QUADRATIC DOUBLE RAMIFICATION INTEGRALS AND THE
NONCOMMUTATIVE KDV HIERARCHY

ALEXANDR BURYAK AND PAOLO ROSSI

ABSTRACT. In this paper we compute the intersection number of two double ramification cycles
(with different ramification profiles) and the top Chern class of the Hodge bundle on the moduli
space of stable curves of any genus. These quadratic double ramification integrals are the main
ingredient for the computation of the double ramification hierarchy associated to the infinite
dimensional partial cohomological field theory given by exp(u?©) where y is a parameter and ©
is Hain’s theta class, appearing in Hain’s formula for the double ramification cycle on the moduli
space of curves of compact type. This infinite rank double ramification hierarchy can be seen
as a rank 1 integrable system in two space and one time dimensions. We prove that it coincides
with a natural analogue of the KdV hierarchy on a noncommutative Moyal torus.
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1. INTRODUCTION

The main idea of this paper comes from the observation that the double ramification (DR)
cycle, i.e. the class in the cohomology of the moduli space of stable curves representing the most
natural compactification of the locus of smooth curves whose marked points support a principal
divisor [Hail3], can be seen as a partial cohomological field theory (CohFT) [LRZ15, [KM94]
with an infinite dimensional phase space.

In [Burld, BR16a, BDGRI1S] it was shown how to associate to any partial CohFT an in-
tegrable hierarchy of Hamiltonian systems of evolutionary PDEs in one space and one time
dimensions. The number of dependent variables in these system of PDEs equals the dimension
of the phase space of the partial CohF'T. This integrable system is called the DR hierarchy and

its properties and generalizations (including a quantization which exists in the case of actual
CohFTs) where studied in [BR16b, BDGR20, BGR19, BR1§].

This paper wants to answer the question: “what is the DR hierarchy associated to the infinite
rank partial CohF'T given by the DR cycle?”. As the general construction of the DR hierarchy
already involves intersection numbers of a partial CohF'T with the top Hodge class and a DR
cycle, choosing as CohF'T a second DR cycle leads us directly to having to compute intersection
numbers of two different DR cycles and the top Hodge class. This is, of course, a question of its
own geometric interest and, as we show in Chapter [2] of this paper, it has a very explicit answer.

In fact there is a natural deformation of the DR cycle which gives a one-parameter family of
partial CohFTs. It comes from Hain’s formula [Hail3], expressing the DR cycle (restricted to
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the moduli space of stable curves of compact type) as the g-th power of (the pullback to the
moduli space of stable curves of compact type) of the class of the theta divisor on the universal
Jacobian. If we consider instead the exponential of such theta class, putting into play all of its
powers, we get a more general but still very explicit infinite rank partial CohFT.

After showing in Chapter |3| how to trade the resulting infinite rank DR hierarchy in one
space and one time dimensions as a rank 1 hierarchy in two space and one time dimensions, we
set out to compute it explicitly. The main result of this paper is in Chapter |4, where we show
that the DR hierarchy of our infinite rank partial CohFT coincides with the noncommutative
KdV hierarchy, the natural generalization of the ordinary KdV hierarchy on a circle to a torus
with a noncommutative Moyal structure.

One of the applications is that, through our mixed intersection theory and integrable systems
techniques, we are able to compute the intersection numbers of the top Hodge class, one DR
cycle, any power of the theta class and any power of the psi class at one marked point. Note
also that noncommutative integrable systems have never appeared before in the study of the
intersection theory on the moduli spaces of curves. Therefore, we expect that our result will
provide a new tool for understanding the structure of the cohomology ring of the moduli spaces
and, in particular, the structure of the DR cycle, which became the object of an intensive
research in recent years (see e.g. [JPPZ17, HPS19, [Pix18]).

Acknowledgements. We would like to thank Johannes Schmitt for providing us with an early
version of the SageMath package admcycles, presented in [DSZ20]. The program was used for
preliminary computational experiments in the early phases of this paper. The work of A. B.
was supported by Mathematical Center in Akademgorodok under agreement No. 075-2019-1675
with the Ministry of Science and Higher Education of the Russian Federation.

