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0. Introduction

In 1960, Smale [19] introduced the class of dynamical systems (flows and diffeomorphisms) later called 
Morse-Smale systems. It was proved that the Morse-Smale systems are structurally stable ones with zero 
topological entropy [15,16,18]. In this sense, the Morse-Smale systems are simplest structurally stable 
dynamical systems. Originally, the Morse-Smale systems was introduced as dynamical systems whose non-
wandering sets consist of a finite number of hyperbolic orbits with transversal intersections of invariant 
manifolds [19,21]. There are deep connections between dynamics and topological structures of supporting 
manifolds [9,11,13,20]. On a closed manifold, any Morse-Smale system has at least one attracting orbit and 
at least one repelling orbit [19]. Thus, the simplest Morse-Smale diffeomorphism has the non-wandering set 
consisting of two points: a sink and source. In this case, the supporting n-manifold is an n-sphere denoted 
by Sn, and such orientation preserving Morse-Smale diffeomorphism Sn → Sn is a so called north-south 
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(or, source-sink) diffeomorphism [6,17]. In [12], the authors described completely the topological structure 
of closed supporting manifolds for the Morse-Smale diffeomorphisms whose wandering sets consist of three 
points, see Proposition 4. It is natural to study the topological structure of closed manifolds admitting 
the Morse-Smale diffeomorphisms whose non-wandering sets consist of ≥ 4 points. Obviously, if we replace 
an original diffeomorphism by any its iteration, the topological structure of supporting manifold does not 
change. Therefore, without loss of generality, one can consider the Morse-Smale diffeomorphisms whose 
non-wandering sets consist of fixed points. Later on, Mn is a closed smooth connected n-manifold.

Denote by MS(Mn; a, b, c) the set of Morse-Smale diffeomorphisms f : Mn → Mn such that the non-
wandering set of f consists of a sinks, b sources, and c saddles. In addition, we assume that the restriction 
of f on any invariant manifold of every saddle is a preserving orientation mapping. Recall that due to Smale 
[19], a ≥ 1 and b ≥ 1, and if c = 0 then Mn = Sn. Below, we suggest c ≥ 1. There are numerous papers 
devoted to the periodic dates of Morse-Smale systems for the dimensions n = 1, 2, 3, see the articles [2–4,14]
and the surveys [9,11]. Therefore, we suppose n ≥ 4. Mainly, we pay attention for c = 1, 2, and c ≥ 3
codimension one saddles.

Ideologically, this paper is a continuation of the article [12] where the authors considered the set 
MS(Mn; 1, 1, 1). It was proved that the only values of the dimension n possible are n = 2, 4, 8, 16, 
and the dimension of the unstable and stable manifolds of unique saddle equal to n2 .

Recall that the Morse index of fixed point σ equals the dimension of the unstable manifold Wu(σ) of σ. 
If σ is a saddle, the sets Wu(σ) \ {σ}, W s(σ) \ {σ} are called unstable and stable separatrices respectively. 
Below, the union A �B means a disjoint union i.e., the standard union A ∪B such that A ∩B = ∅.

First, we begin with the description of supporting manifolds and non-wandering sets for the Morse-Smale 
diffeomorphisms MS(Mn; a, b, 1) with a unique saddle. Later on, Bn is an open n-ball, and Sk is a k-sphere.

Theorem 1. Let MS(Mn; a, b, 1) be the set of Morse-Smale diffeomorphisms of closed smooth n-manifold 
Mn, n ≥ 4, with a unique saddle denoted by σ. Then either

1) a = b = 1; moreover,
1a) n ∈ {4, 8, 16};
1b) Mn = Bn � S

n
2 ;

1c) the saddle σ has n2 -dimensional separatrices;
1d) the homotopy groups π1(Mn) = · · · = πn

2 −1(Mn) = 0, and hence, Mn is a simply connected orientable 
manifold;

or
2) a + b = 3, i.e. either a = 1, b = 2 or a = 2, b = 1; moreover,
2a) Mn = Sn,
2b) the Morse index of σ equals (n −1) provided a = 1, b = 2, and the Morse index of σ equals 1 provided 

a = 2, b = 1.

Recall that a codimension one saddle has two one-dimensional separatrices and one (n − 1)-dimensional 
separatrix. Denote by N ⊗ S1 the total space of locally trivial fiber bundle N ⊗ S1 −→ S1 with the base 
circle S1 and fiber a manifold N . Let Dk be a closed k-disk. The following statements concern to the class 
MS(Mn; a, b, 2) with two saddles.

