Yi(c,Ni)} and {Y ∗

i (c,Ni)},
i ∈ {1, ..., n} one can confirm that these maxima have the same asymptotic distribution as n → ∞
and thus, PageRanks and the Max-Linear Models of n root-nodes have the extremal index θ1 of
the most heavy-tailed distributed community in case the latter is unique. If the number of the
most heavy-tailed distributed communities related to n root-nodes is fixed and the PageRanks of
the neighbors from these communities are mutually independent, then according to Theorem 3 the
extremal index of the PageRanks and the Max-Linear Models of the roots is calculated by (13).
Otherwise, the extremal index of the characteristics of the roots may not exist.
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Cramér-von Mises test for parametric families of distributions

Gennady Martynov

Institute for Information Transmission Problems of the Russian Academy of Sciences , Bolshoy Karetny per. 19,
build.1, Moscow 127051 Russia

Abstract

There are conidered the testing hypotheses problem about the belonging of the distribution of
the observed random variable to a given parametric family of distributions. The limiting distribu-
tions of such tests as the Cramér-von Mises and Kolmogorov-Smirnov tests generally depend on
both the estimated parameter of the family and the choice of the family itself. Two such families
are considered here, the gamma and hyper normal distributions. The transformation of the em-
pirical distribution, proposed by Khmaladze, is known, which makes it possible to get rid of this
dependence. Here, a procedure is proposed when the estimate of these parameters is taken as un-
known parameters of the distribution of the sample under the hypothesis, and then the percentage
points are found from ready-made tables or by additional modeling. Both methods have their own
advantages and disadvantages.

Keywords: Mathematical statistics, Goodness-of-fit tests, Cramér-von Mises type tests,
Khmaladze transformation, Gamma distribution, Hyper normal distribution

1. Introduction. The Cramér-von Mises test for complex hypotheses

1.1. The Cramér-von Mises test with estimated parameters

Let Xn = {X1, X2, ..., Xn} be a sample from the random values with the distribution function
F (x), x ∈ R1. We will test the hypothesis

H0 : F (x) ∈ G = {G(x, θ), θ = (θ1, θ2, ...θk)
> ∈ Θ ⊂ Rk},

where θ is a vector of parameters. We will consider the Cramér-von Mises statistic

ω2
n = ω2

n(θ̂n) = n

∫ ∞
−∞

(Fn(x)−G(x, θ̂n))2 dG(x, θ̂n),

where θ̂n is the maximum likelihood estimator of θ, Fn(x) is the empirical distribution function,
based on Xn.

The statistic ω2
n(θ̂n) can be computing by the following formula (see, for example, [1, 2]):

ω2
n =

1

12n
+

n∑
i=1

(
t(i) −

i− 1/2

n

)2

, (1)

where t(i) = G(X(i)), and X(1) ≤ X(2) ≤ ... ≤ X(n) is the ordered sample Xn.
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1.2. Two special families of distributions

It is well known that the empirical process does not depend asymptotically on unknown parameters
θ1 and θ2 for the family of the form (see [1, 2])

G = {G((x− θ1)/θ2), −∞ < x <∞, −∞ < θ1 <∞, θ2 > 0}.

The most known examples of such family are the normal and the logistic distributions families.
Another class of the distribution family proposed in [5] is

R = {R((x/β)α), α > 0, β > 0, x ∈ X ⊂ [0,∞)}.

The Weibull and the lognormal distribution families are the examples of such a family. The
limit distribution of the Cramér-von Mises statistic for this class does not depend of the unknown
parameters α and β. Both families are generated by the root distribution functions G(x) and R(x).
These functions are assumed to be continuous. They are related by the forms G(x) = 1−R(e−x)
and vice versa R(x) = 1 − G(−lnx). Both sets of families contain many of the basic probability
distributions, but they do not contain gamma distribution. The distribution of the Cramér-von
Mises statistic for gamma distribution is studied in Section 2. It turns out that the limiting
distribution in this case depends on unknown parameters. Section 2 proposes some procedure to
overcome this difficulty. This procedure is compared with Khmaladze’s method (see [3]), designed
for the same purpose, but based on the transformation of an empirical process. Both methods have
their own advantages and disadvantages.

2. Cramér-von Mises test for the gamma distribution family

In this section, a short derivation of the formula for the traditional empirical process covariance
function for the parametric family of the gamma distribution will be given. Tables of the percentage
points of the statistic obtained by the simulation will also be provided.

Let’s define the density function and the gamma distribution function as follows:

g(x; θ, κ) =
1

Γ(κ)θκ
xκ−1e−x/θ and G(x; θ, κ) =

Γ(κ, x/θ)

Γ(κ)
, −∞ < x <∞, θ > 0, κ > 0.

The corresponding Cramér-von Mises statistichas the form:

ω2
n(θ̂n, κ̂n) = n

∫ ∞
0

(Fn(x)−G(x; θ̂n, κ̂n))2 dG(x; θ̂n, κ̂n),

where θ̂n is the maximum likelihood estimator of θ. We will derive the covariance function for the
corresponding empirical process.

Theorem 1. The covariance function of the considered limiting empirical process can be repre-
sented as follow

K(t, τ ; θ, κ) = min(t, τ)− tτ

−C(κ)
(
e−

x
θ

(x
θ

)κ
W (y, θ, κ) + κW (x, θ, κ)W (y, θ, κ)

+ e−
y
θ

(y
θ

)κ
W (x, θ, κ)− e−

x+y
θ

(xy
θ2

)κ
ψ′(κ)

)∣∣∣
t=G(x;θ,κ), τ=G(y;θ,κ)

,
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where

C(κ) =
1

Γ(κ)2(κψ′(κ)− 1)
,

W (z, θ, κ)

=
1

κ2

(z
θ

)κ
2F2

(
{κ, κ}, {1 + κ, 1 + κ};−z

θ

)
+
(

Γ
(
κ,
z

θ

)
− Γ(κ)

)(
ln
(z
θ

)
− ψ(κ)

)
,

2F2(·) is a generalized hypergeometric function, Γ(κ, z) is the upper incomplete gamma function,
ψ(z) is the digamma function.

Calculating the values of K(t, τ ; θ, κ) at several points, we find that its values are independent
of the parameter θ. Modeling has also shown that, apparently, the distribution of statistics does
not depend on the parameter θ. The percentage points for the Cramér-von Mises statistic is given
in Table 1 for testing the hypothesis that the distribution of observations belongs to the gamma
distribution family. Such tables were obtained by Stephens [7] and then by many authors. His
tables, however, did not contain values for percentage points at κ < 1. Since the distribution of
statistic depends on an unknown parameter, the hypothesis will be tested according to the following
general procedure:
Procedure 1 If there is a table of percentage points corresponding to the exact unknown values of
the vector of parameters under the null hypothesis, then we select the level in it corresponding to
the estimate of this vector. If there is no such table, then we carry out a sufficiently exact modeling,
from which we find an approximate percentage points.
Statistics are calculated using the formula (1). The advantage of this criterion is the ease of
calculating statistic after finding the parameter estimates. The disadvantage is that it is necessary
to find the percentage points in one way or another each time. Both the proposed procedure
and Khmaladze’s method [3] face the problem of finding parameter estimates, which, with a large
dimension of the parameter vector, can be a difficult task. The disadvantage of Khmaladze’s
method, on the contrary, lies in the difficulty of calculating the statistics itself, expressed in the
form of a multiple integral.

κ α = 0.1

0.001 0.173

0.01 0.169

0.025 0.165

0.05 0.163

0.075 0.154

0.1 0.150

κ α = 0.1

0.3 0.128

0.5 0.120

0.7 0.115

0.9 0.113

1.0 0.111

1.5 0.109

κ α = 0.1

2 0.107

2.5 0.106

3 0.106

3.5 0.106

4 0.105

4.5 0.105

κ α = 0.1

5 0.105

6 0.105

8 0.104

10 0.104

50 0.104

100 0.104

Table 1. Some quantiles of the distribution function of the Cramer-von Mises test
for the gamma distribution family.

Some results related to the topic under consideration can be found in [4].
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Figure 1: Empirical distribution of the Cramér-von Mises statistic for different values of θ2 with θ0 = 0 and θ1 = 1.

3. Quasinormal distribution family

3.1. Test with the maximum likelihood estimation

There we will consider the tree parametric family of the quasynormal (generalized) distribution
function with the density

h(x) =
1

2θ1Γ(1 + 1
θ2

))
e
−
∣∣∣x−θ0θ1

∣∣∣θ2 −∞ < θ0 <∞, θ1 < 0, θ2 < 0,

Figure 1 presents the empirical distribution functions for realisations of the Cramér-von Mises
statistic at n = 5000 and at 1000 iterations of the simulation of the statistic values. The simulation
was carried out at θ0 = 0, θ1 = 1 and at various values of θ2. The empirical distribution functions
are condensed at θ2 greater than five. Estimates for other θ2 were found to be strongly biased.
This can be explained by both the irregularity of the family and insufficient sample sizes. Some
results related to the topic under consideration can be found in [6].

3.2. Test with moments estimation

In this section, the maximum likelihood estimate is replaced by the method of moments. Let
us first express the first four moments of the hyper normal distribution in terms of its parameters.
The k-th central moment is obtained as follows:

Eh(x− θ0)k =

{
θk1qk(θ2), k = 0, 2, 4, ...,

0, otherwise,

where

qk(θ2) = Γ

(
k + 1

θ2

)/
θ2Γ

(
1 +

1

θ2

)
.
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Table 2. 90 percentage points for the Cramér-von Mises statistic with parameters
estimated by the method of moments

T 5000
0.5,1,4 = 0.185 T 5000

−0.5,1,4 = 0.167

T 5000
0,1,2.5 = 0.090 T 2500

0,1,3 = 0.084 T 2500
0,1,4 = 0.082 T 2500

0,1,5 = 0.082 T 2500
0,1,7 = 0.082

T 5000
0,1.1,4 = 0.081 T 5000

0,1.5,4 = 0.090

Then we get the following equalities for the sample moments

µ1 = θ0, µ2 = θ20 + θ21q2(θ2), µ4 = θ40 + 6θ20θ
2
1q2(θ2) + θ41q4(θ2).

Replacing µ1, µ2, µ3 and µ4 with the sample moments about the origin m1, m2,m3, and m4,
correspondingly, we obtain the following equations for the estimates θ̃0, θ̃1, and θ̃2 of the parameters
θ0, θ1, and θ2:

θ̃2Γ

(
5

θ̃2

)
Γ

(
1 +

1

θ̃2

)/
Γ2

(
3

θ̃2

)
=

m4 −m4
1

(m2 −m2
1)

2
+

6m2
1

m2 −m2
1

.

Having calculated the estimate θ̃2 from this equation and having the estimate θ̃0 = m1, we obtain
the estimate θ̃1 as

θ̃1 =

√
(m2 −m2

1)/q2(θ̃2).

We denote by Tnθ0,θ1,θ2 percentage points of the Cramér-von Mises statistic, where n is the sample
size. Some values of Tnθ0,θ1,θ2 at a 90 percentage points are presented in the Table 2.

From the results of this and the previous subsection, it can be concluded that the verification
of the described hypotheses with the applied estimation methods can be carried out only in the
region of the family, remote from its irregular part.When θ2 < 3, then the estimates obtained are
unsatisfactory.
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New test for equality of two disributions
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Abstract

The paper introduces a new test for equality of two distributions in a class of models. We proved
analytically and by stochastic simulation that the test possesses high efficiency .

Keywords: Test for equality of two distributions, Asymptotic efficiency, Caushy distribution

1. Formulation of the problem

Let us consider the classical problem of testing hypothesis on the equality of two distributions

H0 : F1 = F2 (1)

against the alternative
H1 : F1 6= F2 (2)

In the case of two independent samples X = (X1, . . . , Xn) and Y = (Y1, . . . , Ym) with the distri-
butions functions F1 and F2 respectively.

It is well known [see e.g. [1]] that in the case when both distributions differ only by the means
and are normal the classical Student test has a few optimal properties. If the distributions are
not normal but still differs only by means a widely popular Wilcoxon-Mann-Whitney (WMW)
U-statistic is often used instead. However, it can be shown that if two normal populations differ
only in variances, the power of WMW test is very low. If distributions are arbitrary there are some
universal techniques such as tests by Kolmogorov - Smirnov and Cramer-von Mises (see [2]) that
can be applied but in many cases these tests can be not powerful.

Recently [3] suggested the test basing on U-statistics with the logarithmic kernel and provided
its numerical justification for one and many dimensional cases in comparison with a few alternative
techniques. However,to the best authors knowledge there are no analytical results about its asymp-
totic power. Here we introduce a similar but different test and provide a few analytical results on
its power.

Assume that the distribution functions F1 and F2 belongs to the class of distribution functions
of random values ξ, such that

E[ln(1 + ξ2)] <∞. (3)

∗Corresponding author
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Many distributions and, in particular, the Caushy distribution have this property. Among all
distributions with given parameters of shift and scale having this property the Caushy’s one have
the maximum entropy. Consider the following test

ΦA =
1

n(n− 1)

∑
1≤i<j≤n

g(|Xi −Xj |),ΦB =
1

m(m− 1)

∑
1≤i<j≤m

g(|Yi − Yj |), (4)

ΦAB = − 1

nm

n∑
i=1

m∑
j=1

g(|Xi − Yj |),Φnm = ΦA + ΦB + ΦAB, (5)

where
g(|u|) = − ln(1 + |u|2),

is under a constant term precision the logarithm of the density of the standard Caushy distribution.

2. The study of asymptotic power

Let us consider the case of two distributions having the property (3) and, in particular, the
two that differ only by the shift parameters. To simplify notations assume that m = n. The case
m 6= n is similar. Now the criterion (4) assumes the form

Tn = Φnn =
1

n2

n∑
i,j=1

ln(1 + (Xi − Yj)2)−
1

n(n− 1)

∑
1≤i<j≤n

ln(1 + (Xi −Xj)
2) (6)

− 1

n(n− 1)

∑
1≤i<j≤n

ln(1 + (Yi − Yj)2). (7)

Denote by C(u, v) the Caushy distribution with the density function

1/(π(v2 + (x− u)2)).

The basic result of the present paper is the following

Theorem 1. Consider the problem of testing hypothesis on the equality of two distributions (1)-(2)
where both functions have the property (3).Then
(i) under the condition n→∞ the distribution function of nTn converges under H0 to that of the
random value

(aZ + b)2, (8)

where Z has the normal distribution with zero expectation and variance equal to 1, a and b are
some numbers.
(ii) Let F1 = C(0, 1), F2 = C(θ, 1), where θ = h/

√
n, h is an arbitrary given number. Then

a2 = (2/3) ln 3, b = 0 for the case of H0 and a2 = (2/3) ln 3, b = h/3 for H1. In this case the
power of the criterion Tn with significance α is asymptotically equal to that is given by the formula

Pr{Z ≥ z1−α/2 − (1/
√

6 ln 3)h}+ Pr{Z ≤ −z1−α/2 − (1/
√

6 ln3)h}
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The proof of the theorem is given in the Appendix.
We found by a stochastic simulation that the formula present an approximation of the power

of the test Tn with accuracy 5%. Namely, cases n = 250, 500, 1000 , h=1,2,3,5,7,9 were considered
with α = 0.05 and in all these cases the power of Tn and that of the Wilcoxon-Mann-Whitney and
the Kolmogorov - Smirnov tests were approximately equal to each other. However for the case
of Caushy distributions with different scale parameters Tn proved to be much more efficient than
both other tests.

3. Conclusion

In this paper we suggested a new test for equality of two distributions. Its asymptotic power was
analytically established for the case of Caushy distributions that differ only by shift. By stochastic
simulation we found that in this case its power is approximately equal to that of the Wilcoxon-
Mann-Whitney and the Kolmogorov - Smirnov tests. But if the distributions differ also by the scale
parameter simulations show that the new test is considerably better than the alternative tests.
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4. Appendix

Proof of Theorem 1.

Lemma 1. For g(x) = x2 the following identity holds

Φnm = (x̄− ȳ)2,

where

x̄ = (
n∑
i=1

Xi)/n, ȳ = (
m∑
i=1

Yi)/m.

The proof follows from the known formula [see f.e.[4], p.296]

1

n(n− 1)

∑
1≤i<j≤n

(Xi −Xj)
2 =

1

(n− 1)

n∑
i=1

(Xi − x̄)2.

by direct calculations.
Assume that H0 holds. Let C be an arbitrary positive number,

X̃ = (X̃1, . . . , X̃n), Ỹ = (Ỹ1, . . . , Ỹn),

where X̃i = Xi, if |Xi| ≤ C and X̃i = C if Xi > 0, X̃i = −C if Xi < 0 otherwise. And Ỹi are
determined similarly. Note that 0 ≤ ln(1 + x2) ≤ x2. Therefore there exists a value t that depends
from X̃ and Ỹ such that

n{ 1

n2

n∑
i,j=1

ln(1 + (X̃i − Ỹj)2)−
1

n(n− 1)

∑
i<j

ln(1 + (X̃i −Xj)
2)− (9)
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1

n(n− 1)

∑
i<j

ln(1 + (Ỹi − Ỹj)2)]2}} = t(
n∑
i=1

X̃i/
√
n−

n∑
i=1

Ỹi/
√
n)2. (10)

For constructing the right hand side we applied Lemma 1. Note that for distributions F1 and
F2 satisfying (3) it can be shown by standard but tedious calculations that the variance of the
left hand side is finite. Therefore the variance of the right hand side is also finite for arbitrary
C. Passing to the limit with n → ∞ we obtain due to the central limit theorem that the right
hand side has the limit distribution of the form (8) where Z has the normal distribution with zero
expectation and variance equal to 1. And its variance is equal to the variance of the left hand side
of (10). Since C is arbitrary we obtain that the limiting distribution has the required form for H0.
For determining a and b in the part (ii) of the theorem we now can use the equality

E((aZ + b)2)2 = lim
n→∞

E(nTn)2, (11)

that follows from (10).
Since EZ2 = 1, EZ4 = 3, we have for the left hand side (11)

3a4 + 6a2b2 + b4. (12)

In order to calculate the right hand side of (11) the following result is crucial.

Lemma 2. If X and Y are independent random values with the distribution C(0, 1), then

E ln(1 + (X − Y )2) = ln 9, E ln(1 + (X − Y − θ)2)− ln 9 = ln(1 + θ2/9). (13)

In order to prove this Lemma we need the following integrals∫
R

ln(1 + (x− y)2)

π(1 + y2)
dy = ln(4 + x2), (14)

∫
R

ln(4 + x2)

π(1 + x2)
dx = ln 9, (15)

([5] 4.296.2 and 4.295.7.) ∫
R

ln(4 + (x+ θ)2)

π(x2 + 1)
dx = ln(9 + θ2), (16)

[see [6], formula (2.6.14.19)]. Using these integrals we obtain

E ln(1 + (X − Y − θ)2)− ln 9 = 2

∫
R

∫
R

ln(1 + (x− y − θ)2)
π2(1 + x2)(1 + y2)

dxdy − ln 9 (17)

=

∫
R

ln(4 + (y + θ)2)

π(1 + y2)
dy − ln 9 = ln(9 + θ2)− ln 9 = ln(1 + θ2/9). (18)

Submitting here θ = 0 we obtain both formulas of the Lemma. Note that θ2 = nh2 and

lim
n→∞

n ln(1 + θ2/9) = (1/9)h2.

128 The 5th international conference on stochastic methods (ICSM-5)



Therefore we obtain for the right hand side (8) with some algebra

3a4 +
(2 ln 9)h2

9
+
h4

81
. (19)

From (12) and (19) we obtain

b =
1

3
h, a2 =

2

3
ln 3.

The formula for the power follows from the form of the limiting distribution (8).
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Abstract

In this work, we consider two related concepts: conditional quantile reproducibility of multivariate
probability distributions and reproducibility of the multvariate distributions themselves. We put
forward several results demonstrating how one of the reproducibility types can lead to another. We
then give a theorem that suggests a method of going up from a fully reproducible n-dimensional
distribution to a distribution of (n+ 1) dimensions with a fully reproducible conditional quantile.

Keywords: Conditional quantile reproducibility, Reproducibility of multivariate distributions,
Quantile differential equations

1. Conditional quantile reproducibility

In this paper, we consider multivariate families of random variables {X1, . . . , Xn} that satisfy
the following condition

Condition A. The random variables {X1, . . . , Xn} have joint probability density function
f1...n(x1, . . . , xn) that, along with its marginal densities, is positive and continuous everywhere in
Rn.

We’ll be denoting the joint cumulative distribution function for the vector {X1, . . . , Xn} by
F1...n(x1, . . . , xn). For marginal CDFs and PDFs, we’ll be using the same letters F and f with
different indexes, e. g. F12(x1, x2) and f12(x1, x2). For conditional distributions, we’ll be separating
variables in the condition using the ”|” character, e. g. F1|2(x1|x2) and f1|2(x1|x2).

For such families of random variables, one can consider conditional quantiles going through a
specified point (see [1, 2]).

For the conditional probability distribution F1|2...n(x1|x2, . . . , xn), the conditional quantile

q
(x0

1,...,x
0
n)

1|2...n (x2, . . . , xn) going though x0 = (x01, . . . , x
0
n) is a level surface defined by the equation

F1|2...n(x1|x2, . . . , xn) = F1|2...n(x01|x02, . . . , x0n). (1)

The value of the level surface in this case if the value of F1|2...n(x1|x2, . . . , xn) at x0.

∗Corresponding author
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Similarly, one can define conditional quantiles for marginal distributions. For instance, the 2-

dimensional conditional CDF Fi|j(xi|xj) corresponds to a univarite1 conditional quantile q
(x0

i ,x
0
j )

i|j (xj)
that is given by the equation

Fi|j(xi|xj) = Fi|j(x
0
i |x0j ). (2)

Condition A guarantees that such quantiles are defined unambiguously at every point x0.
Let us now discuss the quantile reproducibility property. This property was first formulated and

proven for some probability distributions in paper [3] by S. Ya. Shatskikh and came up there as a
consequence of independence transformation of random variables. As it was shown later (we’ll touch
this briefly below), if one assumes quantile reproducibility, then multivariate conditional quantiles
for a distribution can be obtained as solutions of Pfaffian differential equations of special form
(”quantile” equations). To construct such equations, one only needs to know bivariate marginal
distributions for the given family of random variables (see for example [1]). Potential applications
of the quantile reproducibility property to multivariate quantile estimation are discussed in [4, 5].

Definition 1. If the following identity for the conditional quantile q
(x0

1,...,x
0
n)

1|2...n (x2, . . . , xn) holds

q
(x0

1,...,x
0
n)

1|2...n (q
(x0

2,x
0
i )

2|i (xi), . . . , q
(x0

i−1,x
0
i )

i−1|i (xi), xi, q
(x0

i+1,x
0
i )

i+1|i (xi), . . . , q
(x0

n,x
0
i )

n|i (xi)) ≡ q
(x0

1,x
0
i )

1|i (xi), (3)

then we say that the conditional quantile q
(x0

1,...,x
0
n)

1|2...n (x2, . . . , xn) is reproducible by xi.

Definition 2. If (3) holds for q
(x0

1,...,x
0
n)

1|2...n (x2, . . . , xn) for all i = 2, n, then we say that the conditional

quantile q
(x0

1,...,x
0
n)

1|2...n (x2, . . . , xn) is fully reproducible.

Many widely used multivariate probability distributions have fully reproducible conditional
quantiles. Examples of such distributions are the multivariate normal distribution, multivariate
Cauchy and Student’s distributions, multivariate logistic distribution, Pareto distribution, inverted
Dirichlet distribution and others (see, for instance, [2]).

2. Multivariate distribution reproducibility

Definition 3. Let the distribution F1...n(x1, . . . , xn) satisfy condition A. For the respective condi-
tional CDF F1...̂i...n|i(x1, . . . , x̂i, . . . , xn|xi), let the following decomposition hold

F1...̂i...n|i(x1, . . . , x̂i, . . . , xn|xi) =

C1...̂i...n;i(F1|i(x1|xi), . . . , Fi−1|i(xi−1|xi), Fi+1|i(xi+1|xi), . . . , Fn|i(xn|xi)),
(4)

where C1...̂i...n;i(α1, . . . , αi−1, αi+1, . . . , αn) is some (n− 1)-dimensional copula2. Then we say that

F1...n(x1, . . . , xn) is reproducible by xi.

Definition 4. Let the distribution F1...n(x1, . . . , xn) satisfy condition A and let the decomposition
(4) hold for all i = 1, n. Then we say that F1...n(x1, . . . , xn) is fully reproducible.

1We define the dimensionality of quantile q
(x0

1,...,x
0
n)

1|2...n (x2, . . . , xn) as n− 1 by the number of variables x2, . . . , xn.
2For all k ≥ 2, a k-dimensional copula is a probability distribution function defined on the k-dimensional cube

[0, 1]k such that all its marginal distributions are uniform on [0, 1] (see for example [6], §2).
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As the reader can see, the concept of copulas shows up in the above definitions. As discussed
in [7], copulas of multivariate probability distributions turn out to be tightly related to the repro-
ducibility concepts. One interesting aspect of the relation between the quantile reproducibility and
copulas, which is also covered in [7], is that the conditional quantile reproducibility in 3-dimensional
case is equivalent to the simplifying assumption in the pair copula construction (PCC). PCC is a
hierarchical method of constructing multivariate distributions based on pair copulas that has been
widely discussed in the statistical literature since 1990-s (for more details refer to [8, 9, 10, 11, 12]).

3. Relation between the two types of reproducibility

Bellow we give several lemmas that, firstly, demonstrate certain properties of the multivariate
distribution reproducibility, and, secondly, show how the distribution reproducibility is related to
the conditional quantile reproducibility.

Lemma 1. Let the distribution F1...n(x1, . . . , xn) be reproducible by xn. Then ∀i = 1, n− 1,
marginal distributions F1...̂i...n(x1, . . . , x̂i, . . . , xn) are also reproducible by xn.

Lemma 2. Let the distribution F1...n(x1, . . . , xn) be reproducible by xn. Then ∀i = 1, n− 1 and

for all (x01, . . . , x
0
n) ∈ Rn, the (n− 1)-dimensional conditional quantile q

(x0
1,...,x

0
n)

i|1...̂i...n
(x1, . . . , x̂i, . . . , xn)

is also reproducible by xn.

Lemma 3. Let F1...n(x1, . . . , xn) be fully reproducible. Then ∀i = 1, n− 1 and for all (x01, . . . , x
0
n) ∈

Rn, the (n − 1)-dimensional conditional quantile q
(x0

1,...,x
0
n)

i|1...̂i...n
(x1, . . . , x̂i, . . . , xn) is also fully repro-

ducible.

Lemma 4. Let the probability distribution F1...n(x1, . . . , xn) satisfy the following conditions for all
(x01, . . . , x

0
n) ∈ Rn:

• Conditional quantile q
(x0

1,...,x
0
n)

1|2...n (x2, . . . , xn) is reproducible by xn;

• Conditional quantile q
(x0

2,...,x
0
n)

2|3...n (x3, . . . , xn), which corresponds to the marginal distribution

F2...n(x2, . . . , xn), is reproducible by xn;

• . . .

• Conditional quantile q
(x0

n−2,x
0
n−1,x

0
n)

n−2|n−1,n (xn−1, xn), which corresponds to the marginal distribution

F(n−2)(n−1)n(xn−2, xn−1, xn), is reproducible by xn.

Then the distribution F1...n(x1, . . . , xn) is reproducible by xn.

One of the consequences of lemma 4 is that all the classical multivariate distribution functions
mentioned in section 1 are fully reproducible in the sense of definition 4. This is due to the fact
that all these distributions have fully reproducible conditional quantiles for all of their marginals.

For the case of 3 dimensions, it’s not difficult to prove the following lemma:

Lemma 5. Let F123(x1, x2, x3) satisfy condition A. The following conditions are equivalent:

1. F123(x1, x2, x3) is reproducible by x3;

2. The conditional quantile q
(x0

1,x
0
2,x

0
3)

1|23 (x2, x3) is reproducible by x3 ∀(x01, x02, x03) ∈ R3;

3. The conditional quantile q
(x0

1,x
0
2,x

0
3)

2|13 (x1, x3) is reproducible by x3 ∀(x01, x02, x03) ∈ R3.
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4. Constructing probability distributions with reproducible conditional quantiles

Let the probability distribution F1...n(x1, . . . , xn) satisfy condition A. We will now construct
the following determinant.∣∣∣∣∣∣∣∣∣∣∣∣

dx1 dx2 dx3 . . . dxn

q̇
(x1,x2)
1|2 (x2) 1 q̇

(x3,x2)
3|2 (x2) . . . q̇

(xn,x2)
n|2 (x2)

q̇
(x1,x3)
1|3 (x3) q̇

(x2,x3)
2|3 (x3) 1 . . . q̇

(xn,x3)
n|3 (x3)

. . . . . . . . . . . . . . .

q̇
(x1,xn)
1|n (xn) q̇

(x2,xn)
2|n (xn) q̇

(x3,xn)
3|n (xn) . . . 1

∣∣∣∣∣∣∣∣∣∣∣∣
=

n∑
i=1

A1i(x1, . . . , xn) dxi . (5)

Here A1i(x1, . . . , xn) is the cofactor of element dxi. Elements q̇
(xi,xj)

i|j (xj) are calculated as

q̇
(xi,xj)

i|j (xj) =
∂q

(xi,xj)

i|j (yj)

∂yj

∣∣∣∣∣∣
yj=xj

, (6)

where q
(xi,xj)

i|j (yj) is the 1-dimensional conditional quantile going through (xi, xj), which is assumed
differentiable by yj .

By equating (5) to 0, one obtains a Pfaffian differential equation (see [13], ch. 5, §2-3)

n∑
i=1

A1i(x1, . . . , xn) dxi = 0, (7)

which we call quantile equation for distribution F1...n(x1, . . . , xn) (see [1, 2]).
Quantile equations are related to the quantile reproducibility property in the following way. If

the distribution F1...n(x1, . . . , xn) has a fully reproducible conditional quantile q
(x0

1,...,x
0
n)

1|2...n (x2, . . . , xn)

going through (x01, . . . , x
0
n), then the respective quantile equation (7) will be completely integrable,

and q
(x0

1,...,x
0
n)

1|2...n (x2, . . . , xn) will be its solution of maximum possible dimension (see [1]).

The converse is not necessarily true (counter-examples are given in [1] and [2]). One of the
simplest counter-examples is the distribution with PDF

f123(x1, x2, x3) = f(x1)f(x2)f(x3)[1 + α(1− 2F (x1))(1− 2F (x1))(1− 2F (x1))],

where F (x) is some univariate CDF, f(x) is the respective PDF, and |α| ≤ 1. This distribution
does not have fully reproducible quantiles, however the respective quantile equation is completely
integrable and its solution is the plane x1 = x01.

Nevertheless, one can prove the following theorem that in some sense can be called a ”converse”
for the statement above (see [14]).

Theorem 1. For the probability distribution F1...n(x1, . . . , xn), let the cofactor of element dx1 from
the determinant (5) differ from 0 everywhere. Let the equation (7) be completely integrable in Rn,
and let the solution of maximum possible dimension n−1 going through the point (x01, . . . , x

0
n) ∈ Rn

be given by the expression
x1 = S(x0

1,...,x
0
n)(x2, . . . , xn).

Additionally, let the marginal distribution F2...n(x2, . . . , xn) be completely integrable.
Let us choose at random a continuously differentiable 1-dimensional CDF F (x).
Then the n-dimensional distribution L1...n(x1, . . . , xn) such that
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1. L2...n(x2, . . . , xn) = F2...n(x2, . . . , xn),

2. L1|2...n(x1|x2, . . . , xn) = F (S(x1,...,xn)(x2, . . . , xn)) for some fixed values x2, . . . , xn,

has a fully reproducible (n−1)-dimensional conditional quantile q
(x0

1,...,x
0
n)

1|2...n (x2, . . . , xn). Additionally,

all 1-dimensional conditional quantiles q
(x0

i ,x
0
j )

i|j (xj) of the distribution L1...n(x1, . . . , xn) that are part

of the determinant formula (5) are equal to the respective conditional quantiles of F1...n(x1, . . . , xn).

5. Conclusion

In this work, we’ve introduced the concepts of conditional quantile reproducibility and multi-
variate distribution reproducibility. We’ve shown in which cases one of the forms of reproducibility
implies the other.

We’ve also touched upon quantile equations for distributions and how these equations are con-
nected to the reproducibility property. As it was shown in [1], if the distribution F1...n(x1, . . . , xn)

has a fully reproducible conditional quantile q
(x0

1,...,x
0
n)

1|2...n (x2, . . . , xn), then the respective quantile

equation (7) is completely integrable. Theorem 1 shows that even though the converse is not al-
ways true, if the marginal distribution F2...n(x2, . . . , xn) is fully reproducible, then starting from
a completely integrable quantile equation (7), one can always build a new n-dimensional distri-

bution that has the fully integrable conditional quantile q
(x0

1,...,x
0
n)

1|2...n (x2, . . . , xn). It’s not necessarily

equal to the initial distribution F1...n(x1, . . . , xn), but it has the same (n−1)-dimensional marginal
F2...n(x2, . . . , xn) as the initial distribution.
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Caratheodory Solutions of ODE with Random Right Part and Strong
Solutions of SDE
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Abstract

In this paper, conditions are found for the existence of a Caratheodory solution for a certain class
of ordinary differential equations (hereinafter: ODE) with a random right-hand side. It turned out
that methods based on the structure of the solution of stochastic differential equations (hereinafter:
SDE) make it possible to prove the existence of strong solutions for SDE with a symmetric integral
in the case when X(s) is a random process with continuous trajectories, defined on filtered probable
space (Ω,F , (Ft)t∈[t0,T ], P ) and adapted with filtering (Ft).

Keywords: Caratheodory solutions, ordinary differential equations with a random right-hand
side, strong solutions.

1. Caratheodory solutions for a certain class of ordinary differential equations with
a random right-hand side.

The problem of finding out the conditions for the existence of strong solutions of ODEs with a
random right-hand side and SDEs has attracted the attention of many researchers (see, for example,
[1], [2]). There are reviews of works on this topic ([3], [4]) with detailed bibliography.

Let us present the necessary information from the theory of ODEs. Consider the Cauchy
problem

y′ = f(t, y), t ∈ [t0, T ], y(t0) = y0. (1)

Peano’s theorem guarantees (see [5]) the local solvability of this problem in the case when
the function f(t, y) is continuous. When this is not the case, the concept of solution needs to be
generalized, which was given by Caratheodory (see [6]).

An absolutely continuous function y(t) is called a Caratheodory solution to problem (1) if

y(t)− y0 =

∫ t

t0

f(s, y(s)) ds, t ∈ [t0, T ].

It is known that if the Caratheodory conditions are true:

� The function f(t, y) for a.e. t is defined and continuous in y.

� For each y the function f(t, y) is measurable.

Email address: farsagit@yandex.ru (Farit Nasyrov)
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� For each bounded interval of the t axis, the inequality |f(t, y)| ≤ n(t) holds, where n(t) is a
Lebesgue integrable function.

then problem (1) has at least one solution.
For what follows, it is essential that the solution y(t) is constructed as the uniform limit of

a subsequence of functions {yk(t)}, which are constructed as follows. On each of the segments
[t0 + ih, t0 + i(h+ 1)], h = T−t0

k , the functions yk(t) are defined as

yk(t)− y0 =

∫ t

t0

f(s, yk(s− h)) ds, (2)

where yk(t) = y0 for t ≤ t0.

A differential inclusion is a relation y′(t) ∈ F (t, y), where F (t, y) is a given multivalued mapping,
at which each point (t, y) ∈ [t0, T ] × Rn the set F (t, y) is associated, here y = y(t) are functions
to be defined. If for all (t, y) the set F (t, y) consists of one point, then the differential inclusion is
an ODE. A function y(t) is called a solution if it is absolutely continuous and satisfies the relation
y′(t) ∈ F (t, y) almost everywhere. The function y(t) is also called the Filippov solution of equation
(1).

Of course, depending on the properties of the multivalued mapping, the solutions y(t) have
different differential properties. As a rule, F (t, y) is the smallest closed convex set containing all
the values of the function f(t, y∗) when y∗ → y, running through almost all (except measure zero)
a neighborhood of the point y. In Theorems 8 and 9 (pp. 66-67) from Filippov’s monograph [6]
it is shown that it is possible to construct a solution as the limit of Caratheodory solutions for a
differential inclusion y′(t) ∈ F (t, y) without the assumption of continuity in the variable y of the
function f(t, y), under the following condition:

� the function f(t, y) is measurable and almost everywhere satisfies the inequality

|f(t, y)| ≤ n(t) with summable function n(t). (3)

For what follows, the method of proving this result is important: the Filippov solution is con-
structed as the limit of some sequence of Caratheodory solutions of the form y′ = fεm(t, y),
εm ↘ 0, which are obtained by functions f(t, y) with respect to the spatial variable fε(t, y)
= 1

2ε

∫
{|y−x|<ε} f(t, x) dx and to which the Caratheodory theorem mentioned above is already ap-

plicable.

The purpose of this work is to determine the class of ODEs with a random right-hand side for
which the solutions constructed in the Filippov theorem are the Caratheodory solution. Consider
an ODE with a random right-hand side

y(t)− y0 =

∫ t

t0

f(s, y(s)) ds, t ∈ [t0, T ], (4)

where f(s, y) = f(ω, s, y) is a jointly measurable function defined on Ω× [t0, T ]×R.
Let’s fix ω ∈ Ω and put fε(s, y) = 1

2ε

∫
{|y−x|<ε} f(s, x) dx, then for each ε > 0 the equation

yε(t)−y0=
∫ t
t0
fε(s, y(s)) ds, t ∈ [t0, T ], has a Caratheodory solution, which we denote by yε(s). It is

not difficult to verify that the family of functions {yε(t)} is uniformly bounded and equicontinuous,
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hence the Arzela-Ascoli theorem can be applied.
Let y(t) = lim

m→∞
ym(t), where ym(t) = yεm(t), hence y(t) is a continuous function.

Theorem. Suppose that with probability 1 the right-hand side of equation (4) satisfies condition
(3) with the deterministic function n(t), and one-dimensional distributions of the random process
P (y(t) ∈ D) are absolutely continuous with respect to the Lebesgue measure. Then equation (4)
has a Caratheodory solution.

Proof. Let’s fix ω ∈ Ω and Ls be the set of Lebesgue points of the function x → f(s, x) ([6], p.
236-237), it is a set of full measure, hence the complement of this set is a set of Lebesgue measure
zero. For each t ∈ [t0, T ] put
T ∗t = {s ∈ [t0, t] : lim

ε→0

1
2ε

∫
{|y(s)−x|<ε} f(s, x) dx = f(s, y(s))}, then s ∈ T ∗t is equivalent to y(s) ∈ Ls.

We have

y(t)− y0 = lim
m→∞

ym(t)− y0 = lim
m→∞

∫ t

t0

1

2εm

∫
{|ym(s)−x|<εm}

f(s, x) dx ds

= lim
m→∞

[∫ t

t0

1

2εm

∫
{|ym(s)−x|<εm}

f(s, x) dx1(y(s) ∈ Ls) ds+ Jεm(t)

]
≡ J0,

where

Jεm(t) =

∫ t

t0

1

2εm

∫
{|ym(s)−x|<εm}

f(s, x) dx1(y(s) /∈ Ls) ds.

Let us prove that Jεm(t) = 0 with probability 1. In view of Fubini’s theorem, we have

E|Jεm(t)| ≤ E

∫ t

t0

1

2εm

∫
{|ym(s)−x|<εm}

|f(s, x)| dx1(y(s) /∈ Ls) ds

=

∫ t

t0

1

2εm

∫
R

E [1(|ym(s)− x| < εm)|f(s, x)| dx1(y(s) /∈ Ls)] ds.

Therefore, by virtue of the absolute continuity of one-dimensional distributions the random variable
y(s), we obtain

E [1(|ym(s)− x| < εm)|f(s, x)| dx1(y(s) /∈ Ls)] ≤ n(s)P(y(s) /∈ Ls) = 0.

So with probability 1

J0 =

∫ t

t0

lim
m→∞

1

2εm

∫
{|ym(s)−x|<εm}

f(s, x) dx1(y(s) ∈ Ls) ds.

Let us show that y(s) ∈ Ls satisfies the relation lim
m→∞

Fm(s) = f(s, y(s)), where

Fm(s) =
1

2εm

∫
{|ym(s)−x|<εm}

f(s, x) dx.

Making the change of variables z = x + y(s) − ym(s) in the expression Fm(s), we get Fm(s) =
1

2εm

∫
{|z−y(s)|<εm} f(s, z− y(s) + ym(s)) dz. Note that for every fixed s every Lebesgue point of the

bounded function z → f(s, z) is a point of approximate continuity ([7], p. 246-247). Let us denote
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by Dy(s) the set density 1 ([7], p. 245-246) at the point z = y(s), along which the function f(s, z)
is continuous at the point z = y(s). Then we have

Fm(s) =
1

2εm

∫
{|z−y(s)|<εm}

f(s, z − y(s) + ym(s))1(z ∈ Dy(s)) dz + ∆m(s),

where

∆m(s) =
1

2εm

∫
{|z−y(s)|<εm}

f(s, z − y(s) + ym(s))1(z /∈ Dy(s)) dz.

In view of inequality (3), we obtain

|∆m(s)| ≤ n(s)

2εm

∫
{|z−y(s)|<εm}

1(z /∈ Dy(s)) dz → 0

as m→∞.
Further, due to the continuity along the set Dy(s) and (uniform) convergence ym(s) to y(s), for

z ∈ Dy(s) we obtain: for any δ > 0 for sufficiently large m the relation |f(s, z − y(s) + ym(s)) −
f(s, y(s))| < δ holds. Hence, if z − y(s) + ym(s)→ y(s), then f(s, z − y(s) + ym(s))→ f(s, y(s)).
Therefore Fm(s)→ f(s, y(s)) as m→∞ and y(s) is the Caratheodory solution.

Recall that for a fixed probability space (Ω, F, (Ft)t∈[t0,T ], P ), a solution of ODE (1) with a
random right-hand side is called strong if it continuously with probability 1, adapted with the
filtration (Ft), and substituting it into equation (1) yields an equality with probability 1. This
definition is a special case of the definition of a strong solution for an SDE (see [3]).

We denote by B(R) the σ-algebra of Borel sets of the real line R, and by P the predictable
σ-algebra.

Consequence. Suppose that a random function f(s, y) satisfies the assumptions of Theorem and
P × B(R) is measurable. Then the solution constructed above will be a strong solution.

This statement follows from the way of constructing the solution in the proof of Filippov’s
theorem and the fact that the limit of measurable functions is measurable. As mentioned above,
the Filippov solution is constructed as the limit of a certain sequence of solutions to the ODE of
the form y′ = fεm(t, y), εm ↘ 0, which are obtained by averaging the function f(t, y) with respect
to the spatial variable fε(t, y) = 1

2ε

∫
{|y−x|<ε} f(t, x) dx. Moreover, the Carathedory solutions for

the equation y′ = fεm(t, y) are constructed according to formula (2).

Remark. It is known ([8], [9]) that symmetric integrals over an arbitrary process X(s) with
continuous realizations are generalizations of Stratonovich integrals over the Wiener process W (s)
and with probability 1 coincide with them in the case of integration with respect to the Wiener
process. Let an SDE with a symmetric integral over an arbitrary random process X(s) with
continuous realizations be given

ξ(t)− ξ(t0) =

∫ t

t0

σ(s,X(s), ξ(s)) ∗ dX(s) +

∫ t

t0

B(s,X(s), ξ(s)) ds. (5)

here the first term on the right-hand side is a symmetric integral. It was shown in ([8], [9]) that,
under some additional assumptions, the solution of equation (5) with both a symmetric integral
and Stratonovich integral can be found in the form of the function ξ(t) = ϕ∗(t,X(t), y(t)), where
the deterministic function ϕ∗(t, v, u) is called the structure of the solution.
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To find the functions ϕ∗(t, v, u) and y(t), that is, the solution of equation (5), it is necessary
to successively solve two equations: first, find for each t the general solution equations (ϕ∗)′v =
σ(t, v, ϕ∗). The general solution of this equation has the form ϕ∗(t, v, y(t)), where y(t) is an arbitrary
constant depending on the parameter t. For a general solution to exist, it suffices ([5], pp. 158–160)
that for any t and v the function σ(t, v, ϕ) has continuous partial derivative σ′ϕ(t, v, ϕ). Second, it
is necessary to find a solution to the Cauchy problem for an ODE with a random right-hand side

y′(t) = f(t, y(t)), ϕ∗(t0, X(t0), y(t0)) = ξ0, t ∈ [t0, T ], (6)

where

f(t, y) =
B(t,X(t), ϕ∗(t,X(t), y))− (ϕ∗)′t(t,X(t), y)

σ(t,X(t), ϕ∗(t,X(t), y))
.

One of the motivations for this work was to understand when equation (6) has a Caratheodory
solution.

Acknowledgments

In conclusion, the author expresses his deep gratitude to A.N. Shiryaev, who drew the author’s
attention to the problems associated with strong solutions of random ODEs and SDEs.

References

[1] A. Y. Veretennikov, On strong solutions of stochastic differential equations, Probability Theory and its Appli-
cations 24 (1979) 348–360.

[2] K. Zvonkin, A, N. V. Krylov, On strong solutions of stochastic differential equations, in: Proceedings School-
Seminar on the Theory of Random Processes, Vilnius: Institute of Physics and Mathematics, 1975, pp. 9–88.

[3] S. V. Anulova, A. Y. Veretennikov, N. V. Krylov, R. S. Liptser, A. N. Shiryaev, Stochastic calculus, in: Results
of Science and Technology. Modern Problems of Mathematics Fundamental Directions, Moscow: VINITI, 1989,
pp. 5–257.

[4] A. N. Shiryaev, Fundamentals of Financial Mathematics, Moscow: Fazis, 1998.
[5] Y. N. Bibikov, Course of Ordinary Differential Equations, Moscow: Higher school, 1991.
[6] A. F. Filippov, Differential Equations with Discontinuous Right-hand Side, Moscow: Nauka, 1985.
[7] I. P. Natanson, Theory of Functions of a Real Variable, Moscow: Nauka, 1974.
[8] M. A. Abdullin, N. S. Ismagilov, F. S. Nasyrov, One-dimensional stochastic differential equations: Trajectory

approach, Ufa Mathematical Journal 5 (2013) 3–25.
[9] F. S. Nasyrov, Local Times, Symmetric Integrals and Stochastic Analysis, Moscow: Fizmatlit, 2012.

NasyrovF. 139



Investigation of deformed stochastic bases of the 2nd kind
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Abstract

Deformations (special two-parameter families of probability measures) {Qn
k , 0 ≤ k ≤ n < ∞}

and the corresponding deformed stochastic bases of the 1st and 2nd kind with discrete time were
axiomatically determined by the first author in 2008. Subsequently, he and O.V. Nazarko laid the
foundations of a stochastic analysis on these structures. The present work continues this topic.
The main result of the paper is the theorem, which proves the formula for representing measures
{Qn

k , 0 ≤ k < n < ∞} by the measures {Qi
i, 0 ≤ i < ∞}. This construction is important for

the development of the theory of deflators on deformed structures. The paper also gives the most
general definition of a deformed stochastic basis of the second kind with continuous time. Some
important properties of this object are given.

Keywords: Filtered spaces, deformed stochastic bases, closable deformations, deformations of the
2nd kind

1. Introduction

Let (Ω, (Ft)
∞
t=0) be a filtered space with continuous (or discrete) time. Denote by F∞ the least

σ-field containing all Ft. If (Ω,F , P ) is a probability space and G is a sub-σ-field of the σ-field F ,
then we use the notation

EP
G f = EP [f |G].

Consider a family Q = (Qt
s,Ft){0≤s<t<∞} of probability measures Qt

s on Ft and generated by
them the family of operators E = (Et

s){0≤s<t<∞} of conditional expectation

Et
sf := E

Qt
s
Fs
f,

where f is a non-negative Ft-measurable random variable (r.v.).

Definition 1. A triplet
(Ω,Q,E) (1)

is called deformed stochastic basis (DSB).

∗Corresponding author
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In what follows, we denote the absolute continuity of measures by the symbol <<, and the
equivalence of measures by the symbol ∼.

Definition 2. A DSB is called deformed stochastic basis of the 2nd kind (DSB2) if the following
conditions are fulfilled:

1) 0 ≤ s < r < t <∞ Qr
s|Fs << Qt

s|Fs ;

2) ∀0 ≤ s < r < t <∞ Qr
s << Qt

r|Fr ;

3) ∀0 ≤ s < r < t <∞ and for any Ft-measurable r.v. f ≥ 0 the equality

Et
sf = Er

sE
t
rf. (2)

is satisfied Qr
s -almost surely (a.s.). If instead of 1) the stronger condition

1′) ∀0 ≤ s < r < t <∞ Qr
s|Fs = Qt

s|Fs

is satisfied, then such DSB2 is called regular.

Corollary 3. It evidently follows from the property 2) of Definition2 that ∀0 ≤ s < r ≤ t < u <∞
the relation Qr

s << Qu
t |Fr is satisfied.

Corollary 4. From the property 3) of Definition 2 it follows that ∀0 ≤ s = s0 < s1 < . . . < sn =
t <∞ and for any non-negative Ft-mesurable r.v. f the equality

Et
sf = Es1

s E
s2
s1 . . . E

t
sn−1

f. (3)

is satisfied Qs1
s -a.s.

Proposition 5. If DSB2 (Ω,Q,E) is regular, then

a) the equalities 2 and 3 are satisfied Qt
s -a.s.;

b) ∀0 ≤ s = s0 < s1 < . . . < sn = t <∞ and ∀A ∈ Ft

Qt
s(A) = EQ

s1
s Es2

s1 . . . E
t
sn−1

IA; (4)

c) ∀0 ≤ s < r < t <∞ Qr
s = Qt

s|Fr .

Proposition 6. If DSB satisfies the property 2) from Definition 2 and the equalities

Qt
s(A) = EQr

sEt
rIA (5)

are fulfilled ∀0 ≤ s < r < t <∞ and ∀A ∈ Ft, then 1 is a regular DSB2.

Corollary 7. Consider a sequence of probability measures
(
Qs

s−1,Fs

)
s=1,2,...

with the property:

Qs
s−1 << Qs+1

s |Fs . (6)

Then the formula

Qt
s(A) = EQs+1

s Es+2
s+1 . . . E

t
t−1IA, (7)

where s < t and A ∈ Ft, defines a regular DSB2 with discrete time.
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2. The main theorem

Consider DSB2 in discrete time.

Theorem 8. Consider a sequence of probability measures
(
Qk

k−1,Fk

)
k=1,2,...

with the property

Qk
k−1 << Qk+1

k |Fk
, (8)

and for any k = 0, 1, 2, . . . let us put Qk
k := Qk+1

k |Fk
. For k < n let us introduce the measures Qn

k

by the formula dQn
k = hn,nk,ndQ

n
n, where

hn,nk,n =

n∏
i=k+1

hi,ii−1,i

E
Qn−1

n−1

Fk

(
n−1∏

i=k+1

hi,ii−1,i

) , 0/0 := 1. (9)

Then (Ω,Q,E) , where Q = (Qn
k ,Fn){0≤k<n<∞}, is a DSB2.

It follows from Theorem 8 that En
k f = Ek+1

k Ek+2
k+1 . . . E

n
n−1f , i.e., the operator Ek+1

k Ek+2
k+1 . . . E

n
n−1

can be representated as a conditional expectation with respect to σ-field Fk and to the probability
measure Qn

k , wich density with respect to measure Qn
n−1 is defined by the formula 9. It is not

difficult to show that the representative probability measure for a given operator is not unique.

3. Conclusion

A detailed study of deformed stochastic bases is necessary not only for the further development
of generalized stochastic analysis, but also for financial mathematics (deformed financial markets,
deflators, etc.). Works [2]-[12] are devoted to such investigations. The constructions of deformed
stochachtic bases of the first kind with discrete time are devoted to works [6] and [8]. Note that
deformed stochastic bases have been little studied in continuous time. The authors hope that
constructions similar to those made in Theorem 8 will be realized in this case as well.
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The existence of financial markets in which a predetermined probability
measure is interpolating one

Igor Pavlova,∗, Anzhelika Danekyantsa, Natalia Neumerzhitskaiaa
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Abstract

In this paper, we formulate inverse problems that naturally arise when interpolating financial
markets. Within the framework of this topic, one of the most important is the question of the
existence of interpolation martingale measures, introduced into consideration by the first co-author
in the 2000s. For static financial markets defined on finite or countable probability spaces, the
inverse problem is formulated as follows: for a predetermined probability measure P and an initial
condition a > 0, prove the existence of a stock whose price at the initial moment coincides with a,
and the measure P for the price process is an interpolation martingale measure. It is shown that
this is true for finite probability spaces. For countable probability spaces, sufficient conditions are
found for this statement to hold.

Keywords: Martingale measure, special interpolating martingale measures, noncoincidence
barycenter condition, arbitrage-free markets, complete markets

1. Introduction

Let us consider on a finite or countable set Ω a static real-valued stochastic process (s. p.)
Z = (Z0, Z1), where Z0 = a = const, and all the different values of the random variable (r. v.) Z1

are denoted by bk. Denote Bk = {ω:Z1(ω) = bk}, 1 ≤ k < r + 1 (here r can be both finite and
infinite).

We say that bk is of the order mk, 1 ≤ mk ≤ ∞, if r. v. Z1 takes this value mk times. It means

that for any k Bk =
mk⋃
i=1

ωi
k, where ωi

k ∈ Ω and Z1(ω
i
k) := bik = bk.

Denote by F0 the trivial σ-field {Ω,Ø}, and by F1 the set of all subsets of Ω. It is clear that
s. p. Z is adapted to the one-step filtration F = (F0,F1). Denote by P the set of all non degenerate
probability measures on F1, i.e. P ∈ P iff pik := P (ωi

k) > 0 for all 1 ≤ k < r + 1, 1 ≤ i < mk + 1.

Denote pk =
mk∑
i=1

pik (1 ≤ k < r+ 1) and introduce the set P(Z,F) of all non degenerate martingale

measures (m. m.) P of the process Z. It is obvious that any P = (pik) ∈ P(Z,F) satisfies the
system:

∗Corresponding author
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{
∑ r

k=1 pk = 1
r∑

k=1

|bk|pk <∞
r∑

k=1

bkpk = apk > 0, 1 ≤ k < r + 1. (1)

Conversely, if (pk)rk=1 is a solution of the system (1), then writing arbitrarily for any k a

representation pk =
mk∑
i=1

pik (1 ≤ k < r + 1), where each term of the sum is strictly positive, we

obtain a measure P = (pik) ∈ P(Z,F). Since r > 1, then it is easy to see that the resolvability of
the system (1) is equivalent to the fulfilment of the condition

inf
k
bk < a < sup

k
bk. (2)

In what follows, we will deal with special martingale measures, such that the prices of contingent
claims calculated with their help are the most fair. We denote by |M | the cardinality of the set M .

We say that a probability measure P = (pik) ∈ P(Z,F) satisfies noncoincidence barycenter
condition (P ∈ NBC) if for any two subsets I, J ⊂ {(k, i), 1 ≤ k < r + 1, 1 ≤ i < mk + 1} such
that I ∩ J = Ø the following inequalities hold:∑

I

bkp
i
k∑

I

pik
6=

∑
J

bkp
i
k∑

J

pik
. (3)

If the inequality 3 holds only for such I that |I| = 1 and for J with finite complementation Jc (in
the set of all duble indexes {(k, i), 1 ≤ k < r + 1, 1 ≤ i < mk + 1}), then we say that P satisfies
weakened noncoincidence barycenter condition (P ∈WNBC).

The sets NBC and WNBC play an important role in the theory of Haar interpolations of
financial markets. In arbitrage-free incomplete markets using measures P ∈ SP(Z,F) we obtain
more fair prices of various contingent claims. That is why the question if whether NBC or WNBC
is not empty (direct problem) is significant (c.f. [1]–[13]).

2. Invers problem in the case of finite and countable Ω

In this paper we consider the following question: is it possible for an arbitrary non-degenerate
probability measure and an arbitrary number a > 0 to construct a stock whose price takes at the
initial moment the value a and satisfies HUP or UHUP (invers problem)?

Theorem 1. Let |Ω| = r, P = (p1, p2, . . . , pr) be a non-degenerate probability measure on Ω and
a > 0. Then there exists a stock with the price Z = (Z0, Z1) such that Z0 = a, the values bk 6= a
(1 ≤ k ≤ r) of Z1 are strictly positive and strictly monotone, and in the obtained market the
probability P satisfies UHUP.

Theorem 2. Let Ω be countable, a > 0, and P be a non-degenerate probability measure on Ω.
Then for any r > 1 there exists a stock with the price Z = (Z0, Z1) such that Z0 = a and:

1) among the values of the r.v. Z1 exactly r values (which we denote b1, . . . , br) are different
and strictly positive;

2) bk 6= a (1 ≤ k ≤ r);
3) the numbers b1, . . . , bs, 2 ≤ s ≤ r, have infinite order and the numbers bs+1, . . . , br have a

finite order;
4) in the obtained market the probability P satisfies SHUP.
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Now consider the case r = ∞ and assume that mk = 1, 1 ≤ k < ∞. We say that:
P = (p1, p2, . . .) is rational (resp., algebraic) if all its components p1, p2, . . . are rational (resp.,
algebraic); a market under consideration is ratoinal (resp., algebraic, transcendental) if all the
numbers b1, b2, . . . are rational (resp., algebraic, transcendental).

Proposition 3. Let P = (p1, p2, . . .) be rational (resp., algebraic) and a > 0 be irrational (resp.,
transcendental). Then any rational (resp., algebraic) strictly positive solution of the equation∑∞

k=1 pkxk = a generates a market in which P ∈WNBC.

Proposition 4. Let P = (p1, p2, . . .) be rational (resp., algebraic) and a > 0 be also rational (resp.,
algebraic). Then there exists an algebraic (resp., transcendental) market in which P ∈WNBC.

Remark 1. In the case r =∞ only one theorem of the existence of P ∈ NBC is known (c.f. [14]).
The inverse problem has not been resolved either.

3. Conclusion

Let a hedger acting in the financial market believe that calculations of fair prices of contingent
claims should be made using some probabilistic measure P. Suppose that he may describe all
markets in which this measure is risk-neutral (martingale). Solving the inverse problem (that is,
building the market according to such a predetermined measure) he can select those markets in
which the martingale measure P allows to obtain the most fair prices. In view of the ability to
interpolate these markets with complete ones, the hedger is able to form standard hedging portfolios
of various contingent claims.
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Improved Estimation Method for Non-Gaussian Regression Models from
Discrete Time Observations
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Abstract

We study a robust adaptive nonparametric estimation problem for periodic functions observed
in discrete fixed time moments with non-Gaussian Ornstein–Uhlenbeck noises. For this problem
we develop a model selection method, based on the shrinkage (improved) weighted least squares
estimates. We found constructive sufficient conditions for the observations frequency under which
sharp oracle inequalities for the robust risks are obtained. Moreover, on the basis of the obtained
oracle inequalities we establish for the proposed model selection procedures the robust efficiency
property in adaptive setting.

Keywords: Non-parametric regression, Non-Gaussian Ornstein–Uhlenbeck process, Discrete
Observations, Improved Model Selection Method, Sharp Oracle Inequality, Asymptotic efficiency
2010 MSC: 62G08, 62G05

1. Introduction

In this paper we consider the following nonparametric regression model in continuous time

dyt = S(t)dt+ dξt , 0 ≤ t ≤ T , (1)

where S is an unknown 1-periodic R→ R function from L2[0, 1], the duration of observations T is
integer and (ξt)t≥0 is defined by a Ornstein - Uhlenbeck - Lévy defined as

dξt = aξtdt+ dut , ut = %1wt + %2 zt , ξ0 = 0 . (2)

Here (wt)t≥0 is a standard Brownian motion, zt is a pure jump Lévy process defined through the
stochastic integral with respect to the compensated jump measure µ(ds , dx) with deterministic
compensator µ̃(ds dx) = dsΠ(dx), i.e.

zt = x ∗ (µ− µ̃)t =

∫ t

0

∫
R∗

v (µ− µ̃)(ds dv) and R∗ = R \ {0} ,
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Π(·) is the Lévy measure on R∗, (see, for example in [1]), such that∫
R∗

z2 Π(dz) = 1 and

∫
R∗

z8 Π(dz) < ∞ .

We assume that the unknown parameters a ≤ 0, %1 and %2 are such that

−amax ≤ a ≤ 0 , 0 < % ≤ %2
1 and σQ = %2

1 + %2
2 ≤ ς

∗ . (3)

Moreover, we assume that the bounds amax, % and ς∗ are functions of T , i.e. amax = amax(T ),
% = %

T
and ς∗ = ς∗T , for which for any ε > 0

lim
T→∞

amax(T ) + ς∗T
T ε

= 0 and lim inf
T→∞

T ε %
T
> 0 . (4)

We denote by QT the family of all distributions of process (1) – (2) on the Skorokhod space D[0, n]
satisfying the conditions (3) – (4). It should be noted that the process (2) is conditionally-Gaussian
square integrated semimartingale with respect to σ-algebra G = σ{zt , t ≥ 0} which is generated
by the jump process (zt)t≥0.

The problem is to estimate the unknown function S in the model (1) on the basis of observations

(ytj )0≤j≤n , tj = j∆ and ∆ =
1

p
, (5)

where n = Tp and the observations frequency p is some fixed integer number. For this problem we
use the quadratic risk, which for any estimate Ŝ, is defined as

RQ(Ŝ, S) := EQ,S ‖Ŝ − S‖2 and ‖f‖2 :=

∫ 1

0

f2(t)dt , (6)

where EQ,S stands for the expectation with respect to the distribution PQ,S of the process (1) with
a fixed distribution Q of the noise (ξt)0≤t≤n and a given function S. Moreover, in the case when
the distribution Q is unknown we use also the robust risk

R∗T (Ŝ, S) = sup
Q∈QT

RQ(Ŝ, S) . (7)

Note that if (ξt)t≥0 is a Brownian motion, then we obtain the well known white noise model (see, for
example, [3, 7] and etc.). Later, to take into account the dependence structure in the papers [2, 4]
it was proposed to use the Ornstein – Uhlenbeck noise processes, so called color Gaussian noises.
Then, to study the estimation problem for non-Gaussian observations (1) in the papers [5, 6] it was
introduced impulse noises defined through the compound Poisson processes with unknown impulse
distributions. However, compound Poisson processes can describe the impulse influence of only
one fixed frequency and, therefore, such models are too restricted for practical applications. In
this paper we consider more general pulse noises described by the Ornstein – Uhlenbeck – Lévy
processes.

Our main goal in this paper is to develop improved estimation methods for the incomplete
observations, i.e. when the process (1) is available for observations only in the fixed time moments
(5). To this end we propose adaptive model selection method based on the improved weighted
least squares estimates. For nonparametric estimation problem such approach was proposed in [8]
for Lévy regression model.
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2. Improved Estimation Method

First we chose the trigonometric basis (φj)j≥1 in L2[0, 1], i.e. φ1 ≡ 1 and for j ≥ 2

φj(x) =
√

2

 cos(2π[j/2]x) for even j ;

sin(2π[j/2]x) for odd j ,
(8)

where [a] denotes the integer part of a. Note that if p is odd, then for any 1 ≤ i, j ≤ p

(φi, φj)p =
1

p

p∑
l=1

φi(tl)φj(tl) = 1{i=j} . (9)

We use this basis to represent the function S on the lattice Tp = {t1, ..., tp} in the Fourier expansion
form

S(t) =

p∑
j=1

θjφj(t) and θj = (S, φj)p :=
1

p

p∑
k=1

S(tk)φj(tk) .

It should be noted that the coefficients θj can be estimated from the discrete data (5) as

θ̂j =
1

T

∫ T

0

ψj(t) dyt , ψj(t) =
n∑
k=1

φj(tk)1(tk−1,tk](t) .

We note that the system of the functions {ψj}1≤j≤p is orthonormal in L2[0, 1]. Now we set weighted
least squares estimates for S(t) as

Ŝγ(t) =

p∑
j=1

γ(j)θ̂jψj(t) , (10)

where the weights γ = (γ(j))1≤j≤p belong to a finite set Γ ⊂ [0, 1]p.
H1) For any vector γ ∈ Γ there exists some fixed integer 7 ≤ d = d(γ) ≤ p such that their first d
components are equal to one, i.e. γ(j) = 1 for 1 ≤ j ≤ d.
Now using this condition, we define the shrinkage weighted least squares estimates for S

S∗γ(t) =

p∑
j=1

γ(j)θ∗jψj(t) , θ∗j =

1− cT√∑d
j=1 θ̂

2
j

1{1≤j≤d}

 θ̂j , (11)

where

cT =
%
T

(d− 6)

2
(
r +

√
2dς∗/T

)
T
,

and the radius r > 0 may be dependent of T , i.e. r = rT , such that limT→∞ T−ε rT = 0 for
any ε > 0. To compare the estimates (10) and (11) we set d0 = inf {d ≥ 7 : 5 + ln d ≤ ǎd} and
ǎ = (1− e−amax)/(4amax).

Theorem 1. Assume that the condition H1) holds with d ≥ d0. Then for any p ≥ d and T ≥ 3

sup
Q∈QT

sup
‖S‖≤r

(
RQ(S∗γ , S)−RQ(Ŝγ , S)

)
< −c2

T . (12)

Remark 1. The inequality (12) means that non-asymptotically, uniformly in p ≥ d the estimate
(11) outperforms in square accuracy the estimate (10). Such estimate is called improved estimate.
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3. Model Selection Procedure and Its Properties

To obtain a good estimate from the class (11), we have to choose a weight vector γ ∈ Γ. It is
obvious, that the best way is to minimise the empirical squared error Errp(γ) = ‖S∗γ − S‖

2 with

respect to γ. Since this quantity depends on the unknown Fourier coefficients (θj)j≥1, the weight
coefficients (γj)j≥1 can not be found by minimizing one. To circumvent this difficulty one needs
to replace the corresponding terms by their estimators. For this change in the empirical squared
error, one has to pay some penalty. Thus, one comes to the cost function of the form

Jp(γ) =

p∑
j=1

γ2(j)(θ∗j )
2 − 2

p∑
j=1

γ(j)

(
θ∗j θ̂j −

σ̂T
T

)
+ ρ P̂T (γ) , (13)

where ρ is some positive coefficient, P̂T (γ) = σ̂T
∑p

j=1
γ2(j)/T is the penalty term, σ̂T is the

estimate for the variance σQ which for
√
T ≤ p ≤ T we choose in the following form

σ̂T =
T

p

p∑
j=[
√
T ]+1

θ̂2
j .

Substituting the weight coefficients, minimizing the cost function γ∗ = argminγ∈Γ Jp(γ), in (11)
leads to the improved model selection procedure

S∗ = S∗γ∗ . (14)

It will be noted that γ∗ exists because Γ is a finite set. If the minimizing sequence γ∗ is not unique,
one can take any minimizer. First we study non-asymptotic properties of the estimate (14). To
this end we assume that
H2) The observation frequency p is a function of T , i.e. p = p(T ) such that

√
T ≤ p ≤ T and

limT→∞ T
ε−5/6p =∞ for any ε > 0.

Theorem 2. Assume that the conditions H1) – H2) hold and the function S has the square
integrable derivative Ṡ. Then for any T ≥ 3 and 0 < ρ < 1/2 the robust risk (7) of estimate (14)
satisfies the following sharp oracle inequality

R∗T (S∗, S) ≤ 1 + 5ρ

1− ρ
min
γ∈Γ
R∗n(S∗γ , S) +

1

ρT
UT (1 + ‖Ṡ‖2) ,

where the coefficient UT is such that limT→∞ T−εUT = 0 for any ε > 0.

Further, let Wk,r be the functional Sobolev ball with some unknown parameters r > 0 and k ≥ 1,

ΣT is a set of all estimators Ŝ measurable with respect to the field σ{yt , 0 ≤ t ≤ T}. To study
efficiency properties we need the following condition.

H3) The parameter ρ in the cost function (13) is a function of T , i.e. ρ = ρ(T ), such that
limT→∞ ρ(T ) = 0 and for any ε > 0 limT→∞ T

ερ(T ) =∞.

Theorem 3. Assume that the conditions H1) – H3) hold true and the function S has the square
integrable derivative Ṡ. Then the model selection procedure (14) is efficient with respect to the
robust risks (7), i.e.

lim
T→∞

inf
Ŝ∈ΣT

supS∈Wk,r
R∗T (Ŝ, S)

supS∈Wk,r
R∗T (S∗, S)

= 1 . (15)
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Remark 2. It should be noted that the regularity parameters r and k of the Sobolev ball are not
used to show the property (15) for the procedure (14). This means that this procedure is efficient
in adaptive setting.

4. Conclusion

In this paper we considered the nonparametric estimation problem for continuous time regres-
sion model (1) with the noise defined by non-Gaussian Ornstein–Uhlenbeck process with unknown
distribution. Besides we suppose that the process (1) can be observed only in the fixed time mo-
ments (5). We proposed adaptive robust improved estimation method via model selection approach.
We developed new analytical tools to provide the improvement effect for the non-asymptotic esti-
mation accuracy. It turns out that in this case the accuracy improvement is much more significant
than for parametric models, since according to the well-known James - Stein formula the accuracy
improvement increases when dimension of the parameters increases. Recall, that for the parametric
models this dimension is always fixed, while for the nonparametric models it tends to infinity, that
is, it becomes arbitrarily large with an increase in the number of observations. Therefore, the gain
from the application of improved methods is essentially increasing with respect to the parametric
case. Then, we found constructive conditions for the observation frequency under which we shown
sharp non-asymptotic oracle inequalities for the robust risks (7). Then, through the established
oracle inequalities we got the efficiency property for the developed model selection methods in
adaptive setting, i.e. when the regularity of regression function is unknown.
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Abstract

A method of probabilistic approximation of evolution operator in the strong operator topology
is proposed. The approximating operators have the form of expectations of functionals of a certain
random point field. This approximation can be considered as a generalization of the Feynman-Kac
formula for the case of a higher order differential equation.
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1. Introduction

It is well known that a solution to the Cauchy problem for the heat equation

∂u

∂t
=

1

2

∂2u

∂x2
+ V (x)u, u(0, x) = ϕ(x)

can be represented as the expectation of a functional of a Wiener process. Namely,

u(t, x) = Eϕ(x− w(t)) exp
( t∫
0

V (x− w(s))ds
)
, (1)

where w(t) is the standard Wiener process. The formula (1) is called the Feynman-Kac formula
(see [9], p. 308).

