Journal of Geometry and Physics 165 (2021) 104211

Contents lists available at ScienceDirect

Journal of Geometry and Physics

journal homepage: www.elsevier.com/locate/geomphys

Cayley-Hamilton theorem for symplectic quantum matrix A

Check for

algebras
Oleg Ogievetsky *"¢, Pavel Pyatov %

2 Aix Marseille Université, Université de Toulon, CNRS, CPT UMR 7332, 13288, Marseille, France

b |.E.Tamm Department of Theoretical Physics, P.N. Lebedev Physical Institute, Leninsky prospekt 53, 119991 Moscow, Russia
CInst. of the Information Transmission Problems, RAS, Moscow, Russia

4 HSE University, 20 Myasnitskaya street, Moscow 101000, Russia

€ Bogoliubov Laboratory of Theoretical Physics, JINR, 141980 Dubna, Moscow region, Russia

ARTICLE INFO ABSTRACT

Article history: We establish the analogue of the Cayley-Hamilton theorem for the quantum matrix
Received 31 December 2020 algebras of the symplectic type. We construct the algebra in which the quantum
Received in revised form 25 February 2021 characteristic polynomial acquires a factorized form. The low-dimensional examples and

Accepted 5 March 2021

he classical limit are di .
Available online 16 March 2021 the classica t are discussed

© 2021 Elsevier B.V. All rights reserved.

Keywords:

Symplectic quantum groups
Cayley-Hamilton theorem
Birman-Murakami-WenzI algebras
R-matrix

1. Introduction

Let V be a vector space equipped with a bilinear nondegenerate (symmetric or antisymmetric) form. The Brauer
algebra [2] generalizes the tower of the centralizing algebras which appears in the Brauer-Schur-Weyl duality, related to
V. The Birman-Murakami-Wenzl algebra [1,22] is the quantum deformation of the Brauer algebra. Important particular
cases of local representations of the tower of the Birman-Murakami-Wenzl (BMW) algebra are constructed with the use
of orthogonal and symplectic R-matrices. These R-matrices give rise to the quantum matrix algebras of the orthogonal
and symplectic types. More precisely, a quantum matrix algebra is defined by a compatible pair {R, F} of R-matrices, we
recall the definitions below. The most important examples of the quantum matrix algebras are the algebras of quantized
functions and the algebras of quantized invariant differential operators on a group (see [3,19,27]). They correspond to the
compatible pairs {R, P} and {R, R}, and are called the RTT-algebras and the Reflection equation algebras, respectively.
Specifics of these algebras, e.g. their representation theories, could be very different for different choices of {R, F}.
However, they share important common structures, like the Cayley-Hamilton type identities, which can be suitably
investigated in a general quantum matrix algebra setting.

So far, the Cayley-Hamilton identities were obtained for the family of quantum matrix algebras associated with
compatible pairs {R, F}, where R is of the Hecke type, i.e., generates the R-matrix representation of the tower of the
Iwahori-Hecke algebra (see [6-8,12-14]). This family includes series of quantum matrix algebras of the GL(n) and, more
generally, of the GL(n|m) types. The main idea of the approach of the papers above is the following. The Cayley-Hamilton
identity of the quantum matrix algebra is governed by a specific element in the kernel of the R-matrix representation (in
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known cases the kernel is generated by this element). For the R-matrix representations of the type GL(n|m) this element
is the central idempotent associated with the rectangular Young diagram A = ((m + 1)"*1).

Adopting the same ideology we expect that the Cayley-Hamilton identities in the symplectic and orthogonal cases are
also related to the kernels of the R-matrix representations of the BMW algebra. For the standard series of the symplectic
Sp(2k) and orthogonal O(k) type R-matrices kernels of the corresponding BMW algebra representations are generated by
the single central idempotent — the so-called (k+ 1)-order antisymmetrizer a*+?) (see Section 2 for its definition). There is
an important difference between the symplectic and orthogonal series of R-matrices: they give rise to the representations
of the BMW algebras for the different values of its second parameter u (see Section 2.4). This fact causes substantial
differences in the treatment of the Cayley-Hamilton theorem.

In the present work we mainly assume R to be of the symplectic type. Our principal goal is to derive, for the quantum
matrices of the symplectic type, an analogue of the Cayley-Hamilton identity and to use it for a description of the spectra
of the corresponding quantum matrices.

The general structure properties of quantum matrix algebras with R of the BMW type were investigated in [25].
In Section 2 we recall the necessary facts about the Birman-Murakami-Wenzl algebras, their R-matrix realizations,
specializations to the symplectic and orthogonal cases and some R-matrix technique.

Section 3 contains the information from [25] about the quantum matrix algebra, its ‘characteristic subalgebra’ (the
subalgebra to which the coefficients of the Cayley—-Hamilton identity belong) and the x-multiplication.

The main results are in Section 4. Here we establish the Cayley-Hamilton theorem for the symplectic quantum matrix
algebras. Classically, the symplectic group is defined by the condition M'Q2M = £2 where £2 is the symplectic form.
However we have to work with the bigger group defined by the condition M'$2M = g2 where g is an arbitrary scalar,
that is with the group of transformations which preserve the form up to a multiplicative factor. We call ‘2-contraction’
the quantum analogue of this factor. It is an element g of the quantum matrix algebra. For a general compatible pair
{R, F}, the element g is not necessarily central so we cannot harmlessly set it to 1. We establish a strengthened form of
the Cayley-Hamilton theorem which does not assume the invertibility of the element g (and which is equivalent to the
Cayley-Hamilton theorem under the assumption of the invertibility of g).

Next, we define in Section 4 a homomorphism from the characteristic subalgebra to the algebra of symmetric
polynomials in some set of commuting (“spectral”) variables. The nature of this homomorphism reflects the reciprocity
properties of the characteristic polynomials for the symplectic matrices. The Cayley-Hamilton identities under the action
of this homomorphism are completely factorized and hence the spectral variables can be treated as eigenvalues of
the quantum matrix. We then give the spectral parameterization of the three series of elements of the characteristic
subalgebra: the power sums p;, the elementary symmetric functions a; and the complete symmetric functions s;.

Section 4 contains also the low-dimensional examples illustrating the Cayley-Hamilton theorem for two most known
quantum matrix algebras: the algebra of functions on the quantum group (corresponding to the compatible pair {R, P}
where P is the flip) and the reflection equation algebra [3,19] (the reflection equation algebra corresponds to the
compatible pair {R, R}). Also we discuss the classical limit of the Cayley-Hamilton theorem.

The Cayley-Hamilton identity for the quantum matrix algebras of the orthogonal type will be considered in a separate
publication.

2. BMW algebra and their R-matrix representations

In this section we present definitions and describe necessary facts about the Birman-Murakami-Wenzl algebras and the
BMW type R-matrices. We follow notation of Ref. [25] where the reader can find detailed derivations and the references.
Later in the section we investigate two families of the BMW type R-matrices, the Sp(2k) type and the O(k) type R-matrices.
They are related, respectively, to the symplectic and orthogonal series of the quantum groups. We identify particular
conditions on the eigenvalues which are specific for these families of R-matrices. In the following section we will use the
symplectic R-matrices for the definition of Sp(2k) type quantum matrix algebras. Specific properties of the Sp(2k) type
R-matrices will then dictate a form of the Cayley-Hamilton identities in these algebras.

2.1. BMW algebra

The Birman-Murakami-Wenzl (BMW) algebra W,(q, ) [1,22] depending on two complex parameters g € C\{0, +1}
and pu € C\{0, q, —q~ '} is defined in terms of generators {o;, K,‘}?:_ll and relations

0i0i410; = 0i4+10i0iy1, 0i0j = 0j0; Vi,j: li—jl>1,
(q1—0i)(g~"1+07)
OiKi = KiOj = [LKj Ki = 2.1
iKi i0i MK, i =g 1) s ( )
+1 _+1 :
Kit1Ki = Kiy107 Oiyq,  KiKit1Ki = Ki Vi.