Theorem 2. Let MS(Mn; a, b, 2) be the set of Morse-Smale diffeomorphisms of closed smooth n-manifold 
Mn, n ≥ 4, with two saddles denoted by σ1, σ2. Then

I) If σ1, σ2 are saddles of codimension one each then either
1.1) a = b = 1, and Mn is the union of two copies Dn−1 ⊗ S1; in addition, the saddles σ1, σ2 have 

different Morse indexes,
or
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1.2) a + b = 4 (i.e., either a = b = 2, or a = 1, b = 3, or a = 3, b = 1), and Mn = Sn; in addition,
1.2a) (a, b) = (2, 2) iff the saddles have different Morse indexes;
1.2b) (a, b) = (1, 3) iff the saddles both have the Morse index equals n − 1;
1.2c) (a, b) = (3, 1) iff the saddles both have the Morse index equals 1.
II) If σ1 is a codimension one saddle while σ2 is not a codimension one and codimension two saddle, 

then
2.1) a + b = 3, i.e. either a = 1, b = 2 or a = 2, b = 1; moreover
2.2) n ∈ {4, 8, 16}, and Mn = Bn � S

n
2 ;

2.3) the homotopy groups π1(Mn) = · · · = πn
2 −1(Mn) = 0, and hence, Mn is a simply connected and 

orientable manifold.

The next statement concerns to c ≥ 3 saddles of codimension one.

Theorem 3. Let MS(Mn; a, b, c) be the set of Morse-Smale diffeomorphisms of closed smooth n-manifold 
Mn, n ≥ 4, with c ≥ 3 saddles. If all saddles has the same Morse index ∈ {1; n − 1}, then Mn = Sn and 
(a, b) ∈ {(1, c + 1), (c + 1, 1)}. In addition,

1) (a, b) = (1, c + 1) iff the Morse index of all saddles equals n − 1;
2) (a, b) = (c + 1, 1) iff the Morse index of all saddles equals 1.

For the Morse-Smale diffeomorphisms without codimension one saddles at all, we prove the following 
result.

Theorem 4. Let MS(Mn; a, b, c) be the set of Morse-Smale diffeomorphisms of closed smooth n-manifold 
Mn, n ≥ 4, with no codimension one saddles. Then a = b = 1, and Mn is a simply connected manifold.

The structure of the paper is the following. In Section 1, we formulate the main definitions and give some 
previous results. In Section 2, one proves main results. In Section 3, one constructs examples showing that 
the sets of Morse-Smale diffeomorphisms under our consideration are not empty.

Acknowledgments. The authors are partially supported by Laboratory of Dynamical Systems and Applica-
tions of National Research University Higher School of Economics, of the Ministry of science and higher 
education of the RF, grant ag. No. 075-15-2019-1931, except Theorem 2 supported by RNF, grant 17-11-
01041.

1. Basic definitions and previous results

Basic definitions of Dynamical Systems see in [1], [18], [21]. Let f : Mn → Mn be a diffeomorphism of 
n-manifold Mn, and p a periodic point of period k ∈ N. The stable manifold W s(p) is defined to be the set 
of points x ∈ Mn such that �(fkj(x); p) → 0 as j → ∞ where � is a metric on Mn. The unstable manifold 
Wu(p) is the stable manifold of p for the diffeomorphism f−1. Stable and unstable manifolds are called 
invariant manifolds. It is well known that if p is hyperbolic, then every invariant manifold is an immersed 
submanifold homeomorphic to Euclidean space. Moreover, W s(p) and Wu(p) are intersected transversally 
at p, and dimW s(p) + dimWu(p) = n.

A diffeomorphism f is Morse-Smale if it is structurally stable and the non-wandering set NW (f) of f
consists of a finitely many periodic orbits. In particular, each periodic orbit is hyperbolic and, stable and 
unstable manifolds of periodic orbits intersect transversally.

Let f : Mn → Mn be a Morse-Smale diffeomorphism of n-manifold Mn. A periodic orbit p is called a 
sink periodic point (resp. source periodic point) if dimW s(p) = n and dimWu(p) = 0 (resp. dimW s(p) = 0
and dimWu(p) = n) where Wu(p) and W s(p) are unstable and stable manifolds of p respectively. A sink 
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or source periodic orbit is called a node periodic orbit. A periodic point σ is called a saddle periodic point if 
1 ≤ dimWu(σ) ≤ n −1, 1 ≤ dimW s(σ) ≤ n −1 where Wu(σ) and W s(σ) are unstable and stable manifolds 
of σ respectively. A component of Wu(σ) \ σ denoted by Sepu(σ) is called an unstable separatrix of σ. If 
dimWu(σ) ≥ 2, then Sepu(σ) is a unique component.

A saddle periodic point σ is a codimension one saddle periodic point if either dimWu(σ) = 1, 
dimW s(σ) = n − 1 or dimWu(σ) = n − 1, dimW s(σ) = 1. If dimWu(σ) = 1, then there are two 
one-dimensional separatrices denoted by Sepu1 (σ) and Sepu2 (σ). The similar notation holds for a stable 
separatrix.

A sink (resp., source, saddle) periodic point p is called a sink (resp., source, saddle) if p is a fixed point.
Let p, q be saddle periodic points such that Wu(p) ∩ W s(q) �= ∅. The intersection Wu(p) ∩ W s(q) is 

called heteroclinic. Due to the transversality Wu(p) � W s(q), a heteroclinic intersection is either points 
or m-submanifolds with m ≥ 1. If dim (Wu(p) ∩W s(q)) ≥ 1, the intersection Wu(p) ∩ W s(q) is called a 
heteroclinic manifold. For the reference, we formulate the following result proved in [7] (see also [6]).