If the differential operator in the Cauchy problem is of order 2m > 2 and has the form

∂u

∂t
=

(−1)m+1

(2m)!

∂2mu

∂x2m
+ V (x)u, (2)

then the representation of the Cauchy problem solution, that is analogous to (1) but with a replaced
w(t) by some other random process, is impossible, because in this case the fundamental solution to
equation (2) is not a probabilistic measure. However, some analogous representations were found
in papers ([1], [2], [5], [6], [7]). There are two main approaches to constructing an analogue of

∗Corresponding author
Email address: mariyaplat@rambler.ru (Mariia Platonova)
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formula (1). One of them is based on using a pseudo-process instead of the Wiener process. The
other one is based on the use of complex-valued process.

Finally, in the paper [3], a probabilistic method was proposed for constructing an approximation
of the Cauchy problem solution for the Schrödinger equation with a real bounded potential by mean
values of functionals of stochastic processes. The approximating operators took the form of the
expectations of functionals of a certain random point field. Using ideas and methods of [3], we are
constructing an approximation of the Cauchy problem solution for the evolution equation (2).

A probabilistic approximation of the solution in the case V = 0 was constructed in [8]. The
methods used in [8] were different for m = 2k + 1 and m = 2k. In the first case only real-valued
processes were used, while in the second case, complex-valued processes were used. In this paper
we also have two different cases.

2. The case m = 2k + 1

Let ν(dt, dx) be a Poisson random measure on (0,∞)× (0,∞) with intensity dt dx
x1+2m .

For ε > 0 we denote a random process

ξε(t) =

t∫
0

eε∫
ε

x ν(ds, dx), (3)

where e is the base of the natural logarithm. Note that for each ε > 0 the process ξε(t) is a
complicated Poisson process.

We define a semigroup of the operators P tε , t > 0, in L2(R) by setting

P tε ϕ(x) = E (ϕ ∗ ωtε(x− ξε(t))),

for ϕ ∈ L2(R), where ωtε(x) is defined by its Fourier transform

ω̂tε(p) = exp
(
− t
∫ eε

ε
(ipy +

(ipy)2

2!
+ . . .+

(ipy)2m−1

(2m− 1)!
)
dy

y1+2m

)
.

Note that P tε = etAε , where Aε is a pseudo-differential operator with symbol

gε(p) =

∫ eε

ε

(
eipy − 1− . . .− (ipy)2m−1

(2m− 1)!

) dy

y1+2m
.

Next, denote by P t the semigroup of the operators

P t = exp
( t(−1)m+1

(2m)!

d2m

dx2m

)
.

By definition, the operator P t takes the initial function ϕ into a solution of the Cauchy problem
(2) when V = 0. The following statement holds.

Theorem 1. There exists a positive constant C such that for every function ϕ ∈ W 2m+1
2 (R) and

all t > 0
‖P tεϕ− P tϕ‖L2(R) 6 Ctε‖ϕ‖W 2m+1

2 (R).
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Let us introduce the necessary notation. For any positive ε > 0 and t > 0 we define an operator
Rtε : L2(R)→ L2(R), by setting for ϕ ∈ L2(R)

Rtεϕ(y) = ϕ ∗ ωtε(−y) =
1

2π

∫
R
eipy ϕ̂(p) ω̂tε(p) dp.

Throughout the paper, Ta denotes the shift operator: Taϕ(x) = ϕ(x+ a). In this notation

P tεϕ(x) = EF tε(x, ξε(t)),

where

F tε(x, y) = Rtε,yTxϕ(y) = Rtε,yϕ(x+ y) =
1

2π

∫
R
e−ipx eipy ϕ̂(p) ω̂tε(p) dp,

the subscript y in the notation Rtε,y means that this operator acts on the variable y.
Next, we construct an analogue of the Feynman-Kac formula for the operator Aε + V . This

formula cannot be written in terms of elementary functions, therefore it is defined through an
integral representation, as was done in [3]. For this we should build a functional from the trajectory
of the process under the sign of expectation. This functional is constructed as an integral over a
Poisson random measure on the positive semiaxis with Lebesgue intensity.

Let’s denote U(x) = V (x)+1 and define a family of operators Nk(τ1, τ2, . . . , τk+1, y1, . . . , yk+1),
k = 0, 1, . . ., by setting [

Nk(τ1, τ2, . . . , τk+1, y1, . . . , yk+1)ϕ
]
(x)

= Rτ1ε,y1T
y1
x U(y1)R

τ2
ε,y2T

y2
y1 U(y2) . . . T

yk−1
yk U(yk)R

τk+1
ε,yk+1T

yk+1
yk ϕ(yk+1).

Let X = X (R+) be the space of configurations on R+. Each point X of the space X is some
strictly increasing locally finite sequence of positive numbers 0 < t1 < . . . < tn < . . .. Further, let
P0 be a Poisson measure on X whose intensity measure is the Lebesgue measure (see [4]).

Let γ(·) be a locally bounded measurable function on [0,∞). For every s, t, such that 0 6 s 6 t,
we define an operator Hs,t(γ,X), acting on the function ϕ as[

Hs,t(γ,X)ϕ
]
(x) =

[
Nk(tl+1 − s, tl+2 − tl+1, . . . , tl+k − tl+k−1, t− tl+k,

m(s, tl+1),m(tl+1, tl+2), . . . ,m(tl+k−1, tl+k),m(tl+k, t))ϕ
]
(x), (4)

where m(t, s) = γ(s)− γ(t), l = card(X ∩ (0, s)), k = card(X ∩ (s, t)).
Now, we define a new family of operators Φs,t(γ), depending on γ and ε by setting

Φs,t(γ) =

∫
X
P0(dX)Hs,t(γ,X) =

∫
X∩[s,t]

P0(dX)Hs,t(γ,X).

Next, we define a semigroup Qtε by setting[
Qtε ϕ

]
(x) = E

[
Φ0,t(ξε(t))ϕ

]
(x) (5)

for ϕ ∈ L2(R) and a semigroup Qt by setting

Qt = exp
(
t(

(−1)m+1

(2m)!

d2m

dx2m
+ V )

)
.
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By definition, the operator Qt takes the initial function ϕ into a solution of the Cauchy problem
(2). Now, let us show that, for small ε, the operator Qtε approximates Qt. First, we additionally
assume that the potential V has 2m+ 1 bounded derivatives. We set

L = max(‖V ‖∞, ‖V (1)‖∞, . . . , ‖V (2m+1)‖∞).

Theorem 2. Let V ∈ C(2m+1)(R). Then there exists a positive constant C such that for every
ϕ ∈W 2m+1

2 (R) and t > 0

‖Qtεϕ−Qtϕ‖L2 6 Cε t et‖V ‖∞
(

1 +
t2m+1L2m+1

2m+ 2

)
‖ϕ‖W 2m+1

2
.

3. The case m = 2k

In this case we use complex-valued processes σξε(t) where σ is a complex constant and ξε(t) is
defined by (3). Take two complex numbers σ+ = exp( iπ2m) and σ− = exp(− iπ

2m). Let’s represent
the initial function ϕ as

ϕ(x) = P+ϕ(x) + P−ϕ(x) = ϕ+(x) + ϕ−(x),

where P+, P− are Riesz projectors, defined on L2(R) ∩ L1(R) as

P+ϕ(x) =
1

2π

0∫
−∞

e−ipx ϕ̂(p) dp, P−ϕ(x) =
1

2π

∞∫
0

e−ipx ϕ̂(p) dp.

We define a semigroup of the operators P tε on L2(R) by setting

P tεϕ(x) = E(ϕ− ∗ ωtε(x− σ+ξε(t)) + ϕ+ ∗ ωtε(x− σ−ξε(t)))

for ϕ ∈ L2(R), where ωtε(x) is defined by its Fourier transform

ω̂tε(p) =


exp

(
− t

eε∫
ε

( 2m−1∑
j=1

(ipσ+y)j

j!

)
dy

y2m+1

)
, p > 0,

exp
(
− t

eε∫
ε

( 2m−1∑
j=1

(ipσ−y)j

j!

)
dy

y2m+1

)
, p < 0.

Theorem 3. There exists a positive constant C such that for every function ϕ ∈ W 2m+1
2 (R) and

all t > 0
‖P tεϕ− P tϕ‖L2(R) 6 Ctε‖ϕ‖W 2m+1

2 (R).

Let S be an operator acting on the function ϕ ∈ L2(R) as

Sϕ(x) =
1

2π

0∫
−∞

eipσ−x ϕ̂(p) dp+
1

2π

∞∫
0

eipσ+x ϕ̂(p) dp = ϕ+(−σ−x) + ϕ−(−σ+x).

In this notation
P tεϕ(x) = E F̃ tε(x, ξε(t)),
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where
F̃ tε(x, y) = Rtε,yTxSϕ(y) = Rtε,yTx

(
ϕ+(−σ−y) + ϕ−(−σ+y)

)
.

As before, we define an operator Hs,t(γ,X) by (4) using a new family of operators Ñk instead
of Nk, where [

Ñk(τ1, τ2, . . . , τk+1, y1, . . . , yk+1)ϕ
]
(x)

= Rτ1ε,y1T
y1
x Sy1U(y1)R

τ2
ε,y2T

y2
y1 Sy2U(y2) . . . T

yk
yk−1

SykU(yk)R
τk+1
ε,yk+1T

yk+1
yk Syk+1

ϕ(yk+1),

Then we define a semigroup Qtε by (5). The following statement holds.

Theorem 4. Let V ∈ C(2m+1)(R). Then there exists a positive constant C such that for every
ϕ ∈W 2m+1

2 (R) and t > 0

‖Qtεϕ−Qtϕ‖L2 6 Cε t et‖V ‖∞
(

1 +
t2m+1L2m+1

2m+ 2

)
‖ϕ‖W 2m+1

2
.

The main result of the present paper follows from theorems 2, 4 and the Banach–Steinhaus
theorem.

Theorem 5. Let V be any bounded real potential. Then for any function ϕ ∈ L2(R)

lim
ε→0
‖Qtεϕ−Qtϕ‖L2 = 0.

4. Conclusion

In this paper we suggest a method of probabilistic approximation of evolution operator in the
strong operator topology. The approximating operators have the form of expectations of functionals
of a certain random point field.
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Limit Theorems for Non-Markovian Models of Branching Random Walks in
Non-Homogeneous Environment
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Abstract

For applications in reliability theory it is important to reduce dynamical systems with denumerable
number of states to systems with a finite number [1] of states. We demonstrate that in such
procedure Markovian property of initial dynamical systems with denumerable number of states may
be lost. We consider branching processes with transport of particles called branching random walks.
Non-Markovian models are constructed based on branching random walk on multidimensional
lattices with a few branching sources. The object of investigation in branching random walks is
the number of particles in every lattice point. By aggregation of some lattice point areas it is
possible to consider a finite set of system states instead of a denumerable set of system states, but,
as a result, the Markovian property of initial branching random walks is lost. In such models we
assume that the distribution of the sojourn time of the particle at every lattice point is exponential
and the underlying random walk is the Markov process on a countable phase space. If we consider
the random walk with only two states: in the branching sources and out of them then in this case
the random walk becomes Non-Markovian. The results can be used for study of particle population
in branching random walk in sources and out of them. General methods are proposed to study
non-Markovian models for branching random walks.

The research was supported by the Russian Foundation for the Basic Research (RFBR), project
№20-01-00487.

Keywords: branching random walks, infinite variance of jumps, non-Markovian processes,
Green’s function

1. Introduction

For applications, e.g., in the reliability theory, it is important to reduce consideration of dynam-
ical systems with denumerable number of states to consideration of systems with a finite number
of states [2].

In the paper we demonstrate that in the course of such a reduction the Markovian property of
initial dynamical systems with denumerable number of states may be lost. Non-Markovian models
are constructed based on continuous-time branching random walks (BRWs) on Zd, d ≥ 1, with a
few branching sources, see the BRW description, e.g., in [3]. By aggregating some lattice point
areas it is possible to consider a finite set of system states instead of a denumerable set of system
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states, but, as a result, the Markovian property of initial BRWs is lost. Such approach to study of
symmetric and symmetrizable BRWs with one particle generation centre was suggested in [1].

In Sec. 2 we construct a continuous-time symmetric random walk Xt on Zd, which can be
consider as moving of an initial particle on Zd without branching with two possible space states
at time t. In Sec. 3 we shortly discuss Non-Markovian BRW models and formulate some limit
theorems.

2. Non-Markovian Model of a Random Walk with Infinite Variance of Jumps

We assume that the random walk of particles is defined by the infinitesimal transition matrix
A = ‖a(x,y)‖x,y∈Zd which is symmetric: a(x,y) = a(y,x); homogeneous: a(x,y) = a(0,y-x) =

a(y-x); irreducible: ∀x ∈ Zd ∃ x1, . . . ,xk ∈ Zd : x =
∑k

i=1 xi and a(xi) 6= 0 for i = 1, 2, . . . , k;
regular:

∑
x∈Zd a(x) = 0, for a(x) ≥ 0, x 6= 0, a(0) < 0. In [4], [1] there was considered the

case when the variance of jumps is finite:∑
x∈Zd

‖x‖2a(0,x) <∞,

where ‖ · ‖ — a norm in Rd. Now we will analyze the case of infinite variance of jumps.
To get the property of infinite variance of jumps let us assume that for intensities of transition

probabilities the following condition is valid:

lim
‖x‖→∞

a(0,x)‖x‖d+α = H

(
x

‖x‖

)
,

where α ∈ (0, 2),x ∈ Zd and H : Sd−1 → R, H(x) = H(-x),x ∈ Sd−1 a continuous positive
function which is defined on a unit (d-1)-dimensional sphere. From here as it was shown in [5] we
get the property of infinite variance of jumps:∑

x∈Zd
‖x‖2a(0,x) =∞.

Now let us consider a continuous-time symmetric irreducible random walk Xt on Zd with two
possible space states at time t.

• State I: Xt = xi, i = 1, 2, . . . , N ;

• State II: Xt = y, y 6= {xi}Ni=1.

In [1] there was considered the case when N = 1 and the variance of jump was finite. The
random walk started from the origin at time t = 0. In this situation the time spent by the particle
at the origin until it leaves was denoted by τ1, and the time spent by the particle outside the
origin until its first return to the origin was denoted by τ2. In virtue of Markovian character of the
initial random walk [1] in this case the time τ1 was exponentially distributed random variable with
parameter −a(0), but the sojourn time τ2 of Xt to be outside the origin before the first return to
the origin was not exponentially distributed and depend on the lattice dimension d.

Set G1(t) := P (τ1 < t) and G2(t) := P (τ2 < t). Below, we will obtain that the distribution of
the random walk sojourn time τ2 to be outside the State I on Zd (before the first return to State I)
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is not exponentially distributed. The long-time asymptotic behavior of the transition probability

p(t,x,y) defined by the intensities a(x), as was shown, e.g., in [5], is given by p(t,x,y) ∼ hα,d
td/α

,
where hα,d > 0 is a constant defined by 0 < α < 2 and the dimension d.

Denote by Gλ(x,y) :=
∫∞
0 e−λup(u,x,y)du the Laplace transform of transitional probability

called Green’s function. Denote by G0,d(x,y) := limλ→0Gλ(x,y) if the limit exists for dimension
d under consideration.

By a standard way it is possible to get the following proposition which will be usefull for case
N = 1.

Lemma 1. For the random walk under consideration we have

p(t,0,0) = 1−G1(t) +

∫ t

0
p(t− u,0,0)(G1 ∗G2){du},

where (G1 ∗G2)(u) = P (τ1 + τ2 < u) and 0 ∈ Zd.

From here, applying the Laplace transform and the Tauberian theorems [6] we get the following
proposition.

Theorem 1. Let N = 1 then for the random walk under consideration with infinite variance of
jumps, as t→∞, we have

for d = 1

1−G2(t) ∼
1

−a(0)G0,1(0,0)
, for α ∈ (0, 1),

1−G2(t) ∼
1

−a(0)hα,1 ln t
, for α = 1,

1−G2(t) ∼
π

−a(0) sin(π/α)hα,1t1−1/α
, for α ∈ (1, 2);

for d > 1

1−G2(t) ∼
1

−a(0)G0,d(0,0)
, for α ∈ (0, 2).

For cases when N > 1 we cannot use renewal equations for transition probability because the
behaviour of process inside State I is very complex unlike the case N = 1. Instead of renewal
equations we will use the theory of differential equations.

Denote by A1 the following submatrix of matrix A:

A1 =


a(x1,x1) a(x1,x2) . . . a(x1,xN )
a(x2,x1) a(x2,x2) . . . a(x2,xN )

...
...

. . .

a(xN ,x1) a(xN ,x2) . . . a(xN ,xN )


Set C

(d)
N,A1

, d = 1, 2, . . . , positive constants that depend on elements of submatrix A1 and number

N with the property that as N →∞ then C
(d)
N,A1

→ 0.
As a result, we get the following proposition for process under consideration:
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Theorem 2. Let N > 1 then for the random walk under consideration with infinite variance of
jumps, as t→∞, we have

for d = 1

1−G2(t) ∼ C(d)
N,A1

, for α ∈ (0, 1),

1−G2(t) ∼
C

(d)
N,A1

−hα,1 ln t
, for α = 1,

1−G2(t) ∼
C

(d)
N,A1

π

− sin(π/α)hα,1t1−1/α
, for α ∈ (1, 2);

for d > 1

1−G2(t) ∼ C(d)
N,A1

, for α ∈ (0, 2).

3. Non-Markovian Branching Random Walks

Let us consider a finite set of branching sources located at the lattice points x1,x2, . . . ,xN ∈ Zd,
d ≥ 1. We assume that initial particle being outside the sources performs a continuous time
random walk on Zd until reaching one of the sources. The branching of particles at every point xi,
i = 1, 2, . . . , N , is described by the branching processes with continuous time with the infinitesimal

generation function of transition intensities f(u) :=
∞∑
n=0

bnu
n, where bn ≥ 0 for n 6= 1, b1 < 0 and∑

n
bn = 0. We also assume that βr := f (r)(1) <∞, r ∈ N, and β := β1. Let µt(y) be the number

of particles at time t at the point y ∈ Zd. Then, the condition that at the time t = 0 the system
consists of a single particle at the point x amounts to µ0(y) = δx(y).

Now, let us consider BRWs on Zd with State I and State II. In this case the evolution of a

particle system in time may be described by the two-dimensional vector
(∑N

i=1 µt(xi), ηt

)
, where

ηt =
∑

y 6={xi}Ni=1
µt(y), is the number of particles outside the branching sources. This construction

is a more complicated example of the presented in Sec. 2 non-Markovian model based on random
walks.

The present investigation proposes general methods to study non-Markovian models of super-
critical BRW on Zd for which an exponential growth of the particle number in every lattice point
is observed. In the BRW models with finitely many sources of equal intensity, as was shown in [7],
there arise multipoint perturbations of the symmetric random walk generator A which have the
form

Hβ = A+ β

N∑
i=1

∆xi ,

where xi ∈ Zd, A : lp(Zd)→ lp(Zd), p ∈ [1,∞], is a symmetric operator acting by the formula

(Au)(z) :=
∑
z′∈Zd

a(z− z′)u(z′),

∆x = δxδ
T
x , δx = δx(·) denotes the column vector on the lattice which is equal to 1 at the point

x and to 0 at the other points. The perturbation β
∑N

i=1∆xi of the operator A can result in the
appearance of positive eigenvalues of the operator Hβ. Therefore we can get the following theorem:
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Theorem 3. Let λ0 be the leading positive eigenvalue then for t→∞ both the numbers of particles

at the sources and their total number µt :=
(∑N

i=1 µt(xi)
)

+ ηt grow exponentially:

lim
t→∞

(
N∑
i=1

µt(xi)

)
e−λ0t = ψ(x1,x2, · · · ,xN )ξ, lim

t→∞
µt e

−λ0t = ξ,

where ψ(x1,x2, · · · ,xN ) is a function and ξ is a nondegenerate random variable.

Last relations are meant in the sense of convergence in distribution. The conditions under
which the distribution ξ is uniquely defined by its moments were established using the Carleman
criterium, see, e.g. [8]. Sufficient conditions for exponential growth of the number of particles at
the sources were obtained, e.g., in [7]. Thus, the methods developed in [7] are suitable for studying
the offered non-Makrovian models based on supercritical BRWs with a finite number of branching
sources.
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MDR-EFE method with forward selection
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Abstract

Determination of significant risk factors is one of the main goals in biological and medical studies.
We continue the development of Multifactorial Dimensionality Reduction with Error Function
Estimation (MDR-EFE) method. In this work we introduce a new version of the algorithm with
forward selection. We show that in the model of Naive Bayes Classifier the probability of finding
the correct collection of significant factors using MDR-EFE method with forward selection tends
to 1 when the sample size goes to infinity. Moreover, we express the lower bound of this probability
using the coefficients of the corresponding logistic regression.

Keywords: Feature selection, Multifactorial Dimentionality Reduction, Limit theorem, Forward
Selection

1. Introduction

In recent years the feature selection is one of the most important tasks in machine learning.
For example, in Genome-wide Association Studies (GWAS) [1] one considers the impact of millions
of genetic variants X1, . . . , Xn, n ∈ N, on the disease status Y . In recent studies the number n of
potentially associated with Y factors X1, . . . , Xn can be very large (over 10 millions). However,
just a few of them have a strong effect on the disease. For the biological and clinical purposes
it is crucial to know which factors are in fact associated with the disease. In recent decades the
following methods have been actively developed: logistic and logic regressions [2], random forests
[3], LASSO, Bayesian methods, combinations of these methods [4] and others.

For many diseases each individual factor Xi can have very small effect on Y . However, their
combinations might increase the risk of disease dramatically. To detect such collections of fac-
tors the Multifactorial Dimensionality Reduction (MDR) method was introduced in [5]. Subse-
quently various modifications of this method were proposed (see, e.g., survey [6]). In this work
we continue to develop the Multifactorial Dimensionality Reduction with Error Function Estima-
tion (MDR-EFE) method. This algorithm was initially introduced in [7] and further developed in
[8],[9],[10],[11],[12],[13].

On one hand, MDR-EFE is a non-parametric method which can be applied to the models
without imposing strict conditions on the joint distribution of a random vector X and a response
Y . On the other hand, MDR-EFE method is computationally expensive as one needs to calcu-
late the estimates of the error functional for a large number of factor collections. We introduce

∗Corresponding author
Email address: rakitko@gmail.com (Alexander Rakitko)
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a modification of the MDR-EFE method with forward selection. In practice the approaches with
forward features selection are quite popular because of their simplicity and computational effec-
tiveness [14]. However, there are few theoretical results about the asymptotic properties of such
algorithms. Assuming that data follows the model of the Naive Bayes Classifier we find the lower
bound of the probability to determine the correct subset of the associated factors using MDR-EFE
method with forward selection.

2. Notation and auxiliary results

Let Y be a binary response variable and vector X = (X1, . . . , Xn) be a collection of factors
(features) as introduced in [7]. We define n ∈ N as the number of observed features. We assume
that the joint distribution of (X,Y ) satisfies the following conditions:

1. Xi : Ω→ {0, 1}, i = 1, . . . , n; Y : Ω→ {−1, 1};
2. Y depends on r factors, r < n;

3. P(X = x|Y = y) =
∏n
i=1 P(Xi = xi|Y = y), where x, xi ∈ {0, 1}, y ∈ {−1, 1}, i = 1, . . . , n.

The last condition means that the data follows the model of Naive Bayes Classifier. Further we

use the notation θ
(i)
v,y := P(Xi = v|Y = y) where v ∈ {0, 1}, y ∈ {−1, 1}. Then one can write

P(Xi = xi|Y = 1) = (θ
(i)
1,1)

xi(θ
(i)
0,1)

1−xi . We come to the model of logistic regression. Namely,
logit P(Y = 1|X = x) = β0 +

∑n
i=1 βixi where, for i = 1, . . . , n,

β0 = −
(

log
P(Y = −1)

P(Y = 1)
+

n∑
i=1

log
1− θ(i)1,−1

1− θ(i)1,1

)
, βi = − log

(θ(i)1,−1(1− θ
(i)
1,1)

θ
(i)
1,1(1− θ

(i)
1,−1)

)
. (1)

As mentioned above Y depends on a subset of factors X1, . . . , Xn. The main goal of the
algorithm is to find the factors that are associated with Y using the sample from Law(X,Y ). In
[7] authors introduced MDR-EFE method involving the estimation of the error functional

Err(f) := E|Y − f(X)|ψ(Y ) = 2
∑

y∈{−1,1}

ψ(y)P(Y = y, f(X) 6= y). (2)

Here, f is a prediction function of Y based on a certain subset of factors. We use the penalty
function ψ(y) = Const/P(Y = y), y ∈ {−1, 1} proposed by D.R.Velez et al. in [15] and the
estimate P̂Sk(N)(Y = y) defined in [9]. In [16] (see formula (9) and notation therein) the estimate

ÊrrK(fPA, ξN ) was introduced.
We introduce α = (k1, . . . , kr), Xα = (Xk1 , . . . , Xkr) and xα = (xk1 , . . . , xkr), where xi ∈ {0, 1},

i = 1, . . . , n, and 1 ≤ k1 < . . . < kr ≤ n. It is natural to assume that Y depends on a certain
subset of factors Xα. Such collection α (and corresponding vector Xα) is called significant if for
x ∈ X := {0, 1}n and y ∈ Y := {−1, 1} one has P(Y = y|X = x) = P(Y = y|Xα = xα) given
P(X = x) > 0.

In [16] the criteria of almost surely convergence of ÊrrK(fPA, ξN ) to Err(f), as N →∞, was
established. In [10] (with α instead of β) for each β = (m1, . . . ,mr) where 1 ≤ m1 < . . . < mr ≤ n
the function fβ was defined. The prediction algorithm f̂β(x, ξN (WN )) was introduced, where
x ∈ X and ξN (WN ) = (ξn1 , . . . , ξnu), WN = {n1, . . . , nu} ⊂ {1, . . . , N}. It was proven that if
the collection α = (k1, . . . , kr) is significant then, for any β = (m1, . . . ,mr) and each ν > 0,
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ÊrrK(f̂αPA, ξN ) ≤ ÊrrK(f̂βPA, ξN ) + ν a.s. for all N large enough. Thus, it is reasonable to choose

such collection α among all collections β = (m1, . . . ,mr) that α = argminβ{ÊrrK(f̂βPA, ξN )}.
Moreover, in [9], for a certain sequence of positive numbers ε = (εN )N∈N, the regularized estimates

f̂βPA,ε were introduced and the central limit theorem (CLT) was proven for these estimates. Note
also that in [10] nonbinary response Y was studied and the CLT for regularized versions of the
error functional estimates was established.

3. MDR-EFE with forward selection

Let us consider the modification of MDR-EFE method where we need not compute the estimates
of the error functional for all possible factor combinations. Instead we apply the so-called forward
selection procedure. Assume that we know the number of significant factors r. At the first step
of the algorithm we calculate the estimate of the error functional for subsets of {X1, . . . , Xn}
consisting of single factors and select a factor Xi1 with the minimal ÊrrK(f̂

(i1)
PA ). At the next

step we consider all collections (Xi1 , Xi), i ∈ {1, . . . , n} \ {i1},, and select a factor Xi2 such that

(Xi1 , Xi2) has the minimal ÊrrK(f̂
(i1,i2)
PA ) among all ÊrrK(f̂

(i1,i)
PA ). Similarly, during the next r− 2

steps we add factors one by one. As a result we have a collection of factors (Xi1 , . . . , Xir). Our
goal is to estimate the probability that the collection of factors (Xi1 , . . . , Xir) is significant.

We assume that conditions 1-3 are satisfied. To simplify the notations we assume that Y
depends on X1, . . . , Xr. Without loss of generality we can suppose that β1 > β2 > . . . > βr > 0 and
βj = 0 for j = r+ 1, . . . , n. Let si be the (random) index of a factor that was added in the ith step
of the algorithm (i = 1, . . . , r). We find the lower bound for the probability P(s1 = 1, . . . , sr = r)
and show that this probability tends to 1 when sample size N tends to infinity.

Theorem 1. Let the conditions of Theorem 2 in [8] be satisfied. Then

P(s1 = 1, . . . , sr = r) ≥
r∏

k=1

(
1− 1

N

n∑
t=k+2

8Vmax + o(1)(
c
(1,...,k)
k+1,t + o(1/

√
N)
)2), (3)

where Vmax and ck+1,t are some positive constants.

Proof. Obviously, one can write

P(s1 = 1, . . . , sr = r) = P(s1 = 1)P(s2 = 2|s1 = 1)× . . .× P(sr = r|s1 = 1, . . . , sr−1 = r − 1). (4)

At first we estimate P(sk+1 = k + 1|s1 = 1, . . . , sk = k), k = 0, . . . , r − 1. It is the probability
that in the k+ 1 step the algorithm selects factor Xk+1 given the fact that factors X1, . . . , Xk were
selected in the previous steps (in the mentioned order). Clear that

P(sk+1 = k + 1|s1 = 1, . . . , sk = k) ≥ 1 −
n∑

t=k+2

P
(
ÊrrK(f̂

(1,...,k,k+1)
PA ) ≥ ÊrrK(f̂

(1,...,k,t)
PA )

)
. (5)

For t = k + 2, . . . , n, one has

P
(
ÊrrK(f̂

(1,...,k,k+1)
PA )<ÊrrK(f̂

(1,...,k,t)
PA )

)
=P
(
ξ
(1,...,k,k+1)
0 +ξ(1,...,k,k+1)

exp −ξ(1,...,k,t)exp −ξ(1,...,k,t)0 <c
(1,...,k)
k+1,t

)
,
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where c
(1,...,k)
k+1,t := Err(f1,...,k,tPA )−Err(f1,...,k,k+1

PA ) > 0; ξ
(1,...,k)
0 := ÊrrK(f̂

(1,...,k)
PA )−EÊrrK(f̂

(1,...,k)
PA );

ξ
(1,...,k)
exp := EÊrrK(f̂

(1,...,k)
PA )−Err(f (1,...,k)PA ), k = 1, . . . , n. Asymptotic normality of ÊrrK(f̂

((1,...,k))
PA )

yields that ξ
(1,...,k)
exp = o(1/

√
N), as N →∞. Then

P
(
ξ
(1,...,k,k+1)
0 + ξ(1,...,k,k+1)

exp − ξ(1,...,k,t)exp − ξ(1,...,k,t)0 < c
(1,...,k)
k+1,t

)
≥

≥ 1− P
(
|ξ(1,...,k,k+1)
0 | >

c
(1,...,k)
k+1,t + o(1/

√
N)

2

)
− P

(
|ξ(1,...,k,t)0 | >

c
(1,...,k)
k+1,t + o(1/

√
N)

2

)
.

Using the Markov inequality we get

P
(
|ξ(1,...,k,k+1)
0 | >

c
(1,...,k)
k+1,t + o(1/

√
N)

2

)
≤ 4E(ξ

(1,...,k,k+1)
0 )2

(c
(1,...,k)
k+1,t + o(1/

√
N))2

=
4(V (1,...,k,k+1) + o(1))

N(c
(1,...,k)
k+1,t + o(1/

√
N))2

.

Here V (1,...,k,k+1) = limN→∞NE(ξ
(1,...,k,k+1)
0 )2. This limit exists due to Theorem 2 of [8].

Set Vmax := maxα V
(α), where the maximum is taken over all subsets α of {1, . . . , n}. Hence

we show that

P(sk+1 = k + 1|s1 = 1, . . . , sk = k) ≥ 1−
n∑

t=k+2

8Vmax + o(1)

N
(
c
(1,...,k)
k+1,t + o(1/

√
N)
)2 . �

Now it is easy to obtain the following result.

Theorem 2. In (3) the functions c
(1,...,k)
k+1,t can be expressed as

c
(1,...,k)
k+1,t = c

(1,...,k)
t − c(1,...,k)k+1 ,

where, for l = (k + 1), . . . , n,

c
(1,...,k)
l =

∑
v∈{0,1}(k+1)

θ
(1)
v1,−1·. . .·θ

(k)
vk,−1·θ

(l)
vk+1,−1×I{θ

(1)
v1,1
·. . .·θ(k)vk,1

·θ(t)vk+1,1
> θ

(1)
v1,−1·. . .·θ

(k)
vk,−1·θ

(l)
vk+1,−1}

+
∑

v∈{0,1}(k+1)

θ
(1)
v1,1
· . . . · θ(k)vk,1

· θ(l)vk+1,1
× I{θ(1)v1,1 · . . . · θ

(k)
vk,1
· θ(l)vk+1,1

≤ θ(1)v1,−1 · . . . · θ
(k)
vk,−1 · θ

(l)
vk+1,−1}

Here Vmax is a certain constant, βi, for i = 1, . . . , r, are defined in (1) and βi = 0 for i =

r + 1, . . . , n; θ
(i)
v,y := P(Xi = v|Y = y), where v ∈ {0, 1}, y ∈ {−1, 1}, i = 1, . . . , n.

Proof. Consider the case when in the first k steps of the algorithm the factors X1, . . . , Xk were

selected. By definition c
(1,...,k)
k+1,t := Err(f

(1,...,k,k+1)
PA ) − Err(f (1,...,k,t)PA ). Let α be a vector of indices

(1, . . . , k, t), k < t ≤ n. As before

Err(f
(α)
PA) = 2

∑
y∈{−1,1}

1

P(Y = y)
P
(
Y = y, f

(α)
PA(X) 6= y

)
=

= 2
[
P
(
P(Ỹ = 1|X̃α = Xα) > γ(ψ)

∣∣∣Y = −1
)

+ P
(
P(Ỹ = 1|X̃α = Xα) ≤ γ(ψ)

∣∣∣Y = 1
)]
,
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where γ(ψ) := ψ(−1)/(ψ(−1) + ψ(1)). We can write

P
(
P(Ỹ = 1|X̃α = Xα) > γ(ψ)

∣∣∣Y = −1
)

=
∑

v∈{0,1}(k+1)

P(Xα = v|Y = −1)I{P(Y = 1|Xα = v) > γ(ψ)} =

=
∑

v∈{0,1}(k+1)

θ
(1)
v1,−1 · . . . · θ

(k)
vk,−1 · θ

(t)
vk+1,−1I{θ

(1)
v1,1
· . . . · θ(k)vk,1

· θ(t)vk+1,1
> θ

(1)
v1,−1 · . . . · θ

(k)
vk,−1 · θ

(t)
vk+1,−1}.

In a similar manner we deal with P
(
P(Ỹ = 1|X̃α = Xα) ≤ γ(ψ)

∣∣∣Y = −1
)

. �

Acknowledgments. I thank Prof. Alexander Bulinski for discussions that improved the
results, and Dr. Tatiana Gurbich and Kirill Tsukanov for comments on the manuscript.

References

[1] P. M. Visscher, N. R. Wray, Q. Zhang, P. Sklar, M. I. McCarthy, M. A. Brown, J. Yang, 10 years of gwas
discovery: biology, function, and translation, The American Journal of Human Genetics 101 (2017) 5–22.

[2] T. Sato, Y. Takano, R. Miyashiro, A. Yoshise, Feature subset selection for logistic regression via
mixed integer optimization, Computational Optimization and Applications 64 (2016) 865–880. URL:
http://dx.doi.org/10.1007/s10589-016-9832-2. doi:10.1007/s10589-016-9832-2.

[3] E. V. Sylvester, P. Bentzen, I. R. Bradbury, M. Clément, J. Pearce, J. Horne, R. G. Beiko, Applications of
random forest feature selection for fine-scale genetic population assignment, Evolutionary applications 11 (2018)
153–165.

[4] L. Li, W. Yao, Fully bayesian logistic regression with hyper-lasso priors for high-dimensional feature selection,
Journal of Statistical Computation and Simulation 88 (2018) 2827–2851.

[5] M. D. Ritchie, L. W. Hahn, N. Roodi, L. R. Bailey, W. D. Dupont, F. F. Parl, J. H. Moore, Multifactor-
dimensionality reduction reveals high-order interactions among estrogen-metabolism genes in sporadic breast
cancer, The American Journal of Human Genetics 69 (2001) 138–147.

[6] D. Gola, J. M. Mahachie John, K. van Steen, I. R. König, A roadmap to multifactor dimensionality reduction
methods, Briefings in Bioinformatics 17 (2016) 293. doi:10.1093/bib/bbv038.

[7] A. Bulinski, O. Butkovsky, V. Sadovnichy, A. Shashkin, P. Yaskov, A. Balatskiy, L. Samokhodskaya, V. Tkachuk,
Statistical methods of snp data analysis and applications, Open Journal of Statistics 2 (2012) 73–87.
doi:10.4236/ojs.2012.21008.

[8] A. V. Bulinski, A. S. Rakitko, Simulation and analytical approach to the identification of significant factors,
Communications in Statistics-Simulation and Computation 45 (2016) 1430–1450.

[9] A. Bulinski, Central limit theorem related to mdr-method, in: Asymptotic Laws and Methods in Stochastics,
Springer, 2015, pp. 113–128.

[10] A. Bulinski, A. Rakitko, Mdr method for nonbinary response variable, Journal of Multivariate Analysis 135
(2015) 25–42.

[11] A. Rakitko, Multifactorial dimensionality reduction for disordered trait, in: Proceedings of the International
Conference on Bioinformatics Models, Methods and Algorithms - Volume 1: BIOINFORMATICS, (BIOSTEC
2015), 2015, pp. 232–236. doi:10.5220/0005285302320236.

[12] A. Bulinski, A. Rakitko, Estimation of nonbinary random response, Doklady Mathematics 89 (2014) 225–229.
[13] A. Bulinski, A. Kozhevin, New version of the mdr method for stratified samples, Statistics, Optimization &

Information Computing 5 (2017) 1–18.
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First passage time for mean-reverting processes with bounded variation

Nikita Ratanov
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Abstract

A new class of processes of bounded variation is introduced as a solution of an analogue of the
Langevin equation with an integrated telegraph process replacing a Brownian motion. The distri-
bution of the first passage time is obtained explicitly.

Under Kac’s rescaling, the limiting process is identified as the classical Ornstein-Uhlenbeck
process.

Keywords: telegraph process, Ornstein-Uhlenbeck process, Kac’s scaling

1. The problem setting

Let ε = ε(t) ∈ {0, 1} be a two-state time-homogeneous Markov process defined on the complete
filtered probability space (Ω, F , Ft, P), which is driven by two alternating switching parameters
λ0, λ1. We denote by P0 and P1 the conditional probabilities, Pi{·} = P{· | ε(0) = i}, i ∈ {0, 1}.

Consider the (integrated) telegraph process, A(t) =
∫ t

0 aε(s)ds, where a0, a1 are constants;
A(t) corresponds to the position of a particle moving in a straight line with velocities a0 and a1,
alternating at random times. Let X = X(t) be a stochastic process defined by the equation

X(t) = x−
∫ t

0
γε(s)X(s)ds+ A(t), t > 0. (1)

Here γ0, γ1 > 0 and x = X(0) is the starting point of the process X.
After applying the usual integrating factor technique, you can get the explicit formula for

solving (1):

X(t) = e−Γ(t)

(
x+

∫ t

0
eΓ(s)aε(s)ds

)
= e−Γ(t)

(
x+

∫ t

0
eΓ(s)dA(s)

)
, t ≥ 0, (2)

where Γ(t) =
∫ t

0 γε(s)ds is again an integrated telegraph process. It is known [1] (see also [2, 3]),
that under Kac’s rescaling, that is, if a0,−a1, λ0, λ1 → +∞ and a2

0/λ0, a
2
1/λ1 → σ2, then process

A = A(t), t ∈ [0, T ], converges weakly in C([0, T ];R) to the Wiener process σW. Hence, by (2),
under this scaling (with γ0 ∼ γ1 → γ) X(t) weakly converges to the Ornstein-Uhlenbeck process,

XW (t) = e−γt
(
x+ σ

∫ t

0
eγsdW (s)

)
.
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Process X = X(t) can be considered as a piecewise deterministic path-continuous process of
bounded variation which follows the two patterns,

φ0(t, x) =
a0

γ0
+

(
x− a0

γ0

)
e−γ0t, φ1(t, x) =

a1

γ1
+

(
x− a1

γ1

)
e−γ1t, t ≥ 0,

alternating at Poisson times τn, n ≥ 1. Mappings t→ φ0(t, x) and t→ φ1(t, x) satisfy semigroup
property, and

lim
t→∞

φ0(t, x) =
a0

γ0
, lim

t→∞
φ1(t, x) =

a1

γ1
.

Say, a0/γ0 < a1/γ1. The interval I = (a0/γ0, a1/γ1) turns out to be an attractor for X = X(t) :
if the process X starts outside I, then the trajectory X(t) a.s. enters I in a finite time and all
subsequent t remain there.

The stationary distribution of the Markov process Ξ(t) = 〈X(t), ε(t)〉 ∈ R×{0, 1}, t ≥ 0, with
the probability density function ~π = (π0(x), π1(x)) can be easily found,

π0(x) =cγ−1
0 (γ0x− a0)−1+λ0/γ0(a1 − γ1x)λ1/γ1 ,

π1(x) =cγ−1
1 (γ0x− a0)λ0/γ0(a1 − γ1x)−1+λ1/γ1 ,

a0/γ0 < x < a1/γ1, (3)

where c is the normalising constant.
A sample path is shown in Fig. 1.

τ1 τ2 τ3 τ4 t

X
x

a1/γ1

a0/γ0

y

T (x, y)

Figure 1: A sample path of X = X(t) and T (x, y)

Consider the threshold y, y 6= x. We study the distribution of the first passage time, T (x, y),
where

T (x, y) = inf{t > 0 | X(0) = x, X(t) = y}. (4)

We will use the following notation. Let

t = t∗(x, y; γ, ρ) =
1

γ
log

x− ρ
y − ρ

, (5)

which is a solution to the equation φ(t, x) = y, where φ(t, x) := ρ+(x−ρ)e−γt and either x < y < ρ
or x > y > ρ.

Since process X = X(t), (2), can be considered as a (non-Gaussian) version of an Ornstein-
Uhlenbeck process with finite variation, the processes of this form can be widely used in finance,
see [4, 5], as well as in biology, see e. g. [6].
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2. First passage time

Since the interval I = (a0/γ0, a1/γ1) serves as an attractor for X, we have T (x, y) = +∞ in
the following cases:

• y > x ≥ a1/γ1 or y < x ≤ a0/γ0;

• x ≥ a1/γ1 and y ≤ a0/γ0 or x ≤ a0/γ0 and y ≥ a1/γ1.

otherwise, T (x, y) is a.s. finite. In the latter case, the distribution of T (x, y) is determined by the
(generalised) density function Q = (Q0(t, x, y), Q1(t, x, y)), where

P0{T (x, y) ∈ dt} = Q0(t, x, y)dt, P1{T (x, y) ∈ dt} = Q1(t, x, y)dt.

Notice that a.s. T (x, y) ≥ t∗, where t∗ is the shortest time to reach threshold y, starting at
point x without changing the pattern, see (5). Precisely speaking, t∗ takes one of the following
values: t∗ = t∗0(x, y) and t∗ = t∗1(x, y), which are defined by (5) with ρ = a0/γ0, γ = γ0 and
ρ = a1/γ1, γ = γ1, respectively. So we can put

Q0(t, ·, ·)|t<t∗0(x,y) ≡ 0, Q1(t, ·, ·)|t<t∗1(x,y) ≡ 0. (6)

Let Q̂ = Q̂(q, x, y) = (Q̂0(q, x, y), Q̂1(q, x, y)) be the Laplace transform, where

Q̂0 =

∫ +∞

0
e−qtQ0(t, x, y)dt, Q̂1 =

∫ +∞

0
e−qtQ1(t, x, y)dt.

Up to symmetry, it is sufficient to analyse only the following two considerable cases:

A: a1/γ1 ≤ y < x;

B: a0/γ0 < y < x ≤ a1/γ1.

If y < a1/γ1 < x, then the stopping time T (x, y) is the sum of independent stopping times
T (x, a1/γ1) (case A) and T (a1/γ1, y) (case B), that is, the distribution of T (x, y) is determined by
convolution,

Qi(t, x, y) = Qi(·, x, a1/γ1)∗Q0(·, a1/γ1, y)(t) =

∫ t

0
Qi(τ, x, a1/γ1)Q0(t−τ, a1/γ1, y)dτ, i ∈ {0, 1}.

If x < a0/γ0 < y, then the stopping time T (x, y) is the sum of T (x, a0/γ0) and T (a0/γ0, y) (the
latter is with the initial state ε(0) = 1). The distribution of T (x, y) for all other combinations of
x and y can be obtained by symmetry.

Theorem 1. Let T (x, y) be the first passage time defined by (4), and case A or case B take place.
The distribution of T (x, y) is determined by

Q̂(q, x, y) = exp (A(q, x, y)) Q̂∗, y < x, (7)

where

A(q, x, y) =

(
−(q + λ0)t∗0(x, y) λ0t

∗
0(x, y)

λ1t
∗
1(x, y) −(q + λ1)t∗1(x, y)

)
, (8)

and Q̂∗ corresponds to the boundary condition, Q̂∗ = Q̂∗(q, y) = Q̂|x↓y.
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Proof. By conditioning on the first switching, one can derive a system of integral equations for the
density functions. Since the relation x > y > a0/γ0 holds in both cases, A and B, the first equation
is always given by

Q0(t, x, y) = e−λ0t
∗
0(x,y)δ(t− t∗0(x, y)) +

t∗0(x,y)∫
0

λ0e−λ0τQ1(t− τ, φ0(τ, x), y)dτ. (9)

In case A, the second equation is similar,

Q1(t, x, y) = e−λ1t
∗
1(x,y)δ(t− t∗1(x, y)) +

t∗1(x,y)∫
0

λ1e−λ1τQ0(t− τ, φ1(τ, x), y)dτ, (10)

since x > y > a1/γ1.
In case B, since x ≤ a1/γ1 and y < x, instead of (10) we have

Q1(t, x, y) =

t∫
0

λ1e−λ1τQ0(t− τ, φ1(τ, x), y)dτ, (11)

Due to (6), after applying the Laplace transformation, equations (9), (10) and (11) take the
form

Q̂0(q, x, y) =

(
y − a0/γ0

x− a0/γ0

)β0
+

∫ t∗0(x,y)

0
λ0e−(λ0+q)τ Q̂1(q, φ0(τ, x), y)dτ, (12)

Q̂1(q, x, y) =

(
y − a1/γ1

x− a1/γ1

)β1
+

∫ t∗1(x,y)

0
λ1e−(λ1+q)τ Q̂0(q, φ1(τ, x), y)dτ, (13)

(here β0 = β0(q) = (q + λ0)/γ0, β1 = β1(q) = (q + λ1)/γ1, q ≥ 0) and

Q̂1(q, x, y) =

∫ +∞

0
λ1e−(λ1+q)τ Q̂0(q, φ1(τ, x), y)dτ, (14)

respectively.
Integrating by parts, it can be found that the ordinary differential equation

dQ̂(q, x, y)

dx
= a(x)Q̂(q, x, y), x > y, (15)

where

a(x) =

(
− β0(q)
x−a0/γ0

λ0/γ0
x−a0/γ0

λ1/γ1
x−a1/γ1 − β1(q)

x−a1/γ1

)
,

follows from both systems, (12),(13) and (12),(14).
The solution of (15) is given by (7), where

A(x, y) =

∫ x

y
a(z)dz,

which coincides with (8).
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In some special cases, formulae (7) can be expressed explicitly.
Let F = F (b0, b1; b2; ξ) be the Gaussian hypergeometric function with

b0 =
1

2

(
β0(q) + β1(q)−

√
(β0(q)− β1(q))2 + 4β0(0)β1(0)

)
,

b1 =
1

2

(
β0(q) + β1(q) +

√
(β0(q)− β1(q))2 + 4β0(0)β1(0)

)
,

and ξ(·) = (· − a0/γ0)/(a1/γ1 − a0/γ1).

Theorem 2. Let Q̂0(q, x, y) and Q̂1(q, x, y) be the Laplace transforms of the distribution of T (x, y).

A: If the starting point x is outside the interval I = (a0/γ0, a1/γ1), then

Q̂0(q, x, a1/γ1) = F (b0, b1;β1; 1− ξ(x)),

Q̂1(q, x, a1/γ1) =
λ1

λ1 + q
· F (b0, b1; 1 + β1; 1− ξ(x)), if x ≥ a1/γ1;

and

Q̂0(q, x, a0/γ0) =
λ0

q + λ0
· F (b0, b1; 1 + β0; ξ(x)),

Q̂1(q, x, a0/γ0) = F (b0, b1;β0; ξ(x)), if x ≤ a0/γ0.

B: If x, y are inside the interval I, then

Q̂0 =


F (b0,b1;b2;ξ(x))
F (b0,b1;b2;ξ(y)) |b2=β1 ,

a0
γ0
< y < x ≤ a1/γ1,

λ0
λ0+q ·

F (b0,b1;b2;ξ(x))|b2=1+β0
F (b0,b1;b2;ξ(y))|b2=β0

, a0
γ0
≤ x < y < a1/γ1

and

Q̂1 =

 λ1
λ1+q ·

F (b0,b1;b2;ξ(x))|b2=1+β1
F (b0,b1;b2;ξ(y))|b2=β1

, a0
γ0
< y < x ≤ a1/γ1,

F (b0,b1;b2;ξ(x))
F (b0,b1;b2;ξ(y)) |b2=β0 ,

a0
γ0
≤ x < y < a1/γ1.

To prove, we look for a solution to equation (7) in the form

Q̂0(q, x, y) =

∞∑
n=0

Anξ(x)n, Q̂1(q, x, y) =

∞∑
n=0

Bnξ(x)n,

with indefinite coefficients An = An(q, y) and Bn = Bn(q, y).
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On threshold selection problem for estimation of extremal index

Igor Rodionov
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Abstract

We study the properties of the new threshold selection method for non-parametric estimation
of the extremal index of a stationary sequence proposed in [1]. The method is to apply the
so-called discrepancy method based on the Cramér–von Mises–Smirnov’s statistic calculated by
the largest order statistics of a sample. The limit distribution of this statistic is derived if the
proportion of the largest order statistics used tends to some nonzero constant. We also use the
non-standard modification of the Cramér–von Mises–Smirnov’s statistic to propose the goodness-
of-fit test procedure of ω2 type for distribution tails.

Keywords: Extremal index, Threshold selection, Discrepancy method, Stationary sequence,
Cramér–von Mises–Smirnov’s statistic, Goodness-of-fit, Distribution tail

1. Introduction

Let (Xn) be a strictly stationary sequence with common cumulative distribution function (cdf)
F. Introduce the following

Definition 1. [2] The sequence (Xn) is said to have the extremal index θ ∈ [0, 1], if for each τ > 0
there exists a sequence of real numbers un = un(τ) such that

lim
n→∞

n(1− F (un)) = τ, lim
n→∞

P (Mn ≤ un) = e−θτ ,

where Mn = max(X1, . . . , Xn).

The extremal index exists for a wide class of stationary sequences and reflects a cluster struc-
ture of an underlying sequence and its local dependence properties. The extremal index of an
independent sequence is equal to 1, and the opposite is not true. In particular, if the Berman’s
condition holds, then a Gaussian stationary sequence has the extremal index equal to 1, [2].

We consider the problem of non-parametric estimation of the extremal index. It is important
to note that absolutely all non-parametric extremal index estimators require the selection of the
threshold parameter u and/or the block size b or other declustering parameter. The well-known
blocks estimator [3] and its later modifications [4] depend of the choice of both b and u. Another
classical one, the runs estimator [5], requires the selection of u and the number of consecutive
observations r running below u separating two clusters. The intervals [6] and K-gaps [7] estimators
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require the choice of u only, whereas the sliding blocks estimators proposed in [8] and simplified in
[9] depend on the block size only.

Less attention in the literature is devoted to methods of selection of the mentioned parameters,
in particular, the threshold parameter u. Usually, the value of u is taken from high quantiles of an
underlying sequence (Xn) or selected visually corresponding to a stability plot of values of some
estimate θ̂(u) with respect to u. Fukutome et al. [10] proposed the procedure of selection among
pairs (u,K) for the K-gaps estimator based on Information Matrix Test.

Markovich and Rodionov [1] proposed the non-parametric tool to select one of the necessary
parameters for extremal index estimation. Although the proposed method can be applied for selec-
tion of arbitrary aforementioned parameter, they focused on the selection of a threshold parameter
u. The developed method is an automatic procedure of extremal index estimation in cases if it is
based on estimators requiring the choice of only one parameter, in particular, the intervals and K-
gaps estimators. But in [1] this procedure was established only if the proportion of the largest order
statistics of a sample used vanishes as n→∞ (more precisely, see Theorem 3.3 [1]). The aim of this
work is to investigate the opportunity of justification of the Markovich and Rodionov’s method if
the mentioned proportion tends to some positive constant c. The problem of goodness-of-fit testing
of distribution tails is also studied.

2. Preliminaries

2.1. Inter-exceedance times and their asymptotic behavior

Let us discuss the properties of a stationary sequence (Xn) and its extremal index θ. Let L be
the number of exceedances of level u by the sequence (Xi)

n
i=1 and Sj(u) be the j-th exceedance

time, that is,
Sj(u) = min{k > Sj−1(u) : Xk > u}, j = 1, . . . , L,

where S0 = 0. Define the inter-exceedance times as

Tj(u) = Sj+1(u)− Sj(u), j = 1, . . . , L− 1

and assume its number equal to L for convenience.
Introduce the following ϕ-mixing condition.

Definition 2. [6] For real u and integers 1 ≤ k ≤ l, let Fk,l(u) be the σ-field, generated by
{Xi > u}, k ≤ i ≤ l. Introduce the mixing coefficients αn,q(u),

αn,q(u) = max
1≤k≤n−q

sup |P (B|A)− P (B)|,

where the supremum is taken over all sets A ∈ F1,k(u) with P (A) > 0 and B ∈ Fk+l,n(u).

The next theorem states that for some sequence of levels (un) it holds

F (un)T1(un)
d→ Tθ =

{
η, with probability θ,
0, with probability 1− θ,

where η is exponential with mean θ−1.
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Theorem 1. [6] Let the positive integers (rn) and the thresholds (un), n ≥ 1, be such that rn →∞,
rnF (un) → τ and P{Mrn ≤ un} → exp(−θτ) as n → ∞ for some τ ∈ (0,∞) and θ ∈ (0, 1]. If
there are positive integers qn = o(rn) such that αcrn,qn(un) = o(1) for all c > 0, then for t > 0

P{F (un)T1(un) > t} → θ exp(−θt) =: 1− Fθ(t), n→∞. (1)

The well-known intervals estimator of the extremal index is based on inter-exceedance times
and is found via method of moments applied to the limit distribution (1). It is defined as ([6], see
also [3], p. 391),

θ̂n(un) =
{ min(1, θ̂1n(u)), if max{Ti(un), 1 ≤ i ≤ L} ≤ 2,

min(1, θ̂2n(u)), if max{Ti(un), 1 ≤ i ≤ L} > 2,
(2)

where

θ̂1n(un) =
2
(∑L

i=1 Ti(un)
)2

L
∑L

i=1(Ti(un))2
and θ̂2n(un) =

2
(∑L

i=1(Ti(un)− 1)
)2

L
∑L

i=1(Ti(un)− 1)(Ti(un)− 2)
.

It is known that √
L(θ̂n(un)− θ) d−→ N(0, θ3v(θ)), (3)

where v(θ) is the second moment of the cluster size distribution {π(m)}m≥1, [11]. Moreover,
Theorem 2.4 [11] states that non-zero elements of the sequence

Zi = F (un)Ti(un), i = 1, . . . , L, (4)

are asymptotically independent under the assumptions of Theorem 1 and some assumptions on the
cluster structure of the initial stationary sequence (Xn).

To be able to use these properties, Markovich and Rodionov [1] assume that there exists a
sequence (Ei)

l
i=1, l = [θL], of independent exponentially distributed random variables with mean

θ−1 such that

Z(L−k) − E(l−k) = o

(
1√
k

)
(5)

uniformly for all k → ∞ with k/L → 0 as L → ∞. This assumption is based on the following
reasoning. It follows from Theorem 3.2 [11], that the limit distribution of the statistic

√
L

(
L∑
i=1

f(Zi)− Ef(Z1)

)

for some class of continuous f does not depend on substitution of the set of r.v.s {Z∗i }Li=1 with cdf
Fθ instead of {Zi}Li=1 under some regularity conditions. Moreover, for these r.v.s Theorem 2.2.1
and Lemma 2.2.3 [12] imply that if k/L→ c, c ∈ [0, θ) as k →∞, L→∞, then

√
k(E(l−k) − ln(l/k)/θ) = OP (1).
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2.2. Discrepancy method

The method proposed in [1] is based on the so-called discrepancy method initially introduced
in [13] and [14], see also [15], for optimal bandwidth selection in the problem of density estimation
and applied at the first time for extremal index estimation in [16]. Let ρ(·, ·) be some distance on
the space of probability measures, F̂n be the empirical cdf of the sequence (Xi)

n
i=1 and {Fu, u ∈ U}

be the family of cdfs parametrized by one-dimensional parameter u. Then the optimal value of u
can be found as a solution of the discrepancy equation

ρ(F̂n, Fu) = δ, (6)

where δ, the so-called discrepancy value, is defined by the choice of ρ. The statistic of the Cramér–
von Mises–Smirnov goodness-of-fit test (CMS statistic)

ω2
n = n

∫
R

(F̂n(x)− F0(x))2dF (x)

was chosen as ρ in [1], though the statistics of other goodness-of-fit tests, e.g., the Kolmogorov
and Anderson-Darling tests, can be applied in the discussing problem. Then quantiles of the
limit distribution of the CMS statistic can be used as δ. The choice of the parameter u as û =
argminuρ(F̂n, Fu) is usually not optimal.

3. Main results

In this section we consider the problem of the discrepancy method application to choose the
threshold/block-size parameter of the extremal index estimator. To simplify, let us assume that
we choose the threshold parameter u. It seems that for this purpose one can take Fu = Tθ̂(u),

F̂n be equal to the empirical cdf of the sequence {Zi}Li=1 and ρ be equal to the ω2 distance in
(6). However, we cannot directly apply the discrepancy method coupling with the ω2 distance
to this problem since Tθ is not a continuous distribution and thus the limit distribution of the
CMS statistic would depend on θ. To overcome this difficulty, we introduce the modification of
the CMS statistic based only on the largest order statistics corresponding to {Zi}Li=1, since, as was
mentioned in Section 2.1, the largest elements of this sequence are continuously distributed and
asymptotically independent. Thus we face the problem of goodness-of-fit testing of left-censored
data and, in particular, distribution tails, see [17] for the principles of testing of distribution tails.

Let (Yi)
n
i=1 be independent identically distributed random variables with common continuous

cdf FY . Recall that if the hypothesis H0 : FY = F0 for continuous cdf F0 holds, then the CMS
statistic can be rewritten as

ω2
n =

n∑
i=1

(
F0(Y(i))−

i− 0.5

n

)2

+
1

12n
,

where Y(1) ≤ . . . ≤ Y(n) are the order statistics corresponding to (Yi)
n
i=1. It is well-known that the

limit distribution of ω2
n (denote its cdf as A1) under H0 does not depend on F0.

Goodness-of-fit procedures for various types of left- and right-censored data were proposed in a
large number of works, we refer to the classical monograph [18] and recent monograph [19]. But to
the best of author’s knowledge, there are no works in the literature proposing the modifications of
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goodness-of-fit statistics for censored data having the same limit distribution as their full-sample
analogues. Introduce the following modification of the CMS statistic

ω̂2
k =

k−1∑
i=0

(
F0(Y(n−i))− F0(Y(n−k))

1− F0(Y(n−k))
− k − i− 0.5

k

)2

+
1

12k
.

Theorem 2. Let the hypothesis Ht
0 : {FY (x) = F0(x) for all large x} holds. Then there is c such

that
ω̂2
k

d→ ξ ∼ A1

as k →∞, k/n < c, n→∞.

Theorem 3.1, [1], is a particular case of the latter theorem for F0 = Fθ, where Fθ is defined in
(1). It is worth noting that there is no necessity to require the continuity of F0 for all real x; we
need this only for all sufficiently large x. Theorem 2 allows us to propose the goodness-of-fit test
for continuous distribution tail of significance level α in the following way

if ω̂2
k > a1−α, then reject Ht

0,

where a1−α is the (1 − α)-quantile of A1. Additionally, one can show that this test is consistent
as k → ∞, k/n → 0, n → ∞. Clear, only the largest order statistics of a sample can be used for
testing the distribution tail hypotheses both if k/n→ 0 and if k/n < c. This problem is reasonable
both if only the upper tail of the distribution is of interest and/or if only the largest order statistics
of a sample are available.

Let us return to the problem of extremal index estimation. Consider

ω̃2
L(θ) =

k−1∑
i=0

(
Fθ(Z(L−i))− Fθ(Z(L−k))

1− Fθ(Z(L−k))
− k − i− 0.5

k

)2

+
1

12k
.

The following theorem states that under some mild conditions the statistic ω̃2
L(θ) with some esti-

mator θ̂n substituted for θ has the same limit distribution as the statistic ω̂2
k in Theorem 2 and the

classical CMS statistic.

Theorem 3. [1] Let the assumptions of Theorem 1 and the condition (5) hold. Assume the extremal
index estimator θ̂ = θ̂n is such that

√
mn(θ̂n − θ)

d→ ζ, n→∞,

where ζ has a non-degenerate cdf H. Assume the sequence of integers (mn) is such that

k

mn
= o(1) and

(lnL)2

mn
= o(1)

as n→∞. Then

ω̃2
L(θ̂n)

d→ ξ ∼ A1.

Remark 1. All extremal index estimators mentioned in Introduction satisfy the assumptions of
Theorem 3 with H equal to the normal cdf with zero mean.
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Theorem 3 guarantees the correctness of the discrepancy method

ω̃2
L(θ̂n) = δ, (7)

where δ can be selected equal to 0.05, the mode of A1, and k/L → 0 as k → ∞ and L →
∞. The simulation study provided in [1] shows that umax = max{u1, . . . , ud} is the best choice
for threshold parameter both for the intervals and the K-gaps estimators of the extremal index,
where {u1, . . . , ud} are solutions of the discrepancy equation (7). The numerical comparison of
the proposed method with other methods of threshold selection shows the significant advantage
of the developed procedure on a wide class of model processes, see [1] for details. Although the
limit distribution of the statistic ω̃2

L(θ̂n) does not depend on k, the selection of k for samples of

moderate sizes remains a problem. The choice k = min(θ̂0L,L
β) with β ∈ (0, 1), where θ̂0 is some

pilot estimate, has proven by simulation study to be the most suitable. But in case of k/L→ c > 0
as k →∞, L→∞ the distribution of θ̂n affects the limit distribution of the modified CMS statistic
ω̃2
L(θ̂n) in contrast to the case c = 0, thus this limit distribution would differ from A1.

The asymptotic distributions of goodness-of-fit test statistics with parameters of an underlying
distribution being estimated were intensively studied in the literature. The starting point for
this classical theory was in works [20] and [21], whereas the common method to derive the limit
distribution was proposed in [22]. However, this method based on a multivariate central limit
theorem and convergence in the Skorokhod space cannot be directly applied to the problem of
evaluating the limit distribution of the statistic ω̃2

L(θ̂n) when the assumption k/mn = o(1) does
not hold (mn = O(L) for the intervals and K-gaps estimators, thus we can talk about the case
k/L = o(1)). For this purpose we consider another modification of the CMS statistic, the first
analogue of which was introduced in [23],

ω2
L,c(θ) = L

∫ ∞
x(c)

(F ∗L(x)− Fθ(x))2dFθ(x), (8)

where F ∗L(x) is the empirical distribution function of the sequence {Zi}i≤L and x(c) = inf{x :
Fθ(x) ≥ 1 − c} =: F←θ (1 − c), c ∈ (0, 1). In the sequel, we will assume 0 < c < θ, therefore
Fθ(x(c)) = 1 − c. It follows from the results derived in [23] and the assumption (5) that the
statistic ω2

L,c converges in distribution to ω2(c), where

ω2(c) =

∫ 1

1−c
B2(t)dt

and B(t) is the standard Brownian bridge, i.e. the Gaussian process on the interval [0, 1] with
mean zero and covariance function cov(Bt, Bs) = min(t, s)− ts.

Denote `c(t) = max(t− (1− c), 0). Following the ideas of [22] we introduce the sample process

yL,c(t, θ) =
√
L
(
F̂L,c(t, θ)− `c(t)

)
, t ∈ [0, 1],

where

F̂L,c(t, θ) =
1

L

L∑
i=1

I(1− c < Fθ(Zi) ≤ t),

call it the truncated empirical distribution function of the sequence {Zi}i≤L. Clear, since θ > c it
holds ∫ 1

0
y2L,c(t, θ)dt = ω2

L,c(θ).
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Denote D, the Skorokhod space, i.e. the space of right-continuous functions with left-hand limits
on [0, 1] and metric d(x, y) (see, e.g., [24], p. 111). The following theorem allows us to find the
asymptotic distribution of the statistic ω2

L,c(θ̂n), where θ̂n is the intervals estimator (2).

Theorem 4. Let the sequence {Zi} defined by (4) satisfies the assumptions of Theorem 3.2 [11].
Assume θ > 0. For every c ∈ (0, θ) the estimated sample process ŷc(t) := yL,c(t, θ̂n) converges
weakly in D as n→∞ to the Gaussian process X(t), t ∈ [1− c, 1], with mean zero and covariance
function

C(t, s) = `c(min(t, s))− (2− 2/θ)`c(t)`c(s)

− 1

2θ2
hc(t)(2hc(s) + h̃c(s))−

1

2θ2
hc(s)(2hc(t) + h̃c(t)) +

v(θ)

θ
hc(t)hc(s), (9)

where

hc(t) = (1− t) log

(
1− t
θ

)
− c log

( c
θ

)
, h̃c(t) = (1− t) log2

(
1− t
θ

)
− c log2

( c
θ

)
and v(θ) is defined in (3).

We see that the covariance function of the process X(t) depends on θ and c. This fact makes
the usage of quantiles of the limit distribution of the statistic ω2

L,c(θ̂n) (or some its appropriate
normalization) as δ in the discrepancy method (7) quite inconvenient in practice. However, high
efficiency of the discrepancy method apparently means that the values of the mentioned quantiles
do not strongly depend on the values of θ and c.

4. Conclusion

The paper provides a study of properties of the new threshold selection method for non-
parametric estimation of the extremal index of stationary sequences proposed in [1]. We consider a
specific normalization of the discrepancy statistic based on some modifications of the Cramér–von
Mises–Smirnov statistic ω2 that is calculated by only k largest order statistics of a sample. We
show that the asymptotic distribution of the truncated Cramér–von Mises–Smirnov statistic (8)
as k → ∞, k/L → c, L → ∞ depends both on c and the limit distribution of the extremal index
estimator being substituted in the statistic. We also develop the goodness-of-fit test for distribu-
tion tails based on the ω2 statistic modification, which limit distribution coincides with the limit
distribution of the classical Cramér–von Mises–Smirnov statistic under null hypothesis.
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[10] S. Fukutome, M. A. Liniger, M. Süveges, Automatic threshold and run parameter selection: a climatology for

extreme hourly precipitation in switzerland, Theoretical and Applied Climatology 120 (2015) 403–416.
[11] C. Y. Robert, Asymptotic distributions for the intervals estimators of the extremal index and the cluster-size

probabilities, J. Statist. Plann. Inference 139 (2009) 3288–3309.
[12] L. de Haan, A. Ferreira, Extreme Value Theory: An Introduction, Springer, 2006.
[13] N. M. Markovich, Experimental analysis of nonparametric probability density estimates and of methods for

smoothing them, Automation and Remote Control 50 (1989) 941–948.
[14] V. N. Vapnik, N. M. Markovich, A. R. Stefanyuk, Rate of convergence in l2 of the projection estimator of the

distribution density, Automation and Remote Control 53 (1992) 677–686.
[15] N. M. Markovich, Nonparametric Analysis of Univariate Heavy-Tailed data: Research and Practice, Wiley,

2007.
[16] N. M. Markovich, Nonparametric estimation of extremal index using discrepancy method, In: Proceedings of

the X International conference “System identification and control problems” SICPRO-2015 Moscow January
26-29, V.A. Trapeznikov Institute of Control Sciences (2015) 160–168.

[17] I. V. Rodionov, On discrimination between classes of distribution tails, Problems of Information Transmission
54 (2018) 124–138.

[18] R. B. D’Agostino, M. A. Stephens, Goodness of Fit Techniques, New York: Marcel Dekker, 1986.
[19] V. Voinov, M. Nikulin, N. Balakrishnan, Chi-squared Goodness-of-Fit Tests with Applications, Boston: Aca-

demic Press, 2013.
[20] D. A. Darling, The cramér-smirnov test in the parametric case, Ann. Math. Statist. 26 (1955) 1–20.
[21] M. Kac, J. Kiefer, J. Wolfowitz, On tests of normality and other tests of goodness of fit based on distance

methods, Ann. Math. Statist. 26 (1955) 189–211.
[22] J. Durbin, Weak convergence of the sample distribution function when parameters are estimated, Ann. Statist.

1 (1973) 279–290.
[23] A. N. Pettitt, M. A. Stephens, Modified cramer-von mises statistics for censored data, Biometrika 63 (1976)

291–298.
[24] P. Billingsley, Convergence of Probability Measures, Wiley, New York, 1968.

180 The 5th international conference on stochastic methods (ICSM-5)
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Abstract

We propose a method for pricing one-touch digital barrier options under Levy processes, based on
an artificial neural network (ANN), which takes model parameters as input and calculates option
prices. To demonstrate its performance, we choose the widely used CGMY model and construct a
non-recurrent ANN with several hidden layers. To build a training dataset, we generate the values
of the CGMY model’s parameters and calculate the respective options prices using a fast numerical
method based on an approximate Wiener-Hopf factorization technique. Having trained the ANN
constructed, we obtain a fast and relatively robust method for pricing options. The resulting
network can be used in various applications, including problems of calibration and choosing the
appropriate model to describe an asset behavior.

Keywords: Levy processes, Neural networks, Wiener-Hopf factorization, Option pricing

1. Introduction

Financial markets are among the largest producers and consumers of numerically expensive
calculations. To calculate trading indicators, price derivatives, evaluate hedge coefficients, and
maintain normal workflow of financial institutions, a lot of complex high-dimensional problems are
solved. To solve them effectively, engineers and researchers heavily use effective numerical methods,
modern instruments of probability theory and computational mathematics, and, of course, machine
learning.

