Optimization Letters (2021) 15:311-326
https://doi.org/10.1007/s11590-020-01679-9

ORIGINAL PAPER

®

Check for
updates

The vertex colourability problem for {claw, butterfly}-free
graphs is polynomial-time solvable

D. S. Malyshev'

Received: 3 September 2020 / Accepted: 2 December 2020 / Published online: 6 January 2021
© The Author(s), under exclusive licence to Springer-Verlag GmbH, DE part of Springer Nature 2021

Abstract

The vertex colourability problem is to determine, for a given graph and a given natural
k, whether it is possible to split the graph’s vertex set into at most k subsets, each of
pairwise non-adjacent vertices, or not. A hereditary class is a set of simple graphs,
closed under deletion of vertices. Any such a class can be defined by the set of its
forbidden induced subgraphs. For all but four hereditary classes, defined by a pair of
connected five-vertex induced prohibitions, the complexity status of the vertex coloura-
bility problem is known. In this paper, we reduce the number of the open cases to
three, by showing polynomial-time solvability of the problem for {claw, butter fly}-
free graphs. A claw is the star graph with three leaves, a butterfly is obtained by
coinciding a vertex in a triangle with a vertex in another triangle.

Keywords Vertex colourability problem - Computational complexity - Hereditary
graph class

1 Introduction

All graphs, considered in this paper, are simple, i.e. unweighted, non-oriented graphs
without loops and multiple edges. The vertex colouring of a graph G = (V, E) is a
mapping ¢ : V — N, such that c(vy) # c(v2), for any adjacent vertices vy and vy
of G. If c: V — {1, 2, ..., k}, then c is called a k-colouring. All the elements of
{c(v) : v € V} are said to be colours. The minimum number of colours in vertex
colourings of a graph G is called the chromatic number of G and is denoted by x (G).

The vertex k-colourability problem (the k- VERTCOL problem, for short) is to rec-
ognize, for a given graph G, whether x(G) < k or not. The vertex colourability
problem (briefly, the VERTCOL problem) is to recognize, for a given graph G and a
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given natural k, whether x (G) < k or not. The VERTCOL problem and k- VERTCOL
problem, for any k > 3, are classical NP-complete problems [13]. Notice that the
k- VERTCOL problem is polynomial-time solvable for k € {1, 2}.

A class of graphs is called hereditary if it is closed under deletion of vertices. Any
hereditary (and only hereditary) graph class X can be defined by a set of its forbidden
induced subgraphs S. We write X = Free(S), and the graphs in X" are said to be
S-free.

There are many “white spots” on “maps” of the computational complexity of the
considering colourability problems in the family of hereditary classes. There are two
ways to reduce the amount of these “white spots”. The first is to increase the number
of prohibited induced subgraphs, and the second one is to increase sizes of such
subgraphs. A restriction on the size or number of induced prohibitions forms a certain
subfamily of the hereditary classes family. A possible reduction of “white spots” is to
obtain complete complexity dichotomies for larger values of this border.

As usual, P,, C, mean the simple path and the simple cycle with n vertices, cor-
respondingly, O,, K, stand for the empty and the complete graph on n vertices,
respectively, K, , is the complete bipartite graph with p vertices in the first part
and g vertices in the second one. The graph K 3 is also called a claw. By K2Jf3 we
denote the graph, obtained from a K> 3 by joining its degree 3 vertices with an edge.
The graphs KZ3, bull, butter fly, Wy are depicted in Fig. 1.

For graphs G| and G, with non-intersected sets of vertices, we denote by G| + G2
their disjunctive union. For a graph G and a natural k, kG means the sum G + ... + G.

—
k times

The computational complexity of the VERTCOL problem was intensively studied
for families of hereditary classes, defined by small graphs or by a small number
of forbidden induced structures. Namely, the complexity of this problem has been
completely determined for all the classes of the form Free({H}) [23]. The VERTCOL
problem is polynomial-time solvable for Free({H}), if H is an induced subgraph
of a P4 or a P3 + P;, otherwise, the problem is NP-complete for Free({H}). A
study of forbidden pairs was also initiated in [23]. For all but four cases, either NP-
completeness or polynomial-time solvability was shown for the VERTCOL problem
and all the hereditary classes, defined by four-vertex forbidden induced structures [25].
The exceptional classes are

Free({claw, O4}), Free({claw, K7 + O3, O4}),

K bull butterfly Wy

Fig.1 The graphs K5 5. bull, butterfly, and Wy
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Free({claw, Ky + O3}), Free({Cq, O4}).

Moreover, the VERTCOL problem for {c/law, K, + O}-free graphs is polynomially
equivalent to the same problem for {claw, K> + O3, O4}-free graphs [25].

The situation for the k- VERTCOL problem is unclear, even when only one induced
subgraph is forbidden. The complexity of the 3- VERTCOL problem is known for all the
classes of the form Free({H}), where |V (H)| < 6 [4]. A similar result for { H }-free
graphs with |V (H)| < 5 was recently obtained for the 4- VERTCOL problem [16]. For
each fixed k, the k- VERTCOL problem can be solved in polynomial time for { Ps}-free
graphs [18]. The 3- VERTCOL problem can be solved in polynomial time for { P;}-free
graphs [3]. The 4- VERTCOL problem can be solved in polynomial time for { Pg}-free
graphs [34]. For every k > 5, the k- VERTCOL problem is NP-complete in the class
of { Pg}-free graphs [20]. Additionally, the 4- VERTCOL problem is NP-complete for
{ P7}-free graphs [20]. On the other hand, at the present time the complexity status of
the k- VERTCOL problem is open for { Pg}-free graphs and k = 3, for { P7}-free graphs
and k = 4.