The first line is the Artin’s presentation of the braid group B,; the rest of relations define the quotient algebra W;(q, «)
of the group algebra C[B,].
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Imposing further restrictions on the parameters

Jg = Zl__;__f;so, w#EFqgTIP vi=23....n, (2.2)
one can define recursively two sets of idempotents
al =1, st =1, (2.3)
a™h = (i—gll)q Vo (g7¥)a®, sV = i j—ill)q sV o7 (g*)s?, (2.4)
where
aii(x) — 14 x—1 uix—1)

[ef} Ki.
a—q ' pFgx
The idempotents a™ and s™ in the algebra W;(q, i) are primitive. They correspond to the g-deformations of the ‘trivial’
(0; — q) and the ‘alternating’ (o; — —q~!) one-dimensional representations. Therefore, they are called an nth order
antisymmetrizer and an nth order symmetrizer, respectively. The explicit formula (2.4) for the antisymmetrizers appears
in [28], in the proof of Lemma 7.6.

2.2. R-matrices and their compatible pairs

Let V denote a finite dimensional C-linear space, dimV = N. Fixing some basis {v;}iL; in V we identify elements
X € End(V®") with matrices Xf:,’zzf:
Let X € End(V®), k < n. For 1 <m < n — k+ 1, denote by X,, € End(V®") an operator given by the matrix

(X, j1-dn . Iflmjm—l Jmedm4k—1 pmke-dn
MJiy.in 7 Vipedm—1 Cimedmgk—1 Cimtken ”

Here I denotes the identity operator.
An element R € Aut(V®?) that fulfills an equation

RiR;Ri = RoR1R; .

is called an R-matrix. The permutation operator P, defined by P(u® v) =v®u VY u,v € V is the R-matrix. The operator
R~ ! is the R-matrix iff R is.
Any R-matrix R generates representations oy of the series of braid groups B,,n =2,3,...

Pr: By — Aut(V®") . o= R, 1<i<n-—1.

An R-matrix is called skew invertible if there exists an operator ¥ e End(V®?) such that

Tr (2)R12¥r23 = Tr 2)Wr12R23 = P13 (2.5)

Here we use notation X;; which shows explicitly indices i and j of the spaces where operator X acts, e.g., P13 = P,’:f; Ifzz
Symbol Tr ;) means taking the trace in the vector space with index i.
For a skew invertible R-matrix R define the operator Dg € End(V)

(Dr)1 := Tr)¥R12- (2.6)

The operator R is called strict skew invertible if Dy is invertible. The R-matrices R and R~! are both skew invertible iff R is
strict skew invertible [10,23], the corresponding operator Dg-1 reads

(Dg-1)2 = (Tr(l)WR12)71 .

With a skew invertible R-matrix R we associate a linear map on the space of N x N matrices whose entries belong to
some C-linear space W
Tr,: End(V)@W — W, Tr(X) = Z;szl(DR)’ix;, X € End(V)®@ W,
This map is called an R-trace.
It is easy to check that the R-matrix P is strict skew invertible and Trp coincides with the usual trace. A characteristic
property of the R-trace map is

TrR(z)R1 =1. (2.7)
An ordered pair {R, F} of two R-matrices R and F is called a compatible R-matrix pair if the following conditions
RiF,Fi = EF Ry, RyFiF, = FiF Ry, (2.8)
are satisfied. The equalities (2.8) are called twist relations. Clearly, {R, P} and {R, R} are compatible pairs of R-matrices.

3
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A compatible pair of R-matrices {R, F} gives rise to a new R-matrix
Ry :=F 'RF, (2.9)

called the twisted R-matrix. The R-matrix pair {Ry, F} is compatible. If R is skew invertible and F is strict skew invertible,
then Ry is skew invertible; if additionally R is strict skew invertible, then Ry is strict skew invertible as well [25].

2.3. BMW type R-matrices

Assume that an R-matrix R satisfies a third order minimal characteristic polynomial

(ql —R)(q~ Y +R)(ul —R)=0, (2.10)
and an element

K=p"q—q ") (gl —RXq'T+R) (2.11)
fulfills conditions

KK = GRT'REY, KK Ky = K. (2.12)

In this case R generates representations pg of the tower of the BMW algebras W,(q, u) — End(V®")Vn > 1
Or : Walq, ) = Aut(VE") | oi >R, k> K, 1<i<n-—1.

Such R-matrix is said to be of BMW type.

If the R-matrix R is skew invertible and of the BMW type, then it is strict skew invertible and the rank of the associated
operator K (2.11) equals 1; the R-trace map in this case fulfills equalities [15]

_ _ (=g "+
Tl'R(z)Kl =ul, Trrl = e (2.13)

Let {R, F} be a compatible pair of R-matrices, where R is skew-invertible of the BMW type and F is strict skew-invertible.
In [25] we associated with such a pair an invertible operator G € Aut(V) and two invertible linear maps, ¢ and &, acting
on the space End(V) ® W where W is an arbitrary vector space. We extensively use the operator G and maps ¢ and &
in investigations of the BMW type quantum matrix algebras (see, e.g., Sections 3, 4). Here we present formulas for them
and for their inverses. The operator G and its inverse read

G = TrogleF ', Gyl = TregRFik,. (2.14)
The maps ¢ and & are defined by
¢(X) = Tr () (FiX:F; 'Ry) (2.15)
. -1
EX)y = Tr (2) (FiXiFy'Kq) (2.16)
Here X is an arbitrary operator with values in a vector space W, X € End(V) ® W. The inverse maps read
o 1 (X)) = ;,L_ZTI‘R(Z) (Fy'X1R{'Fy) (2.17)
i
£7(X); = /[2TrR(2) (Fy ' X1KqFy) . (2.18)
f

Here the matrix Dg, which is needed for calculations of the Ry-traces is
Dg; = Dg-1(Dg-1)"'Df.
2.4. Orthogonal and symplectic type R-matrices

Consider R-matrix realizations pg(a®’) of the antisymmetrizers (2.4). We impose additional constraints on a skew
invertible BMW type R-matrix R demanding that

tkpp(a®) #£0 Vi=2,3,....k and pg(a¥0o; (¢7*)a¥) =0 (2.19)
for some k > 2. Here we assume that the parameters g, u fulfill conditions

g A0 Vi=2,3,...,k wu#-q* Vi=1,2,...k (2.20)
which implies that the antisymmetrizers a®, i = 2, ..., k, are well defined in the algebras W,(q, ), n > k (c.f. with

the conditions (2.2)). Note that in case (k 4+ 1); # 0 the last condition in Eq. (2.19) means vanishing of the (k + 1)-st
antisymmetrizer: pg(a*t") = 0. We do not use this short form to avoid unnecessary restrictions on the parameter q.

4
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An R-matrix satisfying the conditions (2.19) is called an R-matrix of finite height; the number k is called the height of
the R-matrix. '
Let us discuss some consequences of the relations (2.19). Applying TrR(i) to pr(a?) and using the relations (2.4), (2.7)

and (2.13), we calculate

Tr iy or(a®?) = & pr(a"™") (2:21)

g (4" - gt
(n+a>2)q—q Vi
particular, that 8,,; = 0, wherefrom one specifies three admissible values of j: pu € {—q~'=2¢, +q'~*}.

Notice that the choice i = —q'~* contradicts the conditions (2.20) in the case when the number k is even. In the case
when k is odd, the choices u = —q'~* and u = q'~* are related by a substitution R — —R. On the algebra level, this
corresponds to an algebra isomorphism (see [25], section 2.2) (" : Wy(q, ) = Wa(—q, —u), t"(07) = —0oy, i=1,...,n—1.
The antisymmetrizers a” are invariant under this map. Therefore we are left with only two essentially different choices
of the parameter u: either 4 = —q~ "% or & = q'~*. With these choices, the consistency of the conditions on p in
Eq. (2.20) follows from the conditions on .