One of the most frequently solved problems is evaluating market risks and pricing the respective
derivatives, and, in particular, – options, the derivatives which pay a fixed amount of money when
some event associated with underlying asset price occur, or become worthless otherwise. They are
equally useful for players who want to minimize the risks associated with a negative event, and
the players who want to accept some level of risk and get a reward for it. Traditional methods for
pricing options with jumps and/or stochastic volatility require a large number of computations.
Calibrating models, which use those methods under the hood, can be even more computationally
expensive, usually by orders of magnitude. However, there is a strong need to perform these
calculations constantly and repeatedly [1].

∗Corresponding author
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This fact brings along the idea to use machine learning and, more specifically, ANNs to speed
up the process. The progress in computational power and open-access availability of special li-
braries like Keras and Tensorflow made it possible to solve the arising high-dimensional problems
numerically in a reasonable amount of time. An overview of the most commonly used network
architectures can be found in [2, 3, 4]. The calculation speed ANN demonstrates can, in some
cases, be faster than the speed of traditional methods by order of magnitude, although having
their know significant drawbacks [4, 5].

In paper [6], recurrent LSTM networks are introduced, which are successfully applied to solve
regression problems and make time series prediction, for example, in [7]. In [2], a special ANN is
developed to predict Lévy process parameters. Also, the methods to increase the volume of training
datasets are discussed. In papers [4, 3] ANNs are used for option price evaluation in Black-Scholes
and Heston models. In [8], the process of predicting the dynamics of rarely traded options using
Bayesian neural networks is considered.

The goal of this paper is to apply artificial neural networks (ANN), which is trained on a
sufficiently large dataset, for solving one of the classic problems of risk management – the evaluation
of a probability of crossing a fixed barrier by an asset price (which essentially can be described as
a random process), which can be interpreted as a price of a one-touch-digital option.

The “one-touch digital” option is a contract, which pays 1$ when the price S of an underlying
asset crosses a known fixed barrier K during the contract’s lifetime [0, T ], and becomes worthless
otherwise. Its risk-neutral price at time 0 can be interpreted as a probability of crossing the
barrier K by a random walk associated with S within [0, T ]. This observation allows us to evaluate
synthetic prices for such options on financial markets where derivative trading is not developed
enough to rely on real market trading data.

It is always hard to choose between the available models and pick the right one to adequately
describe the process of asset movements ((see e.g., [1]). We restrict ourselves to the case where we
can make an assumption of an adequate model and pick one of the most widely used models with
jumps: the CGMY model.

1.1. Tempered stable Lévy processes and the CGMY

Lévy processes commonly arise in financial applications, since they can conveniently model
asset dynamics as a combination of a linear trend, an infinite number of small magnitude jumps,
and rare jumps of large magnitude. A good example that fits such behavior is the class of tempered
stable Lévy processes (TSL) [9].

Let us recall that a Lévy process is a stochastically continuous process with stationary, in-
dependent increments (see e.g., [9] for details). The Lévy process Xt can be completely defined
by its characteristic exponent ψ, and the following representation holds true for its characteristic
function:

E[eiξXt ] = e−tψ(ξ).

The characteristic exponent can be written using the Lévy-Khinchine formula:

ψ(ξ) =
σ2

2
ξ2 − iµξ +

∫ +∞

−∞
(1− eiξy + iξy1|y|≤1)Π(dy),

where σ2 is the variance of the Gaussian component, and Lévy measure Π(dy) satisfies the condition∫
R\{0}

min{1, y2}Π(dy) < +∞.
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If Π(dx) = π(x)dx, then π(x) is a Lévy density.
The characteristic exponent for the TSL process is defined by the formula:

ψ(ξ) = −iµξ + c+Γ(−ν+)[λ
ν−
+ − (λ+ + iξ)ν+ ] + c−Γ(−ν−)[(−λ−)ν− − (−λ− − iξ)ν− ],

where
ν+, ν− ∈ (0, 2), ν+, ν− 6= 1, c+, c− > 0, µ ∈ R,

and λ+ < −1 < 0 < λ+. In this case π(x) is defined as:

π(x) = c+e
λ+x|x|−ν+−11{x<0} + c−e

λ−x|x|−ν−−11{x>0}.

If c− = c+ = c and ν− = ν+ = ν, then we have the KoBoL (CGMY [10]) model. With the CGMY
parametrization, we have C = c, Y = ν, G = λ+, M = −λ−.

2. Neural network setup

Artificial neural networks are networks of artificial neurons [11]. The links between neurons
are modeled using weights. A neuron can take certain amount of signals (represented by vector
x = [x1, x2, ...xd0 ], x ∈ Rd0), which are then being multiplied by weights ωj = [ω1,j , ..., ωd0,j ], ωi,j ∈
Rd0 , which corresponds to a hidden layer j and then summarized as a linear combination. The
activation function is then applied to define the value of an output signal oj = y, y ∈ Rd1 . In
the absence of an activation function, the neural network can be used only for linear regression
problems, which affects its ability to learn complex patterns.

Let us now consider the 4-parametric CGMY model. It is assumed that the drift parameter µ
is fixed by non-arbitrage conditions, and the barrier option price P is a function of the parameter
set {C,G,M, Y,K, t}. To eliminate the effects of both very small and very large time frames, we
can restrict ourselves for the case t = 1. A simplest neural network, which may be used as a proxy
for such model, would have d0 = 5, d1 = 1, and work as an approximator, which acts R4 → R1.
To make it work, we need to add hidden layers to increase accuracy, choose activation functions
for each layer, and tune hyperparameters. The hyperparameters are the number of hidden layers
and the values of α variable in the activation functions, which are set experimentally.

In paper [3] an overview if the most frequently used activation functions is provided. Among
them there are the Sigmoid function:

φ(x) =
1

1 + e−x
,

Relu:
φ(x) = max(x, 0),

and Leaky Relu:
φ(x) = max(x, αx), 0 < α < 1,

where α is a hyperparameter. Another good option can be ELU, which modification MELU
from [5] we use in the hidden layers:

R(z) =

{ 1
2
z2+az

z+b , z > 0,

α(ez − 1), z ≤ 0,
a = 1− 2a, b = −2 +

1

α
. (1)

Following the framework introduced in [2, 5, 3] we included 4 hidden layers, put α = 0.49 and
set activation functions in the following order:
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Figure 1: In sample error Figure 2: Out-of-sample error

1. Leaky Relu, α = 1.

2. Melu, α = 0.49,

3. Melu, α = 0.49,

4. Leaky Relu, α = 10−3.

In paper [12], an analysis of the cryptocurrency market in the framework of the CGMY model
has been conducted. Based on historical data considered, the range of parameters within the range
of trading days under consideration was restricted to the following: ν ∈ (0.5, 1.4), λ+ ∈ (2, 100),
λ− ∈ (2, 100), c ∈ (0.1, 5). We used these borders as realistic limits for parameter values. For
practical applications, it is necessary that the range of the parameters covers all possible realistic
scenarios of asset behavior within the time frame under consideration. For 300 000 equidistant
values of parameters picked on a Sobol cube, we calculated the options prices for 61 equally spaced
barriers in [−0.3, 0.3], then split the resulting dataset into two parts and analyzed the resulting
error.

We constructed a neural network with 128 nodes and four layers and for 19 epochs trained
it on the training dataset using the RMSprop stochastic gradient descent algorithm from Keras
library, trying to minimize absolute error value. The resulting delta-error density distribution on
300 random samples from each dataset is demonstrated in Figure 1 (in-sample) and Figure 2 (out-
of-sample). Although some outliners still exist, the accuracy of prediction can be considered rather
good – the relative error values on the samples considered did not exceed 4%, while for the vast
majority of samples, the error did not exceed 1%. Regarding the overall pricing speed, it took less
than 0.5 seconds to make a single prediction in OS Windows 10 64-bit, Intel Core i5-3470 CPU, 8
GB RAM), and it is likely that the result can be improved further.

3. Conclusion

The experiments have shown that, in the framework of the CGMY model, it is possible to use
a trained artificial neural network for pricing options, without a significant decrease of accuracy in
comparison to the traditional pricing methods. A trained network demonstrates good performance
both on the test (in-sample) and validation (out-sample) datasets, although it was not possible to
completely eliminate outliners using the architecture we used. To create a synthetic dataset quickly
one can use the fast pricing method presented in [13]. To achieve good accuracy, it is necessary
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to simulate all possible ranges of parameter values within the validation dataset – the accuracy
becomes worse as we are getting close to the boundaries of the range of parameters of the training
dataset.
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Abstract

We present out-of-sample utility bounds for empirically optimal portfolios in a single-period utility
maximization problem. The portfolios are selected after n observations of i.i.d. stock returns. The
utility function is assumed to be Lipschitz or Hölder continuous, its concavity is not required. We
consider two versions of the objective function: the traditional expected portfolio utility and the
expected ratio of the portfolio utility to the utility of the best asset taken in hindsight. In the first
case the mentioned bounds are obtained under the assumption that the returns belong to an Lp

or an Orlicz LΨp space. In the second case no additional conditions, besides the i.i.d. assumption,
are required.

Keywords: Out-of-sample error bounds, Empirical utility, Non-concave utility, Relative utility

1. Introduction

We consider the portfolio selection problem for an investor, whose preferences are described
by an utility function. After n observations of (daily) returns the investor selects fractions of
wealth to be invested in each of d stocks. It is assumed that the returns are independent and
identically distributed but their distribution is unknown. These assumptions, in fact, reduce the
single-period investment problem to a standard statistical learning problem [1], where an expected
utility is used instead of an expected loss. However, the standard results concerning the out-of-
sample error bounds can be applied only under restrictive assumptions such as the boundedness
of the returns, the boundedness of the utility function or/and its Lipschitz continuity. In most
of the classical financial problems these assumptions are not satisfied. Consider for example the
log-normal model for stock returns and the power utility u(x) = xα, α ∈ (0, 1). In this case the
returns are unbounded, the utility function is unbounded and only Hölder continuous.

In this note we present out-of-sample error bounds in the mentioned single-period investment
problem for unbounded returns and Lipschitz or Hölder utility functions. For the objective function
given by the traditional expected utility we assume that the returns belong to an Lp or an Orlicz
LΨp space: Theorems 1, 2. The out-of-sample error bounds are of order n−1/2 (in expectation),
if the returns are at least square integrable. Constants depend on the number d of stocks. They
improve when the tails become lighter. For non-square integrable returns the obtained error bounds
decrease slower than n−1/2.
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In Theorem 3 we consider the case of relative utility maximization, where the objective function
equals to the expected ratio of the utility u of investor’s portfolio to the utility of the best portfolio
for the returns, which are known in hindsight. This allows to avoid any assumption on the returns,
besides the i.i.d. hypothesis. We impose on u some specific condition, regarding its behavior at
zero and infinity. The power function satisfies these assumptions.

The proofs, which are not presented here, are based on the notion of Rademacher complexity
[1] and various probabilistic inequalities. The Lipschitz and Hölder cases are studied separately. In
both cases we consider the Rademacher complexity of the class of utility functions, parametrized by
the portfolio weights. In the Lipschitz case this quantity is estimated by the Talagrand contraction
lemma and the Massart lemma, in the Hölder case we consider the packing numbers and the Dudley
entropy integral [1, 2].

2. The case of traditional expected utility

Let (s1
k, . . . , s

d
k) be the prices of d risky assets at time moments k = 0, . . . , n + 1. We assume

that these prices are strictly positive and their (total) daily returns rik = sik/s
i
k−1, k = 1, . . . , n+ 1

are independent and identically distributed. At time n an investor selects a portfolio (γ1
n, . . . , γ

d
n),

based on the price history (r1, . . . , rn). The quantity γin ≥ 0 represents the number of units of
i-th stocks to be bought. Investor’s wealth Xn is distributed between d stocks in accordance with
fractions

νn =

(
γjnS

j
n

Xn

)d
j=1

∈ ∆ = {z ≥ 0 :
d∑
j=1

zj = 1}.

Without loss of generality put Xn = 1. At time n+ 1 we have

Xn+1 = 〈γn, Sn+1〉 = 〈νn, rn+1〉,

where 〈a, b〉 is the usual scalar product in Rd.
We assume that investor’s preferences are described by an utility function u : [0,∞) 7→ [0,∞),

u(0) = 0 which is non-decreasing and continuous. Consider the single-period expected utility
maximization problem:

U(ν) = Eu(〈ν, rn+1〉)→ max
ν∈∆

.

Furthermore, let ν̂n an optimal solution of the empirical utility maximization problem:

Ûn(ν) =
1

n

n∑
k=1

u(〈ν, rk〉)→ max
ν∈∆

.

Consider the empirical process Gn(ν) = Ûn(ν)− U(ν), and put

Gn = E sup
ν∈∆

Gn(ν).

It is not difficult to obtain the inequality

max{U(ν∗)− EU(ν̂n),EÛn(ν̂n)− EU(ν̂n)} ≤ Gn.

When νn is random, by U(νn) we mean the conditional expectation of u(〈νn, rn+1〉) with respect to
the σ-algebra σ(r1, . . . , rn). Following the terminology of the learning theory [3], we can say that
the quantity Gn provides estimation and generalization error bounds (in expectation).

Recall (see e.g. [4]) that a random variable X with mean EX = µ is called
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� sub-gaussian with parameter σ2 if Eeλ(X−µ) ≤ eσ2λ2/2, λ ∈ R,

� sub-exponential with parameters (σ2, α) if Eeλ(X−µ) ≤ eσ2λ2/2, |λ| < 1
α .

For Ψp(x) = ex
p − 1, p ≥ 1 denote by

‖X‖Ψp = inf

{
t > 0 : EΨp

(
X

t

)
≤ 1

}
the Ψp-Orlicz norm. The space LΨp of functions with finite Ψp-Orlicz norm is called an Orlicz
space. Sub-gaussian and sub-exponential random variables are precisely the elements of LΨ2 and
LΨ1 respectively: see their characterization in [4] (Theorems 2.6 and 2.13).

Theorem 1. Let the utility function u be globally Lipschitz continuous:

|u(x1)− u(x2)| ≤ K|x1 − x2|.

(a) If ri1 ∈ L∞, then

Gn ≤ 2K

√
2 ln d

n
max
1≤i≤d

‖ri1‖L∞ .

(b) If ri1 ∈ Lp, p ∈ [2,∞), then

Gn ≤ 2K

√
2 ln d

n
d1/p max

1≤i≤d
‖ri1‖Lp .

(c) If ri1 ∈ Lp, p ∈ (1, 2), then

Gn ≤ 2K

((
p

q

)1/p

+

(
q

p

)1/q
)(

2 ln d

n

)1/(2q)

d1/p max
1≤i≤d

‖rj1‖Lp ,
1

p
+

1

q
= 1.

(d) If ri1 are sub-exponential with parameters (σ2
i , αi), then

Gn ≤
2K√
n

max

{
ρ
√

2 ln d,
2α ln d√

n

}
.

In particular, if ri1 are sub-gaussian with parameters σ2
i , then

Gn ≤ 2Kρ

√
2 ln d

n
.

Theorem 2. Assume that u is globally Hölder continuous:

|u(x)− u(y)| ≤ K|x− y|α, α ∈ (0, 1).

(a) If ri1 ∈ L∞, then

Gn ≤ CK
√
d− 1

αn
max
1≤i≤d

‖ri1‖αL∞ .
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(b) If ri1 ∈ Lp, max{2α, 1} ≤ p <∞, then

Gn ≤ CK
√
d− 1

αn
dα/p max

1≤i≤d
‖ri1‖αLp .

(c) If ri1 ∈ Lp, 1 ≤ p < 2α, then

Gn ≤ (CK)1−α/p

((
p− α
α

)α/p
+

(
α

p− α

)(p−α)/p
)

×
(
d− 1

αn

)(p−α)/(2p)

dα/p max
1≤i≤d

‖ri1‖αLp .

(d) If ri1 ∈ LΨp, p ≥ max{2α, 1}, then

Gn ≤ CK
√
d− 1

αn
(1 + ln d)α/p max

1≤i≤d
‖ri1‖αΨp

.

Here C is an absolute constant.

3. The case of relative utility

Consider the single-period relative utility optimization problem:

U(ν) = E
u(〈ν, rn+1〉)
u
(
r∗n+1

) → max
ν∈∆

, r∗n+1 := max
1≤j≤d

rjn+1.

The objective function U(ν) of this problem equals to the expected ratio of the utility u of investor’s
portfolio ν to the utility of the best portfolio taken in hindsight, that is, under the assumption that
the values rn+1 are known. In the latter case the investor simply takes an asset with the largest
return. Since u is non-decreasing, the relative utility takes values in (0, 1]. The corresponding
empirical utility maximization problem takes the form

Ûn(ν) =
1

n

n∑
k=1

u(〈ν, rk〉)
u(r∗k)

→ max
ν∈∆

.

We retain the notation for the empirical process Gn(ν) = Ûn(ν)−U(ν) andGn = E supν∈∆ Gn(ν)
although now their definitions differs from those considered in Theorems 1, 2.

Theorem 3. Assume that the utility function u is uniformly Hölder continuous on (0,∞):

|u(x)− u(y)| ≤ K|x− y|α

with some α ∈ (0, 1], K > 0. Assume further that

A := sup
x>0

xα

u(x)
<∞.
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Then

Gn ≤ 2AK
√

2 ln d
n , α = 1,

Gn ≤ CAK
√

d−1
αn , α ∈ (0, 1),

where C > 0 is an absolute constant.

Using the McDiarmid concentration inequality (see [1, Theorem D.8]), we can supplement the
results of Theorem 3 with high probability bounds. Namely,

U(ν∗)− U(ν̂n) ≤ Gn +
√

2
n ln 2

δ ,

Ûn(ν̂n)− U(ν̂n) ≤ Gn +
√

1
2n ln 1

δ .

with probability at least 1− δ.

4. Conclusion

In this note we presented out-of-sample error bounds for empirically optimal portfolios for a
wide class of stock returns and utility functions. For traditional expected utilities the obtained
estimates depend on the tails of the stock returns. For relative utilities we only require returns
to be i.i.d. It should be stressed that we do not assume that the utilities are concave. Under the
concavity assumption there are many algorithms that can solve the empirical optimization problem
over the portfolio simplex, in particular the exponentiated gradient algorithm [5]. However, the
calculations show that the obtained estimates are not enough to give meaningful results for models
(like the discrete-time geometric Brownian motion) with realistic parameter values. In fact, for
reasonable history length the i.i.d. assumption prevents from any reliable conclusions concerning
the optimal utility value on the basis of daily historical prices. We expect that taking into account
an additional (side) information could substantially improve the performance of empirically optimal
portfolios.
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A note on convergence of nonlinear Markov chains

Aleksandr Shchegoleva,∗
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Abstract

An improved estimate for the rate of convergence for nonlinear Markov chains is studied. Such
processes are nonlinear in the sense of the distribution law, i.e. the transition probabilities are
dependent on both the current state and the current probability distributions of the process. The
obtained result generalizes the existing results on convergence by taking estimate over multiple
number of steps. An example provided where the new result is working well, while the existing
one is inapplicable.

Keywords: Nonlinear Markov chains, Uniform ergodicity, Exponential convergence

1. Introduction

In earlier papers ergodic properties of “linear” Markov chains were studied by lots of authors;
we only mention a few, Markov, Kolmogorov, Doeblin, Doob, Dobrushin. Recently new important
results on ergodic properties of nonlinear Markov chains were established by O. Butkovsky [1], who
showed, in particular, that the theory of ordinary Markov chains is not sufficient in the nonlinear
case, and an additional condition for exponential convergence of such processes was established.
By nonlinearity, we mean that the transition functions of the process are dependent on the current
state and the current distribution law of that process. Such a family of stochastic processes was
introduced by McKean [2] in 1966. In physics, such equations were first suggested for plasma
modelling by Vlasov.

In this paper, we will make a slight generalization of the existing results on convergence [1]
by taking estimate over multiple number of steps. In the first part, we derive a generalization of
the ergodic convergence by considering the two-step transition probabilities. The second part is
devoted to the example of the nonlinear Markov chain, where the new result is applicable, whereas
the existing one fails.

2. Problem setting and main result

Consider measurable space (E, E) and define P(E) as a set of probability measures on that
space. Let µ, ν ∈ P(E), then the total variation distance between two probability measures can be
defined as follows

‖µ− ν‖TV = 2 sup
A∈E
|µ(A)− ν(A)| =

ˆ
E
|µ(dx)− ν(dx)|.

∗Corresponding author
Email address: ashchegolev@hse.ru (Aleksandr Shchegolev)
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Uniform ergodic rates and the convergence bound for a discrete irreducible aperiodic homo-
geneous ordinary Markov chains with a finite state space shown in various classical sources, and
similar result also exists for general “linear” Markov chains (for example, [3]).

Let (Xµ
n )n∈Z+

be a nonlinear Markov chain with state space (E, E), initial distribution µ =

Law (Xµ
0 ), µ ∈ P(E) and transition probabilities Pµn(x,B) = Pµn

(
Xµ
n+1 ∈ B|X

µ
n = x

)
, where

x ∈ E, B ∈ E , n ∈ Z+ and µn := Law(Xµ
n ).

Then, according to [1], such a process is uniformly ergodic and the existence of a unique
invariant measure π is guaranteed if it satisfies the following conditions (1) and (2):

sup
µ,ν∈P(E)

‖Pµ(x, ·)− Pν(y, ·)‖TV ≤ 2(1− α), 0 < α < 1, x, y ∈ E, (1)

‖Pµ(x, ·)− Pν(x, ·)‖TV ≤ λ‖µ− ν‖TV , λ ∈ [0, α], x ∈ E, µ, ν ∈ P(E). (2)

And the convergence is exponential if λ < α

‖µn − π‖TV ≤ 2(1− (α− λ))n, n ∈ Z+,

and in case λ = α we get linear convergence

‖µn − π‖TV ≤
2

λn
, n ∈ Z+.

For the case λ > α a counterexample has been provided. The goal of this work is to show that
this counterexample, actually, relates to a certain restricted class of nonlinear chains and that for
many other nonlinear Markov chains λ > α is not an obstacle for the exponential convergence.

Theorem 1. Let the process X have a two-step transition probability matrix

Qµ(x,B) := Pµ(X2 ∈ B|X0 = x)

and satisfy the following two conditions:

sup
µ,ν∈P(E)

‖Qµ(x, ·)−Qν(y, ·)‖TV ≤ 2(1− α2), 0 < α2 < 1, x, y ∈ E, (3)

‖Qµ(x, ·)−Qν(x, ·)‖TV ≤ λ2‖µ− ν‖TV , λ2 ∈ [0, α2], x ∈ E, µ, ν ∈ P(E). (4)

Then the process X has a unique invariant measure and for any probability measures µ, ν ∈ P(E)
there is an exponential convergence when λ2 < α2:

‖µn − νn‖TV ≤ ‖µ0 − ν0‖TV (1− α2 + λ2)
[n/2], (5)

and in case λ2 = α2

‖µn − νn‖TV ≤
2

λ2n
. (6)

Proof. We may check that the convergence rate stays the same for the case of two-step transition
matrix. The calculus is similar to that in [1], but now it relates to the two-step transition kernels.
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Let P : E × E → [0, 1] be a transition kernel, measurable function ϕ : E → R and probability
measure µ ∈ P(E) we denote µP :=

´
E P (x, dt)µ(dx); in the case if P itself depends on µ, the rule

is as follows: µ1(µ) := µPµ :=
´
E Pµ(x, dt)µ(dx), and

Qµ(x, dy) =

ˆ
Pµ(x, dx1)Pµ1(µ)(x1, dy).

For any probability measures µ, ν ∈ P(E), denoting dη = ((dµ/dν) ∧ 1)dν and applying the
triangle inequality, we get

‖µQµ − νQν‖TV = ‖(η + (µ− η))Qµ − (η − (ν − η))Qν‖TV
= ‖ηQµ + (µ− η)Qµ − ηQν − (ν − η)Qν‖TV

=

ˆ
E
|ηQµ(dx) + (µ− η)Qµ(dx)− ηQν(dx)− (ν − η)Qν(dx)|

≤
ˆ
E
|ηQµ(dx)− ηQν(dx)|+

ˆ
E
|(µ− η)Qµ(dx)− (ν − η)Qν(dx)|

≤ ‖ηQµ − ηQν‖TV + ‖(µ− η)Qµ − (ν − η)Qν‖TV .

Considering the first component, applying the Jensen’s inequality and (2), using the fact that
η(E) = 1− ‖µ− ν‖TV /2 obtaining

‖ηQµ − ηQν‖TV =

ˆ
E
|ηQµ(dx)− ηQν(dx)| =

ˆ
E

∣∣∣∣ˆ
E
Qµ(x, dy)η(dx)−

ˆ
E
Qν(x, dy)η(dx)

∣∣∣∣
≤
ˆ
E

ˆ
E
|Qµ(x, dy)−Qν(x, dy)|η(dx) ≤ λ2‖µ− ν‖TV

(
1− 1

2
‖µ− ν‖TV

)
Then the second component is

‖(µ− η)Qµ − (ν − η)Qν‖TV =

ˆ
E
|(µ− η)Qµ(dx)− (ν − η)Qν(dx)|

=

ˆ
E

∣∣∣∣ˆ
E
Qµ(x, dy)(µ− η)(dx)−

ˆ
E
Qν(x′, dy)(ν − η)(dx′)

∣∣∣∣ .
Recall that µn = Law(Xµ

n ) and νn = Law(Xν
n) and denote p0 = ‖µ0−ν0‖TV /2 assuming p0 > 0

(and if p0 = 0, then trivially p1 = 0, etc.).
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Let us evaluate ‖µ2 − ν2‖TV from above.

‖µ2 − ν2‖TV ≤λ2‖µ0 − ν0‖TV
(

1− 1

2
‖µ0 − ν0‖

)

+ p0

ˆ ∣∣∣∣ˆ Qµ(x, dy)
(µ0 − η0)(dx)

p0
−
ˆ
Qν(x′, dy)

(ν0 − η0)(dx′)
p0

∣∣∣∣
=2p0λ2(1− p0) + p0

ˆ ∣∣∣∣ˆ Qµ(x, dy)
(µ0 − η0)(dx)

p0
−
ˆ
Qν(x′, dy)

(ν0 − η0)(dx′)
p0

∣∣∣∣
=2p0λ2(1− p0) + p0

ˆ ∣∣∣∣¨ (Qµ(x, dy)−Qν(x′, dy))
(µ0 − η0)(dx)

p0

(ν0 − η0)(dx′)
p0

∣∣∣∣
≤ 2p0λ2(1− p0) + p0

˚ ∣∣Qµ(x, dy)−Qν(x′, dy)
∣∣ (µ0 − η0)(dx)

p0

(ν0 − η0)(dx′)
p0

≤2p0λ2(1− p0) + 2(1− α2)p0

¨
(µ0 − η0)(dx)

p0

(ν0 − η0)(dx′)
p0

=2p0λ2(1− p0) + 2p0(1− α2) = 2p0(λ2 − λ2p0 + 1− α2).

If λ < α2 we may obtain

‖µ2 − ν2‖TV ≤ ‖µ0 − ν0‖TV (1− α2 + λ2),

while in case λ = α2 we have
‖µ2 − ν2‖TV ≤ 2p0(1− λ2p0),

or, equivalently,
p2 ≤ p0(1− λ2p0).

Further we iterate this bound for λ2 < α2 by induction, to get the estimate

‖µn − νn‖TV ≤ ‖µ0 − ν0‖TV (1− α2 + λ2)
[n/2].

For the case α2 = λ2 we apply the following lemma (which belongs to [4] and formulated in [5], we
leave it here for the reader convenience) for an+2 by induction we obtain:

‖µn − νn‖TV ≤
2

λ2n
.

Lemma 1. Let a0, a1, . . . be a sequence of positive numbers. Assuming that 0 ≤ a0 ≤ 1 and the
following estimate is true

an+1 ≤ an(1− ψ(an)), n ∈ Z+,
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where ψ : [0,∞) → [0, 1] is a continuous non-decreasing function with ψ(0) = 0 and ψ(x) > 0 at
x > 0. Then,

an ≤ g−1(n)

for all n ∈ Z+, where

g(x) =

ˆ 1

x

dt

tψ(t)
, 0 < x ≤ 1.

Proof. The function g−1 is correct, as g is non-negative, unbounded and strictly decreasing. Since
the function ψ is non-negative, an+1 ≤ an for all n ∈ N. Then according to the intermediate value
theorem, we may find s ∈ [an+1, an] such that,

g(an+1)− g(an) = g′(s)(an+1 − an) = −an+1 − an
sψ(s)

≥ anψ(an)

sψ(s)
≥ 1.

Therefore, g(an) ≥ n and an ≤ g−1(n).

Now, consider the sequence of probability measures (µn)n∈N. Due to the results (5) and (6),
for any m,n ∈ N

‖µn − µn+m‖TV ≤
2

λ2n
.

Hence, (µn)n∈N is a Cauchy sequence, and we may find π ∈ P(E) such that limn→∞ ‖µn−π‖TV = 0.
The existence of invariant measure π we may obtain using the triangular inequality and condition
(2) as n→∞

‖πPπ − µn+1‖TV = ‖πPπ − µnPµn‖TV ≤ λ‖π − µn‖TV → 0,

while µn+1 → π we have

‖πPπ − π‖TV ≤ ‖πPπ − µn+1‖TV + ‖µn+1 − π‖TV → 0,

so that π = πPπ. To prove the invariant measure π is unique, assume ν ∈ P(E) such that ν 6= π
and ν = νPν , hence we obtain a contradiction

‖ν − π‖TV = ‖νPν − πPπ‖TV < ‖ν − π‖TV .

So that, the process (Xµ
n )n∈Z has a unique invariant measure π.

Alternatively, we could consider nonlinear Markov chains (Yn), (Zn) with the one-step transition
probabilities Qµ(x, dy) and the initial conditions µ0, ν0, respectively. Then we may have Law(Yn) =
µ2n, Law(Zn) = ν2n, n ∈ Z+. Therefore,

‖µ2n − ν2n‖TV = ‖Law(Yn)− Law(Zn)‖TV ≤ (1− α2 + λ2)
n‖µ0 − ν0‖TV .

which implies the desired result. Still we need to make sure that this approach will not lead to
different stationary states for odd and even n (similar to Example 2.1, [1]).

In the Section 3 we will show that the obtained bound can be better than the estimate for a
one step transition.
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3. Example

Consider the following discrete nonlinear Markov chain Xµ
n with the state space (E, E) =(

{1, 2, 3, 4}, 2{1,2,3,4}
)
, the initial distribution ν0 and transition probability matrix Pµ0(i, j) defined

as follows:

µ0 =
(
µ({1}) µ({2}) µ({3}) µ({4})

)
, Pµ0(i, j) =


0 γµ({1}) 0.5− γµ({1}) 0.5

0.5 0.5 0 0
0.5 0 0.5 0
0 0.5 0 0.5

 ,

where 0 < γ < 0.5.
We can notice that for the given process we the conditions (1) and (2) do not guarantee any

convergence since λ > α, as α = 0 and λ = γ.
However, if we consider two-step transition matrix Qµ0(i, j),

Qµ0(i, j) =


0.25 0.5γµ({1}) + 0.25 −0.5γµ({1}) + 0.25 0.25
0.25 0.25γ (µ({2}) + µ({3})) + 0.25 −0.25γ (µ({2}) + µ({3})) + 0.25 0.25
0.25 0.25γ (µ({2}) + µ({3})) −0.25γ (µ({2}) + µ({3})) + 0.5 0.25
0.25 0.5 0 0.25

 ,

we may obtain a different result. Here we have λ2 < α2, since λ2 = γ/2, while α2 reaches its
minimum for the pair of states {3, 4} with α2 = 0.5+0.25γ ((µ({2}) + µ({3})) ∧ (ν({2}) + ν({3}))).

Hence, the proposed estimate can guarantee exponential convergence for some cases, where the
existing result from [1] is not working.

4. Conclusion

The paper proposes an improved estimate for the rate of convergence for homogeneous nonlinear
Markov chains by the generalization of the existing results on convergence by taking estimate over
the multiple number of steps. This estimate leads to better convergence and even can be applicable
in cases, where the estimate taken over one step may not guarantee the convergence. The last
section of the paper provides such an example of a discrete nonlinear Markov chain with a finite
state space.
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On option pricing when volatility is proportional to stock price
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Abstract

We study option pricing in local volatility model with volatility function proportional to stock
price, which can be regarded as a special case of the CEV model. We use the properties of
modified Bessel functions of the first kind with half-integer order and derive simplified forms of
the transition probability density function and European call option price. We demonstrate that
the considered pricing model produces fat-tailed distribution with tail index 3 and build implied
volatility surface with skew effect.

Keywords: Option pricing, volatility function, CEV model, fat-tailed distribution

1. Introduction

Basically, derivative pricing is based on assumption that underlying asset follows certain stochas-
tic model.

In continuous time the most widely used stochastic model is the lognormal model, introduced
by Black, Scholes [1] and Merton [2]. The idea to use alternative stochastic models for derivative
pricing was suggested by Cox and Ross [3].

Empirical evidence shows that alternative stochastic models may be a better description of stock
price dynamics than commonly used lognormal Black-Scholes model because alternative models
may exhibit fat-tails, skew and volatility smile behaviour [3, 4, 5], but in continuous time the list
of alternative stochastic models with exact closed form option prices remains very narrow.

2. Stochastic model with volatility proportional to stock price

We study a price process S (t), which follows the stochastic differential equation (SDE)

dS = r S dt+ σ S2 dW, (1)

where r > 0 is a risk free rate, σ > 0 is a model parameter, W is a standard Wiener process. SDE
(1) describes price dynamics in local volatility model (LVM) with volatility function σ (S) = σ S.

LVM (1) is a special case of the constant elasticity of variance (CEV) model, introduced by
Cox and Ross [3], with SDE

dS = r S dt+ σ Sβ/2 dW, β 6= 2, (2)

when CEV model parameter β is equal to 4.
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The transition probability density function (PDF) for SDE (2) was obtained by Cox and Ross [3]
using the result by Feller [6] in the following form

ρ (x, T, S, t) = |2− β| η x
1
2
−β√Se

r
2
(T−t)e−η (x2−β+S2−βer (2−β) (T−t)) ·

·I∣∣∣ 1
2−β

∣∣∣
(

2 η
√
er (2−β) (T−t) x2−β S2−β

)
U (x) , (3)

where U (x) = 1{x>0} =

{
1, x > 0,
0, x < 0,

η = 2 r
(2−β)σ2 (er (2−β) (T−t)−1)

. The transition PDF (3)

depends on modified Bessel function of the first kind Iν (x) with order ν =
∣∣∣ 1
2−β

∣∣∣.
European call option price for CEV model (2) was obtained by Cox and Ross [3] for β = 1, by

Emanuel and MacBeth [7] for β > 2 and by Schroder [8] for β < 2. For β > 2 the option price can
be expressed in terms of complementary distribution function of noncentral chi-square distribution
Q (x; ν, λ) [9]:

c (S, t,K, T ) = S Q

(
2x;

2

β − 2
, 2y

)
−K e−r (T−t)

(
1−Q

(
2y; 2 +

2

β − 2
, 2x

))
, (4)

where y = k∗K2−β, x = k∗S2−βer (2−β)(T−t), k∗ = 2r
σ2(2−β)(er(2−β)(T−t)−1)

, K is strike price, T is

option expiration time.
CEV model has numerous applications in various areas of finance [10, 11], but the complicated

form of transition PDF (3) and option price (4) make it difficult to obtain convenient and useful
results.

3. Transition PDF in LVM with volatility proportional to stock price

For CEV model parameter β = 4 the order of Bessel function in (3) is
∣∣∣ 1
2−β

∣∣∣ = 1
2 . In this case

modified Bessel function of the first kind I 1
2

can be expressed in terms of elementary functions [12]

and is equal to I 1
2

(x) =
√

2
π x sinhx. For β = 4 formula (3) takes the following form

ρ (x, T, S, t) =

√
η S

√
π Rx3

(
e−η(

1
x
−R
S )

2

− e−η(
1
x
+R
S )

2)
U (x) , (5)

where R = e−r (T−t) is the discount multiplier and η = r
σ2 (1−R2)

.

Direct substitution shows that the transition PDF (5) is an exact solution to Fokker-Planck
partial differential equation (PDE) for SDE (1)

∂ρ

∂T
− 1

2

∂2

∂x2
(
σ2 x4 ρ

)
+

∂

∂x
(r x ρ) = 0

with initial condition ρ (x, t, S, t) = δ (x− S), where δ is a Dirac delta function.
The cumulative distribution function (CDF) of S (T ) is equal to

FS(T ) (x) = P [S (T ) 6 x] =

x∫
0

ρ (u, T, S, t) du =
S

2R
√
π η

(
e−η(

1
x
−R
S )

2

− e−η(
1
x
+R
S )

2)
+

+ Φ

(√
2 η

(
R

S
− 1

x

))
+ Φ

(
−
√

2 η

(
1

x
+
R

S

))
,
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where P is the risk neutral probability measure induced by SDE (1), Φ is the CDF of the standard
normal distribution.

Using Taylor series expansion up to third-order terms, we receive that when x→ +∞

P [S (T ) > x] = 1− P [S (T ) 6 x] =
4η

3
2

3
√
π
e−η(

R
S )

2 1

x3
+ o

(
1

x3

)
, (6)

so the tail of underlying asset price distribution S (T ) in LVM (1) behaves like a power law c
xα

with tail index α = 3.
Thus, the tail index of asset price distribution in LVM (1) belongs to the interval (2, 4], which

is observed for implied tail indices extracted from real financial market data [13].

4. Option price in LVM with volatility proportional to stock price

The payoff function for a European call option with strike price K at maturity T is max (S −K, 0),
and in risk-neutral framework the price of the option is equal to

c (S, t,K, T ) = e−r (T−t)E [max (S −K, 0)] = e−r (T−t)
+∞∫
K

(x−K) ρ (x, T, S, t) dx, (7)

where E is the expected value of random variable and the transition PDF ρ is given by (5).

From (7) it follows that the option price is equal to c (S, t,K, T ) =
√
ηS√
π

(I1 − I2), where

I1 =

+∞∫
K

x−K
x3

e−η ( 1
x
−R
S )

2

dx, I2 =

+∞∫
K

x−K
x3

e−η ( 1
x
+R
S )

2

dx.

For calculation of integral I1 we change variable x to variable u1 =
√

2η
(
1
x −

R
S

)
and receive

that

I1 =

−
√
2η R

S∫
√
2η ( 1

K
−R
S )

(
1−K

(
u√
2η

+
R

S

))
e−

u2

2

(
− 1√

2η

)
du =

=

√
π
√
η

(
1− KR

S

)(
Φ

(√
2η

(
1

K
− R

S

))
− Φ

(
−
√

2η
R

S

))
+
K

2η

(
e−η(

1
K
−R
S )

2

− e−η(
R
S )

2)
.

Similarly, for calculation of integral I2 we change variable x to variable u =
√

2η
(
1
x + R

S

)
and

receive that

I2 =

√
2η R

S∫
√
2η ( 1

K
+R
S )

(
1−K

(
u√
2η
− R

S

))
e−

u2

2

(
− 1√

2η

)
du =

=

√
π
√
η

(
1 +

KR

S

)(
Φ

(√
2η

(
1

K
+
R

S

))
− Φ

(√
2η

R

S

))
+
K

2η

(
e−η(

1
K
+R
S )

2

− e−η(
R
S )

2)
.

Thus we receive the following exact closed form formula for the option price in LVM (1).
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Theorem 1. The price of European call option in LVM (1) is determined by the formula

c (S, t,K, T ) = (S −KR)

(
Φ

(√
2η

(
1

K
− R

S

))
− Φ

(
−R
√

2η

S

))
− (8)

− (S +KR)

(
Φ

(√
2η

(
1

K
+
R

S

))
− Φ

(
R
√

2η

S

))
+

K S

2
√
πη

(
e−η(

1
K
−R
S )

2

− e−η(
1
K
+R
S )

2)
.

Direct substitution confirms that (9) is an exact solution to Black-Scholes-Merton PDE

∂u

∂t
+ r S

∂u

∂S
+

1

2
σ2 S4 ∂

2u

∂S2
− r u = 0

with boundary condition u (S, T,K, T ) = max (S −K, 0).
Dependence of implied volatilities on strike prices and terms to expiration in LVM (1) is char-

acterized by the implied volatility surface (IVS) in Fig. 1.

Figure 1: The implied volatility surface for LVM (1) with S = 1, t = 0, r = 0.07, σ = 0.3.
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Construction of IVS requires application of sophisticated numerical methods [14], examples of
construction of IVS for miscellaneous LVM are given in [15].

IVS for LVM (1) in Fig. 1 implies that LVM (1) captures some skew effect of implied volatility.

5. Conclusion

The transition probability density function and the European call option price in analytical
closed form are derived for stochastic model with volatility function proportional to stock price. The
distribution of underlying asset in presented local volatility model refers to fat-tailed distributions
with tail index of 3. The obtained option pricing formula does not contain complicated special
functions and can be applied in market risk and portfolio management. The approach can be
extended to other cases of CEV model with modified Bessel functions of the first kind with half-
integer order.
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An approximation of the Wiener process local time by functionals of
random walks.

Natalya Smorodinaa,∗
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St.-Petersburg, Russian Federation

Abstract

We consider an approximation of a Wiener process by a sequence of compound Poisson processes
and prove the convergence of some functionals of this compound Poisson processes to the local
time of the Wiener process.

Keywords: Wiener process, Local time, Limit theorem

Let w(s), s > 0 be a standard Wiener process and A be an arbitrary measurable subset of R.
Denote by λ(U), U ⊂ R, the Lebesgue measure of a set U . The sojourn time of the process w(s)
in the set A up to the time t > 0 is defined by

µ(t, A) = λ{s : w(s) ∈ A, s ∈ [0, t]}. (1)

For a fixed t the set function µ(t, ·) is a random measure, moreover it is known (see [2]) that the
measure µ(t, ·) is absolutely continuous with respect to the Lebesgue measure λ with probability
1. The Radon - Nikodym derivative

l(t, x) =
dµ

dλ
(t, x) (2)

is called the local time of the process w(s) at the point x up to the time t.
For each x ∈ R the local time l(t, x) characterizes the portion of time the process w(s) spends

at x up to the time t. It is known (see[2]) that with probability 1 there exists a continuous
two-parameter process l(t, x) , (t, x) ∈ (0,∞)× R, satisfying the relation∫ t

0
f(w(τ)) dτ =

∫
R
f(y)l(t, y) dy (3)

for any t > 0 and any function f integrable on an arbitrary finite interval.
With probability 1 the local time l(t, x) also satisfies the relation (see [3])

l(t, x) = lim
ε↓0

1

2ε

∫ t

0
1[−ε,ε](x− w(τ))dτ. (4)

On the other hand in the distribution sense we have

lim
ε↓0

1

2ε
1[−ε,ε] = δ, (5)

∗Corresponding author
Email address: smorodina@pdmi.ras.ru (Natalya Smorodina)
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where δ is the Dirac delta-function.
Taking into account (5) we can rewrite (4) in the following form

l(t, x) =

∫ t

0
δ(x− w(τ))dτ. (6)

Using Fourier analysis we can give a precise meaning to (6). Corresponding approach belongs
to S.Berman (see [4]). In the distribution sense we have

δ(x− y) =
1

2π

∫
R
eip(y−x) dp, (7)

so that

δ(x− w(τ)) =
1

2π

∫
R
eip(w(τ)−x) dp. (8)

Note that for fixed τ the r.h.s. of (8) is not defined in the usual sense (as a random variable),
but it will be defined correctly after integrating with respect to τ , namely,∫ t

0

( 1

2π

∫
R
eip(w(τ)−x) dp

)
dτ =

1

2π
lim

M→+∞

∫ M

−M

(∫ t

0
eipw(τ) dτ

)
e−ipx dp. (9)

The last limit exists in the metric of the space L2(Ω× R,P× λ) (see [2], ch.1, §4).
Further, let {ξj}∞j=1 be a sequence of centered (Eξ1 = 0) i.i.d. random variables with a general

distribution law P and η(t), t > 0 be a standard (Eη(t) = t) Poisson process independent of {ξj}.
Suppose that Eξ41 <∞ and Eξ21 = 1.

For every n ∈ N we define a compound Poisson process ζn(t), t > 0, by

ζn(t) =
1√
n

η(nt)∑
j=1

ξj .

The sequence ζn(t) weakly converges (in Skorokhod space) to the Wiener w(t), this statement
is called the invariance principle. From the invariance principle follows that the distribution law of
every continuous (with respect to the Skorokhod topology) functional of the processes ζn converges
to the distribution law of the same functional of the limit Wiener process as n→∞.

In this paper we consider some discontinuous functionals, such that the invariance principle
can’t be applied to them. Namely, we prove the convergence of some functionals of the processes
ζn(t) to the local time of the Wiener process. More discontinuous functionals were considered in
[2].

Since for every n the local time of the process ζn(t) does not exist, for the process ζn(t) we
consider instead a generalised (see [1]) local time mn(t, x), where

mn(t, x) =

∫ t

0
h0n(x− ζn(τ))dτ

and a mollifying kernel h0n is defined by

h0n(x) = n

∫
R

(|x− y√
n
| − |x|+ y√

n
sgn(x))P(dy), (10)

where as above P is the distribution law of the random variable ξ1.
Note that for every n the mollifying kernel h0n is a density of a probability law.
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Theorem 1. Let f ∈W 3,2(R), f(0) = 0 and the function g : [0,∞)→ R is given by

g(y) =

∫ ∞
0

e−λyσ(dλ),

where σ is a signed measure such that

L =

∫ ∞
0

(1 + λ2)|σ|(dλ) <∞.

Set
ψ(t, x) = E[f(x− w(t))g(l(t, x))],

ψn(t, x) = E[f(x− ζn(t))g(mn(t, x))].

Then there exists a constant C > 0 such that the following inequality holds

‖ψn(t, ·)− ψ(t, ·)‖L2(R) 6
CL

n1/4
(‖f ′‖W 2,2(R) + ‖f‖L∞(R)). (11)

Corollary 1. For every function g satisfying the conditions of Theorem 1 we have

lim
n→∞

‖Eg(mn(t, ·))−Eg(l(t, ·))‖L2(R) = 0. (12)

The proof of the theorem 1 is based on using some operator theory methods.
We also should note that the choice of the mollifying kernel sequence h0n is in some sense optimal

because it provides the maximum speed of the convergence in (11).
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Negative binomial regression in dose-effect relationships

Mikhail Tikhova
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Abstract

In this message, we consider kernel-based estimators in the nonparametric negative binomial regres-
sion problem with one-dimensional covariates. We propose a Nadaraya-Watson (NW) type estimators
of the response probability function with kernel weighted at each observed covariate. The efficiency of
the weighted NW-estimators is determined from results of asymptotic properties and our simulation
study.

Keywords: Negative binomial regression, dose-effect relationships, nonparametric kernel estimator.

1. Introduction.

In many applied problems often there is a problem of constructing effective estimators of distribu-
tion function and the quantile function using both complete and incomplete samples. In the talk,
we consider the problem of constructing estimators of the distribution function and studying their
asymptotic behaviour using incomplete samples, namely, in the dose-effect relationships. The aim
of our message is to both explain the general ideas behind some important parts of this estimation
theory as well as actually construct usable optimal estimators for dose-response functions commonly
applied in toxicology. Both binary and binomial regression models are used for this purpose (see
[1-9]). Also we proposed to the negative binomial regression model.

There is now a very large body of results about problems that can be described roughly as follows.
Suppose that the response Wij of the subject which is encoded by Wij = 1 if it exhibits the response of
interest, or Wij = 0 if not, is observed at each covariate ui. Let Wij be the j -th response in N subjects
at the covariate ui, i = 1, ..., n, and the responses Wij ’s are mutually independent. The relationship is
defined by the probability of Wij = 1 conditional on ui with F (ui) = P(Wij = 1 |ui) = P(Xij < ui).
We consider the equispaced fixed design. Without lack of generality, the covariates ui are assumed to

be ui = i/n, i = 1, ..., n. Then Wi =
N∑
j=1

Wij has the binomial distribution B(N, pi) with parameter

pi = F (i/n), and it is well known that the maximum likelihood of pi given by wi = Wi/N for each
i. The data (ui, wi), i = 1, ..., n, immediately motivates us construct the estimator is well known as
a basic kernel regression estimator, with is written in this situation as

(1) Fn(x) =

n∑
i=1

wiηi(x)

n∑
i=1

ηi(x)

(see [4]), where ηi(x) = h−1K(h−1(ui − x)), h = h(n) = n−1/5 is the bandwidth, a unimodal
density function simmetric around the origin is adopted as a kernel K(x). For N = 1, we have the
Bernoulli regression model (see [3-5,7,8]). In [3-5] it is proved that at any x,

√
nh(Fn(x)− F (x)) is

asymptotically N(0, σ2
1(x)∥K∥2) distributed with σ2

1(x) = F (x)(1− F (x)), ∥K∥2 =
∞∫

−∞
K2(x) dx.

1
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2

2. Modified Reed-Muench method of estimation in dose-effect relationship. BR-Estimators.

Define the function H(x) as such

H(x) =

∫ x

−1
K(t) dt, if − 1 6 x 6 1 and H(x) = 0, if x /∈ [−1, 1].

Let

S1n(x) =
1

nh

n∑
j=1

wjH

(
Uj − x

h

)
, S2n(x) =

1

nh

n∑
j=1

(1− wj)

(
1−H

(
Uj − x

h

))
,

where the continuous random variables U1, U2, ..., Un has the probability density function g(x) > 0
and let

S3n(x) = S1n(x) + S2n(x).

We determine the modified Reed-Muench estimators for a distribution function in dose-effect
relationship as

F̃n(x) =
S1n(x)

S3n(x)
by supposing S3n(x) ̸= 0.

For B > 0 we denote by C3(B) the set of real functions f on [a, b] that must be continuous in the
third derivative, bounded on [a, b] and

sup
x∈[a,b]

max
α∈M

|Dα(f)(x) | 6 B, where Dα(f) =
dαf

dxα
and M = {1, 2, 3}.

We make the following Assumptions on the functions f, g and the probability kernel K:

( A1. ) There exists B > 0 such that f and g belong to C3(B). In addition there exists c, C > 0
such c 6 f(x) 6 C for any x ∈ [a, b].

( A2. ) The probability kernel K fulfils
∫

K(x) dx = 1 and
∫

K2(x) dx < ∞. K is also symmetric,
non-negative, supported by [−1, 1] and satisfied a condition K belong C3(B) for some B. In addition
there exists c, C > 0 such c 6 K(x) 6 C for any x ∈ [−1, 1].

Define

∥K ∥2 =
∫ 1

−1
K2(x) dx, ∥H ∥2 =

∫ 1

−1
H2(x) dx.

Let h = h(n) be a sequence of positive constants.

Assumptions ( H ): h → 0, nh2 → ∞ as n → ∞.

Theorem 1. [ 6 ] Let X and U be two independent continuous random variables with density
functions f(x) and g(y) respectively. Under Assumptions (A1), (A2), (H),

√
nh(F̃n(x)− E(F̃n(x)))

d−→
n→∞

N(0, σ2
1(x)),

where

σ2
1(x) =

∥H ∥2F (x)(1− F (x))

g(x)
.

Next, we will assume that the random variable U has a discrete uniform distribution on the set{
1
n ,

1
n , ...,

n−1
n , 1

}
and X is independent and has the density f(x).

A sequence of the pairs (Uj ,Wj)
n
j=1 is observed.

Let

S∗
1n(x) =

1

n

n∑
j=1

WjH

(
Uj − x

h

)
, S∗

2n(x) =
1

nh

n∑
j=1

(1−Wj)

(
1−H

(
Uj − x

h

))
,

(2) F ∗
n(x) = S∗

1n(x)/S
∗
3n(x), where S∗

3n(x) = S∗
1n(x) + S∗

2n(x).
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For 0 < λ < 1 the λth quantil is the smallest number ξλ so that P(X < x) > λ . Let

(3) ξ̂n,λ = inf
x∈R

{F ∗
n(x) > λ}.

Theorem 2. Let h = n−1/5, a =
f ′(ξλ)µ2(K)

2
√

λ(1− λ)
, µ2(K) =

1∫
−1

x2K(x) dx. Under

Assumptions (A1), (A2),

n2/5(ξ̂n,λ − ξλ − ah2)
d−→

n→∞
N

(
0,

∥H ∥2λ(1− λ)

f2(ξλ)

)
.

Note that in [ 6,7 ] we considered kernel estimators of the distribution function and λth quantil
in nonparametric binomial regression in which ui = i/n, i = 1, 2, ..., n and Wi =

∑m
j=1Wij , Wij =

I(Xij < ui), j = 1, 2, ...,m has the binomial distribution B(m, pi) with parameter pi and with the
data (ui,Wi)

n
i=1. Statistics F ∗

n(x) (see (2)) were used as an estimator of the distribution function
F (x). There, the asymptotic normality of the estimators ξ̂n,λ was proved.

3. NBR-Estimators. Asymptotic behavior.

In the submitted message we consider also a negative binomial regression model (NBR-model).
Exactly, for a given m, the negative binomial distribution

P(Zi = k) =
Γ(k +m)

Γ(k + 1)Γ(m)
pm
i (1− pi)

k, k = 0, 1, ... , Γ(k + 1) = k!,

is considered.
We will use the sample Z(n) = {(zi, ui), i = 1, 2, ..., n} to determine statistics

(4) Tn(x) =

n∑
i=1

mηi(x)

n∑
i=1

zi ηi(x)

.

Since
n∑

i=1
ηi(x) −→

n→∞
1, therefore we consider the statistics

(5) F̂n(x) =
m

n∑
i=1

ziηi(x)

as an estimator of the distribution function (d.f.) F (x).
It is shown that under regularity conditions

F̂n(x)
p−→

n→∞
F (x).

However in practice it is more correct to use the estimator Tn(x) that the estimator F̂n(x).
Moreover, NBR-model has yielded the following result.

Theorem 3. Under Assumptions (A1), (A2), (H) the estimators F̂n(x) is asymptotically normal,
more precisely,

(6)
√
nh(F̂n(x)− E(F̂n(x)))

d−→
n→∞

N(0, σ2
2(x)∥K∥2/m),

where
σ2
2(x) = F 2(x)(1− F (x)).

In addition, it is shown that the estimator F̂n(x) of the d.f. F (x), if properly centered and scaled,
converges weakly to a Gaussian process with covariance kernel proportional to that of a Brownian
bridge. The efficiency of the proposed estimators is determined from results of asymptotic properties
and our simulation study.
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4

Stein’s method [10] can be used to obtain bounds for approximation errors of the statistics S1n(x),

S2n(x) and 1
nh

n∑
i=1

ziηi(x). For finite size samples we present the Fieller method [11] to construct a

confidence interval for the distribution function F (x).
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Abstract

We study the problem of sequential 2D-parameters estimating if there are a slight deviation be-
tween the parametric model and real distributions. The estimator is based on suboptimal testing
of build by a special way nonparametric hypotheses. We found that the risk function has an expo-
nential decrease to the mean number of observations and under the general conditions the proposed
estimator is suboptimal.

Keywords: Estimating, Robustness, Sequential analysis, Suboptimality

1. Introduction

Robust estimation of statistical model parameters is one of important problems in the statistic.
The main problem consists in a small power of a robust estimator in comparison with the optimal
no robust estimator and a rapidly decreasing power of a no robust estimator under deviations from
the pure parametric model.

One of popular method for a robust estimator construction bases on influence functions (see
Huber [1]). However, it is known that a power of a statistical decision depends on a distribution
tail. Tsitovich F. in [2]–[4] investigated a problem of robust discriminating of hypotheses and an
influence of the tail decreasing on a test power. Based on a modification of the sequential probability
ratio test, there are obtained the suboptimal sequential test. It is showed that its power converges
to the power of an asymptotically optimal sequential test when the neighborhoods size of the
hypothesis converges to zero.

In [5] Tsitovich F. method is applied for a robust estimation. There are proposed the setting of
the problem of sequential robust estimating of unknown parameters with a guaranteeing decision
and the risk function of an estimation. It is found that, in general, the mean-square risk is not
informative function to separate estimators and that the proposed risk function rate decreasing
is an exponential under the mean number of observations. Also it is constructed the estimator
with near to optimal properties for some statistical models and its properties are investigated for
1D-parameter sets.

Now we illustrated this general setting for 2D-parameter estimating.

2. Setting of the Problem

Let (Ω,F ,P) be a probability space and x1, x2, . . . be independent identically distributed ran-
dom variables with values in a subset X ⊂ R with the probability distribution P from a set P. Let

∗Corresponding author
Email address: cito@iitp.ru (Ivan Tsitovich)
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be some nondegenerate measure µ on X (with Borel σ-algebra on X) such that any probability dis-

tribution P = Pf from the set P has its density function f(x) with respect to µ, z(P,Q, x) = log p(x)
q(x) ,

where p(x) and q(x) are the densities of P and Q respectively, and I(P,Q) = EPz(P,Q, x) be the
relative entropy (Kullback–Leibler divergence) with usual conventions (logarithms are to the base
e, 0 log 0 = 0 etc.).

We suppose the following regularity condition on the set P.
C1. Let be a metric d on P such that I is uniformly continuous on P under d.
Let P0 be a parametric set of densities f(θ, x) with respect to µ, θ ∈ Θ, where Θ is a compact

in R2 and P0 ⊂ P, and the set P0 be continuous under the metric d. The distribution with the
density f(θ, x) is denoted as Pθ.

The set Θ can be covered by a finite set of regular hexagons with side length δ, where δ is a
sufficiently small positive number, the number of such hexagons is Nδ, and the hexagons centers
are θ1, . . . , θNδ . It is evident that

Nδ ∼
area(Θ)

1.5
√

3δ2
. (1)

The hexagon with center θi is denoted by O0
i and the distribution with parameter θi is denoted by

Pi.
ForO0

i all hexagons with common points withO0
i form its first-level neighborhood. All hexagons

with common points with the external border of the first-level neighborhood of O0
i form its second-

level neighborhood and so on. The kth-level neighborhood has the inscribed circle radius

dk =
√

1 + 3k2 (2)

and the described circle radius

Dk =

√
3(2k + 1)2 + 1

2
. (3)

Let us define for Pi ∈ P0 the neighborhood Oδ(Pi) =
{
P̃
}

as the subset in P all distributions

P̃ where d(Q, P̃) < δ for any Q ∈ O0
i and

Pδ =

Nδ⋃
i=1

Oδ(Pi) (4)

is the δ-neighborhood of the parametric family P0 in P.
We introduce the alternative set of parameters Ak(i) for θi as the set of all j 6= i such that O0

j

does not belong to the kth-level neighborhood of θi.
As in [5] we have two characteristics: the accuracy of the parameter estimating

∆k = max
i

min
j∈Ak(i)

|θi − θj | =
√

3(k + 1)δ (5)

and the information distance to the nearest alternative neighborhood

Ik(i) = inf
P∈Oδ(Pi)

inf
Q∈

⋃
j∈Ak(i)

Oδ(Pj)
I(P,Q). (6)

We have two contradict requirements for k: ∆k needs be as large as possible for maximizing
Ik(i) and it needs be as small as possible for maximizing accuracy of the parameters estimating.
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If P ∈ Oδ(Pi) then let us define

k(P) = inf
Q∈

⋃
j∈A(i)Oδ(Pj)

I(P,Q), (7)

and
e = max

i
sup

Q∈Oδ(Pi)
I(Q,Pi). (8)

If there are several i in (7) such that P ∈ Oδ(Pi) then we take i with maximal respective value
k(P). Therefore, we define the discrete function i(P) for any P ∈ Pδ and i(P) is interpreted as the
number of the hexagon O0

i which corresponds to the distribution P.
All θ′ ∈ O0

δ (Pθ) are undistinguished by the accuracy of the statistical model δ and, therefore,
a lost function of the parameter estimation r(θ, θ′) needs be 0 for θ′ ∈ O0

δ (Pθ). By this reason we

define the lost function for an estimator θ̂ by the following way. Let P ∈ Pδ then

r∆(θ̂,P) = I(|θ0
i(P) − θ̂| ≥ ∆), ∆ > Dkδ, (9)

where I(A) is the indicator function of the event A, ∆ is a parameter of the accuracy of estimating.
The risk function we define as

R∆(θ̂) = sup
P∈Pδ

EPr∆(θ̂,P) = sup
P∈Pδ

PP(|θ0
i(P) − θ̂| > ∆). (10)

This risk function (10) means that we find guaranteeing decisions only.

3. Main Result

We use the following regularity conditions:
C2. There is c > 0 such that EP (z(P,Q, xi))

2 < c for all P ∈ P,Q ∈ P.
C3. There exist t > 0 and f > 0 such that for all P ∈ P

EP

(
sup
Q∈P

exp(−tz(P,Q, xi))
)
≤ f. (11)

C4. z(P,Q, x) is differentiable w.r.t. x and

D =

∫
X
z1(x) (a(x)b(x))1/2 dx <∞, (12)

where

z1(x) = sup
Q∈P

∣∣∣∣∂z(P,Q, x)

∂x

∣∣∣∣ , (13)

sup
P∈P

∫ x

−∞
p(t)µ(dt) ≤ a(x), sup

P∈P

∫ ∞
x

p(t)µ(dt) ≤ b(x). (14)

We perform the following estimator θ̃. Let us introduce

Ln(P,Q) =

n∑
i=1

z(P,Q, xi). (15)
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We stop observations at the first moment M such that

max
i

inf
Q∈A(i)

LM (Pθ0i ,Q) > − log β (16)

and accept as an estimation θ̃ = θ0
r if (16) holds and r is the value of argmaxi.

Based on results of [6, 7] we get the following result: if P ∈ Pδ is such that k(P) > 2e then
under the conditions C1–C4

EPM ≤
| log β|

k(P)− 2e
+K

√
| log β| (17)

with the same constant K for all β > 0 and P ∈ Pδ.
It is followed from [6] that under the condition C1

sup
P∈Pδ

PP(|θ0
i(P) − θ̃| > ∆) ≤ Nδβ. (18)

From (18) it is followed that the risk function (10) can be estimating by Nδβ.

Definition 1. An estimator θ̂ is named admissible with the accuracy level α, α > 0, if R∆(θ̂) ≤ α.

The set of all admissible estimators with the accuracy level α is denoted by Dα.

Definition 2. A sequence of admissible estimators θ̂α is named suboptimal if

lim
δ→0

lim
α→0

supP∈Pδ EPM

inf θ̂α∈Dα supP∈Pδ EPM
= 1.

Theorem 1. If β = α
Nδ

then under the conditions C1 the estimator θ̃ is admissible.

Under the conditions C1–C4 the estimator θ̃ is suboptimal if α → 0, δ → 0, and k → ∞ such
that

log(α)

log(δ)
→∞ (19)

and kδ is bounded from 0.

Proof. Our estimator can test hypothesis H0 : P ∈ Oδ(Pi) versus H1 : P ∈
⋃
j∈Ak(i)Oδ(Pj) with

guaranteeing decision with errors probabilities less than α. Therefore, it is followed from [2] that

sup
P∈Oδ(Pi)

EPM ≥
(1− 2α)(| ln(α)|+ ln(1− α))

inf
P∈Oδ(Pi)

inf
Q∈

⋃
j∈Ak(i)

Oδ(Pj)
I(P,Q)

. (20)

If δ → 0 and β → 0 then e→ 0, if P→ Pθ0 then

k(P)→ inf
θ: |θ−θ0|=∆

I(Pθ0 ,Pθ), (21)

and
inf

P∈Oδ(Pθ0
i

)
inf

Q∈
⋃
j∈A(i)Oδ(Pθ0

j
)
I(P,Q)→ inf

θ: |θ−θ0|=∆
I(Pθ0 ,Pθ) (22)

such as

lim
k→∞

dk
Dk

= 1

(see (2), (3)). Therefore from (21) and (22) follows that the main terms of the asymptotic for the
mean values of M (17) and (20) coincide.
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4. Conclusion

In the paper we describe a possible way for constructing the modify system of neighborhoods
from [5] and propose the suboptimal estimator for 2D-parameter estimating.

It is followed from (19) that the proposed estimator is effective when we need to get a very
accurate decission such as α� β.

The proposed estimator θ̃ gives stable results of an accuracy for heavy and light tails of the
noise and in some cases it turns out to be better than the well-known robust estimators.
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Abstract

We consider high-dimension low-sample-size data taken from the standard multivariate normal
distribution under assumption that dimension is a random variable. The second order Chebyshev–
Edgeworth expansions for distributions of an angle between two sample observations and corre-
sponding sample correlation coefficient are constructed with error bounds. Depending on the type
of normalization, we get three different limit distributions: Normal, Student’s t-, or Laplace dis-
tributions. The paper continues studies of the authors on approximation of statistics for random
size samples.

Keywords: second order expansions, high-dimensional, low sample size, random sample size,
Laplace distribution, Student’s t-distribution

Introduction and results

Let ~X1 = (X11, ..., X1m)T , . . . , ~Xk = (Xk1, ..., Xkm)T be a random sample from m-dimensional
population. The data set can be regarded as k vectors or points in m-dimensional space. Recently,
there has been significant interest in a high-dimensional datasets when the dimension is large.
In a high-dimensional setting, it is assumed that either (i) m tends to infinity and k is fixed, or (ii)
both m and k tend to infinity. Case (i) is related to high-dimensional low sample size (HDLSS)
data. One of the first results for HDLSS data appeared in Hall et al. [1]. It became the basis of
research in mathematical statistics for the analysis of high-dimensional data, see, e.g., Fujikoshi et
al. [2], which are an important part of the current data analysis fashionable area called Big data.
Scientific areas where these settings have proven to be very useful include genetics and other types
of cancer research, neuroscience, and also image and shape analysis. See a recent survey on HDLSS
asymptotics and its applications in Aoshima et al. [3].

For examining the features of the data set, it is necessary to study the asymptotic behavior of
three functions: the length ‖~Xi‖ of a m-dimensional observation vector, the distance ‖~Xi − ~Xj‖
between any two independent observation vectors, and the angle ang(~Xi, ~Xj) between these vectors

∗Corresponding author
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at the population mean. Assuming that ~Xi’s are a sample from N(0, Im), it was shown in Hall et
al. [1] that for HDLSS data the three geometric statistics satisfy the following relations:

‖~Xi‖ =
√
m+Op(1), i = 1, . . . , k, (1)

‖~Xi − ~Xj‖ =
√

2m+Op(1), i, j = 1, . . . k, i 6= j, (2)

ang(~Xi, ~Xj) =
1

2
π +Op(m−1/2), i, j = 1, . . . k, i 6= j, (3)

where ‖ · ‖ is the Euclidean distance and Op denotes the stochastic order. These interesting results
imply that the data converge to the vertices of a deterministic regular simplex. These properties
were extended for non-normal sample under some assumptions (see Hall et al. [1] and Aoshima et
al. [3]). In Kawaguchi et al. [4], the relations (1)–(3) were refined by constructing second order
asymptotic expansions for distributions of all three basic statistics. The refinements of (1) and (2)
were achieved by using the idea of Ulyanov et al. [5] who obtained the computable error bounds
of order O(m−1) for the chi-squared approximation of transformed chi-squared random variables
with m degrees of freedom.

The aim of the present paper is to study approximation for the third statistic ang(~X1, ~X2) under
generalized assumption that m is a realization of a random variable, say Nn, which represents the
sample dimension and is independent of ~X1 and ~X2. This problem is closely related to approxima-
tions of statistics constructed from the random size samples, in particular, to this kind of problem
for the sample correlation coefficient Rm.

The use of samples with random sample sizes has been steadily growing over the years. For an
overview of statistical inferences with a random number of observations and some applications,
see Esqúıvel et al. [6] and the references cited therein. The present paper continues studies of
the authors on non-asymptotic analysis of approximations for statistics based on random size
samples. In Christoph et al. [7], second order expansions for the normalized random sample sizes are
proved. These results allow to prove second order asymptotic expansions of random sample mean in
Christoph et al. [7] and random sample median in Christoph et al. [8]. See also Chapters 1 and 9
in Fujikoshi and Ulyanov [9].

The structure of the paper is the following. Firstly, we describe the relation between ang(~X1, ~X2)
and Rm. We recall also previous approximation results proved for distributions of ang(~X1, ~X2) and
Rm. Then we get the general transfer theorems, which allow us to construct asymptotic expansions
for distributions of randomly normalized statistics on the base of approximation results for non-
randomly normalized statistics and for the random size of the underlying sample. Also we construct
the upper bounds for the negative order moments of a random variable having negative binomial
distribution. These results have independent interest. At last, we get the second order Chebyshev–
Edgeworth expansions for distributions of ang(~X1, ~X2) and Rm in random setting. Depending on
the type of normalization, we get three different limit distributions: Normal, Laplace, or Student’s
t-distributions.

Let us illustrate the last statement considering the simple example for sums of random variables.
Let X1, X2, . . . ∈ R = (−∞ ∞) and N1, N2, . . . ∈ N+ = {1, 2, ...} be random variables on

the same probability space (Ω,A,P). Let Nn be a random size of the underlying sample, i.e.,
the random number of observations, which depends on parameter n ∈ N+. We suppose for each
n ∈ N+ that Nn ∈ N+ is independent of random variables X1, X2, . . . and Nn →∞ in probability
as n→∞. Let Tm := Tm (X1, . . . , Xm) be some statistic of a sample with non-random sample size
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m ∈ N+. Define the random variable TNn for every n ∈ N+:

TNn(ω) := TNn(ω)

(
X1(ω), . . . , XNn(ω)(ω)

)
, ω ∈ Ω,

i.e., TNn is some statistic obtained from a random sample X1, X2, . . . , XNn .
The randomness of the sample size may crucially change asymptotic properties of TNn , see,

e.g., Gnedenko [10] or Gnedenko and Korolev [11].
Many models lead to random sums and random means

SNn =
∑Nn

k=1
Xk and MNn =

1

Nn

Nn∑
k=1

Xk, . (4)

It is worth mentioning that a suitable scaled factor by SNn affects the type of limit distribution.
In fact, consider random sum SNn given in (4). For the sake of convenience, let X1, X2, ... be
independent standard normal random variables and Nn ∈ N+ be geometrically distributed with
E(Nn) = n and independent of X1, X2, .... Then, one has

P
(

1√
Nn

SNn ≤ x
)

=
x∫
−∞

1√
2π

e−u
2/2du for all n ∈ N, (5)

P
(

1√
E(Nn)

SNn ≤ x
)

→
x∫
−∞

1√
2
e−
√
2 |u|du as n→∞, (6)

P
(√

E(Nn)
Nn

SNn ≤ x
)

→
x∫
−∞

(
2 + u2

)−3/2
du as n→∞. (7)

We have three different limit distributions. The suitable scaled geometric sum SNn is standard
normal distributed or tends to the Laplace distribution with variance 1 depending on whether we
take the random scaling factor 1/

√
Nn or the non-random scaling factor 1/

√
ENn, respectively.

