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ABSTRACT. The paper is devoted to the open topological recursion relations in genus 1, which
are partial differential equations that conjecturally control open Gromov—Witten invariants
in genus 1. We find an explicit formula for any solution analogous to the Dijkgraaf~Witten
formula for a descendent Gromov—Witten potential in genus 1. We then prove that at the
approximation up to genus 1 the exponent of an open descendent potential satisfies a system
of explicitly constructed linear evolutionary PDEs with one spatial variable.

1. INTRODUCTION

Total descendent potentials, also called formal Gromov—Witten potentials, are certain formal
power series of the form

F(tse) =Y e¥F,(t2) € C[[t:,e]],

920

where N > 1, and ¢, 1 < a < N, a > 0, and ¢ are formal variables, appearing in various curve
counting theories in algebraic geometry including Gromov-Witten theory, Fan—Jarvis—Ruan—
Witten theory, and the more recent theory of Gauged Linear Sigma Models. The number N is
often called the rank. Typically, the coefficients of total descendent potentials are the integrals
of certain cohomology classes over moduli spaces of closed Riemann surfaces with additional
structures. The function F, controls the integrals over the moduli spaces of Riemann surfaces
of genus g. The simplest example of a total descendent potential is the Witten generating series
FW(to,t1,ta,...,€) of intersection numbers on the moduli space of stable Riemann surfaces of
genus g with n marked points ﬂgm. Note that here and below we omit the upper indices in
the t-variables when the rank is 1.

There is a unified approach to total descendent potentials using the notion of a cohomo-
logical field theory (CohFT) [KM94] and the Givental group action [GivOlal [GivO1bl [Giv04].
Briefly speaking, the generating series of correlators of CohFT's form the space of total ancestor
potentials, and then using the lower-triangular Givental group action one gets the whole space
of total descendent potentials (see e.g. [Sha09, Section 2] and [F'SZ10]).

There is a remarkable and deep relation between total descendent potentials and the theory
of nonlinear PDEs. One of its manifestations is the following system of PDEs for the descendent
potential in genus 0 (see e.g. [Sha09, Section 2] and [F'SZ10), Corollary 4.13]):

0F, 0Fs 1 ..,
11 o _NTya 0L D eyl
(1.1) ot gaﬂatg"‘znﬁoo
3 2 3

(1.2) 0% _ 0% OT0 50 < N, abe>0,

- 77 )
ote ot oty  Otsoty " otsoty) ot)

called the string equation and the topological recursion relations in genus 0, respectively. Here
(Nap) = m is an N x N symmetric nondegenerate matrix with complex coefficients, the con-
stants 7 are defined by (n*®) := n~!, and we use the Einstein summation convention for
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repeated upper and lower Greek indices. Note that the system of equations ((1.2)) can be equiv-
alently written as

2 2 2
d @foﬁ = afow“”d afgﬁ , 1<, <N, ab=0,
oo, ot dt30t, otsot,

where d () denotes the full differential.

There are equations similar to ([1.2]) in genus 1 (see e.g. [EGX00, Equation (1.7)]):

OF,  OF, ,0F 1 O F,
(1.3) — = T = e
ote,,  otedts oty 24 othotote

1<a<N, a>0.

They are called the topological recursion relations in genus 1. These equations imply that

1
(1.4) Fi = ﬂlogdet(n_lM)+G(vl,...,vN),
where the N x N matrix M = (M,p) is defined by M,z := 8tf;t§%t€, v = na“a‘i‘z@é, and

Gt ... tN) = F 2, —o [DW90] (see also [DZ98, Equation (1.16)]). Equations similar to (1.2)

and (T.3) exist in all genera, but their complexity grow very rapidly with the genus (see
e.g. [Liu07] for some results in genus 2).

One can see that equations , , are universal, meaning that they do not depend
on a total descendent potential. On the other hand, there is a rich theory [DZ01] of hierarchies
of evolutionary PDEs with one spatial variable associated to total descendent potentials and
containing the full information about these potentials. Conjecturally, for any total descendent
potential F there exists a unique system of PDEs of the form

ow® N

oty ’
where w!,... ,w" € Cl[tr, ], Pg,, are differential polynomials in wh o wl, e, Pg, are
formal power series in € with the coefficients that a polynomials in w),w],,... (we identify

x = t}) whose coefficients are formal power series in w?, such that a unique solution of the