We are now ready to define families of the orthogonal and symplectic R-matrices.

where §; = 8;i(q, u) == — . In view of Egs. (2.21), the last condition in (2.19) implies, in

Definition 2.1. Let R be a skew invertible BMW-type R-matrix. Assume additionally that the R-matrix R has finite height
k for some k > 2. This implies, in particular, restrictions on q: i; # 0 for i = 2, ..., k. Then
(a) Ris called a Sp(2k) type R-matrix in the case when p = —q~'~%;

(b) R is called an O(k) type R-matrix in the case when p = q'~* and rk pg(a®)) = 1.

For the standard R-matrices related to the quantum groups of the series Sp,(2k) and SO4(k) [27], the conditions (a) and
(b), respectively, and the relations (2.19) are fulfilled. This explains our terminology.

The main subject of this paper is an investigation of the general structure of the quantum matrix algebras associated
with the R-matrices of symplectic type (see next sections). For illustration purposes in Section 4.3 we consider examples
of such algebras related to the standard Sp(2k) type R-matrices. For reader’s convenience we recall formulas for these
particular symplectic R-matrices.

The standard Sp(2k)-type R-matrix (see [27]) reads

2k 2k
ROY .— Z q(Sijféij/)Eij ®Eji+(q— qfl) Z {E]_j ®E; — q(pifﬁj)eiej Ej® Eij’}- (2.22)
ij=1 1<j<i

Here Ej; are 2k x 2k matrix units; §; is the Kronecker symbol;

1 =2k+1—i, ¢=—€y=1, 1<i<k, and pj=—py =(k+1—1), 1<i<k. (2.23)
The corresponding matrices K and Dy are
2k 2k
K =% " q ey @ Ery, Dyso = »_ g P2tV (2.24)
ij=1 i=1

Remark 2.2. For the family of symplectic R-matrices, the case k = 1 is particular: the antisymmetrizer pg(a®) vanishes
and the minimal polynomial of R becomes quadratic. The R-matrix R®, up to normalization and reparameterization
q — q'2, is of the Hecke type GL(2) (see Sp(2) examples in Section 4.3). This is a manifestation of the accidental
isomorphism SL(2) ~ Sp(2). Accidental isomorphisms for quantum groups, corresponding to the standard deformation,
are discussed in [17].

Remark 2.3. Functions
i
ANg w)=Trq 5 iyexa®) =[] a. w)
j=1

are, up to an overall factor, particular elements of a set of rational functions Q,(x~', q) labeled by partitions A F i;
we have A(q, u) = ,uiQ{liJ(pL’], q). The functions Q,(1~!, q) were introduced in Theorem 5.5 in [29]. They describe the
g-dimensions of the highest weight modules V, for the orthogonal and symplectic quantum groups (see [29], Section 5
and [26], Lemma 3.1).

3. Quantum matrix algebra

In this section we recall definitions and main facts about the quantum matrix algebras from [25]. A special attention is
paid to the family of BMW type quantum matrix algebras. The notion of the characteristic subalgebra is introduced and

5
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two of its generating sets are described. The x-product of the quantum matrices is defined. It substitutes for the usual
matrix multiplication in the case of quantum matrices. All these data are necessary for a proper generalization of the
Cayley-Hamilton theorem to the case of quantum matrix algebras. The latter is done in the next section.

Definition 3.1. Let {R, F} be a compatible pair of R-matrices. Assume that R and F are strict skew invertible.
A quantum matrix algebra M(R, F) is a quotient algebra of the free associative unital algebra W = C(ij) by a
two-sided ideal generated by entries of the matrix relation
RiM;M5 = M;M5R; . (3.1)

Here M = ||Mf; ||:;,b:1 is the matrix of generators; the matrix copies M; are constructed with the help of the R-matrix F in
the following way

Mj:=M;, M;:==F_,M—F_}. (32)
The set of relations
RiM;Mz 5 = M;Mi5Ri (3.3)

for any given value of the index i > 1 is equivalent to (3.1) and can be as well used for the definition of the quantum
matrix algebra.
Denote by C(R, F) a vector subspace of the quantum matrix algebra M(R, F) spanned linearly by the unity and elements

cha™):=Tr (1, )My . Mapr@™), n=12,..., (3.4)

where o™ is an arbitrary element of the braid group B,. The space C(R, F) is a commutative subalgebra in M(R, F). In the
paper [14] we have studied quantum matrix algebras with different defining relations. The transition to the defining
relations (3.1) is explained in [13], section 3. The proof of the commutativity given in [14] is valid for an arbitrary
compatible pair {R, F}.

The algebra C(R, F) is called the characteristic subalgebra of M(R, F).

Denote by P(R, F) a linear subspace of End(V)® M(R, F) spanned by C(R, F)-multiples of the identity matrix,Ich Vch €
C(R, F), and by elements

o
M' =M, (M) =Tr o )M ... Mz pp(@'™)), n=2,3, ..., (3.5)

g ey

where o™ belongs to the braid group B,. The space P(R, F) carries a structure of a right ¢(R, F)-module

M ch(gD) = ME@E vom e g gD e B, ni=1,2,..., (3.6)

Here, in the right hand side, we denoted by the same symbol o™ the image of the element o™ under the natural
monomorphism B, <> By : 0j > oj. The symbol B in the right hand side denotes the image of the element A%
under the natural monomorphism B; < Bpy; : 0j > 0j1s—1. Formula (3.6) is just a component-wise multiplication of the

matrix M*"™ by the element ch(8®).
We call x-product the binary operation P(R, F) ® P(R, F) *> P!
(Ch(ﬂ(i))l) * Ma(n) — Ma(n)ch(ﬂ(i)) — M"‘(") N (Ch(,B(i))I ’
(ch(@™)I) * (ch(B™)I) := (ch(a'™)ch(BV))I,
M o MF? = g™ (3.7)

where we use the notation ™ x 8% == o« Mg, . oy010, . o).

R, F) defined by

The »-product on P(R, F) is associative [25].
In what follows we often use the x-multiplication by the matrix of generators of the quantum matrix algebra M(R, F).
Explicitly it reads, see [25],

MxN =M -¢(N) VN € P(R,F), (3.8)

where - denotes the usual matrix multiplication and the map ¢ is defined in (2.15). In particular, one can introduce the
noncommutative analogue of the matrix power:

MY:=1, M"':=MxMx...«M = MOn-1-0200) — p(0102:-0n-1) (3.9)
—— ——
n times

The latter equality holds because the expression M is invariant under cyclic moves of the elements 0;,i =2,...n— 1.
An appropriate repetition of cyclic moves transforms the word 0,1 ...01 to o7...05_1.
In what follows we call M" the nth power of the matrix M.

6
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3.1. BMW type

Definition 3.2. The quantum matrix algebra M(R, F) is called BMW, Sp(2k), O(k) type if, respectively, the R-matrix R is
BMW, Sp(2k), O(k) type.

For the BMW type quantum matrix algebra the following relations are satisfied as a consequence of (3.1)

KiMiMi = 1 °Kig = MMz K, Yi> 1, (3.10)
where
g:= Lq_l)n (1, 2) (MiMz Ky) . (3.11)
(@—puXq ' +pn) RS

The element g is called a 2-contraction of M.

For the quantum matrix algebra of the BMW type the 2-contraction g is an element of the characteristic subalgebra.
The characteristic subalgebra of the BMW type quantum matrix algebra is generated by either one of the sets {g, pi}i>o,
where

pOZTI'RI:%, p1=TrRM, pi:Ch(Ui_1...6201)i=2’3’... , (312)
or {g, a;}i=o0, where
ap = 1, ai:Ch(a“)) i=1,2,.... (313)

Elements p; and a; are called power sums and elementary symmetric functions, respectively.