Moreover, we get the Student distribution with two degrees of freedom as the limit distribution
if we use scaling with the mixed factor

√
E(Nn)/Nn. Similar results also hold for the normalized

random mean MNn = 1
Nn

SNn .
Assertion (5) is obtained by conditioning and the stability of the normal law. Moreover,

using Stein’s method, quantitative Berry–Esseen bounds in (5) and (6) for arbitrary centered ran-
dom variables X1 with E(|X1|3) < ∞ were proved in (Chen et al. [13], Theorem 10.6), (Döbler
[12] Theorems 2.5 and 2.7) and (Pike and Ren [14] Theorem 3), respectively. Statement (7) follows
from (Bening and Korolev [15] Theorem 2.1).

It is necessary to introduce additional notation and assumptions to formulate the main results
on short asymptotic expansions, see details in Christoph and Ulyanov [16]. Due to lack of space,
we will state here only two theorems of independent interest.

Let the random dimension Nn(r) of the underlying normal vectors be negative binomial dis-
tributed (shifted by 1) with parameters 1/n and r > 0, having probability mass function

P(Nn(r) = j) =
Γ(j + r − 1)

Γ(j) Γ(r)

(
1

n

)r (
1− 1

n

)j−1
, j = 1, 2, ... (8)

with E(Nn(r)) = r (n− 1) + 1. Then, P(Nn(r)/gn ≤ x) tends to the Gamma distribution function
Gr,r(x) with the shape and rate parameters r > 0, having density

gr,r(x) =
rr

Γ(r)
xr−1e−rx I(0 ∞)(x), x ∈ R.
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Theorem 1. Let r > 0, discrete random variable Nn(r) have probability mass function (8) and
gn := ENn(r) = r(n − 1) + 1. For x > 0 and all n ∈ N there exists a real number C(r) > 0 such
that

supx≥0

∣∣∣∣P(Nn(r)

gn
≤ x

)
−Gr,r(x)− h2;r(x)

n

∣∣∣∣ ≤ C(r)n−min{r,2},

where

h2;r(x) =

{
0 for r ≤ 1,
gr,r(x) ((x− 1)(2− r) + 2Q1(gn x))

2 r for r > 1.

Q1(y) = 1/2− (y − [y]) and [.] denotes the integer part of a number.

In addition to the expansion of Nn(r), a bound of E(Nn(r))−a is required.

Theorem 2. Let r > 0, α > 0 and the random variable Nn(r) is defined by (8). Then,

E(Nn(r))−α ≤ C(r)

{
n−min{r, α}, r 6= α,
log(n)n−α, r = α,

and the convergence rate in case r = α cannot be improved.
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Abstract

A new notion of “Markov up” processes is discussed. A toy model of this notion is proposed and
discussed; recurrence and ergodic properties are studied.
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1. Introduction: the model

The idea of processes on the line, or, possibly, on any ordered set of states, which behave
like markovian while going “up”, and in a more complicated, generally, non-markovian way while
going “down”, was suggested by Alexander Dmitrievich Solovyev in a private communication in the
late 90s [2]. He certainly had in mind some particular applications, which are difficult to recover
nowadays; yet, maybe it is not impossible. Neither has he explored this idea himself, nor have the
authors managed to find any similar references in the literature. Hereby a toy model of this idea is
proposed. Let us consider a process Xn, n ≥ 0 on the positive lattice {1, 2, . . .} with the following
property: for any n ≥ 1 where the last jump was up (including staying), it is assumed that for
any j

P(Xn+1 = j|Fn;Xn ≥ Xn−1) = P(Xn+1 = j|Xn), (1)

where Fn = FXn , that is, the “movement upwards remains markovian”; the “decision” to turn
downwards is also markovian in the first instant; however, where the last jump was down, the next
(conditional) probability distribution may depend on some past: namely for any j,

P(Xn+1 = j|Fn;Xn < Xn−1) = P(Xn+1 = j|Xn, . . . , Xζn), (2)

where ζn is the last turning time from “up” to “down” before n formally defined below in (3); for
the definition of the sigma-algebra in the condition in the right hand side see (6). The “memory”
of the process while moving down is not infinite but is limited by the last moment of turning down.
These assumptions reflect the property that while the process “goes up” its transition probabilities
for any jump up obey the Markov property (1); as soon as it goes down, its transition probabilities
“must” remember some past from the last jump up moment. The case of equality Xn = Xn−1 – or
staying in place – is included in the movement up; it is likely that it may be moved to the movement
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down, but apparently it would change the calculus and we do not pursue to study all possibilities
at once. It will be assumed that at any state x above some level N > 0 there is always a probability
to jump down which increases to one with x ↑ ∞; more precisely see the recurrence assumptions
below; the set [1, N ] will be called a “floor”. Within the floor certain local mixing conditions will
be assumed. Also, some more complicated rules could be introduced instead of simple “up” and
“down”; however, our goal is to show the simplest version of the idea of a “Markov up” process
and to discuss some recurrence and ergodic properties this model may possess.

As a rationale, one possible application is the functioning of some involved multi-component
device which may have several states and which “goes up” while it is working (for example, it
transmits some message); all levels up to N are treated as “good states” where the functioning of
the device is normal, although some little disorder may increase with level; the device starts “going
down” if one of the critical components in it breaks down, after which the movement downwards
becomes chaotic, or, at least, dependent on all the states after the critical break down: the device
“remembers” the event of the fault in the critical component all the time until it is fixed (in the
simplest example just reloaded), after which the behaviour becomes again “markovian”, satisfying
condition (1). There is some evidence that certain disastrous processes related to complicated
devices may expose similar features: once some critical failure occurs, the process of destruction
may accelerate and be unpredictably chaotic until some rescue arrives.

Models with more involved dependencies are possible: for example, instead of the immediate
switching to “Markov” probabilities after one jump up, it could be assumed that such a switch
occurs after several steps up, or after the average in time of consequent jumps up or down exceeds
some level, etc. For the model (1)–(2) under “recurrence” and “non-singularity” assumptions we
are interested in establishing certain recurrence and ergodic properties. They are stated in theorems
1 and 2 in terms of stopping times τ and γ.

There are some ideological similarities of the proposed model with renewal processes and with
a (more general) notion of Hawkes processes. As we shall see in what follows, some transformation
of the model turns out to be a particular renewal process, which is not very surprising since, as
is well-known, any process may be regarded as Markov after a certain change of the state space.
Nevertheless, its ergodic properties are to be established from scratch. We add that apparently to
obtain better recurrence properties and a higher convergence rate it should be necessary to assume
more moments on jumps up in (A5) and possibly replace (11) by some stronger condition as a part
of (A4) in the assumptions below.

2. Main results

Notations
Let us define for each n ≥ 0 the random variables

ζn := inf(k ≤ n : ∆Xi := Xi+1 −Xi < 0,∀i = k, . . . n), (inf(∅) = +∞), (3)

ξn := sup(k ≥ n : all increments ∆Xi ≥ 0, ∀n ≤ i ≤ k) ∨ n, (4)

χn := sup(k ≥ n : all increments ∆Xi < 0, ∀n ≤ i ≤ k) ∨ n. (5)

Also, let

X̂i,n := Xi 1(ζn ∧ n) ≤ i ≤ n), F̃n = σ(ζn; X̂i,n : 0 ≤ i ≤ n). (6)
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Note that the family of sigma-algebras (F̃n) is not a filtration, and this is not required. We have,
F̃n ⊂ Fn and 1(ζn ∧ n = n)E(ξ|F̃n) = 1(ζn ∧ n = n)E(ξ|Xn) ∀ξ.

Now let us state the assumptions.

A1. Limited random memory (this condition substitutes and formalises (1)–(2)): For any
n, j,

P(Xn+1 = j|Fn) = P(Xn+1 = j|F̃n) a.s., (7)

and the latter conditional probability does not depend on n given the past Xn, . . . Xζn∧n, which
serves as the analogue of the homogeneity.

A2. Irreducibility (local mixing): There exists an N ≥ 1 such that for any x ≤ N and for
each of the two states y = x and y = x+ 1

P(Xn+1 = y|F̃n, Xn = x) ≥ ρ > 0.

The interval [1, N ] is called a “floor”. Along with the recurrence conditions, this assumption will
guarantee irreducibility of the process in the extended state space where Xn is Markov – see the
“markovisation” (13) below.

A3. Recurrence-1:

P(jump down ≡ (Xn+1 < Xn)|F̃n, N < Xn) ≥ κ0 > 0. (8)

P(Xn+1 < Xn|F̃n, N < Xn < Xn−1) ≥ κ1 > 0,

etc., and for any n ≥ m

P(Xn+1 < Xn|F̃n, N < Xn < . . . < Xn−m+1) ≥ κm−1 > 0, ∀ 1 ≤ m. (9)

A4. Recurrence-2: It is assumed that the following infinite product converges

κ̄∞ :=

∞∏
i=0

κi > 0; (10)

and ∑
i≥1

i(1− κi) <∞. (11)

Note that assumption (11) is satisfied, for example, if 1− κm ≤ C
m2+δ with some C, δ > 0.

A5. Jump up moment bound:

M1 := ess
P

sup
ω

sup
n

E((Xn+1 −Xn)+|Fn) <∞. (12)
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Denote

q = 1− κ0 (q < 1), q̄ := 1− κ̄∞ (q̄ < 1), κ̄m :=
m∏
i=0

κi (κ̄m ≥ κ̄∞ > 0).

Then κ̄∞ = limm→∞ κ̄m. Let us emphasize that the index i in κi is not the state where the process
X is, but the value for how long the process is falling down, see (9). The process remembers for
how long it goes down so far, and the longer it lasts the more probable it is to continue in this
direction, at least, until the process reaches the floor [1, N ]. The condition (10) is equivalent to∑

i≥0
lnκi <∞.

Of course, this implies that κi → 1 as i → ∞, which is, clearly, a weaker condition than (10)
or (11). Convergence of the sequence κi to one, if it is monotonic, may be interpreted in a way
that the longer the decreasing trajectory is, the more faulty components there are in the device:
each jump down brings some additional disorder to the system, which additionally increases the
probability to continue falling down.

Let us introduce stopping times τ and γ, which are the main objects of the theorems below,

τ := inf(t ≥ 0 : Xt ≤ N), γ := inf(t ≥ τ : Xt−1 ≤ Xt ≤ N),

and auxiliary random variables used for the “markovisation”,

Yn := Xn1(Xn ≥ Xn−1) + (Xn, . . . , Xζn)∗ 1(Xn < Xn−1) = (Xn, . . . , Xζn∧n)∗ (13)

(here the sign ∗ stands for the transposition; note that in case of Xn ≥ Xn−1 we have ζn ∧ n = n,
while in the case of Xn < Xn−1 we have ζn < n). Observe that the dimension of Yn is not fixed,
and it is generally speaking random.

Initial state: The following is a convention, not an assumption. With the initial position X0 = x
we assume that any artificial “admissible past” is allowed, that is, we accept that there is some
fictitious past which could have preceded this state, and we don’t include anything in this past
if the artificial X−1 ≤ X0, or we add the fictitious past trajectory from the last starting moment
of the fall ζ0: Xζ0 , . . . , X−1. In other words, the initial sigma-algebra F̃0 may be trivial or not.
Due to (A1) the process (Yn, F̃n) is Markov; the statements about stationary distribution in what
follows relate to Yn, and as a consequence also to Xn which is the component of Yn.

Theorem 1. Under the assumptions (A1) – (A5) there exists a constant K > 0 such that

Exτ ≤ x+K.

Although the statement of this theorem is about a positive recurrence, recall that the ultimate goal
is a stationary distribution and convergence to it in total variation. Usually for Markov processes
positive recurrence suffices, see [1, Theorem 6.1]. However, due to the “partial Markov” behaviour,
in order to apply the coupling method, we actually need not only a finite first moment of hitting the
floor provided by theorem 1, but also at least one jump up within the floor, because immediately
after hitting [1, N ] there is neither a guarantee that the next transition will be “markovian”, nor
that the process will not leave the set [1, N ] in one jump. Hence, the following theorem is required
as a real basis for stationarity.
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Theorem 2. Under the assumptions (A1) – (A5)

Exγ ≤ x+K +N.

Theorem 3. Under the assumptions of theorem 1 the process Yn has a unique stationary measure,
and there is a convergence in total variation towards it from any initial distribution. In particu-
lar, the projection of Yn on its component Xn has a stationary measure towards which there is a
convergence in total variation.

The calculus uses the following lemmata.

Lemma 1. Under the assumptions of theorem 1 there exists a constant M2 <∞ such that

sup
x>N

Exξ0 ≤M2.

Lemma 2. Under the assumptions of theorem 1 there exists a constant M3 <∞ such that

sup
x>N

Ex(χ01(χ0 < τ)) ≤M3.

Lemma 3. Under the assumptions of theorem 1 there exists a constant M4 <∞ such that

sup
x>N

Ex(Xξ0 − x)+ ≤M4 <∞.
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Positive recurrence of one-dimensional diffusion with switching with an additive Wiener process
and with one recurrent and one transient regime is established under suitable conditions on the
drift in both regimes and on the intensities of switching.
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1. Introduction

On a probability space (Ω,F , (Ft),P) with a one-dimensional (Ft)-adapted Wiener process
W = (Wt)t≥0 on it, a one-dimensional SDE with switching is considered,

dXt = b(Xt, Zt) dt+ dWt, t ≥ 0, X0 = x, Z0 = z,

where Zt is a continuous-time Markov process on a finite state space S = {0, 1} with (positive)
intensities of respective transitions λ01 =: λ0, &λ10 =: λ1; the process Z is assumed to be indepen-
dent of W and adapted to the filtration (Ft). In the first instant we assume throughout the paper
that these intensities are constants; this may be relaxed. Under the regime Z = 0 the process X
is assumed positive recurrent, while under the regime Z = 1 its modulus may increase “in square
mean” with the rate comparable to the decrease rate under the regime Z = 0. This intuitive
wording will be specified in the assumptions. Denote

b(x, 0) = b−(x), b(x, 1) = b+(x).

The problem addressed in this note is to find sufficient conditions for the positive recurrence
(and, hence, for convergence to the stationary regime) for solutions of SDEs with switching in
the case where not for all values of the modulating process the SDE is recurrent, and where it
is recurrent, this property is “not very strong”. Earlier such a problem was tackled in [3] in
the exponential recurrent case; its method apparently does not work for the weaker polynomial
recurrence. A new approach is offered. Other SDEs with switching were considered in [1, 5, 6, 7],
see also the references therein. Neither of these works address exactly the problem which is attacked
in this paper: some of them tackled an exponential recurrence, some other just a recurrence versus
a transience.
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2. Main result: positive recurrence

Since the drift b is Borel measurable in x and bounded, a strong solution of the system exists
and is pathwise unique, see [9]. Also, conditions sufficient for positive recurrence and convergence
for one of the frozen values of Z will be assumed. As it was said, Z takes just two possible values
0 and 1, with constant intensities of transitions between them. Under the state Z = 0 the process
X is assumed to be positive recurrent (see [8]), while for Z = 1 the opposite – i.e., transient – with
a comparable rate, see below. The goal is to establish the overall positive recurrence, under certain
additional combined assumptions on the intensities of Z and on the drift of X in both regimes.

We will use a “Lyapunov function” x2, but the reader should have in mind that, in fact, it serves
as a “fair” Lyapunov function – that is, decreases on average while away from some neighbourhood
of the origin – only under the regime Z = 0. So, it could be called a partial Lyapunov function.
However, under the regime Z = 1 the same function helps evaluate and keep under control the
averaged increase of the value of the second moment of the process.

Theorem 1. Let the drift b be bounded and let there exist r−, r+,M > 0 such that

xb−(x) ≤ −r−, xb+(x) ≤ +r+, ∀ |x| ≥M, (1)

and

2r− > 1 & κ−11 :=
λ0(2r+ + 1)

λ1(2r− − 1)
<

1

2
. (2)

Then the process is positive recurrent; in particular, there exists C > 0 such that for all M1 large
enough and all x ∈ R

ExτM1 ≤ C(x2 + 1), (3)

where
τM1 := inf(t ≥ 0 : |Xt| ≤M1).

Moreover, the process (Xt, Zt) has a unique invariant measure, and for each nonrandom initial
condition x, z there is a convergence to this measure in total variation when t→∞.

Note that the constant C here in (3) is computable. The meaning of the assumption on κ1
in (2) is that the process should spend more time in the “negative” regime than in the “positive”
one, with a correction due to the bounds r+ and r−; the condition 2r− > 1 is necessary for the
approach: it serves for the existence of the invariant measure. In fact, for the claim of the theorem
it suffices to assume

2r− > 1 & κ−11 :=
λ0(2r+ + 1)

λ1(2r− − 1)
< 1,

although, it would change the constant C in the right hand side of the bound (3). However, with
the bound 1/2 instead of 1 the calculus – severely truncated in this short presentation – seems
more explicit, so we have assumed (2). Let M1 �M ; let us define the sequence of stopping times

T0 := inf(t ≥ 0 : Zt = 0),

and further
0 ≤ T0 < T1 < T2 < . . . ,

where each Tn is the next moment of switch of Z, and denote

τ := inf(Tn ≥ 0 : |XTn | ≤M1),

where the choice of M1 will be specified later. Note that τM1 ≤ τ , so it suffices to evaluate Exτ .
In what follows it will be chosen ε > 0 such that 2λ0(2r+ + 1 + ε) = λ1(2r− − 1− ε) (see (2)).
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3. Sketch of the proof

Let x > M for definiteness; the case x < −M is fully similar.

Lemma 1. Let the assumptions of the theorem hold true. For any δ > 0 there exists M1 such that

sup
|x|>M1

Ex
(∫ T1

0
1( inf

0≤s≤t
|Xs|≤M)dt|Z0=0

)
+ sup
|x|>M1

Ex
(∫ T0

0
1( inf

0≤s≤t
|Xs|≤M)dt|Z0=1

)
< δ. (4)

Proof. Let Xi
t , i = 0, 1 denote the solution of the equation

dXi
t = b(Xi

t , i) dt+ dWt, t ≥ 0, Xi
0 = x.

Let Z0 = 0, then T0 = 0. Due to uniqueness, the processes X and X0 coincide a.s. on [0, T1], and
due to the independence of Z and W , and, hence, of Z and X0, we have

Ex
(∫ T1

0
1( inf

0≤s≤t
|Xs| ≤M)dt|Z0 = 0

)
= Ex

∫ T1

0
1( inf

0≤s≤t
|X0

s | ≤M)dt

= Ex
∫ ∞
0

1(t < T1)1( inf
0≤s≤t

|X0
s | ≤M)dt =

∫ ∞
0

Ex1(t < T1)P( inf
0≤s≤t

|X0
s | ≤M)dt

=

∫ ∞
0

exp(−λ0t)P( inf
0≤s≤t

|X0
s | ≤M)dt.

So, it suffices to take t such that ∫ ∞
t

e−λ0sds < δ/4,

and then, by virtue of the boundedness of b, to choose M1 > M such that for this value of t

tPx( inf
0≤s≤t

|X0
s | ≤M) < δ/4.

The bound for the second term in (4) follows by using the process X1 and the intensity λ1. QED

Lemma 2. Let the assumptions of the theorem hold true. If M1 is large enough, then for any
|x| > M1(
Ex(X2

T1∧τ |Z0 = 0) + λ−10 ((2r− − 1)− ε)
)
∨
(
Ex(X2

T0∧τ |Z0 = 1)− λ−11 ((2r− + 1) + ε)
)
≤ x2. (5)

Proof. Recall that T0 = 0 under the condition Z0 = 0. By Ito’s formula

dX2
t − 2XtdWt = 2Xtb(Xt)dt+ dt ≤ (−2r− + 1)dt,

where the latter inequality holds on the set (|Xt| > M) due to the assumptions (1). Further (here
‖b‖ = supx |b(x)|), since 1(|Xt| > M) = 1− 1(|Xt| ≤M), we obtain∫ T1∧τ

0
2Xtb(Xt)dt =

∫ T1∧τ

0
2Xtb(Xt)1(|Xt| > M)dt+

∫ T1∧τ

0
2Xtb(Xt)1(|Xt| ≤M)dt

≤ −2r−

∫ T1∧τ

0
1(|Xt| > M)dt+

∫ T1∧τ

0
2M‖b‖1(|Xt| ≤M)dt

= −2r−

∫ T1∧τ

0
1dt+

∫ T1∧τ

0
(2M‖b‖+ 2r−)1(|Xt| ≤M)dt

≤ −2r−

∫ T1∧τ

0
1dt+ (2M‖b‖+ 2r−)

∫ T1∧τ

0
1(|Xt| ≤M)dt.
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Thus, always for x > M1 (recall that x > M , so the condition |x| > M1 coincides with x > M1),

Ex
∫ T1∧τ

0
2Xtb(Xt)dt ≤ −2r−E

∫ T1∧τ

0
1dt+ (2M‖b‖+ 2r−)Ex

∫ T1∧τ

0
1(|Xt| ≤M)dt

= −2r−E
∫ T1∧τ

0
1dt+ (2M‖b‖+ 2r−)Ex

∫ T1∧τ

0
1(|Xt| ≤M)dt

≤ −2r−E
∫ T1∧τ

0
1dt+ (2M‖b‖+ 2r−)Ex

∫ T1

0
1(|Xt| ≤M)dt

≤ −2r−E
∫ T1∧τ

0
1dt+ (2M‖b‖+ 2r−)δ.

For our fixed ε > 0 let us choose δ = λ−10 ε/(2M‖b‖+2r−). Then, since x > M1 implies T1∧τ = T1,

ExX2
T1∧τ − x

2 ≤ −(2r− − 1)Ex
∫ T1

0
dt+ λ−10 ε = −λ−10 ((2r− − 1)− ε).

Hence, the first part of the bound (5) follows. The second one can be proved similarly. QED

Lemma 3. Let the assumptions of the theorem hold true. Then, if M1 is large enough,

Ex(X2
T2∧τ |Z0 = 0) ≤ Ex(X2

T1∧τ |Z0 = 0) + λ−11 ((2r+ + 1) + ε)), (6)

Ex(X2
T1∧τ |Z0 = 1) ≤ Ex(X2

T0∧τ |Z0 = 1)− λ−10 ((2r+ − 1)− ε)). (7)

Proof. Let Z0 = 0; recall that it implies T0 = 0. If τ ≤ T1, then (6) is trivial. Let τ > T1. Similarly
to the above, but using now the solution X1

t of the equation

dX1
t = b(X1

t , 1) dt+ dWt, t ≥ T1, X1
T1 = XT1

instead of X0, by choosing M1 large enough, due to the assumptions (1) we guarantee the bound

1(|XT1 | > M1)(EXT1
X2
T2∧τ −X

2
T1∧τ ) ≤ 1(|XT1 | > M1)(EXT1

(T2 − T1)((2r+ + 1) + ε))

= +1(|XT1 | > M1)(λ
−1
1 ((2r+ + 1) + ε)).

It was used that |x| ∧ |XT1 | > M1 implies T2 ≤ τ . In particular, it follows that for |x| > M1

(EXT1
X2
T2∧τ −X

2
T1∧τ ) ≤ 1(|XT1 | > M1)(EXT1

(T2 − T1)((2r+ + 1) + ε))

= +1(|XT1 | > M1)(λ
−1
1 ((2r+ + 1) + ε)),

because |XT1 | ≤M1 implies τ ≤ T1 and EXT1
X2
T2∧τ −X

2
T1∧τ = 0. So, still for |x| > M1,

Ex(EXT1
X2
T2∧τ −X

2
T1∧τ ) ≤ Ex1(|XT1 | > M1)(λ

−1
1 ((2r+ + 1) + ε)) ≤ λ−11 ((2r+ + 1) + ε).

The inequality (6) follows. For Z0 = 1 we have T0 > 0, and the bound (7) follows similarly. QED
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In fact, the bound (6) is analogous to the second part of (5), while (7) to the first part of (5).
Let us return to the theorem. Bounds similar to (5) and (6)–(7) can be established for all Tn with
values n odd and even, respectively. Summing up, and using Fatou’s lemma, we evaluate each
positive summand from above via the modulus of the respective preceding negative term using the
assumption (2), which leads to the estimate

(2r+ + 1 + ε)Exτ ≤ x2

for Z0 = 0. In the case of Z0 = 1 we get

(2r+ + 1 + ε)Exτ ≤ x2 + C

with C=λ−11 ((2r++1+ε), since in the latter case the first summand is positive. In both cases the
bound (3) follows. This implies existence of the invariant measure, see [2, Theorem 6.1], [4, Section
4.4]. Convergence to it holds due to the coupling method. Thus, this measure is unique. QED

4. Conclusion

The novelty is the analysis of positive recurrence for the process with two regimes, only in one of
which is positive recurrent, while the other is transient. The method is based on stopping times
where the component Z switches, and on Lyapunov functions as auxiliary tools. The approach
to convergence and mixing based on stopping times was offered in the papers by the author in a
general context; now it is applied to a new class of “partially recurrent” processes. The method is
applicable in dimensions d > 1 with variable diffusion and likely also with variable intensities of Z
depending on the component X.
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Weakly supercritical random walks in a non homogeneous branching
medium
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Abstract

For the study of stochastic evolution of particle systems on a non compact phase space we apply an
approach focused on continuous-time branching random walks on multidimensional lattices. The
main object of study is the limit distribution of particles on the lattice. Special attention is paid
to branching random walks with large deviations. The limit theorems on asymptotic behavior of
the Green function for transition probabilities were established for random walks under different
assumptions on a variance of random walk jumps. The obtained results allow to study the front of
branching random walk and the structure of the particle population inside of the front and near to
its boundary. For supercritical branching random walks, it is shown that the amount of positive
eigenvalues of the evolutionary operator, counting their multiplicity, does not exceed the amount
of branching sources on the lattice, while the maximal of these eigenvalues is always simple. We
demonstrate that the appearance of multiple lower eigenvalues in the spectrum of the evolutionary
operator can be caused by a kind of ‘symmetry’ in the spatial configuration of branching sources.
The presented results are based on Green’s function representation of transition probabilities of an
underlying random walk and cover not only the case of the finite variance of jumps but also a less
studied case of infinite variance of jumps.

Keywords: Branching Random Walks, Limit Distributions, Multidimensional Lattices, Green’s
function, Evolutionary Operator

1. Introduction

We offer to use models of branching random walks (BRWs) for a study of the dynamics of
stochastic lattice systems. Continuous-time BRWs on multidimensional lattices provide an impor-
tant example of stochastic multicompartment systems in which the evolutionary processes depend
on the spatial dynamics and the structure of a medium. The dynamics of such processes is usually
described in terms of birth, death and walks of particles on the lattice Zd, d ∈ N. The structure of
a medium is defined by the particle offspring reproduction law at the lattice points called particle
branching sources or more shortly branching sources. Such a description covers various applications
of BRWs see,e.g., [16, 2, 3].

One of the principal problems in BRW models is a study of the evolution of the field of particles
on the entire lattice. The methods of the spectral theory of operators with multipoint perturba-
tions, see [9], will be applied to the study of its evolution. It will be developed the results for
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weakly supercritical BRWs on Zd, d ∈ N, obtained in [15]. The methods of the theory of large
deviations for BRWs, see [8, 1], will be used to study the distribution of population inside the
front of propagation of the weekly supercritical BRW. In the frame of the proposed models, it will
be undertaken the spatio-temporal analysis of the system. These results help to analyze the dis-
tribution of the population inside the propagation front of particles for a weekly supercritical BRW.

2. Description of the Model

A BRW is a stochastic process combining in itself random walk of particles on Zd with their
branching at some lattice points of Zd, d ∈ N. A random walk of particles on Zd is defined in
terms of the matrix of transition intensities A = (a(x, y))x,y∈Zd , which features the regularity
property:

∑
y∈Zd a(x, y) = 0 for all x, where a(x, y) ≥ 0 for x 6= y and a(x, x) < 0. We assume

that the intensities a(x, y) are symmetric and spatially homogeneous; that is, a(y−x) := a(x, y) =
a(y, x) = a(0, y − x) and the random walk is irreducible: for each z ∈ Zd there exists a set of
vectors z1, . . . , zk ∈ Zd, such that z =

∑k
i=1 zi and a(zi) 6= 0 for i = 1, . . . , k. Birth and death

of particles may occur at some points of the lattice x1, . . . , xN . The branching mechanism at
each source xi, i = 1, . . . , N , is controlled by a continuous-time Galton–Watson branching process,
which is defined by the infinitesimal generating function f(s, xi) =

∑∞
n=0 bn(xi)s

n, 0 ≤ s ≤ 1,
where bn(xi) ≥ 0 for n 6= 1, b1(xi) < 0 and

∑
n bn(xi) = 0. It is assumed that each particle evolves

independently of the rest of particles. We note that the condition for finiteness of all moments,
that is, βri := f (r)(1, xi) <∞ for all r ∈ N is essentially used in some proofs of the limit theorems
on behavior of the numbers of particles in BRW (see, for example, [10]). Put βi := β1i = f (′)(1, xi)
for every xi. Let us call βi the intensity of the branching source located at the lattice point xi,
i = i = 1, . . . , N .

In the BRW models [11], multipoint perturbations of the generator of symmetrical random walk
A arise which in the case of nonidentical intensities β1, β2, . . . , βN of the sources are given by

Hβ1,...,βN = A +

N∑
i=1

βi∆xi . (1)

where xi ∈ Zd, A : lp(Zd)→ lp(Zd), p ∈ [1,∞], is a symmetrical operator generated by the matrix
A and obeying the formula

(A u)(z) :=
∑
z′∈Zd

a(z − z′)u(z′),

∆x = δxδ
T
x , and δx = δx(·) denotes the column vector on the lattice assuming unit value at the

point x and zero value at the rest of points. The perturbation
∑N

i=1 βi∆xi of the linear operator
A may give rise to occurrence in the spectrum of the operator Hβ1,...,βN of positive eigenvalues,
the number of such eigenvalues does not exceed the number of the summands N in the last sum
counted with their multiplicity [11, 14].

The multipoint perturbations of the generator of symmetrical random walk A like (1) occur
in the operator equations for the moments of particle numbers. For example, let µt(y) be the
number of particles at the time instant t at the point y. Then, the condition that at the initial
time instant t = 0 the system consists of single particle located at point x is equivalent to the
equality µ0(y) = δ(x− y). At that, the total number of particles on the lattice obeys the equality
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µt =
∑

y∈Zd µt(y). Denote by m1(t, x, y) = Exµt(y) the expectation of the number of particles at
the time instant t at the point y, provided that µ0(y) ≡ δ(x− y), that is, at the initial time instant
the system had one particle at the point x. As was shown in [11, 12], the evolution of m1(t, x, y)
obeys the operator equation in the space l2(Zd):

dm1(t, x, y)

d t
= (Hβ1,...,βNm1(t, ·, y))(x), m1(0, x, y) = δ(x− y). (2)

Evolution of the mean number of particles m1(t, x) = Exµt (the total size of the population) over
the entire lattice (see, for example, [10]) satisfies the operator equation in the corresponding space
l∞(Zd):

dm1(t, x)

d t
= (Hβ1,...,βNm1(t, ·))(x), m1(0, x) = 1. (3)

Now we notice that the issue of the rate of growth or decrease of the mean number of particles
m1(t, x, y), is tightly bound to the spectral properties of the operator H := Hβ1,...,βN . For example,
if the operator H has the maximal eigenvalue λ0 > 0, then m1(t, x, y) grows at infinity as eλ0t, see
[5].

Theorem 1. Let the operator H have an isolated eigenvalue λ0 > 0 and the remaining part of its

spectrum be located on the halfline {λ ∈ R : λ 6 λ0 − ε}, where ε > 0. If β
(r)
i = O(r!rr−1) for all

i = 1, . . . , N and r ∈ N, then in the sense of convergence in distribution the following statements
hold

lim
t→∞

µt(y)e−λ0t = ψ(y)ξ, lim
t→∞

µte
−λ0t = ξ,

where ψ(y) is a non-negative non-random function and ξ is a nondegenerate random variable.

We will call a parameter tuple βc = (βc1, βc2, . . . , βcN ) critical if for any ε > 0 there exists
a δ > 0 such that 1) for some parameter tuple β = (β1, β2, . . . , βN ) satisfying |βi − βci| < δ for
i = 1, 2, . . . , N , the linear operator Hβ1,...,βN has an eigenvalue λβ1,...,βN ∈ (0, ε), and 2) for some
parameter tuple β = (β1, β2, . . . , β1) satisfying |βi − βci| < δ for i = 1, 2, . . . , N , the spectrum of
the linear operator Hβ1,...,βN contains no positive points.

The operator Hβ1,...,βN can have not a single critical value of the parameter β = (β1, β2, . . . , βN ).
For N = 1, in the general case, there are a finite number of such critical values, and the most
important of them is the smallest in absolute value (closest to the origin), since it is this critical
value that is “responsible” for the appearance of exponentially growing solutions of equations (2)
or (3). If N > 1, then the critical values βc are generally non-isolated and form a finite set of
disjoint manifolds. As in the case of N = 1, the most important role plays here the “closest” to
the origin surface of critical values. While the structure of the sets of critical values in the case of
N = 1, or in the special case of coinciding parameters (β1 = · · · = βN ), has been fairly well studied
[15], a full-fledged analysis of the manifolds of critical values βc in the case N > 1 has not yet been
carried out (to the best knowledge of the author).

The behavior of processes whose intensities of the sources β1, β2, . . . , βN are situated near
their critical points βc1, βc2, . . . , βcN is crucial for many applications. Previously, such problems
were considered for branching processes in non-random and random environments, see [6] and
the bibliography therein. The concept of weakly supercritical BRW was introduced in [13] for
the equal intensities β := β1 = · · · = βN . In this case the operator Hβ1,...,βN takes the form

Hβ,...,β := Hβ = A +β
∑N

i=1 ∆xi . Let βc denote the least intensity of the source with the property
that, for β > βc, the spectrum of Hβ contains positive eigenvalues.
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Definition 1. If there exists ε0 > 0 such that for β ∈ (βc, βc + ε0) the operator Hβ has one
(counting multiplicity) positive eigenvalue λ0(β) satisfying the condition λ0(β) → 0 for β ↓ βc,
then the supercritical BRW is called weakly supercritical for β close to βc.

As was established in [13, 14], for β ↓ βc each supercritical BRW is weakly supercritical.
Denote now by p(t, x, y) the transition probability of the random walk. Clearly, the function

p(t, x, y) is determined by the transition intensities a(x, y) (see, for example, [4, 10]). Then the
Green function of the operator A is representable as the Laplace transform of the transition
probability p(t, x, y):

Gλ(x, y) :=

∫ ∞
0

e−λtp(t, x, y) dt, λ ≥ 0. (4)

Of special interest for the weakly supercritical BRWs are the asymptotics of the Green function (4)
and the eigenvalue λ0(β) for the evolutionary operator (1) for β ↓ βc, that is, for β → βc, β > βc.

3. Results

In this paper, we generalize the notion of a weakly supercritical BRW for unequal intensities.

Definition 2. If there exists ε0 > 0 and a tuple (β1, β2, . . . , βN ) of the branching source intensi-
ties such that for β1 ∈ (βc1, βc1 + ε0), β2 ∈ (βc2, βc2 + ε0), . . . , βN ∈ (βcN , βcN + ε0) the operator
Hβ1,β2,...,βN has at least one (counting multiplicity) positive eigenvalue λ0(β1, β2, . . . , βN ) satis-
fying the condition λ0(β1, β2, . . . , βN ) → 0 for βi ↓ βci, i = 1, 2, . . . , N , then the supercritical
BRW is called weakly supercritical for the branching source intensities (β1, β2, . . . , βN ) close to
(βc1, βc2, . . . , βcN ).

For studying (4) the key role plays the asymptotic behavior of the transition probabilities
p(t, x, y) for underlying random walk based on the properties of a(z), z ∈ Zd. As was shown in
[7], the following assertion for Gλ := Gλ(0, 0) is valid under the condition of a finite variance of
underlying random walk jumps. Let the condition∑

z

|z|2a(z) <∞ (5)

be valid. If λ ↓ 0, then the following asymptotic equalities take place:

• Gλ ∼ γ1
√
π(
√
λ)−1 for d = 1,

• Gλ ∼ −γ2 lnλ for d = 2,

• Gλ −G0 ∼ −2
√
πγ3
√
λ for d = 3,

• Gλ −G0 ∼ γ4λ lnλ for d = 4,

• Gλ −G0 ∼ −γdλ for d ≥ 5,

where γi, i ∈ N, are some positive constants.
One can obtain these asymptotic behavior of the Green function (4) based on the scheme of

proof suggested in [15, Th. 1].
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Now we assume that for all z ∈ Zd with sufficiently large norm, the asymptotic relation

a(z) ∼
H
(
z
|z|

)
|z|d+α

, α ∈ (0, 2), (6)

holds, where H(·) is a continuous positive function symmetric on the sphere Sd−1 = {z ∈ Rd : |z| =
1}. In contrast to previous case (5) the condition (6) leads to an infinite variance of underlying
random walk jumps and the following statements, see [15], for λ ↓ 0 are valid.

• Gλ ∼ γd,αλ
1−α
α for d = 1, α ∈ (1, 2),

• Gλ ∼ −γd,α lnλ for d = 1, α = 1,

• Gλ −G0 ∼ −γd,αλ
d−α
α for d = 1, α ∈ (12 , 1) or d = 2, α ∈ (1, 2) or d = 3, α ∈ (32 , 2),

• Gλ −G0 ∼ γd,αλ lnλ for d = 1, α = 1
2 or d = 2, α = 1 or d = 3, α = 3

2 ,

• Gλ − G0 ∼ −γd,αλ for d = 1, α ∈ (0, 12) or d = 2, α ∈ (0, 1) or d = 3, α ∈ (0, 32) or d ≥ 4,
α ∈ (0, 2),

where γd,α is some positive constant for each dimension d of the lattice Zd. Let βi > 0 for
i = 1, 2, . . . , N and the operator Hβ1,β2,...,βN has a finite number of positive eigenvalues. We
denote the largest of them by λ0, and the corresponding unit norm eigenvector by u. Then for all
n ∈ N and t→∞, see [5], the limit statements hold:

m1(t, x, y) = C1(x, y)eλ0t + o(eλ0t), m1(t, x) = C1(x)eλ0t + o(eλ0t), (7)

where

C1(x, y) = u(y)u(x), C1(x) = u(x)
1

λ0

N∑
j=1

βju(xj), u(x) =

N∑
j=1

βju(xj)Gλ(xj − x, 0),

from which we get that relations (7) with x = 0 may be rewritten as

m1(t, 0, y) = C1(0, y)eλ0t + o(eλ0t), m1(t, 0) = C1(0)eλ0t + o(eλ0t).

The case of weekly supercritical BRWs with a few branching sources of various intensities is
quite complicated and cumbersome. That is why below we consider the case of one source of
branching, that is, N = 1. If N = 1 and the spectrum σd(Hβ1) of the operator Hβ1 contains for
β1 ↓ βc a leading eigenvalue λ0(β1) → 0, the asymptotic behavior of λ0(β1), as β1 ↓ βc, see [15],
has the following form. Under Condition (5) the eigenvalue λ0(β) of the operator Hβ for β ↓ βc
has the following asymptotic behavior:

(i) λ0(β) ∼ c1β2 for d = 1,

(ii) λ0(β) ∼ e−c2/β for d = 2,

(iii) λ0(β) ∼ c3(β − βc)2 for d = 3,

(iv) λ0(β) ∼ c4(β − βc) ln−1((β − βc)−1) for d = 4,

YarovayaE. 233



(v) λ0(β) ∼ cd(β − βc) for d ≥ 5,

where ci, i ∈ N, are some positive constants.
Under Condition (6) the eigenvalue λ0(β) of the operator Hβ for β ↓ βc has the following

asymptotic behavior:

(i) λ0(β) ∼ cd,α(Nβ)
α
α−1 for d = 1, α ∈ (1, 2),

(ii) λ0(β) ∼ e−cd,α/(Nβ) for d = 1, α = 1,

(iii) λ0(β) ∼ cd,α(β − βc)
α
d−α for d = 1, α ∈ (12 , 1) or d = 2, α ∈ (1, 2) or d = 3, α ∈ (32 , 2),

(iv) λ0(β) ∼ eW (−cd,α(β−βc)) for d = 1, α = 1
2 or d = 2, α = 1 or d = 3, α = 3

2 ,

(v) λ0(β) ∼ cd,α(β − βc) for d = 1, α ∈ (0, 12) or d = 2, α ∈ (0, 1) or d = 3, α ∈ (0, 32) or d ≥ 4,
α ∈ (0, 2),

where cd,α is some positive constant (for each fixed values of the parameter α and dimension d of
the lattice Zd), and W (x) is the lower branch of the Lambert W -function satisfying the condition
W (x)→ −∞ for x ↑ 0. Based on [10], for N = 1 and β > βc we get that representations (7) have,
as t→∞ the form

m1(t, 0, y, β) = C1(0, y, β)eλ0(β)t + o(eλ0(β)t), m1(t, 0, β) = C1(0, β)eλ0(β)t + o(eλ0(β)t), (8)

where

C1(0, y, β) =
Gλ0(β)(0, 0)Gλ0(β)(0, y)

‖Gλ0(β)(0, y)‖2
, C1(0, β) =

Gλ0(β)(0, 0)

λ0(β) ‖Gλ0(β)(0, y)‖2
.

4. Conclusion

Based on the results of the previous section we can derive some assertions for a weekly super-
critical BRW under the conditions (5) or (6). Note that the related proofs for a weekly supercritical
BRW are essentially based on how the higher terms of the asymptotic representations (8) depend
on β.

Further in the section, we shortly discuss the results on the structure of the population inside
the propagating front for recurrent underlying random walk, that is, when G0 =∞, where by the
population front we mean the set

Γt = {y : m1(t, 0, y) ≤ C}.

The following theorem gives the description of the population inside the front and near to its
boundary for d = 1 and d = 2 for β := β1 = · · · = βN . It was shown in [9] that there exists ε0 > 0
such that for β ∈ (βc, βc + ε0) the operator Hβ has a unique eigenvalue λ0(β).

Theorem 2. Let ε0 > 0, βc < β < βc + ε0, and x ∈ Zd, d = 1 or d = 2. If for some c1, c2 > 0 we
have c1t ≤ |y| ≤ c2t, as t→∞, then

µt(x)

m1(t, 0, x)

law−→ µ∞,

where the distribution of µ∞ is independent on x and obeys the relation P{µ∞ > 0} = 1. Moreover,

µt
m1(t, 0)

law−→ µ?.
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Abstract

This work compares two mean estimators, MV and MKL, which incorporate information about a
known quantile. MV minimizes variance and MKL minimizes Kulback-Leibler divergence. Both
estimators are asymptotically equivalent and normally distributed but differ at finite sample sizes.
Monte-Carlo simulation studies show that MV has higher mean squared error than MKL in the
majority of simulated scenarios. Authors recommend using MKL when a quantile of an underlying
distribution is known.

Keywords: cumulative distribution function, sample mean, additional information, known
quantile.

1. Introduction

The problem of the use of additional information in statistical procedures has been known since
1970’s, e.g. [1]. In hypothesis testing problems, additional information may improve statistical
power; in estimation problems, accuracy can be increased. Additional information can be given in
various forms. An early example of additional information is the information about symmetry of a
distribution function. In [2, 3], a distribution function is projected in a symmetric class. In [1], a
new goodness-of-fit test was suggested. An application to missing and censored data was considered
in [4]. Additional information available with some uncertainty was considered in [5, 6, 7, 8]. A
concomitant variable is another frequently overlooked source of additional information [9]. A case
of dependent data was considered in [10, 11] .

Following a general approach suggested in [12], a U-statistic based estimator, denoted in this
article by MV, was proposed in [13]. In [14], another estimator was considered, denoted here by
MKL. The MKL was based on Kullback-Leibler (KL) divergence minimization. In this article,
Monte-Carlo experiments compare mean squared error (MSE) of the two approaches for small and
moderate samples when data are drawn from uniform, normal and exponential distributions.
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2. Estimators and Monte-Carlo Simulations

Let ξ be a random variable (RV) with a cumulative distribution function (CDF) F (x) = P{ξ ≤
x}, and {X1, X2, ..., XN} be a random sample of independent and identically distributed random
variables. The objective is to estimate the unknown mean Eξ = a with the use of a known quantile
xq so that

F (xq) = q. (1)

Dmitriev et al. [13] considered a class of linear combinations, which for the case of a known quantile
is X

q
(λ) = X − λ · (q̂ − q) , where X = 1

N

∑N
i=1Xi and q̂ = 1

N

∑N
i=1 I(Xi ≤ xq). The estimator

X
q
0 = X−λ0 ·(q̂ − q) with λ0 = cov

(
X, q̂

)
q−1(1−q)−1 has the smallest in the class X

q
(λ) variance,

V ar
(
X

q
0

)
= V ar

(
X
)
− Cov(X̄, q̂ − q)

q(1− q)/n
.

However, X
q
0 is not applicable in practice because the covariance in λ0 is unknown. In contrast to

X
q
0, two estimators considered below can be directly calculated using X1, . . . , XN .

2.1. U-statistic

With the following algebra

X
q
0 = X −

cov
(
X̄, q̂

)
q(1− q)

· (q̂ − q) = X −
E
(
(X̄ − a)(q̂ − q)

)
q(1− q)

· (q̂ − q)

= X −
E
(

1
N

∑N
i=1(Xi − a)[I(Xi ≤ xq)− q]

)
q(1− q)

· (q̂ − q)

=
1

N

N∑
i=1

Xi −
E
(

1
N

∑N
i=1Xi[I(Xi ≤ xq)− q]

)
q(1− q)

· 1

N

N∑
j=1

[I(Xj ≤ xq)− q]

=
1

N

N∑
i=1

(
Xi −

E (ξ[I(ξ ≤ xq)− q])
q(1− q)

· [I(Xi ≤ xq)− q]
)

the unknown component in X
q
0 is limited to E (ξ[I(ξ ≤ xq)− q]). When a U-statistic

2

N(N − 1)

N∑
i=1

N∑
j=i+1

Xi[I(Xj ≤ xq)− q]

is used to estimate E (ξ[I(ξ ≤ xq)− q]), a new estimator of a is derived

X
q
1 =

2

N(N − 1)

N∑
i=1

N∑
j=i+1

(
Xi −

Xi[I(Xj ≤ xq)− q]
q(1− q)

· [I(Xi ≤ xq)− q]
)
.

The estimator X
q
1 is a U-statistic with the kernel

Φ(x, y) = x− x[I(y ≤ xq)− q]
q(1− q)

· [I(x ≤ xq)− q].
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Another representation of X
q
1,

X
q
1 =

1

N(N − 1)

∑
i 6=j

Xi ·
(

1− [I(Xi ≤ xq)− q] · [I (Xj ≤ xq)− q]
q(1− q)

)
, (2)

shows that X
q
1 is a U-statistic as well. By the properties of U -statistics, X

q
1 is unbiased with

V ar
{
X

q
1

}
=

1

N
·
(
σ2 − E2 {ξ · (I(ξ ≤ xq)− q)}

q(1− q)

)
+O

(
1

N2

)
. (3)

where σ2 = V ar {ξ} = N · V ar
{
X
}
.

2.2. Kullback-Leibler projection

The second approach to Eξ estimation relies on F q
N (x), where F q

N (x) is a CDF with F q
N (xq) = q

and is the closest, in terms of Kullback-Leibler divergence, to the empirical CDF FN (x) :

F q
N (x) =

q

r

N∑
i=1

I (Xi ≤ x) · I(Xi ≤ xq) +
1− q
N − r

N∑
i=1

I (Xi ≤ x) · I(Xi > xq)

=
q

r

N∑
i=1

I (Xi ≤ min(x, xq)) +
1− q
N − r

N∑
i=1

I (xq < Xi ≤ x) , (4)

where r =
∑N

i=1 I(Xi ≤ xq), 0 < r < N . To resolve zeroes in denominators, let F q
N (x) = FN (x)

when r = 0 or r = N . Then, the second estimator with quantile knowledge is

X
q
2 =

∫ +∞

−∞
xdF q

N (x) =
q

r

N∑
i=1

Xi · I(Xi ≤ xq) +
1− q
N − r

N∑
i=1

Xi · I(Xi > xq), (5)

and X
q
2 = X if r = 0 or r = N . With some algebra, one can show that EX

q
2 = a+ (1− q)q(ml −

mu)
[
qN−1 − (1− q)N−1

]
, where ml =

∫ xq

−∞ xd
F (x)
q and mu =

∫∞
xq
xdF (x)−q

1−q . In [14], Zenkova and

Krainova showed that EX
q
2 = a (0 < r < N) and

σ2q = lim
N→∞

N ·MSE
{
X

q
2

}
= σ2 − E2 {ξ · (I(ξ ≤ xq)− q)}

q(1− q)

= σ2
(

1− E2 {ξ · (I(ξ ≤ xq)− q)}
σ2q(1− q)

)
= σ2

(
1− cor2 (ξ, I(ξ ≤ xq))

)
, (6)

where MSE
{
X

q
i

}
= E

(
X

q
i − a

)2
. From (3), limN→∞N ·MSE

{
X

q
1

}
= σ2q . Thus, X

q
1 and X

q
2

share the same asymptotic properties: normality with the same mean and variance.

2.3. Monte-Carlo simulations

Monte-Carlo simulations investigated finite sample behavior of MSEs
(

= E
(
X

q
i − a

)2)
of the

two estimators applicable in practice (i = 1, 2) and the estimator with the smallest variance (i = 0).
Each Monte-Carlo experiment used 100, 000 resamples. Figure 1 plots σ2q , σ

2, N ·MSE
{
X

q
1

}
and

N ·MSE
{
X

q
2

}
for q ∈ (0, 1). Figure 1 uses F (x) = U(0,1)(x) in graphs (a) and (b), F (x) = N(0,1)(x)

in graphs (c) and (d), and F (x) = 1− e−x (x ≥ 0) in graphs (e) and (f).
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All figures show that the magnitude of q has a strong impact on N ·MSE
{
X̄q

1

}
. A higher

values of q are associated with a higher N ·MSE of X
q
1 (uniformly and exponentially distributed

RVs). For normal random variables, N ·MSE
{
X

q
i

}
(i = 0, 1, 2) are symmetric around q = 0.5 and

N ·MSE
{
X

q
2

}
≥ N ·MSE

{
X

q
1

}
≥ N ·MSE

{
X

q
0

}
, ∀q,N for all considered normal scenarios.

Monte-Carlo explored MSEs of X
q
i when q was a fixed quantity with q ∈ (0, 1). Simulations

confirmed theory, that there was no difference in asymptotic distributions of X
q
i . All are asymp-

totically normal, unbiased with asymptotic variance = σ2q . Simulations indicated that MSEs of X
q
1

and X
q
2 may differ when q is not fixed but approaches 0 or 1 as n→∞.
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Figure 1: σ2 (horizontal solid), σ2
q (solid), N ·MSE

{
X

q
1

}
(circle marked) and N ·MSE

{
X

q
2

}
(dotted), M = 105
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3. Conclusion

This article compared MV and MKL estimators modified by a known quantile to improve
estimation of an unknown mean. Monte-Carlo studies investigated finite sample properties of
these estimators for uniform, normal and exponential distributions. MKL estimator showed smaller
mean squared error MV in the majority of considered scenarios. The MSE of the MKL estimator
converged to its limiting case faster than MV estimator. In addition, there was a strong influence
of the value of q: the closer a known F (q) to zero or one, the slower the convergence of MV
estimator was. The highest improvement was observed at F (q) = 0.5 for normal and uniform data.
In Gaussian case, near the tails, the MSE of MV was even worse than the MSE of the empirical
estimator (the sample mean). For all distributions MSE was increasing as F (q) was getting closer
to 1. To summarize, our simulation results showed that Kullback-Leibler divergence minimization
led to smaller MSE than the estimator based on variance minimization. In summary, Kullback-
Leibler divergence minimization is preferred over variance minimization when additional quantile
information is available.

[1] E. F. Schuster, On the goodness-of-fit problem for continuous symmetric distributions, Journal of the American
Statistical Association 68 (343) (1973) 713–715.

[2] E. F. Schuster, Estimating the distribution function of a symmetric distribution, Biometrika 62 (3) (1975)
631–635.

[3] D. Hinkley, On estimating a symmetric distribution, Biometrika 63 (3) (1976) 680–681.
[4] Z. Zenkova, L. Lanshakova, Kolmogorov goodness-of-fit test for S -symmetric distributions in climate and

weather modeling, IOP Conference Series: Earth and Environmental Science 48 (2016) 012006.
[5] S. Tarima, D. Pavlov, Using auxiliary information in statistical function estimation, ESAIM: Probability and

Statistics 10 (2006) 11–23.
[6] Y. Dmitriev, P. Tarassenko, Y. Ustinov, On Estimation of Linear Functional by Utilizing a Prior Guess, in:

A. Dudin, A. Nazarov, R. Yakupov, A. Gortsev (Eds.), Information Technologies and Mathematical Modelling,
Springer International Publishing, Cham, 82–90, 2014.

[7] Y. Dmitriev, P. Tarassenko, On adaptive estimation using a prior guess, Applied methods of statistical analysis.
Nonparametric approach - AMSA2015, Novosibirsk, 49–55, September 14–19, 2015.

[8] Y. G. Dmitriev, G. M. Koshkin, Nonparametric estimators of probability characteristics using unbiased prior
conditions, Statistical Papers 59 (4) (2018) 1559–1575.

[9] B. Engel, P. Walstra, Increasing Precision or Reducing Expense in Regression Experiments by Using Information
from a Concomitant Variable, Biometrics 47 (1) (1991) 13–20.

[10] T. Martinussen, T. Scheike, Estimating the Population Survival Function Using Additional Information
Recorded Over Time: a Filter Based Approach, Scandinavian Journal of Statistics 25 (4) (1998) 621–635.

[11] Y. Dmitriev, P. Tarassenko, F. Tarassenko, On Improving Statistical Estimation by Utilizing Collateral Informa-
tion (Guesses): a Case of the Probability Estimation, International Workshop on Applied Methods of Statistical
Analysis: Nonparametric methods in cybernetics and system analysis, Krasnoyarsk, 262–269, Sept 18–22, 2017.

[12] V. Pugachev, Combined methods for determining probabilistic characteristics, Soviet Radio, Moscow .
[13] U. Dmitriev, Z. Zenkova, W. Musoni, Statistical estimation with a known quantile and its application in a

modified ABC-XYZ analysis, 8th International Conference on Risk Analysis and Design of Experiments, Vienna,
Austria, 143–144, Apr 23–27, 2019.

[14] Z. N. Zenkova, E. A. Krainova, Estimating the net premium using additional information about a quantile of
the cumulative distribution function, Business Informatics 42 (4) (2017) 55–63.

240 The 5th international conference on stochastic methods (ICSM-5)



Cycles of Finitely Additive Measures of General Markov Chains

Alexander Zhdanoka,b,∗

aInstitute for Information Transmission Problems of the Russian Academy of Science, Moscow, Russian Federation
bTuvinian Institute for Exploration of Natural Resources of the Siberian Branch RAS, Kyzyl, Russian Federation

Abstract

General Markov chains in an arbitrary phase space are considered in the framework of the operator
treatment. Markov operators continue from the space of countably additive measures to the space
of finitely additive measures. Cycles of measures generated by the corresponding operator are
constructed, and algebraic operations on them are introduced. One of the main results obtained is
that any cycle of finitely additive measures can be uniquely decomposed into the coordinate-wise
sum of a cycle of countably additive measures and a cycle of purely finitely additive measures. A
theorem is proved (under certain conditions) that if a finitely additive cycle of a Markov chain
is unique, then it is countably additive. A uniform ergodic theorem is also given using cycles of
finitely additive measures.

Keywords: General Markov chains, Markov operators, Finitely additive measures, Cycles of
measures, Decomposition of cycles, Ergodic theorems
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1. Introduction

The considered general Markov chains (MC) are random processes with an arbitrary phase
space, with discrete time, and homogeneous in time. MCs are given by the usual transition proba-
bility, countably additive in the second argument, which generates two Markov operators T and A
in the space of measurable functions and in the space of countably additive measures, respectively.
Thus, we use the operator treatment in the theory of general MCs, proposed in 1937 by N. Kryloff
and N. Bogolyuboff, and developed in detail in the article [1]. Later, in a number of works by
different authors, an extension of the Markov operator A to the space of finitely additive measures
was carried out, which turned A into an operator topologically conjugate to the operator T , and
opened up new possibilities in the development of the operator treatment. Within the framework
of such a scheme, we carry out here the study of cycles of measures of general MC. In this case, we
use a number of information on the general theory of finitely additive measures from the sources
[2] and [3].

In the ergodic theory of MC, one usually distinguishes in the space of its states ergodic classes
and their cyclic subclasses, if such exist (see, for example, [4]). However, in the general phase space,
the study of such sets has its natural limitations. Therefore, in some cases it is more convenient
to use not cycles of sets, but cycles of measures generated by the Markov operator A.

∗Corresponding author
Email address: zhdanok@inbox.ru (Alexander Zhdanok)
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In this paper, we get a a suitable construction for cyclic finitely additive measures of MC on an
arbitrary measurable space. In the proof of the theorems presented here, we also use some results
of papers [5] and [6].

2. Markov operators

Let X be an arbitrary infinite set and Σ the sigma-algebra of its subsets containing all one-
point subsets from X. Let B(X,Σ) denote the Banach space of bounded Σ -measurable functions
f : X → R with sup-norm. We also consider Banach spaces of bounded measures µ : Σ → R,
with the norm equal to the total variation of the measure µ (but you can also use the equivalent
sup-norm): ba(X,Σ) is the space of finitely additive measures, ca(X,Σ) is the space of countably
additive measures. If µ ≥ 0, then ||µ|| = µ(X).

Definition 2.1. A finitely additive nonnegative measure µ is called purely finitely additive (pure
charge, pure mean) if any countably additive measure λ satisfying the condition 0 ≤ λ ≤ µ is
identically zero. An alternating measure µ is called purely finitely additive if both components of
its Jordan decomposition are purely finitely additive.

Any finitely additive measure µ can be uniquely expanded into the sum µ = µ1 + µ2, where µ1
is countably additive and µ2 is a purely finitely additive measure (the Alexandroff -Yosida-Hewitt
decomposition, see [2] and [3]).

Purely finitely additive measures also form a Banach space pfa(X,Σ) with the same norm,
ba(X,Σ) = ca(X,Σ)⊕ pfa(X,Σ).

We denote the sets of measures:
Sba = {µ ∈ ba(X,Σ) : µ ≥ 0, ||µ|| = 1}, Sca = {µ ∈ ca(X,Σ) : µ ≥ 0, ||µ|| = 1},
Spfa = {µ ∈ pfa(X,Σ) : µ ≥ 0, ||µ|| = 1}.
All measures from these sets will be called probability measures.
Markov chains (MC) on a measurable space (X,Σ) are given by their transition function (prob-

ability) p(x,E), x ∈ X,E ∈ Σ, under the usual conditions:

1. 0 ≤ p(x,E) ≤ 1, p(x,X) = 1, ∀x ∈ X,∀E ∈ Σ;

2. p(·, E) ∈ B(X,Σ), ∀E ∈ Σ;

3. p(x, ·) ∈ ca(X,Σ),∀x ∈ X.

We emphasize that our transition function is a countably additive measure in the second argu-
ment, i.e. we consider classical MCs.

The transition function generates two Markov linear bounded positive integral operators:
T : B(X,Σ)→ B(X,Σ), (Tf)(x) = Tf(x) =

∫
X f(y)p(x, dy),

∀f ∈ B(X,Σ),∀x ∈ X;

A : ca(X,Σ)→ ca(X,Σ), (Aµ)(E) = Aµ(E) =
∫
X p(x,E)µ(dx),

∀µ ∈ ca(X,Σ), ∀E ∈ Σ.

Let the initial measure be µ0 ∈ Sca. Then the iterative sequence of countably additive proba-
bility measures µn = Aµn−1 ∈ Sca, n ∈ N , is usually identified with the Markov chain.

Topologically conjugate to the space B(X,Σ) is the (isomorphic) space of finitely additive
measures: B∗(X,Σ) = ba(X,Σ) (see, for example, [3]). Moreover, the operator T ∗ : ba(X,Σ) →
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ba(X,Σ) is topologically conjugate to the operator T :

T ∗µ(E) =

∫
X
p(x,E)µ(dx),∀µ ∈ ba(X,Σ),∀E ∈ Σ.

The operator T ∗ is the only bounded continuation of the operator A to the entire space ba(X,Σ)
while preserving its analytic form. The operator T ∗ has its own invariant subspace ca(X,Σ), i.e.
T ∗[ca(X,Σ)] ⊂ ca(X,Σ), on which it matches the original operator A. The construction of the
Markov operators T and T ∗ is now functionally closed. We shall continue to denote the operator
T ∗ as A.

In such a setting, it is natural to admit to consideration also the Markov sequences of finitely
additive probability measures µ0 ∈ Sba, µn = Aµn−1 ∈ Sba, n ∈ N , keeping the countable additivity
of the transition function p(x, ·) with respect to the second argument.

3. Cycles of Measures and their properties

Definition 3.1. If Aµ = µ holds for some positive finitely additive measure µ, then we call such
a measure invariant for the operator A (and for the Markov chain).

Let ∆ba denote the set of all probability invariant measures for the operator A: ∆ba = {µ ∈
Sba : µ = Aµ}. Similarly, ∆ca = {µ ∈ Sca : µ = Aµ}, ∆pfa = {µ ∈ Spfa : µ = Aµ}.

A classical countably additive Markov chain may or may not have invariant countably additive
probability measures, i. e. possibly ∆ca = Ø (for example, for a symmetric walk on Z).

In [7, Theorem 2.2] Šidak proved that any countably additive MC on an arbitrary measurable
space (X,Σ) extended to the space of finitely additive measures has at least one invariant finitely
additive measure, i.e. always ∆ba 6= Ø. Šidak in [7, Theorem 2.5] also established in the general
case that if a finitely additive measure µ is invariant Aµ = µ, and µ = µ1 +µ2 is its decomposition
into are countably additive and purely finitely additive components, then each of them is also
invariant: Aµ1 = µ1, Aµ2 = µ2. Therefore, it suffices to study invariant measures from ∆ca and
from ∆pfa, separately.

Definition 3.2. A finite numbered set of pairwise different positive finitely additive measures
K = {µ1, µ2, ... , µm} will be called a cycle measures of an operator A of a given Markov chain
(or a cycle of measures MC ) if

Aµ1 = µ2, Aµ2 = µ3, ..., Aµm−1 = µm, Aµm = µ1.

Such cycles will be called finitely additive. The number m ≥ 1 will be called the cycle period,
and the measures µ1, µ2, ..., µm – cyclic measures.

If K = {µ1, µ2, ..., µm} is a MC cycle, then, obviously,

Amµ1 = µ1, A
mµ2 = µ2, ..., A

mµm = µm,

i.e. all cyclic measures µi are invariant for the operator Am and Am(K) = K.
The following well-known statement is obvious: Let K = {µ1, µ2, ..., µm} be a cycle of MC

measures. Then the measure

µ =
1

m

m∑
k=1

µk =
1

m

m∑
k=1

Ak−1µ1

is invariant for the operator A, i.e. Aµ = µ (here A0 is the identity operator).
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Definition 3.3. The measure constructed above will be called the mean cycle measure K.

Hereinafter, it is convenient to call cyclic measures µi, i = 1, ...,m, cycle coordinates K.
Since the operator A is isometric in the cone of positive measures, all cyclic measures of one

cycle K = {µ1, µ2, ... , µm} have the same norm ‖µ1‖ = ‖µ2‖ =, ...,= ‖µm‖ = ‖µ‖, which is
naturally called the norm ‖K‖ of the cycle K itself.

To give the cycle a probabilistic meaning, it is sufficient to multiply it coordinatewise by the
normalizing factor γ = 1

‖µ‖ : K̂ = γ · K = {γµ1, γµ2, ... , γµm}. We obtain a probability cycle

with the norm ‖K̂‖ = 1, K̂ ⊂ Sba.

Definition 3.4. Let there be given two cycles of measures of the same MC K1 = {µ11, µ12, ..., µ1m}
and K2 = {µ21, µ22, ..., µ2m} of the same period m. We call the sum of cycles K1 and K2 the following
set of measures K = K1 + K2 = {µ11 + µ21, ..., µ

1
m + µ2m} derived from K1 and K2 coordinatewise

addition. Obviously, the sum K = K1 +K2 is also a cycle.

The measure spaces are semi-ordered by the natural order relation. In them one can introduce
the notion of infimum inf{µ1, µ2} = µ1 ∧ µ2 and supremum sup{µ1, µ2} = µ1 ∨ µ2, which are also
contained in these spaces. Thus, the measure spaces ba(X,Σ), ca(X,Σ) and pfa(X,Σ) are lattices
(K-lineals). The exact formulas for constructing the ordinal infimum and supremum of two finitely
additive measures are given, for example, in [2].

Definition 3.5. Two positive measures µ1, µ2 ∈ ba(X,Σ) are called disjoint if µ1 ∧ µ2 = 0.

Definition 3.6. Two positive measures µ1, µ2 ∈ ba(X,Σ) are called singular if there are two sets
D1, D2 ⊂ X, D1, D2 ∈ Σ, such that µ1(D1) = µ1(X), µ2(D2) = µ2(X) and D1 ∩D2 = ∅.

If the measures µ1 and µ2 are singular, then they are also disjoint. The converse is generally
not true. For countably additive measures, both concepts coincide (for details, see, for example,
[2]).

If a cycle of pairwise disjoint measures K = {µ1, µ2, ..., µm} ⊂ Sba is countably additive, then all
its cyclic measures are pairwise singular and have pairwise disjoint supports (sets of full measure)
D1, D2, ..., Dm ∈ Σ. The family of these carriers D = {D1, D2, ..., Dm} forms the usual cycle of
sets of states of a classical MC.

4. Main results

Theorem 4.1. Any finitely additive cycle of measures for an arbitrary MC is a linearly independent
set in the linear space ba(X,Σ).

Theorem 4.2. Let K = {µ1, µ2, ..., µm} be a finitely additive cycle of measures for an arbitrary
MC. If at least one cyclic measure µi is countably additive, then all other cyclic measures in K
and their mean measures are also countably additive. Such cycles will be called countably additive.

Corollary 4.1. A finitely additive cycle of measures K is countably additive if and only if its mean
measure is countably additive.

Proposition 4.1. There exist classical Markov chains with purely finitely additive cycles of mea-
sures with period m ≥ 2 – we have constructed a relevant example on an interval.
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Theorem 4.3. Let K = {µ1, µ2, ..., µm}be a finitely additive cycle of measures for an arbitrary
MC. If at least one cyclic measure µi is purely finitely additive, then all other cyclic measures in K
and their mean measure are also purely finitely additive. Such cycles will be called purely finitely
additive.

Corollary 4.2. A finitely additive cycle of measures K is purely finitely additive if and only if its
mean measure is purely finitely additive.

Now let us present an extended cyclic analogue of the Alexandroff - Yosida - Hewitt decompo-
sition given in Section 2.

Theorem 4.4. Let K = {µ1, µ2, ..., µm} be a finitely additive cycle of measures of pairwise

disjoint measures with period m of an arbitrary MC and µi = µcai + µpfai a decomposition of
cyclic measures into a countably additive component µcai and a purely finitely additive component

µpfai , i = 1, 2, ...,m. Then these components are also cyclic, form the cycles Kca and Kpfa, the
cycle K is the coordinate sum of these cycles K = Kca +Kpfa, and the mean measure of the cycle
K is uniquely representable as the sum of its countably additive and purely finitely additive compo-
nents, which coincide with the mean measures of the cycles Kca and Kpfa, respectively. Moreover,
the cycles Kca and Kpfa consist of pairwise disjoint measures and are disjoint with each other, i.
e. every measure from Kca is disjoint with every measure from Kpfa.

Theorem 4.5. Let an arbitrary MC have one finitely additive cycle of measures K of any period
and its mean measure µ is the only invariant finitely additive measure for the operator A. Then
the cycle K and its mean measure µ are countably additive.

Hence it follows (under the above conditions) that there are no “single” purely finitely additive
cycles of measures.

Theorem 4.6. Let the conditions of Theorem 4.5 be satisfied. Then the MC satisfies some modi-
fication of the well-known Doeblin quasicompactness condition (D), and the relevant version of the
uniform (mean) ergodic theorem is true.
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Synchronization of regenerative flows and applications to stability analysis
of queueing systems

Afanaseva L.G.a,∗
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Abstract

The paper is focused on the stability conditions for a multiserver queueing system with heteroge-
neous servers and a regenerative input flow. The main idea is defining an auxiliary service process,
which is also a regenerative flow, and determination of the common points of regeneration for
both considered processes that is called synchronization. Then the traffic rate is defined in terms
of the average increments of these processes on a common regeneration period. It allows to use
well-known results from the renewal theory to find the stability condition.

Keywords: Queueing systems, Regenerative flow, Synchronization, Traffic rate, Stability
condition

1. Synchronization of regenerative flows

We begin from the definitions of regenerative and strongly regenerative flows. Assume that
an integer-valued stochastic process {X(t), t ≥ 0} with non-decreasing right-continuous sample
paths is defined on probability space (Ω,F ,P) and X(0) = 0. Additionally, there exists a filtration
{F≤t}t≥0, F≤t ⊆ F for all t ≥ 0 such that X(t) is measurable with respect to {F≤t}t≥0.

Definition 1. The stochastic flow X is called regenerative if there is an increasing sequence of
Markov moments {θi}∞i=0 (θ0 = 0) (with respect to {F≤t}t≥0) such that the following conditions
are fulfilled for any n = 1, 2, . . ..

1) {X(t), t ≤ θn} and {X(θn + t)−X(θn), t ≥ 0} are independent stochastic processes;

2) the stochastic equality {X(θ1 + t)−X(θ1), t ≥ 0} (d)
= {X(θn + t)−X(θn), t ≥ 0} takes place.

Here and later a stochastic equality (inequality) means the equality (inequality) in distribution.
One may easily verify that this definition is an equivalent of the definition given in [1].

A random variable θj j > 0 is said to be the jth regeneration point of X and τj = θj+1 − θj is
the jth regeneration period. Let ξj = X(θj+1) −X(θj), Eτj < ∞, Eξj < ∞ (j > 0). Then there
exists the limit w.p.1

λX = lim
t→∞

X(t)

t
=

Eξ1
Eτ1

and λX is rate of X.
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Definition 2. A regenerative flow X is strongly regenerative if the following conditions are fulfilled.