Proposition 1. Let f : Mn → Mn be a Morse-Smale diffeomorphism, and W τ (σ) an invariant manifold 
of dimension 2 ≤ d ≤ n − 1 of a saddle σ where τ ∈ {s, u}. Suppose that W τ (σ) has no heteroclinic 
intersections with other separatrices. Then Sepτ (σ) = W τ (σ) \ {σ} belongs to unstable (if τ = s) or stable 
(if τ = u) manifold of some node (source or sink, respectively) periodic point, say N , and the topological 
closure of Sepτ (σ) is a topologically embedded d-sphere that equals W τ(σ) ∪ {N} = Sd

τ . Moreover, Sd
τ is a 

locally flat embedded sphere provided d �= n − 2.

For 1 ≤ m ≤ n, we presume Euclidean space Rm to be included naturally in Rn as the subset whose 
final (n −m) coordinates each equals 0. Let e : Mm → Nn be an embedding of a boundaryless m-manifold 
Mm in the interior of n-manifold Nn. One says that e(Mm) is locally flat at e(x), x ∈ Mm, if there exists 
a neighborhood U(e(x)) = U and a homeomorphism h : U → Rn such that h(U ∩ e(Mm)) = Rm ⊂ Rn. 
Otherwise, e(Mm) is wild at e(x). One says that e(Mm) is a locally flat embedded submanifold if e(Mm) is 
locally flat at every point e(x), x ∈ Mm [5]. The similar notation holds for a compact Mm with a boundary, 
in particular Mm = [0; 1].

Note that a separatrix Sepτ (σ) is a smooth manifold. Hence, Sepτ (σ) is locally flat at every point [5]. 
However a-priori, the topological closure clos Sepτ (σ) = W τ (σ) ∪ {N} could be wild at nodes of this 
topological closure.

Now, we prove the statement we’ll need below. The end of proof will be denoted by ♦.

Proposition 2. Let f : Mn → Mn be a Morse-Smale diffeomorphism, and W τ (σ) an invariant manifold of 
dimension d = 1 of a saddle σ where τ ∈ {s, u}. Suppose that W τ (σ) has no heteroclinic intersections with 
other separatrices. Then every separatrix Sepτi (σ) = W τ (σ) \ {σ}, i − 1, 2, belongs to unstable (if τ = s) 
or stable (if τ = u) manifold of some node (source or sink, respectively) periodic point, say Ni, and the 
topological closure of Sepτ1(σ) ∪ Sepτ2(σ) is either a locally flat embedded circle or a locally flat embedded 
segment. In addition,

1) if clos (Sep1(σ) ∪ Sep2(σ)) is a circle S1
0 then S1

0 = W τ (σ) ∪ {N} where n0 = N1 = N2, and S0 has 
a neighborhood T homeomorphic to Dn−1 ⊗ S1 such that T is forward-invariant provided n0 is a sink and 
back-invariant provided n0 is a source. Moreover, T contains only two fixed points: the saddle σ and a node 
n0.

2) if clos (Sep1(σ) ∪ Sep2(σ)) is a segment I then I = Sep1(σ) ∪ Sep2(σ) ∪ {σ} ∪ {n1} ∪ {n2} where 
n1, n2 are nodes, and I has a neighborhood B homeomorphic to an n-ball such that B is forward-invariant 
provided n1, n2 are sinks and back-invariant provided n1, n2 are sources. Moreover, B contains only three 
fixed points: the saddle σ and two nodes n1, n2.
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Proof of Proposition 2. Because of W τ (σ) has no heteroclinic intersections, the topological closure of 
Sepτ1(σ) ∪Sepτ2(σ) is either a topologically embedded circle or a topologically embedded segment. Since n ≥
4, the codimension of Sepτ1(σ) ∪Sepτ2(σ) is more than two. It follows from [5] that clos (Sep1(σ) ∪ Sep2(σ))
is either a locally flat embedded circle or a locally flat embedded segment.

Suppose that clos (Sep1(σ) ∪ Sep2(σ)) = S1
0 is a locally flat embedded circle. Then S0 has a tubular 

neighborhood homeomorphic to Dn−1 ⊗ S1. Suppose for definiteness that Sep1(σ), Sep2(σ) are unstable 
separatrices. Then S0 is the union Sep1(σ) ∪ Sep2(σ) ∪ {σ} ∪ {n0} where n0 is a sink. Taking T smaller 
if necessary, one can assume that T contains only two fixed points, σ and n0. According to the Grobman-
Hartman theorem, T can choose to be forward-invariant i.e. f(T ) ⊂ T . When Sep1(σ), Sep2(σ) are stable 
separatrices, the proof is similar.

Suppose that clos (Sep1(σ) ∪ Sep2(σ)) = I is a locally flat embedded segment. Suppose for definiteness 
that Sep1(σ), Sep2(σ) are unstable separatrices. Then I is the union Sep1(σ) ∪Sep2(σ) ∪{σ} ∪{n1} ∪{n2}
where n1, n2 are sinks. Due to the Grobman-Hartman theorem, I has a neighborhood B homeomorphic 
to an n-ball, and B can choose to be forward-invariant i.e. f(B) ⊂ B. Hence, B contains only three fixed 
points σ, n1, n2. When Sep1(σ), Sep2(σ) are stable separatrices, the proof is similar. ♦

We say that a Morse-Smale diffeomorphism f : Mn → Mn is without heteroclinic manifolds on codimen-
sion one separatrices if given any codimension one saddle periodic point p ∈ NW (f), the codimension one 
separatrix of p does not contain heteroclinic manifolds. We’ll need the following statement proved in [8].