In the papers [27,29,32,33], the computational complexity of the 3- VERTCOL prob-
lem has been classified for all the hereditary classes, defined by 5-vertex forbidden
induced subgraphs.

The computational complexity of the VERTCOL problem for a pair of connected 5-
vertex forbidden induced fragments was considered in [19,22,26,28,30,31]. Presently,
the complexity of this problem is still open only for the following four pairs of this

type:

— {claw, butterfly},
— {Ps, H}, where H € {K3 3, K3 3, Wa}.

Additionally, we would mention the papers [2,6—12,14,15,17,24] in the complexity
of the VERTCOL problem for hereditary classes, defined by small-size prohibitions.

In this paper, we reduce the number of the open cases from four to three by showing
that the VERTCOL problem is polynomial-time solvable for {claw, butter fly}-free
graphs. It was known that the 3- VERTCOL problem can be solved in polynomial time
for {claw, butter fly}-free graphs [21].

2 Some definitions, notations, and facts

For a vertex x of some graph, we denote by N(x) and deg(x) the neighbourhood
and the degree of x, respectively. For a vertex x of some graph and a subset V'’ of
its vertices, Ny (x) means N (x) N V'. The maximum vertex degree of a graph G is
denoted by A(G).

LetG = (V, E)beagraphand V' C V. Then, G[V']is the subgraph of G, induced
by V', G\ V' is the result of deletion all the vertices in V' from G, together with their
incident edges.

Let A and B be non-intersected subsets of vertices of some graph. The predicate
A e B means that any vertex from A is adjacent to any vertex from B.
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3 Informal review of the algorithm

The polynomial-time algorithm from this paper deals with several standard graph
reduction techniques, described in Sect. 4. By its results, we may consider only graphs,
which are large enough, have three pairwise-nonadjacent vertices, without special
separators and vertices of degree at most three, simultaneously. The proof separately
considers two cases: when a given irreducible graph is not {C4}-free and when it is
{C4}-free. In Sect. 5, we show that for the first case the input can be additionally reduced
in polynomial time to its induced subgraph by removing special complete or small-
size subgraphs, keeping the chromatic number under control. This gives polynomial-
time reducibility to {claw, butterfly, C4}-free graphs. In Sect. 6, we show that the
VERTCOL problem can be solved in polynomial time for {claw, butter fly, C4, K4}-
free graphs. In Sect. 7, we present more reductions, devoted to deletion of redundant
vertices and elimination of cliques with at least 4-vertices. Together with previously
obtained results, it leads to polynomial-time solvability of the VERTCOL problem for
{claw, butterfly, C4}-free graphs. Combining results of Sects. 5-7, we obtain the
main result of the whole paper, see Sect. 8.

4 Some basic complexity results for the vertex colourability problem

Let G = (V, E) be a graph. A clique of G is a subset of its pairwise adjacent vertices.
A clique with k vertices will be called a k-clique. A separating clique Q of G is a
clique of G, such that G \ Q contains more connected components, than G. If a clique
Q is separating in G, then V \ Q can be arbitrarily partitioned into simultaneously
non-empty subsets A and B, such that the vertex set of any connected component of
G \ Q is completely contained in either A or in B. We have x (G) = max(x(G[A U
0D, x(G[B U Q])), see [35]. The decomposition process above can be represented
by a binary tree, which can be computed in O (mn) time, for any graph with n vertices
and m edges, see [35].
The following assertion follows from [23]:

Lemma 1 For any {O3}-free n-vertex graph, the VERTCOL problem can be solved in
O(n?) time.
The next Lemma is obvious:

Lemma 2 For each fixed C, the VERTCOL problem can be solved in O(1) time for
graphs on at most C vertices.

We call a connected graph G = (V, E) irreducible if
G ¢ Free({03}), x(G) = 4, V| = 14,

G does not contain separating cliques and vertices of degree at most 3, simultaneously.

Lemma 3 The VERTCOL problem for any hereditary subclass X of {claw, butter fly}-
free graphs can be reduced in polynomial time to the same problem for irreducible
graphs in X.
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Proof By the reasonings from the first paragraph, Lemmas 1 and 2, one may consider
graphs in X’ without separating cliques, not belonging to Free({O3}), and having at
least 14 vertices, simultaneously. It is known that the 3- VERTCOL problem can be
solved in polynomial time for {claw, butter fly}-free graphs, see [21]. Therefore, we
may consider graphs in A’ with the chromatic number at least 4. Deletion of vertices
of degree at most 3 in these graphs does not change their chromatic number. So, this
Lemma holds. O

5 The vertex colouring problem for {claw, butterfly}-free graphs,
containing induced 4-cycles

Let G = (V, E) be a {claw, butter fly}-free graph, containing an induced 4-cycle
C = (v1, v2, v3,v4) With V = {vy1, v, v3, v4}. We associate the following notations
with C, assuming throughout this Section for indices of its vertices to be modulo 4:

— Viistheset {x : Ny(x) = {vi, vit1}}

V/is the set {x : Ny (x) = {v;, vig1, vig2}},
Uis the set {x : Ny (x) = {v1, v2, v3, v4}},
— Wisthe set {x : Ny(x) =@}

As G is {claw}-free, any vertex, having a neighbour on C, belongs to VU U?: (ViU
Vi/ )UU. Additionally to the notations above, denote by \7, theset{x € V; : Nw(x) #
#}.

Lemma4 The following properties are true:

1. Forany i, V; and V! are both cliques.
2. Foranyi, Vi e (Vig; U U;t'=1 V/f) and V! e V!

3. If there are non-adjacent vertices, one from \t/,fimd the other one from V;, then
Ul V) =2

4. If U # O, then, for any i, |V;| < 2, and every element of U is adjacent to exactly
one element of V;, whenever |V;| = 2. If a vertex in V; and a vertex in Vi1, have

the same neighbour in U, then these vertices are adjacent.