system specified by the condition wa\tfzéﬂ,léb}om = 0%z is given by w® = naﬂafggté.
This system of PDEs (if it exists) is called the Dubrovin—Zhang hierarchy or the hierarchy of
topological type. The conjecture is proved at the approximation up to 2 [DZ98] and in the
case when the Dubrovin—Frobenius manifold associated to the total descendent potential is
semisimple [BPS12a, BPS12b]. The Dubrovin—Zhang hierarchy corresponding to the Witten

potential 7"V is the Korteweg—de Vries (KdV) hierarchy

Ow g2

3_151 = ww,; + Ew:pxxy

8_w . w2wx 4 9 (wwxagz wxwazx> 4 Wrrrra
oty 2 12 6 240

This statement is equivalent to Witten’s conjecture [Wit91], proved by Kontsevich [Kon92].

A more recent and less developed field of research is the study of the intersection theory
on various moduli spaces of Riemann surfaces with boundary. Such a moduli space always
comes with an associated moduli space of closed Riemann surfaces, and, thus, there is the
corresponding total descendent potential F(ti,e) = Y & F,(t) of some rank N. There
is a large class of examples [PST14, BCTIS, ST19, [Chel8, [CZ18, [CZ19, Zin20] where the
intersection numbers on the corresponding moduli space of Riemann surfaces with boundary of
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genus 0 are described by a formal power series F(t%, s.) € C|[t], s.]] depending on an additional
sequence of formal variable s,, a > 0, and satisfying the relations

o

OF¢ . OF OF
(16) a—té = azta+1 a o -+ azsa+1 asa -+ So,

>0 ta >0
0F3 0*Fy OF\  OFe [OF¢
L A\ G- ) = | Oq (=20 1<a<N >
(1.7) <8t2‘+1) atgatlgn ( ot ) + ot <880) ; <a<N, a>0,
OFy \ _ 0Fg  (0F§
1. 0 — 0 0 -
- d<85a+1> 38ad<350> ’ a>0

Equation ([1.6]) is called the open string equation. Equations (1.7) and (1.8]) are called the
open topological recursion relations in genus 0. The function F is called the open descendent
potential in genus 0.

Remark 1.1. The system of PDEs (1.6)—(1.8) implies that the function Fg i,

the open WDVV equations (see [Bur20, Section 4]), which actually appear in some of the
papers mentioned above. However, in [BB19] the authors presented a construction of an open
descendent potential starting from an arbitrary solution of the open WDVV equations.

—01=0 satisfies

Regarding higher genera, much less is known. However, conjecturally, the intersection theory
on moduli spaces of Riemann surfaces with boundary of genus 1 is controlled by formal power
series FP(t5, s.) € C[[tL, s.]] satisfying the relations

OF,  PF wOFY | OFFOFY 1 D?FS
ote,, oteoth oty | Ote dsy | 20t20sy’
OFf _OFjoF7 1 O?F§

0Sqs1  0Sq Osg 205,050

called the open topological recursion relations in genus 1. In the case of the intersection theory
on the moduli spaces of Riemann surfaces with boundary of genus ¢ with £ boundary marked
points and [ internal marked points Mg,k,l, these relations were conjectured by the authors
of [PST14] and proved in [BCTI8 Section 6.2.3] (a proof by other methods is obtained by
J. P. Solomon and R. J. Tessler in a work in preparation). An evidence that the open topo-
logical recursion relations in genus 1 hold for the open r-spin theory is also given in [BCT1S|,
Section 6.2.3].

1<a<N, a >0,

An analog of the theory of Dubrovin—Zhang hierarchies for solutions of the system ([1.6])—(1.8)
was developed in [BB19]. Regarding higher genera, a very promising direction was opened by
the series of papers [PST14] [Tes15, Burll, Burl6, BT17] (see also [ABT17]), where the authors
studied the intersection numbers on the moduli spaces of Riemann surfaces with boundary of
genus g with k£ boundary marked points and [/ internal marked points /ngk,l. The main result
of these works is the proof [BT17] of the Pandharipande-Solomon-Tessler conjecture [PST14]
saying that the generating series

fo’PST(t*, Sy, 8) — Zggf;7PST(t*7 S*) € (C[[t*, Sk, 8]]
920

of the intersection numbers satisfies the following system of PDEs:

o -1
(1.9) 9L exp(e ' FOPET) = —(2p€+ Dl (Lp+%>+ exp(e 1 FOPST), p>0,
P N
o) o et 1o
(110) a—sp exp(s I.F ’PST) = m[zp+l eXp(5 I.F 7PST)7 p Z O,

where L = (£0,)2 4 2w is the Lax operator for the KdV hierarchy, and w = £5-

2rY
oi2
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Remark 1.2. To be precise, we have presented a version of the Pandharipande—Solomon—
Tessler conjecture, which is slightly different from the original one in two aspects. First of
all, in [PST14] the authors considered a function FoPST related to our function FoPST by
FoPST — F°7P5T|S>1:0. The function FoP5T can be reconstructed from the function FoFST

using the system of PDEs
cP ortl

—1 7~0,PST
ForoT) 5
(p+ 1) ost*!

exp(e ' FOPITY p > 1.