2. QUADRATIC DOUBLE RAMIFICATION INTEGRALS

For a pair of nonnegative integers (g,n) in the stable range, i.e. satisfying 29 +2 —n > 0,
let ﬂg,n be the moduli space of stable curves with genus g and n marked points labeled by
the set [n] := {1,...,n}. For integers ay,...,a,, such that > a; = 0, the double ramification
cycle DRy(ay, ..., a,) € H*(M,,,C) is the Poincaré dual to the pushforward to M,,, of the
virtual fundamental class of the moduli space of rubber stable maps from curves of genus g
with n marked points to P! relative to 0 and oo with ramification profile given by (ay, ..., a,).
Here “rubber” means that we consider maps up to the C*-action in the target P! and a positive
(negative) coefficient a; indicates a pole (zero) at the i-th marked point of order a; (—a;), while
a; = 0 just indicates that the i-th marked point is unconstrained. For future convenience we
will also define the class DR,(aq, ..., a,) to vanish in case ) a; # 0.

Let us introduce the class O(ay, ..., a,) € H*(M,,,C) defined by

Sait g 2¢J
(2.1) O(a,...,an) ::ZT—ZZZCLJ%,

j=1 h=0 JC[n]

if > a; = 0 and zero otherwise, where v;, 1, < i < n, is the first Chern class of the i-th tau-
tological line bundle, and, for J C [n] and 0 < h < ¢ in the stable range 2h — 1+ |J| > 0
and 2(g —h) =1+ (n = |J]) > 0, ay := Y, a; and §j € H%*(M,,,C) is the class of the
irreducible boundary divisor of Mg,n formed by stable curves with a separating node at which
two stable components meet, one of genus h and marked points labeled by |J| and the other of
genus g — h and marked points labeled by the complement J¢ (naturally, d; = 0 if at least one
of the stability conditions 2h — 1+ |J| > 0 and 2(g — h) — 1+ (n — |J|) > 0 is not satisfied).
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By a result of Hain [Hail3], we know that
1

(2.2) DRy(a1,. ) gy, = 1000 g,

where /\/l;'jn C ﬂgm is the locus of stable curves with no non-separating nodes. Moreover, al-
ways by [Hail3], the class ©(ay, ..., an)|me, represents the pullback to M’ of the theta divisor

on the universal Jacobian over M¢',  which implies the following relation in H*(Mg',, C),

(2.3) Oar,...,an)"*| o =0

Let \; € H¥*(M,,,C), 1 <i < g, be the i-th Chern class of the Hodge bundle on M, ,,. We
have [FPO0]

(2.4) Aglwt, g, = 0-
The classes \;, DRy(ay,...,a,) and O(ay, ..., a,) are algebraic, i.e. they belong in fact to the

Chow ring A*(M,,) . By the localization exact sequence, see e.g. [Ful98, Section 1.8], for
all k,

Ak(mg,n \ M;fn) it Ak(mg,n) £> Ak(Mztn) — 0,

where ¢ and j are the inclusion maps of Mg,n\./\/lgfn and M, into M, ., and by equation (2.4)),

we deduce that, if o € Ap(M,,,) is such that a|ye, = j*a =0, then \j-a =0 € A*(M,).
This allows to deduce from identities 1) and 1} the following relations in H *(Mq,n, C):

1
(2.5) ADRy(as, ... a,) = a)\g@(al, coan)d,

(2.6) \O(ay,...,a,)" =0.

For two pairs of nonnegative integers (gi,n1 + 1) and (g2, n2 + 1) in the stable range, let
gl: ﬂgmﬁl X Mgmzﬂ — Mg,n be the map that glues two stable curves of genus ¢g; and g
with marked points labeled by the sets I = {i1,...,i,,,n+ 1} and J = {j1, ..., jn,,n + 2},
respectively, with I U J = [n + 2], at their last marked points to form stable curve with a
separating node with genus ¢ = ¢; + g2, and marked points labeled by [n]. It is easy to see
from the definitions that we have