For the Hecke type quantum matrix algebra, the corresponding algebra P(R, F), as the C(R, F)-module, is spanned by
the matrix powers M", n > 0, of the generating matrix M. For the BMW type quantum matrix algebra this is not the case.
Namely, as the C(R, F)-module, the BMW type algebra P(R, F) is spanned by matrices (see [25], proposition 4.11)

M" and MT(M™2), n=0,1,...
Here we introduced a C(R, F)-module map MT : P(R, F) — P(R, F)
MT(N):=M-£(N), VN e P(R,F), (3.14)

where the map & is given in (2.16).

The BMW type algebra P(R, F) is commutative [25].

Our definition of the quantum matrix algebra M(R, F) does not assume the invertibility of the 2-contraction g.
However, to define the inverse powers of the quantum matrix M the invertibility of g is needed.

Definition 3.3. Let M*(R, F) denote the localization of the BMW type algebra M(R, F) by adding the inverse g~! of the
2-contraction (see [25], Proposition 4.14)

glg=gg' =1, g'M=(G'Mog ", (3.15)
where the numeric matrices G*! € Aut(V) are defined in Egs. (2.14).

The latter relation in (3.15) is justified by the permutation rules for the 2-contraction. For an arbitrary matrix N €
P(R, F) it reads

Ng = g(G7'NG). (3.16)

Proof. In a particular case N = M — the matrix of generators of M(R, F) this formula is proved in [25], lemma 4.13.
Consequently, by lemma 3.11, eq.(3.45), [25], we have M;g = g(Gj‘le Gj),j=1,2,... Thus foru = My... My pr(a™),

a™ e B,, we have ug = gG{lGZ’] .. Gn‘luG162 ... Gy. By the cyclic property of the trace and lemma 3.11, eqs.(3.44) and
(3.46), [25], G, ... Gy cancels with G;l .. G,jl which proves Eq. (3.16) for N = TrR(z, o n)(u). |
The algebra M*(R, F) contains the inverse to the quantum matrix M,
M™'=peM)g™', M-M'=I=M"'-M. (3.17)

The matrix M~! is the inversion of M with respect to the usual matrix product. Inversion with respect to the x-product
looks differently

MT=¢' M), M'sM=1I1=M+M" (3.18)

In general, M~ # M~ 1, o
One can define the unique extension P*(R, F) of the algebra P(R, F) by a repeated »-multiplication with M~!

M T«N:=¢ (M '-N) = N«M ' V¥NePRF). (3.19)

7
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The algebra P*(R, F) is associative and commutative with respect to the x-product. It is also the right C*(R, F)-module
algebra with respect to the extension C*(R, F) D C(R, F) of the characteristic subalgebra by the element g~ .
Particular examples of the x-multiplication by M~ are the inverse x-powers of M
M™ = M~ % « M 1l
—_————

n times

The x-powers obey the usual rules of the x-product of matrix powers: Mix«MT = M v i,neZ.

4. Cayley-Hamilton theorem

The Cayley-Hamilton theorem for the orthogonal and symplectic quantum groups was stated in the unpublished
text [24]. Here we establish and discuss in detail a strengthened version of the Cayley-Hamilton theorem in the symplectic
case.

Throughout this section we assume that

{R, F} is a compatible pair of R-matrices, the operator F is strict skew invertible

and the operator R is strict skew invertible of the BMW -type. (41)

In Section 4.1 we investigate matrix relations in the algebra P(R, F) involving ‘wedge’ powers of the quantum matrix
M: M“m, 0 < i < n. We confine the eigenvalues q and u of the matrix R by conditions
g #£0, u#—q>% Vi=2,3,...,n, (4.2)

in which case all the antisymmetrizers a® e Wy(q, ), i = 2,3,...,n, and, hence, the elements a; € C(R, F) and the
matrices M@ e P(R, F) are well defined.
Conditions on R specific for the R-matrices of the type Sp(2k) are imposed in Section 4.2.

4.1. Basic identities

In this subsection R is supposed to be a general BMW type R-matrix.
Consider a set of ‘wedge’ powers of the quantum matrix M: M e P(R, F). Following [25], we introduce series of
matrices in P(R, F), which we further refer to as ‘descendants’ of the matrices M?" .

AmD = M M

B(”’H’]J—) — iq ME*MT(MU(I)) Vl, m: 1 <1<n m2=> 0. (4.3)
It is suitable to set, by definition,
AmO .—0 and B™Y =0 Vm=>0. (4.4)

and to complement the series by the elements’
AL =g ! (TFR(z, 3,...)MMs... prR(aU))) ’
B(O,i) = iq ¢71(s (Ma(l))) )

The following recursive relations among the descendants are derived in [25]:

Lemma 4.1.  Assume that the conditions (4.1) and (4.2) are fulfilled. For 0 <i <n—1 and m > 0 the matrices A"~ 11
and B™LH1) sqtisfy equalities

Alm=1i+1) _ qiMmai _ AlmiD _ g’ '(q - qa") pom) (4.6)
1 + ’quI—l
pim+Li+1) _ (=i o q—q”" Ami) _ gm.i) (4.7)
=\® q i T+ pug g. .

By a repeated use of these recurrent relations one can derive, for a certain subset of the descendants, their expansions
in terms of non-negative matrix powers M/, j > 0, only.? For the Hecke type QM-algebras analogues of these expansions
are known as the Cayley-Hamilton-Newton identities [12,14,16].

T Note that A=) and B®) belong to the extension of the algebra P(R, F) by the %-inverse matrix M.

2 By Proposition 4.11 [25], one expects also presence of the terms MT(Mf) in the expansions of generic descendants.
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Proposition 4.2. Assume that the conditions (4.1) and (4.2) are fulfilled. For 1 <i < nand m > i — 2 one has

) 1 _o i1
A(m,z) ( 1)1 12 q)]{Mm-H—] + ﬁ Z Mm+1—} Zr(q g) ]a] (4.8)
j=0
Forlfifnandm>i one has
B(m,i) 1 12 q))[ —2}Mm H—}g i—j
1_q 1 —j—1
e ZM'"“‘J (s Ja. (49)

Proof. We employ induction on i. In the case i = 1, the relations (4.8) and (4.9) reproduce the definitions (4.3):
Am1) MTH pm1) — M—lMﬁg )
It is then straightforward to verify the induction step i — i + 1 with the help of the relations (4.6) and (4.7). ®
Remark 4.3. When m > i— 2 (respectively, m > i), all the x-powers of M in the right hand side of the relation (4.8)

(respectively, the relation (4.9) ) are non-negative. This is why we specify these restrictions on m. For an invertible matrix
M, the restrictions on m can be removed.

Remark 4.4. The Hecke type version of these relations can be reproduced by setting g = 0 in formulas of Proposition 4.2.
Relation for B™™) becomes trivial. Relation (4.8) for A™ simplifies drastically, the terms with the element g disappear
and the condition m > i — 2 weakens to m > —1. For m = 0, the relation (4.8) reproduces the Cayley-Hamilton-Newton
identities found in [12,14]. The R-trace maps of these identities are the Newton relations. In the GL(k)-case, that is, if the
operator R fulfills the condition pg(a**?) = 0, the left hand side of the relation (4.8) vanishes in the case i = k+ 1. Then,
with the choice m = —1 the relation (4.8) reproduces the Cayley-Hamilton identity.

4.2. Cayley-Hamilton theorem: type Sp(2k)

The height k condition (2.19) on the Sp(2k)-type R-matrix R cuts the series of ‘descendants’ A1 at the level i = k+ 1:

AM=LHD — 0 v > 0. (4.10)

Each of these equalities is a matrix identity. In general, these identities cannot be expressed in terms of nonnegative
powers of the matrix M only. By Proposition 4.2, for the condition

Alk=1k+1) — (4.11)
such an expression does exist. Substituting © = —g~'~2* and (4.8) into (4.11) and rearranging terms of the sum we obtain
the Cayley-Hamilton theorem for the quantum matrices of the type Sp(2k).