1. The regeneration period τj (j > 0) has the form τj = vj + uj, where vj has an exponential
distribution with parameter α ∈ (0,∞) and {xj(t) = X(θj + t) − X(θj), t ∈ (0, vj)} is a
Poisson process with rate δ ∈ [0,∞);

2. {xj(t), t ∈ (0, vj), vj} and {xj(t)− xj(vj), t ∈ (vj , τj), uj} are independent.

Let us note that Markov modulated and Markov arrival processes [2, 3, 4] which are widely
addressed in the queueing literature are strongly regenerative.

Theorem 1. Let X1 and X2 be independent regenerative flows with point of regeneration {θ(i)n }∞n=1

θ
(i)
0 = 0, regeneration periods {τ (i)n }, and E(Xi(θ

(i)
n+1)−Xi(θ

(i)
n )) <∞, Eτ

(i)
n <∞ i = 1, 2. Assume

that X2 is a strongly regenerative flow so that τ
(2)
n = v

(2)
n + u

(2)
n , Ev

(2)
n = α−1. Then the sequence

{Tn}∞n=1 defined as follows

Tn+1 = min{θ(1)l > Tn :
∞⋃
s=1

{θ(2)s ≤ θ
(1)
l < θ(2)s + v(2)s }}, (T0 = 0) (1)

consists of regeneration points for both flows X1 and X2 and

E(Tn+1 − Tn) = αEτ (1)n Eτ (2)n . (2)

2. Stability and instability of queueing systems

Now we apply synchronization method to stability analysis of a queueing system S with m
servers and regenerative input flow X. We assume that a server may serve simultaneously only
one customer so that at any time the number of customers on the servers is not more than m. A
customer leaves a system only after completion the service. The system is defined by the sequence
{−→η n}∞n=1 consisting of iid random vectors and multidimensional stochastic process {V (t), t ≥ 0},
which are independent of the input flow X. The vector −→η n determines the characteristics of the
nth customer, that is service times by various servers or necessary number of servers for service.
The process V describes the states of the servers. For example, for the systems with unreliable
servers this process defines the moments of breakdowns and restorations of the servers. The state

of the system at time t is described by the random process
−→
Z (t) = (Z1(t), . . . , Zk(t)) where Z1(t)

is the number of customers in the system. We assume that the relation

−→
Z (t) = Φ

(−→
Z (0), t, {X(s), s ≤ t}, {−→η n}X(s)

n=1 , {V (s), s ≤ t}
)

takes place for some function Φ on the corresponding space.
For the system S we define an auxiliary system S̃ with input flow X̃ such that when the number

of customers in the system becomes less than m a new customer immediately arrives in the system.
Therefore, there are always customers for service in S̃. Other characteristics such as the initial

state, the sequence {−→η n}∞n=1, random process {
−→
V (t), t ≥ 0} and function Φ are the same as for the

system S. Let Y (t) and Ỹ (t) be the number of customers served during (0, t) in the system S and
S̃ respectively. Since the flow Ỹ is defined by the processed {−→η n}∞n=1 and V and these processes
do not depend on the input flow X at the system S, we conclude that X and Ỹ are independent
flows. We also need additional assumptions.
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Condition 1. The flow Ỹ is a strongly regenerative one with sequence {θ(2)n }∞n=0 (θ
(2)
0 = 0) as

points of regeneration and τ
(2)
n = θ

(2)
n+1 − θ

(2)
n = v

(2)
n + u

(2)
n , where P(v

(2)
n > x) = e−αx (α ∈ (0,∞)).

In accordance with Theorem 1 we define the common points of regeneration for X and Ỹ with
the help of formula (1). Let

∆X(n) = X(Tn+1)−X(Tn), ∆Y (n) = Y (Tn+1)− Y (Tn), ∆Ỹ (n) = Ỹ (Tn+1)− Ỹ (Tn).

We define the traffic rate for the system S as follows

ρ =
λX
λỸ

=
E∆X(1)

E∆Ỹ (1)
.

Condition 2. The following stochastic inequality takes place for t ≥ 0

Y (t) ≤ Ỹ (t).

Let Q(t) be the number of customers at the system S at time t.

Theorem 2. Let Conditions 1 and 2 be fulfilled and ρ ≥ 1. Then

Q(t)
P−−−→

t→∞
∞.

The proof is based on a majorizing system and well-known results for random walks.

Condition 3. There are two possible cases:

i) Q(t) is a stochastically bounded process, i.e. lim
x→∞

lim inf
t→∞

P(Q(t) ≤ x) = 1;

ii) Q(t)
P−−−→

t→∞
∞.

Condition 4. If Q(t)
P−−−→

t→∞
∞ then for any ε > 0 there exists nε such that for n > nε

E∆Y (n) ≥ E∆Ỹ (1)− ε.

Theorem 3. Let Conditions 1, 3, 4 be fulfilled and ρ < 1. Then Q is a stochastically bounded
process.

Let us note that for a regenerative process Q under some additional assumptions Condition 3
follows from Theorem 1 in [5]. To verify Condition 4 one may use so-called coupling method (see e.g.
[6]). Proposed approach was applied for stability analysis of the broad class of queueing models:
systems with unreliable servers [5, 7], retrial queueing systems [8], systems with simultaneous
service of a customer by a random number of servers [9, 10] and others.
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3. Stability conditions for queueing systems with unreliable servers

Here as example we consider a queueing system with a regenerative input flow X and m
heterogeneous servers that may be unavailable for operation from time to time. We also propose
that the rate of the service may be dependent on the state of the server. Assume that for the ith

server a stochastic process Vi(t) with state space (0, r
(i)
1 , . . . , r

(i)
ki

), r
(i)
j > 0 (j = 1, ki) is defined. If

Vi(t) = r
(i)
j (j = 1, ki) then the ith server is working with rate r

(i)
j ; if Vi(t) = 0, then the ith server is

in unavailable state, for instance it is broken. Service times of customers by the ith server in the case
when the rate of the service is equal to one constitute a sequence {ηin}∞n=1 of iid random variables,
which does not depend on the input flow and service times by other servers, bi = Eηin < ∞,

Bi(x) = P(ηin ≤ x), i = 1,m. We also suppose that the process
−→
V (t) = (V1(t), . . . , Vm(t)) does

not depend on X and {{ηin}∞n=1, i = 1,m}.

Condition 5. The stochastic process
−→
V (t) is a strongly regenerative one with regeneration points

{θ(2)n }∞n=1 (θ
(2)
0 = 0, τ

(2)
n = θ

(2)
n+1 − θ

(2)
n ,Eτ

(2)
n < ∞) with an exponential phase v

(2)
n , so that τ

(2)
n =

v
(2)
n + u

(2)
n . We also assume that Vi(θ

(2)
n + t) = 0 for t ∈ [0, v

(2)
n ).

It is possible that an unavailable period starts while a customer is receiving service. Then
service of the customer is immediately interrupted. There are various disciplines for continuation
of the service after restoration (see [11]). Here we consider the preemptive resume service discipline
regarding that interrupted service continues when the server returns from a blocked period and the
service rate is the next state of the process Vi(t) (so-called preemptive resume service discipline).
It follows from Condition 5 and Smith’s theorem [12] that there exist the limits

lim
t→∞

P(
−→
V (t) = (j1, . . . , jm)) = πj1,...,jm , lim

t→∞
P(Vi(t) = ji) = π

j
(i)
i

,

where ji takes values (0, r
(1)
i , . . . , r

(ki)
i ), (i = 1,m).

Condition 6. Service times have the second exponential phase, i.e.

ηin = η
(1)
in + η

(2)
in

where η
(1)
in and η

(2)
in are independent random variables and P(η

(2)
in ≤ x) = e−αix (αi ∈ (0,∞)).

Condition 7. B1(x) > 0 for any x > 0.

Under Conditions 5 and 6 an auxiliary flow Ỹ (t) is strongly regenerative. As regeneration points

for Ỹ we take subsequence {θ(2)nk }∞k=1 of the sequence of regeneration points {θ(2)n }∞n=1 for
−→
V (t) such

that at time θ
(2)
n interrupted services for all servers are in the exponential phase. Since X and Ỹ

are independent flows in accordance with Theorem 1 we may define by formula (1) the common
points of regeneration {Tn}∞n=1 for these flows. Then we can easily obtain from the renewal theory
the formula for the rate of the auxiliary process Ỹ

λỸ =

m∑
i=1

b−1i

ki∑
j=1

r
(i)
j π

(i)
j and ρ =

λX
λỸ

. (3)
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Corollary 1. Let Conditions 5 and 6 be fulfilled for a system with unreliable servers. If ρ ≥ 1

then Q(t)
P−−−→

t→∞
∞. If additionally Condition 7 is valid and ρ < 1 then Q is a stable process.

The proof is based on Theorems 2 and 3. Conditions 2 and 4 are easily verified by the coupling
method (see e.g. [6]). Under Condition 7 the process Q is a regenerative one and Condition 3

follows from Theorem 1 in [5]. For a system with r
(i)
j = 1 for all j = 1, ki, i = 1,m, from (3)

we have ρ = λX

[
m∑
i=1

1−π(i)
0

bi

]
. That is the same as obtained in [5]. Moreover, if b0 = b we get the

same stability condition as was received in [13] for a queueing system GI|G|1|∞ with a common
distribution function of service time for all servers.

4. Conclusion

In this paper we considered stability problem for multiserver queues with regenerative input
flow. Let us note that stability analysis is an essential and challenging stage of the investigation
of stochastic models. However, stability conditions may be of independent interest. In particular,
the stability criterion of multisever model can be used for the capacity planning of a model and
estimation oh the upper bound of potential energy saving. The main contribution of this paper is
an extension of the stability criterion to the model with a regeneration input flow. The method
we use has the following steps. Firstly, we define an auxiliary process Ỹ that is the number of
customers which are served up to time t at the auxiliary system S̃ in which there are always
customers for service. Secondly, assuming that process is a regenerative flow not depending on the
input flow X under some additional conditions we construct the common points of regeneration for
X and Ỹ . This step we call synchronization of the processes. The approach allows us to use results
from the renewal theory for the stability analysis of the systems satisfying additional conditions.
One may think that these conditions are too restrictive to be useful for analysis of the real models.
Therefore, we apply our approach to stability analysis of the system with m heterogeneous servers
that may be unavailable for operation from time to time. This model may be employed for the
estimation of the capacity of automobile road intersected by a crosswalk.
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Machine learning methods combination to solve the problem of predicting
the cryptocurrency quotes behavior
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Abstract

The paper presents a combined approach of using machine learning methods to select an effective
trading strategy on the currency exchange. The presented approach uses the calculation of the
linear regression angle coefficient by log return indicators and determination of the currency pair
quotes trend in the next period based on the calculated coefficient sign. The multilayer feed-forward
neural network performs the prediction of the angular coefficient value in the next ten-minute period
for the current twenty-minute period. The research contains the results of practical experiments
that estimate the ratio of effective strategies to non-effective ones based on the linear regression
coefficients predicted values.

Keywords: Deep learning, Machine learning, Neural network, Financial time series prediction,
Linear regression coefficients, logarithmic return

1. Introduction

Predicting the behavior of financial time series is an essential part of investment activity. A
rational choice of trading strategy at the currency exchange significantly increases the return on
investment.

Recent studies of many authors address the applicability and effectiveness of machine learning
methods to predict the behavior of financial time series. The paper [1] presents a solution to the
problem of predicting the trend of the Shanghai Stock Exchange composite index at the close of the
trading period based on Deep Learning technologies using an LSTM neural network. In the study
[2], the support vector regression is used to predict the financial time series and to generate useful
prediction uncertainty estimates in order to effectively tackle flexible real-world financial time series
prediction problems. The possibility of predicting the realized volatility of cryptocurrency quotes
using a neural network is considered in [3]. Despite the large number of studies carried out in this
field of research, the problem of predicting the behavior of a financial time series remains relevant
and necessary in the practice of traders in the foreign exchange market.

The current research is devoted to the study of the effectiveness of combining machine learning
methods in solving the problem of predicting the behavior of cryptocurrency quotes. The goal of
the study is to develop a methodology for a reasonable choice of a trading strategy on the currency
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exchange in the next ten-minute period, based on the data of the current twenty-minute trading
period. This research continues the study [4], in which a model for classifying the behavior of a
financial time series based on indicators of the logarithmic return of the BTC / USD currency pair
implements in the form of a neural network.

2. An approach for choosing a trading strategy based on linear regression of the
logarithmic return

The real-time historical trading data of the BTC / USD currency pair with a minute interval
is using as initial information. Based on the initial data, the logarithmic return indicator as the
natural logarithm of the ratio of the trading closing price in the next minute to the trading closing
price in the current minute is calculating.

The research assumes that the indicators of the logarithmic return in the current twenty-minute
period determine the logarithmic return indicators in the next ten-minute period. To prove this
assumption, for every twenty values of the logarithmic return, the linear trend direction of the
target currency pair quotes behavior in the next ten minutes is determined.

The neural network trains using a vector X = {X1, X2, . . . , Xm} of independent variables and a
vector Y = {Y1, Y2, . . . , Ym} of dependent variables (m is the number of ten-minute intervals in the
initial data for which the trend line coefficients were calculated). Both vectors defined as follows:

• Xn = {LOGRETn+1, LOGRETn+2, . . . , LOGRETn+20};

• Yn = {LINREGBn+21,n+30},

where

• LOGRETi – logarithmic return at the i-th minute (i ≥ 1);

• LINREGBj,k — coefficient B of the linear regression equation based on logarithmic returns
LOGRETj , . . . , LOGRETk, (k > j);

• n — number of the observed period (n ≥ 0).

Predicting the direction of the observed currency pair quotes trend in the next ten-minute
period is carried out for the current twenty-minute period using the sign of the coefficient B in
the linear regression equation. If B ≥ 0, then the price increase of the cryptocurrency is predicted
(signal to buy), otherwise the price of the cryptocurrency is predicted to fall (signal to sell).

Thus, the conditions for deciding to buy or sell in the next ten-minute period are determined
in following way:

• strategy 1: if at the end of the current twenty-minute period the coefficient B ≥ 0, then in
the first minute of the next ten-minute period the cryptocurrency should be bought at the
current price to sell at the first higher price in the next nine minutes;

• strategy -1: if at the end of the current twenty-minute period the coefficient B < 0, then
in the first minute of the next ten-minute period the cryptocurrency should be sold at the
current price to buy at the first lower price in the next nine minutes.
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The chosen strategy may turn out to be ineffective if the price at the beginning of the next
ten-minute period is the highest for a buy signal or the lowest for a sell signal. The effectiveness
of strategies is checking by the following criteria:

• if the coefficient B ≥ 0 in the first minute of the next ten-minute period, then the price at
the open should be less than the maximum cost in the next ten-minute period. In this case,
strategy 1 is considering to be effective;

• if the coefficient B < 0 in the first minute of the next ten-minute period, then the price at
the close should be higher than the minimum cost in the next ten-minute period. In this
case, strategy -1 is considering to be effective.

Checking the formulated criteria on historical data shows that for every five successful strategies,
there is one ineffective one. It means that in every sixth case, it is possible to make an unprofitable
decision to buy or sell cryptocurrency.

Strategy 0 (wait strategy) is using to minimize the number of unprofitable decisions. Strategy
0 is chosen, when the value of the coefficient B in the first minute of the next ten-minute period is
insignificant. Insignificant means that the coefficient B modulo is less than the specified parameter
h. In the current research, the value selection of the parameter h was performed empirically on
historical data and is equal to 0.0003, which made it possible to increase the number of profitable
strategies. The wrong decision to buy or sell cryptocurrency is making in every eighth case when
strategy 0 is using as a third alternative of behavior on the trade market.

3. Implementation and results of training a neural network to predict linear regression
coefficients

Within current research, the neural network is implementing and training on the Rapid Miner
analytical platform. Fig. 1 demonstrates the process chain of training and testing the linear regres-
sion coefficients predictive model. The Deep Learning block implements a multi-layer feed-forward
artificial neural network that is trained with stochastic gradient descent using back-propagation.

Figure 1: The process of training and testing the forecasting model in Rapid Miner
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The neural network uses four hidden layers. Each odd layer contains 100 neurons, and each even
layer contains 50 neurons. Each hidden layer uses a linear rectification function (ReLU) to activate
neurons. These neural network parameters are chosen empirically to obtain greater forecasting
accuracy. The mean square prediction error (RMSE) with given parameters is 0.000086186.

Fig. 2 demonstrates the comparative chart of actual and predicted linear regression coefficients.
The chart shows that the constructed regression model based on the trend line coefficients of the
logarithmic return in ten-minute periods is consistent with the real process.

Figure 2: Comparison of actual and predicted values of linear regression coefficients

Checking the effectiveness criteria of strategies formulated in Section 2 on the data predicted by
the neural network shows that for every three effective strategies there is one ineffective strategy.
It means that in every fourth case, it is possible to make an unprofitable decision to buy or sell
a cryptocurrency. A decrease in the number of effective strategies is a consequence of predicting
the linear regression coefficient value accuracy. The forecasting accuracy of the implemented and
trained neural network is 80%.

4. Conclusion

The current report proposes a methodology for choosing a strategy for trading on the currency
exchange in the next ten-minute period, based on the data of the current twenty-minute trading
period. The proposed approach identifies three strategies of trading activities: buying at the
beginning of the next period to sell at the first higher price (strategy 1), sell at the beginning of
the next period to buy at the first lower price (strategy -1). The third strategy is inaction (strategy
0) when the value of the linear regression coefficient at the beginning of the next ten-minute period
is insignificant for the chosen criterion.
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As show the calculations on historical data, every sixth decision in choosing a strategy leads
to losses without introducing strategy 0, and when strategy 0 is applying, every eighth decision
is unprofitable. The feed-forward neural network is using to predict future values of the linear
regression coefficients. Neural network parameters were selected empirically to improve forecasting
accuracy. When using predicted values of linear regression coefficients, every fourth chosen strategy
is unsuccessful. It means that every fourth decision made based on the forecast is unprofitable.

The proposed approach effectiveness depends on predicting the linear regression coefficient
accuracy and the parameter h choice of the coefficient significance.
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Abstract

We consider a Jackson network with regenerative input flows in which every server is subject to
breakdowns. Breakdowns and repairs occur in accordance with a Markov chain trajectory. We
assume that all the servers work under critical traffic conditions, i.e. all the traffic coefficients are
equal to one. We establish a theorem on a strong approximation of the vector of queue lengths by
a reflected Brownian motion in positive orthant.

Keywords: Jackson network, Strong approximation, Heavy traffic, Unreliable systems

1. Introduction

Jackson networks are one of the most fundamental objects in the theory of stochastic processing
networks. Such network models have long been used for a wide range of applications in transporta-
tion, production, computer science, social networks, so results in their asymptotic behavior present
practical interest.

There are multiple research applications: one is evaluation of a limit distribution and its product
forms in the case where this limit distribution exists. Another research direction considers systems
with heavy traffic. Heavy traffic and overloaded system cases are analytically non-trivial and
the most crucial, as overloading may lead to breakdowns, production shutdown, and losses from
downtime, repair costs and other overheads.

Heavy traffic limit theorems have attracted a lot of attention previously. Harrison [6] considered
tandem queueing systems and proved a heavy traffic limit theorem for the stationary distribution
of the sojourn times in such systems. He expressed the limit as a complicated function of mul-
tidimensional Brownian motion. Harrison later again considered tandem queueing systems, and
introduced reflected Brownian motion on the non-negative orthant as the diffusion limit. Other
work in the areas of heavy traffic limit theorems and diffusion approximations is surveyed in Whitt
[15] and Lemoine [13]. Reiman [9] presented heavy traffic limit theorems for the queue length and
sojourn time processes associated with open queueing networks. Additionally, almost sure approx-
imation with infinite time conditions and reliable server networks were considered by Chen, Yao
[3].
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There has also been a growing literature on queues with an unreliable server. To emphasize
the applied significance of queueing models with unreliable servers we will refer to some works [1],
[4],[5],[14], [12]. For example, the single server system with unreliable server in [1] and [5] appeared
as a mathematical model of unregulated crossroads. The simplest probabilistic model of vehicle
crossing was considered in [5]. There is a one-lane road S1 which is intersected on one side by
a single-lane secondary road S2. A car waiting on the secondary road S2 will turn right only if
there is at least distance J between the intersection and the first car on S1. We may consider the
crossroads with respect to cars arriving on the secondary road S2 as a queueing system with an
unreliable server. The server is in the working state when there are no cars within a distance J
from the crossroads on the road S1 and it becomes out of order when the first car appears on this
interval. Besides, we have to suppose that the breakdown of the server can occur at any time, even
when the server is free. Note that a queueing system with an unreliable server may be considered
for stochastic analysis of cross-roads with traffic lights also.

In this paper we present a strong Gaussian approximation for an open Jackson network with
unreliable servers and generalized input flows. Note that we do not require input flows to be
independent.

2. System description

2.1. The queuing network with unreliable servers

The queuing network we study has K single server stations, each of them has an associated
infinite capacity waiting room. At least one station has an arrival stream from outside the network,
and the vector A(·) of arrival streams is assumed to be a milti-dimensional regenerative flow.

Definition 1. A multi-dimensional coordinatewise càdlàg stochastic process A(t) is called regen-
erative one if there exists an increasing sequence of Markov moments {θi, i ≥ 0}, θ0 = 0 such that
the sequence

{κ}∞j=1 = {A(θj−1 + t)−A(θj−1), θj − θj−1, t ∈ [0, θj − θj−1)}∞j=1

consists of independent identically distributed (iid) random elements. The random variable θj is
said to be jth regeneration point of X(t), and τj = θj − θj−1, (θ0 = 0) to be the jth regeneration
period.

From Smith [17] it is known that we can define the asymptotic intensity vector λ = lim
t→∞

A(t)
t

a.s., and the asymptotic covariance matrix V = lim
t→∞

VarA(t)
t .

Each station’s service times {ηki }∞i=1, k = 1, . . .K are mutually independent sequences of iid
random variables with mean 1/µk and variance σ2k. After being served kth customer is routed
to station j with probability pkj independently. Routing matrix P = ‖pij‖ is assumed to have
a spectral radius strictly less than unity. Let us define for i = 1, . . .∞; k = 1, . . .K, ϕik to be
a random variable equal to j = 1, . . . ,K whenever ith customer served on station k is routed to
station j (ϕik = 0 if this customer exit the network). Routing vectors are defined by φik = eϕi

k
,

where ej is the K-vector whose jth component is 1 and other components are 0. Customers routing
happens independently and immediately.

Here we consider the model in which service on every channel is subjected to interruptions
that are caused by breakdowns of the server. After breakdown the server is repaired during the
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random time. Process of breakdowns and repairs is described by a Markov chain U(t) with two
states: ON and OFF. Server can work if U(t) is in the state ON and it cannot if U(t) is in the
state OFF. We suppose that the service was interrupted by the breakdown is continued after its
reconstruction from the point at which it was interrupted. We denote consecutive time intervals of
states ON and OFF of the jth server by {uji}∞i=1 and {vji }∞i=1 respectively. Let aju = Euji , a

j
v = Evji ,

αj = aju(ajv + aju)−1.
Next, we consider a system of equations

γj = λj +

k∑
i=1

(γi ∧ αiµi)pij , j = 1, . . . ,K. (1)

In the theory of Jackson networks, the system above is known as the traffic equation. Theorem
7.3 in Chen, Yao, [3] states that the traffic equation (4) has a unique solution γ = (γ1, . . . , γK).

Therefore we may define a jth station traffic coefficient ρj =
γj
µj

. Buffer j is called a nonbottle-

neck if ρj < 1, a bottleneck if ρj ≥ 1, a balanced bottleneck if ρj = 1, and a strict bottleneck if
ρj > 1. We assume that all the stations buffers are a balanced bottleneck.

Let Q(t) = (Q1(t), . . . , QK(t)) be the vector of number of customers in the each channel at
time t.

2.2. Reflected Brownian motion in orthant

In order to articulate the key result we will introduce one more definition. We consider a pair
of K-dimensional processes Z = {Z(t); t ≥ 0} and Y = {Y (t); t ≥ 0} which jointly satisfy the
following conditions:

Z(t) = W (t) + Y (t)(I − P ), t ≥ 0,

where W = {W (t); t ≥ 0} is a K-dimensional Brownian motion with covariance matrix Γ, drift
vector b and W (0) ∈ RK+ ; Z(t) takes values in RK+ , t ≥ 0; Yj(.) is continuous and nondecreasing
with Yj(0) = 0; and Yj(.) increases only at those times t where Zj(t) = 0, j = 1, . . .K. It was
shown in [7] that for any given Brownian motion W there exists a unique pair of processes Y and
Z satisfying conditions above.

In the language of [7] and [3], Z is a reflected Brownian motion on RK+ with drift b, covariance
matrix Γ, and reflection matrix (I − P ).

3. Main result

Theorem 1. Let Eτpi <∞, E(A(θi+1)−A(θi))
p <∞, Eηpi <∞. Then there is a probability space

(Ω, F, P ) which supports both Q(t) and a reflected Brownian motion on RK+ with drift 0, reflected
matrix (I − P ), covariance matrix Γ = ||Γkl||Kk,l=1,

Γkl = Vkl +
K∑
j=1

αjµjpjk(δkl − pjl) +

σ2jµ3jαj +

µ2j

((
aju/a

j
v

)2
+
(
ajv/a

j
u

)2)
(aju + ajv)3

 (pjk − δjk)(pjl − δjl)

such that
sup
u≤t
‖Q(u)− Z(u)‖ = o(t1/p

′
) (2)

where p′ = p for p < 4 and p′ is any number less than 4 for p ≥ 4.
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Proof scheme. To begin with we introduce a vector process of potential traffic. For our model
with unreliable servers, this process X = {X(t), t ≥ 0} is defined as

X(t) = A(t) +
K∑
j=1

Ŝj(Cj(t)).

Here

Ŝj(u) =

Sj(u)∑
i=1

(Φj
i − ej), 1 ≤ k ≤ K

and Cj(t) =
Nj(t)∑
i=1

uji + rjt , Nj(t) = max{k :
k∑
i=1

(uji + vji ) ≤ t}, rjt = χ(t)
(
t−

∑Nj(t)
i=1 (ui + vi)

)
+

χ(t)uNj(t)+1, where χ(t), χ(t) indicate that at time t server is in ON and OFF respectively and

Sj(t) = max{k :
k∑

m=1
ηjm ≤ t}. Therefore, Cj(t) equals the total time before t jth server being in

the state ON.
Next we need busy and idle time vector processes B(t) = (B1(t), . . . , BK(t)) and I(t) =

(I1(t), . . . , IK(t)) . The jth component of B(t), indicates the amount of time the server at station
j is busy (serving jobs) and the jth component of I(t) is the total idle time on the jth server up
to time t. Then,

Q(t) = A(t) +

K∑
j=1

Ŝj(Bj(t))

Following the idea of Reiman [9] we set

X̃(t) = A(t) +
K∑
j=1

Ŝj(Bj(t)) + Y (t)(P − E),

where Y (t) = (α1µ1I1(t), . . . αKµKI1(t))

Lemma 1. Let Eτpi <∞, E‖A(θi+1)−A(θi)‖p <∞, E‖ηi‖p <∞. Then there is a probability space

(Ω, F, P ) which supports X(t), X̃(t) and a Brownian motion W (t) with drift c = λ− (E−P )α ∗µ,
covariance matrix Γ in such a way, that

sup
u≤t
‖X(u)−W (u)‖ = o(t1/p

′
), sup

u≤t
‖X(u)− X̃(u)‖ = o(t1/p

′
) (3)

where p′ = p for p < 4 and p′ is any number less than 4 for p ≥ 4.

Proof.
We claim that Ŝj(t) is a multidimentional cumulative process for any j = 1, . . .K . Indeed,

let us define {θjm}∞m=0, such that θj0 = 0, θjm = {inf t : Sj(Cj(t)) = m}, j = 1, . . .K . As uji
are distributed exponentially, so the sequences {τ jm}∞m=1 = {θjm − θjm−1} consist of independent
identically distributed (iid) random elements,

τ jm =

NON (η)∑
i=0

vi + η (4)
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and Ŝj(θm−1 + t) =
∑m−1

i=1 (Φj
i − ej), ∀t ∈ [0, τ jm].

So, due to Theorem 1 in Bashtova, Shashkin [16] there exist (on an enlarged probability space)
K independent K-dimensional Wiener processes Wj with drifts cj = αjµj(P − I)j and covariance

matrices Dj = ||djkl||, d
j
kl = αjµjpjk(δkl− pjl) +

(
σ2jµ

3
jαj +

µ2j

(
(aju/ajv)

2
+(ajv/aju)

2
)

(aju+a
j
v)3

)
(pjk− δjk)(pjl−

δjl) j = 1, . . .K, such that sup
u≤t
‖Ŝj(u)−Wj(u)‖ = o(t1/p). Additionally there exists aK-dimensional

Wiener process W0 with drift λ and covariance matrix V , independent of W1, . . . ,WK and such
that sup

u≤t
‖A(u)−W0(u)‖ = o(t1/p). These relations imply the first statement of the lemma.

After this Lemma one should apply the fact that, trajectory-wise, Q = Φ(X̃) and Z = Φ(W ),
where Φ is the oblique reflection mapping (see e.g. [3? , §7.2]).
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Abstract

Task of development the system for gas quality analysis based on artificial neural networks have
been studied. The structure of the proposed system is presented. The most important features
and the main advantages of the proposed system are described. The main stages for neural net-
work model development are shown. The architecture of the developed neural network model is
described. Four metrics that are used for model accuracy estimation are provided. Recommenda-
tions are made for effective application of neural network tools as the main models for solving the
task of the natural gas quality analysis.

Keywords: Artificial neural network analysis, Information systems, Natural gas quality analysis

1. Introduction

Wide varieties of information systems for natural gas quality analysis were developed. More-
over, many systems that are based on the correlation analysis and neural network analysis are
under development now [1]. The systems that are currently used in the industry have a number
of significant drawbacks: usage of expensive specialized equipment, high cost of the single mea-
surement, inability of operation in real time. Consequently, it is necessary to develop information
system for gas analysis to overcome these shortcomings. Various statistical models can be used in
information systems because of high complexity of solving the task stated with traditional compu-
tational methods. The recurrent neural networks are considered to be the most accurate models for
the discussed task according to the results of the conducted comparative analysis of the statistical
models [2].

This paper provides description of the proposed natural gas quality analysis system. The system
is based on the method of determination of the properties and the composition of natural gas by
measuring of its physical parameters [3]. The conclusions are drawn about further development of
the proposed system.

2. Development of the natural gas quality analysis system

The structure of the proposed natural gas quality analysis system is shown in fig. 1. The main
goal of the proposed system is to determine desired quality parameters using measurement data.

∗Corresponding author
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Brokarev I., Vaskovskii S. 265



The system design is intended to use commercially available and relatively inexpensive sensors
to obtain necessary measurement data. These data include measurements of natural gas physical
parameters that will be chosen according to correlation analysis results. The system consists of
three subblocks: neural network analysis, quality parameters determination, quality parameters
accuracy check.

Figure 1: The structure of the proposed natural gas quality analysis system

The main subblock of the proposed system that is called neural network analysis contains the
developed model for equivalent pseudogas determination. This subblock performs the neural net-
work simulation on measurement data. The output parameter of the subblock is the composition of
equivalent pseudogas that will come to the next subblock of the proposed system. The calculated
equivalent pseudogas composition comes to the quality parameters determination subblock. The
plug-in for NIST REFPROP software is used for quality gas parameters calculation. These pa-
rameters are chosen from the list of main gas energy parameters for the discussed task (in default,
volumetric superior calorific value and Wobbe index are calculated). The GERG-2008 gas state
equation was used for calculation of the quality parameters at standard pressure and temperature
conditions. The next stage of the system operation involves quality parameters accuracy check that
occurs in the corresponding block. The calculated in previous subblock gas quality parameters are
compared with reference gas chromatography (GC) data. The error vector ε is calculated to obtain
the system accuracy and deviation of calculated gas quality parameters from the reference data.
The error vector includes a number of accuracy characteristics: maximum absolute error (MaxAE),
mean absolute error (MAE), maximum absolute percentage error (MaxAPE), mean absolute per-
centage error (MAPE). In case of values of error vector are less than maximum limiting values εmax

the system accuracy is considered as acceptable. In the opposite case, the step of neural network
analysis is repeated. That includes the model retraining that will be carrying out until reaching
the desired accuracy.

The main advantages of the proposed system are possibility to operate in real time due to the
usage of neural network model, the broad list of output quality parameters and the joint usage of
the system with traditional gas chromatographs.

The various applications of neural networks were analyzed taking into account the wide variety
of architecture types of neural networks. The simple recurrent neural network (RNN) was chosen as
working model. RNN is a class of neural networks that use their internal memory when processing
input data. The functioning of this class of neural networks is based on the use of previous network
state to calculate the current one. A recurrent network can be considered as several copies of the
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same network, each of which transfers information to a subsequent copy. The hidden elements have
links directed back to the input layer in such type of network. This allows to take into account the
previous state of the network during training. Mathematically, the process of saving information
about the previous training step is as follows: at each i-th training step, the output value of the
RNN hidden layer is calculated taking into account the output value of the hidden layer in the
previous step.

The architecture of the developed RNN is shown in Fig. 2. The developed model is a three-
layer network with a sigmoidal activation function in the form of a hyperbolic tangent for a hidden
layer and a linear activation function for the output layer. The Levenberg-Marquardt algorithm
was used as a learning algorithm. The optimization criteria of the algorithm is the standard error
of the model on the training set. The main idea of the algorithm is to achieve the desired local
optimum by approximating of the given initial parameter values. The number of neurons in the
input layer (n) is chosen for the case when the concentration of carbon dioxide, the speed of sound
and thermal conductivity are included in the input parameter vector. The number of neurons in
the hidden layer (k) is chosen for this particular model and is selected in accordance with the
analysis of various models. The number of neurons in the output layer (m) is chosen for the case
of a four-component gas mixture.

Figure 2: Architecture of simple recurrent neural network model

The proposed system design and testing were carried out in the Matlab 2019b software with
NIST REFPROP plug-in. The main aim of testing is to verify system efficiency on the theoretical
data. The ranges of natural gas components are the following: 95-100% for methane, 0-3% for
nitrogen and carbon dioxide, 0-1% for propane. The developed recurrent neural network was
trained, tested and simulated on the corresponding sets with accuracy characteristics shown in
table 1. Each procedure was started only when the previous procedure (training in case of testing
and testing in case of simulation) was successful. Carbon dioxide errors were set to zero, because
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Table 1: Model accuracy characteristics at the training, testing and simulation stages.

Component Characteristic Stage
Training Testing Simulation

MaxAE, % 0.312 0.415 0.502
Methane MAE, % 0.006 0.007 0.010

MaxAPE, % 0.411 0.489 0.619
MAPE, % 0.007 0.009 0.012
MaxAE, % 0.127 0.206 0.367

Nitrogen MAE, % 0.009 0.010 0.012
MaxAPE, % 0.151 0.267 0.382
MAPE, % 0.011 0.012 0.015
MaxAE, % 0.232 0.319 0.488

Propane MAE, % 0.007 0.009 0.014
MaxAPE, % 0.248 0.315 0.417
MAPE, % 0.006 0.008 0.013

the content of this component is input value and considered to be known.
The composition determined by model was used for quality parameters calculation. Theoretical

values of natural gas quality parameters was used as reference data. The volumetric superior
calorific value and Wobbe index were calculated using determined composition and compared with
reference data. The MAE of gas quality parameters determination is 0.057 MJ/m3 for superior
calorific value and 0.095 MJ/m3 for Wobbe index. To sum up, the accuracy of quality parameters
determination is acceptable for the task of research.

3. Conclusion

The system for natural gas quality parameters determination was presented. The main advan-
tages of the proposed system in comparison with the commonly used gas quality determination
methods are the high adaptability and capability of operation in real time. The target gas quality
properties, volumetric superior calorific value and Wobbe index determined by the system were
compared with reference data. The system showed acceptable performance on theoretical data.
Further research involves testing of the neural network model on experimental data and estimation
of reliability characteristics of the system.
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Abstract

The possibility of obtaining interval estimates of conditional probability densities using Bayesian
Belief Networks has been considered. The necessity of accounting for errors not only in the values
of functions, but also in the values of features has been justi�ed. The example of the Gauss function
shows the taking into consideration errors in the source data for interval estimation of conditional
probability densities.

Keywords: interval estimates, stochastic data, Bayesian Belief Networks, conditional probability
densities

Bayesian Belief Networks are a directed acyclic graph whose vertices are events described by
random variables. A random variable can have several states and is determined by a priori proba-
bility. Let's consider a situation when the graph vertices are connected by conditional probability
densities (CPD), the parametric form of which is known. In this case, the source data is a selection
of feature values from these distributions.

Well-known methods for estimating the parameters of CPD for a given sample do not allow us
to fully account for random errors in the source data. For example, the least squares method does
not take into account the errors of the CPD arguments and assumes that the feature values are
deterministic values.

Let there be a set of events � Aj , j = 1,M . The parametric form of the CPD P (x/Aj) for
each event is known and the a priori probabilities of events are known P (Aj) [1]. Consider the
case when the CPD P (x/Aj) corresponds to a Gauss function with parameters (µ, σ) and denote
f(x, µ, σ) = P (x/Aj).

The source data are the results of speci�c experiments, and like any measurement, they contain
random errors that must be taken into account. In reality, the values of the attributes xi, i = 1, n,
are not true and include random errors:{

yi = f(ξi, µ, σ) + εi

xi = ξi + δi
, i = 1, n (1)

where εi and δi are errors in the function and argument values, respectively; ξi - unknown (true)
values of the characteristics.
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Assume that measurement errors εi and δi are normally distributed random variables with zero
mean values, with variances σ2(yi) and σ

2(xi), respectively, a correlation coe�cient ρi = 0.
To account for errors in the values of functions and arguments when evaluating parameters,

there are a number of method [2] that are based on di�erent approaches. To obtain unbiased
estimates of the model parameters (1), we use the methods of con�uent analysis [3].

Estimates of functional dependence parameters are obtained from the conditional of minimum
functional:

F =
1

2

n∑
i=1

[
(yi − f(ξi, µ, σ))2

σ2(yi)
+

(xi − ξi)2

σ2(xi)

]
In the functional, the values are unknown and are determined from the condition:

∂F

∂ξi

∣∣∣∣
ξi=ξ̂i

= 0, i = 1, n

Parameter estimates are found from conditions:

∂F

∂µ

∣∣∣∣
µ=µ̂

= 0
∂F

∂σ

∣∣∣∣
σ=σ̂

= 0

Using con�uent analysis methods, we �nd unbiased estimates of parameters that are determined
from a system of nonlinear equations:

n∑
i=1

yi − f(ξi, µ, σ)
σ2(y)

f(ξi, µ, σ)
ξi − µ
σ2

= 0,

n∑
i=1

yi − f(ξi, µ, σ)
σ2(y)

f(ξi, µ, σ)
(ξi − µ)− σ2

σ3
= 0

on condition:
xi − ξi
σ2(xi)

− yi − f(ξi, µ, σ)
σ2(yi)

f(ξi, µ, σ)

(
ξi − µ
σ2

)
= 0, i = 1, n

Parameter estimates (µ̂, σ̂) are determined based on experimental values of features containing
random errors. The values of parameter estimates (µ̂, σ̂) in each particular experiment may di�er
from the values of parameters and, consequently, there is still a certain amount of uncertainty [4].
The value of this uncertainty can be found from the variances of the parameters D(µ̂) and D(σ̂).
With a certain degree of probability, the parameter values lie in the intervals µ̂ ±

√
D(µ̂) and

σ̂ ±
√
D(σ̂) .

The values of the function f(x, µ, σ), at each point xi = ξi, also have some uncertainty
f(x, µ, σ)±4f(x, µ, σ), i.e. they change within:

fH(x, µ, σ) ≤ f(x, µ, σ) ≤ fB(x, µ, σ)

In addition to point estimates of functional dependence f(x, µ, σ) for all values xi = ξi , we de�ne
interval estimates f(x, µ, σ). This can be done by knowing the unbiased parameter estimates (µ̂, σ̂)
and parameter variances D(µ̂) and D(σ̂) using the following formula [4]:

P

(
f(x, µ, σ)− tγ

√
D(f(x, µ, σ)) ≤ f(x, µ, σ) ≤ f(x, µ, σ) + tγ

√
D(f(x, µ, σ))

)
= γ

270 The 5th international conference on stochastic methods (ICSM-5)



where γ is the con�dence probability, tγ - the Student's distribution quantile, D(f(x, µ, σ)) - the
variance of the function value, which in the case of uncorrelated parameters (µ, σ) can be calculated
by the formula:

D(f(x, µ, σ)) =

(
∂f(x, µ, σ)

∂µ

)2∣∣∣∣
µ=µ̂

D(µ̂) +

(
∂f(x, µ, σ)

∂σ

)2∣∣∣∣
σ=σ̂

D(σ̂)

For the Gauss function, the variance D(f(x, µ, σ)) has the form:

D(f(x, µ, σ)) = f2(x, µ, σ)

[
x− µ̂
σ̂2

D(µ̂) +
(x− µ̂)2 − σ̂2

σ̂3
D(σ̂)

]
The use of con�uent analysis methods makes it possible to take into account the uncertainty

of the source information and obtain unbiased estimates of parameters, the values of which are
point and interval estimates of CPD, which allows us to increase the reliability of decision-making
in Bayesian Networks.

The research was carried out with the �nancial support of the Russian Foundation Fundamental
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in conditions of a priori uncertainty
and stochastic disturbances

(using the example of the constellation recognition task)
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Abstract

This work demonstrates the effective capabilities of deep neural networks in solution of the problem
of structural identification on graphs in conditions of a priori uncertainty, incomplete observability
and stochastic disturbances which is also knows as subgraph detection or recovery. The problem
of identification of observed constellations in a photo of the night sky was considered as a test.
The solution with quality of 0.927 𝐹1 is obtained. In this work we synthesized original ResNet
architecture of the convolution neural network with 26 trainable layers, 415 193 configurable parameters,
carried out statistical analysis of structural characteristics of the dataset and adapted the standard
binary cross entropy loss function, developed a special strategy for learning the neural network, an
adequate criterion of observability of the constellation in the image was formed. We also studied
the influence of noise on the quality and stability of the received solutions.

Keywords: Deep learning, Graph identification, Stochastic disturbances

1. Introduction

Let’s introduce an undirected graph

ΓS =
⟨︀
VS, ES

⟩︀
, VS ̸= ∅, ES ̸= ∅,

⃒⃒
VS

⃒⃒
= 𝐾V

S ≪ ∞,
⃒⃒
ES

⃒⃒
= 𝐾E

S ≪ ∞, (1)

with the vertices and arcs set by sets of VS and ES respectively. According to this topology, the ΓS

graph does not contain multiple arcs, has no loops, and has the only connected component. Each
vertex and edge of the ΓS graph is associated with their property vectors: PV

S 𝑖 – of the 𝑖 vertex,
𝑖 = 1, 𝐾V

S and PE
S 𝑖𝑗 – of the arc linking the 𝑖 and 𝑗 vertices, 𝑖 ̸= 𝑗, 𝑗 = 1, 𝐾V

S .
The solution of various structural identification tasks like detection or recovery of subgraphs

on graphs like ΓS, is relevant from both an applied and theoretical point of view. There are two
classical groups of algorithms for searching and selection of subgraphs:

∙ In a completely observed graph: modularity optimization [1], stochastic block models [2],
spectral graph-partitioning [3], clique percolation [4], clustering [5], and label propagation [6].
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∙ Under the conditions of incomplete observability of nodes and edges of the source graph: based
on the incorporated additional information [7], the similarity of topological structures [8, 9]
and a hierarchical gamma process [10].

Recently, deep learning methods have been actively used in solution various problems on the
graphs in the conditions of a priori uncertainty and stochastic disturbances [11]. It can be seen from
scientific and information resources, that main focus is on tasks of evaluating certain characteristics
of graphs, subgraphs and tops [12, 13].

This work demonstrates the possibility of effective application of deep neural networks for
the solution of structural identification problem on graphs in conditions of a priori uncertainty,
incomplete observability and stochastic disturbances. The problem of identification of constellations
in a photo of the night sky is considered as a test one. The priori uncertainty arises due to the
lack of information about the time and coordinates of the survey and the direction of the optical
axis. Incomplete observability could be formed by partial shielding stars by clouds. Stochastic
disturbances form "false stars"due to the instrument noise of the photo registration equipment.

2. Statement of the Problem and Related Work

Let ΓN graph similar to ΓS graph is available for the observation. In general, the observed ΓN

graph has a non-zero intersection with ΓS graph:

ΓS ∩ ΓN ̸= ∅, ΓS ̸= ΓN. (2)

It’s also possible to present the ΓN graph as

ΓN = ΓN
∘ ∪ Γ*, (3)

where ΓN
∘ ≈ ΓS

∘ addition or disturbation the observable subgraph of the ΓS graph, and the Γ* graph
represents the stochastic addition or disturbation forming false vertices and edges. Characteristics
of PV

N∘ 𝑖 and PE
N∘ 𝑖𝑗 also include random misrepresentations according to their true identities PV

S∘ 𝑖
и PE

S∘ 𝑖𝑗 .
The final test problem can be formulated as highlighting the most effective assessment of the ΓN

graph from the observed ΓS
∘ graph:

𝐿
[︁
ΓN

⃒⃒(︀
PV
N, PE

N

)︀
, ΓS∘⃒⃒(︀PV

S∘, PE
S∘
)︀]︁

→ min, (4)

where 𝐿 describes an error function. And the solution of the problem (4) implies the identification
of the vertices of the ΓS graph which are part of ΓN.

In the test task defined above, the nodes of ΓS graph represent clusters of stars called constellations,
the edges describe relations between constellations with common borders on the celestial sphere.
Characteristics of the nodes stand for the corresponding astronomical properties of constellations
and their borders. The sky with stars is the observed part of the celestial sphere in a horizontal
coordinate system is fixed to a location on Earth. It’s worth to note that the constellation "Serpens"is
divided into two: "Serpens Caput"and "Serpens Cauda". In this way, the total number of constellations 𝐾V

S

is equal to 89 and 𝐾E
S = 264.

In the stated statement, besides theoretical, the problem has a high applied importance for
solving the problems of identification of stars and astronomical navigation.
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Solution based on the comparison of templates is presented in work [14]. The average stated
accuracy on the test images is 71.4%, correct constellation detection percentage 92.8%, and the
average recognition time is 85 seconds, which is not applicable in real time conditions.

In our work, we use approach of developing and training a deep convolutional neural network
which is able to approximate unknown mapping of the observed sky to the constellation space.

3. Experiment Results

3.1. Raw Data and Dataset Preparation
To train the neural network, iteratively on the parameters of the Earth observer (location of

the observer, viewing angles and GMT), a data set was formed, which includes 1 284 780 mages of
the starry sky with the size of 240 × 240 pixels, the field of view angle of 20 × 20 and answers to
the image, representing a binary vector with 89 coordinates long, in which 1 — the constellation is
observed and 0 — the constellation is absent. To test the generalization of the model, a test data
set was generated that does not intersect with the tutorial. The number of copies in the verification
dataset is 48 772. The dataset was generated from the data of the star catalog Tycho-2.

3.2. Neural network architecture
To solve the problem of recognition of constellations, the architecture of a deep convolution

neural network was designed, which is a modification of the classic ResNet architecture [? ]. Software
implementation of the neural network is carried out in the pytorch framework version 1.6.0. The
depth of the network is equal to 26 trained layers. The size of the network input 1 × 240 × 240
is a single-channel image, the output size of the resulting vector is 89. Activation function on the
output layer is a sigmoid function, characterizing the probability of class appearance (observation
of the constellation). The total number of configurable network parameters is 415 193. To estimate
the quality of network approximation 𝐹1 score was used [11].

3.3. Classifier Training and Work Flow Tuning
Initially, a binary cross entropy [11], was used to teach the neural network, which was further

weighed to neutralize class imbalance. The Adam optimizer was used for learning for 15 epochs
with standard learning speed and batch size of 256. The results of testing the resulting solution are
shown in Table 1.

𝐹1, min 𝐹1, median 𝐹1, max
0.234 0.450 0.799

Таблица 1: Accuracy of the reference solution on the test data set.

It can be seen from the results presented in Table 1 that the neural network is actually non-
functional. Proceeding from the fact that the deep neural network is a universal approximator [15]
and the solution of the problem is possible, the exploratory analysis of the data was carried and
in accordance with its results, the training strategy of the neural network was corrected, the loss
function was adapted and the criterion of observability of the constellation in the image was refined.

During the data-set analysis, the observed distribution (within the picture) of the following main
characteristics was analyzed: the number of boundary constellations, the area of the constellation,
the number of stars included in the constellation.
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To train the neural network, we developed our own loss function based on the binary cross
entropy weighted by relative constellation areas. The basic learning strategy was changed: for the
first 7 epochs, the Adam optimizer with standard parameters was used, then, for 15 epochs, the
SGD optimizer was used, with an initial learning rate of 0.05, which is then reduced by 2 times
every 3 epochs. Moreover, starting from the 15-th epoch SGD optimizer was used with the change
of the loss function to a logarithmically weighted product of the constellation area and number
of stars in it, binary cross entropy. For all the components of the presented training strategy, the
mini-batch size is 256 samples.

The results of the training and the test after the above modifications are presented in Table 2,
where experiment №1 is performed on «pure data», and experiment №2 on noisy data (the training
and the test). It is necessary to state that introduced noise disturbances physically correspond to
influences to which in a reality the star sensor is exposed, namely:

1. Noise with normal distribution law – corresponds to the noise of the image quantization.
2. Impulse noise distributed by binomial law – corresponds to impulse effects that lead to «false

stars».
3. Closing a random part of the image is equivalent to obstructing the vision of the part of the

stars that are actually in view.
4. Random rotation of the image related to the center can be regarded as rotation of the camera

around the line of sight.
5. Random mirroring - image orientation errors in the star sensor.

𝐹1, min 𝐹1, median 𝐹1, max
Experiment №1 0.940 0.981 0.996

Experiment №2 0.81 0.927 0.971

Таблица 2: Accuracy of the modified solution on a test set of data. Experiment: №1 – «clear images», №2 – - images
with superimposed noise.

3.4. Outcome Analysis
From the presented results it follows that the artificial neural network successfully approximates

the mapping between the image of the starry sky and the space of constellations, and also has a
generalizing ability and copes with the solution of the problem in conditions of a priori uncertainty,
incomplete observability and stochastic disturbances.

It is necessary to notice that in experiment №2, with noisy images of the star sky, on an input
of a neural network any "pure image"during training did not arrive. That is the neural network
did not observe the ΓN

∘ graph, but formed its representation in its latent space and successfully
identified on the new images.

4. Conclusion

In the presented work the possibility of effective application of deep neural networks to the
solution of structural identification problem on graphs in conditions of a priori uncertainty, incomplete
observability and stochastic disturbances was shown. The problem of identification of constellations
on a photo of the night sky was considered as a test. The quality of solution 0.927 by metric 𝐹1
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is obtained. To achieve the result, the original ResNet [16] similar neural network architecture was
synthesized (26 trainable layers, 415 193 configurable parameters), statistical analysis of structural
characteristics of the dataset was carried out, and a special neural network training strategy was
developed to form an adequate criterion of the constellation observability in the image. Besides, the
study of noise influence on the quality and stability of the solution was carried out and it is shown
that it has a pronounced adaptability.

In contrast to a number of other works [17, 18] on identification of stars and constellations,
which require only and/or mainly empirical (manual) synthesis of informative features, methods of
deep machine learning require significantly less development efforts, and, most importantly, they
allow very flexible algorithm tuning in case of significant changes in the structure of input data,
conditions of observability of objects, sets of recognized characteristics, etc.

Further research of this question assumes movement in two directions. First, the study of
theoretical aspects of the neural network approach to structural identification on graphs in conditions
of a priori uncertainty, incomplete observability and stochastic disturbances. Secondly, the analysis
of the obtained constellation identification solution and its integration into the astronomical navigation
and orientation problems.
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Estimation on the maximum offspring in controlled branching processes
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Abstract

The purpose of this work is to approximate the posterior distribution of the parameters of
interest for controlled branching processes without a prior knowledge of the maximum number of
offspring that an individual can produce and without explicit likelihood calculations. We consider
that only the population sizes at each generation and at least the number of progenitors of the last
generation are observed, but the number of offspring produced by each individual is unknown at
any generation. To this end we make use of an Approximate Bayesian Computation (ABC) model
choice algorithm. The accuracy of the proposed method is illustrated by the way of a simulated
example developed with the statistical software R.

Keywords: controlled branching processes, Bayesian analysis, ABC choice method

1. Introduction

In this paper we focus our attention on inferential issues related to the class of controlled
branching processes. A controlled branching process is a discrete-time stochastic process that
models population developing in the following manner: the population begins with a fixed number
of individuals or progenitors, each of them, independently of the others and according to a common
probability distribution gives birth to offspring, and then ceases to participate in subsequent repro-
duction processes. Thus, each individual lives for one unit of time and is replaced with a random
number of offspring. Moreover, since several reasons of an environmental, social, or other nature
the number of progenitors which take part in each generation must be controlled, a random control
mechanism is introduced in the model to determine the number of offspring with reproductive
capacity in each generation. Mathematically, a controlled branching process (CBP), {Zn}n≥0, is
defined recursively as

Z0 = N, Zn+1 =

φn(Zn)∑
j=1

Xnj , n ∈ N0, (1)

where N0 = N ∪ {0}, N ∈ N, {Xnj : n ∈ N0; j ∈ N} and {φn(k) : n, k ∈ N0} are independent
families of non-negative integer valued random variables and the empty sum in (1) is considered
to be 0. The random variables Xnj , n ∈ N0, j ∈ N, are assumed to be independent and identically
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distributed (i.i.d.) and in terms of population dynamics they represent the number of offspring
given by the j-th progenitor of the n-th generation. Let us denote by {pk}k≥0, pk = P (X01 = k),
the common probability law, called offspring distribution, and by m its mean, called the offspring
mean. Moreover, {φn(k)}k∈N0 , for n ∈ N0, are independent stochastic processes with equal one-
dimensional probability distributions. Let us denote qj(k) = P (φn(k) = j), k, j = 0, 1, . . . This
property means that the control mechanism works in an independent manner in each generation,
and once the population size at certain generation n, Zn, is known, the probability distribution of
the number of progenitors, denoted by φn(Zn), is independent of the generation.

The recent monograph [1] provides an extensive description of its probabilistic theory. The
behaviour of the long-time evolution of a CBP is determined by the parameters of the model asso-
ciated to the offspring and control laws, and in real situations, these are unknown. The research on
Bayesian statistical procedures that provide information about the offspring distribution consid-
ered until now has assumed mainly that its support is finite and known (see [2]) or that it belongs
to a one-dimensional parametric family (see [3]). Also [4] considered that the observed sample was
given by the population sizes at each generation, namely {Z0, . . . , Zn}, and the maximum offspring
was set 1 + max1≤k≤n Zk. Our aim is to provide an algorithm that used approximate Bayesian
computation (ABC) techniques to choose the maximum offspring and to estimate the offspring and
control distributions. The problem of determining the maximum number of offspring in a CBP
from a sample is considered in this paper for the first time. This problem has been previously
considered for a standard Bienaymé–Galton–Watson process. In particular, from a probabilistic
viewpoint, the asymptotic behaviour of the number of offspring of the most prolific individual in
the n-th generation has been studied as an extreme value problem in [5] and [6]. From an inferential
viewpoint, a particle Markov Chain Monte Carlo was introduced in [7] to estimate the maximum
offspring.

For our purpose, let us consider a CBP with an unknown offspring distribution support and
control laws belonging to one-dimensional parametric family depending on some parameter γ ∈ R.
Let us denote κmax the maximum number of offspring per individual and p(κmax) = {pk; k =
0, 1, . . . , κmax}. We write qj(k) = qj(k, γ) and refer to γ as the control parameter. Notice that in
that case, the distribution of each control variable φn(k) depends on k and γ. Several preliminar
simulation studies lead us to the conclusion that to the end of approximating reasonably the
posterior distributions of the parameters of interest making use of ABC methodology, we have
to assume that at least the population sizes at each generation and the number of progenitors in
the last generation are observable (see [3]). Hence, let us consider the observed sample Z̃obsn =
{Zobs0 , . . . , Zobsn , φn−1(Z

obs
n−1)}.

The rest of the paper is organized as follows. Section 2 deals with the development of the ABC
approach. Section 3 presents the simulated example to evaluate and illustrate the performance of
the ABC algorithm.

2. Methodology

ABC algorithms are a group of Monte Carlo algorithms used for finding posterior distributions
without requiring explicit knowledge of the likelihood function. These are very useful when the
likelihood is intractable or too costly to evaluate. The inference is mainly done with draws from
the model. Let us denote by:

• U{2, . . . , κmax} the discrete uniform distribution on the points 2, . . . , κmax.
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• D(K,αK) the Dirichlet distribution with a (K + 1)- dimensional parameter αK .

• π(γ) a prior distribution for the parameter γ.

• f(Z̃n | p(κmax), γ) the likelihood function, with Z̃n = {Z0, . . . , Zn, φn−1(Zn−1)}.

We propose the following ABC tolerance-rejection model choice for a generic distance measure
ρ(·, ·):

ABC tolerance-rejection model choice for κmax

for i = 1 to N do

repeat

generate k′ from U{2, . . . , κmax}
generate p(k′) from D(k′, αk′)
generate γ′ from π(γ)
generate Z̃simn from f(Z̃n | p(k′), γ′)

until ρ(Z̃obsn , Z̃simn ) ≤ ε
set (k(i), p(k)(i), γ(i)) = (k′, p(k′), γ′)
end for

Several functions can be proposed to measure the discrepancies between the simulated and the
observed data. We suggest the following:

ρ(x,y) = de

(
x

y
,
y

x

)
, with x = (x1, . . . , xL),y = (y1, . . . , yL) ∈ RL+

where x
y = (x1y1 , . . . ,

xL
yL

), y
x = ( y1x1 , . . . ,

yL
xL

), and de is the Euclidean distance.

We propose to estimate the value of Kmax as the mean or the mode of the selected values of k′.
Given this estimated value of Kmax, we take advantage of the simulated values of (p(k′), γ′, Z̃simn ) to
run the rejection ABC algorithm and the post-processing by considering an appropriated summary
statistic (see [3]). The properties of the model ensure that, as n→∞,∑n

i=1 Zi∑n−1
i=0 Zi

→ τm,
φn−1(Zn−1)

Zn−1
→ τ,

Zn
φn−1(Zn−1)

→ m,

almost surely on {Zn →∞}, where τ = limk→∞ ε(k)k−1, with ε(k) = E[φn(k)], whenever the limit
exists. Consequently, we propose as a summary statistic

S(Z̃n) =

(
n∑
i=1

Zi,

∑n
i=1 Zi∑n−1
i=0 Zi

,
φn−1(Zn−1)

Zn−1
,

Zn
φn−1(Zn−1)

)
.

3. Simulated Example

In this section, we consider the example in [3] to illustrate the methodology proposed in this
paper. We considered a CBP starting with Z0 = 1 individual with a geometric distribution
with parameter q = 0.4 as offspring distribution and control variables φn(k) following a binomial
distribution with parameters ξ(k) and γ = 0.75, where ξ(k) = k + blog(k)c, for each k ∈ N and
ξ(0) = 0, with bxc denoting the integer part of a number x. Regarding the offspring mean and
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Figure 1: Left: Temporal evolution of the number of individuals (solid line) and progenitors (dashed line) of the
observed sample. Right: Estimated posterior distribution of κmax

variance, we have m = 1.5 and σ2 = 3.75, the control means are ε(k) = γξ(k) = 0.75ξ(k), k ∈ N0,
and the asymptotic mean growth rate, defined as τm = limk→∞ ε(k)k−1m, is τm = 1.125. Thus,
bearing in mind the value of this threshold parameter, the CBP is supercritical according to the
classification of CBPs established in [8]. We simulated the first 30 generations of such a CBP
(see Figure 1, left). The results obtained by using ABC algorithms under the hypothesis of a
parametric offspring distribution are shown in [3]. In this illustration we analyse again this data
set but assuming that no information on the plausible values of the maximum offspring and control
parameters are available. In this first approach we consider k ∼ U{2, . . . , 15}, p(k) ∼ D(k, αk) with
αk = (1/2, . . . , 1/2), and that γ follows a beta distribution with both parameters equal to 1, i.e.
uniform distributions on the interval (0,1). We have applied the ABC tolerance-rejection model
choice by simulating 30 generations of 20 · 106 non-extinct CBPs, assuming that it is not known
that the offspring distribution is a geometric distribution and the control variables φn(k) have the
same distribution as ϕ(ξ(k)), where ξ(·) is a deterministic function (considered known) and ϕ(k) is
a random variable following a binomial distribution with number of trials equal to k but unknown
probability parameter. We fix as the threshold ε the quantile of order 0.00025 of the sample of
the distances of the simulated processes, thereby obtaining a sample of length 5000 for the choice
of κmax. The resulting posterior distribution for κmax is shown in Figure 1, right. The posterior
mode and mean are 4 and 5, respectively. Notice that the true offspring distribution, a geometric
distribution of parameter 0.4, has a probability to be less than or equal to 5 (resp. 4) of 0.9533
(resp. 0.9222). For such choices, we represent in Figure 2 the posterior density functions estimated
by using rejection ABC algorithm (pink line) and the local linear regression algorithm (black line)
for m and for γ, and the contour plots of the joint posterior densities for (m, γ) estimated by the
ABC algorithm with the local linear regression adjustment with the curve γm = 1.125. The results
showed that the proposed ABC algorithms estimates of the posterior densities are quite accurate
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and have the advantage of being computationally simple to be implemented.
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[1] M. González, I. del Puerto, G. P. Yanev, Controlled Branching Processes, ISTE Ltd and John Wiley and Sons,
Inc., 2018.

[2] M. González, C. Gutiérrez, R. Mart́ınez, I. del Puerto, Bayesian inference for controlled branching processes
through MCMC and ABC methodologies, Revista de la Real Academia de Ciencias Exactas, F́ısicas y Naturales.
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Figure 2: Posterior density functions estimated by using rejection ABC algorithm (pink line) and the local linear
regression algorithm (black line) for m (first line) and for γ (second line). Vertical lines represent the true value of the
parameter (red), the mean values by rejection ABC (blue) and local linear regression (black). Third line: Contour
plots of the joint posterior densities for (m, γ) estimated by the ABC algorithm with the local linear regression
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κmax = 4, Right: κmax = 5.
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On one model of cloud computing
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Abstract

Recently there has been an increase in the number of computationally time-consuming tasks. This
can easily be explained by the widespread implementation of blockchain solutions, distributed
registries, and other similar tasks in the context of the digital economy. At the same time, users
tend to move their computing process to the cloud to minimize their expenses, and owners of
cloud services are forced to look for solutions to improve the efficiency of using their hardware and
software. The paper proposes a simulation model of a computing center with a variable number of
computing resources used to improve the efficiency of cloud computing in solving computationally
time-consuming tasks.

Keywords: Optimization, Parallel computing, Performance evaluation.

1. Introduction

The trend of transferring complex and time-consuming calculations from the user’s hardware
to cloud services has been actively developing [1-3]. This is due to the fact that users tend to
reduce the cost of maintaining a complex computing system and shift them to specialized services
of cloud operators. However, some types of computing processes require the allocation of significant
hardware and software resources. One of the most well-known tasks of this type is the problem
of mining [4] when generating various cryptocurrencies. When solving this problem, the main
resources are allocated to calculate hash functions using methods based on simple iteration. Time
required for hash calculation is influenced here by its’ length and current complexity. In addition to
the tasks of mining, in recent years the technology of the blockchain have been actively applied in
distributed databases, registers, inventories, etc. All these problems are actually solved by iteration
methods. A characteristic feature of such problems is an unpredictable time to get a solution.

2. Problem statement

All this leads to the need to review the methods for managing resources of distributed computing
systems located locally or in the cloud. A special feature of solving this type of problem is the
inability to predict the completion time. It is known that the time for solving iteration problems
obeys a uniform distribution law. Therefore, well-known planning strategies are ineffective in

∗Corresponding author
Email address: golosov-pe@ranepa.ru (Pavel Golosov)

GolosovP. 283



solving problems of this kind. However, it is easy to divide these tasks into separate parts and
solve them separately (parallelize). This fact allows to significantly speed up getting a solution. In
this paper, the task was to build a model for studying the load of a distributed computing system
for various types of flows (uniform, Poisson, exponential, etc.) of input tasks, in order to improve
the efficiency of the computer system in solving problems of finding hash functions.

3. The architecture of the model

Based on this, a computational simulation model was built, which is shown in figure 1. There
are several users who generate tasks with different distribution laws (uniform, Poisson, exponential,
etc.). These tasks are sent to a single queue of infinite length, working on the FIFO principle. In
the queue tasks are sorted or not sorted according to a certain characteristic. Then the tasks are
sent to the switch, which distributes the tasks across computing resources. The direction in which
tasks are received for maintenance is determined in the control unit. The management strategies
will be outlined below. As computing resources, models of three types of processors with different
performance were used, and the number of processors and their performance can be easily changed
when modeling conditions change. Then the completed tasks are sent to the switch, which combines
them and sends them to the task terminator.

Figure 1: Scheme of the emulating system

Two types of recorders were used to monitor the flow of processes in such a system: oscilloscopes
that show the dynamics of passing tasks in the system and displays that show the quantitative
values of parameters in various blocks of the system. Since the end of the computational process
(obtaining hash functions) is subject to a uniform distribution law, random number generators
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with a uniform distribution law were added to the processors to simulate the normal course of
calculations, which interrupt the computational process. This allows you to simulate the end time
of the task according to a uniform law. In addition, to increase the load on the output of one of the
task generators, a Replicator was set that simulates the division of a certain task into 4 identical
subtasks. The model was executed in Matlab (Simulink) using the SimEvent package [5,6].

4. Management strategies used

During the simulation various modeling strategies were used, allowing to analyze the operation
of the computer system under various loads. The main purpose of this simulation was to study
the load level of different types of processors for different types of output threads. The following
immutable algorithm was used in the control unit (Subsystem). In the initial state, the control
system uses the output key (Entity Output Switch) to distribute the task flow to the first group
of processors (10 pieces). Upon reaching a maximum load switches task flow through the switch
to the second group (2 pieces). If the second group is fully loaded, then switches the flow to the
third group (2 pieces). Thus the simulation “hot” (the second group of processors) and “cold” (the
third group of processors) reserve in the computing system. Knowing the statistical parameters of
the input task flow, it is easy to predict the required number of processors of the first, second and
third groups. At the same time, using the cold reserve of the computer system allows you to keep
energy consumption lower and thereby increase efficiency.

5. Modeling process

Different types of input flows were used in the simulation: with a uniform distribution, Poisson,
exponential, and simple flow of tasks with a constant sequence time. Since this modeling process
is discrete, the unit of time value is 1 clock cycle. For the first simulation case, the following
parameters were selected in all three task generators (min=1, max=3, Δt=1), where Δt is the
value of the variation in the task sequence time, and min and max are the minimum and maximum
time interval for generating tasks. By default the task processing time in the processor is 1 clock
cycle, but in this model, the task processing time is determined by an external signal coming from
a random number generator with a uniform distribution law with parameters (min=0.1, max=1,
Δt=0.1), where Δt is the step of possible change in the interrupt time (task end time). At the
same time, we can adjust the performance of computers by increasing or decreasing the max value.
For example, when setting the value max=2, the processor performance is reduced by half.

1. With a uniform law of task generation: 503 tasks were generated in each generator (Entity
Generator), 3521 tasks were served in the queue (Entity Queue), of which 2825 tasks were
served by the first group of processors, with an average task waiting time (Average Wait) of
0.5558 clock cycles, and an average load of 0. 1571. In the second group of processors, 694
tasks were served, with an average waiting time of 0.5595 and an average load of 0. 1943. In
the third group of processors, only 2 tasks were served, with an average load of 0.002195. The
result of the experiment shows that the third group of processors is practically not involved
in the operation of the system and can be disabled under these conditions.

2. For continuous receipt of tasks with a rate of 0.5 steps, we get: 2001 tasks were generated in
each generator (Entity Generator), 14007 tasks were served in the queue (Entity Queue), of
which 11187 tasks were served by the first group of processors, with an average task waiting
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time (Average Wait) of 0.55584 clock cycles, and an average load of 0.6246. The second
group of processors served 1631 tasks, with an average waiting time of 0.5584 and an average
load of 0.4557. In the third group of processors, only 1182 tasks were served, with an average
load of 0.3191.

3. In the case of generation tasks in a Poisson stream and the exponential laws of distribution of
processor utilization will be even less. So let’s repeat the second experiment. But the speed
of generating tasks on each server will increase by 5 times. This way, a total of 20,000 issues
will be generated. Of these, the first group of processors processed 16497 tasks, with an
average task waiting time of 0.5519 clock cycles, and an average load of 0.9108. The second
group of processors served 3025 tasks, with an average waiting time of 0.5464 and an average
load of 0.8247. In the third group of processors, only 907 tasks were served, with an average
load of 0.2547. The results show that in the latter case, the first and second processors of
the system groups are fully loaded and the third group is actively involved.

6. Discussion and conclusions

Despite the fact that the presented model is a fairly rough simulation of a real distributed
computing system, the following conclusions can be drawn:

1. To increase the efficiency of a distributed parallel computing system, a certain part of com-
putational field can be taken out from active operation and be engaged only at peak loads.

2. The computational load of such a system depends significantly on the intensity of the input
flow of tasks. In a classic Poisson flow, a significant portion of resources can be disabled.
And in ”severe” cases, when the flow has an equal probability, Gaussian distribution laws,
or a uniform flow of tasks, these additional resources are to be engaged.

3. Based on statistical studies of the properties of the input stream, it is possible to draw a
conclusion about the required number and speed of processing units.

In this model, some aspects of the behavior of a real system were not represented, such as:
restarting a certain subtask after a failure; subtasks preemption in the case of obtaining a solution
in certain thread; prioritizing tasks, and many other aspects. All this indicates the need to consider
a new class of distributed system tasks distribution approach focused on computing hash functions.
These and some other aspects will be considered in the following works.

References

[1] S. Mirin, G. Bashilov, D. Patrikeev. Cloud providing 2018-2022: economy, strategies, business-models. iKS-
Consulting. — 2018. — 180 p.

[2] D. Yanacek. Instrumenting distributed systems for operational visibility. Amazon Web Services, Inc. — 2019.
— 14 p.

[3] D. A. Yemelyanov. Analysis of modern cloud services for studying and using in the educational process. Peda-
giogicheskoe obrazovanie v Rossii No. 6. Ural state pedagogical University — 2017. — P. 45-52.