(2.7) gl"O(ay,...,a,) =06 (ail, . 7ain17_k) + 6 (ajl, . ,ajw,k) ,

where k =Y ;" a;, = —Y .2, a;, and the classes on the right-hand side are pulled back from
each of the two factors in the product M, ,,+1 X My, n,11. By [BSSZ15], we also have

gI'DRy(ay, ..., a,) = DRy, (a;,, ..., a;, ,—k) DRy, (aj,, ..., a;,,.k) .
In the following we will denote by DRy, (am s Gy —k) X DR, (ajl, RN k‘) the pushfor-
ward gl,gl'DR,(ay, ..., a,) € H*(M,,,C).
We have the following result on the intersection number of two double ramification cycles

and the top Chern class of the Hodge bundle.
Theorem 2.1. Let ay,a2,b1,b0 € Z and g € Z>y, then

. (arby — a2b1)29
(28) /‘ngg )\gDRg(@ly ag, —a1 — GQ)DR,Q(bl, bg, —b1 — bg) = 239g|(29 i 1>” .
Proof. By equation ([2.5)), Theorem is equivalent to the formula

(albz - a261)29
(29) //\Ag’3 )\g@(al, ag, —a1 — GQ)QDRg(bl, bg, —b1 — 62) = 239(2g n 1)” , g > 0.



4 ALEXANDR BURYAK AND PAOLO ROSSI

Denote the left-hand side of equation by f,(@,b), where @ = (a1, as, az), b = (by, by, bs) and
az = —aj — ag, by = —b; — by. Clearly, fo(a, 5) = 1, so suppose that ¢ > 1. In order to compute
the integral, let us express one of the classes ©(a) using formula . Using relation and
the formula for the intersection of a psi class with a double ramification cycle [BSSZ15], for any

1 <1 < 3 we compute

29 — 1
/M A 0@ DR, (5) =22 /M A O(@) DRy (b, —bi) K DR, 1 (b, be, b+

9,3 29 + 1 9.3
- / A\O(@)? 'DR,_1(bs, by, b;) K DRy (bj, —b;)+
(29 + 1)()1 M, s 9 9= 7R J
2by, o
- DR, _ Y XD _ —
(29 + 1)b; /./\/l s AdO(@)7 DRy-1(bi, bj; be) B DR (b, b
29 — 1 b? 2b; b3 2
:[ g— % j % k fo(@
20+124 (294 1)(b; +b)24 (29 +1)(b; +bk)24

(294 DB —6biby , -
T 2402+ 1) fo-1(@0),

where {7, j, k} = {1,2,3}. As a result,

3

2 g-1 _ T 5 (29 + 1)b7 — 6b;by,
/Mg,S . (Zaiwi> @ DR = [a@H) - D, 24(2g +1)

i=1 i j<k
{i.5,k}={1,2,3}

Next we compute

i 5<k
{i,5,k}={1,2,3}
3 2379
= fg,l(a,b)z e

Summarizing the above computations we get

£,(@b) = / Za%——ZZ 0257 | ©(@) DR, (b) =

h=0 JC[3]

3 (294 1)b2 — 6bjby = a2b?

o 24(2g + 1) £ 94
{i.d:k}={1,2,3}

- _ fo—1(@, 11); Z a?bjbk =

i<k
{Z7J7k}:{17273}

that proves formula (2.9) and completes the proof of the theorem.

b) =
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3. AN INFINITE RANK PARTIAL COHFT AND 1TS DR HIERARCHY

Recall the following definition, which is a generalization first considered in [LRZ15] of the
notion of cohomological field theory (CohFT) from [KM94].

Definition 3.1. For a pair of nonnegative integers (g,n) in the stable range 29 —2+n > 0, a
partial CohFT is a system of linear maps c,,,: V®" — He" (ﬂg,’m C), where V is an arbitrary
finite dimensional C-vector space, called the phase space, together with a special element e; €
V, called the unit, and a symmetric nondegenerate bilinear form n € (V*)®2, called the metric,
such that, chosen any basis eq, ..., eqgmy of V, the following axioms are satisfied:

(i) the maps c,,, are equivariant with respect to the S,-action permuting the n copies of V
in V®" and the n marked points in M,,, respectively.

(ii) 7T Cyn(®1€a;) = Coni1(®F €0, ®ey) for 1 < aq,...,a, < dimV, where 7: M, —
Mgm is the map that forgets the last marked point.

Moreover ¢ 3(e, ® eg @ e1) =1n(eq @ eg) =: Nap for 1 < o, f < dim V.