Proof Let us prove the first item. If ab ¢ E, where a € V; and b € V;, then
a,b,v;, vy induce a claw. If ab ¢ E, where a € V/ and b € V/, thena, b, v;, v;
induce a c/law. Hence, this item holds.

Let us prove the second item. If ab ¢ E, where a € V; and b € V;1, then
eithera, b, v;, vj4+1, viya ora, b, vi_1, v;, viy1 induce a butter fly. If ab ¢ E, where
a € Viandb € V/_ UV/ theneithera, b, v;, v;i_j ora, b, viy1, vi12 induce a claw.
Ifab ¢ E, wherea € V; and b € Vi’Jrl U Vi’+2, then either a, b, v;, vi11, Vi OF
a,b,vi—1,v;, vit1 induce a butterfly. If ab ¢ E, where a € V{ and b € V/ ,, then
a,b,vi_1, v, viy] induce a butter fly. Hence, this item holds.

Let us prove the third item. Suppose that a € V; and b € V;1; are nonadjacent.
Then, by the second item of this Lemma, any vertex ¢ € szl ij must be adjacent
to a and to b, simultaneously. Therefore, ¢, a, vi+1, b, viy3 o1 C, @, v;, b, vi42 induce
a butter fly. Hence, this item holds.
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Let us prove the fourth item. Let a be an arbitrary element of U. Recall that V; is
a clique, by the first item. For any 7, it must be adjacent to at least |V;| — 1 elements
of V;, otherwise, any two non-neighbours of a in V;, the vertices a, v;, v;—1 induce
a butterfly. On the other hand, [Ny, (a)| < 1, otherwise, a, any two elements of
Ny, (a), and v;17, vi43 induce a butterfly. If a € V;,b € Vi4p,c € U and ac €
E,bc e E,ab ¢ E,thena,b, c, v;, vi1s induce a butter fly. Hence, this item holds.

So, this Lemma holds. O

Lemma5 The following properties are true:

1. For any i, each vertex in Vi has the only one neighbour in W and it does not have
a neighbour in V.

2. If there is a vertex in U, adjacent to an element of V;, then it does not have a
neighbour in Vi 4».

3. Ifx is an arbitrary element of Vi, x' is its unique neighbour, and Vi1 U Vi3 # @,
then any element of Vi, is adjacent to x" and at least one of the sets V; \ {x} and
Vita is empty.

Proof Let us prove the first item. Let x be an arbitrary element of V; and x’ be its
neighbour in W. If x has two neighbours x’, x” € W, then either x, x’, x”, v; induce
aclaw, if x'x” ¢ E, or x,x’, x"”, v;, vi+| induce a butterfly, if x'x" € E.If x
has a neighbour x* € V;.1,, then either x, x’, x*, v; induce a claw, if x'x* ¢ E, or
x, x", x*, viyo, viy3 induce a butter fly, if x'x* € E.

Let us prove the second item. If there is a vertex z € U, adjacent to x € V;, then
z does not have a neighbour x* € V;;, otherwise xx* € E, by Lemma 4 (item 4),
which is impossible by the first item of this Lemma.

Let us prove the third item. Without loss of generality, suppose that y € V;4 1. There
is not a vertex x* € V42, such that x*x’ ¢ E. Suppose the opposite. By Lemma 4
(item 2), yx € E and yx* € E. To avoid a claw, induced by x, x’, y, v;, we have
x'y € E. Then, the vertices y, x, x, v;12, x* induce a butter f1y. If there are vertices
x* e Vi \ {x} and x*** € V4o, then xx™ € E,xy € E,x*™y € E,x*™*y € E,
by Lemma 4 (items 1 and 2). To avoid a claw, induced by x, x’, y, v;, we have
x'y € E. To avoid a claw, induced by y, x", x**, v;15, we have x'x** € E. To avoid
a butterfly, induced by y, x, x™, vy, x***, either xx™* € E or x™*x™* € E. We
have a contradiction with the second item of this Lemma.

So, this Lemma holds. O

We say that C dominates all the vertices of G, if W = ). A set of pairwise non-
adjacent vertices is called independent.

Lemma 6 The VERTCOL problemfor{claw, butter fly}-free graphs, containing dom-
inating induced 4-cycles, can be solved in polynomial time.

Proof Let G = (V, E) be a {claw, butterfly}-free graph, containing an induced
4-cycle C, which dominates all its vertices. For a given graph, containing an induced
4-cycle, dominating all its vertices, it is possible to find such a cycle in polynomial
time. Checking, whether a given graph is Oz-free or has at most 13 vertices can be
done in polynomial time. Hence, by this observation, Lemmas 1 and 2, one may
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assume that G contains an independent set {a, b, ¢} and |V | > 14. We will check that
a€Vi,be Vi, ceU,forsomei.In the following reasonings, we will consider all
the possible cases for the location of a, b, ¢, up to symmetry.

Clearly, at most one vertex among a, b, ¢ lieson C. If a = v;, then b,c € Vi;1 U
Viso U VZ’Jrl and, by Lemma 4 (items 1 and 2), b and c are adjacent. If {a, b, ¢} N

Ui’:l Vi =0, thena € Vl.’, for some i, otherwise, a, b, c € U and a, b, ¢, v induce
a claw. Hence, by Lemma 4 (items 1 and 2), we have b, c € Vl.’jEl UU.Ifb e U or
c € U, thena, b, c and v;11 induce a claw. Therefore, b € V/_, and ¢ € Vi’H, by
Lemma 4 (item 1), and v; 41, a, b, ¢ induce a claw.