Proposition 3. Let Mn be a closed n-manifold, n ≥ 3, supporting a Morse-Smale diffeomorphism f without 
heteroclinic manifolds on codimension one separatrices. Suppose that the non-wandering set NW (f) consists 
of μ node periodic points, ν codimension one saddle periodic points, and arbitrary number of saddle periodic 
points that are not codimension one. Then the number

g = 1
2 (ν − μ + 2) ≥ 0

is integer. In addition, if g = 0 then Mn is either Sn or

Mn = Nn
1 � · · · �Nn

l (1)

for some 1 ≤ l ≤ 1 + ν where every Nn
i admits a polar Morse-Smale diffeomorphism without codimension 

one saddle periodic orbit.

For references, we quote one more result which follows actually from [12].

Proposition 4. Suppose f ∈ MS(Mn; 1, 1, 1), n ≥ 2, has a unique saddle σ. Then

• n ∈ {2, 4, 8, 16};
• Mn = Bn � S

n
2 ;

• M2 is the projective plane;
• for n ≥ 4, the homotopy groups π1(Mn) = · · · = πn

2 −1(Mn) = 0, and hence, Mn is simply connected 
and orientable;

• the stable and unstable manifolds W s(σ), Wu(σ) respectively are both n2 -dimensional;
• n ∈ {2, 8, 16}, W s(σ) ∪{α} and Wu(σ) ∪{ω} are locally flat n2 -spheres where ω is a sink, α is a source;
• Mn = W s(ω) � (W s(σ) ∪ {α}) = Wu(α) � (Wu(σ) ∪ {ω}).

Proof of Proposition 4. All items except the second and last was proved in [12]. Note that since σ is a unique 
saddle, the separatrices of σ have no heteroclinic intersections. It follows from [12], Lemma 2, that the 
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topological closure of the unstable and stable separatrices Sepu(σ), Seps(σ) are the topologically embedded 
n
2 -spheres Wu(σ) ∪ {ω} = Sω, W s(σ) ∪ {α} = Sα respectively (see also Theorem 2 [12]). According to 
[19], a supporting manifold is the disjoint union of stable (unstable) invariant manifolds of periodic orbits. 
Therefore, Mn = W s(ω) � (W s(σ) ∪ {α}) = W s(ω) � Sα. Similarly, Mn = Wu(α) � (Wu(σ) ∪ {ω}) =
Wu(α) � Sω. Since W s(ω) is homeomorphic to Bn, Mn = Bn � S

n
2 . ♦

2. Proof of main results

A cutting of Mn along a codimension one submanifold Nn−1 ⊂ Mn means that we delete a sufficiently 
small neighborhood U of Nn−1 homeomorphic to Nn−1 × (0; 1), and take clos(Mn \ U).

Proof of Theorem 1. Let f ∈ MS(Mn; a, b, 1) be a Morse-Smale diffeomorphism with a unique saddle σ. 
Due to [18,21], the separatrices of a saddle of Morse-Smale diffeomorphism have no intersections. Therefore, 
f is a Morse-Smale diffeomorphism without heteroclinic submanifolds on codimension one separatrices.

It follows from Proposition 3 that c1−(a +b) +2 ≥ 0 where c1 ≥ 0 the number of codimension one saddles. 
Hence, a + b ≤ c1 + 2 ≤ 3. Taking in mind that a ≥ 1 and b ≥ 1 for any Morse-Smale diffeomorphism, one 
gets either a = b = 1 or a + b = 3 provided c1 = 1. In the first case a = b = 1, the result follows from 
Proposition 4. In the second case a + b = 3, one gets c1 = 1 = c i.e. a unique saddle σ is a codimension one 
saddle, and c − (a + b) + 2 = 0. It follows that the decomposition (1) does not hold. Due to Proposition 3, 
Mn is a sphere Sn. Clearly that the Morse index of the saddle σ equals (n − 1) provided a = 1, b = 2 or 
the Morse index of σ equals 1 provided a = 2, b = 1. �
Proof of Theorem 2. First, we consider case 1) when the saddles σ1, σ2 of some Morse-Smale diffeomor-
phism f ∈ MS(Mn; a, b, 2) are both of codimension one. Denote by Sep1(σi), Sep2(σi) the one-dimensional 
separatrices of σi, i = 1, 2. Suppose that

(Sep1(σ1) ∪ Sep2(σ1)) ∩ (W s(σ2) ∪Wu(σ2)) = ∅, (Sep1(σ2) ∪ Sep2(σ2)) ∩ (W s(σ1) ∪Wu(σ1)) = ∅

As a consequence, there are three possibilities
a) clos (Sep1(σ1) ∪ Sep2(σ1)) and clos (Sep1(σ2) ∪ Sep2(σ2)) are circles;
b) clos (Sep1(σ1) ∪ Sep2(σ1)) and clos (Sep1(σ2) ∪ Sep2(σ2)) are segments;
c) clos (Sep1(σ1) ∪ Sep2(σ1)) is a circle and clos (Sep1(σ2) ∪ Sep2(σ2)) is a segment.