Theorem 4.5. Let M(R, F) be the Sp(2k)-type quantum matrix algebra. Then the quantum matrix M of the algebra generators
satisfies the Cayley-Hamilton identity

2k

Y (—gmM* e = 0, (4.12)
i=0
where
[i/2]
€ = Za,-,zjgj, €kti = ek,,-gi Vi= 1,2, ...,k. (4.13)

A natural question is whether the other vanishing quantities A™~1%+1 Jead to new identities. By Eqgs. (4.3) and (4.5)
we have

AM=1k1) g A1k (4.14)

Thus, in the algebra M*(R, F), in which the quantum matrix M is invertible, all the equalities (4.10) are equivalent.
However, in the algebra M(R, F) the fundamental identity is

ACLD — o (4.15)
the other identities (4.10) are the consequences of (4.15) in view of Egs. (4.14).

9
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Let us consider the matrix identity (4.15) in detail. In case of non-invertible g, this identity is more informative than
the Cayley-Hamilton identity (4.12). Matrix components of its left hand side are kth order homogeneous polynomials in
the components of the quantum matrix M, containing, apart of M, x-powers of yet another quantum matrix obtained
from M by an invertible linear map 7 = w¢~' o & (see Egs. (2.16), (2.17)). In a following lemma we present explicit
expressions for the maps 7.

Lemma 4.6. For the compatible pair {R, F} of strict skew invertible R-matrices, where R is of the BMW-type, the map
7 = ne¢~' o & does not depend on F. The explicit formulas for = and 7=~ acting on End(V) ® W, where W is a C-linear
space, read:

7T(X)1 = TFR(Z)RlleK]Z = TI'R(Z)K12X1R12 s (416)
77 X0 = w7 T )Ry XiKie = 7P Tr ) KiXiRy, (4.17)

where X € End(V) @ W.
Second equalities in Egs. (4.16), (4.17) hold for an arbitrary skew (therefore, strict skew) invertible BMW type R-matrix R.

Proof. Instead of proving the first equality in (4.16) directly it is easier to verify the relation ¢(TrR(2)R1X1I<1) = pn&EX):

-1
B (Tr @)RIXiK1) = Tr () Fia [Tr () RizXiKior | Fi;'Rez
-1 -1
= Tr (23)F1 { RRXKGFy ) FTRy

= TrR(23)&F1ﬂF;11<2R1

= TrR(23)F1X1Ff1M (4.18)
= TrR(zé)lelfﬁﬁkl

= ;LTrR(Z)ﬂX]Fl_]K] = pEX).

Here in calculations we underline terms which undergo a transformation in the next step. For the transformations we used
the compatibility relations for the pair {R, F} (2.8), BMW algebra relations for the matrices R and K (2.12), first formula
in (2.13), and the following properties of the R-trace (see [25], lemma 3.2 and corollary 3.4)

Tr ) XiFT' =L TreX,
and
[Ru, DR]DRZ] —0 (4.19)
which is equivalent to
Tr(12)YiRi =Tr )R Y1 ¥Y € End(V*) @ W.
The second equality in (4.16) is justified by the following calculation
Tr )RiXiKi = n7'Tr (93)RiXiKoKi = 7' Tr (33)RiXiKaRiR,
= M’1TrR(23)MX1R1 = M’]TrR(23)K1K2X1R1 = Tr (2)KiXiRi,

where in the first line we applied the left equalities in (2.12) and (2.13); passing to the second line we used the cyclic
property of the trace and Eq. (4.19); in the first equality of the second line we applied relation

RoRi1 K = KK

which follows from the left equality in (2.12) with the exponents —1 by a multiplication on K; from the left and on RyR;
from the right and by the subsequent use of the right eq. in (2.12). In the last equality in the second line we used the left
eq. from (2.13) again.

To prove formula (4.17) one notices that the map 7 is proportional to the map & for the pair {R, R}. Indeed, substituting
F = R into the formula (2.16) for £ and using the equality R"'K = = 'K one obtains &|r_zg= p~'m. Thus the first equality
in (4.17) follows from the formula for £~! for the pair {R, R}, see (2.18).

The second equality in (4.17) is derived in the same way as the second eq. in (4.16). ®

In general, the matrix (M) does not belong to the algebra P(R, F). On the other hand, 7 (M) is related to the x-inverse
of the matrix M (see (3.18))
—1

M) =M g = M ' xIg (4.20)

10
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and thus belongs to the extended algebra P*(R, F). The formula for the x-product for the matrix 7 (M) is clearly induced
from that for M~! (see (3.19)) and the permutation rules for g (see (3.16)):

(M)« N :=Nx*m(M) := u¢~'(§(M)-G'NG), VN e PR,F). (4.21)
Complementing the algebra P(R, F) with the x-multiples of (M)
M = (M) ... *7(M)

one obtains an intermediate extension P°(R, F) D P(R, F), P°(R, F) C P*(R, F). It is this algebra where the matrix A(-1-k+1)
belongs to.
Now we are ready to write down the identity (4.15) in terms of x-powers of the matrices M and 7 (M).

Proposition 4.7. Let M(R, F) be the Sp(2k)-type quantum matrix algebra. The matrix M of generators of this algebra and its
image (M) under the map (4.16) satisfy the following kth order matrix polynomial identity

k k—1
Y (—aM e + ¢y (—g) (M) e = 0. (4.22)
i=0 i=0

Here the coefficients €;, i = 1, ..., k, are given by Eq. (4.13).

We stress again that the equalities (4.12) and (4.22) are equivalent in the algebra M*®(R, F), that is, under the
assumption of the invertibility of g and, hence, of M. Indeed, the Cayley-Hamilton equality (4.12) is obtained from (4.22)
by the x-multiplication by M*. However, Eq. (4.22) is stronger than the Cayley-Hamilton identity in the algebra M(R, F).
We shall call equality (4.22) ‘pre-Cayley-Hamilton identity’.

Remark 4.8. The discussion above concerned the cutting equalities A™~2k1 = 0 V m > 0. We have the cutting
equalities B™*+1) = 0 V m > 0 as well. However, these equalities do not produce new identities. Indeed, for m > 0, even
without the height k condition, just at the value = —q~'~2¥ one has the following relation between matrices A~ 1k+1)
and BMt1Lk+1) see (4.7), (4.6):

(B(m+1,k+1) + qA(m71,k+1)g) ’M:_q

As for BO*+1D it suffices to note that BOK1D = ¢=1(£(AQKD)),

=0 Vm>0. (4.23)

4.3. Simple examples and classical limit

In this section we present the Cayley-Hamilton and pre-Cayley-Hamilton identities (4.12) and (4.22) for the standard
RTT- and RE-algebras corresponding to the Sp(2k)-type R-matrix (2.22) in cases k = 1, 2.

Standard Sp(2)-type RTT-algebra is the quantum matrix algebra M(R®Y, P), where the R-matrix R®Y (2.22) and permu-
tation P act on a tensor square of the 2-dimensional vector space. We use the symbol T for the 2 x 2 matrix of generators
of this algebra. Permutation relations for its components TJ’ i,j € {1, 2}, are identical to the permutation relations of the
standard GL2(2)-type RTT-algebra, see, e.g., [18], chapter 4:

CTT =TTy, ¢*TT! = T'1?, (T3, 1,1 =0, [T 1)1 = (g %—q¢")T,TE (4.24)
The two generators of the characteristic subalgebra g and a; read
-6
q —24172 | 27271 172 271
= —-— T, 7, +q° T, T, —T,T; —T; T
g q2+q‘2(q 1l Tq 131, 214 12)
=q°(\T; = ¢’ T,T}), (4.25)

a1 =TT =q°T +q T},

where the second simplified expression for g is obtained with the help of the permutation relations (4.24). In this case
the 2-contraction g is central in the quantum matrix algebra (the matrix G for the R-matrix pair {R®Y, P} equals the unity),
while the element a; is not.