— exp(e

D5, p(
Second, the system of PDEs from [PST14], Conjecture 2] determining the function FoPST qoes
not have the form of a system of evolutionary PDEs with one spatial variable. The fact that
the presented version of the Pandharipande—Solomon—Tessler conjecture is equivalent to the
original one was observed in [Burl6].

In this paper we study solutions of the open topological recursion relations in genus 1. First,
we find an analog of formula ((1.4). Then, using this formula, we construct a system of linear
PDEs of the form similar to and such that the function exp(F§ + €F7) satisfies
it at the approximation up to €. An expectation in higher genera and a relation with a Lax
description of the Dubrovin—Zhang hierarchies are also discussed.

Acknowledgements. O. B. G. is supported by Becas CONACYT para estudios de Doctorado
en el extranjero awarded by the Mexican government, Ref: 2020-000000-01EXTF-00096. The
work of A. B. is funded within the framework of the HSE University Basic Research Program
and the Russian Academic Excellence Project '5-100".

We are grateful to Oleg Chalykh for valuable remarks about the preliminary version of the
paper.

2. CLOSED AND OPEN DESCENDENT POTENTIALS IN GENUS 0

In this section we recall the definitions of closed and open descendent potentials in genus 0
and the construction of associated to them systems of PDEs.

2.1. Differential polynomials. Consider formal variables v{*, o« = 1,...,N, ¢ = 0,1,....
Following [DZ01] (see also [Ros17]) we define the ring of differential polynomials A,: __,~ in the
variables v',...,v" as the ring of polynomials in the variables v®, i > 0, with coefficients in
the ring of formal power series in the variables v := vf:

..... o = Cllo]J[v34]-

Remark 2.1. 1t is useful to think of the variables v* = v§ as the components v*(z) of a formal
loop v: S* — CV in the standard basis of CV. Then the variables v{ := v®, v$ := v2,, ... are
the components of the iterated xz-derivatives of the formal loop.

o
7

The standard gradation on A, ,~, which we denote by deg, is introduced by degvf* :=
i. The homogeneous component of A, _,~ of standard degree d is denoted by A, .4
Introduce an operator 0,: A1~ — Ay~ by

0
0, 1= Z Vi
i>0 o’
It increases the standard degree by 1.
Consider the extension .Zvlw_’vzv = A1, ~][[e]] of the space A1~ with a new variable ¢

of standard degree dege := —1. Let ﬁv17.__7,,zv;d denote the subspace of degree d of A. Abusing
the terminology we still call elements of the space A1~ differential polynomials.
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2.2. Closed descendent potentials in genus 0. Let us fix N > 1, an N x N symmetric

nondegenerate complex matrix 7 = (744), and an N-tuple of complex numbers (A', ..., AY),
not all equal to zero. We will use the notation
0 0
— =A—, a>0.
otl ot -

Definition 2.2. A formal power series Fy € C[[tf]] is called a descendent potential in genus 0
if it satisfies the following system of PDEs:

0Fy 1
2.1 > Fo 0%y _ 1, ey
( ) taJrl ata 3750 277a5t0 th

a>0
«0F0  0F
(22) a ata at]l 2‘707
a>0
3 2 3
@3 2o 9T w T 1<aBr<N,  abe>0,
e, oty ot Otgoty " otsot, otd
0*Fy 0*Fy  PFy ,, PF

+ = , 1<a,B8<N, a,b> 0.
ote, 0 | ool 0oty oot

We will sometimes call a descendent potential in genus 0 a closed descendent potential in genus 0
in order to distinguish it from an open analog that we will discuss below.

Remark 2.3. Domg a hnear change of variables, one can make 8t11 = % & AY = 6! in

Equations ([2.1)) and (| . That is why authors often assume that A% = §*!.

Remark 2.4. For any total descendent potential F = Z >0 £29 F, the function Fj is a descendent
potential in genus 0. However, describing precisely Wh1ch descendent potentials in genus 0 can
be extended to total descendent potentials is an interesting open problem.