In the case (a), we denote the circles clos (Sep1(σ1) ∪ Sep2(σ1)) and clos (Sep1(σ2) ∪ Sep2(σ2)) by S1
and S2 respectively. Due to Proposition 2, Si has a tubular neighborhood Ti homeomorphic to Dn−1 ⊗ S1, 
i = 1, 2. Let us prove that one of Ti is forward-invariant while another is back-invariant. Suppose the 
contrary. Assume for definiteness that the both T1 and T2 are back-invariant i.e. f−1(Ti) ⊂ Ti, i = 1, 2. 
Note that f has no stable separatrices different from Sep1(σi), Sep2(σi), i = 1, 2. It follows that there are 
no sources in Mn \ (T1 ∪ T2) because of the union of all sources and unstable separatrices forms a connected 
set [6]. Since Mn \ (S1 ∪ S2) is connected, the set Mn \ (T1 ∪ T2) contains only one sink. Hence, f has three 
nodes. On the other side, the unstable manifolds Wu(σ1), Wu(σ2) have no intersections. It follows from 
Proposition 3 that the number of nodes must be even. This contradiction proves that one of Ti, say T1, is 
forward-invariant while T2 is back-invariant.

Let us prove that there are no fixed points in Mn \ (T1 ∪ T2). Suppose the contrary. Without loss of 
generality, one can assume that there is a sink ω ∈ Mn \ (T1 ∪ T2). Note that there are sink ω ∈ S2 ⊂ T2
and source α ∈ S1 ⊂ T1. Since Wu(σ2) ⊂ T2, the sink ω0 belongs to the limit set Lim (Wu(σ1)) of 
Wu(σ1). Suppose for a moment that Wu(σ1) ∩W s(σ2) �= ∅. Then ω ⊂ Lim (Wu(σ1)) that contradicts to 
a connectedness of the limit set Lim (Wu(σ1)) of Wu(σ1). Thus, Wu(σ1) ∩ W s(σ2) = ∅. It follows that 
the union Wu(σ1) ∪ {ω0} = Sn−1

0 is a locally flat embedded (n − 1)-sphere. This sphere does not divide 
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Mn, since clos (Sep1(σ1) ∪ Sep2(σ1)) is a circle. Therefore, the cutting of Mn along Sn−1
0 gives a connecter 

manifold, say M̂n, with two boundary components M1, M2 each homeomorphic to Sn−1
0 . One can glue two 

n-balls Bn
1 , Bn

2 along their boundaries to M1, M2 respectively to get a closed manifold M̃n. Since Sn−1
0 is 

an attracting set, one can extend f on M̃n to get a Morse-Smale diffeomorphism f̃ : M̃n → M̃n with sinks 
ωi ∈ Bn

i , i = 1, 2. We see that f̃ has a unique saddle σ2, and the source α, and at least three sinks ω, ωi, 
i = 1, 2. This contradicts to Theorem 1.

Thus, NW (f) = {α} ∪ {ω} ∪ {σ1} ∪ {σ2} ∈ T1 ∪ T2. Moreover, S1 ⊂ T1 is an repelling set while 
S2 ⊂ T2 is an attracting set. Since ∂T1 is compact, there is k ∈ N such that fk(∂T1) ⊂ T2. It follows that 
f ∈ MS(Mn; 1, 1, 2), and Mn homeomorphic to the union of two copy Dn−1 ⊗ S1, and the saddles have 
different Morse indexes.

In the case (b), we denote the segments clos (Sep1(σ1) ∪ Sep2(σ1)), clos (Sep1(σ2) ∪ Sep2(σ2)) by I1 and 
I2 respectively. First, we consider the possibility when I1 is an repelling set while I2 is an attracting set. 
Therefore, there are neighborhoods Ui of Ii, i = 1, 2, such that U1 ⊂ f(U1) and f(U2) ⊂ U2. It follows that 
one can modify f in U1 ∪U2 to get a Morse-Smale diffeomorphism f̃ : Mn → Mn such that f̃ has a unique 
source α0 ∈ U1, and a unique sink ω0 ∈ U2, and f̃ coincides with f out of U1∪U2. Since f̃ has no saddles at all, 
NW (f̃) = {α0} ∪ {ω0}. Hence, f̃ ∈ MS(Sn, 1, 1, 0). As a consequence, f ∈ MS(Sn, 2, 2, 2), and the saddles 
have different Morse indexes. Now, let us assume that the both I1 and I2 are repelling sets. Taking in mind 
Theorem 1, it follows that f̃ ∈ MS(Sn, 1, 2, 1) ∪MS(Sn, 2, 1, 1). Hence, f ∈ MS(Sn, 1, 3, 2) ∪MS(Sn, 3, 1, 2), 
and the saddles have the same Morse index.

