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Abstract—We consider the problem of minimizing the number of colors in the colorings of the
vertices of a given graph so that, to each vertex there is assigned some set of colors whose number is
equal to the given weight of the vertex; and adjacent vertices receive disjoint sets. For all hereditary
classes defined by a pair of forbidden induced connected subgraphs on 5 vertices but four cases, the
computational complexity of the weighted vertex coloring problem with unit weights is known. We
prove the polynomial solvability on the sum of the vertex weights for this problem and the intersection
of two of the four open cases. We hope that our result will be helpful in resolving the computational
complexity of the weighted vertex coloring problem in the above-mentioned forbidden subgraphs.
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INTRODUCTION

We consider simple graphs, i.e. undirected unlabeled graphs without loops and multiple edges.

The Weighted Vertex Coloring Problem (iurther, briefly, WVC)for a graph G = (V, E) and function
w: V — N consists in finding the minimal number k& (denoted by x,(G)) such that there exists
a mapping ¢: V — 2012k} for which |¢(v)| = w(v) for every v € V and ¢(u) Ne(v) = & for every
uv € E. The unweighted version (i.e., with unit vertex weights) of WVC is called the Vertex Coloring
Problem (henceforth, VC). In other words, VC consists in finding the minimum number of sets
of pairwise nonadjacent vertices (called independent) into which the vertex set of the given graph can
be partitioned. A clique in a graph is a subset of pairwise adjacent vertices. VC and WVC on graphs are
classical NP-complete problems[1].

A graph class is a set of graphs closed under isomorphism. A graph class is called hereditary if
it is closed under vertex removal. It is well known that every hereditary graph class X can be defined
by the set of its forbidden induced subgraphs ), and this is written as follows: X = Free())). The graphs
of the class X are also called Y-free.

The VC problem is polynomially solvable for the class Free({H}) if H is an induced subgraph of the
graph Py or P3 4+ Kj; otherwise, it is NP-complete in the given class (see [2]). However, if two induced
subgraphs are forbidden then it is already impossible to obtain a complete complexity classification.
For example, for all but three hereditary classes defined by prohibitions with at most 4 vertices each,
the complexity status of VC is known (see [3]). For the remaining three cases, this status is unknown
but for them it is possible to construct a polynomial approximation algorithm (see [4]). Some recent
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Fig. 1.

results on the complexity of VC in the hereditary classes defined by small size prohibitions are presented
in [5—14].

In[9—14], the algorithmic complexity of VC was considered for a pair of connected forbidden induced
fragments, each on 5 vertices. At present, the complexity of VC is an open question for the following four
pairs of such a kind:

e {K g3, butterily},

o {P5,H}, where H € {K»3, crown, Wa}.

Unfortunately, it has been hard to clarify the status of VC for each of these four cases. Therefore,
it occurred to consider the intersections of the corresponding hereditary classes and construct polyno-
mial algorithms for them. Maybe this will help to develop polynomial algorithms for solving VC in the
initial classes. In the present article, we prove that the WVC problem is solvable in polynomial time
on the sum of the weights for the class of {Ps, K33, W4 }-free graphs. Consequently, VC is solvable
in polynomial time for the graphs of class Free({Ps, K3 3, Wa}).

1. NOTATIONS

Denote the neighborhood of the vertex by N (x). Denote a simple path, a simple cycle, and an empty
graph on n vertices by P,, C,, and O, respectively. Designate as K, , the complete bipartite graph with
p vertices in one part and g vertices in the other part. Denote by W, the graph obtained from a 4-cycle
by adding one vertex and four edges each of which is incident to the added vertex and to its own vertex
of the 4-cycle.

The graphs butterfly and crown are depicted in Fig. 1.

Let Gbeagraphandlet V' C V(G). Then G[V'] is the subgraph in G induced by the set of vertices V'
and G \ V' is the result of removing all elements of V'’ from G (together with all edges incident to them).
Denote the complement of G by G.