Define differential polynomials Qaaﬁb cAn oo, 1 <a, <N, a,b>0,by

2
0 9 Fo
o ~ oteor? ’
b t"/ 660 0%
and let
*F,
topya . — pan C[[t 1<a<N.
<U ) 77 at,gatél E [[ *]]’ — Q —

Then we have (see e.g. [BPS12bl, Proposition 3])

an() Q[O]

(2'4) 8ta8t5 ,a;3,b vY=(vtoP)Y .

This implies that the N-tuple of functions (v*P)?|
of PDEs:

£t A7 15 2 solution of the following system

v o]

_ o

B - 77 Z‘Qup;ﬂ’bv ]- S Oéaﬁ S Na b Z 07

which is called the principal hierarchy associated to the potential Fg.

2.3. Open descendent potentials in genus 0. Let us fix a closed descendent potential in
genus 0 Fo.
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Definition 2.5. An open descendent potential in genus 0 F§ € C[[t%, s.]] is a solution of the
following system of PDEs:

OF? oOF2  OF¢
(25) thﬁ+1 ot BO + Zsa_,_la—so — 8t]? = —8p,
b>0 a>0 a 0
Ztﬁ Z _ Fo
5 S =0
b>0 o, 8t
OF? 82f0 OF? OF? OF?
(2.6) d( a°>: nﬂ”d( VO)+ Od( 0),
8tp 1 (9150‘825“ oty 81&;‘ 0Jsp
O0F? OFy OFy
2. 0
27) g (aSPJrl) dsp A ( dsg )

Consider a new formal variable (]5 Similarly to the differential polynomials Q a:ppe 166 us

.....

0Fg 0Fg
ol .— AL . 0
wa ata t —6(' ov” ’ N asa t’cY:‘Sc,DU’Y ’

Sc—éc D¢ Sc:(sc,O(b

and let
O
top
E C t ) *
6 = G € Clit sl

We have the following properties, analogous to the property ([2.4]) ([BB19, Section 4.4], [ABLR20),
Proposition 2.2]):
OF¢
ote

OF¢

— F[O] (Utop)’y , 0 = 0]‘ top)’y .

" gmgror P

This implies that the (N + 1)-tuple of functions ((v'P), ..., (v'P)N, ptP) ‘ﬂ»—num satisfies
0% x

the following system of PDEs:

81} [O} o™

— yn°H 9
5¢ o) o0 o]
ot’ = %L 95y B

which we call the extended principal hierarchy associated to the pair of potentials (Fo, Fg).

3. OPEN DESCENDENT POTENTIALS IN GENUS 1

Here we introduce the notion of an open descendent potential in genus 1 and prove two main
results of our paper: Theorems and [3.5]

3.1. Open descendent potentials in genus 1. Let us fix a pair (Fo, Fg) of closed and open
potentials in genus 0.

Definition 3.1. An open descendent potential in genus 1 F{ € C[[t%, s.]] is a solution of the
following system of PDEs:

OFy  O°Fy ,,0F)  OFS0Fy 1 0°Fg
51 - = " i T 1<a<N >0
OO e, Tonon om T on 0% T 200080 <ashN, a2

OF°  OFSOF° 1 0*F¢
2 L PRy - P >0,
(3:2) 05441 0sq 05 + 205,050 a=0
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Consider an open descendent potential in genus 1 F7. Define a formal power series G° €

Cl[v*, ¢]] by
G° = ff|ts‘:5a’ova .

$a=6a,00
Theorem 3.2. We have
1 O?FS
(3.3) Fy = 3 log 81561820 + G(’]m(b_:(;ttzz)w
Proof. Note that Equation implies that
0*Fy _1
Oty 0sg 1, =551=0 '

Therefore, the logarithm log (;zi—gfo is a well-defined formal power series in the variables t¥ and s,.
0

Also, Equations ((2.1)) and (2.5 imply that

top\« _ o to —
(U P) t*21=0 - tO’ ¢ p‘t*212821=0 = So-
Therefore, Equation (3.3)) is true when ¢, = 551 = 0.
Using the linear differential operators
0 0?Fy o O0Fy 0
pl o _ w_ Y 0_’ 1<a<N, a >0,
w0 T g ool oty ot dso == =
p2. 0 OF5 0 0> 0

@ 08441 08q 08¢’

Equations (3.1)) and (3.2) can be equivalently written as

1 02F°
plFo=-—"0 1<a<N, > 0,
) 0t s == a=
1 9°Fy
pPiFo=__—"-0 >0
a1 909s,0s 4=

This system of PDEs uniquely determines the function F7 starting from the initial condi-

tion FY 15 =s51=0 = Go(tg, ..., ), s0). By Equations (2.3)), (2.6), and (2.7), we have
Pl (,Utop)ﬁ — Pl ¢top — P2(Ut0p)'8 — P2¢top =0.