[4] T. Laurence. Blockchain For Dummies. Dialektika — 2018. — 272 p.
[5] Learning Simulink 2005 by The MathWorks, Inc.
[6] Harold Klee Randal Allen Simulation of Dynamic Systems with MATLAB® and Simulink® CRC Press 2011

286 The 5th international conference on stochastic methods (ICSM-5)



Determination of Coordinates of Nodes in Wireless Sensor Networks

Ilya Grishina,∗, Van Dai Phama, Darina Okunevaa, Ruslan Kiricheka,b

aBonch-Bruevich Saint-Petersburg State University of Telecommunications, Saint Petersburg, Russian Federation
bV.A. Trapeznikov Institute of Control Sciences of Russian Academy of Sciences, Moscow, Russian Federation

Abstract

Nowadays, there are self-organizing wireless sensor networks (WSN) widely used in various appli-
cations. In some cases, there are sensors randomly deployed in hard-to-reach locations with no
infrastructure. Thus, it is necessary to determine the location of the nodes. In this article, we
propose a method for determining the coordinates of nodes in the wireless sensor network. While
considering WSN structure as a graph, the program performs searching for cliques that are use-
ful to determine the coordinates of nodes and restores the network fragments when knowing the
coordinates of some anchor nodes and distances between nodes. The results of the computational
experiment have confirmed the efficiency of the proposed method.

Keywords: Wireless sensor networks, Sensor nodes, Multidimensional scaling, Clique,
Trilateration, Spatial transformation, Anchor nodes

1. Introduction

The penetration of information technologies into various fields has led to the creation of wireless
sensor networks, which are an integral part of departmental networks or public communication
networks and represent a variety of small-sized devices equipped with sensors, actuators, radio
modules, battery, etc. Via wireless communication, the devices transmit small-volume data to the
processing center about environmental parameters and the state of processes [1, 2].

In the Russian Federation, the issue of protecting forests and steppes from fires and illegal
logging, and, despite government action, it is still noted that this problem is far from being solved.
In July and August 2019, the area of fired forest in Siberia amounted to 1 million 603 thousand
hectares. Over 166 million tons of carbon dioxide were emitted into the atmosphere. According
to data in November 2019, the total area covered by fire exceeded 10 million hectares. It should
be noted that the problem of forest fires is no less acute in other countries: fires in the USA and
Australia led to no less catastrophic consequences.

According to available statistics, in more than 70% of cases, the cause of fires is an anthro-
pocentric factor [3].

Reducing the risk of fires and increasing the effectiveness of preventive measures, as well as
measures for timely elimination of fires are directly related to access to operational data on the
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development of a fire hazardous situation. Even though a satellite monitoring system (for ex-
ample, Fire Information for Resource Management System or ScanEx) significantly increases the
responsiveness to forest fires, it has several disadvantages such as low image resolution, which does
not allow detecting small foci of fire, and also the likelihood of false alarms due to strong clouds,
heated roofs of houses or torches from oil fields, etc. The listed disadvantages do not allow switch-
ing exclusively to satellite monitoring and require the use of the system combined with aviation
and ground fire monitoring systems [4, 5].

Self-organizing wireless sensor networks allow deployment in hard-to-reach locations with no
infrastructure. In this case, the network deployment is possible by dropping sensors from an aircraft
over the terrain, which implies a random position of sensor nodes in space. Moreover, the aircraft is
also used to collect sensor data and providing communication for the terrestrial network [6]. Thus,
to carry out subsequent monitoring using the sensor network, it is necessary to solve the problem
of determining the nodes’ location.

Nowadays, there are many methods for finding the coordinates of nodes in WSN, which can
vary based on the application requirements and many other factors [7, 8]. Below we will consider
several characteristics by which these methods can be classified.

The existing methods of calculating coordinates can be classified according to the type of
calculations, which can be centralized, distributed and hierarchical.

In the case of using centralized computation, all data flow to the data processing center, where
the nodes’ coordinates are calculated based on the received data. As the disadvantage of this
method, it should be noted that there is limited energy resource of sensor nodes, which is one
of the main research areas focusing on extending the life of networks by reducing the energy
consumption of network elements. However, the centralized calculation method leads to the fact
that as we approach the data center, there will be an increase in the traffic flowing to the data
center and the intensity of the nodes acting as the routers, and, therefore, their power consumption,
especially for large networks. However, as the advantage of this method, there is complete available
information about the network parameters and computational power, which can significantly reduce
the calculation errors. The problem associated with data transmission from sensor nodes to the
data center can be solved by using unmanned or manned aerial vehicles flying over the terrain.
The subsequent data transmission is carried out using the standard method described above.

In the case of the distributed computation method, the coordinates are determined directly by
each node based on the data received from neighboring nodes. Thus, the node positions itself in
its local coordinate system. Coordinate system transformation can be done in the data center,
which leads to the same problem as in the centralized method. It should also be noted that the
calculation accuracy is lower compared to the centralized computation method due to the limited
computing resources of the nodes.

The hierarchical method implies the preliminary division of the network into clusters, in which
the head node of the cluster calculates the coordinates of the cluster nodes in the local coordinated
systems according to the predetermined algorithm.

The methods of finding nodes’ coordinates can be classified according to the presence or absence
of reference nodes (anchors), the absolute positions of which are known. The absence of anchor
nodes allows calculating the relative position of sensor nodes only in the local coordinate system.
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2. Problem Formulation

As part of this work, a centralized method is selected for calculating spatial coordinates, as-
suming the presence of anchor nodes.

WSN is presented as an undirected weighted graph G(V,E), which does not have loops and
multiple edges. V is a set of vertices representing wireless sensor nodes, |V | = {v1, v2, ..., vN},
N � 1; E ⊆ Ṽ [2] is edges corresponding to established connections between network nodes,
|E| = M ; Ṽ [2] is a set of pairs on the set of vertices V . As the weights of the edges alm, we take
the squared values of estimated distance between nodes l and m: alm = d̂2lm. Adjacency matrix of
the graph of dimension N : A = (alm). Coordinates of the vertices of the subset Va ⊂ V, |Va| � |V |
corresponding to the anchor nodes in the WSN are defined in a certain coordinate system XY Z,
the coordinates of vertices of the subset are unknown and must be found.

3. Solution for Positioning Coordinates of Nodes

The solution to determine the coordinates of nodes is divided into several stages:

1. finding fully connected subgraphs (clique) Gk(Kk, Ek), Kk ⊆ V , |Kk| ≥ Q, Ek ⊆ E, where
Q is a given value of minimum number of vertices in the clique, k = 1...KC ;

2. calculating local spatial coordinates in the found cliques using multidimensional scaling
method;

3. constructing subgraphs G′k = (V ′k, E
′
k) by adding to the detected cliques neighboring vertices

that have more than 3 vertices belonging to the clique, then finding their local coordinates
by using the multilateration method, and then adding vertices to the subgraphs with the
calculated their local coordinates (the principle of coordinate propagation);

4. if there are common vertices in the subgraphs, their union G′k(V ′k, E
′
k) ∪ G′l(V ′l , E′l), then

recalculating the coordinates of nodes, return to stage 4;

5. if the subgraph contains the required number of vertices belonging to the subset, then per-
forming spatial transformation to switch from the local rectangular coordinate system to the
global rectangular coordinate system XY Z.

Stage 1. Currently, there are many algorithms developed for finding cliques in graphs, however,
the Bron-Kerbosch algorithm is considered as an effective method for finding all cliques in the graph
Johnston [9], where there are 3 sets: K is a set of vertices forming a clique, P is a set of vertices
capable for increasing the clique, W is a set of already considered vertices. To simplify the notation,
the index of the clique number k is omitted. The vertices P ∪W are adjacent to each vertex of
the set K. The pseudocode of this algorithm is presented below, where N(v) is the neighborhood
of vertex v.

Stage 2. For the found cliques, the adjacency matrices take the form: Ak = ST
k · A · Sk,

where Sk is a matrix obtained from the identity matrix of dimension N by discarding columns
whose numbers do not match with the number of the vertices forming k-clique.Adjacency matrix
of clique Ak = AT

k is symmetrical. The elements of the adjacency matrix of the clique Ak, as
mentioned above, are the square of estimated distances between the nodes obtained as a result of
signal processing. On the other hand, the distance estimation can be received according to the
Euclidean metric:

d̂l,m =
√

(Xm −Xl)2 + (Ym − Yl)2 + (Zm − Zl)2 +4dl,m = dl,m +4dl,m (1)
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Algorithm 1 Bron-Kerbosch (K,P,W )

if P ∪W = ∅ then
report K as maximal clique

end if
for ∀v ∈ P do

Bron-Kerbosch (K ∪ {v} , P ∩N(v),W ∩N(v))
P ← P\ {v}
W ←W ∪ {v}

end for

where 4dl,m is an estimation error.

Then al,m = d̂2l,m = d2l,m+2dl,m4dl,m+42
l,m. Initially, we can assume that there is no estimation

error: 4dl,m = 0, the elements of the adjacency matrix can be represented as:

al,m = d2l,m = (Xm −Xl)
2 + (Ym − Yl)2 + (Zm − Zl)

2 = xlxm + ylym + zlzm (2)

where xl, yl, zl, xm, ym, zm are local coordinates of vertices vl, vm. Assume that in this case m, l =
1...Kk.

According to the principles of multidimensional scaling described in the Kk-dimensional matrix
Ak, the data on the relationship between the vertices of the clique can be compressed in such a
way that it can be visualized in three-dimensional space [10].

According to (2), the matrix Ak can be represented by the product: Ak = X0,k ·XT
0,k, where

XT
0,k =

 x1 x2 ... xKk

y1 y2 ... yKk

z1 z2 ... zKk

 is a matrix of local coordinates of the k-clique. On the other

hand, the matrix Ak can be subjected to spectral decomposition Ak = Wk · Λk ·WT
k , where

Wk =
(

w1 w2 ... wKk

)
is a orthogonal matrix of eigenvectors of the matrix Ak of dimension

Kk, Λ is a diagonal matrix of eigenvalues with the dimension Kk. Thus:

X0,k ·XT
0,k = Wk ·Λ ·WT

k = Wk ·Λ
1/2
k · (Λ1/2

k )T ·WT
k = (Wk ·Λ

1/2
k ) · (Wk ·Λ

1/2
k )T (3)

where Λ
1/2
k is the diagonal matrix of eivenvalue roots of the matrix Ak.

At the same time, the eigenvalues of the matrix Ak should be ensured that they are real non-
negative numbers: λq ∈ R+, q = 1...Kk. In the case λq < 0, the element of matrix Λ1/2 will be
a complex number:

√
λq ∈ C, which will lead to complex values of the coordinates of the matrix

vertices X0,k = Wk ·Λ1/2.
The solution of this problem is possible by double centering the adjacency matrix of the clique

– Ak:
C ·Ak ·C =

(
E−K−1k J

)
·Ak ·

(
E−K−1k J

)
= Dk (4)

where E – Kk-dimensional identity matrix, J is the Kk-dimensional matrix of ones.
The double centered matrix Dk is also symmetric and can be represented by the expression

(3). In this case, the eigenvalues of the matrix Dk are located on the main diagonal of the matrix
of eigvenvalues in desending order: λ1 ≥ λ2 ≥ ... ≥ λKk

≥ 0.
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The choice of three maximum eigenvalues and the corresponding column vectors allows to form
a matrix of local coordinates of nodes in the three-dimensional space of the principal components.

X0,k =
(

w1 w2 w3

)
·

 √λ1 0 0
0

√
λ2 0

0 0
√
λ3

 = Wk,3Λ
1/2
k,3 (5)

where Wk, 3 is a matrix of three eigenvalues of the double centered adjacency matrix of the clique

– Dk corresponding to the maximum eigenvalues, Λ
1/2
k,3 is a matrix of three maximum eigenvalues

of the matrix Dk.
The choice of the minimum acceptable number of vertices Q: the results of computational

experiments carried out under the condition that the data of the matrix Ak correspond to the true
values of the Euclidean distance between the nodes, have shown that an accurate determination of
the configuration of the clique vertices in three-dimensional space is provided for Q > 4.

For methods of reducing the space dimension, the relative distortion of the geometric structure
of observations during the translations to a space of lower dimension (3 in this case) is generally
determined by the ratio of the residual and sample variances:

σ2(3) =

(
Kk∑
i=4

λi

)Kk∑
j=1

λj

−1 (6)

Since the elements of the adjacency matrix Ak are the squares of the distances between nodes
in three-dimensional space, with no measurement errors then value

∑3
i=1 λi →

∑Kk
i=1 λi and the

square of the relative error σ2(3)→ 0. Moreover for all q > 0, λq → 0.
In the case when it is not possible to find a clique in the graph of the network, the search for

dense subgraphs with the number of vertices exceeding Q is carried out. The problem of the absence
of data in the adjacency matrix for such a subgraph can be solved by the method of multiple data
recovery Rubin [11, 12]. Considering that the absence of data about the distance between nodes is
possible in cases when the distance between nodes exceeds the maximum allowable distance dmax

that can be determined, and when the radio signal loss caused by obstacles leads to the fact that
the received signal level is below the receiver sensitivity threshold.

Let al,m = am,l be elements of the adjacency matrix of the dense subgraph, which are unknown.
O(vl) and O(vm) are neighborhoods of vertices l and m of this subgraph. Vl, Vm are sets of vertices
of the neighborhoods O(vl) and O(vm). Then, for all vertices that satisfy condition vn ∈ Vl ∪ Vm,
the values are calculated:

d̂m,l,n =
√
al,m +

√
al,n = d̂l,md̂l,n (7)

from which the minimum
(
d̂m,l,n

)
min

is selected. According to the triangle axiom for metric space

d̂l,m ≤
(
d̂m,l,n

)
min

. In the case when
(
d̂m,l,n

)
min
≤ dmax, the values of the set of multiple data

recovery are taken in the range
[
d0,
(
d̂m,l,n

)
min

]
, where d0 is a specified value. In this case, the

step size between adjacent values of the substitution set of size p will be: 4d =
(d̂m,l,n)

min
−d0

p−1 . For

the case
(
d̂m,l,n

)
min

> dmax, the values of the set of multiple data recovery are taken in the range[
dmax,

(
d̂m,l,n

)
min

]
. In this case, the step size is calculated as: 4d =

(dmax−d̂m,l,n)
min

p−1 .
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Choosing optimal values is proposed based on the minimum of the function:

χ(narray) =

Kk∑
i=4

|λi| (8)

With amount of data gaps – g in the adjacency matrix of the subgraph and a fixed number
of substitution values for each gap – p, the number of databases with substituted values will be
Narray = pg. A sharp increase in the number of substitution sets while increasing the number of
data gaps in the adjacency matrix of the subgraph for p = 4, 6, 10 is shown in Fig. 1.

Figure 1: The growth of the number of substitutions from the number of data gaps in the adjacency matrix

Calculation (3–8) must be performed for each set of substitution data. It should be noted that
the optimal values of distance estimation may not be found because of the possible large step 4d
in the substitution set. An obvious solution to this problem is iterative data recovery, in which
the minimum residual variance values are determined at each iteration step. At the same time,
the upper and lower boundaries of the range of the substitutional values for each gap are corrected
until the residual variance or squared relative errors are not greater than a specified value.

During the computational experiment, a network fragment was considered with 13 nodes located
in three-dimensional space. This network corresponds to a dense graph, the adjacency matrix of
which A contained the values of squared distances not exceeding dmax, here dmax = 33 m. In
the graph of this network fragment there are 4 non-adjacent vertices: 0 and 6, 0 and 9, 0 and 10.
Distances for these vertices are respectively equal: d0,6 = d6,0 = 33.660 m, d0,9 = d9,0 = 37.603
m, d0,10 = d10,0 = 34.771 m. At the first stage, the substitution sets included 4 values lying in
the range 30-40 m, v = (33.00; 35.33; 37.67; 40.00)T . The arrangement of substitution elements in

the set is: dnarray =
(
d̂0,10 d̂0,9 d̂0,6

)T
, narray = 1...Narray, where for the set with a number

narray values d̂0,10, d̂0,9, d̂0,6 corresponds to the elements of the vector v with numbers
[narray

42

]
,[

4−1
(
narray −

[narray

42

]
42
)]

, narray − 42
[narray

42

]
− 4

[
4−1

(
narray −

[narray

42

]
42
)]

, respectively.
Fig. 2 shows the residual variance of the first iteration step of multiple data recovery.
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Figure 2: Residual variance of the first stage of multiple data recovery

As shown in Fig. 2, values χ(a) are local minimum at narray = 5, 9, 10, 25, 26 (Tab. 1). Thus, at

the first step of iteration, the range of possible values are specified: d̂0,6 ∈ [34, 38], d̂0,9 ∈ [36, 38],

d̂0,10 ∈ [34, 36], from which set of 4 possible distance estimates will be formed.

narray 5 9 10 25 26

d̂0,10, m 33.00 33.00 33.00 35.33 35.33

ε0,10 = d0,10 − d̂0,10, m 1.77 1.77 1.77 -0.56 -0.56

d̂0,9, m 35.33 37.67 37.67 37.67 37.67

ε0,9 = d0,9 − d̂0,9, m 2.27 -0.07 -0.07 -0.07 -0.07

d̂0,6, m 33.00 33.00 35.33 33.00 35.33

ε0,6 = d0,6 − d̂0,6, m 0.66 0.66 -1.67 0.66 -1.67
χ(narray) 58.14 54.68 89.88 36.02 55.88

Table 1: Minimum values of residual variance χ(narray) (fist step)

At the second step of iteration, these vectors are: V6 = (34.00; 35.33; 36.67; 38.00)T , V9 =
(36.00; 36.67; 37.33; 38.00)T , V10 = (34.00; 34.67; 35.33; 36.00)T . Fig. 3 shows the residual variances
at the second step of iteration of the multiple data discovery.

Values χ(narray) are local minimums at narray = 25, 29, 35. The measurement data at these
points are obtained in Tab. 1

narray 25 29 45

d̂0,10, m 34.67 34.67 35.33

ε0,10 = d0,10 − d̂0,10, m 0.10 0.10 -0.56

d̂0,9, m 37.33 37.33 38.00

ε0,9 = d0,9 − d̂0,9, m 0.27 0.27 -0.40

d̂0,6, m 34.00 34.00 34.00

ε0,6 = d0,6 − d̂0,6, m -0.34 -0.34 -0.34
χ(narray) 18.79 18.49 16.25

Table 2: Minimum values of residual variance χ(narray) (second step)

The ranges of substitution values for the third iteration step of multiple data discovery are:
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Figure 3: Residual variance of the second step of the multiple data recovery

d̂0,6 ∈ [33, 34], d̂0,9 ∈ [37, 38], d̂0,10 ∈ [34, 35], the residual variance χ(narray) = 5.28 (Fig. 4)
is minimum value at narray = 43, which corresponds to the vector of distance estimates d43 =(

34.67 37.67 33.67
)T

.

Figure 4: Residual variance of the third step of multiple data recovery

The vector of estimation errors is 4d43 =
(

0.10 0.07 0.01
)T

. In this case, residual variance
χ(narray) is 0.07% from sample variance σ2(3)43 = 0.007. Th number of substitution sets for three
steps of multiple data recovery consists of: Narray = 3Narray = 3pg = 3 · 43 = 192.

Tab. 3 presents the minimum values of residual variance and squared relative errors found for
substitution sets, including from 4 to 13 values of distance estimates.

g 4 5 6 7 8 9 10 11 12 13
χ(narray) 36.02 36.83 17.39 26.91 12.32 13.51 10.61 16.31 9.03 4.39
σ2(3) 0.043 0.044 0.021 0.032 0.015 0.017 0.013 0.020 0.011 0.005
Narray 64 125 216 343 512 729 1000 1331 1728 2197

Table 3: Dependence of the measurement accuracy in the multiple data recovery method

As can be seen from the table, for this particular case, the search for optimal estimates of
Euclidean distance by the multiple data discovery method in one step gave more accurate results
only with a substitution set consisting of 13 values, which required more calculations.
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Stage 3. After local coordinates were found for KC subsets of vertices Vk (sensor nodes) for
each given subsets, a search for vertices is performed in the graph G(V,E) adjacent to at least 3
vertices Vk, which allows the trilateration method to calculate the location of these vertices in the
local coordinate system taken for this given subset Vk.

Let the vertices adjacent to vl in the subgraph Vk be numbered as v1, v2, v3, v4. Then the squares
of the Euclidean distances between these vertices and vl form a system of nonlinear equations:

d̂2l,m = |xm − l|2 = (xm − xl)2 + (ym − yl)2 + (zm − zl)2,m = 1...3 (9)

where xm =
(
xm ym zm

)T
– vector of local spatial coordinates of the vertex vm.

The system of nonlinear equations (9) can be transformed into a system of linear equations:
d̂2l,1 − d̂2l,2 = d̂21 − d̂22 + 2(xl(x2 − x1) + yl(y2 − y1) + zl(z2 − z1))
d̂2l,2 − d̂2l,3 = d̂22 − d̂23 + 2(xl(x3 − x2) + yl(y3 − y2) + zl(z3 − z2))
d̂2l,3 − d̂2l,1 = d̂23,4 − d̂21,4 + 2(xl(x1 − x3) + yl(y1 − y3) + zl(z1 − z3))

=


d̂2l,1 − d̂2l,2 − d21 + d22 = b1,1xl + b1,2yl + b1,3zl

d̂2l,2 − d̂2l,3 − d22 + d23 = b2,1xl + b2,2yl + b2,3zl

d̂2l,3 − d̂2l,1 − d23 + d21 = b3,1xl + b3,2yl + b3,3zl

(10)

where d2m – squared distance from the origin to the vertex vm. The expression (10) can also be
represented in a more compact matrix form: d̂ = B · xl. This system of equations can be solved
in one of the known ways, for example Cramer’s rule, then the desired coordinates are calculated
as: xl = 41

4 , yl = 42

4 , zl = 43

4 , where 4, 4m, m = 1...3 – main and auxiliary determinants of the
system of linear equations (10).

The vertices, the local coordinate of which are determined, are added to the set Vk, then
V ′k,1 = Vk ∪ {vl} is generated, where the index 1 corresponds to the first step of forming the set
V ′k and can subsequently be omitted. Subsequent expansion of the set V ′k is carried out similarly:
V ′k,i = V ′k,i−1 ∪ {vn}. For vertices vl /∈ V ′k,1 adjacent to 2 vertices included in the set V ′k, the search
of their local coordinates is performed by the multidimensional scaling method with multiple data
discovery and subsequent transformation described below.

The procedure of propagating the local coordinates of the vertices for each set V ′k is repeated
until it becomes impossible to add vertices. The received set of nodes and links between them
corresponds to a subgraph G′k(V ′k, E

′
k).

In the case when V ′k ∩ V ′m 6= ∅,
∣∣∣V ′k ∩ V ′m∣∣∣ > 3, k,m = 1...KC , k 6= m, the sets are combined

V
′

= V
′
k ∪ V

′
m, and the subsequent procedure is carried out for propagating the local coordinates

of the vertices for V
′
, which corresponds to graph G

′
(
V
′
, E
′ ⊂ V ′ × V ′

)
.

Stage 4. Combining sets is accompanied by spatial transformations such as displacement and
rotation [13]. Let the vertices vl ∈ V

′
k ∩ V

′
m will be numbered from 1 to 3 in this case. Then in

the local coordinate system of the set of vertices V
′
k , the vectors of coordinates of the vertices after

spatial transformation will be:
x′l = R · (xl − x1) (11)

where R – the resulting rotation matrix, l = 1...3.
The displacement in (11) allows to transfer the vertex v1 to the origin of the coordinate system.
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Arbitrary rotation can be described by the non-commutative product of the rotation matrices
Rx, Ry, Rz around the coordinate axes Ox, Oy, Oz by the corresponding angles:

Rx =

 1 0 0
0 cosα − sinα
0 sinα cosα

 ,Ry =

 cosα 0 sinα
0 1 0

− sinα 0 cosα

 ,Rz =

 cosα − sinα 0
sinα cosα 0

0 0 1


The spatial transformation can be divided into 2 stages. As a result of the first stage of

transformation (11), the coordinates of second vertex v2 must be x′2 =
(
|x2| 0 0

)T
, where |x2|

– norm of the vector radius v2. This result can be received by multiplying the difference of the
vectors of the right side of the expression (11) by the resulting rotation matrix:

Rl = Ry ·Rx =

 cosβ sinα sinβ cosα sinβ
0 cosα − sinα

− sinβ sinα cosβ cosα cosβ

 (12)

where α, β – angles of rotation around the axes Ox (1st rotation), Oy (2th rotation). These angles
are calculated according to the expressions:

α = sgn(y2) · arccos

(
z2√
y22 + z22

)
, β = arccos

(
x2
|x2|

)
(13)

The equality of the vectors of coordinates of the vertices v1 and v2 is achieved by he spatial
transformation (11) for the sets V

′
k and V

′
m. However, in the general case, the values of the

projections of the vertex v3 on the axes Ox, Oy, Oz of the local coordinate systems of the sets V
′
k

and V
′
m will different: x′3,k =

(
x′3 y′3,k z′3,k

)T
, x′3,m =

(
x′3 y′3,m z′3,m

)T
. The equality of

the coordinates of the vertex v3 in both sets is received with one more rotation around the axis
Ox by an angle γ, which for the set V

′
k has the form:

γ = sgn(y′3,k) · arccos

 z′3,k√(
y′3,k

)2
+
(
z′3,k

)2
 (14)

and γ is calculated in the same way for the set V
′
m. Then the resulting rotation matrix R = Rx ·R1

will be:

R =

 cosβ − sinα sinβ cosα sinβ
(− sinβ sin γ) (cosα cos γ − sinα cosβ sin γ) (sinα cos γ + cosα cosβ sin γ)
(−sinβ cos γ) (cosα sin γ − sinα cosβ cos γ) (cosα cosβ cos γ − sinα sin γ)

 (15)

Stage 5. In the case of translating from the local coordinate system for the set V
′
k to the global

XY Z if there are at least 3 anchor nodes (numbered in this case: 1, 2, 3) in the set V
′
k , the spatial

transformation follows:
Xl =

(
R−1G ·R · (xl − x1)

)
+ X1 (16)

where X1 - coordinates of 1st anchor node, R−1G – matrix has a form:

R−1G =

 cos θ sin θ sinψ − cosψ sin θ
(sinϕ sin θ) (cosϕ cosψ − sinϕ cos θ sinψ) (sinψ cosϕ+ cos θ cosψ sinϕ)
(sin θ cosϕ) (− cosψ sinϕ− sinψ cos θ cosϕ) (cosϕ cos θ cosψ − sinϕ sinψ)
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where:

ψ = sgn(Y2) · arccos

(
Z2√

Y 2
2 + Z2

2

)
, θ = arccos

(
X2

|X2|

)

ϕ = sgn(Y
′
3 ) · arccos

 Z
′
3√

(Y
′
3 )2 + (Z

′
3)

2

 = sgn(Y3 cosψ − Z3 sinψ) · . . .

· · · · arccos

 Y3 cos θ sinψ −X3 sin θ + Z3 cos θ cosψ√
(Y3 cosψ − Z3 sinψ)2 + (Y3 cos θ sinψ −X3 sin θ + Z3 cos θ cosψ)2


(17)

where X2 =
(
X2 Y2 Z2

)T
, X3 =

(
X3 Y3 Z3

)T
– coordinate vectors of the 2nd and 3rd

anchor nodes in the global XY Z coordinate system.

4. Results of Computational Experiment

Following are the results of the computational experiment combining two subsets V1 and V2,
i.e V1 ∪ V2 = V , and the subsequent calculation of their coordinates according to anchor nodes.
There are initial data V1 = {v1 . . . v18}, V2 = {v15 . . . v32}, anchor nodes v15 . . . v18.

Tab. 4 presents the initial coordinates of the anchor nodes and their coordinates in the coor-
dinate systems of the subsets V1 and V2 calculated by the multidimensional scaling method with
multiple data recovery.

Number
V V1 V2
X Y Z x y z x y z

15 -233.57 -196.83 -144.20 -55.28 -40.69 -89.75 78.85 41.17 -79.32
16 -14.017 -121.89 -121.33 142.84 53.13 -10.44 -25.44 68.31 127.39
17 -133.10 -168.83 -138.24 36.61 -0.44 -60.61 27.47 47.99 11.39
18 -210.54 -197.14 -148.02 -32.12 -34.12 -91.04 78.85 41.17 -79.32

Table 4: Coordinates of anchor nodes

Fig. 5 shows the spatial position of network nodes (5a) and its recovered fragments (5b).
Coordinate transformation for the subsequent union of subsets V1 and V2 is accompanied by a

shirt, x15,1 for V1 and x15,2 for V2. According to (13, 14) the angles of rotation for V1 and V2 are
equal to:

α1 = 0.8691, rad;β1 = 0.5551, rad; γ1 = 2.6064, rad;

α2 = 1.2746, rad;β2 = 0.3428, rad; γ2 = 2.7980, rad;

Fig. 6 shows the transformation result of the coordinates of the nodes V1 and V2. In this case,
the red nodes are nodes in the local coordinate system of the combined set V1 ∪ V2, and the blue
nodes are nodes on the original location.

According to (16) Euler angles are calculated to receive the rotation matrix R−1G : ψ = −2.7980, rad;
θ = −0.3428, rad; ϕ = −1.2746, rad. Tab. 5 presents the values of spatial transformation matrix
R1 for V1, R2 for V2, and R−1G .
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(a) Original location (b) Calculated location for subsets V1 (red) and V2 (blue)

Figure 5: Location of nodes in space

Figure 6: Sensor network nodes on origin (blue) and calculated (red) positions
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R1 R2 R−1G

0.85 0.402 0.34 -0.447 0.116 0.887 0.942 0.113 0.316
0.269 -0.886 0.377 -0.616 0.679 -0.400 0.321 -0.578 -0.75
0.453 -0.229 -0.861 -0.649 -0.725 -0.232 0.098 0.808 -0.581

Table 5: Rotation matrices

Fig. 7 shows the transformation results according to (16). As can be seen from the figure,
the three-dimensional structure of the network recovered corresponds to the origin network, the
calculated coordinates of nodes coincided with the true locations. Thus, the results of the com-
putational experiment confirmed the efficiency of the positioning method proposed in this article.
This method also works for large sensor networks, which makes it possible to apply it in practice.

Figure 7: Sensor nodes on origin (blue) and at the calculated (red) positions

5. Conclusion

The growth of the Internet of Things applications leads to the wide use of wireless sensor
networks. In parallel with monitoring by sensors, the positioning of the devices is also of interest,
especially in the self-organizing networks. In this paper, we proposed a method to determine the
coordinates of nodes and restore the structure of the network. The method was developed based
on the multidimensional scaling method, and the availability of finding cliques in the graph of
the network. Performing iterations, the proposed method was able to recover the fragment of
the network when knowing some anchor nodes and distances between nodes. As the results of the
computational experiment, the calculated coordinates coincided with the true locations. Moreover,
this method also provides an ability to apply in large sensor networks.
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Macroscopic analogs of quantum-mechanical phenomena
and auto-transformations of PDFs
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Abstract

Two main goals of the present report are: 1) To prove an existence theorem for forbidden zones
for the expectations of real-valued random variables. 2) To define transformations (named here as
auto-transformations) of the probability density functions (PDFs) of random variables into similar
PDFs having smaller sizes of their domains and to outline their basic features. The goals are
caused by the well-known problems of behavioral sciences, e.g., by the underweighting of high and
the overweighting of low probabilities, risk aversion, the Allais paradox, etc.

Keywords: Expectation, Boundaries, Forbidden zones, Domains, Utility.
2000 MSC: 91B06, 91B16, 91C05

1. Introduction

Multifarious bounds for moments and functions of random variables and also noise and its
influence are considered in a wealth of works, see, e.g., [1], [2], [3], [4].

A man as an individual actor is a key subject of economics and some other sciences. There are a
number of problems concerned with the mathematical description of the behavior of an individual.
The examples are the underweighting of high and the overweighting of low probabilities, risk
aversion, the Allais paradox, risk premium, etc., see, e.g., [5]. The essence of the problems consists
in biases of preferences and choices of people for the uncertain and sure games in comparison with
the predictions of the theory of probability.

The idea for explanation of these problems is to consider influence of noise near the boundaries of
measurement intervals (see also, e.g., [6], [7]). An existence theorem for forbidden zones is proved
here. These forbidden zones can be considered also as some macroscopic analogs of quantum-
mechanical phenomena. There are a number of such real macroscopic forbidden zones for the
expectations of the coordinates of the sides of vibrating rigid bodies near rigid boundaries.

For example, a small rigid boat or any other small rigid floating body which oscillates on the
waves near a rigid moorage wall can be mentioned. For example, a washing machine (or an edgeless
side of a drill) that vibrates near a rigid wall can be mentioned as well.

Auto-transformations (ATs) of probability density functions (PDFs) from, e.g., infinite to semi-
infinite and finite domains are defined and outlined here. Such ATs can be useful for both general
and particular goals, e.g. to put forward hypotheses and make general assumptions about such
modified PDFs, to extend the above theorem from finite to semi-infinite intervals, etc.

∗Alexander Harin
Email address: aaharin@gmail.com (Alexander Harin )
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2. Existence theorem for forbidden zones

Let us consider a set {Xi}, i = 1, . . . , n, of random variables Xi whose values lie within an
interval [a, b] : (b − a) ∈ (0,∞). For the sake of simplicity, Xi, µi, σ

2
i , and similar symbols will

often be written without the subscript “i.”
Let us consider the expectation and variance of X, and their relations.
A proof is given in [8] that for the variance σ2 of a discrete random variable with the range

[a, b] and expectation µ the following inequality holds:

σ2 ≤ (µ− a)(b− µ). (1)

An alternate proof is given in, e.g., [9] that the same inequality holds also for the variance of
any real-valued random variable X. Every value pX(xk) or fX(x) is divided into two values located
at the boundaries a and b such that µ is unchanged. The variance for all the divided cases is proved
to be not less than the initial one and the general inequality is obtained.

Theorem 1. Consider a set {Xi}, i = 1, . . . , n, of random variables Xi whose values lie within an
interval [a, b]. If 0 < (b− a) <∞ and there exists a forbidden zone of the non-zero width σ2min for
the variances σ2i of Xi, such that for all i

σ2i ≥ σ2min > 0, (2)

then certain forbidden zones (or boundary bounds, or restrictions) of a non-zero width rµ exist for
the expectations µi of the Xi

a < (a+ rµ) ≤ µi ≤ (b− rµ) < b.

Proof. Inequalities 1 and 2 lead at the boundary, e.g. a, to

µi ≥ a+
σ2i
b− a

≥ a+
σ2min
b− a

≡ a+ rµ.

Since 0 < (b− a) <∞ and σ2min > 0, the bounds rµ are non-zero and this leads to the required
inequalities those can also serve as estimations of the widths of the forbidden zones

a < a+
σ2min
b− a

≤ µi ≤ b−
σ2min
b− a

< b. (3)

This simple theorem supports matematically the uniform solution (see, e.g., [10]) for the well-
known fundamental problems of behavioral sciences, e.g., for the underweighting of high and the
overweighting of low probabilities, risk aversion, the Allais paradox, risk premium, etc.

Indeed, the (central) allowed zone is evidently compressed by the (boundaries’) forbidden zones
(in comparison with the entire interval). Therefore the expectations are biased from the bound-
aries to the center of the probability scale (in comparison with the case of zero forbidden zones).
Therefore the expectations are underweighted at high and overweighted at low probabilities, that
uniformly solves the above and some other problems, at least qualitatively or partially.

Moreover, these forbidden zones can be considered as some macroscopic analogs of quantum-
mechanical phenomena. The well-known forbidden zones in the energy spectrum of an electron in
semiconductors can be considered as an example of such phenomena.

The theorem is proved for finite intervals. The auto-transformations proposed below will help
to extend it for semi-infinite intervals.
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3. Auto-transformations. Main definitions and some basic features

3.1. Auto-transformations as a tool for modifications and hypotheses

The domains of many probability density functions are infinite. Questions can arise about how
such or similar PDFs could be modified if their domains were half-infinite or finite.

Generally, questions can arise about how probability density functions can be modified when
their domains are modified from larger to smaller sizes of the domains. These questions may be
relevant in particular in connection with possible expansions and generalizations of the results of,
e.g., [10] and the above existence theorem those are obtained for finite intervals.

Such questions can be too hard to be solved immediately and exactly. So a tool is proposed
here to modify probability density functions and also put forward hypotheses and make assump-
tions about such modified functions. It will modify mainframe probability density functions into
transformed ones those will be, depending on parameters of the transformations, similar to the
mainframe PDFs to a greater or lesser degree.

This tool can be named as auto-transformations of probability density functions.

3.2. Main definitions and assumptions. Some basic features

Consider the domain of the probability density function of a random variable. Suppose this
domain is the infinite or a half-infinite (or a finite) interval. Further this interval is referred to as a
mainframe interval (MF-interval or MFI, and their boundaries – in any case as aMF and bMF ).
This PDF is referred to as a mainframe PDF (MF-PDF or MFF or f).

Auto-transformations are abbreviated to ATs.
A half-infinite or finite part of the infinite or a half-infinite or finite MF-interval is defined as an

interval of auto-transformation or an auto-transformation interval (AT-interval or ATI)
under the following three determining conditions:

1. The AT-interval contains (at least at its boundary) at least one of the key points of the
mainframe probability density function such as the expectation, median, or mode.

2. The part of the MF-PDF that is situated in the AT-interval is unchanged.
3. The part or parts of the MF-PDF that lie outside the ATI are mapped into the ATI.
Usually this (these) part(s) is (are) denoted as an out-ATI part(s).
Types or modes of this mapping can be chosen in accordance with the conditions of the mapping.

For example, this mapping can be uniform, stepwise, triangle, convex, concave, reflecting, adhering,
etc. That is, e.g., the integral of the out-ATI part of the MF-PDF can be uniformly distributed in
the ATI, transformed into a step, triangle, etc.

So the summarized result of the transformation of the MF-PDF is fully enclosed in the AT-
interval and consists of the following two parts:

1) The part that is identically mapped (or, in other words, is unchanged).
2) The part(s) or addition(s) that is (are) mapped from the outside into inside of the ATI.
This resultant transformed MF-PDF is referred to as an auto-transformed probability

density function (AT-PDF or ATF).
A reflection auto-transformation is defined as an AT such that the MF-PDF f is modified to

the AT-PDF such that the out-ATI part of f is reflected (as an addition) with respect to some
point (dot) of the reflection (that is to one of the boundaries of the AT-interval).

This AT is, in a sense, similar to the reflection of a wave of light from a mirror.
If an auto-transformation interval is finite, especially if the mainframe interval is infinite or

at least semi-infinite, then the reflection can be multiple. This can occur also in similar cases
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but in the absence of reflection. In all these cases the AT can be referred to as a repeated
auto-transformation or multiple AT or many-fold AT or two-mirror AT.

Otherwise (and as a rule here), the ATs can be referred to as one-fold ATs.
An adhesion AT can be modified from the reflection one. The reflected part of the MF-PDF

is “adhered” (as an addition) to the boundary of the ATI. In this case the MF-PDF is transformed
to the probability distribution function of the mixed type, such that its discrete part is equal to
the integral of the reflected and adhered part of the MF-PDF.

The mean of the mainframe PDF within the AT-interval can be denoted as

fmean ≡
1

bAT − aAT

∫ bAT

aAT

fMF (x)dx.

An auto-transformation that transforms an out-ATI part of a MF-PDF into an addition that
do not increase in the direction from this out-ATI part boundary to the opposite one is referred to
as a non-increasing AT (this addition is added with the unchanged part of the MF-PDF in the
AT-interval to constitute the resulting AT-PDF).

Non-increasing ATs correspond to an intuitive assumption that an auto-transformed out-ATI
part should contribute near the boundary that is the closest to this out-ATI part, at least, not less
than near the opposite boundary.

ATs that transform the out-ATI parts of the MF-PDFs into the total AT-intervals are referred
to as full-ATI ATs or filling ATs.

Minimal distances. One of the main particular goals of the auto-transformations is to es-
timate possible distances from the expectations of the PDFs to the boundaries of the intervals.
Let us consider reflection auto-transformations and determine conditions for the minimal distances
from the expectations of AT-PDFs to the boundaries of the AT-intervals.

Suppose a reflection auto-transformation is performed with respect to an arbitrary reflection
point (dot) d ≡ drefl and the expectation of the AT-PDF is expressed as a function of d. At that,
the median m arises as a parameter of this expression.

The reflection point is shifted by some increment ε and the shift of the expectation is calculated.
Further the shifts for d > m and for d+ ε < m are compared.

This comparison reveals that the abovementioned distance is minimal when the reflection point
coincides with the median of the MF-PDF (in more detail see, e.g., [11]).

The adhesion ATs provide evidently the minimal distances among all the ATs.
An AT of a PDF f is referred to as a necessary AT or Norm-necessary AT if∫ b

a
f(x)dx ≡

∫ bAT

aAT

f(x)dx ≥ 1

2

∫ bMF

aMF

f(x)dx =
1

2
.

That is the norm of the unchanged part of the MF-PDF is not less than 1/2. That is the difference
between the norms calculated for the MF-PDF and its unchanged part is not more than 1/2.

Necessary auto-transformations ensure the condition that provides a number of properties of
transformed PDFs (see, e.g., [11]). These properties include questions whether ATs are one-fold,
filling or many-fold. They include comparisons of the values of the additions with the mean
values fmean of the mainframe PDFs within the AT-intervals. They include questions whether the
additions of the ATs are stepwise, convex, triangle or concave.

An AT of a PDF f is referred to as a sufficient AT or Norm-sufficient AT if∫ a

aMF

f(x)dx+

∫ bMF

b
f(x)dx ≡ δout �

∫ bMF

aMF

f(x)dx = 1,
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that is the difference between the norms calculated for the MF-PDF and unchanged part of the
AT-PDF is negligibly small in comparison with the norm calculated for the MF-PDF.

For the normal distribution, the auto-transformation interval that corresponds to the “three-
sigma rule” can be used as a sufficient AT-interval.

Generally, a sufficient auto-transformation (and its auto-transformation interval) can be referred
to as sufficient with respect to a certain parameter (e.g., the dispersion), if the difference between
the values of this parameter calculated for the MF-PDF for the MFI and ATI is negligibly small
in comparison with the value of this parameter calculated for the MFI.

The sufficient auto-transformations are evidently the most prospective auto-transformations for
hypotheses and estimations.

4. Conclusion

The purposes of the present report are to provide particular mathematical solutions for the
well-known problems of behavioral sciences and to generalize these particular solutions.

The two main new results of the report are:
First result. The mathematical support for the uniform solution (see, e.g., [10]) for the

well-known fundamental problems (the underweighting of high and the overweighting of low prob-
abilities, etc.) of behavioral sciences is gained in the form of existence theorem 1.

Estimation 3 for the widths of the forbidden zones of the theorem is obtained as well. These
zones can be also considered as macroscopic analogs of quantum-mechanical phenomena.

Second result. The concept of the auto-transformations (ATs) is proposed.
The ATs can be considered as a new tool to modify and transform the PDFs of r.v.s into

similar PDFs having smaller sizes of their domains. Evidently, this tool can be developed for
transformations of functions even beyond the scope of the probability theory as well.

The tool can be used, e.g., for hypotheses and assumptions.
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On generalized intensity function and its application to the backward
renewal time estimation for renewal processes
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Abstract

The new generalized intensity term is defined in this paper. This definition of intensity allows to
estimate moments of mixed random variables with distribution functions that may have disconti-
nuity intervals and a countable number of jumps. Some lemmas about properties of generalized
intensity have been proven. These results have been used as the auxiliary results for the backward
renewal time estimation for some Markov process from a queueing and renewal theory.

Keywords: generalized intensity function, renewal process, backward renewal time, Markov
process, Lorden’s inequality

1. Generalised intensity definition

Recall the intensity (hazard rate) function definition (in a classical sense [7, 1]). Let P{·} to
be the probability of at least one recovery occurs in the interval [t, t+ ∆]. It can be expressed via
some function ϕ(t):

P{at least one recovery in the interval [t, t+ ∆]}

=
F (t+ ∆)− F (t)

1− F (t)
=

t+∆∫
t

ϕ(s) d s = ϕ(t)∆ + o(∆),

where F (t) is a distribution function of interval between two events.

Definition 1. ϕ(t) is called the intensity (hazard rate) function for a renewal process. .

It is obvious that a continuous random variable is uniquely defined by its cumulative distribution
functions, or by its density distribution functions, or by its intensity:

F (s) = 1− exp

 s∫
0

(−ϕ(u)) du

 , F ′(s) = ϕ(s) exp

 s∫
0

(−ϕ(u)) du

 .

∗The author is supported by the Russian Foundation for Basic Research project no. 20-01-00575 a
Email addresses: elmira.yu.k@gmail.com ( Elmira Yu. Kalimulina ), zverkina@gmail.com (
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Figure 1: Pointwise jumps of distributions.

Functions F (s), F ′(s), ϕ(s) uniquely define each other.
The above definition of intensity is formulated for absolutely continuous distributions. We will

consider the more generalized case of mixed random variables1 with distribution functions that
may have a countable number of jumps.

Denote ϕ(a) = − ln (F (a+ 0)−F (a− 0))δ(0) when F (a− 0) 6= F (a+ 0). The function δ(·) is
the Dirac delta function.

Suppose that

f(s) =


F ′(s), if F ′(s) exists;

0, in the other case.

Definition 2. The generalized intensity is defined by:

ϕ(s)
def
==

f(s)

1− F (s)
−
∑
i

δ(s− ai) ln (F (ai + 0)− F (ai − 0)),

where {ai} — is the set of all points of discontinuity of a function F (s). .

The Fig.1 shows the continuity intervals and the pointwise jumps of distributions. The atoms
of distributions are denoted by circles.

2. Auxiliary lemmas about generalized intensity

Denote the generalized intensity of a random variable ξ as

Intensity ξ(x). .

The following lemma for generalized intensity is hold

Lemma 1. If ξ ⊥⊥ η, then

Intensitymin{ξ;η}(x) = Intensity ξ(x) + Intensity η(x). .

1The case of singular random variables is not considered due there are no practical applications for that case.
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Further we will formulate our results for generalized intensity. All three cases (intensity, cumu-
lative probability density probability and generalized intensity functions) will be used for a random
variable definition.

Consider the sequence {ξ1, ξ2, ...} of random variables.
Let’s make the following assumptions (1)–(5):

1. ξj = min{ζj ; θj}, where {ζj} – i.i.d. r.v., defined by the generilized intensity ϕi(s), and
ζi ⊥⊥ θj for all i, j; θj is defined by generalized intensity µj ;

2

2. The generalized measurable non-negative function Q(s) exists,
and for all s > 0 ϕ(s) + µj(s) = λi(s) 6 Q(s);

3.

∞∫
0

ϕ(s) d s =∞, and

∞∫
0

xk−1 exp

− x∫
0

ϕ(s) d s

 dx <∞ for some k > 2;

4. Q(s) is locally bounded function for some neighbourhood of zero;

5. ϕ(s) > 0 a. e. if s > T > 0.

Definition 3. If conditions 1–4 are satisfied, then the counting process

Nt
def
==

∞∑
i=1

1

{
i∑

k=1

ξk 6 t

}
(1)

is called a generalized renewal process. ♦

Remark 1. If T > 0, the process (1) is the delayed process. .

Remark 2. The condition (3) ensures that:

E ξi > 0, Var ξ2
i > 0.

.

Remark 3. If the condition 4 holds, then:

Fi(t) = 1−
t∫

0

exp(−λi(s)) d s > 1− 1

(1 + t)c
⇒ ∃ E ξ2

i <∞.

.

Remark 4. The mixed random variable is uniquely defined by its cumulative distribution functions,
or by its intensity. These functions F (s), ϕ(s) uniquely define each other. .

Let’s consider random variables ζ, ξi, η with the following intensities and distribution functions:

2The random variables are supposed to be non-identically distributed. But the formulated results still hold for

the condition ξi
D
= ξj for all i, j, i 6= j, or not for all i, j.
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� G(x)
def
== P{ζ 6 x} = 1− exp

− x∫
0

Q(s) d s

; Q(s) is an intensity;

� Fi(x)
def
== P{ξi 6 x} = 1− exp

− x∫
0

λi(s) d s

; where λi(s) – intensity;

� Φ(x)
def
== P{η 6 x} = 1− exp

− x∫
0

ϕ(s) d s

; ϕ(s) is an intensity.

Remark 5.

� The condition 1 ensures that G(s) = P{ζ 6 s} > Fi(s) = P{ξi 6 s} > Φ(s) = P{η 6 s}, or
ζ ≺ ξi ≺ η – ordered by distribution [6].

� The condition 3 ensures that E ηk <∞⇒ E ζk <∞ and E ξki <∞.

� The condition 4 ensures that E ζ > 0.

� The condition 5 ensures that Φ′(x) > 0 a.e. if s > T . .

The condition ζ ≺ ξi ≺ η gives some useful auxiliary result.

Lemma 2. The following inequalities hold for the generalized renewal process:

G(s)∗n > Fξ1+ξ2+···+ξn(s) > Φ∗n(s),

or
n∑
i=1

ζi ≺
n∑
i=1

ξi ≺
n∑
i=1

ηi. .

3. Backward renewal time estimation

Let’s consider a countable process with jumps Nt
def
==

∞∑
i=1

1

{
i∑

k=1

ξk 6 t

}
, where {ξ1, ξ2, ...}

are independent identically distributed (i.i.d.) positive random variables. Consider the backward
renewal time (or overshoot) for this process:

Bt = t−
Nt∑
k=1

ξk. (2)

Let us consider the counting process (1), where ξj – r.v., that may be dependent.
Let P{ξj 6 s} = Fj(s); Fj and Fi may not be equal.
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Theorem 1. If the conditions 1–5 are satisfied and E ηk < ∞, then the following inequality for
the process (1) holds:

E (Bt)
k−1 6 E ηk−1 +

E ηk

kE ζ
, (3)

where

E ηk =

∞∫
0

xk d Φ(x); E ζ =

∞∫
0

x dG(x); G(x) = 1−
x∫

0

exp
−

s∫
0

Q(t) d t
d s. �

Corollary 1. In conditions 1–5 and with k = 2,

E (Bt) 6 E η +
E η2

2E ζ
. .

4. Conclusion

This fact is very important because [3] gives a uniform bound for any fixed (non-random) time
t. It was used for the construction of strong bounds for very complicated queueing and reliability
systems with the approach similar to the one developed by G.A.Zverkina in [2, 3]. For this aim, it
can consider for some stochastic regenerative process described the behaviour of technical system
an embedded renewal process, and to study the convergence rate of extended renewal Markov
process. But in many practical situations, the counting process is not strongly renewal in a classic
means.
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Abstract

The paper is concerned with a nonlinear system of partial differential equations with parameters
which describes the two-layer quasi-solenoidal Lorenz model for a baroclinic atmosphere on a
rotating two-dimensional sphere. The right-hand side of the system is perturbed by white noise. It
was obtained in the previous author’s works the sufficient conditions on the right-hand side and the
parameters for existence of a unique stationary measure of Markov semigroup defined by solutions
of the Cauchy problem for this system, for the exponential convergence of the distributions of
solutions to the stationary measure as t goes to infinity. In this work it was obtained the sufficient
conditions on the right-hand side and the parameters for the existence a limiting point for any
sequence of the stationary measures for this system when any sequence of the kinematic viscosity
coefficients goes to zero. A similar result was obtained for the equation of a barotropic atmosphere
and the two-dimensional Navier-Stokes equation.

Keywords: Baroclinic atmosphere, Lorenz model, White noise, Stationary measure, Inviscid
limit, 2D Navier-Stokes equation

1. Introduction

We shall be concerned with the two-layer quasi-solenoidal model for a baroclinic atmosphere in
isobaric coordinates, in which the pressure p is used in place of the independent vertical coordinate
(briefly, the p-coordinate system). Two is the least number of layers considered by meteorologists
in models for a baroclinic atmosphere. The number of layers can be arbitrary; the larger the
number of layers, the more accurate the model. The barotropy assumes that air density depends
only on the pressure. In the baroclinic case, it also depends on other parameters, in our case,
on the temperature. The baroclinicity is one of the reasons for the development of vorticity
in the atmosphere. The real atmosphere is baroclinic. Lorenz was the first who proposed to
study a two-layer quasi-solenoidal model of a baroclinic atmosphere in order to study the regimes
of the general circulation of the atmosphere at work [1]. This model describes the large-scale
dynamics of the atmosphere and it is simpler than the general atmospheric circulation models.
However, unlike more complex models, it allows one to obtain rigorous results on the existence of
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a unique stationary measure, which can be understood as a statistical equilibrium, to which the
characteristics of all solutions converge as t→ +∞ (see [2]). In this paper, we take the next step.
Namely, we investigate the inviscid limit of stationary measures. As it is well known, in practice,
this coefficient is extremely small, so meteorologists are willing to replace it with zero. Is such
a step justified? Until now, no such mathematical studies have been carried out for baroclinic
models. This work is the first step in this direction.

So, we consider this system of equations for the quasi-solenoidal Lorenz model for a baroclinic
atmosphere:

∂

∂t
A1u+ νA2u+A3u+B(u) = g, t > 0, (1)

on the two-dimensional unit sphere S centered at the origin of the spherical polar coordinates
(λ, ϕ), λ ∈ [0, 2π), ϕ ∈

[
−π

2 ,
π
2

]
, µ = sinϕ. Here ν > 0 is the kinematic viscosity, u(t, x, ω) =

(u1(t, x, ω), u2(t, x, ω))T is an unknown vector function and g(t, x, ω) = (g1(t, x, ω), g2(t, x, ω))T is
a given vector function, x = (λ, µ), ω ∈ Ω, (Ω, P, F ) is a complete probability space,

A1 =

(
−∆ 0
0 −∆ + γI

)
, A2 =

(
∆2 0
0 ∆2

)
,

A3 =

(
−k0∆ 2k0∆
k0∆ −(2k0 + k1 + νγ)∆ + ρI

)
,

B(u) = (J(∆u1 + 2µ, u1) + J(∆u2, u2), J(∆u2 − γu2, u1) + J(∆u1 + 2µ, u2))
T.

Also, γ, ρ, k0, k1 ≥ 0 are numerical parameters, I is the identity operator, J(ψ, θ) = ψλθµ − ψµθλ
is the Jacobi operator and ∆ψ = ((1− µ2)ψµ)µ + (1− µ2)−1ψλλ is the Laplace-Beltrami operator
on the sphere S. A random vector function g = f + η is taken as the right-hand side of (1); here
f(x)=(f1(x), f2(x))T and η(t, x, ω) = (η1(t, x, ω), η2(t, x, ω))T is a white noise in t.

2. Preliminaries

In order to formulate the main results we need some notation.
We denote the Borel σ-algebra of topological space T by σT . Let P (T ) be the family of

probability measures on a measurable space (T, σT ).
Consider the Hilbert space l2 of real number sequences {bi}∞i=1 with finite norm

b = ‖{bi}∞i=1‖l2 =

( ∞∑
i=1

b2i

)1/2

<∞

and consider the following subset of l2:

l+2 = {{bi}∞i=1 ∈ l2 : bi > 0, i = 1, 2, . . .}.

Let Hp, p ∈ Z, be the Sobolev type space of measurable vector functions ψ:S → R2, which
rigorous definition (see [2]) is based on the space of infinitely smooth functions ψ:S → R satisfying∫

S
ψ ds = 0 (2)

and the norm containing the powers of the non-negative operator −∆. By the property (2) we
exclude the functions corresponding to the eigenvalue zero for the Laplace-Beltrami operator and
than we can consider the negative powers of the operator for defining Hp for the negative p. For
definitions of Hp for all p ∈ R, see publication [30] in [2].
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3. Main Results

We note that in [2] it was obtained for existence of a unique stationary measure of Markov
semigroup defined by solutions of the Cauchy problem for (1) and for the exponential convergence
of the distributions of solutions to the stationary measure as t → +∞ the sufficient conditions
on the right-hand side of (1) and the parameters ν, γ, ρ, k0, k1. In this work for this results we
slightly expand the range by parameters ν, γ, ρ, k0, k1:

k0 < min
i=1,2,...,i∗

ς(i), (3)

ς(i) =
2

(j(i)− γ)2

(
3νj2(i)(j(i) + γ) + χ(j(i))

+

√
(3νj2(i)(j(i) + γ) + χ(j(i)))2 + (j(i)− γ)2 (ν2j3(i)(j(i) + γ) + νj(i)χ(j(i)))

)
,

χ(y) = (k1 + νγ)(y2 + γy) + ρ(γ + y), j(y) = y(y + 1), y > 0,

i∗ =

[
c∗

(1 +
√

2)ν

(√
1 +

2c∗

(1 +
√

2)ν
+ 1

)−1]
> 1,

c∗ =

{
ς(1), if γ 6= 2,
ς(2), if γ = 2,

[r] - the integer part of r.

Note that the right-hand side of the inequality (3) is larger than the right-hand side of the analogous
inequality (4.3) in [2] (see the explicit form of the analogous inequality in the author’s publication
[3] in [2] formulas (4.4)-(4.8)).

In the present work it was also proven the theorem.
Let {Ei}∞i=1 be an orthonormal basis for the space H0. We take the random vector function η,

given by

η(t, x, ω) =
∂

∂t
ζ(t, x, ω), ζ(t, x, ω) =

∞∑
i=1

biβi(t, ω)Ei,

where {bi}∞i=1 ∈ l
+
2 and {βi(t, ω)}∞i=1, t > 0, is a sequence of independent real Brownian motions

with respect to some right continuous filtration {Ft}t>0 such that all the P -nullsets of the σ-
algebra F lie in F0.

Let
f = νf ′, bi =

√
νb′i, i = 1, 2, . . . ,

f ′ and {b′i}∞i=1 are independent of ν.

Theorem 1. Let γ, ρ, k0, k1 ≥ 0 be such that inequality

k0 ≤ min

{
4k1,

4(2 + γ)

(2− γ)2
(2k1 + ρ)

}
(4)

is satisfied, let {b′i}∞i=1 ∈ l
+
2 and let f ′ ∈ H−1. Then the stationary measure µν ∈ P (H2) for

system (1) satisfies µν(H3) = 1 for all ν > 0 and for any sequence of the probability mea-
sures {µνn , νn−→0, n → +∞} there exits a limiting point µ in the sense of weak-* convergence
in P (H3−ε), where ε ∈ (0, 1] is an arbitrary real number, and µ

(
H3
)

= 1.
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Note that if (4) is satisfied then inequality (4.12) in [3] is also satisfied. That’s why the existence
of stationary measure µν for the system (1) for all ν > 0 under the conditions from the Theorem 1
we receive immediately from the Theorem 3 in [3].

A similar result to the Theorem 1 is obtained for the equation of a simpler barotropic model
of the atmosphere and the two-dimensional Navier-Stokes equation. A comparative analysis with
some of the available related results is given for the latter.

4. Conclusion

It is well known that in practice the kinematic viscosity coefficient ν in the system (1) is
extremely small. Hence, it is important to study the behavior of stationary measures at small
values ν. We proved that limiting measures exist and indicated in which space their supports lies.
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Abstract

We consider a single-server queueing system with vacations and delays that operates in the following
manner. When the server returns from a vacation it observes the following rule. If there is at
least one customer in the system, the server commences service. If the server finds the system
empty a random delay period begins. If no customers have arrived during this period the server
commences a vacation. Otherwise the server begins service of the first arrived customer at the
instant of this arrival. The input flow is supposed to be a Poison one outside of the vacation
period and the flow of arrivals during vacation period has a single jump at the end of this period.
Under general assumptions with respect to distributions of the vacation period, delay time, service
time the distribution and the mean of the number of customers at the system in the stationary
regime are obtained. The proposed system is considered as the simplest model for the technical
operation of residential buildings, which has two main functions for servicing the housing stock
scheduled prophylactic inspection and repair of technical objects, as well as the elimination of
sudden malfunctions of technical equipment.

Keywords: Queueing systems, Vacations, Delay, Residential buildings

1. Introduction

A vacation queueing system is one in which a server may become unavailable for a random
period of the time from a primary service center. The time away from the primary service center
is called a vacation. There are various types of behavior of the server on the vacation period. In
classical models the server completely stops service or is switched off when he is on a vacation.
Many new vacation queueing systems have been proposed in literature. For example, Servi and
Finn [1] introduced the working vacation scheme, in which the server works in different rate rather
than completely stopping service during a vacation. A vacation can be the result of many factors.
In particular, it can be a deliberate action taken to utilize the server in a secondary service center
when there are no customers present at the primary service center. Namely, this situation occurs in
the model for technical operation of residential buildings. This model considers two main functions
for servicing the housing stock – scheduled prophylactic inspection and repair of technical objects,
as well as the elimination of sudden malfunctions of technical equipment in particular, emergency
ones is proposed. It is supposed that the service team can start a scheduled preventive repair and
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inspection only when all requests for sudden malfunction are satisfied. If such work has begun, then
with respect to emergency calls the work team becomes unavailable until the end of this cycle of
planned work which means a vacation. Queueing systems with server vacations have attracted the
attention of many researchers since the idea was first discussed in the paper of Levy and Yechiali
[2]. Several excellent surveys on these vacation models have been done by Doshi [3, 4] and the
books by Tacagi [5] and Zhang [6] are devoted to the subject.

2. Model description and main results

In the present paper a vacation queueing system with delays is considered. This system operates
in the following manner. When the system becomes empty the period ζ of the delay begins. If
no customers has arrived during ζ the server commences a vacation. Otherwise the server begins
service of the first arrived customer at the instant of his arrival. When the server returns from a
vacation, it observes the following rule. If there is at least one customer in the system, the server
commences service. If the server finds the system empty a delay period begins and the situation
described above takes place. A duration of a delay ζ has a general distribution with cumulative
distribution function (CDF) F (x) and Laplace-Stieltjes transform f(s) =

∫∞
0 e−sxdF (x). The

input flow is supposed to be a Poisson one with rate λ outside of the vacation period. The time X
to serve a customer has a general distribution with B(x) as CDF, mean b = EX, second moment
b2 = EX2 and β(s) =

∫∞
0 e−sxdB(x) (s ≥ 0).

Let ηn be the duration of the nth vacation period, Tn the moment of the nth vacation start and
τn = Tn+1−Tn (n = 1, 2, . . .) . Define the random process Yn(t) as the number of customers which
are present at the system at time Tn + t. The sequence {Yn(t), t ≤ ηn}∞n=1 consists of identically
distributed independent random elements. We do not assume that Yn(t) is a Poison process with
rate λ. It allows to study many new vacation queueing models mentioned above. Let

G(x) = P{η ≤ x}, g(s) = Ee−sη (Re s ≥ 0) C(z) = EzY (η) =

∞∑
j=0

zjcj .

Here and later we omit index n when it does not involve difficulties in the understanding. We
study the process q(t) that is the number of customers in the system at the instant t.

Condition 1. Y 1 = EY (η) <∞, η = Eη <∞.

One may easily verify that there exists lim
t→∞

Ezq(t) = π(z).

And under Condition 1 the process is a stable one, i.e. π(1) = 1, if and only if ρ = λb < 1.

Condition 2. The sample paths of Y (t) have a unique jump at the point η.

This condition means that all customers arriving on a vacation period come at the end of this
period. Now we give the main result.

Theorem 1. Let Conditions 1 and 2 be fulfilled and ρ < 1. Then

π(z) = π0 + (1− π0)
(1− ρ)(1− c0f(λ))

1− f(λ)(1− Y 1)

z(1− P1(z))

β(λ− λz)− z
1− β(λ− λz)
ρ(1− z)

, (1)

where

π0 =
(1− ρ)(1− f(λ) + λf(λ)η)

1− f(λ)(1− λ(1− ρ)η − ρY 1)
(2)
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and

P1(z) =
(1− f(λ))z + f(λ)(C(z)− c0)

1− f(λ)c0
, (3)

c0 = P (Y (η) = 0).

The proof is based on the renewal theory and analysis of an auxiliary system without vacations.
Differentiating π(z) with respect to z and assuming z = 1, from (1) we obtain the formula for

the mathematical expectation q of the number of customers in the system in the stationary regime.

Corollary 1. Let Conditions 1 and 2 be fulfilled, ρ < 1 and

Y 2 = EY 2(η) <∞, b2 <∞. (4)

Then

q = π′(1) = (1− π0)
(

1 +
f(λ)Y 2

1− f(λ)(1− Y 1)
+

λ2b2
2ρ(1− ρ)

)
. (5)

If f(λ) = 0 we have a queueing system M |G|1|∞ without vacations. From (5) we obtain
well-known result [7]

q = ρ+
λ2b2

2(1− ρ)
.

When Condition 2 is not fulfilled (5) gives the lower bound for the average number q of customers
in the system. To obtain the upper bound we take the random variables τn = Tn+1 − Tn (n =
1, 2, . . .), where {Tn}∞n=1 are defined in Section 2. Based on the renewal theory and Wald’s identity
[8] one may easily verify that

τ = Eτn =
1− f(λ) + λf(λ)(η(1− ρ) + bY 1)

λf(λ)(1− ρ)
. (6)

Condition 3. Process {Yn(t), t ≥ 0} and the duration of the nth vacation ηn are independent ones
(n = 1, 2, . . .).

Now again based on the limit theorems from the renewal theory one may obtain the following
result.

Corollary 2. Let conditions 1 and 3 be fulfilled. Then the average number q of customers in the
system satisfies the inequalities

q ≤ q ≤ q +
1

τ

∫ ∞
0

tEY (t)dG(t), (7)

where q and τ are defined by (5) and (6) respectively.

As example consider the case when Y (t) is a Poisson process with rate λ. Then from formulas
(5), (6) and (7) we have

q = ρ+
λ2b2

2(1− ρ)
+
ρf(λ)(λ2Eη2 + λη)

1− f(λ) + f(λ)λη

and

q ≤ q ≤ ρ+
λ2b2

2(1− ρ)
+
λf(λ)(λEη2 + ρη)

1− f(λ) + f(λ)λη
.
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3. Application to Maintenance of Residential Buildings

Consider the management company (MC) of housing and communical services which has one
team of specialists to ensure the functioning of technical equipments (heat supply, water supply,
ventilation, etc.) of residential buildings. The team has two main tasks: elimination of sudden
equipment and conducting profilactic inspections and repairs, to ensure necessary level of reliability
of the technical systems.

We employ the described vacation queueing model for realization of the quality control by MC.
The following assumptions are supposed to be fulfilled.

• The flow of emergency repair requests is a Poisson one with rate λ. We will call such
requirements (or customers) of the first type.

• Emergency repair times for breakdowns are independent random variables with a distribution
function B(x).

• The team may begin prophylactic inspection and repair only if there are no requests for
emergency service. At moments when the team is exempted from requirements of the first
type delay periods begin which are equal to a constant α. If during this period no requirements
of the first type were received, the team proceeds to a prophylactic inspection and repair
which lasts a random time η with a distribution function G(x). During the vacation period
η emergency requirements may come according to the Poisson flow with rate λ.

Suppose that MC wants to organize the maintenance of buildings so that the average number
of calls q for urgent repairs does not exceed a certain δ > 0 and average number n(T ) of facilities
preventive inspections and repair of which is completed in time T is not less than N(T ), i.e.

q ≤ δ, n(T ) ≥ N(T ). (8)

To solve this problem, we need to express q and n(T ) in terms of previously introduced param-
eters λ, α and functions G and B. for the average number of calls q the lower and upper bounds
are given by (7). We have to take

η =

∫ ∞
0

xdG(x), Y 1 = λη, f(λ) = e−λα,

Y 2 = λ2
∫ ∞
0

x2dG(x) + λη, b =

∫ ∞
0

xdB(x), b2 =

∫ ∞
0

x2dB(x).

Then we calculate τ , π0 and q by means of formulas (6), (2), (5) respectively. If

q +
λ2(1− ρ)Eη2

eαλ − 1 + λη
< δ (9)

the first condition in (8) may be considered realized.
A formula for the average number of completed scheduled repairs (or vacations) n(T ) for suffi-

ciently large T follows from the elementary renewal theorem [8]

n(t) =
t

τ
(1 + o(1)), t→∞,
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where τ is defined by (6). For the second inequality in (8) we set N(T ) = γT . Then this inequality
is satisfied if

τ ≤ γ−1. (10)

If the system parameters λ, α, b, b2, Eη
2 satisfy the inequalities (9) and (10), then we can assume

that the team satisfactory copes with the tasks. If one of the conditions (9), (10) is not satisfied,
managing actions should be taken.

4. Conclusion

In the present paper a vacation queueing system with delay is considered. Under enough
general assumptions limit distribution for the number of customers in the system was obtained.
The proposed model is an essential generalization of vacation systems described in literature.
Nevertheless, one may think that our assumption to the process Y may be restrictive in applications.
Therefore, we give the upper and lower bounds for the mean of the number of customers in the
system and employ our results in scheduling prophylactic maintenance of engineering systems of
residential buildings.
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Classi�cation of observable 3D moving object

by their kinematic characteristics

by deep convolution neural network
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Abstract

In this paper we demonstrate an approach to using a neural network for identifying observable
3D moving objects by their kinematic characteristics. Only coordinate measurements are used
to identify an object. We suggest ResNet-like architecture (8 blocks and 283 469 learning
parameters). Our solve good enough de�nes 13 classes of trajectories (12 object classes and 1 class
�not trajectories�). We achieved 0.84 % correct answer on the F1 score on the only observed object.

Keywords: Deep convolution network, kinematic characteristics, object classi�cation

1. Introduction

Di�erent tasks of analysis trajectories often appear in di�erent applied areas which connect
with moving objects. The most popular are the problems of recognition object class, untangling
trajectories and forecasting trajectories. Note that recognizing observed objects is the primary task
because its solution is used for solving other tasks (including more high abstract level). In gen-
eral, for raw data use radar/lidar measurements, measurements of accelerometer and/or coordinate
measurements of GNSS (GPS, GLONASS etc.).

Using machine learning and deep neural networks for recognition of observed objects actively is
considered by science community but in applying to 2D-tasks (vehicle classi�cation). The following
approaches are used: support vector machine [1, 2], recurrent neural network [3, 4], convolution
neural network [5, 6], hidden Markov model [7], Bayesian network [8] etc.

We were interested in applying a convolution neural network to solve this problem in 3D. In this
work we demonstrate e�ective use of deep convolution neural network for classi�cation 3D moving
observable objects by their kinematic characteristics based on only sample measurements of the
coordinate.

2. Statement of the Problem

Objects are classi�ed by two characteristics with observed maximum value: v � velocity value,
an � normal acceleration value. Also objects are classi�ed by tangential acceleration at. Objects

∗Corresponding author
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are divided into two subclasses by velocity: low-speed (v 6 V1) and high-speed (v > V2), V1 < V2;
by normal acceleration divided into low maneuverable (an 6 a1) and high maneuverable (an > a1),
a1 < a2; by tangential acceleration divided into uniformly moving (at ≡ 0), uniformly accelerated
moving (at ≡ const > 0) and non-uniformly accelerated moving (at 6= const). In addition, a class
�not trajectories� is included, which is de�ned as quasi-random set of points in the observed area.
Thus we have 13 classes of observed trajectories (object).