To write down the characteristic identities for this algebra we need explicit expressions for the maps ¢ (2.15) and =
(4.16)

74T1+ 1— —4 T2 76T1 76_|_ -2 T1+ 72T2 _ 72'1"1
om = (TG ) = (T ). (426)

The Cayley-Hamilton identity (4.12) and its ‘parent’ identity (4.22), respectively, read

T> — qTa; + ¢°Ig = 0, (4.27)

11
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T —qlay + ¢=(T) =0, (4.28)

where T2 =T - o(T).

We note that the identity (4.27) coincides with the Cayley-Hamilton identity for the standard GL2(2)-type RTT-algebra
(see [5,12,13]), where the 2-contraction g plays the role of the quantum determinant of the matrix T. In this particular
case the Cayley-Hamilton identity (4.27) encodes the half of the permutation relations (4.24); in general, a half-quantum
matrix of GL type satisfies the Cayley-Hamilton identity [4,11].

Another specific feature of the Sp(2) case is that the pre-Cayley-Hamilton identity (4.28) being linear in generators is
satisfied without any reference to the quadratic permutation relations.

The standard Sp(2)-type Reflection Equation (RE) algebra is the quantum matrix algebra M(R®Y, R®9), where the R-matrix
RGY (2.22) acts on the tensor square of the 2-dimensional vector space. We use the symbol L for the 2 x 2 matrix of
generators of this algebra. The permutation relations for its components L, i, j € {1, 2}, are identical to the permutation
relations for the standard GLg(2)-type RE-algebra:

Ly = ¢¥70 0, (13,03 = (1 - g L,
(L5, 18] = —q (1 —q HLL3, (4.29)
(L3, 11 = (1 — g L] — L3).
The two generators of the characteristic subalgebra g and a; are
—4
q _
g = e (LiL5 + 3Ly — (1 — g ) (L) — 3L} — q* L))
= a7 (Ll — (1 —q (L)Y - L13), (4.30)
a1 =Trl = ¢ L} +q'L3,

where the second expression for g is obtained with the use of permutation relations (4.29). As for any RE-algebra, the
generators g and a; are central.

Another distinguishing property of the RE-algebras — the identity of the map ¢ — makes their characteristic identity
(4.27) particularly simple and similar to the classical case. In our situation it reads

> —qla; + ¢°Ig = 0, (4.31)

where L2 means the usual matrix square of L and the coefficients g and a; are given by (4.30). Again, this matrix equality
encodes half of the permutation relations (4.29).

As stated in Lemma 4.6 the map = depends on the first R-matrix from the compatible pair {R, F} only. Hence, for the
RTT- and RE-algebra generating matrices T and L the map  is literally the same (see (4.26)), and the pre-Cayley-Hamilton
identities for the Sp(2)-type RTT- and RE-algebras coincide (see (4.28)).

Next, we consider a less trivial example in order to demonstrate the results of this section in a greater generality.
It is the standard Sp(4)-type RTT-algebra — the quantum matrix algebra M(R®Y, P), where the R-matrix R® (2.22) and
the permutation P now act on the tensor square of the 4-dimensional vector space. We keep notation M for the 4 x 4
matrix of generators of this algebra. Quadratic relations in this algebra consist of 120 permutation relations for 16 matrix
components, and of 10 additional conditions. The latter ones together with expression for the 2-contraction g can be
extracted from the matrix equalities (3.10), where i = 1 and u© = —q~> in our case. All the quadratic relations and the
expressions for g are collected in the Appendix. There and in the formulas below it is suitable to break the 4 x 4 matrix
M into four 2 x 2 blocks A, B, C and D:

A B
M = (C D)' (4.32)
The coefficients ¢; and ¢, of the Cayley-Hamilton identity, together with the 2-contraction g generate the characteristic
subalgebra. The 2-contraction g is central, while ¢;, i = 1, 2, are not. Expression for g is given in the Appendix (see

Eq. (A.2)); formulas for ¢; read
et =0 = q Al +q A +q7°D] +q7'Dj,
6 =a+g = q (AlA3 — gA)A])
+q*(DiD] — qD3D) + g (D} + ¢D3)A] + °A3)
—q % (q7'¢{B} — (g — g ")C{B; 4+ C,B] + (7B, + ¢°C5B3) .
To write down the characteristic identities we also need expressions for the maps £*!, ¢*!. They are, for a general matrix
M (not necessarily the matrix of generators) with 2 x 2 blocks as in (4.32)

_ (9 04(D) q-saq(8)>
sy = (q—zaq(o ~q0y(A))
12
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q %af(A)+(1—q?)By(D) q "y (B)
"’(M)=< O O )
ET'M) = EM)lgeg-1,  ¢7'(M) = G(M)lgg1. (4.33)

Here oy, o, By are linear maps of the 2 x 2 matrices

2 —1y1 —2y1 _-2vw2 =3yl
aq(X)=<X2 q Xz>, oci(X)=<q X i(12q X5 q 5(2>,

x2 X q q'X; X;
Ba(X) = (q72X} + X2) + q 4oy(X), (4.34)
The following properties of these maps make the check of the relations (4.33) straightforward:
(o)™ = osq (“qi)_l = Ollir/q, Bq O“T/q = q_40l; o Bijq-

The composite map 7 = —q (¢! 0 £)(M) reads explicitly

_ (70t 0 00)D) = 41 = q X Brjg 0 0)A)  —q ey 0 ”q)(B))
”(M)_< —4%(et1/ 0 7)(C) a " eijg 0 o)) )

Now we are ready to write down the characteristic identities (4.12) and (4.22) for the case of the standard Sp(4)-type
RTT-algebra:

M* —qMPe; + ¢?M? &, — M erg +q*lg? = 0, (4.35)
M2 —qM ey + ¢!l &3 — (M) €, + g*72(M) = 0. (4.36)
For reader’s convenience we recall formulas for the powers of quantum matrices:
MET =M (M) Viz 1, 7X(M)=—q"° ¢~ (E(M) - 7(M)),

where in the last formula we took into account that i = —q~> and G = I in our particular case.

Using the definitions of the maps &, ¢*!, = and of the elements €1, €, given above, and applying the quadratic relations
from the Appendix one can check the parent characteristic identity (4.36) directly. The Cayley-Hamilton identity (4.35)
follows from it by the *-multiplication by M?.

Finally, we consider the classical limit of the pre-Cayley-Hamilton identities. In the limit ¢ — 1 the standard Sp(2k)-
type R-matrix (2.22) turns into the usual permutation and the quadratic relations (3.1) in the corresponding algebra
M(P, P) become the commutativity relations for the components of the matrix M. The rank = 1 projector K (2.24)
cannot be expressed in terms of the R-matrix and the conditions (3.10) become independent of (3.1). We rewrite them
in the familiar form

M'QM=g2 =MQM. (4.37)

Here M! is the transposed matrix and £2 is the 2k x 2k matrix of the symplectic quadratic form. With our choice of the
rank = 1 matrix K®9 it reads

0 w
2= (5% %)

where w is the k x k antidiagonal matrix: w} =68, jJ=k+1—]j.

Notice that if g is invertible then the left and right conditions in (4.37) are equivalent. On the contrary, for a
non-invertible g these conditions are not equivalent and should be considered together.