(ili) 81" Cgitgsmi+ne (®fm1€a;) = Coymi+1(Rier€a;, @€ Cgyny+1(®jes€a; ®6,) for 21 —1417 >
0,290 —14+mny >0and 1 < ay,...,a, < dimV, where TUJ = {1,...,n}, |I| = n,
|J| = ng, and gl: My, n, 11 X Mgy npt1 — Mg, gomiiny i the corresponding gluing map
and where 77 is defined by 71,5 = o for 1 <o, 8 < dimV.

Remark that a notion of infinite rank partial CohF'T, i.e. a partial CohFT with an infinite
dimensional phase space V, requires some care. One needs to clarify what is meant by the
matrix (7*?) and to make sense of the, a priori infinite, sum over x and v, both appearing
in Axiom (iii). One possibility is demanding that the image of the linear map V=1 —
H*(M,,,C) ® V* induced by ¢, ,,: V& — H*(M,,,,C) is contained in H*(M,,,C) @ n*(V),
where n*: V — V* is the injective map induced by the bilinear form 1. Then in Axiom (iii),
instead of using an undefined bilinear form (n®?) on V*, one can use the bilinear form on n*(V)
induced by 7. This solves the problem with convergence.

A useful special case is the following. Let the basis {e,}acr of V' be countable and, for
any (g,n) in the stable range and each e, , . . ., €4, , € V, let theset {3 € I'|cyn(®1 ' eq,®es) #
0} be finite. In particular this implies that the matrix 7,5 is row- and column-finite (each
row and each column have a finite number of nonzero entries), which is equivalent to n*(V) C
span({e® }oer), where {e*},es is the dual “basis”. Let us further demand that the injective map
n*: V. — span({e“},es) is surjective too, i.e. that a unique two-sided row- and column-finite
matrix 7’ inverse to 7,4, exists (it represents the inverse map (n*)~': span({e®}aecr) — V).
Then the equation appearing in Axiom (iii) is well defined with the double sum only having a
finite number of nonzero terms for each boundary divisor.

We will now construct an example of such infinite rank partial CohF'T.

Proposition 3.2. Let p1 be a formal parameter. The classes ¢y, (R0 €4,) := exp(u?*O(ay, ..., a,))
form an infinite rank partial cohomological field theory with a phase space V' = span({e, }acz),
where the unit is eq and the metric, written in the basis {€,}acz, 1S Nab = Oatb -

Proof. Axioms (i) and (ii) follow directly from the definition of the classes ©(ay,...,a,). For

Axiom (iii) notice that, for fixed e,,,...,¢€q, ,, we have ¢, (@7 'e, @ e;) = 0 unless b =
— Z;:ll a;. Moreover we have 1% = §,,50 and equation |j implies Axiom (iii) where the
double sum consists of just one term. U

In [Burl5] it was shown how to associate an integrable system of evolutionary Hamiltonian
PDEs, called the double ramification (DR) hierarchy, to any CohFT and in [BDGR1S] it was
remarked how a partial CohFT is sufficient for the construction to work. Let us see how
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such construction generalizes to the infinite rank partial CohFT introduced in Proposition [3.2]
Recall from [Burl5, BR16al] that the DR Hamiltonian densities are the generating series

(—?)* d —ib
(31) Ga,d ‘= - A w Cgn+1 \€a ® ®T‘L: ea Py ‘ x
D D DR ) N L I GRS H

g>0,n>1 T bbi,....bn€Z
2g—14n>0 at,...,an€7Z

for a € Z and d € Zx, seen as formal power series in the formal variables ¢, i, €™, p¢, a,b € Z.

Thanks to the fact that the intersection numbers appearing in equation (3.1)) vanish unless
> b; = —b and that, by formula , the class A;JDR,(b, b1, ..., b,) is a polynomial in by, ..., b,
homogeneous of degree 2g, the above generating functions can be expressed uniquely (see
e.g. [BR16a]) as a degree 0 differential polynomial, i.e. a formal power series in €, u and the
new formal variables uf, a € Z, k € Z>, of degree 0 with respect to the grading deguf = k,
dege = —1. The relation between the new variables u* and the old ones p*, €™ is given by the
formula uf = OF (Zbez ppe be). The expression of the operator d, in the new variables u! is

given by
=D W au

a€Z
3>0

Specifically, thanks to the fact that the intersection numbers appearing in equation (3.1)) vanish
unless > a; = —a, we obtain g,4 € CluZ?[[uz’ ¢, u]]l%), where we put the superscript [0] to
denote the space of differential polynomials of degree 0.