Therefore, it remains to check that

82]:3 82f8
. log m = )
’ (9750 880 81&3880
O?FS B O?F8
& Othdsy  0s.0s0

To prove Equation (3.4), we compute

(3.4) P!

(3.5) P?lo

P, OF 1 PFy  OPFe ., OPF OFS PF O\
@0 %8 Bt s, _aﬁg‘é’ ot 0tsdsg ool Dtrotlos, ot 9se0thdsy)

1 [ Kl ( PF PR, PF OF 82]-"3) PFg ang]
75 | 050 \tg.018 otedtl DtotE  te 9,0t ) | 9teds, Otlos,
PR
~ Ot20sy’
where the vanishing of the underlined expression follows from Equation (2.6). The proof of
Equation is analogous. The theorem is proved. O
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3.2. Differential operators and PDEs. Consider a differential operator L of the form
L=Y Li(v}e)(eds)', Li€ An_ v
>0
Let f be a formal variable and consider the PDE
)
(3.6) 5 exp(e™'f) = e 'Lexp(e™'f).

Note that
(£0:) exp(e"f)

:Qi(f*7€)> ZZ())

exp(e! f)
where Q; € A ¢ can be recursively computed by the relation
Q; = 1, if1=0,
) foQiy +€0,Qq, ifi > 1.

Remark 3.3. Note that (); does not depend on f and is a polynomial in the derivatives f,, fos, - - -
and . Moreover, if we introduce a new formal variable ¢ and substitute f; 1 = ¥, ¢ > 0,
then @; becomes a differential polynomial of degree 0.

We see that PDE (3.6) is equivalent to the following PDE:

(3.7) =Y Li(v:,e)Qi(fu, ).

>0

Let us look at this PDE in more details at the approximation up to ¢.
Lemma 3.4. We have Q; = f! + €@fé_2fxx + O(g?).

Proof. The formula is clearly true for ¢« = 0. We proceed by induction:

Qs =20 1 20,0 = i+ (fx UG s <f;')) 1O =

(i + 1)i
T

=fi"+ fo tfoe + O2).

Consider the expansion
Li(viv 5) = Z LEJ] (U:)€j7 LZ[J] € Avl ..... vlV;j.
Jj=0
We see that Equation (3.7) has the form

(3.8) C?)_{ :ZLEO]f;+6Z( [I]f [O]Z( . )fz 2fm> O(e 2)'

i>0 i>0

3.3. A linear PDE for an open descendent potential up to genus 1. Define differential
operators L™ 1 <a < N, a>0,and L>"™ a >0, by

Lt =3 (L0 erill) (ean',

>0

Lsoun — Z <L2:)iun;[0} + sLsf)iun;[l]> ((C:ax)i?

i>0
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where

Liolzt(j?] = CoefWF[o?}a e A
0G° Ol 0G° T4 , 10°Tul o0+ 98 g g
op OB 0P dp | 200°0¢ 508 | 7. 05ena

Lboun’[o Coef¢z Al ¢ Ay v, 05

0G°OA) 0G0 oA 1AL
96 0vP 9P 96 | 200006 | °

Lint;[.l] = Coefqy

a,a,i

Lboun;[l]

a,t

:= Coef

-----

Theorem 3.5. The formal power series v? = (v*°P)”|
satisfy the system of PDEs

0

and f = (Fg + 5]:f>|tg.—>tg+mx

ty—td+ AT

(3.9) g exp(e ' f) = e LY exp(e7 f), 1<a <N, a>0,
0

(3.10) 5 exp(e ' f) = e T LE™exp(e7 1 f), a>0.
Sa

at the approximation up to €.