Without loss of generality, one may assume thata € V;,b € V;42,c € U. By
Lemma 4 (item 3), we have U‘}:I V]f = (. If U = {c}, then, by Lemma 4 (item 4), we
have |V | < 13. Hence, there is a vertex ¢’, such that ¢’ € U \ {c}. By Lemma 4 (item
4), ¢’ cannot be simultaneously adjacent to @ and b. Then, c¢’ € E. Indeed, if c¢’ ¢ E,
then c’a € E, c'b € E, to avoid a claw, induced by either a, ¢, ¢’, v; or b, c, ¢/, viy3.

Let us show that V; 1 UV; 3 = @. Without loss of generality, suppose thatd € V4.
By Lemma 4 (item 2), ad € E, bd € E. Clearly, cd ¢ E, otherwise, a, b, ¢, d induce
aclaw. We have ¢'d € E, otherwise either a, v;11,d, ¢, ¢’ or b, vi12,d, ¢, ¢’ induce
abutterfly. Then, c'a € E or ¢'b € E, otherwise, d, a, b, ¢’ induce a claw. Hence,
either v; 1, ¢, c,a,d orv;, c,c’, b, d induce a butterfly.

Let us show that y (G) can be computed in polynomial time. Recall that c is adjacent
to all the elements of U \ {c}. Hence, by Lemma 4 (item 4), we have N(c) = V \
{a, b, c}. Therefore, x(G) = x(G*) + 1, where G* = G \ {a, b, c}. By Lemma 4
(item 4), we have |V;| < 2 and |V;4»| < 2. By the result, claimed at the end of the first
paragraph, the graph G* is not { O3}-free iff there are pairwise non-adjacent vertices
a* € Vi\{a}, b* € Vi \ {b}, c* € U\ {c}. If G* is { O3}-free, then x (G*) and x (G)
can be computed in polynomial time, by Lemma 1. If G* is not { O3 }-free, then

‘/i = {av a*}’ ‘/i+2 = {bv b*}v X(G*) = X(G**) + 17

where G** = G* \ {a*, b*, ¢*} and G** is { O3}-free by the result, claimed at the end
of the first paragraph. Hence, x (G**), x (G*), x (G) can be computed in polynomial
time, by Lemma 1. So, this Lemma holds. O

Lemma?7 Let H be a graph and Q be its k-clique, such that any v; € Q has at most
one neighbour u; ¢ Q. Then, x(H) = max(x(H \ Q), |Q|), assuming that there is
an optimal colouring of H \ Q, in which not all u; receive the same colour.

Proof The inequality x (H) > max(x(H \ Q),|Q]) is obvious. Let us consider any
optimal colouring of H \ Q, in which not all u; receive the same colour. Without loss
of generality, suppose that u; exists, for any i, and uy, ..., u;, receive the colour 1,
Ui +1, - - -, Uj, receive the colour 2, ..., u; 41, ..., u;, receive the colour s. Clearly,
s > 2.Forany 1 < j < s, we arrange the colour (i +1) mod s for the vertex Vi For
the remaining vertices of O, we arbitrarily arrange all the colours in {s + 1, ..., k}.
The obtained assignment of colours is a colouring of H. Hence, x (H) = max(x (H \
0),|0J). So, this Lemma holds. O
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Lemma 8 The VERTCOL problem for {claw, butter fly}-free graphs can be reduced
to the same problem for {claw, butter fly, C4}-free graphs.

Proof For a given graph, containing an induced 4-cycle, it is possible to find such a
cycle in polynomial time. Let G = (V, E) be a {claw, butter fly}-free graph and C
be its induced 4-cycle. By Lemmas 3 and 6, one may assume that G is irreducible and
W % @. For some i, both sets V; and V,+2 are non-empty, otherwise, by Lemma 4
(items 1 and 2), there is an index i*, such that V;+ U Vi«yq is a separating clique of G.
Hence, by Lemma 4 (item 3), we have U‘;zl VJf = 0.

Leta € V; and @’ € W be a neighbour of a, which is unique by Lemma 5 (item 1).
Leth € Vi3 and b’ € W be a neighbour of b, which is unique by Lemma 5 (item 1).
Perhaps, a’ = b'.

Suppose that Vi1 U Vi43 # (. Let us show that x(G) = x (G \ {v;i, vi—_1}). This
relation gives a polynomial-time reduction of the VERTCOL problem for G to the same
problem for G \ {v;, v;_1} and the proof of this Lemma is applied to G \ {v;, v;—1}.

Without loss of generality, suppose that |V;41| > |Vi43|. Then, we have:

Vi =A{a}, Viqa = (b},ab ¢ E,a' =V, {a,b,a’} @ (Viy1 U Vii3).

Indeed, V; = {a}, Vi;2» = {b},ab ¢ E, by Lemma 5 (items | and 3). By Lemma 4
(item 2), we have {a, b} e (Vi1 U V;13). To avoid claws, induced by a’, a, v; and
an element of V; | U V13, by b, b, v;13 and an element of V; | U V;13, we have
{a’,b'} @ (Vi1 UViy3). Thena'b € E and b'a € E, as a,d’, b, vi1 and an element
of Viy1 U Vigz or b, b, a, vi+1 and an element of V;11 U V;3 induce a butterfly,
otherwise. Hence, by Lemma 5 (item 1), we have @’ = b'.