Again, it is suitable to use the block notation (4.32) for the matrix M, where now A, B, C and D are k x k matrices. The
matrix (M) in this notation is

M) = — QM Q2 = (_DC f) ,
where X’ = wX"w. This operation is a classical counterpart of the map o, from our previous example.
The classical pre-Cayley-Hamilton identity reads
k k—1
Z(—ufmkffei + Z(—l)in(zw)k*iei =0, (4.38)
i=0 i=0
where now all matrix powers are calculated according to the usual rules (the map ¢ in the classical limit is identical) and

the coefficients ¢; become usual traces of the ith wedge powers of the matrix M: ¢; = Tr(A'M) (the antisymmetrizers
computed with the permutation matrix P automatically include contributions from the 2-contraction g).
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Assuming the invertibility of the matrix A one can solve the relations (4.37) explicitly

A AY I oO\fA O Iy
M = (XA XAY+gA/—1) = (x 1) (0 gA/‘1> (0 1)' (4.39)

where matrices X, Y are such that X' =X, Y' =Y.

Substituting this parameterization for M into the identity (4.38) one can reduce it, at least in cases k = 1, 2, to the
Cayley-Hamilton identities for k x k matrices A and XY.
4.4. Spectral parameterization

In this section we describe the parameterization the coefficients of the characteristic polynomial (4.12) by means of a

C-algebra & of polynomials in 2k + 1 pairwise commuting variables v;, i =0, 1, ..., 2k, satisfying conditions
VkpiVir1—i = V¢ Yi=1,2,... k. (4.40)
Wecallv;,i =0, 1, ..., 2k, spectral variables. These variables play a role of the eigenvalues of the symplectic type quantum

matrix M. This parameterization was initially aimed at comparing our results with expressions given for the power sums
for the RE-algebras in [21] (see the subsection 8.3 there). Although the derivation methods are very different the results
agree up to some obvious changes in a notation. Notice that compared to [21] we are working in a more general setting.
The generalization goes in several directions. First, we do not assume a “standard” Drinfel’d-Jimbo’s form for the R-
matrices defining the algebra and, moreover, we do not use any deformation assumptions in our constructions. Next, we
are working with a wider family of QM-algebras. And, finally, we are working directly in the algebra without passing to
representations.’

We are going to factorize the polynomial in the left hand side of Eq. (4.12). To this end, we realize elements of the
characteristic subalgebra C(R, F) as polynomials in the spectral variables and construct a corresponding extension of the
algebra P(R, F).

Proposition 4.9. In the setting of Theorem 4.5, assume that the elements a;, i = 1,2,...,k and g are algebraically
independent. Consider an injective algebra homomorphism of the characteristic subalgebra C(R, F) to the algebra of the spectral
variables &y, wspk) : C(R, F) — Ex, defined on the generators by

TTsp(2k) - g \)g, ai|—>e,-(v0, —\)0,\)1,\)2,...,\)2k) Vi=1,...,k, (441)

where e; are the elementary symmetric polynomials of their arguments (for the symmetric polynomials we adopt a notation
of [20]). The map 7wsy2k) defines naturally a left C(R, F)-module structure on the algebra &,. Consider the algebra

Pspaky(R, F) = P(R,F) ® &,
C(R.F)

where the x-product is given by the formula

(N ®@ vV*x(NN ® vV):=(NxN) ® (vw) VN,N e P(R,F) and Vv,V € &y. (4.42)
C(R,F) C(R,F) C(R,F)
Then, in the completed algebra Psy1)(R, F), the Cayley-Hamilton identity (4.12) acquires a factorized form
2k
FlM —qun) = 0. (4.43)

i=1

where the symbol H denotes the product with respect to the x-multiplication (4.42).

Remark 4.10. For the classical symplectic groups, the functions a;, i = 1, ..., k, on the manifold Sp(2k) are functionally
independent. The element g # 0 is arbitrary (see discussion in the introduction). This justifies, at least perturbatively, the
corresponding assumptions about the independence of the elements g; and g in the proposition above.

Remark 4.11. For a general quantum matrix algebra M(R, F) the characteristic subalgebra does not belong to its center.
So, there is no general rule to define an extension by the spectral variables {v;} of the algebra M(R, F). Nevertheless
the commutative algebra Psy21)(R, F) admits the central extension by the spectral variables. Therefore we formulate the
factorized Cayley-Hamilton identity for this extension.

However, for the reflection equation algebra M(R, R) the characteristic subalgebra lies in the center, the x-product
coincides with the usual matrix product and therefore one can assume that Eq. (4.43) is satisfied in the central extension
of M(R, R) by the spectral variables {v;}.

3 Passing to the representations level is hardly possible except in the RE-algebra case. The reason is that the characteristic subalgebra belongs
to the center of the RE-algebra, which is not true for the general QM-algebra.

14



0. Ogievetsky and P. Pyatov Journal of Geometry and Physics 165 (2021) 104211

Proof. Using the equalities

ei(vo, —Vo, V1, V2, ..., vZk) = e,'(\)1, Vo, .on, V2k) — vg e,‘,z(v], Vo, ...,y v2k) Y i > 0
and

ek+i(v1, Va, .oy Vzk) = véiek,i(v1, Vo, .oy V2k) Vi=1,..., k,

if {v;} verifies Eqs. (4.40), it is straightforward to check that the map msy2k) sends the coefficients (4.13) of the Cayley-
Hamilton identity to the elementary symmetric functions in the spectral variables: ¢; +— ej(vi,vo,...,v) Vi =
1,...,2k. =

In [25] we have derived the quantum analogues of the Newton and Wronsky relations among three series of elements
of the characteristic subalgebra: the power sums p;, the elementary symmetric functions a; and the complete symmetric
functions sy = 1, s; = ch(s?), i > 0. Using these relations we now obtain the parameterization of the elements p; and s;
in terms of the spectral variables.

Proposition 4.12. Let M(R, F) be the Sp(2k)-type quantum matrix algebra. Assume that the elements a;, i = 1,2, ...,k and
g are algebraically independent, and the algebra parameter q fulfills the conditions iy # 0, i =2, ..., n, for some n.* Then the
elements a;, s; and p;, 0 < i < n, satisfy the Newton relations (see [25], theorem 5.2)

n—1 [n/2]
(~@faipni = (=1 "mgay — (=1 (" 4 g ) a4, g, (4.44)
i=0 i=1
n-1 [n/2]
q'siPui = Mgsu + 47" ) (q”’z’ - q’”“”") Sn-2i 8- (4.45)
i=0 i=1
In this situation the elements s, and p, have the following images under the homomorphism mspak) (4.41):
2k
Tspak) © Sn > ha(vi, v2, .00 V), Pn> g Zd,-vi”, (4.46)

i=1
where h,, denotes the complete symmetric polynomial in its arguments and

2k

—4 -2
Vi —q "Vak41—i Vi—(q "V
d=————""—"—"— 1_[ - = (4.47)
Vi — Vok41—i =1 Vi — Vj
A, 2k 1—i

The power sums contain the rational functions d; in the spectral variables and are themselves rational functions in {v;}.
However, as it follows from the Newton recursion (4.44), the power sums simplify, modulo the relations (4.40), to polynomials
in the spectral variables.

Proof. For the proof, we use the following auxiliary statement:
Lemma 4.13. In the assumptions of Proposition 4.12, consider the iterations
Sp =50, S =51, Si=Si+5,8; (4.48)
po=0—p*@)/(@—q ). Py=p1. Di=pi+@ Py —pia)g Vi=2. (4.49)

The modified sequences {s;}I_,, {p;}\, satisfy the following versions of the Newton and Wronski relations

n—1
Zq_"sip;lfi =ngs, Vn>1; (4.50)
i=0
n
Y (—Vas, ;=60 Yn=0. (4.51)
i=0

Proof. For n < 2, the equalities (4.50)-(4.51) are clearly satisfied. For n > 2, one can check them inductively, applying
the iterative formulas (4.48), (4.49). ®

4 Forn < k these conditions enter the initial settings for the Sp(2k) type quantum matrix algebras.
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We now notice that the images of the elements a;, i = 1,...,n, are given by the elementary symmetric functions
(see Eq. (4.41)). Hence, by the Wronski relations (4.51), the images of the modified elements s, i = 1,...,n, are
the complete symmetric functions in the same arguments. Using then Eq. (4.48) and taking into account the relation
hp(vo, v1,...) = Z?:O vy hni(v1, ... ), it is easy to check the formulas for the images of the elements s,, which are given
in Eq. (4.46).