. . . o o
Prtoof. Abusing notatlorts let us denote the formal powers series .7-"0|tg,_>tg A I |t3~>t3 AT

op\a op 0 0 ,,Q : :
(v'°P) |tgHtg+A7x7 and ¢ |tg»—>tg+A7x by F§, F7, v*, and ¢, respectively. We can then write the
statement of Theorem 3.2 as

1
Fy = §log¢s + G°.

Let us prove Equation (3.9)) at the approximation up to e. We have

Oy (F§ +eFY) = ¢+5(2(Zjﬁs+8xG">.
Therefore, by Equation (3.8)), we have to check that
L
t 120 >0
+€Z lnt[(] 7/ )(bl 2¢x+ (bz 1 ¢$S+8Go
a,a, 7 2 ¢S

>0

0 10°T,) 100, ory)
]_—o ]_-o — 1l Llnt 1] a,a S a,a Pxs a,a 8,G° |

g T te aa+5<; w9t 355 %t 350 6. T g

; o] 2 1(0] 0 Ao 0] v
SOF0 10Ty | (10PT8L | OTGL 0GR | OT8 OG v Z Pl
ot 2 0p s \2 092 96 ¢ "9 00P

Using the definition of L™ we see that the last equation is equivalent to

aaz ’

OFp 1000 ¢us | (10°Tih . or, oGge 5
ote 2 99 ¢,  \2 042 0o 06 | "

o a0l 21(0]
oG 8Fa,a+18 | 6+8G 'BV@QO]OML
Op OvP  20v80¢ dup ! R

OF 10T fus ar o, aaGe oGe
a,a Prs a,a F[o} 57 Q[O]
CGm =2 06 6 + "00 T ag Cleat 5 % e

(3.11)
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On the other hand, we compute

oFe (1 1 (), aGe
= Zlog ¢y + G° - 0,00 4+ 5,0 —
= (gl + @) =5 G G000+ o,
0, (T8h) o
1 %\t e oG oG
_ s By [0] ro —
2 ¢S + c%ﬁ n aﬂf v,0;a,a + a¢ aﬂv a,a
9, (L g, o
! ( ’ ) 199 g0 9 g ro
2 Qbs 6’06 v,0;0,a a¢ T+ a,a
1, ory, 1arll e aG L 06"
:_ax a,a a,a Pxs ﬁ»ya Q (9 FO]
27700 T2 00 9, "o e T g O e
which proves Equation (3.11]) and, hence, Equation (3.9) at the approximation up to e.
The proof of Equation (3.10)) is analogous. O

4. EXPECTATION IN HIGHER GENERA

Consider a total descendent potential F(t},e) = 3_ -, e*Fy(ti) of some rank N.

Expectation 4.1. Under possibly some additional assumptions, there exists a reasonable geo-
metric construction of an open descendent potential in all genera F°(t, s*,€) = > €9 F 7 (ti, €)
satisfying the following properties:
o The functions F§ and F7 are open descendents potentials in genus 0 and 1, respectively
(according to Definitions and .

e The function F° satisfies the open string equation in all genera

oF° oF° OF°
B —_
thﬂ ot 5 +Zsa+18_8a - 8_75(])1 = —s0 + Ce¢,
b>0 a>0
where C is some constant.

o Consider formal variables w',... w™. Then there exist differential operators ng’int,
1<a<N,a>0, and L"MPowm o >0, of the form

full,int full,int * full,int
La,a E :Laaz (58 ) Laaz € A w305
>0

full,boun . full boun * i full,boun
La E L 78)(5830) ) L € -Awl w09

a,i
>0

Lgﬂclblznt L:)Icltaz| Byl +0(e?),
s+ O(e )

qulll,boun _ quun |
_wb

such that the formal power series w® = 1" 0°F and f = fo‘tg»->tg+A’Y:r satisfy

oot |
the system of PDEs

5
oty FAYT

(41 Lexp(elf) = e LB (e f), l<a<N, a0

ot
0
05,

(4.2) exp(e 1 f) = e L Lbboun oxp(e71 ), a > 0.

Suppose that there exists a Dubrovin—Zhang hierarchy corresponding to our total descendent
potential F (this is true when, for example, the associated Dubrovin—Frobenius manifold is
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semisimple). It is easy to show that if Expectation is true, then the flows 8% and a%)

pairwise commute, which means that

full,int full,int
8La7a B 8L5’b

+et [Lhmm L 0, 1<a BN, ab20,

oty otg
8qu11,boun fulli
(4‘3) 37 +€—1 [Liull,boun’L;b,lnt] =0, 1< ﬁ < N, a,b >0,
b
[Lgull,boun’ Liulhboun] =0, a, b> 0,
(fjlil(i,int aqull,boun

o5 and < 5 are computed using the flows of the Dubrovin—Zhang
b

b
hierarchy. Note that Equation (4.3) potentially gives a Lax description of the Dubrovin-Zhang
hierarchy (see an alternative approach in [CvdLPS14]).

where the derivatives
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