There is no a vertex a” € W, adjacent to a’, otherwise, aa” ¢ E,by Lemma 5 (item
1), and a”’b € E, to avoid a claw, induced by a’, a”, a, b, and v; 42, v;13,b,d’,a”
induce a butter fly. Thereis notavertex v’ € W, adjacentto avertex v € V; 11U Viy3,
otherwise, by Lemma 5 (item 1), v, v/, b, and v; or v; 1 induce a claw.

Let u be an arbitrary vertex in U If there is a vertex v € V11 U V;43, adjacent to u,
thenua € E orub € E,butnotboth by Lemma 5 (item 2), to avoid a c/aw, induced by
v,u,a,b. We have ua’ ¢ E, otherwise, either u, a, a’, vi12, viyz oru, b, d’, v;, viyg
induce a butter fly. Then, G contains an induced butter fly. Indeed, without loss of
generality, suppose that v € V;11. Then, either v, a’, b, u, v;y1, if ua € E,ub ¢ E,
orv,a,a’,u,viy,ifub € E,ua ¢ E,induce a butter fly. Therefore, there is not an
edge xy, where x € Vi1 U V43, y e U.

Let v be an arbitrary vertex from V;1 U V3. Without loss of generality, let
v € V1. If uis adjacent to a or to b, but not both by Lemma 5 (item 2), then ua’ ¢ E,
otherwise, either u, a, a’, viy2, vi+3 (if ua € E) or u, b,d’, vi12, viy3 (if ub € E)
induce a butter fly. Then, either u, a, v;, a’, v (ifua € E)oru, b, v;_1,a’, v (ifub €
E) induce a butter fly. Therefore, there is not an edge xy, where x € {a, b}, y € U.
Hence, U has at most one element, otherwise, any two its elements together with
a, vi+1, vinduce a subgraph, for which a claw and a butter fly are induced subgraphs,
simultaneously.
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As|V| > 14 and |V;41| > |Viy3|, we have |V;11]| > 3. By Lemma 4 (item 1), V;
and V; 43 are both cliques and x (G) > 5. Since the degree of the element from U, if
one exists, equals 4, its deletion does not change the chromatic number of G. Hence,
one may suppose that U = . If not V; ;| e V;13, then an element of V; | and its non-
neighbour in V;3 together with a and b induce a 4-cycle, dominating all the vertices
of G. This case has been considered in Lemma 6. Suppose that V;| e V3. Any
two colours, meeting among the colours of V; in any colouring of G \ {v;, vi_1},
can be used for v;_; and v; to extend the colouring to a colouring of G. Hence,
x(G) = x(G \{vi, vi—1}).

Assume that V; 41 U V;43 = (. By the first paragraph and Lemma 4 (item 1), V; and
Vi 42 are both non-empty cliques. In any colouring of G* = G\ ({vi+2, vi+3}U Vi12),
the vertices v; and v;41 must receive distinct colours. We may suppose that U # ),
otherwise, by Lemma 5 (item 1) and Lemma 7, x (G) = max(x (G*), |Vi+2]|+2), and
the proof of this Lemma is applied to G*.

Since G is irreducible, we have min(deg(a), deg(b)) > 4. By this fact, Lemma 4
(item 4), and Lemma 5 (items 1 and 2), either V; = {a}, V4, = {b} and both vertices
a and b have neighbours in U or

Vi = {a,a*}, Viga = (b, b*}, Vi = {a}, Viqa = {b}, U e {a*, b*}.

LetV/ = VUV;U ViioUU and G’ = G[V']. By Lemma 6, x (G') can be computed in
polynomial time. Clearly, x (G’) > 4 and x (G) > max(x (G \ V'), x (G")). Consider
an optimal colouring ¢ of G \ V' and an optimal colouring ¢’ of G’. Independently on
c(a’) and c¢(b"), the colouring ¢ can be extended to a colouring of G in max(x (G \
V"), x (G")) colours by using ¢’ and interchanging some colours in it. Hence, x (G) =
max(x (G \ V'), x(G"). As x(G’) can be computed in polynomial time, computing
x (G) can be reduced in polynomial time to computing x (G \ V’).

Applied several times the described techniques and Lemma 6, we will obtain in
polynomial time an induced {C4}-free subgraph H of G with a polynomial-time com-
putable connection between x (H) and x (G). So, this Lemma holds. O

6 The vertex colouring problem for {claw, butterfly, C4, K4}-free
graphs

Lemma9 The VERTCOL problem can be solved in polynomial time for
{claw, butter fly, C4, K4}-free graphs.

Proof By Lemma 3, one may consider irreducible {claw, butterfly, C4, K4}-free
graphs only. Let G = (V, E) be such a graph and x be its vertex of the maximum
degree.

Suppose that A(G) > 5, which can be tested in polynomial time. That is, whether
A(G) = 5 or not can be verified in polynomial time. Since G is {butterfly, C4, K4}-
free, we have that H = G[N(x)] is {C3,2K>, C4}-free, implying that H is
{C3, C4, Cq, C7, .. .}-free. Additionally suppose that H is {Cs}-free. Then, H is a
forest on at least 5 vertices. The graph H has a vertex of the degree at most one in
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this graph. Deletion of this vertex and its neighbourhood from H produces a forest
on at least 3 vertices. Hence, the new forest contains non-adjacent vertices and H
contains an independent set with 3 vertices. Therefore, G is not {claw}-free. We have
a contradiction with the assumption.

Now, additionally suppose that H contains an induced 5-cycle C = (x1, x2, x3,
X4, X5) With V= {x1, x2, x3, x4, x5}. All the indices for vertices of C are taken modulo
5.LetV =1V \ (\7 U {x}). Since G € Free({claw, C4, K4}), it is easy to check that
N(x) = V and, for any x’ € V, we have either Ny (x') =@ or Np(x') = {xi, xit1},
for some i. Additionally, by the same reasons, for any x”, x"”" € v, x" # x", both
having neighbours on C, we have Ny, (x”) # Ny (x™).