Let A and B be nonempty disjoint subsets of the vertex set of some graph G = (V, E). The notation

A x B means that there is no edge vu € E for which v € A and u € B, while A @ B means that vu € F
forallv € Aand u € B.

2. ATOMIC GRAPHS, PERFECT GRAPHS, AND THEIR MEANING

Let G = (V, E) be a graph. A subset M C V is called a module in G if each vertex in V'\ M is
either adjacent to all vertices in M or is adjacent to none of them. Obviously, the empty set, each vertex
of a graph, and the vertex set are modules. A module M is called nontrivial in Gii 1 < |M| < |V(G)].

Let (G, w) be the input data in WVC and let M be a nontrivial module of G. Form a pair (G', w')
from the triple (G, M, w). Given G, remove all vertices of M, then add a vertex x and the edges joining
to all vertices of the subgraph G'\ M to which the vertices of M were previously adjacent, and obtain
the graph G’. Assign w'(v) = w(v) foreach v € V(G') \ {z} and w'(z) = x4 (G[M]) for 2. Obviously,

VG < VG, xwl(G)=xw(G)
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(see, for example, [14]). It turns out that, for an arbitrary graph with n vertices and m edges, all inclusion
maximal nontrivial modules are pairwise disjoint and they all can be computed in time O(n + m)
(see[15]).

A clique Q in G is called separating if the number of connected components of G \ @ is greater than
the number of connected components in G. Let A LI B be an arbitrary partition of the vertex set of G \ @
into some parts A # @ and B # @; moreover, the vertex set of each connected component of the graph
is entirely embedded either in A or in B. Then, for every input data (G, w) of Problem WVC, we have

Xu(G) = max(xuw(G[A U Q), xu(G[BUQ)))

(see, for example, [16]). The procedure of separating V(G \ @) into two parts is representable in the form
of a binary tree, which is defined nonuniquely. Some tree of this kind for a graph with n vertices and
m edges can be found in time O(n - m) [16].

A connected graph without separating trees and nontrivial modules is called atomic. Obviously, we
have

Lemma 1. The WVC problem in each hereditary class is polynomially reducible to the same
problem for the atomic graphs of the class.

A graph is called the Berge graph if it belongs to the class
Free({C’giH | 7> 1} U {62i+1 | 7 > 1})

A graph is called perfect if its chromatic and clique numbers are equal, and this holds for each of
its induced subgraphs. It was proved in [17] that a graph is perfect if and only if it is a Berge graph.
The following is known (see [18]):

Lemma 2. The WVC problem is polynomially solvable for perfect graphs.

It is not hard to see that C5 = C5 and every {Ps, Ko 3, Wy, Cs, C7}-free graph is perfect. Indeed,
the prohibition of an induced subgraph P also forbids each cycle Cf, where k > 6. The graph W4 has
three connected components two of which are isomorphic to P» and one is isomorphic to P;; therefore,
the prohibition of an induced subgraph W also forbids each subgraph C}, where k > 8.

In the following two sections, we will prove some results on the structure of atomic {Ps, K23, W4}-
free graphs containing either an induced subgraph C'; or an induced subgraph Cs.

3. ATOMIC {Ps, K>3, W4}-FREE GRAPHS CONTAINING
THE COMPLEMENT OF AN INDUCED 7-CYCLE

Let H be an atomic {Ps, K23, Wy}-free graph containing an induced subgraph C7. Since it is

more convenient to work with the complement of H, consider the graph G £ H containing an induced
subgraph C7.

Lemma 3. The graph G = (V, E) is isomorphic to a T-cycle or contains an induced 5-cycle.