Let us prove that the case (c) does not hold. Suppose the contrary. Applying Proposition 2, one gets a 
Morse-Smale diffeomorphism f̃ ∈ MS(Mn; 1, 1, 1). This contradicts to Theorem 1, since the codimension 
one separatrix (as well as the one-dimensional) of a unique saddle must be n2 -dimensional. This is impossible 
because of n ≥ 4.

Now, suppose that a codimension one separatrix of one saddle, say σ1, intersects a one-dimensional 
separatrix of σ2. It follows that the saddles have the same Morse-index. Without loss of generality, we can 
assume that the codimension one separatrices of the both saddles σ1, σ2 are unstable. Since periodic orbits of 
Morse-Smale diffeomorphism do not form cycles, Wu(σ2) ∩W s(σ1) = ∅. It follows that clos (Wu(σ2)) = Sn−1

is a locally flat embedding (n − 1)-sphere containing a unique sink ω. Cutting Mn along Sn−1, one gets 
a manifold M̂n with two boundary components M1, M2 each homeomorphic to Sn−1. One can glue two 
n-balls Bn

1 , Bn
2 along their boundaries to M1, M2 respectively to get a closed manifold M̃n. Since Sn−1

is an attracting set, one can extend f on M̃n to get a Morse-Smale diffeomorphism f̃ : M̃n → M̃n with 
sinks ωi ∈ Bn

i , i = 1, 2 instead of σ2 and ω. Note that f̃ has a unique saddle fixed point σ1. There are two 
possibilities: (1) M̃n is a connected manifold; (2) M̃n consists of two connected manifolds M̃n

1 , M̃n
2 . In the 

case (1), the non-wandering set NW (f̃) contains a unique saddle σ1 with the Morse index (n − 1) and at 
least two sinks ωi, i = 1, 2. This contradicts to Theorem 1. In the case (2), there is component, say M̃n

2 , 
with no saddle periodic points. Hence, M̃n

2 = Sn and the non-wandering set NW (f̃) ∩M̃n
2 consists of a sink 

and source. It follows that Mn = M̃n
1 �S

n homeomorphic to M̃n
1 and NW (f̃) contains a unique sink. Due 

to Theorem 1, f̃ ∈ MS(Sn; 1, 2, 1). Hence, f ∈ MS(Sn, 2, 2, 2).
Now, we consider case 2) when one saddle is codimension one while another saddle is not codimension 

one and two. Assume for definiteness that σ is a codimension one saddle while σ0 is not codimension one 
and two. Suppose also that a codimension one separatrix of σ is unstable. Since invariant manifolds of 
saddles are intersected transversally, W s(σ) ∩Wu(σ0) = ∅. It follows from Proposition 2 that there are two 
following possibilities:

2a) clos(W s(σ)) = I is a segment; 2b) clos(W s(σ)) = S1 is a circle.
In subcase 2a), the segment I is the union of W s(σ) and two sources, say α1, α2, that are the endpoints 

of I. By Proposition 2, I has a closed neighborhood B homeomorphic to an n-ball such that intf(B) ⊂ B. 
Therefore, one can modify f inside of B to get a Morse-Smale diffeomorphism f̃ : Mn → Mn such that f̃ has 
inside of B a unique source α0. It follows that f̃ has a unique saddle σ0 that is not a saddle of codimension 
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one. Due to Proposition 4, n ∈ {4, 8, 16}, and Mn is a disjoint union of an open ball Bn and sphere S
n
2 . 

In addition, the homotopy groups π1(Mn) = · · · = πn
2 −1(Mn) = 0, and hence, Mn is simply connected 

and orientable. Moreover, f̃ ∈ MS(Mn; 1, 1, 1). Hence, f ∈ MS(Mn; 1, 2, 2). Clearly, if we assume that a 
codimension one separatrix of σ is stable, one gets f ∈ MS(Mn; 2, 1, 2).

Let us show that the subcase 2b) does not hold. Suppose the contrary. The circle S1 is the union of 
W s(σ) and a source, say α0. Since α0 is a hyperbolic source, there is a neighborhood B0 of α0 such that 
B is an n-ball and closf−1(B) ⊂ B. Without loss of generality, one can assume that the boundary ∂B is 
a smoothly embedded (n − 1)-sphere. Since n ≥ 4, S1 is a locally flat embedded circle. Therefore, one can 
slightly modify ∂B to get the transversal intersection ∂B � W s(σ) consisting of two points, say b1 and b2. 
The intersection W s(σ) ∩ B0 is the path denoted by C connecting the points b1 and b2. According to the 
Grobman-Hartman theorem, f conjugate to a linear hyperbolic mapping in a sufficiently small neighborhood 
of α0. Therefore, there is a tube T homeomorphic C × dn−1 such that T ⊂ closB0, and f−1(T ) ⊂ intT

where dn−1 is a closed (n − 1)-disk. The tube T can be continued to a closed neighborhood N of S1 such 
that N homeomorphic N × dn−1 such that f−1(N) ⊂ intN . It follows that S1 is a repelling invariant set 
with the basin B(S1) = ∪m≥0f

m(N). By construction, S1 does not homotopy to zero in B(S1).
Now, we’ll prove that S1 homotopy to zero in B(S1). First, let us show that f has a unique sink ω0 such 

that

Mn \ S1 ⊂ (W s(ω0) ∪W s(σ0)) . (2)