The DR Hamiltonians are defined as the local functionals g, := [ ga.qdx, which denote
the equivalence classes of g, 4 in the quotient vector space (Clus][[uz",e, p]]/(Im(9,) ® (C))[O}

*

Notice that, with respect to the formal variables pf, e, the symbol [ g,qdx represents the
coefficient of € in the formal power series g, 4.

A result of [Burl5] says that the DR Hamiltonians mutually commute,
(32) {ar.a1 Jag,ant = 0, ar,ap € Z, dy,dy € Lo,

with respect to the Poisson brackets of two local functionals f; = [ fidz, f, = [ fodz, with
fi, f2 € Cluf[[uz® e, )], given by

of of,
(33) {fh f2} / < 5_faléal+a2,0 ax (55@ )) dl‘,

a1,a2€7Z

where 2L =37 (=0,)F 2L 6f for f = [ fdx and f € Clug][[uz?, e, u]]".

Now we make the following observation, specific for the infinite rank partial CohF'T we are
dealing with. For fixed d € Z>, let us collect the DR Hamiltonian densities g, 4, for all a € Z,
into a single generating function gq := > ., Ja.ae" by use of the extra formal variable e".
Because the classes ¢ 41 (ea ® QF_;€q; ) are polynomials in aq, ..., a, of top degree 2g, where
in particular the coefficient of 4 is a polynomial of degree 2j, and > a; = —a, we can consider
the formal change of variables

Uk oy = 652 (Z uzl ) _ 8k1ak2 (Z P my-Hbg;)

a€Z a,beZ

and express g; uniquely as a differential polynomial in these new variables, specifically g4 €
Cl[ts , &, )]0 where degug, 1, = (ki, ko), dege = (—1,0), degp = (0, —1). Naturally, we
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have

1 k2 >0 k1 ka2
0
ay = § : Uy k2+16
kot k2 >0 k2

We will denote v simply by w.

The DR Hamiltonian densities g, 4 can be recovered from g, by the formula g, 4 = [ (gq€"™) dy,
which extracts the coefficient of e™* from gq. Hence g, 4 = [[ (ga¢’) dxdy. This suggest to
restrict our attention to the Hamiltonians g ;, whose densities depend on e through wu, . only.
These are the simplest and most commonly considered kind of local functionals.

Let 9, = Gog = f f gq dxdy be the equivalence class of g; in the quotient vector space
(Cl[tsns €, p] ]/ (Im(0y) @ Im(0,) & CNHIOL Then, from equation (3.2)), we deduce

(3.4) {94,,94,} =0, dy,dy € Z>o,

where the Poisson bracket of two local functionals f; = [[ fi dady, fo = [[ f dzdy, with
f17 f? € C[[u*,*v &, M]][(O,O)} is given by

(35 7= [ (So. () doas

where =D hkeso(— 0, )1 (=0, )2 -2 8% - for f = [[ f dzdy and f € Cllus, &, u]] OO,

The evolutionary PDEs generated via the above Poisson structure by the DR Hamiltonians g,
are all compatible and have the form

ou _ 9 074

d € Zsy.

4. THE NONCOMMUTATIVE KDV HIERARCHY AND THE MAIN THEOREM

The classical construction of the KdV hierarchy as the system of Lax equations

aL 8271 —
oL & 1
Otn  (2n+ 1 [(L )+7L} , n>1,

where L = 0% + 2¢72u, admits generalizations, called noncommutative KdV hierarchies, where
one doesn’t have the pairwise commutativity of the x-derivatives of the dependent variable.
In what follows we will work with a specific example from the class of noncommutative KdV
hierarchies.