Since degrees of all the vertices of G are at least 4, some vertex of C has two
neighbours in V. Let us consider the maximum 2 < k < 5, such that there are vertices
Xj, ..., X, € V with NV(x;.) = {xiyj—1,Xi4;}, forany 1 < j < k and some i.
Without loss of generality, put i = 1. The case k = 3 is impossible, as deg(xs) = 3,
otherwise.

Let us consider the case k = 2. Then, deg(x1) = deg(x3) = 4 and there is a vertex
¥ € V with Ny (x') = {x4,xs}. We have x'x| ¢ E,x'x; ¢ E, since G is {C4}-
free. Since deg(x’) > 4, there are vertices yi, y2 € N(x') \ (V U {x, x}, x5}). Then,
G[{x', x4, x5, y1, y2}] simultaneously contains a claw and a butter fly as induced
subgraphs.

Let us consider the cases k € {4, 5}. Notice that deg(x1) = deg(x5) = 4, whenever
k=4 Put V* = {x],...,x;}. As G is {butter fly, C4}-free, x{x} € E if and only
if [i — j| € {1, 4}. Since G is irreducible, it is connected and |V | > 14. Hence, there
is a vertex x* € V \ V*, adjacent to an element in V*. Since G is {claw}-free, any
such an element is adjacent to all the vertices in V*. None of the vertices in 1% \ V¥,
having a neighbour in V*, has a neighbour outside V*, since G is {claw, buttefly}-
free. Similarly, |\7 \ V*| < 1. Hence, |V| < 12. We have a contradiction with the
assumption.

Finally, we need to consider the case, when A(G) < 4. As G is irreducible, degrees
of all its vertices equal 4. Then, x (G) = 4, by the Brooks’ theorem, see [5], and as
x(G) > 4,G € Free({K4}). So, this Lemma holds. O

7 The vertex colouring problem for {claw, butterfly, C4}-free graphs

Let G = (V, E) be a{claw, butter fly, C4}-free graph. It is known that the set of all
maximal cliques of any {C4}-free graph can be found in polynomial time [1]. Hence,
for each fixed p, the parameter

XG.p = x(GIQUN'])

max
Q is a maximal clique of G and N'CN(Q),|N'|<p

can be computed in polynomial time. Indeed, there are at least |Q| — p elements of
Q, whose colours do not appear among the colours of N’, and therefore

in (1Q'1 + x(GL(Q \ Q) UN'D).

X(GIQUN']) = m
0'0.[Q'2[0I-p
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There are polynomially many subsets Q" and x (G[(Q \ Q') U N’]) can be computed
in constant on p time by Lemma 2. Clearly, x (G) > xg, p, for any p.

We call redundant any vertex of G of degree at most xg 3 — 1. The significance
of the redundant vertex notion is that deletion of any such a vertex from G does not
change the chromatic number. Hence, by this observation and Lemma 3, the VERTCOL
problem for inputs in any hereditary class X € Free({claw, butterfly, C4}) can be
reduced in polynomial time for irreducible graphs in X without redundant vertices.

Suppose that G = (V, E) contains a maximal clique Q = {vy, ..., vt} with at
least 4 vertices. Let N(Q) = {x ¢ Q : No(x) # ¥}. We call avertex x € N(Q) as a
s-vertex if [No(x)| = s. Since Q is maximal, there is not a k-vertex.

In the next four Lemmas, we will assume that G is an irreducible
{claw, butter fly, C4}-free graph without redundant vertices.

Lemma 10 Any two I-vertices cannot have the same neighbour on Q. If x1 € N(Q)
and xo € N(Q) are adjacent vertices, then either Ng(x1) 2 No(x2) or No(x2) 2
No(x1) and xy is a (k — 1)-vertex in the first case, x is a (k — 1)-vertex in the second
case. For any (k — 1)-vertices x| and x, we have Ng(x1) # Ng(x2).

Proof If 1-vertices x” and x”” have the same neighbour v;, then x'x” € E, otherwise,
vi, x', x”, vj induce a claw, where v; € Q \ {v;}. Then, v;, x’, x”, v/, v;» induce a
butterfly, where vjr, vj» € O\ {v;}.

Since G is {C4}-free, we have Ng(x1) 2 Ng(x2) or Ng(x2) 2 No(x1). Without
loss of generality, let us consider the first case. If x; is not a (k — 1)-vertex, then
there exist vertices v; and v;, each outside No(x1). Then, vy, v;, v}, x1, x2 induce a
butter fly, where v, is an arbitrary element of Ng (x2).

If x1 and x; are both (k — 1)-vertices and Ng(x1) = No(x2), then x1x2 € E, as
any element of No(x1), any element of Q \ No(x1), x1, and x2 induce a c/law. Then,
No(x1) U{xy, x2} is a clique with k 4 1 vertices. Hence, xg,3 > k + 1 and deg(vy) >
k 4 1, as vg is redundant, otherwise. The vertex vy cannot be simultaneously adjacent
to two 1-vertices, by the first paragraph of this proof. Therefore, vy is adjacent to a
vertex x3 € N(Q), having atleast two neighbours in Q, one of which is simultaneously
adjacent to x| and to x;. The vertex x3 is adjacent to at least one of the vertices x; and
X2, to avoid an induced butter fly. Hence, G contains an induced Cy4. So, this Lemma
holds. O

In the next three Lemmas and the remark after them, we will show that Q can be
eliminated in polynomial time in the sense that an induced subgraph H of G \ Q
can be computed in polynomial-time with a polynomial-time computable connection
between x (H) and x (G).