Proof. Suppose that G is {C5}-iree. Since G is also {W4}-Iree, each vertex in G is adjacent to two
vertices in a cycle Cy 2 (v, v, v3, v4, U5, V6, v7). Henceforth, the indices of the vertices of the given cycle
are understood modulo 7. Let u & V(C7) and let {v;, v;41 ..., v} be the largest set of neighbors of u
on the 7-cycle consisting of consecutive vertices of the cycle. Suppose that 1 < k£ < 7. Thus, wv;—1 ¢ E
and uv; 41 € E; otherwise, we get a contradiction to the choice of the set. We have uv;_o ¢ E and
UV 42 € E; OthQI‘WiSQ, Vi—2, Vi—1, Vi, Vj4+1, and u or Vit k+2, Vitk+1, Vitk, Vitk—1, and v induce Fg,.
Therefore, k # 6. We have uv;_3 ¢ E and wv; 1,13 ¢ E; otherwise, v;_3, v;—2, v;—1, v; and uw or v k3,
Vitka2, Vitktl, Virk, and uwinduce C5; thus, k # 5. Hence,

k€ {2, 3,4}, N(u) N V(C7) = {vi,viﬂ R ,vi+k};

therefore, G is not {K o 3}-free. Hence, either k = 7 or u cannot be adjacent to two consecutive vertices
of a 7-cycle. Since G is {C5 }-iree, in the last case, N(u) NV (C7) = {v;, vi12} for some i.
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Recall that the graph H contains no nontrivial modules. Consequently, neither does G. Since G is

{P5}-free, every vertex adjacent to all vertices of the 7-cycle must be adjacent to each vertex having
exactly two neighbors on the 7-cycle. Suppose that

u ¢ V(O7)7 N(’LL) a V(C'?) = {Uivvi—i-?}v
and the set {u, v;11} is not a module. Then there exists a vertex
u' g V(Cr), N@)NV(Cr) ={vj,vj12}

for which uv’ € F and v;41v/ € E or wu' € E and v;41u’ € E. The second case is possible only for
j =144+ 1. Then u, v;, v, viy3, and vy 5 or u, v;_1, u', viyo, and v;,4 induce a subgraph Wy4. Consider
the first case. Then j & {i — 1,i + 1} and j & {i — 2,4 + 2} since otherwise u, v/, v;12, viy3, and v; 4
or u, u', vi_a, v;_1, and v; induce a subgraph Ps. Nevertheless, j & {i — 3,7 + 3}; otherwise, v;_3, u/,
u, viyo, and v; 3 orv;_1, v;, u, v, and v, 5 induce a subgraph C5. We have j # i since otherwise u, v/,
Vit1, Viys, and v; 44 induce a subgraph Wy; a contradiction. Hence, there is no vertex belonging to the 7-
cycle and having exactly two neighbors on it. Thus, V(C7) is a module itself. Hence, G is isomorphic
to a 7-cycle.

Lemma 3 is proved. O

4. ATOMIC {Ps, K23, W4}-FREE GPAPHS CONTAINING AN INDUCED 5-CYCLE

Let G = (V, E) be atomic {Ps, K> 3, W4 }-iree and contain an induced cycle Cs = (v1, v2,v3, v4, U5).
Everywhere below, the indices of the vertices of the cycle are understood modulo 5. Introduce the follow-
ing notations for G

o« Xi2 {2 @ V(C5) | N@)NV(Cs) = {vi,visa}),
Yi 2 {y € V(C5) | N@y) NV(Cs) = {vivisn,viga} ),

Z; 2 {2 € V(C5) | N(2) NV (Cs) = {vi, Vi1, Vit Vis3}},

T; = {t ¢ V(Cs) | N(t) N V(Cs) = {vi, viy2, vir3}},

W is the set of vertices adjacent to all vertices in the 5-cycle (v, va, v3, v4, v5),

SéV\<V(C5)U'LSJ(XZ-UEUZZ-UE)UW>.

=1

Below we formulate and prove several assertions about the structure of the sets X;, Y;, Z;, T;, and W,
as well as the edges between them.