The graded algebra of differential polynomials in two space dimensions introduced in Sec-
tion B} Cllusx, ¢, 1], where degug, k, = (ki,k2), dege = (—1,0), degp = (0,—1), can be
endowed with the following graded associative Moyal star-product. Let f,g € Clusx, e, ],
with deg f = (i1,142), deg g = (j1, j2), then define

W e d eXp( (5.0, - )9 =y > EE g o),

2”/{71']{52
n>0 ki+ko=n

with deg (f * g) = (i1 + Jj1, 12 + J2).
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Let us consider the algebra of pseudo-differential operators of the form

Zai 0L, n€Z, a; € Clltnn,p]lle, e

i<n

Consider the operator L := 92 + 2¢~2u. The noncommutative KdV hierarchy with respect to
the Moyal star-product (4.1)) is defined by (see e.g. [Ham05, DMO0Q])

oL e n+1/2
(4.2) a—tn_m[@ )+,L} . > 1,

*

where we put the subscript * in the notation for the commutator in order to emphasize that it
is taken with respect to the noncommutative product *. The first equation of the hierarchy is

ou 1 g2
= _a:r TTT-
P (uxu)+ 12u

Theorem 4.1. The flows -2-, d > 1, of the DR hierarchy (.) are given by the noncommutative

KdV hierarchy (4.2 .

Otg’

Proof. We prove the theorem in two steps.

Step 1. Let us prove that the flow 5~ of the DR hierarchy (3.6) is given by

ou g2
=, _8.73 A lUgxx-
o, ~ goe(urw) + pu

For this we have to compute the integrals

(4.3)

(4.4) / A10(0,a1,...,a,)*DR,(0,by,...,b,) =
My,ni1

= (29 —2+n) /M A\O(ar,...,a,) DR, (b, ..., by).

Relation (2.6)) implies that integral - is nonzero only ifn=3andk=gorifn=2 k=0

and g = 1. In the second case 1ntegral is equal to 2. which gives the second term on the

right-hand side of equation (4

12’

Regarding integral (4.4)) for n = 3 and k = g, by Theorem we have

(=)
Z Z -, / )\gwl@a); —a1 — Q2,0a1, a2>gDRg<07 _bl - b27 b17 bQ)pgllpZ; =
Mg.a

g
920 ay,a2,b1,b2€7Z

_ 2 2 (ale _a1b2)29 a1 as
o Z Z (_5 p )g 229(29)! Dy, Py, =

920 a1,a2,b1,b2€7Z

(_1)]62(_62:“2)9 1 5 ai. a
- Z Z Z 229k’1”{?2! (&Zbl)k (ale)k pblpbj =

>0 k1+ko= 29 ai,az, bl bo€Z

Sy oy EREE A
229k1'k2 k17k2 k‘27k1

g>0 k1+ko= 29

= U *xU.

Equation (4.3)) is then proved.

Step 2. Let us now check that all other flows 5~ of the DR hierarchy, for d > 2, are described
by the noncommutative KdV hierarchy.
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Let f € Cl[tsx, ¢, pu]] and let deg f =: (deg, f,deg, f) so that, in particular,
deg, ugp = a, deg u,p=">0, deg,e=deg,u=—1.

We see that both the flows of the DR hierarchy (3.6)) and the flows of the noncommutative
KdV hierarchy (4.2]) have the form

0
(4.5) 0: = Pyt s, 1, € ZP‘“ Use sy JL)E d>1,
d i>0
where Py (., pt) are polynomials in the variables u, , and p satisfying
1 X
w1

4.7 Pio=0, | —— |,

(47) 40 ((d + 1)!>

(4.8) deg, Py; =1+ 1, deg, Py; = 0.

It remains to check that a hierarchy of commuting flows of the form (4.5)), satisfying proper-
ties (4.6)—(4.8)), is unique. This is guaranteed by the following lemma.

Lemma 4.2. Suppose that P(u..) is a polynomial in the variables u. . of degrees deg, P =
d > 2, deg, P =q >0, and such that the flows

gu _

ot e
ou

or =P(uy),

commute. Then P = 0.

Proof. Without loss of generality we can assume that P is homogeneous with respect to an
auxiliary gradation given by degu,, := 1. So we assume that deg P =k > 1.