Suppose for a moment that there exists one more sink ω1 �= ω0. The union G = Wu(σ1) ∪Wu(σ0) ∪{ω1} ∪{ω0}
is a connected global attractor of f [6]. Because of the unstable manifold Wu(σ0) has no heteroclinic 
intersection, Wu(σ0) ∪ {ω0} is a topologically embedded sphere such that Wu(σ0) \ {ω0} ⊂ W s(ω0). Thus,

Wu(σ0) ∩W s(ω0) = ∅. (3)

The connectedness of G0 implies that Wu(σ) ∩ W s(ω0) �= ∅ and Wu(σ) ∩ W s(ω1) �= ∅. This means that 
there is a saddle σ∗ such that {ω1} ∪ {ω0} ⊂ closWu(σ∗), and Wu(σ) ∩ W s(ω∗) �= ∅. Hence, σ∗ = σ0
provided there are only two saddles σ0 and σ1. The inclusion {ω1} ∪ {ω0} ⊂ closWu(σ∗) means that 
Wu(σ0) ∩ W s(ω0) �= ∅ that contradicts to (3). We see that ω0 is a unique saddle of f . Since Mn is the 
disjoint union of non-wandering points, one get (2).

It follows from (2) that the basin B(S1) consists of S1, and W s(ω0) \ Wu(σ0), and the intersection 
Wu(σ) ∩ W s(σ0) if nonempty. The dimension of the stable manifold W s(σ0) is not more than n − 2. 
Therefore, there is a circle S̃1 belonging to the open domain W s(ω0) \Wu(σ0) such that S̃1 homotopy S1. 
One can choose S̃1 being arbitrary close to S1 so that S̃1 ⊂ B(S1). Since {ω0} ∪Wu(σ0) is a topologically 
embedded sphere whose dimension no more than n − 2, it is possible to deform S̃1 to W s(ω0) so that 
S̃1 ⊂ B(S1) ∩ W s(ω0). We know that W s(ω0) is homeomorphic to Rn. Hence, there is an immersion 
ψ : D2 → W s(ω0) such that ψ|∂D2 = S̃1 where D2 is a closed 2-disk. Slightly moving ψ(D2), one can 
assume that ψ(D2) is transversal to W s(σ0) [10]. Since dimW s(σ0) ≥ n − 3, the transversality of the 
intersection ψ(D2) ∩ W s(σ0) means that ψ(D2) ∩ W s(σ0) = ∅. It follows that S̃1 homotopy to zero in 
B(S1). Hence, S1 homotopy to zero in B(S1) as well. This contradiction concludes the proof. �
Proof of Theorem 3. From Theorems 1, 2 it follows that the desired result holds for c = 1, 2. Assume that 
the result holds for c = 1, 2, . . . , k. Take f ∈ MS(Mn; a, b, k + 1) with codimension one saddles σ1, σ2, 
. . ., σk+1. For definiteness, assume that the Morse index of each σi, 1 ≤ i ≤ k + 1, equals n − 1. Hence, 
there is a saddle, say σk+1, such that the unstable manifold Wu(σk+1) has no heteroclinic intersections. 
According Proposition 1, the topological closure closWu(σk+1) = Sn−1 is a locally flat embedded (n − 1)-
sphere. Cutting Mn along Sn−1, one gets a manifold M̂n with two boundary components M1, M2 each 
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Fig. 1. (a) MS(Sn; 1, 2, 1) �= ∅, MS(Sn; 2, 1, 1) �= ∅; (b) MS(Sn−1 ⊗ S1; 2, 2, 2) �= ∅.

homeomorphic to Sn−1. One can glue two n-balls Bn
1 , Bn

2 along their boundaries to M1, M2 respectively to 
get a closed manifold M̃n. Since Sn−1 is an attracting set, one can extend f on M̃n to get a Morse-Smale 
diffeomorphism f̃ : M̃n → M̃n with sinks ωi ∈ Bn

i , i = 1, 2 instead of σk+1 and some sink. There are two 
possibilities: (1) M̃n is a connected manifold; (2) M̃n consists of two connected manifolds M̃n

1 , M̃n
2 .

In the case (1), the non-wandering set NW (f̃) contains k codimension one saddles σ1, . . ., σk with the 
Morse index n − 1 and at least two sinks ωi ∈ Bn

i , i = 1, 2. However, by the inductive assumption, f̃ has a 
unique sink. This contradiction shows that the case (1) is impossible.