For classi�cation object by this rules we are suggested to use convolution neural network and
create the data set for its train and test.

3. Experiment Results

3.1. Raw Data and Dataset Preparation

For train and test neural network was used synthetic data set. It was created by original
algorithm (developed by the authors of this paper), which is described in work [9]. This algorithm
generates 3D curves by continuous connected circular arcs. This approach allows �exibly control the
shape of the trajectory, easy to impose de�ned constraints and get trajectories as close as possible
to real (in mode of interpolation on reference points).

We used 195 000 trajectories, 15 000 trajectories for each class for training, and for testing
84 500 trajectories, 6 500 trajectories for each class. After curve generation there were taken points
in curve with step 0.01 by time, then created a cube with center in curve random point with
randomly shifted, the length of cube edge is 0.5. Trajectories were formed from curve points which
were included in the cube. An example of trajectories is shown in the picture 1.

Figure 1: Trajectory example. The blue line is the original curve, the black points are the observed trajectory path

We used the next parametrization of natural parameter for trajectories for tangential ac-
celeration: uniform movement � l(t) = a1t, uniformly accelerated movement � l(t) = b1t +
b2t

2, non-uniformly accelerated movement � l(t) = c1t + c3t
3 or l(t) = d1t + 0.9d2 − 0.9e−d2t.

Where a1 = RND[0.78, 1.02], b1 = RND[0.08, 0.12], b2 = 1/RND[18, 22], c1 = RND[0.78, 0.82],
c2 = 1/RND[555, 645], d1 = 1/RND[1.3, 1.7], d2 = RND[2.5, 3.5], RND[a, b] is generator quasi-
random numbers of uniform distribution on the segment [a, b]. There were used the next parameters
for de�ne classes:

V1 = 0.85, V2 = 0.95, a1 = 15.5, a2 = 16.5.
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Table 1: Classes description

Class Description

0 uniform movement, v 6 V1 , an 6 a1
1 uniform movement, v 6 V1 , an > a2
2 uniform movement, v > V2 , an 6 a1
3 uniform movement, v > V2 , an > a2
4 uniformly accelerated movement, v 6 V1 , an 6 a1
5 uniformly accelerated movement, v 6 V1 , an > a2
6 uniformly accelerated movement, v > V2 , an 6 a1
7 uniformly accelerated movement, v > V2 , an > a2
8 non-uniformly accelerated movement, v 6 V1 , an 6 a1
9 non-uniformly accelerated movement, v 6 V1 , an > a2
10 non-uniformly accelerated movement, v > V2 , an 6 a1
11 non-uniformly accelerated movement, v > V2 , an > a2
12 not trajectories

�Not trajectories� class consists of a set of quasi-random points in cube with length 0.5. Each
point coordinate generated by RND rule.

3.2. Neural network architecture

We used ResNet-like deep convolution neural network with 8 Res-blocks [10] for classi�cation.
Number of trainable parameters is 283 469. There are feded three arrays, which correspond to
x, y, z coordinate of trajectory points. The length of each array is 1415 measurements. One
element of the array is one trajectory point in time. If point of the trajectory was not observed at
a given time, then the corresponding element of the array was equated to zero.

3.3. Classi�er Training

We trained our neural network by framework Pytorch version 1.5.0 on 300 epochs. If the value
of the loss function did not decrease by more than 10−4 over 10 epochs, then the learning rate
was decreased by 10 times. We used optimizer SGD [11] with initial learning rate is lr = 10−2,
momentum 0.9 and L2 regularization with the factor of 10−4. There was used cross entropy loss
function [11]. Size of the mini-batch is 128 trajectories. Before each epoch we shu�ed our data
set. We used dropout [11] to avoid over�tting. There was used F1 score [11] to estimate the model
quality. Training and testing was carried out on clean data - no noise.

3.4. Outcome Analysis

Confusion matrix for the 197 epoch for test data set is shown in picture 2. In this epoch we
have reached the best F1 score value 0.84 (geometric mean for all 13 classes).

We see some structure in confusion matrix. The largest values are located on the main diagonal.
This mean that model identi�es the right class more often than wrong. Also we can notice that
heavily �lled 2 by 2 square are placed near the main diagonal. This sitation means that the model
recognizes velocity subclasses good but normal acceleration subclasses not so good. Also see that
model almost makes no mistakes when recognizing �not trajectories�.
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Figure 2: Normalized confusion matrix for the 197 epoch for test data set. All values multiplied by 100

4. Conclusion

In this paper we demonstrate an e�ective approach to using deep neural network, which allow
recognition of observed 3D moving objects by their kinematic characteristics only sample measure-
ments of the coordinate. We suggest original ResNet-like deep convolution neural network (8 blocks
and 283 469 learning parameters). Our solve good enough de�nes 13 classes of trajectories (12 ob-
ject classes and 1 class �not trajectories�). We achive 0.84% correct answer on the F1 score on the
only observed object.

Noting that we use original algorithm generation of 3D curves (is developed by authors of this
paper) for creating our dataset [9]. This algorithm generates 3D curves by continuous connected
circular arcs. This approach allows �exibly control the shape of the trajectory, easy to impose
de�ned constraints and get trajectories as close as possible to real (in mode of interpolation on
reference points).

In the future work we want to improve network architecture, expand the data set (include real
data), and solve this task in conditions of strong measurement noise.
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Abstract

A problem of the reconstruction of multivariable function whose values with chaotic errors are given
at a finite number of points is considered in the paper. Problems of this kind arise when solving
applied problems in various fields of research, including physics, engineering, economics, etc. We
propose a new approach for solving this problem with the help of a metric analysis. The paper
gives a numerical example of the solution of the problem of the reconstruction of multivariable
function, demonstrating the effectiveness of the proposed scheme.

Keywords: Multivariable function, Reconstruction, Metric analysis

1. Metric analysis scheme

The problem of the reconstruction for the multivariable is a key problem to solving many
applied tasks [1-7].

In this paper we propose a computational scheme for solving the problem of the reconstruction
of multivariable function.

This approach uses information about the location of the points ~X1,..., ~Xn of the function F ( ~X),
~X = ( ~X1..., ~Xm)T at which the values Yk, k = 1, ..., n of the function are given.

The proposed scheme in this paper can be used even in those cases when the number n of points
in which the values of the function are given, is less than the number m of its arguments.

Interpolation schema presented in this paper is based on the metric analysis [5-7].
Consider the problem of determining the desired value of an unknown function

Y = F ( ~X), (1)

for which its values Yk, k = 1, ..., n are given with chaotic errors in the knots ~Xk = (Xk1, ..., Xkm)T ,
k = 1, ..., n, and the desired value of the function (1) must be restored at the point ~X∗ =
(X∗

1 , ..., X
∗
m)T .

∗Corresponding author
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According to the method of reconstruction, based on metric analysis, the reconstruction value
Y ∗ is found as a solution of the problem of minimum of the metric uncertainty measure at the
point ~X∗ and is given by [5]

Y ∗ =
(W−1

g
~1, ~Y )

(W−1
g ~1,~1)

, (2)

where matrix of the generalized uncertainty Wg = W+α·KY ,W – matrix of the metric uncertainty,

KY – covariance matrix of a system of random variables Yk, k = 1, ...n, α¿0, ~1 = (1, ..., 1)T , ~Y =
(Y1, ..., Yn)T .

The elements of the metric uncertainty matrix are determined by the equalities

Wij =
m∑
l=1

wl · (Xil −X∗
l ) · (Xjl −X∗

l ), i, j = 1, ..., n (3)

depend on the metric weights wl, l = 1, ...,m.
The quality of solving the problems of the reconstruction of multivariable function largely

depends on the quality of the definition of metric weights. In our previous works to find the metric
weights wl a scheme based on the linear model of the relationship between the values of the function
Y and its arguments Xl, l = 1, ...,m., was used [8].

This scheme for determining metric weights wl, l = 1, ...,m is based on the calculation of
weighting factors ul, l = 1, ...,m of the linear regression model:

Y = u0 +

m∑
l=1

ul ·Xl + ε, (4)

here ε is the chaotic noise.
The values of the metric weights wl, l = 1, ...,m are calculated by the formulas:

wl =
|ul|∑m
j=1 |uj |

·m, l = 1, ...,m. (5)

Note that when determining the metric weights according to the scheme (4) - (5) is nonlinear
because of the strong functional dependence of the elements of the matrix W on the values of
Yk, k = 1, ..., n.

2. Numerical results

Below are the numerical results of reconstruction using the proposed schemes for metric analysis
of physical indicators of the state of the active zone of the nuclear reactor using the accumulated
data on the reactor operation.

An important physical indicator is considered: the macroscopic generation cross section in
thermal group and the macroscopic cross section for scattering from the fast group to the thermal
group, which depend on controlled physical parameters of the components of the metric analysis
of physical indicators of the state of the active zone.

The numerical results of the reconstruction were compared with the known values of the in-
dicators, the errors of the reconstruction values were calculated, which are presented in the two
tables below.
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Table 1: Macroscopic generation cross section in thermal group

Recovery Performance Indicator Equal Weight Scheme Scheme with Weights

Amount of points 6 12 18 6 12 18

Error share < 5% 97,1 99,3 100,0 98,2 100,0 99,6

Error share < 1% 81,3 89,7 89,3 83,1 91,9 91,9

Error share < 0,5% 62,5 74,3 76,1 64,7 77,6 75,0

Error share < 0,1% 24,6 36,8 34,6 33,8 38,2 37,1

Maximum error 13,11 5,57 4,82 11,05 3,70 5,43

Average error 0,777 0,491 0,486 0,689 0,389 0,398

Table 2: Macroscopic generation cross section for scattering from the fast group to thermal group

Recovery Performance Indicator Equal Weight Scheme Scheme with Weights

Amount of points 6 12 18 6 12 18

Error share < 5% 99,3 100,0 100,0 99,7 100,0 100,0

Error share < 1% 86,4 89,2 89,2 86,4 90,2 88,5

Error share < 0,5% 68,5 76,6 76,6 71,0 77,3 78,7

Error share < 0,1% 30,8 35,0 38,1 33,9 39,2 42,0

Maximum error 6,272 3,529 3,003 5,508 3,418 2,943

Average error 0,487 0,380 0,365 0,368 0,389 0,347

3. Conclusion

Based on the metric analysis, a scheme and algorithm for solving the problem of the reconstruc-
tion of multivariable function whose values are given at a finite number of the points are proposed.
In this scheme, a priori information about the form of the functional dependence is not used (only
information on the continuity of the reconstructed function is used). Numerical experiments on of
the reconstruction of multivariable function for a number of multivariable functions with the help
of the proposed schemes have shown that the scheme allows one to the reconstruction of multi-
variable function even in the presence of a small number of points in which values of the function
being analyzed are given. Moreover, the number of such points can be less than the number of
arguments. For the examples presented in the paper, the mean errors of the reconstruction of
multivariable considered functions were calculated.
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Model of the effect of gene recombination on lethal mutations. An approach
using branching random walks.
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Abstract

The paper presents a model of the evolution of a population that descents from a carrier of
conditional autosomal lethal mutations. We offer a model describing the distribution of the mutant
allele using the branching random walks model. We showed that the behavior of the population
which descends from conditionally lethal allele carrier can be described in terms of multi-type
branching random walks. Moreover, we have introduced a recombination process into this model.
In addition, we have expanded the application of branching random walks to lethal mutations on
sex chromosomes.

Keywords: Branching Random Walks, Multi-type Processes, Population genetics, Recombination

1. Models of evolutionary biology. Terminology

In population genetics, it is common to consider the five features that make up the essence of
evolution: mutation, selection, population structure, method of gene transfer, and drift. In this sec-
tion we will briefly describe each feature. We consider diploid organisms with sexual reproduction,
such as a human. Fitness WA is the average number of descendants of an organism that has the
allele A. For an alternative allele, a fitness will be denoted byWa. A mutation is a persistent change
in the genome. According to estimates, for humans the probability of mutation of each nucleotide
in DNA per generation is 0.5 · 10−9 [1], which is very small compared to the number of nucleotides
equal to 3 · 109. The selection mechanism reflects the change in the frequency p = pA of the allele
A in the population. In the simplest case of an infinite population, discrete-time selection can be
described by a deterministic equation of the form dp

dt = sp(1−p) , where s = 1−Wa/WA — selective
advantage of the A allele over the a allele in the population [2]. The population structure divides
into age and spatial structures. The population’s age structure should be taken into account since
the fitness of the organism depends on time; for example, it falls with age wA = wA(t). However,
using the Euler-Lotka equation, it is possible to exclude the influence of the population’s age struc-
ture and reduce the fitness function to a constant [2]. One can not exclude the influence of spatial
structure. However, it can be modeled. One of the classical models is the Fischer-Kolmogorov-
Petrovsky-Piskunov equation ∂p

∂t − D
∂2p
∂x2 = rp(1 − p) , in which the systematic one-dimensional

spatial drift D is added to the selection equation described earlier [3].
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The gene transfer method reflects the features of the gene transfer mechanism. In particular,
during sexual reproduction sections of homologous chromosomes are exchanged in a process called
crossover or recombination. Recombination breaks the connections between alleles on the same
chromosome, leading to asymptotic independence of their distributions. After a sufficiently long
time and the absence of a mutation process, we can assume that alleles in an arbitrary pair are
distributed independently [2]. Finally, drift is the phenomenon of random changes in allele frequen-
cies in a population. For example, drift can be modeled by the Galton-Watson process [4, 5]. Its
continuous generalization the Crump-Mode-Jagers process is also used to describe both drift and
age structure. In addition to branching, one can add the ability to spatially move to the offspring
of an organism which will allow modelling the spatial structure of the population. Therefore, it
is advisable to use branching processes with a random walk of particles in space, called branching
random walks (BRW), for such modeling.

The main aim is to apply BRW to describe the evolution of alleles located on the same chromo-
some, so-called haplotypes in the presence of conditionally lethal mutations. BRW has not yet been
widely applied in evolutionary biology, as opposed to branching processes. The presented work will
partially fill this gap. Moreover, the consideration of BRW with particles of several types allowed
us to describe the evolution of haplotypes, even in the presence of recombination.

2. Evolution models for conditionally lethal mutations

In this part, we introduce and study a model for the evolution of organisms with conditionally
lethal mutations on autosomes (non-sex chromosomes). Mutations that are lethal only under a
certain condition are called conditional mutations. Consider two loci A and B in the genome of
a diploid organism. Denote alleles in these loci as A1 and B1 and their corresponding alternative
alleles as A2 and B2. Let us assume the following: these alleles were historically neutral; both
reached the Hardy-Weinberg equilibrium [2] with frequencies pA and pB corresponding to A1A1

and B1B1; recombined enough times to become independent. Let an initial organism Org has a
de novo mutation C2 at the C locus, which makes the alleles A2 and B2 conditionally recessive
lethal for any number of copies of C2. That is, an organism with two copies of A2 and two copies
of B2 is not viable. We assume that descendants of Org do not interbreed. In addition, only Org
descendants carrying the C2 allele will be considered further.

Recall that a set of alleles on a single chromosome is called a haplotype. Let us denote the
haplotype A1B1 as x, the haplotype A2B1 as y1, the haplotype A1B2 as y2, and the haplotype
A2B2 as d. For example, see Figure 1. Note that an organism with the dd genotype is not viable.
We denote the equilibrium frequencies of genotypes xx, xyi, yiyj , dyi, dd as pxx, pxyi , pyiyj , pdyi , pdd
correspondingly, i = 1, 2, j = 1, 2.

Proposition 1. Descendants of an initial Org can be divided into three disjoint genotype classes:
C3 = dd, C2 = {xd, y1d, y2d}, and C1 for all others. Moreover, the matrix of transitions between
classes P = (pij) = (P(Descendant ∈ Aj |Ancestor ∈ Ai)), i = 1, 2, j = 1, 2 is equal to 1− 2βd 2βd 0

1/2− βd 1/2 βd
0 0 1

,

where βd = 1
4(2pdd + py1d + py2d + pxd).
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The proof of this statement is obtained by describing the genotype reproduction scheme and
combining genotypes with similar behavior.

Figure 1: xx and y1y2 individuals

Recall that recombination breaks the connections between alleles on the same chromosome.
Within the introduced notation recombination between loci A and B can lead to the appearance
of new potential descendants. For example, consider parents y1y1 and y2y2. In the absence of
recombination, they can only produce a descendant y1y2. If there is recombination they also can
produce a descendant xd. Let r be the probability of recombination between loci A and B. In the
presence of recombination genotypes of Org descendants can not be divided into simple classes and
must be considered separately. Then one can rewrite Proposition 1 in a general form.

Proposition 2. Let us denote genotypes {xx, xy1, xy2, xd, y1y1, y1y2, y2y2, dy1, dy2, dd} as G1, G2, . . . G10

correspondingly. Then the matrix of genotype transitions Q = (qij) = P(Descendant ∈ Gj |Ancestor ∈
Gi), i, j ∈ 1 . . . 10 of Org descendants is equal to

Q = Q′ + r ·Q′′,

where Q′ is 10 × 10 matrix responsible for transition between genotypes due to reproduction; and
where Q′′ is 10 × 10 matrix responsible for transition due to recombination. Both matrices are
uniquely defined and can be calculated for any initial conditions pA, pB.

Proposition 1 allows us to consider the evolution of the population of descendants of Org as a
branching process with two types of particles. In the absence of recombination, particles from A1

do not receive a fitness penalty, and each of their descendants transfers to A2 with the intensity
2βd. In turn, each descendant of a particle from A2 dies with the intensity βd and transfers to A1

with the intensity 1 − βd . In the presence of recombination, the same process can be described
by a branching process with ten types of particles in which transition probabilities are set by the
matrix Q. Depending on the initial conditions, recombination can speed up or slow down transitions
between classes.

3. One-type BRWs with branching at the source

First let us consider a simple but important task of modeling the spatial spread of a mutant allele
in a population. As we have already mentioned, branching random walks is one of the promising
models that take into account the spatial structure. In this part of the work, we will focus on a
specific locus. The initial moment is considered to be the appearance of a mutant allele in the
locus under consideration There are a large number of various BRW models [6, 7, 8]. However in
this section, we will consider the BRW model with one source at origin because of its simplicity. A
detailed description of this model can be found in [9].
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Consider the particle system on Zd described by the number of particles at time t at each point
y ∈ Zd. Assume that at the time t = 0 the system consists of one particle located at the origin.
This particle corresponds to the de novo mutant allele. The particle walks on Zd until it reaches the
origin, where it can die or produce a random number of offsprings. It is assumed that the evolution
of the newborn particles follows the same law independently of the other particles and the prehistory.
The random walk of particles is defined by an infinitesimal transition matrix A = ‖a(x, y)x,y∈Zd‖
and is assumed to be symmetric, homogeneous, irreducible and regular. The reproduction law at
the source 0 is defined by the infinitesimal generation function f(u) =

∑∞
n=0 bnu

n, 0 6 u 6 1.
Where bn > 0 for n 6= 1, b1 < 0 and

∑
n bn = 0. Let p(t, x, y) denote the transition probability of

the random walk, that is, the probability that at the time moment t > 0 the particle finds itself at
the point y under the condition that it was at the point x at the time moment t = 0.

The considered model has been thoroughly studied in [10]. For it the relationships of parameters
leading to different types of growth are found. Also, results concerning the asymptotic behavior
of moments of local numbers and the total number of particles are obtained. Thus, within the
framework of this model, the asymptotic behavior of the number of the mutant alleles in a population
can be described.

4. Multi-type BRWs with branching at each lattice point

Now we can consider a model that describes the behavior of the population of descendants of
the Org in terms of classes C1 and C2. We consider a lattice population model with two types of
particles. Let Ni(t, y) be the number of particles of type i (i = 1, 2) at the moment t > 0 at the
site y ∈ Zd, d > 1. Then the total population at the point y ∈ Zd at the moment t > 0 may be
represented as a vector N(t, y) = [N1(t, y), N2(t, y)]

T . At the time moment t = 0 we assume that
Ni(0, x) = li, i = 1, 2 for all x ∈ Zd.

The evolution of particles of each type includes several opportunities. Firstly, a particle of type
i (where i = 1, 2) can die with the mortality intensity µi. Secondly, each particle of type i can
produce new particles of both types. Denote βi(k, l), k + l > 2, as the intensity of particle of type
i to produce k particles of type 1 and l particles of type 2. Besides, particles can jump between
the points on the lattice. We assume that the intensity of jumps from the point x to the point
x+ z during the small time period dt is equal to ai(x, x+ z)dt, i = 1, 2. We are going to consider
symmetric random walk, so that ai(x, y) = ai(y, x). Moreover, random walk is homogeneous in
space: ai(x, x+ z) = ai(z) and irreducible. Also

∑
z 6=0 ai(z) = −ai(0) = 1.

To describe the behavior of Org descendants, one needs to investigate the behavior of popula-
tion in this multi-type BRW model. To reflect changes caused by a mutation in Org the law of
reproduction must be specified in accordance with Рroposition 1 or Proposition 2.

5. Sex-linked inheritance as branching random walk

Note that the previous sections were devoted only to mutations on non-sex chromosomes. In
this section, we will briefly describe how BRW can be applied in the case of a mutation in the sex
chromosome. Consider a disease linked to Y chromosome [11]. Mode of its inheritance is presented
in Figure 2. Branching without spatial structure in this model was studied by González et al in
[11]. Note that in the process of inheritance, the status of a female does not change: females always
remain unaffected. Consider unaffected males and affected males as disjoint types of particles. In
the process of crossing it is possible to switch from class ”unaffected” to class ”affected”, but not
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Figure 2: Inheritance of Y-linked disease

vice versa. Considering these transitions, this process can be reformulated in terms of multi-type
BRW.

6. Conclusion

The paper presents models of the evolution of the population that descents from a carrier
of conditional lethal mutations. We proposed approaches to estimate parameters leading to the
qualitative changes in behavior of such population. The paper offers a new way based on BRW to
consider the problem of evolution modeling in the presence of conditionally lethal mutations and
recombination.
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Abstract

In this paper, we consider retrial queue with MAP input and two-way communication. Upon
arriving, an incoming call makes the server busy for an exponentially distributed time if it’s idle
at the moment. Otherwise, the incoming call goes to the orbit and repeat its request for service
after random delay. In its idle time the server also makes an outgoing calls. We use asymptotic
analysis method under low rate of retrials limit condition to derive characteristic function of the
number of calls in the output flow of the system.

Keywords: Output process, retrial queue, Markovian arrival process, asymptotic analysis method

1. Introduction

Mathematical modeling is effectively used in various spheres of modern human activity. The
queuing theory [1] considers models of claim service nodes, while the configuration of these models
is very diverse, which allows you to choose the one necessary for a specific applied problem. In this
regard, the study of various characteristics of the proposed models makes it possible to effectively
simulate the operation of various service nodes. In telecommunication systems, automated call-
centers, computer networks, etc., one of the most important characteristics of great practical
interest is the number of requests served.

The paper proposes to consider the output proccess [2] of the system with repeated calls [3]
and two-way communication. Such a system can be interpreted as a node of a communication
network with random multiple access, which in its free time from processing requests can request a
self-test or another procedure that will continue for a random time. On the other hand, individual
nodes form a communication network model in which the outgoing flow of one node is incoming
for another, therefore the results of the study of outgoing flows of queuing systems are widely
applicable for designing real data transmission systems and analyzing complex processes consisting
of several stages.

In this paper, to study the output process of the system, the method of asymptotic analysis is
used to find the form of the limiting distribution of the number of serviced claims of the incoming
flow for some time t under the condition of a large delay of calls in the orbit [4].
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2. Mathematical Model

Let k(t) is a continuous time Markov chain with finite set of states k = 1, 2, . . . ,K and denotes
an underlying process of MAP. The infinitesimal generator of k(t) is defined by matrix Q of qij
elements. Diagonal matrix Λ contains conditional arrival rates λk. Matrix D contains probabilities
dij of that an event will come at the moment of changing the state of the Markov chain k(t) from
i to j.

Upon arrival a customer occupies the server if it is idle. Service duration is an exponentially
distributed random variable with rate µ1. The customer that finds the server busy joins the orbit
and makes a random delay for an exponentially distributed time with rate σ and repeats his request
for service. When the server is free it makes outgoing calls with rate α and serves such calls for an
exponentially distributed time with parameter µ2.

Our goal is to obtain characteristic function of the number of served customers in the system.

3. Kolmogorov System of Equations

We introduce following notations to clarify the analysis: k(t) is the state of MAP underlying
process; i(t) is the number of customers in the orbit at the moment t; n(t) is the state of server at
the moment t: 0 if the server is idle, 1 if the server is busy serving an incoming call, 2 if the server
makes an outgoing call; m(t) is the number of served customers at the moment t.

We denote the probability distribution of the four-dimensional process

P {n(t) = n, k(t) = k, i(t) = i,m(t) = m} = Pn(k, i,m, t). (1)

As the process {n(t), k(t), i(t),m(t)} is Markovian then the probability distribution (1) is the
unique solution of Kolmogorov system of differential equations

∂P0(k, i,m, t)

∂t
= −(λk + iσ + α)P0(k, i,m, t) + µ1P1(k, i,m− 1, t) + µ2P2(k, i,m, t)+

+
K∑
ν=1

P0(ν, i,m, t)qνk(1− dνk),

∂P1(k, i,m, t)

∂t
= −(λk + µ1)P1(k, i,m, t) + (i+ 1)σP0(k, i+ 1,m, t) + λkP0(k, i,m, t)+

+λkP1(k, i− 1,m, t) +
K∑
ν=1

P1(ν, i,m, t)qνk(1− dνk) +
K∑

ν=1,ν 6=k
P0(ν, i,m, t)qνkdνk+

+
K∑

ν=1,ν 6=k
P1(ν, i− 1,m, t)qνkdνk,

∂P2(k, i,m, t)

∂t
= −(λk + µ2)P2(k, i,m, t) + αP0(k, i,m, t) + λkP2(k, i− 1,m, t)+

+

K∑
ν=1

P2(ν, i,m, t)qνk(1− dνk) +

K∑
ν=1,ν 6=k

P2(ν, i− 1,m, t)qνkdνk. (2)
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Let Hn(k, u1, u, t) denotes the partial characteristic functions

Hn(k, u1, u, t) =
∞∑
i=0

∞∑
m=0

eju1iejumPn(k, i,m, t), (3)

where j =
√
−1. Then using (2) we obtain

∂H0(k, u1, u, t)

∂t
= −(λk + α)H0(k, u1, u, t) + jσ

∂H0(k, u1, u, t)

∂u1
+ µ1e

juH1(k, u1, u, t)+

+µ2H2(k, u1, u, t) +
K∑
ν=1

H0(k, u1, u, t)qνk −
K∑
ν=1

H0(k, u1, u, t)qνkdνk,

∂H1(k, u1, u, t)

∂t
= −(λk + µ1)H1(k, u1, u, t)− jσe−ju1

∂H0(k, u1, u, t)

∂u1
+ λkH0(k, u1, u, t)+

+λke
juH1(k, u1, u, t) + eju

K∑
ν=1,ν 6=k

H1(ν, u1, u, t)qνkdνk+

+
K∑

ν=1,ν 6=k
H0(ν, u1, u, t)qνkdνk +

K∑
ν=1

H1(ν, u1, u, t)qνk(1− dνk),

∂H2(k, u1, u, t)

∂t
= −(λk + µ2)H2(k, u1, u, t) + αH0(k, u1, u, t) + λke

juH2(k, u1, u, t)+

+
K∑
ν=1

H2(ν, u1, u, t)qνk + eju
K∑

ν=1,ν 6=k
H2(ν, u1, u, t)qνkdνk. (4)

Denoting

Hn(u1, u, t) = {Hn(1, u1, u, t), Hn(2, u1, u, t), ..,Hn(K,u1, u, t)}, B = Λ + Q ∗D,

we rewrite the system in following form

∂H0(u1, u, t)

∂t
= H0(u1, u, t)(Q−B− αI) + µ1e

juH1(u1, u, t) + µ2H2(u1, u, t) + jσ
∂H0(u1, u, t)

∂u1
,

∂H1(u1, u, t)

∂t
= H0(u1, u, t)B + H1(u1, u, t)(Q + (eju1 − 1)B− µ1I)− jσe−ju1 ∂H0(u1, u, t)

∂u1
,

∂H2(u1, u, t)

∂t
= αH0(u1, u, t) + H2(u1, u, t)(Q + (eju − 1)B− µ2I) (5)

where I is unit matrix of K dimension.
We will investigate the obtained system of equations (5) using asymptotic analysis method

under low rate of retrials condition (σ → 0).
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4. Asymptotic Analysis Method

Denoting σ = ε we introduce the following notations in the system (5)

u1 = εw, Hn(u1, u, t) = Fn(w, u, t, ε),

to obtain the system of equations (6)

∂F0(w, u, t, ε)

∂t
= F0(w, u, t, ε)(Q−B− αI) + µ1e

juF1(w, u, t, ε) + µ2F2(w, u, t, ε)+

+j
∂F0(w, u, t, ε)

∂w
,

∂F1(w, u, t, ε)

∂t
= F0(w, u, t, ε)B + F1(w, u, t, ε)(Q + (ejwε − 1)B− µ1I)− jejwε∂F0(w, u, t, ε)

∂w
,

∂F2(w, u, t, ε)

∂t
= αF0(w, u, t, ε) + F2(w, u, t, ε)(Q + (ejwε − 1)B− µ2I). (6)

The solution of the system of equations (5) is formulated in Theorem.

Theorem 1. Let m(t) is the number of served customers in MAP/M/1 retrial queue with two-way
communications, then

lim
ε→0
{F0(0, u, t, ε) + F1(0, u, t, ε) + F2(0, u, t, ε)}e = lim

σ→0
Mejum(t) = ReG(u)tee, (7)

where the matrix G(u) contains blocks of K ×K dimensions given as follows

G(u) =

Q− (B + (κ+ α)I) B + κI αI
µ1e

juI Q− µ1I 0
µ2I 0 Q− µ2I

 ,
vector R = {R0,R1,R2} has 3K dimensions and its blocks R0, R1, R2 are two-dimensional
probability distribution of the random process {k(t), n(t)} [5, 6], κ - normalized mean number of
calls in orbit [5, 6], e and ee unit column vectors of dimensions K and 3K.

5. Conclusion

In this paper, we have considered the output of MAP/M/1 retrial queue with two-way commu-
nication using asymptotic analysis method under low rate of retrials condition. We have derived
an explicit formula (7) for the characteristic function of the number of served customers in the
system.
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Abstract

In this paper, we consider a single server retrial queue with two types of calls. Incoming calls form
a renewal input flow. If the server is busy upon arrival the incoming call joins the orbit. After a
random delay calls from the orbit make the next attempt to take the server. In its idle time the
server makes outgoing calls. We consider the retrial queue with multiple types of outgoing calls.
The aim of this paper is to obtain the diffusion approximation of the number of calls in the orbit.

Keywords: Retrial queue, two-way communication, renewal process, diffusion approximation,
incoming call, outgoing call

1. Introduction

Retrial queues arise naturally in various applications such as telecommunication and service
systems [1, 2]. In these models, customers who cannot occupy a server upon arrival join the orbit
and repeat their attempt later. Retrial queues are extensively studied in the literature and we refer
to [1, 2] for major results up to 90s. For single server models, most of studies focus on models with
Poisson or Markovian arrival processes. To the best of our knowledge, only a few papers deal with
models with renewal input. The main difficulty is that the embedded Markov chain of the model
has a complicated transition structure which requires a transient analysis of a two-dimensional
Markov chain [3, 4, 5]. Furthermore, in [3, 4, 5] the total retrial rate of all customers in the orbit is
assumed to be constant. In contrast to the literature [3, 4, 5], in this paper, we consider a GI/M/1
model with outgoing calls where the total retrial rate is proportional to the number of customers
in the orbit, i.e. each customer in the orbit retries independently of other customers. We consider
an asymptotic regime in which the retrial rate of a customer is extremely low. While under this
regime, the number of customers in the orbit explodes, we show that using an appropriate scaling,
the scaled number of customers in the orbit converges to a diffusion process. This limiting result
is then used to approximate the distribution of the number of customers in the orbit. The rest of
this paper is organized as follows. Section 2 shows the model in detail. Section 3 presents the basic
equations for the distribution of the number of customers in the orbit while Sections 4 and 5 show

Email addresses: nazarov.tsu@gmail.com (Anatoly Nazarov), tuan@sk.tsukuba.ac.jp (Tuan Phung-Duc),
paulsv82@mail.ru (Svetlana Paul), oliztsu@mail.ru (Olga Lizyura)
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the first and the second order asymptotics of the distribution, respectively. Section 6 concludes
our paper.

2. Mathematical Model

We consider a retrial queue with renewal input process given by probability function A(x).
We call inbound demands the incoming calls. If the server is idle upon arrival the incoming call
reserves the server for an exponentially distributed time with rate µ1. Otherwise, the incoming
call joins the orbit to make a random delay and retries to take the server. The delay duration in
the orbit follows the exponential distribution with parameter σ.

Furthermore, when the server is idle, it makes outgoing calls. In this paper, we consider the
retrial queue with multiple types of outgoing calls. The server makes an outgoing call of type n
with rate αn and serves it for an exponentially distributed time with parameter µn, n = 2, . . . , N.

Let i(t) denote the number of calls in the orbit at the moment t. The main goal of this paper
is to obtain the stationary probability distribution of this random process.

3. Probability Distribution of the Number of Calls in the Orbit

Let n(t) denote the state of the server at time t. This process can take the following values:
0 if the server is idle; 1 if the server is busy making an incoming call; n if the server makes an
outgoing call of type n, n = 2, . . . , N. We also denote z(t) as the residual time of the next arrival
call of the renewal input process.

The three-dimensional process {n(t), i(t), z(t)} is Markovian. Denoting the probability distri-
bution of this process as

P{n(t) = n, i(t) = i, z(t) < z} = Pn(i, z, t),

we can write the system of Kolmogorov’s differential equations as follows.

∂P0(i, z, t)

∂t
=
∂P0(i, z, t)

∂z
− ∂P0(i, 0, t)

∂z
−

(
iσ +

N∑
n=2

αn

)
P0(i, z, t) +

N∑
n=1

µnPn(i, z, t),

∂P1(i, z, t)

∂t
=
∂P1(i, z, t)

∂z
− ∂P1(i, 0, t)

∂z
− µ1P1(i, z, t) +A(z)

∂P1(i− 1, 0, t)

∂z
+A(z)

∂P0(i, 0, t)

∂z
+

+(i+ 1)σP0(i+ 1, z, t),

∂Pn(i, z, t)

∂t
=
∂Pn(i, z, t)

∂z
− ∂Pn(i, 0, t)

∂z
− µnPn(i, z, t) +A(z)

∂Pn(i− 1, 0, t)

∂z
+

+αnP0(i, z, t), n = 2, . . . , N, (1)

where
∂Pn(i, 0, t)

∂z
=
∂Pn(i, z, t)

∂z

∣∣∣
z=0

.

We rewrite the system (1) for the partial characteristic functions Hn(u, z, t) =
∞∑
i=0

ejuiPn(i, z, t).

∂H0(u, z, t)

∂t
=
∂H0(u, z, t)

∂z
− ∂H0(u, 0, t)

∂z
−H0(u, z, t)

N∑
n=2

αn + jσ
∂H0(u, z, t)

∂u
+

N∑
n=1

µnHn(u, z, t),
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∂H1(u, z, t)

∂t
=
∂H1(u, z, t)

∂z
− ∂H1(u, 0, t)

∂z
−µ1H1(u, z, t) +A(z)

[
eju

∂H1(u, 0, t)

∂z
+
∂H0(u, 0, t)

∂z

]
−

−jσe−ju∂H0(u, z, t)

∂u
,

∂Hn(u, z, t)

∂t
=
∂Hn(u, z, t)

∂z
− ∂Hn(u, 0, t)

∂z
− µnHn(u, z, t) + ejuA(z)

∂Hn(u, 0, t)

∂z
+

+αnH0(u, z, t), n = 2, . . . , N. (2)

For the compactness of further calculations, we define the matrices I0, I1, I2, and Q of (N +
1)× (N + 1) dimension as follows.

I0 =


1 0 . . . 0
0 0 . . . 0
. . . . . . . . . . . .
0 0 . . . 0

 , I1 =


0 0 . . . 0
0 1 . . . 0
. . . . . . . . . . . .
0 0 . . . 1

 , I2 =


0 1 . . . 0
0 0 . . . 0
. . . . . . . . . . . .
0 0 . . . 0

 ,

Q =


−

N∑
n=2

αn 0 α2 α3 . . . αN

µ1 −µ1 0 0 . . . 0
µ2 0 −µ2 0 . . . 0
. . . . . . . . . . . . . . . . . .
µN 0 0 0 . . . −µN

 .

We denote

H(u, z, t) = {Hn(u, z, t)}, ∂H(u, z, t)

∂t
=

{
∂Hn(u, z, t)

∂t

}
,
∂H(u, z, t)

∂z
=

{
∂Hn(u, z, t)

∂z

}
,

∂H(u, z, t)

∂u
=

{
∂Hn(u, z, t)

∂u

}
,
∂H(u, 0, t)

∂z
=

{
∂Hn(u, 0, t)

∂z

}
, n = 0, . . . , N.

Using these notations, we obtain the system (2) in the following form.

∂H(u, z, t)

∂t
=
∂H(u, z, t)

∂z
− ∂H(u, 0, t)

∂z
+ jσ

∂H(u, z, t)

∂u
[I0 − e−juI2]+

+A(z)
∂H(u, 0, t)

∂z
[I2 + ejuI1] + H(u, z, t)Q. (3)

We consider equation (3) in the limit z → ∞, denoting H(u,∞, t) = H(u, t) and multiplying the
equation by unit vector e. Because Qe = 0, I0 + I1 = I, (I0 − I2)e = 0, (I1 + I2)e = e, we obtain

∂H(u, t)

∂t
e = (eju − 1)

{
jσe−ju

∂H(u, t)

∂u
I0 +

∂H(u, 0, t)

∂z
I1

}
e. (4)

We will solve equations (3) and (4) under the condition σ → 0.
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4. First Step of Asymptotic-Diffusion Analysis

Denoting σ = ε, we introduce the following notations in equations (3) and (4)

τ = tε, u = wε, H(u, t) = F(w, τ, ε), H(u, z, t) = F(w, z, τ, ε),

and obtain the system

ε
∂F(w, z, τ, ε)

∂τ
=
∂F(w, z, τ, ε)

∂z
− ∂F(w, 0, τ, ε)

∂z
+ j

∂F(w, z, τ, ε)

∂w
[I0 − e−jwεI2]+

+A(z)
∂F(w, 0, τ, ε)

∂z
[I2 + ejwεI1] + F(w, z, τ, ε)Q,

ε
∂F(w, τ, ε)

∂τ
e = (ejwε − 1)

{
je−jwε

∂F(w, τ, ε)

∂w
I0 +

∂F(w, 0, τ, ε)

∂z
I1

}
e. (5)

Solving the system (5) under the condition ε→ 0, we present Theorem 1.

Theorem 1. Under the condition σ → 0, the following equality holds

lim
σ→0

Eejwσi(
τ
σ ) = ejwx(τ), (6)

where scalar function x(τ) is a solution of differential equation

x′(τ) = r′(0, x)I1e− x(τ)rI0e. (7)

Vector r(z, x) is the joint probability distribution of the server state and the residual time of the
next call arrival. Vector r′(0, x) is the solution of the system

r′(0, x) (I−A∗(sn)[I1 + I2]) vn = 0,

r′(0, x)e =
1

a1
. (8)

Here sn and vn are eigenvalues and eigenvectors of the matrix x(I0 − I2)−Q; a1 is the first raw
moment of the distribution A(x). Function A∗(s) is the Laplace-Stiltjes transform of the probability
function A(x).

The components r(n, z, x) of the vector r(z, x) satisfy the normalization condition

N∑
n=0

r(n,∞, x) = r(x)e = 1, (9)

and are the solution of the system of equations

r(x) {Q− x(I0 − I2)} = r′(0, x)(I0 − I2). (10)

We denote x = x(τ) and
a(x) = r′(0, x)I1e− xr(x)I0e. (11)

Function a(x) has the meaning of the drift coefficient of a certain diffusion process that determines
the asymptotic distribution of the number of calls in the orbit.
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5. Second Step of Asymptotic-Diffusion Analysis

In equations (3) and (4), we make the following substitutions

H(u, z, t) = ej
u
σ
x(σt)H(1)(u, z, t), (12)

to obtain the following system of equations.

∂H(1)(u, z, t)

∂t
+jua(x)H(1)(u, z, t) =

∂H(1)(u, z, t)

∂z
−∂H(1)(u, 0, t)

∂z
+H(1)(u, z, t)(Q−x(I0−e−juI2))+

+jσ
∂H(1)(u, z, t)

∂u
(I0 − e−juI2) +A(z)

∂H(1)(u, 0, t)

∂z
(I2 + ejuI1),

∂H(1)(u, t)

∂t
e + jua(x)H(1)(u, t)e =

= (eju − 1)

{
jσe−ju

∂H(1)(u, t)

∂u
I0 +

∂H(1)(u, 0, t)

∂z
I1 − xe−juH(1)(u, t)I0

}
e. (13)

Denoting σ = ε2, we introduce the following notations in the system (13)

τ = tε2, u = wε, H(1)(u, t) = F(1)(w, τ, ε), H(1)(u, z, t) = F(1)(w, z, τ, ε) (14)

and rewrite the system in the following form:

jwεa(x)F(1)(w, z, τ, ε) =
∂F(1)(w, z, τ, ε)

∂z
− ∂F(1)(w, 0, τ, ε)

∂z
+ jε

∂F(1)(w, z, τ, ε)

∂w
(I0 − I2)+

+F(1)(w, z, τ, ε) {Q− x[I0 − I2 + jwεI2]}+A(z)
∂F(1)(w, 0, τ, ε)

∂z
(I2 + I1 + jwεI1) +O(ε2),

ε2
∂F(1)(w, τ, ε)

∂τ
e + jwεa(x)F(1)(w, τ, ε)e = (ejwε − 1)×

×

{
jεe−jwε

∂F(1)(w, τ, ε)

∂w
I0 +

∂F(1)(w, 0, τ, ε)

∂z
I1 − xe−jwεF(1)(w, τ, ε)I0

}
e. (15)

Theorem 2. Function F(1)(w, τ) = lim
ε→0

F(1)(w, τ, ε) has the form

F(1)(w, τ) = Φ(w, τ)r(x), (16)

where vector r(x) is given in Theorem 1 and scalar function Φ(w, τ) is the solution of the equation

∂Φ(w, τ)

∂τ
= a′(x)w

∂Φ(w, τ)

∂w
+

(jw)2

2
b(x)Φ(w, τ). (17)

Here the function a(x) is given by (11), the scalar function b(x) has the following form

b(x) = a(x) + 2
(
g′(0, x)I1 − xg(x)I0 + xr(x)I0

)
e, (18)
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where vector g(x) with components lim
z→∞

g(n, z, x) is defined by system of equations

g(x) (Q− x(I0 − I2)) = g′(0, x)(I0 − I2) + r(x)(a(x)I + xI2)− r′(0, x)I1,

g(x)e = 0. (19)

Vector g′(0, x) is a solution of the system of equations

g′(0, x) (I−A∗(sn)[I1 + I2]) vn = −A∗(sn)r′(0, x)I1vn − r∗(sn)[a(x)I + xI2]vn,

g′(0, x)e = − 1

a1

{
r∗′(0)[a(x)I + xI2] + a1r

′(0, x)I1
}

e. (20)

Here sn and vn are eigenvalues and eigenvectors of the matrix x(I0 − I2)−Q.
Vector r∗(sn) is defined by the system of equations

r∗(sn) (snI− (x(I0 − I2)−Q)) = r′(0, x)(I−A∗(sn)[I1 + I2]),

r∗(sn)vn = −r′(0, x)A∗′(sn)[I1 + I2]vn. (21)

Vector r∗′(0) is defined by the system of equations

r∗′(0)(Q− x[I0 + I2]) = a1r
′(0, x)[I1 + I2]− r(x),

r∗′(0)e = − a2
2a1

, (22)

where a1 and a2 are first and second raw moments of probability distribution A(x).

Function b(x) has the meaning of the diffusion coefficient of a certain diffusion process that
determines the asymptotic distribution of the number of calls in the orbit.

Let S(z) denote the stationary probability density of normalized number of calls in the orbit
which is the diffusion process with drift coefficient a(x) and diffusion coefficient b(x).

Theorem 3. Stationary probability density S(z) of normalized number of calls has the following
form

S(z) =
C

b(z)
exp

 2

σ

z∫
0

a(x)

b(x)
dx

 , (23)

where C is normalizing constant.

6. Conclusion

We have considered a retrial queue with two-way communication and renewal input. Using
asymptotic-diffusion analysis method we have built the distribution density of the normalized
number of customers in the orbit.
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Analysis of the impact of structural regularization
and complex convolutional filters on the efficiency

of deep neural network in tomato diseases recognition problem
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Abstract

The article shows the features of the deep convolutional neural network architecture development
for the plant diseases recognition based on their photographic images analysis, laying in the optical
wavelength range. An analysis of the structural regularization and complex convolutional filters
impact on the recognition quality and training stability is presented. The experiments are carried
out with the original lightweight neural network architecture (app. 9.7K trained parameters). Real-
life field data is used for training and testing, with photographs taken in adverse conditions:
variation in hardware quality, angles, lighting conditions, and complex disorienting backgrounds.
The resulting solution achieves the quality of 97.3% (weighted 𝐹1-score, one input image, test
dataset).

Keywords: deep convolutional network, photographic image, disease recognition, agricultural
crop disease

1. Introduction

Deep convolutional networks [1] have taken a firm lead in solving various image processing
problems: object recognition, scene and situation recognition [2], localization and segmentation
of objects in images [3, 4]. One of the applied fields that actively develops and deploys these
approaches in agriculture [5]. We see two main reasons for this. First, this industry generates sig-
nificant volumes of images (remote sensing data, photographs of fields, gardens, individual crops
and their elements taken in various spectral ranges, etc.) that are relevant for the applications
at hand. Second, there is a strong economic and managerial rationale behind implementing au-
tomation and advanced automation in image processing to address various practical problems.
This makes development of approaches and techniques for deep analysis of agricultural images an
important and relevant avenue of research.

One of the most important needs in agriculture is to develop techniques of automatic detection,
classification and localization of diseases in industrial crops from photographic images. Successful
implementation of such techniques enables quick response to individual outbreaks of infection,
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which mitigates risks of yield loss and reduces costs related to highly skilled professional labor,
including phytopathologists. A telling illustration of this proposition is the recent competition [6, 7]
in classification of plants and [8] in disease recognition hosted by the well-known Kaggle platform.
Note that the declared idea of the contest was improving crop yields and building capabilities for
effective environmental management.

This article proposes an approach to automatic tomato disease recognition from photographic
images taken in the visible spectrum range. The main focus of this research is the analysis of
structural regularization and complex convolutional filters impact on the efficiency of a deep neural
network.

2. Statement of the Problem and Related Work

The issues of automatic detection, classification and localization of diseases in industrial crops
from photographic images comprise a relevant avenue of scientific research. Most of the existing
solutions are based on deep neural networks [5]. There are different competitions held in this area
(e.g., see Kaggle [6, 7, 8]). A recent overview article on plant disease identification [9] lists a large
number of neural network architectures capable of differentiating between a diseased and a healthy
plant. Most solutions rely on rather ”heavy” convolutional neural networks (CNN) [1]: VGG16,
DenseNet, Xception, etc. Their performance (widely used scores – Accuracy, 𝐹1) on real-life data
varies from 74.3% to 99.7%.

The relevance and wide interest to this challenge is corroborated by the overview [10] that lists
19 articles on CNN-based automatic detection of disease in agricultural crops. This publication
can be taken as a guidance for addressing the tasks of this type: forming a dataset, structuring
and training a neural network. The authors [11] conducted an interesting study of the internal
arrangement of a trained CNN and demonstrated that, during diagnosis, neural networks can
register colors and textures of pathologies typical for certain diseases. They have also succeeded in
reducing the number of training parameters by 75% through elimination of non-performing neural
network.

Three common significant limitations of the above solutions need to be noted: (i) – use of
standard ”heavy” CNNs (where the number of training parameters reaches several dozen million)
which makes it much harder to implement such solutions as an onboard system in an autonomous
mobile robot; (ii) – use of ”sanitized” real-life data for testing and training, i.e., usually photographs
with plain homogenous backgrounds and with favorable angle, scale, and lighting - which reduces
the stability of the synthesized detector in actual operation, (iii) – generation of decisions based
on a hard (threshold) decision-making rule which does not provide means to manage type-1 𝛼 and
type-2 𝛽 errors, or to correct for a given phytosanitary situation.

Therefore, it is necessary to develop an approach to building a neural-network detector for
disease in agricultural crops that would avoid the above disadvantages. The experimental crop is
the tomato (sredneplodnyj kistevoj sort); the target diseases are bacterial cancer, powdery mildew,
and gray mold. Our selection was defined by the industrial value of this crop, the high threat posed
by these diseases, the high difficulty of detecting them at an early stage of diseases development.
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3. Experiment Results

3.1. Raw Data and Dataset Preparation

The original dataset was gathered in an industrial greenhouse during the first half of 2020 year
at different phenological phases of plant development and with different levels of disease symptoms
expression. The camera angle was actively varied. SONY DSC-RX100M4 and Samsung SM-A730F
were used to make 1656 pictures of the top of the tomato leaf (healthy and diseased).

The dataset was manually marked for 4 class: 0 - bacterial cancer, 1 - powdery mildew, 2 -
normal, 3 - gray mold. Sample photos for each class are shown in the Fig. 1. Note that pictures
with a medium level of disease symptoms expression are presented.

a b c d

Figure 1: Examples of photos: a) – normal, b) – gray mold, c) – powdery mildew, d) – bacterial cancer, with a
medium level of disease symptoms expression.

Each image was reproduced by 180 degrees rotation, vertical and horizontal mirroring. This
ensured data augmentation in the set. Upon completion of cutting and multiplication the total
size of the dataset reached 6 624 images. Each photo was then resized down to 192 × 256 px via
bilinear interpolation.The original RGB palette was preserved, and no adjustments were made to
brightness, contrast or color channel histograms.

The next step was to convert the images into float32 arrays and the ”middle frame” was
subtracted from them within the entire dataset. The dataset was then split into two non overlapping
sample sets: the training sample set – 5 468 and the test sample set – 1 156 samples. Note that
in order to avoid data leak, checks were made to ensure that each of the original images (and
its geometric ”clones”, respectively) were included only in one of the two sample sets. Moreover,
the possibility of data leakage was prevented by fixing the geographic area of photographing and
following data dividing into sets with consideration of it.

3.2. Neural network architecture

The typical CNN-based solution for image processing (including for plant classification [6, 7]) is
a sequenced connection [1]: convolutional layer – Conv2D with Relu activation, batch normalization
– BatchNorm. These two elements [1] form a basic entity, or a cell. Next, the cells are connected
in a sequence (a sub-discretization layer may be embedded between the cells – MaxPooling [1]) to
form a neural-network feature extractor. One or two fully connected layers are usually placed at
the output of the neural network – FC [1] to solve the separable problem. Based on this approach,

348 The 5th international conference on stochastic methods (ICSM-5)



we have designed 4 convolutional neural networks that are similar in architecture, but differ in the
composition of the convolutions. Regular Conv2D [1] and more complex – SeparableConv2D [12])
were used. Also, the architectures differed in the design of the next to last layer (fully connected
layer [1] and global average pooling (GAP) [13]).

3.3. Classifier Training

The aforementioned neural network architectures (CF, SF, CG, and SG) were trained with
the Keras library v.2.2.4 [14] (TensorFlow backend v. 1.13.1) for 30 epochs using the strategy of
reducing the learning rate every 5− 10 epochs. Adam optimizer was used with the initial learning
rate 𝑙𝑟 = 0.005. One mini-batch was 32 samples. Categorical cross entropy [1] was chosen for
the loss function. Overfitting in CF and SF was prevented by using dropout [1]. Each of the
network architectures was trained 5 times with different random parameters initialization. Based
on these calculations, for each version of the network, the highest quality estimates of the analyzed
parameters were formed. To assess the quality of the network approximation weighted 𝐹1 score [1]
was used.

3.4. Outcome Analysis

The Fig. 2 shows the confusion matrices for models with the maximum value of weighted
𝐹1 score (among 5 launches) for the investigated variants of the deep neural networks architectures.
The Fig. 2 shows that the ”classical” network on regular convolutions with a fully connected layer
(CF) shows the worst quality (weighted 𝐹1 score is 91.1%), while the network with Separable
convolutions and GAP layer (SG) is the leader in recognition quality (weighted 𝐹1 score is 97.3%).
Note that there is a similar tendency on the characteristics of the networks training ability. Thus,
the GAP layer, as a factor of structural regularization and Separable convolution, as a factor of
deeper feature extraction, must be taken into account when designing neural network architectures.

4. Conclusion

This study has demonstrated an approach to developing a deep neural network that is capable
recognizing a crop disease by its photographic image taken in the visible spectrum range. The
experimental crop is the tomato (sredneplodnyj kistevoj sort); the target diseases are bacterial
cancer, powdery mildew, and gray mold. The resulting solution achieves the quality of 97.3%
(weighted 𝐹1 score, one input image, test dataset).

The key differentiating features of the proposed approach is the original lightweight architecture
of the neural network (only 9.7K training parameters) that is based on Separable-convolutions [12]
and GAP [13] layers. These features made it possible to significantly improve the network ability
to generalize and the training procedure stability: the value of the target metric weighted 𝐹1 score
increased by 6.2%.

Going forward, the authors intend to significantly expand the dataset (including introducing a
”non-target image” class) and to expand the sampling of agricultural crops and detected diseases
to begin localization of pathologies. The authors plan to compare the developed architecture with
the state of the art solutions. The analysis will be carried out both in terms of the solution quality,
computational speed and memory consumption. Future plans also include use of images in other
spectrum ranges: near- and far-IR, UV, Multispectral, and Hyperspectral Imaging.

The authors thank the anonymous referees for their useful comments.
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Figure 2: Confusion matrices on a test dataset for analyzed neural network architectures (C – Conv2D, S – Separa-
bleConv2D, F – fully connect, G – GAP): a) – CF, b) – SF, c) – CG, d) – SG. Recognized classes are marked with
numbers: 0 - bacterial cancer, 1 - powdery mildew, 2 - normal, 3 - gray mold.
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Identical service, linear prognosis
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Abstract

Main result of the first part can be formulated as follows : for wide class of the systems in the
condition of identical service the total quantity of customers on nodes with numbers 2,...,K ( not
one ) remains limited for all moments of times, if even the classical loading for the first node is
more than one. The similar situation takes place in the conditions of the diffusion approximation
for the first node. In the condition the limit theorem is proved. In the second section we consider
a new scalar production in the linear subspace of n+1 vectors, n=2 (by analogy with the geometry
of Lobachevsky). With help of the production we obtain a new form of linear projection of the
additional vector on the first n vectors, n=2.

Keywords: Identical service, Linear prognosis, Multi-channel nodes

1. Introduction

The article consist of a two parts.
In the first section we consider K nodes in series in conditions of identical service : the time of

service of one customer on one unit (device) of nodes is the same for all different nodes (a.s.). In
every node N devices are located,N ≥ 1. Each node contains infinite set of places for wait.

Input process for the jth node is the output process for the (j − 1)th node,j = 2, . . .K.
The identical time of service of any customers in the different nodes by every device is main

restriction of the article:
ξ1j = ξ2j = . . . = ξKj , j = 1, 2, . . . ,

where the random value ξij is the time of service of the jth customer on the ith node by one device

( unit of service ); all the different devices on all nodes are identical, and {ξ1j , j = 1, 2, . . .} are

mutually independent random values with the distribution function F (x) = Pr(ξ1j ≤ x). Other

words, ξ1j is the time of service of customer arriving on the first node jth on the account (for the
ordinary input process ). If a group of customers arrived on node in some moment of time ,the
customers are disposed in group in the random order - all results d‘t rely on order in the group.

The main result can be formulated as follows: for wide class of the systems in the condition of
identical service the total quantity of customers on nodes with numbers 2,...,K (not one) remains
limited for all moments of times t ∈ [0,∞), if even the classical loading ρ for the first node is more
than one (ρ > 1) as so , if ρ = 1, ρ → 1 (the theorem 1). The similar situation takes place in
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the conditions of the diffusion approximation (Billingsley [1], and [4, 8, 9]) for the first node (the
theorem 2).

Some models with the identical service are studied in the works of Boxma [2] and Pavlov
[5, 6, 7, 8, 10].

In the second section we consider a new scalar production in the linear subspace of n vectors,
n=3 (by analogy with the geometry of Lobachevsky). With help of the production we obtain some
fact. The fact is interesting for of algebra, geometries too. From the fact a new form of linear
projection of the additional vector to the subspace is possible [11, 12, 13].

2. Identical service

By definition, νTj - the total number of the customers on j-th node at T moment, j = 1, . . . ,K;
AT (t) is a number of final customer among all customers arriving on first node during [0, t]. (If the
customers arrives on a node in group ,the customers are disposed in the group in random order).
For the ordinary process

AT (t) = max k : tk ≤ t, AT (t) = 0, t1 > t,

where tn is the moment of arriving on the first node of n-th customer.
Only restriction concerning the arrival process of customers on the first node is the condition

AT (T )/λ(T )T
p−→ 1, T → ∞,

where λ(T ) is the non-random function such, that 0 < c1 < supT λ(T ) < c2 < ∞, c1, c2 = const.
; AT (Tt) ∈ D[0, 1], 0 ≤ t ≤ 1 (the D[0, 1] space is defined in the [1] work). The condition takes
place, for instance, for the process of renewal [9].

In the first node the customers are served in order of arrival, and as soon as the service is
finished the customer arrives on the next node. In all nodes the customers are served in order of
arrival. If a customers arrives on a node in group (for non-ordinary process), the customers are
disposed in the group in the random order.

The j-th node consists of N service units (devices) with infinite set of waiting places, j = 1, . . .K.
By definition, ξij is the time of service of the jth customer on the ith node by one device (unit

of service); all the different devices on all nodes are identical, and {ξ1j , j = 1, 2, . . .} are mutually

independent random values with the distribution function FT (x) = Pr(ξ1j (T ) ≤ x) for all T . (We
use the scheme of series).

In the theorem 1 the AT (tT ) process and the {ξ1j (T )} sequence are independent. Unlike the

[7, 8, 10] works in the theorem 2 we assume, that the AT (tT ) process and the {ξ1j (T )} sequence
can be dependent, T ∈ [0,∞), 0 ≤ t ≤ 1, j = 1, 2, . . ..

By definition, µ(T ) = N/Eξ11(T ), ρ(T ) = λ(T )/µ(T ),

FT (x) = P (ξ1j (T ) ≤ x), x ∈ [0,∞), 1− FT (x) = F (x),

x ∈ [0,∞), and
Φ(δ) = inf x : 1− FT (x) ≤ δ, 0 < δ < 1; F (Φ(δ)) = δ,

for the continuous FT (x).
We will use a two conditions [3, 4, 8].
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Condition P1.

sup
T

F̄T (x) < γ/x1+γx → ∞, γ > 0,

γ = const., if F̄T (t) = 1− FT (t), supT FT (x) < 1, for all x > 0, supT Eξ11(T ) < ∞.
Condition P2.
limx→∞ supT F̄T (βx)/F̄T (x) = 0 for all β > 1, β = const., β < ∞.
In the theorems 1 and 2 we study our characteristics for the FIFO discipline (FIFO - serving

in order of arriving).
By definition,

Φ(δ) = inf x : 1− FT (x) ≤ δ, 0 < δ < 1,

where F (Φ(δ)) = δ, for the continuous 1− FT (x) function, [3].
With help of methods of the [8] works we obtain the theorem 1.
Theorem 1.

EνTj χ(B2(T )) ≤ µC(N)(j − 1)c∗Φ(1/λ(T )T )(1 + o(1)), j = 2, . . . ,K,

where limT→∞ Pr(B2(T )) = 1, and Φ(1/λ(T )T ) < CT 1/(1+γ), C = const. < ∞, C(N) = 2N − 1 ,
c∗ ≤ 2 + 1/γ, if ν0j = 0 , j = 1, ...,K, and the P1 condition takes place, (c∗ = 1 + o(1), T → ∞, if
the P2 condition takes place).

We use
D(K)−→ for the definition of weak convergence in the functional space D[0, 1]K (Billingsley

([1])).
In the theorem 2 we use some methods of the theorem 2.5.1 in the work [8] (pages 82-83).
Theorem 2.

T−1/2
(
νTt
1 , . . . , νTt

K

) D(K)−→ (f(t), 0, . . . , 0), t ∈ [0, 1],

if
1.

Eξ11 → g > 0, E(ξ11)
2 − (E(ξ)11))

2 → σ2 > 0,

T → ∞, where g, σ = const.,
2.

(λ(T )− µ(T ))T 1/2 −→ c0, T → ∞, c0 = const.,−∞ < c0 < ∞,

(AT (tT )− λ(T )Tt)/T 1/2 D(1)−→ A0(t) ⊂ D[0, 1],

and ν0j = 0 , j = 1, ...,K,
3.

E(ξ11)
2+ε < const. < ∞, ε > 0.

4.

T−1/2νTt
1

D(1)−→ B(t) ∈ D[0, 1].

(The f(t) process is well known for the most input processes on the first node, if the AT (tT )
process and the {ξ1j (T )} sequence are independent for all T ([8], page 63;[9])).
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3. Linear prognosis

We will consider one facts. We suppose, that the (xn+1, xi) = Mξn+1ξi, i = 1, . . . n, where by
definition (xn+1, xi) = Mξn+1ξi is the first scalar production (xi = ξi, i = 1, . . . n+1 in the different
schemes of linear prognosis) [11, 12, 13].

We will use two scalar productions: the first production is the source production (x, y) = (x, y)1;
the second production we can determine with help of the equality (X1, X2)2 = C1R1+C2R2+C3R3,
X1 = C1E1 + C2E2 + C3δ3, ||δ3|| = 1, X2 = R1E1 + R2E2 + R3δ3, , E1, E2, δ3 are the vectors
(E1, E2) ̸= 0, ||E1|| = ||E2|| = 1, E1 = x1/||x1||, where E2 = x2/||x2||, ||X|| =

√
(X,X)1 =√

(X,X)2, on the x1, x2 sides of the rhombus ||x1|| = ||x2||. We can write x3 = x̂3 + ∆ =
e1||x̂3||1 + c3δ, ||e||1 = 1, x3 = x̂3 +∆ = e2||x̂3||2 + c3δ, ||e||2 = 1, if the x̂3 vector is the projection
of the x3 vector on the plane with x1, x2 basis vector (the optimal linear estimation). The two
equalities are possible, if and only if ||e1|| ≠ ||e2||, ||x̂3||1 =

√
(x1, x1)1 ̸= ||x̂3||2 =

√
(x1, x1)2,

(from the linear independents of the vectors), but the length are the same for both metrics on the
x1, x2 sides of the rhombus.

From point of from point of the fact or the

x̂3 = c1x1 + c2x2,

equality is right with ci = (xn+1, xi)/||xi||2, i = 1, 2, n = 2, or is violated the notion of linear
dependence.
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Abstract

Consideration is given to the M2/G2/1/∞ queue with the non-preemptive LIFO service discipline
and the resampling policy. Two types of customers having no priority over each other arrive
in the system independently according to the Possion processes with different rates. Size of an
arriving customer becomes known upon its arrival. The resampling policy implies that a customer
arriving to the non-idle system assigns independently (but preserving its class) new remaining size
to the customer currently in service; then the new customer itself occupies a place in the queue.
Customer’s sizes are assumed to be i.i.d. random variables with the known class-specific general
absolute continuous distributions. Under assumption that the stationary regime exists, the joint
stationary distribution of the total number of customers in the system and the remaining service
time of the customer in service (and its class) is obtained.

Keywords: multi-class queue, non-preemptive, LIFO, resampling

1. Introduction

In this short note consideration is given to the M2/G2/1/∞ non-preemptive LIFO queue with
the resampling policy, which is the generalization of the queue considered and studied in [1]. From
the detailed system’s description, presented in the next section, it can be seen that (i) the arriving
customers have class-specific service time distributions and (ii) do not have priorities i.e. they
reside in the queue in the order, in which they arrived. The analysis of the classic multi-class
queueing systems (for example, Mk/Gk/1/∞) under the assumptions (i) and (ii) is not feasible.
Below it is demonstrated that the adopted (quite exotic) service policy — non-preemptive LIFO
with resampling — makes the analysis possible. This constitutes the main contribution of the note.

It is also worth noticing that multi-class single-server queues, considered here, constitute an-
other, new class of queues solvable without Rouché’s theorem (see [2]). This fact is in sharp contrast
with the multi-server case, in which the analysis turns out to be very difficult (see [3]).

2. System description

Two independent Poison flows of customers (say, class 1 and class 2) arrive in the system,
consisting of one server with the unit speed and the infinite capacity queue. The arrival rate is λi
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for customers of class i. Customers do not have priorities over each other and thus reside in the
queue in the order in which they arrived. Upon arrival of a customer its size1 becomes known. It
is assumed that the size of the class i customer has the general absolute continuous distribution
Bi(x), i = 1, 2. The resampling policy is implemented in the system. It implies that an arriving to
the non-idle system customer assigns independently new remaining size to the customer currently
in service. Then the service of the customer in server continues (with the new size) and the arrived
customer occupies a place in the queue. The sampling is always independent and, if class i customer
is in service, the sampling is performed from the distribution Bi(x). The queue service discipline
is LIFO i.e. when the size of the customer in service becomes zero, it leaves the system and the
last customer in the queue is taken for service.

The state of the system at time t can be described by the vector

~η(t) =
(
(ξ1(t), θ1), . . . , (ξν(t), θν(t))

)
,

where ν(t) = n when there are n customers in the system at time t; ξ1(t) and θ1 are the remaining
size of the customer in server and its class; ξi(t) and θi are the remaining size of the (i − 1)th
customer in the queue and its class, 2 ≤ i ≤ ν(t). If ν(t) = 0, ~η(t) is not defined. Thus the state
space X of the process (ν(t), ~η(t)), which is clearly Markov, is

X =
∞⋃
n=1

{(n; (x1, y1), . . . , (xn, yn)) : x1, ..., xn ≥ 0, y1, ..., yn = 1, 2}
⋃
{0}.

Assuming that the stationary distribution of the Markov process (ν(t), ~η(t)) exists, introduce
the joint stationary probabilities

P0 = lim
t→∞

P(ν(t) = 0),

P (y1,...,yn)
n (x1, ..., xn) = lim

t→∞
P (ν(t) = n; ξ1(t) < x1, θ1 = y1, . . . , ξn(t) < xn, θn = yn) . (1)

In what follows we limit ourselves only to the determination of only one marginal distribution

related to (1), namely P
(i)
n (x) — the stationary probability of the fact that there are n customers

in the system, customer of class i is in server and its remaining size is less than x. Clearly, P
(i)
n (x)

is related to (1) by

P (i)
n (x) =

2∑
y2,...,yn=1

P (i,y2,...,yn)
n (x1, ..., xn)(x,∞, ...,∞), x ≥ 0, i = 1, 2, n ≥ 2. (2)

The Corollary 2 in the next section shows that in order to obtain (2) there is no need to compute
(1) and, in fact, (2) has the very simple form. The analytic method used is due to [4] and is based
on the property of the LIFO service discipline.

The next section is started with the Theorem, in which the stationary distribution {Pn, n ≥ 0}
of the total number of customers in the system, where Pn = P

(1)
n (∞)+P

(2)
n (∞), n ≥ 1, is obtained

1Since the server has unit speed, the size of the arriving customer can be also considered as its service time. But
in the considered system a customer’s service time may be changed once it enters server. Thus it is more convenient
to distinguish between customer’s size and customer’s service time.
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in terms of the generating functions. It can be shown, that under the made assumptions about the

distributions B1(x) and B2(x), the probability densities p
(i)
n (x) = dP

(i)
n (x)/dx do exist. This fact

is used in the proof of the Theorem, yet as can be seen from the Corollary 2 is not needed for the

computation of the stationary probabilities P
(i)
n (x).

For the sake of brevity the following notation is used in the sequel:

— λ = λ1 + λ2 — total arrival rate of customer;

— ai = λi
λ , i = 1, 2, — probability that class i customer arrives;

— βi(s) =
∫∞
0 e−sxdBi(x), i = 1, 2, — Laplace–Stieltjes transform of Bi(x).

3. Main results

Theorem. Whenever the considered queue is stable, the generating function P (z) =
∞∑
n=1

znPn,

0 ≤ z ≤ 1, of the stationary distribution {Pn, n ≥ 0} of the total number of customers in the
system has the form

P (z) = P0z
1− a1β1(λ)− a2β2(λ)− (1− β1(λ))(1− β2(λ))z

z2(1− β1(λ))(1− β2(λ))− z (1− β1(λ)β2(λ)) + a1β1(λ) + a2β2(λ)
, (3)

where

P0 = 1− a1
1− β1(λ)

β1(λ)
− a2

1− β2(λ)

β2(λ)
. (4)

Having (3), the moments of the system size can be determined, as usual, by differentiation of P (z)
at z = 1. For example, the mean system size Eν = P ′(1). It would be also appealing to use Little’s
law Eν = λv for the computation of the mean sojourn time v. But it has to be proved at first,
because the considered queue is not work-conserving.

Since P0 > 0, then from (4) it follows that the necessary condition for the system to be stable is

a1β1(λ) + a2β2(λ) > β1(λ)(1− β2(λ)) + β2(λ)(1− β1(λ)). (5)

Unfortunately we cannot offer any intuitive explanation for (5). Comparison with the single-server
case [1] suggest that (5) is also the sufficient condition. Yet it still remains to be proved.

From the Theorem two immediate corollaries follow. Denote by z1 and z2 the roots of the
denominator in (3), where z2 > z1.