Lemma 11 If there are (k — 1)-vertices x" and x”, then x (G) = max(x(G \ (Q U
{x', x"}), k).

Proof Without loss of generality and by Lemma 10, No(x') = {v1, ..., vk—1} and
No(x") = {va, ..., u}. As G is {C4}-free, we have x'x” ¢ E. By this fact, the fact
that |Q| > 4, and the claw-freeness of G, the set of (k — 1)-vertices coincides with
{x/’ x//}'
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If there is a 2-vertex x””, adjacent to v; and vy, then x’, x”’, vy, v2, v3 induce a
subgraph, for which a butter fly and a claw are induced subgraphs, simultaneously.

Letx € N(Q)\{x', x”} be an arbitrary vertex, adjacent to at least one of the vertices
V2, ..., Vk—1, say va2. To avoid a claw, induced by vy, x, x’, x”, either xx’ € E or
xx” € E. If xx’ € E,xx" ¢ E, then xv; € E, to avoid a butterfly, induced by
v2, x, x’, x”, vr. Hence, x must be adjacent to all the vertices vs, ..., g1, as G is
{C4}-free, which is impossible. Similarly, the case xx” € E, xx" ¢ E is impossible.
If xx’ € E, xx” € E, then x is adjacent to all the vertices vy, ..., vp_1, as G is {C4}-
free, but xv; ¢ E, xv; ¢ E. Hence, any vertex, having a neighbour in {vy, ..., vk—1},
must be simultaneously adjacent to vy, ..., vg—; and simultaneously not adjacent to
v1 and to vg. Therefore, any vertex in N(Q) \ {x, x’, x”} is not adjacent to each of
the vertices vy, ..., vg—1, otherwise any two elements of N(Q) \ {x’, x”} together
with v1, v2, vr induce a subgraph, for which a butterfly and a claw are induced
subgraphs, simultaneously.

Let us show that there is not a 1-vertex y, adjacent to v; or to v, independently on
the existence the vertex x. Without loss of generality, let yv; € E. Since deg(y) > 4
and G is {claw, C4}-free, we have yx' € E,yx ¢ E, yx” ¢ E and there are two
neighbours y; and y; of y, both lying outside Q U N(Q). Since G is {claw}-free, we
have y;y; € E and y|x’ € E or y,x’ € E. Hence, v2, v3, x’, y, and y; or y; induce a
butterfly.

Notice that x(G[Q U {x,x’,x"}]) = k+ 1 and xg3 > k + 1. As v; is not
redundant, we have deg(vy) > k + 1. Hence, v must have a neighbour 1-vertex. We
have a contradiction with the existence of x.

So, N(Q) = {x’, x""}. Since G € Free({claw, butter f1y}) and it does not contain
separating cliques, there are the unique vertex y’ € N(x’) \ Q and the unique vertex
y" € N(x”)\ Q.Letus consider an optimal colouring ¢ of G’ = G \ (Q U {x/, x"}).
Independently on ¢(x") and ¢(x”), the colouring ¢ can be extended to a colouring of
G in max(x (G"), k) colours. Hence, x (G) = max(x (G’), k). So, this Lemma holds.

O

Lemma 12 If there are a s-vertex x with2 < s < k — 2 and a (k — 1)-vertex x', but
there are not two (k — 1)-vertices, then y (G) = max(x (G \ (Q U {x, x'})), k).

Proof Without loss of generality, let No(x) = {vy, ..., vs}, where2 < s < k —2. As
Gis{claw, butter fly}-free, the vertex x has at most one neighbour outside QUN (Q).
As x is not redundant, we have deg(x) > k. Any neighbour x € N(Q) of x must
be a (k — 1)-vertex, such that No(x) C No(x), by Lemma 10. Therefore, we may
consider that x has the degree k, i.e. s = k — 2, x’ is its unique neighbour in N (Q),
and x” is its unique neighbour outside Q U N(Q). Without loss of generality, let
No(x") = {vi1, ..., vk—1}. There is not a vertex x € N(x') \ ({x"} U Q UN(Q)), as
x', X, x, vg—1 induce a claw, otherwise.

Let us show that there is not a vertex x* € N(Q) \ {x, x’}, which is not a 1-vertex.
Suppose the opposite. The vertex x* must be a (k — 2)-vertex, adjacent to a (k — 1)-
vertex, by the previous paragraph. By Lemma 10, we have Ng(x") D Ng(x*) and
x*x" € E.If Ng(x) = No(x*), then vy, x, x*, vg—_1, vt induce a subgraph, for which
aclaw and a butter fly are induced subgraphs, simultaneously. If Ng (x) # Ng(x*),
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then No(x*) = {v2, ..., vxk—1} and either v2, x, x*, vy induce a claw, if xx* ¢ E, or
V1, X, x*, vk induce a Cy4, if xx* € E.

Clearly, there is not a 1-vertex y, adjacent to v;, where 1 < i < k — 2. Indeed,
either v;, y, x, vy induce aclaw,if yx ¢ E,orv;, y, x, vg—1, vk induce a butter fly,if
yx € E. Suppose that there is a 1-vertex y, adjacent to vx_1. To avoid a c/law, induced
by vk—1, x’, ¥, vx, we have yx’ € E. Since G is {C4}-free and by Lemma 10, we have
yx ¢ E and y cannot be adjacent to the other 1-vertex. As deg(y) > 4, because of
the irreducibility of G, there are vertices y1, y2 € N(y) \ (Q U N(Q)). Since G is
{claw}-free, y1y» € E. Then, y, y1, y2, x’, vk—1 induce a butterfly.