Lemma 4. Every vertex not belonging to a 5-cycle and adjacent to one or several of its vertices
belongs to the set

5
U(Xl-uYiuziuTi)uw.
=1

Proof. 1i a vertex does not belong to V/(C5) U S then it cannot be adjacent to exactly one or to exactly
two adjacent vertices of the 5-cycle since G is {Ps}-iree. Therefore, this vertex belongs to the desired
set. The proof of Lemma 4 is over. O

Lemmab. X;, Y;, Z;, T;, and W are cliques for all i.
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Proof. Every two vertices in X; must be adjacent; otherwise, together with the vertices v;, v;41,
and vj4o they induce a subgraph K3 3. Every two vertices of ¥; must be adjacent; otherwise, together
with the vertices v;, v;41, and v; 4 they induce a subgraph Wy. The same holds for the sets Z; and W.
Every two vertices in T; must be adjacent; otherwise, together with the vertices v; 14, v;, and v;43 they
induce a subgraph K3 3. Lemma 5 is proved. O

In the following lemma, we consider the sets X;—X5:

Lemma 6. /] X; is not empty then
Xi*x(Y;UYioUY;3UZ;UZiy g UTi3UTi g UW),
Xio(Xit1 UX; iy UY1UYi U Zp o UT; U T ),
Ziv1 = Zigz3 =Tiy1 = 9.

Proof. Let z be an arbitrary element in Xj;.

[fzy € Fandy € Y, theny, x, v;, v;41, and v; 5 induce a subgraph Wy. Therefore, X; « Y;. lizy € E
andy € Yo thenv;ys, y, x, v;, and v;41 induce a subgraph Ps. Hence, X * Y; 2. By analogy, X * Y; 3.
Indeed, if xy € F forsome vertex y € Y3 thenv;y4,y, x, viy9, and v;41 induce a subgraph Ps. lfzz € E
and z € Z; then z, x, v;, vi11, vit2 induce a subgraph Wy; and so X; * Z;. By analogy, X; * Z; 4. Indeed,
il zz € E for some vertex z € Z;14 then z, v;, vi11, vi1o, and x induce Wy. lf xt € F and t € Tj3
then z, vi41, viys, t, and v;4o induce a subgraph Kp 3. Therefore, X; * T; 3. By analogy, X; * T;_4.
Indeed, if xt € E for some vertex t € T, 4 then v, vit1, viyq, 2, and ¢t induce a subgraph Ky 3. lfzw € E
and w € W then w, x, v;, v;+1, and v;4o induce a subgraph Wy. Hence, X; « W.

I[f za’ ¢ E and 2/ € X, 41 then z, vj, vit4, vig3, and 2’ induce a subgraph P5. Therefore, X; ® X; ;.
By analogy, X; @ X; 4. Indeed, if z2’ ¢ E and 2’ € X; 4 then 2/, vij4, v;, 2, and v;42 induce a sub-
graph Ps. lizy € E and y € Y;41 then x, v;, V44, vi43, and y induce a subgraph Ps. Hence, X; o Y.
By analogy, X; @ Y; 4. Indeed, if zy € E and y € Y; 4 then x, viyo, vi+1,y, and v;44 induce a sub-
graph Ps. I xz ¢ E and z € Z; 49 then z, viy1, 2, v;, and v;42 induce a subgraph K> 3. Therefore,
Xio®Ziyo. Il at ¢ E and t € T; then x, viy1, t, v;, and v;42 induce a subgraph K» 3. Hence, X; o T;.
By analogy, X; @ T; 5. Indeed, if 2t € F andt € T;1 o then x, v;41, ¢, v;, and v;19 induce a subgraph Ks 3.

If z € Z;11 and xz € E then z, v;, v;11, 2, and v, 3 induce Ps. If z € Z; 11 and zz € E then x, v;11,
Vit4, Vs, and z induce Ky 3. Therefore, Z; 11 = @. By analogy, Z;13 = @. Indeed, il z € Z;ygandzz ¢ £
then z, vij19, viy1, 2, and v;44 induce Ps; and if z € Z;13 and zz € F then z, v;41, viy3, 2, and v, 4o
induce Ps. Ii t € Tj41 and ot € E then t, v;, viyo, z, and v;4q induce Ky 3. If t € T;11 and ot ¢ E then
T, Vi, Vit1, t, and Vi4+3 induce Ps. Thus, T =92.