For a vector @ = (ay,...,a;) € Z* denote |a] := > a;. Let
P ={A=(A1,.... ) € Z5 |\ > ... > A},
Prg :={\ € Pil[A| = ¢}
The set Py, is endowed with the lexicographical order. We will use the standard notation
my(A\) =i{l <i<kl\=p}, A€P,, p>0.
The sequence (mg(A), my(N),...) uniquely determines A that justifies the notation
A= (0moM M)y

Introduce a basis fy, A € Py, in the space of symmetric polynomials Clzy, ..., x| by
1 A A
fxy, .. k) = 7 Z xg%l) .. .xg’(‘k), A€ Py.
€Sk
For A € Py, we call a polynomial f € Clxy,...,zg] A-symmetric, if it is invariant with respect to
the permutation of any pair of variables x; and x;, i # j, such that \; = ;. We also introduce a
notation for the symmetrization of a polynomial f € C[xzy,. .., x| with respect to the variables
Tl ., 2q, 1 <a<k:
Sym,, ..[f: o Z f(xeqy, (@) Tatis - - > Th)-

O’GSa
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Making the substitutions u(z,y) = >, u*(y)e™ and t — &, the flows 2 and & can be
written in the form

ou®
— = E arutu?, o €L,
ot

a1,a2€7Z

a1tas=«
ou®

_ E : } : ay

E— P/\Oél,... )u/\l...u)\k, OCEZ,

)\G'Pk’q Aty , A EL

a;=a
where Py is a A\-symmetric polynomial in ay, ..., a; of degree d. Here ug := Jyu®.

The commutator of the flows 2 and < is given by

ot

0 ou® 0 ou® b
a _ B1,,8 o
Giar " aror = 2 O 2 At Z D Pilananuy
BEZ, b>0 B1,B2€Z ub AEPy.q A1,k EL
B1+B2=p 2ai=a
— Z o Z Z PA(Bl,...,/Bk)uAI ufz u™?
a1,02€7 AEPk.q B1,--- Bk EL
altas=a S Bi=ar
St XY Bt -
a1,02€7Z AEPk,q B1,--,BLEL
a1toz=a > Bi=az

(4.9) = Z Z Qo -5 agqr)uy,; - “i:ﬁa

AEPK41,q ALy 1E€EL
S ai=a

where a polynomial @), is A-symmetric.

Let A = max{\ € Py P\ # 0} and N = (Xl, . ,Xk,O) € Pit1,4 We see that the sum in
line (4.9)) has the form

Z Qx (o, ... ,akH)u%‘I TR Z Z Qx(a, o appr)uy! .. u?\‘:ill,

)\k+1
1,041 €L AEPk41,q Ak 41 €L
> ai=a A< >ai=a
and
Q/X(ala cee 7ak’+1) =
k
=SyMy, .\ apiy g (P50, ... 0+ Qugr,y o) — i Py(oa, ... o))
i=1

+E apPylan, .. o+ appr, o) — appr Pr(an, . an) |
i=1

where s := #{1 <i < k|X; > 1}.
We decompose the polynomial P5 in the following way:

Pylar,...,an) = Y Cauoft.. 0% fu(oe,... o), Cau€C.

TELL, o, nEPk s
[al+|pl=d
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Let
(p) . ay a

PX (g, ..., 0p) = E Capuod ... oe fulags, ..., o), p >0,
EEZSZO, [al=p
Nepk—s,d—p

(P:1) ._ a a

PX (g, ..., 0p) = E Capaf' ..o | fulasir, ... ag), p>0, 1€ Prsap.
EEZSZO, lal=p

Let d := max {p >0 ‘P;Ep) # O} and g = (0™ 1™ . ..) := max {u € Pk—s,d—J‘PX@M) F# 0}. Note
that

Symasﬂ,..,akﬂ(fu(as+17 cee 7ak)ak+1) = fﬁ(as—l-la ce ,@k—i—l)y
where 71 := (0m01™12m2 ) Tt is now easy to see that

QS (0, ) = [d+s—1+) m N Capad ot | falgi,. . an),

~ .
i>2 acZs, [al=d

which is nonzero, because d > 2 and P;Ed’ﬁ ) # 0. This contradicts the assumption that the

flows % and 6% commute. The lemma is proved. 0

This completes the proof of the theorem. O
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