To check the formulas for the power sums, we use the following statement, which was proved in [9]: if the elements
sifori=0,1,...,n > 1 are realized as the complete symmetric polynomials h; in some set of variables {Vz}, 1» then the
elements py, defmed by Egs. (4.50), have the following expressions in terms of the variables v;

2%k 2k _
. R vi — a2
p, = qg! E dpy]', where d; = l_[ % (4.52)
i— j=1 ! J
J#i

The proof of (4.46), (4.47) for the power sums p, proceeds as follows.

Assuming that the relation (4.52) stays valid for p (note, py is not fixed by the recursion (4.50)) and making the Ansatz
(4.46) for the power sums p; fori =0, 1, ..., n, we make use of the recursion (4.49). Upon substitutions, we find that the
relations (4.49) hold valid provided that
V2 — g2

d,‘ = 7}) _q72 >

d;. (4.53)
Taking into account the relations (4.40) for the spectral variables v; € &, we observe that the conditions (4.53) dictate
the choice (4.47) for d;.

It remains to verify the initial settings for the recursion (4.49). They are:

’ -1 X -~ 1-— /~'L2q2 —2k
po=q"') di= gt = 2K, (4.54)
P qa—q
2k
p=p, & Y wdi-d)=0, (455)
i=1
as well as the expression (3.12) for po:
2k
po=q" de = Trgl|,— g1 = g~ 2((2k + 1) — 1). (4.56)

i=1
To verify them, we use expansions of the following rational functions

2k -2 2
Z—q v viw1(z)
w@)=[[———. w@)= Fogng W)=
o1 £V q
in simple ratios.
Expanding w1(z) and evaluating the result at z = 0, we prove immediately the condition (4.54).
A less trivial check of the condition (4.56) we comment in more detail. Expanding w,(z), we obtain

Zq iy @(wl(q_lvo) B wl(—q_lvo))
z—v, 2 \z—q 'y z4+q vy /°
Here, for the transformation of the first term in the right hand side, we used the formulas (4.52) and (4.53) and applied the

relations (4.40), which confine the variables v; € &. The relations (4.40) also allow us to calculate wq(+q 'vg) = q—2~.
Thus, evaluating w,(z) at z = 0, we obtain

wy(0) = —¢** = —¢*(po —py) — ¢

wherefrom the condition (4.56) follows.
A check of the condition (4.55), by the expansion and evaluation of w3(z) at z = 0, is a similar calculation. ®
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Appendix. Standard Sp(4)-type RTT-algebra

Here we present quadratic relations for the Sp(4)-type RTT-algebra M(R, P) corresponding to the standard symplectic
R-matrix (2.22), where we take k = 2. The 2-contraction g turns out to be central in this algebra. With the additional
condition g = u? 1 = q~'° 1 this algebra can be interpreted as the quantized algebra of functions on the Lie group Sp(4).

For the 4 x 4 matrix of generators of this algebra we use the following notation

A B
M= (C D), (A1)

where A, B, C, and D are 2 x 2 matrices. For any matrix X € {A, B, C, D} we denote its matrix components as X', i, j € {1, 2}.

Quadratic relations in the standard Sp(4)-type RTT-algebra contain 120 permutation relations for 16 components of
the quantum matrix M and 10 additional conditions (3.10) which are responsible for ‘invariance’ of the symplectic form
encoded in the rank= 1 projector K.

For the presentation of the permutation relations we fix the following linear order on the components of M:
X{ <X; <X{ <X; VX €{AB,C,D}), D} <C?<B> <A} Vi ji={1,2).
Permutation relations among the components of the 2 x 2 matrices 4, ..., D take a universal form:
gXiXi = Xixi, gx*x! = X!X?, X2, X)]1 =0, [X3X]] = -AX)XZ,

where in the last formula and below we use the shorthand notation A :=q —q~ .
The rest 96 permutation relations between the components of different matrlces A, B, C and D are separated into eight
groups according to the type of permutation. In the formulas below indices i, j take values 1 or 2; i :=3 —1i.
Commutators:

A7 B = 143, C1] = [By, D] = [C7. D] = 0,
[B;,G] =0, [B;. C{] = 0;
g-commutators:
A — a8 = 4| acit = 80} — afs = 0} —qDlcf =
A1B; — qByA] = AyCY — qCA; = ByD} — DB, = CD; — qDyCY = 0,
B/C? —qC?B! =0, B,Ci —q'CiBy, = 0;
g*-commutators:
KBy — PBA, = NG — PCA] = BID? — PD7B] = D} — ?Dicf = 0
commutators with +A-additional term (this just means that the numeric coefficient of an extra term is equal to +1):
[A},_B,?]_ - AB},_qf_ = [A},C)] — ACIA, = [B},D5]1—ADB, = [C!,D}]—AD!C? = 0,
[A}, Di] — A (/B = 0, [B5,C{1—ACiB) = 0, (B}, C31+ A CiB) = O;
g-commutators with j:qilk—additional term:
AIBl — qBIAl — AqBIA? = AICT — qClAl — AqC2A} = 0,
BID}, — qDi,B — AqD?B} = C/D|, — qDi,C! — 2qDIC? = 0,
AlD} — qD;A! — rqC?B! = B}C! —qC'B} —1qC?B! = 0,
B\Cy —q 'CiB} + Aq" 'C{B} = 0;
g-commutators with +X-additional term:
AiD, — DAY — A CiB, = 0.
q*-commutators with +q?A-additional term:
ALB. — ¢*B! A’ — MPBLAL = A2C! — *ClA? — Ag*CPA] = 0,
B!D! — ¢’D{B} — Aq°D;B] = GDy — ¢°DiG; — Aq°D5Cp = 0.
More complicated relations:
ALDY — g 'DIA, = Aq3CiBL + 2,97 'CiBY,
A2D} — DA = AgPCPB] + 12, CIB2,
AB2 — g 'B2A) = Aq*ByA% + A2, BIAS,
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AIC) — q'CIAT = AGPCEA) + 224 CLA3,

B2D) — q 'D)B2 = Aq°D3B) + 12, D}B2,

C,D7 — q7'DiC;} = Aq*D,C} + 12, D)CZ,

[B2,C}1 = AC2Bl — A CIB3 + A%C?B),

[A], D3] = —AD,A3 + Aq *C{B5 + 12, C?B,,

[A3. DT = Aq°C{B; + 224 G5B},

[A7, D;] = Aq°CiB) + A2, C{B3,

[A5, D] = A DA} + Aq2C{Bj + 12, C; B3 + A*q *CZB) + A*2, CZB].

Finally, from the matrix relations

MiM;K1, = KiaMiM, = K128 = q"'Kia g

we extract two equivalent expressions for g

£ = 7 (D142 + 4D — LB} — ¢ °CB)
= ¢ (031 + a7 Dl — 7B — 0. %2

and 10 additional conditions

B1A3 + qByAT — qBiA; — °B3A} = DiG; +qD,CF — qDiC; — ¢°D3C) = 0,
CiA3 +qCiA; — qGAT — ¢°CiA] = DiB; + DB, — qD3B] — ¢°D3B; = 0,
CiB, + qGB, — ¢°D\A, — q*DyA, = C'B? + qC7B! — qD}A} — ¢*DiA] = 0,

C{B} — 3B} + A (7B} — ¢’D)A} + ¢°D}A; = 0,
C}B? — (2B} — *DIA2 + ¢°D2A! — Aq*DIA? = 0.
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