Corollary 1. The stationary probability Pn of n customers in the system is equal to

Pn = P0
(1− a1β1(λ)− a2β2(λ))(z−n1 − z−n2 ) + (1− β1(λ))(1− β2(λ)(z1−n2 − z1−n1 )

(1− β1(λ))(1− β2(λ))(z2 − z1)
, n ≥ 1. (6)

Corollary 2. Whenever the considered queue is stable, the stationary probability P
(i)
n (x) of the

fact that there are n customers in the system, customer of class i is in server and its remaining
size is less than x is equal to

P (i)
n (x) = (λP

(i)
n−1 + λiPn)

∫ x

0

∫ ∞
u

e−λ(v−u)dBi(v)du, i = 1, 2, n ≥ 1, (7)

where

P (i)
n = ai(1− βi(λ))nP0 + ai

n∑
k=1

(1− βi(λ))n−k+1Pk, n ≥ 1. (8)
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[1] I. Horváth, R. Razumchik, M. Telek, The resampling M/G/1 non-preemptive lifo queue and its application to
systems with uncertain service time, Perform. Evaluation 134 (2019) 102000.

[2] M. Neuts, Queues solvable without Rouche’s theorem, Operations Research 27 (1979) 767–781.
[3] L. Meykhanadzhyan, R. Razumchik, Stationary characteristics of M/G/2 queue with identical servers, lifo service

and resampling policy, Informatika i ee Primeneniya 14 (2020) 66–71.
[4] A. V. Pechinkin, On an invariant queuing system, Math. Operationsforsch. Statist. Ser. Optimization 14 (1983)

433–444.

RazumchikR. 359



Асимптотическое поведение остаточного времени жизни экстремальных
распределений Гнеденко и приложения

Vladimir Rusev∗, Alexander Skorikov
Gubkin University, Moscow, Russian Federation

Abstract

Asymptotic estimates of residual life time of the Gnedenko extreme - value distributions for long-
term operation of the object are obtained. It is found that the domain of attraction of exponential
tails includes Gnedenko extreme distributions of the residual life time.

Keywords: Weibull-Gnedenko distribution, Gompertz distribution, Mean Residual Life,
Asymptotic behavior, Domain of attraction

1. Введение

В настоящее время остаточное время работы системы и ее характеристики становится
популярным инструментом, позволяющим решать задачи технического обслуживания обору-
дования. В теории надежности средняя остаточная наработка (Mean Residual Life - MRL) как
функция от времени может быть более актуальной характеристикой процессов старения, чем
функция безотказной работы или интенсивность отказов. Известно, что для целей моделиро-
вания отказов средняя остаточная наработка и интенсивность отказов играют разные роли.
Средняя остаточная наработка суммирует распределение остаточного ресурса по времени, то-
гда как интенсивность отказов является характеристикой немедленного отказа. В работе [1]
устанавливается также, что средняя остаточная наработка является более информативной и
полезной, чем интенсивность отказов. Обзор по теории и приложениям средней остаточной
наработки имеется в книге [2]. Исследование предельных распределений остаточного времени
работы восходит к классической работе Б.В. Гнеденко [3]. Им найдены единственно возмож-
ные предельные типы законов распределения: рапределения Гнеденко - Вейбулла и Гомперца,
которые часто используется в качестве моделей распределения в теории надежности и тео-
рии страхования. Исследование предельных распределений остаточного времени работы таких
распределений является актуальным вопросом, как для общей теории, так и для приложений
[4]

1.1. Определения
Пусть T - время до отказа системы с известным распределением F (t), а P (t) = 1 − F (t)

- вероятность безотказной работы. Если система проработала безотказно до времени t, то

∗Corresponding author
Email addresses: rusev.v@gubkin.ru (Vladimir Rusev), skorikov.a@gubkin.ru (Alexander Skorikov)
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случайная величина Xt = (T − t |T > t) есть остаточное время работы (остаточный ресурс).
Условная вероятность безотказной работы Pt(x) = (T − t > x |T > t) содержит всю инфор-
мацию, необходимую для прогнозирование остаточного времени работы Xt. Математическое
ожидание случайной величины Xt, называется средней остаточной наработкой - MRL (сред-
ним остаточным временем безотказной работы). По определению:

µ(t) = M(T − t |T > t) =

+∞∫
t

P (x)dx

P (t)
=

+∞∫
t

(1− F (x)) dx

1− F (t)
.

Справедливы следующие соотношения для введенной функции MRL, показывающие ма-
тематическую эквивалентность средней остаточной наработки, интенсивности отказов λ(t)и
вероятности безотказной работы P (t):

λ(t) =
1 + µ′(t)

µ(t)
, P (t) = 1− F (t) =

µ(0)

µ(t)
· e
−

t∫
0

dz
µ(z)

.

Плотность распределения наработки на отказ также определяется однозначно средней оста-
точной наработкой

f(t) =
µ(0) · (µ′(t) + 1)

µ(t)2
· e
−

t∫
0

µ(z)−1dz
.

1.2. Аналитическое представление средней остаточной наработки для модели Вейбулла-
Гнеденко через функцию Куммера

Пусть T обозначает случайную величину, равную времени безотказной работы элемента,
и подчиненную двухпараметрическому закону распределения Вейбулла-Гнеденко с функцией
распределения (α > 0, β > 0): F (t;α, β) = 1− e−(αt)

β

, t > 0 и математическим ожиданием

MT = T0 =

+∞∫
0

e−(αt)
β

dt = α− 1 · Γ
(

1 +
1

β

)
, (1)

где Γ(z) – гамма-функция Эйлера. Найдем аналитическое представление для µ(t) в случае
закона распределения Вейбулла-Гнеденко.

µ(t) =

+∞∫
t

(1− F (x)) dx

1− F (t)
= e(αt)

β

·
+∞∫
t

e−(αx)
β

dx =

= e(αt)
β

·

 +∞∫
0

e−(αx)
β

dx−
t∫

0

e−(αx)
β

dx

 = e(αt)
β

·

α− 1 · Γ
(

1 +
1

β

)
−

t∫
0

e−(αx)
β

dx

 .
Получим аналитическое представление средней остаточной наработки через функцию Куммера-
Похгаммера. По формуле 8.351(2), [5] имеем следующее выражение:

t∫
0

e−(αx)
β

dx = t · e−(αt)
β

· 1F1

(
1;

1

β
+ 1; (αt)β

)
, (2)
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где 1F1 (ρ; γ; x) - стандартное обозначение вырожденной гипергеометрической функции 1-
го рода или функции Куммера-Похгаммера, относящейся к классу специальных функций.
Следовательно,

µ(t) = e(αt)
β

·
[
α− 1 · Γ

(
1 +

1

β

)
− t · e−(αt)

β

· 1F1

(
1;

1

β
+ 1; (αt)β

)]
. (3)

1.3. Асимптотические представления средней остаточной наработки и остаточной дис-
персии

Используя представление функции Куммера-Похгаммера в виде ряда, получаем

µ(t) = T0 ·
+∞∑
k=0

(αt)βk

k!

1− α · t · k!

Γ
(
k + 1 + 1

β

)
,

где T0 = M T , (a)k обозначает символ Похгаммера:

(a)k =
Γ (a + k)

Γ (a)
.

C применением формулы 8.357 [5], при β > 0 получается следующее разложение:

µ(t) =
t

β(αt)β

(
1 +

1− β
β(αt)β

+
(1− β)(1− 2β)

β2(αt)2β
+O

(
1

t3β

))
, t→ +∞.

Рассмотрим остаточную дисперсию:

σ2(t) = E(X2
t )− µ2(t) =

2

1− F (t)

+∞∫
t

(1− F (x)) · µ(x) dx− µ2(t). (4)

В случае распределения Вейбулла - Гнеденко также, используя формулу 8.357 [5], имеем
при β > 0, t→ +∞:

σ2(t) =
t2

β2(αt)2β
·

[
1 +

4(1− β)

β(αt)β
+O

(
1

t2β

)]
. (5)

2. Аналитическое представление средней остаточной наработки и остаточной дис-
персии через неполную гамма-функцию Эйлера

По формуле 3.381(8), стр.346 [5] имеем

t∫
0

e−(αx)
β

dx =
1

αβ
· γ
(

1

β
, (αt)β

)
. (6)

Отсюда

µ(t) = e(αt)
β

· 1

α

[
Γ

(
1 +

1

β

)
− 1

β
· γ
(

1

β
, (αt)β

)]
. (7)
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Преобразуем (8), используя свойства гамма-функции Эйлера:

µ(t) = e(αt)
β

· 1

αβ

[
Γ

(
1

β
, (αt)β

)]
, (8)

где Γ (a, z) =
+∞∫
z
ya−1e−ydy- неполная гамма-функция 8.350(2), [5]. Отметим, что вычисления

по формуле (8), полученной в работе [7], дают осцилляцию средней остаточной нароботки.
Используя формулу (5), можно получить представление дисперсии через неполную гамма-
функцию:

σ2(t) = 2e(αt)
β

· 1

α2β
· Γ
(

2

β
, (αt)β

)
− 2t · µ(t)− µ2(t). (9)

Полученные представления и использование асимптотик из [5] неполной гамма-функции поз-
воляют доказать следующую теорему:

Теорема 1. Для двухпараметрического распределения Вейбулла - Гнеденко при α > 0, β > 0
справедлива следующая асимптотика коэффициента вариации остаточной наработки:

CV (t) =
σ(t)

µ(t)
= 1 +

1− β
β(αt)β

+ o

(
1

tβ

)
(t→ +∞). (10)

Для распределения Гомпертца: CV (t) = 1− e−t + o(e−t), (t→ +∞).

Численные эксперименты, проведенные в пакете Wolfram Mathematica для рациональных
β > 0, позволяют увидеть характер сходимости CV (t)→ 1 (t→ +∞) .

3. Область притяжения асимптотического распределения остаточного ресурса

Представляет интерес изучение асимптотического поведения распределения стандартизи-
рованного времени остаточного ресурса в классе экстремальных распределений Гнеденко, т.е.
нахождение таких распределений, для которых распределения остаточных ресурсов, соответ-
ственно нормированные, сходятся к экспоненциальному распределению. В работе [6] получен
критерий, описывающий в терминах коэффициента вариации область притяжения предельно-
го экспоненциального распределения остаточного времени работы. Применение теоремы 1 и
критерия из статьи [6] позволяют найти область притяжения предельного экспоненциального
распределения для экстремальных распределений Гнеденко.

Теорема 2. Асимптотическим распределением остаточной наработки для экстремальных
распределений Вейбулла-Гнеденко при α > 0, β > 0 и Гомпертца является экспоненциаль-
ное распределение.

Заметим, что качестве контрпримера распределения с остаточным ресурсом, не входящим
в область притяжения предельного экспоненциального распределения, можно рассмотреть
распределение Парето, для которого условие CV (t)→ 1 (t→ +∞) не выполняется.
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4. Заключение

Используя найденные в работе аналитические представлениия MRL, дисперии и коэф-
фициента вариации остаточноного времени работы, доказывается, что область притяжения
остаточного ресурса предельного экспоненциального распределения содержит весь класс экс-
тремальных распределений: распределение Вейбулла - Гнеденко при α > 0, β > 0 и распре-
деление Гомпертца.

В качестве приложения предложена оценка надежности системы "скважина - насос" в
терминах остаточного времени работы системы. При вычислении показателей надежности си-
стемы "скважина - насос" отказом считается любой случай подъема оборудования. Получе-
на оценка надежности погружного оборудования нефтяных скважин с различными отказами,
приведших к подъему насосов (мехпримеси, дефект насосно-компрессорных труб (НКТ), об-
рывы, отвороты штанги, oбрыв/отворот клапана, пропуск клапанов и т.д.) Оценочные расчеты
остаточного ресурса, как меры надежности, были выполнены для различных компонентов си-
стемы "скважина - насос". Вычисления значений остаточной наработки для нескольких из
них приведены в работе [8].
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Abstract

The presentation consists in three parts. In the first part the history of the Smith’s regeneration
idea development and generalisation is considered. The main goal of this part is to remain some
results about decomposable semi-regenerative processes. The second part aims to show some
applications of these processes for different stochastic models. In the third part a new application
of decomposable semi-regenerative processes to investigation of k-out-of-n : F system is presented.

Keywords: Regeneration, Decomposable Semi-regenerative Processes, System k-out-of-n

1. The first part

In the first part the history of the regeneration idea is considered. Here we remind (see [1] –
[7]) the main results of regenerative and semi-regenerative processes:

• representation of the process distribution in terms of its distribution in separate regeneration
periods, and

• Smith’s limit theorem and its generalizations.

If the process behavior into separate regeneration/semi-regeneration period is enough compli-
cated the so-called decomposable semi-regenerative processes can be used for their investigations.
For this kind of processes representation of time dependent process states probabilities in terms
of appropriate distributions into the separate embedded regeneration periods, analogous to those
that hold for regenerative process in sense of Smith and semi-regenerative processes are, also hold
[8], [9].

2. The second part

In the second part it was shown how these results can be applied for studying of some stochastic
systems such as:

• Priority queueing systems investigation in [8]. Another approach for this kind of the system
investigation one can find also in [5, 10].

• Single-server queueing system with recurrent input and generally distributed service time
investigation [11, 12]. For more detailed study of this system see book [13].
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• Complex hierarchical system investigation [14, 15, 16].

• Polling system investigation [17].

• The review of another approaches to investigation of different systems reliability one can find
in [18].

3. The third part

The third part of presentation is devoted to application of the decomposable semi-regenerative
processes to investigation of k-out-of-n : F system. This system can be defined as an n-components
system which is in workable state up to the time when k of them fail. After any component failure
it is repaired with a single repair facility. It is supposed that the components life time has an
exponential distribution and its repair time has a general distribution. For renewable k-out-of-
n : F system there exist at least two possible scenarios of the system repair after its fail.

• Partial repair, when after the system failure it prolong to work in previous regime and after
the repair of repaired component it passes to the state k − 1, or

• Full repair, when after the system failure the repair of whole system begins the system
becomes as a new one, and comes to the state 0.

Different approaches should be used for different scenarios study.
For the system study under the first repair scenarios denote by E = {0, 1, . . . k} the system set

of states, where j means number of failed components. and k is the system failure state. With this
set of states define random process J = {J(t), t ≥ 0} by the correlation

J(t) = j, if in time epoch t the system is in the state j ∈ E.

Under the natural assumptions for the first scenarios the process J is a semi regenerative one.
Its regeneration times Sn of the type j are the times of repair ends when system occurs in state
j, J(Sn + 0) = j (j = (0, k − 1) or system failure times (the times epochs, when system occurs in
the state k). Between regeneration points behavior of the process is enough simple that allows to
calculate its distributions in separate regeneration periods and with the help of semi-regeneration
technique to calculate its time dependent state probabilities. Further it allows to calculate he
system steady state probabilities and any other reliability characteristics as well as the system
reliability function.

For the second system repair scenarios the process J will be considered as a regenerative one
in the sense of Smith. In this case its regeneration times are the times of the system full repair
ends after its failure. However the process behavior between these times is enough complicated
that do not allows to calculate its distribution in separate regeneration period. Thus to do that
it is proposed to consider inside any separate regeneration period an embedded semi-regenerative
process with the same as before regeneration times of different types.

Another approach based on markovization method has been used in [19].
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4. Conclusion

In the full paper the history of development and generalisation of Smith’s regenerative idea will
be done. Decomposable semi-regenerative processes in focus of our consideration. Some previous
applications of these kind of processes will be remind. One new application of this approach for
study of the k-out-of-n system also will be into pour attention.
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Abstract

The paper investigates the architecture of deep neural networks for recognizing human emotions
from speech. Convolutional neural networks and recurrent neural networks with an LSTM memory
cell were used as models of deep neural networks. An ensemble of neural networks was also built
on their basis. Computer experiments with the proposed deep learning models and basic machine
learning algorithms for recognizing emotions in human speech contained in the RAVDESS audio
database were conducted. The results obtained showed high efficiency of neural network models,
and accuracy estimates for some classes of the emotions were 80%.

Keywords: Emotion Recognition, Deep Learning, Recurrent Networks, BLSTM model

1. Introduction

The recognition of human emotions is one of the most relevant and dynamically de-veloping
areas of modern speech technologies, and the recognition of emotions in speech (RES) is the
most popular part of them [1]. Computer recognition of emotions sets the task of identifying the
features of the emotional speech of a person based on audio recordings, video recordings of people
who uttered this statement, and other modalities [2, 3]. With the advent of deep learning methods
and the creation of deep Neural networks (DNN), research in the field of computer analysis of
emotions has acquired a qualitatively new direction of development [4]. In this paper, we propose
the computer model of emotion recognition based on the ensemble of bidirectional recurrent neural
network with an LSTM memory cell and the deep convolutional neural network called ResNet50.
Computer experiments on emotions recognition using the proposed model and comparative analysis
of the obtained results with other models of neural networks, as well as the most popular machine
learning algorithms, were conducted on the dataset RAVDESS, which contains audio recordings of
human emotional speech.

2. Data description and their pre-processing

In this paper the computer studies of the RAVDESS database containing human emo-tional
speech were conducted [5]. RAVDESS is a data set containing 7356 files (total size: 24.8 GB). Three
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modality formats have been created for each of the 24 actors (male and female): audio only(16
bit, 48 kHz .wav), audio video (720p H. 264, AAC 48kHz. mp4), and video only (no audio) [9].
Entries contain the following emotions: 0-neutral, 1-calm, 2-happiness, 3-sadness, 4-anger, 5-fright,
6-disgust, 7-surprise. There are a total of 16 classes (8 emotions divided into male and female)
for a total of 1,440 samples (speech only). To train machine learning algorithms and deep neural
networks to recognize emotions, the audio recordings at our disposal must be pre-processed in such
a way as to extract the main characteristic features of certain emotions. For computer experiments,
only the audio part of the RAVDESS set was taken, containing 1440 three seconds audio recordings
made by 24 actors. Audio recordings are equally divided into 8 classes according to the emotions
expressed in them: neutral, calm, up-set, joy, irritation, fear, disgust and surprise. Each emotion
was recorded with two types of intensity medium and high, and two doubles for each recording
were performed. The original audio recordings were normalized by volume and cleared of noise that
went beyond the range of amplitudes from 300 to 3400 Hz. Then, using Fast Fourier Transform
(FFT) with window width settings of 93 milliseconds, overlapping windows of 46.5 milliseconds,
audio recordings were decomposed into the frequency spectrum.

The following features were selected from the resulting spectrum [6]: 1) Mel-cepstral coefficients
(Cepstral Mel-coeficients 1-24, Delta Cepstral Mel-coeficient second-order, Delta Mel Cepstral co-
eficient, Mel Cepstral coefucient mean, Mel Cepstral-coeficient standard deviation); 2) Chromatic
features (Chromagram, energetically normalized Chromagram); 3) Spectral features (tonal Cen-
troid characteristics, spectral contrast, zero intersection rate, spectral centroid, spectral bandwidth,
spectral atness, mean square value). Many of these features are not scalar values, but vectors, so
the resulting tensor was expanded into a at matrix of the final dimension (311040, 22). The re-
maining columns in this matrix were: the actor’s number, a link to a file inside the database, the
file name, the target in the form of a word and a numeric label, the actor’s gender, and the replay
number. Subsequent data processing depended on the model used. For the BLSTM model, the
data was divided into sections of the required width in increments of one sample using a sliding
window. For the convolu-tional neural network, no other features were used other than the spec-
trogram. The spectrogram was converted to an image of dimension (224, 224) and normalized
so that the average for each image channel was the following values: [0.485; 0.456; 0.406], and
the standard deviation was [0.229: 0.224; 0.225]. The data was divided into three parts training,
test, and validation samples. The size of the training sample was 1010 audio recordings, or 218160
samples, and the size of the validation and test sam-ples was 215 audio recordings each, or a total
of 46440 samples.

3. Computer studies of the deep learning models for the emotions recognition

In this paper, computer studies of various models of neural networks for the classification of
emotions are carried out on the example of the RAVDESS data described above. For this purpose,
deep convolutional ResNet50 networks were used [7], as well as recurrent networks with an LSTM
cell [8, 9]. In order to apply convolutional networks, the sound is represented as spectrograms in a
linear or spectrum scale, after which the resulting spectrograms are operated on as two-dimensional
images. During the experiments, were trained 5 machine learning algorithms: Logistic regression
(LR), classifier based on the support vector machine (SVM), decision tree (DT), random forest
(RF), gradient boosting over trees XGBoost and three deep learning models: convolutional neural
network CNN, recurrent neural network RNN (ResNet18), and an ensemble of convolutional and
recurrent networks Stacked CNN-RNN. The optimization algorithm for logistic regression was
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LBFGS. The regularization parameter for the support vector machine algorithm is set to 1 and
the kernel type is RBF. The algorithm of decision trees was trained with the following parameters:
without limiting the depth of the tree, the minimum number of samples to divide was 5000. The
RF algorithm was trained with the following parameters: the number of trees was 1000, with no
depth limit, and the minimum number of samples to split was 5000. The XGBoost algorithm was
trained with the following settings: the number of trees was 500, the maximum depth of each tree
was 3, and the minimum number of samples to split was 5000. For all algorithms based on decision
trees, the tree structure was optimized based on the Gini Impurity criterion. These algorithms
were used as a benchmark for evaluating the performance of recognition algorithms based on deep
neural networks. Let’s look at each of the neural network models in more detail. To create a
convolutional neural network, the ResNet50 architecture was used as the basis [8]. A distinctive
feature of this net-work is the use of skip-connections between different layers of the neural network.
This allows for fast and stable learning of a suficiently deep convolutional network with a large
number of convolutional layers. ReLU functions served as activations for all layers. The output
of the last convolutional layer was the average Pooling layer, followed by a fully connected linear
layer that converts the output of the last convolutional layer of dimension (512, 1, 1) to a vector
of dimension 8, in which each value indicates the probability of assigning the sample to any of the
classes.

The Cross-Entropy Loss was used as a loss function for training a convolutional neural network.
The algorithm SGD with momentum was used as an optimizer with the following training settings:
learning rate=0.001, momentum=0.9. Optimal value for the number of epochs for training was
chosen to be 35. The number of batches during training was 64. As a model of a recurrent neural
network, a model of the following architecture was trained: a bidirectional LSTM model with
two hidden layers, with 128 hidden states stored in the memory of the neural network. ReLU
functions were used as activation functions. The output of the last recurrent layer is processed by
the Softmax function, and then a fully connected linear layer is converted to a vector of dimension
8, whose values reect the probability of assigning the sample to any of the classes. To improve the
generalized ability of the model, the dropout regularization algorithm was also applied, with the
value of the regularization value equal to 0.3. RMSProp was selected as the optimizer with the
following settings: alpha=0.99, moment=0.9, learning rate=0.0001. The optimal number of epochs
for network training was chosen to be 100. The latest our neural network algorithm was trained as
the ensemble of two of the above models, convolutional and recurrent neural networks ResNet18.
The architecture of the ensemble consists of architectures already described models, except for the
fact that we removed the last fully connected layer, that performs the conversion obtained after
convolution of the values in the vector of final labels. Thus, these values were immediately sent to
the input of the reconfigured recurrent neural network. The Focal Loss function was also selected
as the loss function for this model, and the RMSProp class with the previous settings was used as
the optimizer. Final performance of all the described models is shown in Table 1. It shows the
values of the emotions classication accuracy metrics (average accuracy, F1-measure, average AUC
score) obtained after applying the trained models on the test data.

As we can see from the results, neural network models showed much higher accuracy in recog-
nizing and classifying emotions than linear algorithms or algorithms based on decision trees and
RF. Among the three variants of neural networks, the ensemble CNN+BLSTM model showed the
higher accuracy, which is possible due to the use of long-term memory modules in this architecture.
Also, in Fig. 1 the graph of the ROC analysis curves and AUC values for all classes of the emotions
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Model Accuracy F1-measure Average AUC

LogReg 0.1723 0.1245 0.286
SVC 0.285 0.067 0.066
DT 0.288 0.077 0.288
RF 0.557 0.555 0.743
XGBoost 0.31 0.307 0.682
CNN 0.695 0.688 0.733
BLSTM 0.714 0.695 0.833
CNN+BLSTM 0.748 0.723 0.862

Table 1: The results of computer experiments of the emotions recognition by machine learning algorithms and deep
neural networks.

are shown.

Figure 1: Graphs of AUC accuracy scores for emotion classes obtained using the CNN+BLSTM ensemble model.

In further experiments, the records containing the emotions of disgust, surprise, and neutrality
for both male and female actors were removed from the analyzed data, resulting in 10 classes of
emotions. This improved the classification accuracy to 77%. Similar studies of these data using
deep neural networks, such as [10], reported the achieved classification accuracy of 58.6% and 64%,
respectively. Also, for this database, computer experiments were conducted to classify the gender
of the actor, and, in addition, the positivity (negativity) of the emotions expressed. In these cases,
the classification accuracy was 97.4% and 98.7%, respectively. It is obvious that the reduction of
emotion classes or their binarization leads to the expected significant increase in the accuracy of
classification. In similar studies, for example, [11], the accuracy obtained is reported to be 58%
and 60%, respectively.

4. Conclusion

In this paper the methods for recognizing the emotions in human speech using deep neural net-
works and machine learning algorithms are studied. Audio recordings contained in the RAVDESS
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database were used as the analyzed data. We presented the model based on the ensemble of the
BLSTM neural network and the convolutional neural network ResNet50, and also developed an
algorithm for fine-tuning its parameters. The comparative analysis of the results of using vari-
ous models of neural networks and machine learning algorithms has shown the advantage of the
proposed architecture of the ensemble of neural networks. This was possible due to the use of
short-term memory modules BLSTM, which allows two-way processing of the information con-
text. Based on the results of the research, the following conclusions can be drawn. In fact, the
results obtained in the work can be assessed as good, given that only audio recordings were used.
Obviously, speech alone is not enough to accurately classify emotions, but you also need to use
video recordings, facial expressions, gestures, and other additional data sources to improve the
quality of recognition. In many ways, the success of the algorithm depends on the quality of the
training database. It should be representative of all types of emotions delivered by the experts,
and preferably in equal proportions. For this purpose, it is necessary to expand existing databases
by creating new records, for example, using generative neural networks, as well as apply Transfer
Learning.
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The tuning problem with discrete time and some applications
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Abstract

The article discusses the development of a new stochastic model with control. We provide the
theoretical background and show the importance and the applicability of this mathematical model.
We present the general structure of a new stochastic model, that is based on the idea of a controlled
external impact, produced once the process reaches some specified set of boundary conditions. It
is shown that the model represents a controlled Markov process with discrete sets of states. The
method of solving the task of the optimization of intervention is provided and it uses the results
of solving the general stochastic problem of tuning.

Keywords: controlled probabilistic process, absorbing Markov chains, stochastic problem of
tuning

1. Introduction

The article adresses the problem of the development and the analysis of a stochaic model with
control. The main feature of the model is that the control actions are carried out at times when a
stochastic process describing the system under research reaches the boundary of a given subset of
the set of states. The control action itself consists in transferring the process from the boundary
to one of the internal states of a given subset. In this case, the internal states are interpreted
as acceptable, and the boundary ones as unacceptable. Control actions are described by a set of
discrete probability distributions depending on the boundary state number. Such a set defines a
control strategy. The problem of optimal control is formalized as the problem of finding a control
strategy that delivers a global extremum to a certain stationary cost-effectiveness indicator, which
in terms of its economic content represents the average specific profit arising from a long evolution
of the system. The posed problem of optimal control is proposed to be called the tuning problem.

2. General structure and basic features of the stochastic model interventions in the
economy

The mathematical model of some economic model with external influences (economic interven-
tions), can be described using some stochastic process. State of this process is the main parameter
of the given system. In the economic system, this parameter is the product price. This parameter
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may be used as the present value of the bi-currency basket in the financial market system. Evolu-
tion of this process consists of two main stages that go one after another and forming a repeating
cycle. At the first stage, the price is formed without external influence, according to the internal
rules of this market system. The set of possible states of the process includes the specified subset
of admissible states. External exposure is not used during the process stay in this admissible sub-
set. At moments when the process (the main parameter) goes to the border or beyond the subset
of admissible states, an external influence is made. This is the intervention. The purpose of this
influence is the return of the process value to one of the state from admissible subset. This external
influence is the control in this probability model. The problem of optimal control is the choice of
control characteristics that give an extremum to some indicator of control quality. This indicator
should have an economic background and reflect the efficiency of the economic system.

The set of process states is a finite set of numbers {0, 1, . . . , N − 1, N}. Boundary states are 0
and N are considered invalid, and internal ones are {1, 2, . . . , N − 1} - as admissible. At the initial
moment t0 = 0 the process starts from an admissible state i ∈ {1, 2, . . . , N − 1}. The evolution

of the process is described with absorbing Markov chain
{
ξ
(0)
n

}
, in which boundary states are

absorbing, and internal admissible states. As is known from Markovian processes theory , at some

moment n0 the process falls into one of the absorbing states; in this example ξ
(0)
n0 = N . After that,

an external influence (control), as a result of which the process is translated into some the internal

admissible state l ∈ {1, 2, . . . , N − 1} α(1)
l ;

N−1∑
l=1

α
(1)
l = 1. A similar external influence produced

when the process is absorbed in state 0, i.e. if ξ
(0)
n0 = 0, is described by the discrete probability

distribution
{
α
(0)
l , l = 1, 2, . . . , N − 1

}
. After each influence, irrespective of the past the process

begins to evolve from the state l along the trajectory of the new absorbing Markov chain
{
ξ
(1)
n

}
,

whose probabilistic characteristics coincide with the characteristics of the chain
{
ξ
(0)
n

}
. At the

moment of falling into one of the boundary absorbing states, an external control influence is again

performed, which is described with the discrete probability distributions
{
α
(0)
l , l = 1, 2, . . . , N − 1

}
,{

α
(1)
l , l = 1, 2, . . . , N − 1

}
. The further evolution of the process describes analogously.

Further in this investigation we will use the classical theory of absorbing Markov chains [4].
For convenience in applying this theory, we rewrite the states in the original set {0, 1, 2, . . . , N} as
follows: the state {0} we leave the previous notation {0}, the state {N} will be denoted by the
symbol {1}, and assign the new notation to the remaining states {1, 2, . . . , N −1} as {2, 3, . . . , N}.
Thus, in the set of states X = {0, 1, . . . , N} the states {0} and {1} will be boundary and absorbing
states, and the states {2, 3, . . . , N} - internal non-returnable and allowable.

3. Solution of the optimal control problem in a stochastic Markov model with discrete
time

Let define a function D : Z → R, which can also be defined as the set of its values (ρi =
D(i), i ∈ Z). We will interpret ρi as revenue (positive or negative) obtained by one stay of the
process {ζk}∞k=0 in state i, i ∈ Z. Consider a random sequence

γn =
n∑

k=0

D(ζk), n ∈ {0, 1, . . .}
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Figure 1: The possible trajectory of the main process and possible control effect

Definition 1. A random sequence (discrete-time process) {γn}∞n=0 will be called the cost additive
functional associated with the Markov chain {ζk}∞k=0.

Theorem 1. Let the Markov chain {ζk}∞k=0be irreducible, recurrent, and positive. Suppose also
that the following condition holds

∞∑
k=0

|ρk|πk <∞,

where π = (πk, k ∈ Z) is the stationary distribution of the Markov chain {ζk}∞k=0. Then for any
initial state i0 ∈ Z the following relation holds.

I = lim
n→∞

1

n
E[γn|ζ0 = i0] =

∑
i∈Z

ρiπi (1)

It is natural to call the value on the right-hand side of relation (1) the average stationary specific
income associated with the Markov chain {ζk}∞k=0.

The discrete probability distributions α(0) =
(
α
(0)
i , i ∈ {2, 3, . . . , N}

)
,

α(1) =
(
α
(0)
j , j ∈ {2, 3, . . . , N}

)
, that specify controls. Thus, the optimal control problem in this

model can be formulated as the extremal problem

I = I
(
α(0), α(1)

)
→ extr,

(
α(0), α(1)

)
∈ Γd (2)

where Γd is the set of pairs of vectors of discrete probability distributions defined on a finite set of
admissible controls U = {2, 3, . . . , N}.

To solve the optimal control problem (2), it is necessary to establish the structure of the
dependence of the functional I

(
α(0), α(1)

)
on the discrete probability distributions α(0), α(1) . In

the paper [3] (Theorem 3) it is established that the functional I
(
α(0), α(1)

)
is a fractional-linear

integral with respect to the indicated distributions. Let us formulate this result as a separate
theoretical statement.

Theorem 2. The stationary cost functional I
(
α(0), α(1)

)
, defined by the relation (2), can be
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represented in the form

I
(
α(0), α(1)

)
=

N∑
k0=2

N∑
k1=2

A(k0, k1)α
(0)
k0
α
(1)
k1

N∑
k0=2

N∑
k1=2

B(k0, k1)α
(0)
k0
α
(1)
k1

(3)

where the functions A(k0, k1), B(k0, k1) are defined by formulas

A(k0, k1) = bk1,0

[
d
(0)
k0

+ rk0

]
+ bk0,0

[
d
(1)
k1

+ rk1

]
(4)

B(k0, k1) = bk0,1 + bk1,0 (5)

Thus, the control efficiency index in this semi-Markovian model is a fractional-linear integral
functional of the discrete probability distributions α(0), α(1) , which determine the control param-
eters.

To solve the problem of optimal control with respect to the control efficiency index expressed by
formula (3), we apply theoretical results on extrema of linear-fractional integral functionals defined
on the set of discrete probability distributions [4], [5].

First of all, we note that the main function of a linear-fractional integral functional (3), namely,
a function of the form

C(k0, k1) =
A(k0, k1)

B(k0, k1)
, (6)

where the functions A(k0, k1), B(k0, k1) are given by the formulas (4) and (5), respectively, is
defined on a finite set of control parameter values (k0, k1) ∈ U × U,U = {2, 3, . . . , N}. Thus,
this function achieves its minimum and maximum values (global extrema) on the set U × U . In
addition, the following condition is satisfied

B(k0, k1) = bk0,1 + bk1,0 > 0, (k0, k1) ∈ U × U .

Thus, all the conditions of the theorem on the extremum of a linear-fractional integral functional
defined on the set of discrete probability distributions are fulfilled (Theorem 1 [3]). The solution of
the extremal problem (2) exists (separately both for the maximum problem and for the minimum
problem) and is achieved on degenerate discrete distributions concentrated at the points k∗0, k

∗
1. In

this case, (k∗0, k
∗
1) is the point at which the corresponding global extremum of the main function

C(k0, k1) , determined by formulas (6), (4) and (5).

4. Conclusion

A theoretical solution of the problem of optimal control posed is given in [3]. The basis of
this solution is the statement about the extremum of a fractional-linear integral functional [5]. [6]
provides a complete analysis of the discrete-time control problem, including proofs of the main
statements.
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Abstract

In this paper Sturm-Liouville problem is formulated with boundary conditions on the positive half-
line [0,+∞) for the 2m-order truncated relativistic finite-difference Schrodinger equation (Logunov
– Tavkhelidze – Kadyshevsky equation, LTKT equation) with a random quasipotential and a
small parameter. The numerical analysis of eigenfunctions and eigenvalues for this boundary
value problem with the random quantum anharmonic oscillator quasipotential is made. We used
modifications of the layer-adapted piecewise uniform Shishkin-type meshes for numerical solving
this problem with a small parameter. The behavior of eigenfunctions and eigenvalues are considered
when a small parameter ε→ 0.

Keywords: Stochastic process, Random quasipotential, Relativistic finite-difference Schrodinger
equation, Layer-adapted piecewise uniform Shishkin-type meshes methods, Small parameter

1. Introduction

It is well known that most of the currently known particles have a quark structure. This is
especially true for hadrons, which are currently thought to be bound states of colored quarks and
gluons. The investigation of mass spectra and decay probabilities of elementary particles requires
the construction of a consistent theory of bound states, but direct calculation of these characteristics
of elementary particles using local quantum field theory is hardly. A way to solve this problem was
outlined, based on the use of dynamic equations in local quantum field theory, examples of which
are the Bethe–Solpiter equation, the quasipotential equation, and other equations.

Recently, the Schrodinger equation with infinitely growing central potentials has been widely
used to describe hadrons as bound states of a quark and an antiquark . However, even in a system of
cc̄-quarks and, perhaps, bb̄-quarks, despite the large masses of the constituent particles, relativistic
effects can have a certain value. Therefore, approaches based on the use of relativistic equations are
increasingly used. As a rule they proceed from the Dirac equation for the fermion in the external
field in the model of quasi independent quarks or different equations of the quasi potential type
(Braith, solpiter, Faustov, etc.). All these equations have the correct and identical non-relativistic
limit, but as relativistic they may differ from each other. The difference is especially evident in the
asymptotic behavior at r →∞ for infinitely growing potentials. Here it should be remembered that
the Dirac equation, as well as the equation at r → ∞, Breit’s equations suffer from the so-called

∗Corresponding author
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Klein paradox if the static Central interaction is chosen as the 4th component of the vector. In
this case, the solutions of these equations do not decrease by infinity, and oscillate, i.e. there are
no connected States. On the other hand, using the Dirac equation as an example, it is known that
a scalar potential growing at infinity gives the desired falling asymptotic.

There has been a significant and steadily growing interest in the study of the spectral and
related properties of the Schrodinger equation, as well as other differential and difference operators
with random and almost-periodic coefficients. This interest is due to both the internal logic of the
development of spectral operator theory, probability theory, and mathematical physics, and the
requests of related natural science disciplines and, above all, theoretical physics, where many of the
problems originally arose and were considered and which still often has a decisive influence on the
development of this field of mathematics. The problems and approaches that have emerged in this
area, as well as the results obtained, are also interesting, apparently, because together form one
of the rather natural and effective formalization of intuitive concepts of typical operator, typical
differential equation, etc. We are talking about this approach, when instead of a single operator,
we study their entire ensemble and establish facts that are valid for each in some sense typical
representative of this ensemble. At the same time, as shown by the development of the area under
discussion, of the two used in mathematics formalization of the concept of typical categorical and
probabilistic, more efficient and effective is still the probability and so the term typical, usually
equivalent to the issues being discussed, the term almost everyone on probabilistic measure. In
particular, differential and finite-difference operators whose coefficients are homogeneous random
fields represent a very natural ensemble for studying the typical properties of these operators
with coefficients bounded throughout space. As is well known, the spectral theory, such as the
Schrodinger equation with a limited potential, is much less developed than the theory of this
equation with a decreasing or increasing potential, and is essentially limited to the case of a
periodic potential. And here discussed below the approach has already proved fruitful in a number
of problems in which traditional methods of spectral theory are ineffective.

In the papers [2, 3, 8, 10], the authors considered the relativistic Schroedinger difference equa-
tion (Logunov-Tavkhelidze-Kadyshevsky equation, LTK equation) with the quasipotential in the
relativistic configurational space for the radial wave functions of bound states for two identical
elementary particles without spin

[Hrad
0 + V (r)− 2c

√
q2 +m2c2]ψ(r, l) = 0, (1)

Hrad
0 = 2mc2 ch

(
i~
mc

D

)
+

~2l(l + 1)

mr(r + i~
mc)

exp

(
i~
mc

D

)
where m is a mass, q is a momentum, l is an angular momentum of each elementary particle and
V (r) is a quasipotential (a piecewise continuous function). Asymptotic solutions of the Sturm-
Liouville problem on an interval and on a positive half-line for LTK equation was studied in
[2, 3] in the form of regular and boundary layer parts. Asymptotic behavior of these solutions
was investigated when a small parameter ε → 0. The transition method was applied for LTK
equation in [2, 3]. Thus, LTK was transformed from an infinite order differential equation to a
finite 2m-order differential equation. The Sturm-Liouville problem on an interval and on a positive
half-line was formulated for this ”cutting” equation (Logunov-Tavkhelidze-Kadyshevsky truncation
equation, LTKT equation). Asymptotic solutions were built for this problem and it was studied
their behavior when the order LTKT equation m→∞.

Vasilyev S. et al. 379



The semiclassical Schrodinger equation with multiscale and random potentials often appears
when studying electron dynamics in heterogeneous quantum systems. As time evolves, the wave-
function develops high-frequency oscillations in both the physical space and the random space,
which poses severe challenges for numerical methods. In paper [4, 5, 6, 7, 12], it was considered the
numerical solution of the one-dimensional Schrodinger equation with a periodic lattice potential
and a random external potential.

In this paper the numerical analysis of the Sturm-Liouville problem boundary value problems
on the positive half-line A ∈ [0,+∞) for LTKT equations of 4-order with a small parameter with
the random quantum anharmonic oscillator quasipotential is made. We used modifications of the
layer-adapted piecewise uniform Shishkin-type meshes for numerical solving this problem with a
small parameter [1, 9, 11]. The behavior of eigenfunctions and eigenvalues are considered when a
small parameter ε→ 0.

2. Statement of the boundary value problems for LTK equation

We can assume that ~ = 1,m = 1, l = 0 (S-wave function) in the equation (1), where

ε =
1

c
, λε,∞ = 2q2/

√
1 + ε2q2 + 1, q2 = (1 + 0.25ε2λε,∞)λε,∞.

Thus, the equation (1) has the form:

[L̃ε∞ − λε,∞]ψε,∞(r) = 0, (2)

L̃ε∞ = L2 + ε2Lε∞ =

∞∑
p=1

ε2p−2L̂2p + Vε(r, ω),

L̂2p =
2(−1)p

(2p)!!
D2p, L2 = −D2 + V0(r), D

p = dp/drp,

where Vε(r;ω) is a random quasipotential which depends on a small parameter ε and (r;ω) ∈ X ×Ω
((Ω;F;P) is an abstract probability space for X ∈ A). We suppose that the quasipotential V0(r)
has the deterministic limit Vε(r;ω) when ε→ 0. This differential equation (2) of infinite order with
a small parameter (ε << 1) belongs to the class of singularly perturbed equations.

For this differential equation we can formulate the Sturm-Liouville boundary value problem
A∞ε on the positive half-line [0,+∞) for finding the eigenfunctions [ψε,∞,γ ]∞γ=1 and eigenvalues
[λε,∞,γ ]∞γ=1

[L̃ε∞ − λε,∞]ψε,∞(r) = 0, (3)

Diψε,∞(0) = Diψε,∞(+∞) = 0, i = 0, 1, . . . (4)

If we admit that the differential equation (2) has a finite order m > 1 (Logunov-Tavkhelidze-
Kadyshevsky truncation equation, LTKT equation)

[L̃ε2m − λε,2m]ψε,2m(r) = 0,

L̃ε2m = L2 + ε2Lε2m =

m∑
p=1

ε2p−2L̂2p + v(r),
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Lε2m =

m−1∑
p=1

ε2p−2L̂2p+2 =

m−1∑
p=1

2(−1)p+1

(2p+ 2)!!
ε2p−2D2p+2.

Thus, we can formulate the Sturm-Liouville boundary value problem A2m
ε on the positive half-

line [0,+∞) for obtaining the eigenfunctions [ψε,2m,γ ]∞γ=1 and eigenvalues [λε,2m,γ ]∞γ=1

[L̃2m − λε,2m]ψε,2m(r) = 0, (5)

Diψε,2m(0) = Diψε,2m(+∞) = 0, i = 0, 1, . . . ,m− 1. (6)

There is a question of the existence of the convergence of the solutions to the deterministic limit
for cases when ε→ 0.

3. Numerical analysis of the boundary value problems

A relativistic analogue of the Schrödinger equation was considered and the asymptotic solution
of the boundary value problem for this singular perturbated infinite order differential equation was
obtained. We can use a truncation method to eliminate high order derivatives in this equation and
consider the boundary problems for the singular perturbated fourth-order differential equation of
the form

ε
d2

dx2

[
k(x, ε)

d2u

dx2

]
− d

dx

[
p(x, ε)

du

dx

]
+ q(x, ε)u = f(x, ε),

with the boundary conditions A

u(0) = 0, u(1) = 0, u′(0) = 0, u′(1) = 0,

where k(x, ε), p(x, ε), q(x, ε), f(x, ε) are some continuous functions of all variables, and we suppose
that

0 < c1 ≤ k(x, ε) ≤ c2, 0 ≤ p(x, ε) ≤ c3, 0 ≤ q(x, ε) ≤ c4, |f(x, ε)| < c5,

where ci > 0, i = 1, 5 are some positive constants, and ε > 0, ε << 1 is a small parameter.
We propose modifications of the layer-adapted piecewise uniform Shishkin-type meshes for

numerical solving problemsA. We show that this modified Shishkin-type methods for the numerical
solution of the boundary problems A is uniformly convergent, in the discrete maximum norm,
independent of singular perturbation parameter.

We can formulate the Sturm-Liouville boundary value problem Ã4
ε on the positive segment

[0, r0] for the numerical analysis in the form:

[L̃4 − λε]ψ(r) = 0, (7)

Diψ(0) = Diψ(r0) = 0, i = 0, 1, (8)

where we assume that a parameter r0 is large enough that the solutions is asymptotically stable.
The numerical analysis of the Sturm-Liouville boundary value problem Ã4

ε on the positive
segment [0, r0] for obtaining the eigenfunctions [ψγ ]∞γ=1 and eigenvalues [λε,γ ]∞γ=1 is made using
modifications of the layer-adapted piecewise uniform Shishkin-type meshes method [1, 9, 11].

The numerical studies is made under the assumption that the random quantum anharmonic
oscillator quasipotential Vε(r;ω) has the form:

Vε(r;ω) = r2 + εηrr
4, V0(r) = r2, (9)
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where parameters ηr is an independent normally distributed N(0, σ2) random variable and V0(r)
is the quantum oscillator quasipotential.

The behavior of the eigenfunctions [ψε] for γ = 1 and eigenvalues [λε] for γ = 1, 5 when
ε ∈ {0.5; 0.1; 0.01; 0.001}, σ = 0.1 and the number of grid nodes N = 1000 () is shown in the figure
(see Fig. 1) and in the table (see Table 1). We use LAPACK libraries in Fortran for the numerical
analysis. In our numerical tests, we set the final computational value of the parameter r0 = 6.

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  1  2  3  4  5  6

ψ

r

ε=0.5
ε=0.1
ε=0.01
ε=0.001

Figure 1: The behavior of the eigenfunctions ψε.

γ ε = 0.5 ε = 0.1 ε = 0.01 ε = 0.001

1 3.37574916 3.40985800 3.20045147 3.05287545
2 4.23694462 6.98512026 7.34339086 7.08643136
3 7.19823343 9.98997932 11.2838603 11.0995198
4 13.4508853 13.4840750 15.4676153 15.1571028
5 13.8704018 23.2637684 18.8735282 19.1414836

Table 1: The behavior of the eigenvalues λε.

One can see that each realization of the numerical test for the small parameters ε ∈ {0.5; 0.1; 0.01; 0.001}
demonstrate the accuracy and efficiency of the proposed method. The behavior of the solution ψε
when ε = 0.5 shows a significant influence of the random factor that is implemented by the
quasipotential function Vε(r;ω). The behavior of solutions ψε when a small parameter tends to
0.001 demonstrates convergence to the solution of the classical problem for the quantum oscillator.
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4. Conclusion

In this paper the numerical analysis of the eigenvalues and the eigenvectors for the Sturm-
Liouville boundary value problem which concerns the singularly perturbed relativistic finite-difference
Schrodinger equation 4-order with the random quasipotential on the segment [0, r0] is made using
modifications of the layer-adapted piecewise uniform Shishkin-type meshes method that is realized
by packages of LAPACK libraries in Fortran. It is shown the existence of the convergence of the
solutions to the deterministic limit for cases when ε→ 0. Modifications of the layer-adapted piece-
wise uniform Shishkin-type meshes method is used. The study showed the effectiveness of using
such grids that allow using asymptotic methods of singularly perturbed differential equations.
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General Markov chain model for time-sharing process with renewal input
of multiclass customers and setup times
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Abstract

A queueing system with multiclass customers and dynamic priorities is considered. After every
service act a setup time is needed. The input flow is a renewal process. Serviced customers
form Bernoulli feedback, possibly changing their class. The system is observed at service and
setup act termination epochs. A multivariate Markov chain with a measurable state space is
constructed. It describes server’s dynamics, queues lengths fluctuations and residual inter-arrival
time at observation epochs. The chain transition kernel is found, irreducibility of the chain is
proved. Recurrent with respect to the discrete time relations are found for the Laplace–Stieltjes
multivariate transforms for the server state, numbers in the queues, and the residual inter-arrival
time.

Keywords: Queueing theory, Renewal input, Dynamic priorities, Bernoulli feedback
2000 MSC: 60K52, 90B22

1. Problem statement

A queueing system with non-preemptive dynamic priorities is considered [1, 2, 3]. Its input is
a renewal flow. The inter-arrival times are i.i.d. with the probability distribution function A(t),
A(0) = 0. Customers arriving in this flow are called primary. Each primary customer belongs
to class j with probability αj , j = 1, 2, . . . , m independently of the other customers. Class j
customers join a queue Oj of infinite capacity. The server provides service for no more than one
customer at each time moment. Service act durations for different customers are independent
random variables. Service act duration for a customer from queue Oj is defined by its probability
distribution function Bj(t), Bj(0) = 0. A served customer from queue Oj can change its class into
class r with probability pj,r and join the queue Or (we call such customers secondary customers),
or leave the queueing system with the complimentary probability pj,m+1 = 1−

∑m
r=1 pj,r (a general

Bernoulli feedback). After a servicing act at queue Oj , the server needs a setup time whose duration
is random with probability distribution function B̄j(t), B̄j(0) = 0. If the queues lengths at the end
of the setup time are some integer-valued vector x = (x1, x2, . . . , xm) then next servicing act takes
place for the queue Or with r = h(x) where h(·) is a given mapping of the non-negative integer
lattice X = {0, 1, . . .}m onto {1, 2, . . . ,m+ 1} such that h(x) = r implies xr > 1, and only the zero
vector 0̄ = (0, 0, . . . , 0) is mapped to the point (m+ 1).

∗Corresponding author
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All random elements considered in the paper are defined on some probability space (Ω,F,P).
The model construction draws on earlier approach in [4]. We observe the system at time in-
stants τ0 = 0 and τ1, τ2, . . . — servicing acts and setup acts termination epochs. Let’s denote
by ζi the residual inter-arrival time for the next arrival of a primary customer after τi. Next,

let η
(1)
j,i denote the number of primary customers arrived to queue Oj during the time interval

(τi, τi+1] before a service or setup begins, let η
(2)
j,i denote the number of primary customers ar-

rived to queue Oj during the same time interval after a service or setup begins, let η
(3)
j,i denote

the number of secondary customers arrived to the queue Oj during the time interval (τi, τi+1],
let ξj,i be the potential number of serviced customers from the flow Oj during the time interval
(τi, τi+1] (the saturation flow), κj,i be the number in the queue Oj at time τi. Let us introduce

random vectors κi = (κ1,i, κ2,i, . . . , κm,i), η
(1)
i = (η

(1)
1,i , η

(1)
2,i , . . . , η

(1)
m,i), η

(2)
i = (η

(2)
1,i , η

(2)
2,i , . . . , η

(2)
m,i),

η
(3)
i = (η

(3)
1,i , η

(3)
2,i , . . . , η

(3)
m,i) ξi = (ξ1,i, ξ2,i, . . . , ξm,i). The server is said to be in a state Γ(r)

when a customer from the queue Or is serviced, the setup state is denoted by Γ(m+1). Put
Γ = {Γ(1),Γ(2), . . . ,Γ(m+1)}. Let the random element Γ0 ∈ Γ be the initial server state at time τ0,
and let the random element Γi ∈ {Γ(1),Γ(2), . . . ,Γ(m+1)} denote the server state during the time
interval (τi−1, τi], i = 0, 1, . . . . Queues lengths fluctuations follow the recurrence equation

κi+1 = κi + η
(1)
i + η

(2)
i + η

(3)
i − ξi, i = 0, 1, . . . . (1)

To formalize the server operations, let us use the Kronecker’s delta δr,s taking on the value 0
for r 6= s and the value 1 for r = s, and introduce vectors y(s) = (δ1,s, δ2,s, . . . , δm,s) ∈ X, s = 1,
2, . . . , m, and sets Y = {y(1), y(2), . . . , y(m+1)}, Xr = {x ∈ X : h(x) = r}, r = 1, 2, . . . , m. Let us
remark that y(m+1) = 0̄, the zero vector in X. Let us define a mapping

u(·, ·, ·) : Γ×X × Y → Γ

by means of the following equality:

u(Γ(s), x, w) =


Γ(r) if s = n, x 6= 0̄, h(x) = r;

Γ(r) if s = m+ 1, x = 0̄, h(w) = r;

Γ(m+1) if s 6= m+ 1.

The server’s dynamic is given by the recurrence equation

Γi+1 = u(Γi, κi, η
(1)).

To describe the input flow and the saturation flows we use properties of conditional distributions
of the selected component

{(η(1)i , η
(2)
i , η

(3)
i , ξi, ζi+1), i = 0, 1, . . .}

of the marked point process {(τi, η(1)i , η
(2)
i , η

(3)
i , ξi, ζi+1, νi), i = 0, 1, . . .} with a mark νi = (Γi, ζi, κi)

of customers arrived during the time interval (τi, τi+1]. Define functions

A∗1(t) = A(t), A∗(b+1)(t) =

∫ t

0
A∗b(t− s) dA(s) b = 1, 2, . . . ,

Gb(t, y) =

A(t+ y)−A(t) b = 0,∫ t

0
(A(t+ y − s1)−A(t− s1)) dA∗b(s1) b = 1, 2, . . . .
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Here Gb(t, y) stands for the probability of exactly b arrivals in a renewal flow without delay during
the time t in such a way that at time t the residual inter-arrival time is below y. For vectors
v = (v1, v2, . . . , vm) ∈ Cm and x = (x1, x2, . . . , xm) ∈ X we write for short

vx = vx11 × v
x2
2 × . . .× v

xm
m , 00 = 1.

Let Dm = {(v1, v2, . . . , vm) : |vi| 6 1, i = 1, 2, . . . ,m} ⊂ Cm be the unit polydisk in Cm centered at
the origin.

The conditional probability g(b1, b2, b3, b4, y; r, t, x) of simultaneous equations η
(1)
i = b1, η

(2)
i =

b2, η
(3)
i = b3, ξi = b4 and of the inequality ζi+1 < y under assumption that {Γi = Γ(r), ζi = t, κi = x}

is given by the multivariate Laplace transform (here z ∈ C, v ∈ Dm, w = (w1, w2, . . . , wm) ∈ Dm,
w̃ = (w̃1, w̃2, . . . , w̃m) ∈ Dm, Re s > 0, where Re(·) is the real part of a complex number in
parentheses) ∫ ∞

0

∞∑
b1=0

∑
b2∈X

∑
b3∈Y

∑
b4∈Y

zb1vb2wb3w̃ b4e−sydyg(b1, b2, b3, b4, y; r, t, s).

For r < m+ 1 it equals∫ t

0
e−s(t−t1) dB̄r(t1) +

∫ ∞
t

∞∑
b=0

(α1v1 + . . .+ αmvm)b+1
(∫ ∞

0
e−sy dyGb(t1 − t, y)

)
dB̄r(t1);

for r = m+ 1, x 6= 0̄ h(x) = j it equals

(pj,m+1 + pj,1w1 + . . .+ pj,mwm)× w̃j×

×
(∫ t

0
e−s(t−t1) dBj(t1) +

∫ ∞
t

∞∑
b=0

(α1v1 + . . .+ αmvm)b+1
(∫ ∞

0
e−sydyGb(t1 − t, y)

)
dBj(t1)

)
;

finally, for r = m+ 1 and x = 0̄ it equals

m∑
j=1

αjzj × (pj,m+1 + pj,1w1 + . . .+ pj,mwm)× w̃j

×
(∫ ∞

0

∞∑
b=0

(α1v1 + . . .+ αmvm)b
(∫ ∞

0
e−sydyGb(t1, y)

)
dBj(t1)

)
.

Let E = Γ× [0,∞)×X and let E be the Borel σ-algebra of subsets of E.

Theorem 1. The sequence {(Γi, ζi, κi), i = 0, 1, . . .}, when the probability distribution of (Γ0, ζ0, κ0)
is given, is a multivariate general Markov chain [5] on a measurable state-space (E, E), its version of
the transition probability is given by the kernel K(·, ·) : E×E → [0, 1], which is uniquely determined
by the formula

K((Γ(r), t, x), {(Γ(s), y, w) : y < y1}) =

=


g(0̄, w − x, 0̄, 0̄, y1; r, t, x), r < m+ 1, s = m+ 1;∑
b∈Y

g(0̄, w − x− b+ y(s), b, y(s), y1;m+ 1, x, t), r = m+ 1, s < m+ 1, x ∈ Xs;

αsg(y(s), w − x− b, b, y(s), y1;m+ 1, x, t), r = m+ 1, x = 0̄, s 6 m,x ∈ Xs.
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2. Analysis of the model

We proved the following statements. Measure ϕ(·) in the next theorem is concentrated onto a
single linear stratum of the stratified set E and is defined by its values on intervals of the half-line.

Theorem 2. Let the probability distribution function A(t) be absolutely continuous with density
a(t), a(t) > 0 for all t > 0, and let the matrix Q = (pj,r)j,r=1,m be reversible. Let us define a
measure ϕ(·) on the measurable space (E, E) by

ϕ({(Γ(r), y, x) : y < y1}) =

{
y1 if r = m+ 1, x = 0̄, and y1 > 0;

0 otherwise.

Then the general Markov chain {(Γi, ζi, κi), i = 0, 1, . . .} is ϕ-irreducible (see [5]).

Let us define functions (assuming v ∈ Dm, Re(s) > 0)

Ψi(v, s; r) = E(I(Γi = Γ(r))vκie−sζi), Φi(v, s; r) = E(I(Γi = Γ(m+1), κi ∈ Xr)v
κie−sζi),

Rr(v) = v−1r (pr,m+1 + pr,1v1 + . . .+ pr,mvm),

qj(v, s; t) =

∫ t

0
e−s(t−t1) dBj(t1) +

∫ ∞
t

∞∑
b=0

( m∑
s=1

αsvs

)b+1(∫ ∞
0

e−sydyGb(t1 − t, y)
)
dBj(t1),

q0,j(v, s) =

∫ ∞
0

∞∑
b=0

(α1v1 + . . .+ αmvm)b
(∫ ∞

0
e−sydyGb(t1, y)

)
dBj(t1),

q̄j(v, s; t) =

∫ t

0
e−s(t−t1) dB̄j(t1) +

∫ ∞
t

∞∑
b=0

( m∑
s=1

αsvs

)b+1(∫ ∞
0

e−sydyGb(t1 − t, y)
)
dB̄j(t1).

Theorem 3. The following recurrence equations w.r.t. i = 0, 1, . . . hold:

Ψi+1(v, s;m+ 1) =
m∑
r=1

E
(
I(Γi = Γ(r))vκi q̄r(v, s; ζi)

)
,

Ψi+1(v, s; r) = Rr(v)E
(
I(Γi = Γ(m+1), κi ∈ Xr)qr(v, s; ζi)

)
+

+ αrRr(v)P(Γi = Γ(m+1), κi = 0̄)q0,r(v, s).

3. Conclusion

The general view of a queuing system as an abstract control system which was described
e.g. in [4] can be applied to define a priority service process with renewal input and multi-class
customers. A multivariate general Markov chain is constructed, its transition kernel is found.
Recurrence equations for the multivariate Laplace transform of the marginal distribution of the
process are obtained. These results allow finding sufficient conditions for the existence of an
invariant probability measure using techniques from [3]. It will be the topic for future research.
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On the generalization of the Lorden’s inequality and some of its applications

Galina A. Zverkinaa,b,∗

aRussian University of Transport, Russia, Moscow
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Abstract

The Generalization of Lorden’s inequality is an excellent tool for obtaining strong upper bounds for
the convergence rate of various complex stochastic models. This paper demonstrates an obtaining
of such bounds for a two-component non-regenerative process. The proposed method can be applied
in the reliability theory.

Keywords: Generalization of the Lorden’s inequality, Weak dependence, Non-regenerative
process, Ergodicity, Convergence rate, Generalized intensity

1. Introduction

The ergodicity and the existence of stationary distribution are very important properties of
systems in a queuing theory and other related fields. It is also important to know the rate of
convergence to the stationary distribution for a studied system. The rate of convergence explains
when the time-varying distribution can be replaced by the stationary one. This is important for
practical applications, when simulation is used for model estimation.

Definition 1 (Regenerative Process – see [1]). A random process is called regenerative if there

exists an increasing sequence {ti}i=0,1,2,..., such, that the random elements Θi
def
=={Xt, t ∈ [ti−1; ti]}

are i.i.d. ∀ i = 1, 2, . . ..
Times ti are named regeneration times.

Denote τi
def
== ti+1 − ti, and let Pt be a distribution of regenerative process at the time t. .

For regenerative process, if E τi <∞, then the process is ergodic, i.e. it has the limit invariant
distribution P; Pt =⇒ P. In the case when E (τi)

k <∞, k > 1, the convergence rate of Pt =⇒ P
can be estimated using Lorden’s inequality – see [9].

1.1. Studied process

Consider the two-dimensional process Xt = (xt, yt) ∈ R2
+. The components xt, yt are dependent

renewal processes, i.e. the intensity of jumps of component xt to zero λt(x) depends on the value of
random variable yt, and vice versa. Thus, both intensities are functions of the dependent stochastic
processes. Markov process Xt is non-regenerative in general.

∗The author is supported by the Russian Foundation for Basic Research project no. 20-01-00575 a
Email address: zverkina@gmail.com (Galina A. Zverkina)
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Denote the length of i-th renewal period of xt and yt by ξxi and ξyi accordingly. Note that xt
and yt are backward renewal times of the generalized renewal processes with renewal times ξxi and
ξyi accordingly.

Furthermore, we suppose that both intensities of Xt are generalized intensities.

1.1.1. Generalized intensity – see [3]

Suppose further the intensities of both components are generalized. I.e. the mixed distribution

function F (s) is given, and λs
def
==

F ′(s)

1− F (s)
1
(
∃F ′(s)

)
−
∑
i

δ(s−ai) ln(F (ai+0)−F (ai−0)). Here

1 is an indicator, and δ(s) is a δ-function. The well-known formula F (t) = 1− exp

− t∫
0

λ(s) d s


is true.

In general, the process Xt is not regenerative. The situations when λt(x) and λt(y) are in

(λmin; Λmax) or λt(x) and λt(y) are in

(
C

1 + t
; Λmax

)
for some C > 2 were studied in [7, 8].

In these situations, the process Xt is ergodic, and the upper bounds for convergence rate
Pt =⇒ P were found in total variation metrics.

In this paper we want to prove ergodicity and estimate the rate of convergence under more
general conditions.

1.1.2. Conditions for λt(x) and λt(y)

1. There exists some (generalized) measurable functions ϕ(s) and Q(s) such that for all s > 0,
ϕ(s) 6 λs(x) 6 Q(s) and ϕ(s) 6 λs(y) 6 Q(s);

2.

∞∫
0

ϕ(s)ds =∞, and

∞∫
0

xk−1 exp

− x∫
0

ϕ(s) ds

 dx <∞ for some k > 2;

3. Q(s) is bounded in some neighborhood of zero;

4. ϕ(s) > 0 a.s. for s > T > 0.

5. For all t > 0,

s∫
0

Q(s) ds <∞.

Denote η – r.v. with d.f. Φ(s), and ζ – r.v. with d.f. G(s), whereG(x) = 1−exp

(
−

x∫
0

Q(t) dt

)
ds,

and Φ(x) = 1− exp

(
−

x∫
0

ϕ(t) dt

)
ds.

Remark 1. The condition 1 holds: the renewal periods of xt and yt can be dependent, but this
dependency is “weak” dependence in some sense. .

Remark 2. The conditions 2, 3 hold: E (ξxi )k 6∞, E (ξyi )k 6∞, and the variation of all renewal
periods is positive. .

Remark 3. The condition 4 reports that the studied renewal process can be a delay renewal process,
and a delay time does not exceed T . .

Remark 4. The condition 5 ensures that for all M > 0, P{ξxi > M} > 0, P{ξyi > M} > 0. .
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Remark 5. The condition 1 holds: the random variables ξxi and ξyi are the minimum of two
independent random variables. I.e. ξxi = min(ηxi , η̃

x
i ) and ξyi = min(ηyi , η̃

y
i ), where the intensities of

ηxi and ηyi equal to ϕ(x) and ϕ(y), and intensities of η̃xi , η̃yi are the functions µxi ∈ [0, Q(s)− ϕ(s)]
and µyi ∈ [0, Q(s) − ϕ(s)]. The random variables ηxi and ηyi are independent, and the random
variables η̃xi and η̃yi can be dependent.

Note, that in some cases

∞∫
0

µ
(·)
i (s) d s < ∞, and for some number i P{η̃xi = +∞} > 0 or

P{ζ̃xi = +∞} > 0. .

2. Auxiliary facts

2.1. Generalized Lorden’s inequality – see [3]

Theorem 1. Under the conditions 1–5, the backward renewal times bxt = xt, b
y
t = yt of the

processes xt, yt have the bounded expectation: E bxt 6 Ξ; E byt 6 Ξ, where Ξ
def
== E η +

E η2

2E ζ
, where η

and ζ are defined in the Section 1.1.2. .

2.2. Successful coupling – see [2]

The coupling method will be used in the construction of the upper bounds for convergence rate
Pt =⇒ P in total variation metrics. The “classic” coupling method is based on the bounds for the
coupling epoch i.e. the time when two version of the process Xt with different initial sates coincide.

For the processes in continuous time, the modification “successful coupling” may be used.
Consider two independent versions of the process Xt: Xt and X ′t; X0 6= X ′0. Let’s define on

some probability space the paired process Zt = (Zt, Z
′
t) such that

(i) For all s > 0 and S ∈ B(R), where R is a state space of Xt P{Zt ∈ S} = P{Xt ∈ S},
P{Z ′t ∈ S} = P{X ′t ∈ S}. (Therefore, Z0 = X0 and Z ′0 = X ′0.)

(ii) For all t > τ(X0, X
′
0) = τ(Z0, Z

′
0)

def
=== inf{t > 0 : Zt = Z ′t} the equality Zt = Z ′t is true.

(iii) For all X0, X
′
0 ∈ X , P{τ(X0, X

′
0) <∞} = 1.

If the conditions (i)–(iii) are satisfied, then the paired process Zt is called successful coupling.
For any increasing positive function φ(t),

|P{Xt ∈ S} −P{X ′t ∈ S}| = |P{Zt ∈ S} −P{Z ′t ∈ S}| 6

6 P{τ > t} 6 P{φ(τ) > φ(t)} 6 Eφ(τ)

φ(τ)
= R(t,X0, X

′
0), φ ↑, φ > 0.

And ‖Pt − P ′t‖TV
def
== 2 sup

S∈B(X )
|P{Xt ∈ S} −P{X ′t ∈ S}| 6 2R(t,X0, X

′
0).
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2.3. Generalized Basic Coupling Lemma

Here we will use the well-known generalized Basic Coupling Lemma for the problem under
study

Lemma 1. Let fi(s) be the distribution density of r.v. θi (i = 1, . . . , n). And let

∞∫
−∞

min
i=1,...,n

{
fi(s)

}
d s = κ > 0.

Then n random variables ϑi (i = 1, . . . , n) on some probability space exist such that ϑi
D
= θi for all

i = 1, . . . , n, and P{ϑ1 = ϑ2 = . . . = ϑn} > κ. .

The proof of the Lemma 1 is constructive and similar to the proof of the Basic Coupling Lemma
– see, e.g., [4].

2.4. Quasi-regeneration

Definition 2. Let Xt be a Markov non-regenerative process on the state space R, and the Markov
regenerative process X ′t on some probability space exists such that for all s > 0, S ∈ B(R) the
equality P{Xt ∈ S} = P{X ′t ∈ S}. Then the process Xt is called quasi-regenerative.

Remark 6. If the process X ′t is ergodic, then the process Xt is ergodic. .

3. Ergodicity of the process Xt under study – see Section 1.1

Suppose that X0 = (0, 0).

Lemma 2. Let at the same fixed time T xt < Θ, yt < Θ. We can continue the process Xt after
the time T in such a way that the next renewal points of the processes xt and yt coincide with the
probability greater than

κ def
== inf

a6Θ, b6Θ

∞∫
0

min

λxt+ae−
t+a∫
0

λxu du
, λyt+be

−
t+b∫
0

λyu du

 d t >

>

∞∫
0

inf
a6Θ, b6Θ

ϕ(t+ a)e
−

t+b∫
0

Q(y) du

 d t
def
== κ0 > 0.

The proof of the Lemma 2 is based on the Lemma 1.

Theorem 2. The studied process Xt (see Section 1.1) is quasi-regenerative.

Sketch of the proof. Put X0 = (0, 0). Let us fix some constant S > 0 and some constant Θ > Ξ (see

Theorem 1). Consider the times Sn = n×S in series. At any time Sn, P{xt < Θ} > 1−Ξ

Θ

def
== p0 > 0

and P{yt < Θ} > p0 – by Markov inequality. These events are dependent, but the bounds
P{yt < Θ} > p0 and P{xt < Θ} > p0 are uniform. So, we can use in Lemma 2 the probability
greater than p2

0 (some clarification is needed here). Thus, we can construct the process X ′t with
the regeneration time less than νS + θ, where P{ν > n} 6 (1 − p0)n, and θ has intensity greater

than ψ(t)
def
== inf

a6Θ
ϕ(t+ a); E θ <∞. So, the process Xt is quasi-regenerative and ergodic.
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Remark 7. So, the distributions of xt and yt converge to the limit distributions of some r.v.’s
xlimit and ylimit. In general, the limit distribution P of the pair xlimit and ylimit can’t be calculated.

It can be estimated: P{xlimit 6 a, ylimit 6 b} 6 (1− Φ(a))(1− Φ(b))

(E ζ)2
– see Theorem 1. .

The proof of this inequality is based on comparison with a standard renewal process – see [6].

Theorem 3. If the conditions 1–5 (Section 1.1.2) are satisfied, then for all m 6 k− 1 there exists

calculated constant K(m) such that ‖Pt − P‖TV 6
K(m)

(1 + t)m
for all t > 0.

In addition, if E eαξxi < ∞, E eαξ
y
i < ∞ for some α > 0, then there exists calculated constant

β ∈ (0;α) and calculated constant K(α, β) such that ‖Pt − P‖TV 6 K(α, β)e−βt for all t > 0.

The proof is the construction of successful coupling in the sequential times n × S with fixed
S > 0 and Θ > Ξ, Generalized Coupling Lemma 1, and Remark 7. Naturally, the bounds of
Theorem 3 depend on the choice of S and Θ and can be optimized.

4. Conclusion

So, the method for obtaining upper bounds for a non-regenerative two-dimensional renewal
process with dependency has been given. It can be applied for the reliability system with dependent
elements. The simplest situation is the case without delayed switching. In this case, the sum of
the periods of work and repair can be considered as one period. However, some effort allows this
approach to be applied to more complex situations. It’s possible also to consider situations when
the intensity of work and repair of both elements have different boundaries ϕ and Q.
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