As vy is not redundant, v; has a neighbour 1-vertex x”’, which is unique, by
Lemma 10. Similar to the reasonings from the end of the proof of Lemma 11, it
is easy to show that x"x ¢ E, x"x" ¢ E and x(G) = max(x(G \ (Q U {x, x'})), k).
So, this Lemma holds. O

Lemma 13 Ifthere is not a s-vertex with2 < s < k — 2 and there are not two (k — 1)-
vertices, but there is a (k — 1)-vertex x, then x(G) = max(x (G \ (Q U {x})), k —1).

Proof Without loss of generality, let No(x) = {vy, v2, ..., vk—1}. Similar to the rea-
sonings from the proofs of Lemmas 11 and 12, it is easy to show that none of the
1-vertices is adjacent to a vertex v;, where 1 < i < k — 1. As v is not redun-
dant, the vertex vy has a neighbour 1-vertex y, which is unique by Lemma 10.
As G is {C4}-free, xy ¢ E. As x is not redundant, x has a neighbour x" ¢ Q.
Since G € Free({claw, butterfly}), we have N(x) = Ng(x) U {x'}. Similar
to the reasonings from the end of the proof of Lemma 11, it is easy to show that
x(G) = max(x(G \ (Q U{x})), k — 1). So, this Lemma holds. m|

The statements of Lemmas 11-13 give three polynomial-time reductions, which
will be called Q-reductions.

Lemma 14 The VERTCOL problem can be solved in polynomial time for
{claw, butter fly, C4}-free graphs.

Proof Given a graph, it is possible to check in polynomial time whether it contains a
maximal clique with at least 4 vertices or not and determine it, if one exists. If there is
not such a clique, then we apply a polynomial-time algorithm, existing by Lemma 9.
Let G be a {claw, butter fly, C4}-free graph. By the remark from the beginning of
this Section, one may assume that G is an irreducible graph without redundant vertices.
Recall that the set of its maximal cliques can be computed in polynomial time [1]. By
this fact and Lemmas 11-13, we may assume that for any maximal clique Q' of G
with |Q’| > 4 the set N (Q’) consists of 1-vertices only, otherwise, some Q’-reduction
can be applied. By Lemma 10 and the fact that G does not contain separating cliques,
N(Q') consists of |Q’| elements, each adjacent to its own vertex of Q’. Hence, N(Q’)
is an independent set, as G is {C4}-free.

Let O = {vy, v2, v3, ..., vr} be a maximal clique of G, where k > 4. We have
N(Q) = {uy,...,ux}, where vju; € E, for any i. As G is {claw}-free and both
vertices v; and u; are not redundant, the set (N (u;) \ {v;}) U {;} is a clique Q; of
the size k, for any i. The set N(Q;) consists of 1-vertices, each adjacent to its own
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vertex of Q;, for any i. Applied the reasonings above, we conclude that G consists of
k-cliques with at most one edge between any two of them.

Letus show that x (G) = k, by using the induction on the number ¢ (G) of k-cliques.
Its base is ¢(G) = k + 1. Hence, G consists of the cliques O, Q1, ..., QO only and
there is only one edge between any two of them. To prove that x (G) = k, we also use
the mathematical induction method, applied to k. For the base k = 2, we have that G
is isomorphic to a C¢ and x (G) = 2. Suppose that k > 2. Let us show that there is an
independent set I = {a, aj, ..., ar},suchthata € Q anda; € Q;,foranyi.Leta be
an arbitrary vertex from Q and a; be an arbitrary vertex from Q1 \ {a’}, where a’ is
a neighbour of a in Q. Determined a, ay, ..., a;—1, where i > 2, exactly k —i + 1
vertices of Q; have not a neighbour in {a, ay, ..., a;_1}, as there is only one edge
between any two of the cliques O, Q1, ..., Q. Hence, a; exists, for any i. The graph
G \ I consists of the (k — 1)-cliques Q \ {a}, Q1 \ {a1}, ..., Ok \ {ak}, and there is
only one edge between any two of them. Clearly, x (G \ I) + 1 > x(G) > k. By the
induction assumption, we have x (G \ I) = k — 1. Thus, x(G) = k.

Suppose that g(G) > k + 1. Then, for some k-clique Q, there are i and j, such
that there is not an edge between Q; and Q ;. Let G’ be the result of deleting Q from
G and then adding the edge u;u ;. The graph G’ is {claw, butter fly, C4}-free, and
it also consists of k-cliques with at most one edge between any two of them. Clearly
that ¢(G") = q(G) — 1 < ¢(G). Applying the induction assumption to G’, we have
x(G") = k. Any k-colouring of G” arranges distinct colours for u; and u ;. Hence, by
Lemma 7, x (G) = max(x (G"), k) = k. So, this Lemma holds. O

8 Main result

The following statement is the main result of the present paper:

Theorem 1 The VERTCOL problem can be solved in polynomial time for
{claw, butter fly}-free graphs.

Proof By Lemma 8, we may consider {claw, butterfly, C4}-free graphs only.
By Lemma 14, the VERTCOL problem can be solved in polynomial time for
{claw, butter fly, C4}-free graphs. Therefore, Free({claw, butter fly}) is a

polynomial-time case for the VERTCOL problem. So, this Theorem is true. O

9 Conclusions and future work

The vertex colourability problem was considered in this paper for hereditary graph
classes, defined by a pair of connected 5-vertex forbidden induced subgraphs. Its
computational status has been resolved for all such pairs, except for four of them.
Here, we have determined it for one class of the remaining four open cases. Namely,
we have proved that the problem is polynomial-time solvable for {claw, butter fly}-
free graphs. Clarifying the problem’s complexity status for the other three classes is a
challenging research problem for future work.
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