In the case (2), each f̃ |M̃n
1

: M̃n
1 → M̃n

1 , f̃ |M̃n
2

: M̃n
2 → M̃n

2 has ≤ k saddles. By the inductive 

assumption, M̃n
1 = M̃n

1 = Sn. Hence, Mn = Sn�Sn = Sn. Moreover, f̃ |M̃n
1

∈ MS(Sn; 1, b1, k1) and 

f̃ |M̃n
2

∈ MS(Sn; 1, b2, k2) where b = b1 + b2, k1 + k2 = k, and bi = ki + 1, i = 1, 2. We see that 
b = k1 + k2 + 2 = k + 1. Thus, f ∈ MS(Sn, 1, k + 1, k). This completes the proof. �
Proof of Theorem 4. The qualities μ = ν = 1 was proved in [6]. Let e : S1 → Mn be a map representing 
an element of π1(Mn). Since n ≥ 4, one can assume that e is a smooth immersion [10]. Without loss of 
generality, one can assume that e(S1) does not contain periodic points of f . Take an unstable manifold 
Wu(σ1) of some saddle σ1. Since Wu(σ1) is an image of Rk under a smooth immersion, one can slightly 
move e(S1) to become transversal to Wu(σ1). By condition, dimWu(σ1) ≤ n − 2. The transversality gives 
that e(S1) ∩ Wu(σ1) = ∅. Continuing this procedure, one can obtain e(S1) with no intersections with 
unstable manifolds of every saddles. Hence, e(S1) belongs to the unstable manifold Wu(α) of unique source 
α of f . Since Wu(α) homeomorphic to Rn, e(S1) homotopy to zero. It follows that π1(Mn) = 0. �
3. Examples

Here, we briefly describe some examples to show that the sets of Morse-Smale diffeomorphisms under 
consideration are not empty.

1) MS(Sn; 1, 2, 1) �= ∅, MS(Sn; 2, 1, 1) �= ∅, MS(Mn; 1, 1, 1) �= ∅.
On Fig. 1,(a), one represents the phase portrait of f ∈ MS(Sn; 2, 1, 1) with a unique codimension one 

saddle σ, and a sink ω, and two sources. Thus, MS(Sn; 2, 1, 1) �= ∅. Clearly, f−1 ∈ MS(Sn; 1, 2, 1), and so 
MS(Sn; 1, 2, 1) �= ∅. Note that it holds for n = 2, 3 as well. The existence of Morse-Smale diffeomorphisms 
f ∈ MS(Mn; 1, 1, 1) was proved in [12].

2) MS(Sn; 2, 2, 2) �= ∅, MS(Sn; 1, 3, 2) �= ∅, MS(Sn; 3, 1, 2) �= ∅, MS(Mn; 1, 2, 2) �= ∅, MS(Mn; 2, 1, 2) �=
∅.

On Fig. 2,(a), one illustrates the phase portrait of f ∈ MS(Sn; 2, 2, 2) with codimension one saddles 
σ1, σ2, and two sinks, and two sources. Hence, MS(Sn; 2, 2, 2) �= ∅. On Fig. 2,(b), one represents f ∈
MS(Sn; 1, 3, 2). Clearly, f−1 ∈ MS(Sn; 3, 1, 2). Thus, MS(Sn; 1, 3, 2) �= ∅ and MS(Sn; 3, 1, 2) �= ∅.

Suppose f1 ∈ MS(Mn; 1, 1, 1) satisfies Theorem 1, item 1), and f2 ∈ MS(Sn; 1, 2, 1). Since Mn = Mn�Sn, 
one can construct f = f1�f2 ∈ MS(Mn; 1, 2, 2) satisfying Theorem 2, item 2). Thus, MS(Mn; 1, 2, 2) �= ∅. 
Similarly, MS(Mn; 2, 1, 2) �= ∅.
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Fig. 2. (a) MS(Sn; 2, 2, 2) �= ∅; (b) MS(Sn; 1, 3, 2) �= ∅, MS(Sn; 3, 1, 2) �= ∅.

Fig. 3. MS(Dn−1 ⊗ S1 ⋃
Dn−1 ⊗ S1; 1, 1, 2) �= ∅.

3) MS(Dn−1 ⊗ S1 ⋃Dn−1 ⊗ S1; 1, 1, 2) �= ∅.
Take a high-dimensional solid torus T1 = Dn−1 ⊗S1 supporting a vector field V1 with the phase portrait 

represented by Fig. 3. Let T2 be a copy of T1 with the vector field −V1. Gluing carefully T1, T2 along their 
boundaries one gets M = Dn−1⊗S1 ⋃Dn−1⊗S1 the Morse-Smale vector field denoted by V . The time-shift 
along the trajectories of V is a Morse-Smale diffeomorphism belonging to MS(Dn−1⊗S1 ⋃Dn−1⊗S1; 1, 1, 2). 
Another way to construct particular cases MS(Sn−1 ⊗ S1; 1, 2, 2) ⊂ MS(Dn−1 ⊗ S1 ⋃Dn−1 ⊗ S1; 1, 1, 2) is 
illustrated in Fig. 1,(b).

4) MS(Sn; c + 1, 1, c) �= ∅, MS(Sn; 1, c + 1, c) �= ∅.
Starting with f1 ∈ MS(Sn; 1, 3, 2), see Fig. 2,(b), and adding f2 ∈ MS(Sn; 1, 2, 1), see Fig. 1,(a), one can 

get f ∈ MS(Sn; 1, 4, 3). Continuing this way, we get that MS(Sn; 1, c + 1, c) �= ∅ for any c ≥ 3. Similarly, 
MS(Sn; c + 1, 1, c) �= ∅.
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