The proof of Lemma 6 is complete. O

We now consider the sets Y7 —Y5:

Lemma 7. /] Y; is nonempty then
Yi* (Zipa UT; U Ty),

Yie (Yig1 UYipqUZUZipaUTiy1 UTiy3 U Ty UW).

Proof. Lety € Y;. lfyz € E and z € Z; 5 then y, v;, vi11, vi1o, and z induce a subgraph W,. Hence,
Yix Zi1o. Tyt € F and t € T;, then vy, v;, v;11, vi42, and t induce a subgraph Wy. Therefore, Y; * T;.
By analogy, Y; * T} 0.

If yy ¢ E and y’ € Y41 then y, v;, viiq, vir3, and ¢’ induce a subgraph P5. Hence, Y; e Y.
By analogy, Y; e Y; 4. lfyz ¢ Eand z € Z; then v;41, v, y, v42, and z induce a subgraph Wy. Therefore,
Y; e Z;. By analogy, Y; @ Z, 4. liyt ¢ E'and t € T;;1 then v;49, y, v;, v;14, and ¢ induce a subgraph Ps.
Hence, Y; o T; ;. lf yt ¢ E and t € T;43 then y, v;41, t, viys, and v;44 induce a subgraph Ps; and so,
Y; e T; 3. By analogy, Y; ¢ T; 4. [ yw ¢ F and w € W then v;41, v;, y, vit2, and w induce a subgraph
Wy. Therefore, Y; ¢ W.

Lemma 7 is proved. O
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We consider the sets Z1—Z5:
Lemma 8. /] Z; is nonempty then
Zi % (Ziya U Zip3 U Tiqa), Zi o (Zix1 U Zipg UW),
Ti=Tix1=Ti2=Ti3=0.

Proof. Consider 2z € Z;. If 22/ € E and 2/ € Z;.5 then z, v;, vi11, vi10, and 2’ induce a subgraph Wj.
Hence, Z; x Z; 5. By analogy, Z; x Z; 3. If 2zt € F and t € T4 then v;, t, vi13, v;14, and z induce
a subgraph K> 3. Therefore, Z; x Tj 4.

If 22/ ¢ E and 2’ € Z; 11 then v;19, vi11, 2, vi13, and 2’ induce a subgraph Wy. Hence, Z; @ Z; .
By analogy, Z; @ Z; . 4.

[f zw ¢ E and w € W then v;41, v;, 2, vi2, and w induce a subgraph Wy; and so, Z; ¢ W.

If 2t € F and t € T; then z, v;, viy1, vit2, and t induce a subgraph Wy. If 2zt ¢ E and t € T; then z, ¢,
Vit4, V5, and viy3 induce a subgraph K 3. Hence, T; = @&. By analogy, Tj13 = @.

If 2t € E and t € T; 41 then z, v;11, viy2, viy3, and ¢ induce a subgraph Wy. If 2zt € F and t € T;11
then vi42, 2, v;, vi+4, and ¢ induce a subgraph Ps. Therefore, T; 1 = @. By analogy, T;12 = &.

Lemma 8 is proved. O

In the following lemma, we consider the sets T7—7T5:
Lemma9. /[ T; is nonempty then

T; = W, T; o (Tivo UTit3), Tig1=Ti1s = 9.

Proof. Lett € T;. litw € E and w € W then w, v;, vi11, vi+2, and t induce a subgraph Wy. Therefore,
T, «W.litt' ¢ Eand t' € T thent, t', viy1, v;, and v;49 induce a subgraph Kj 3; and so, T; e T;19.
By analogy, Tz ° T’H_g.

[ftt' ¢ Eandt' € T;yq then vjyyg, ', vi11, Vi1, and ¢ induce a subgraph Ps. It € E and ¢’ € Tj14
then v;, ', vit9, t, and v;4; induce a subgraph Kj 3. Hence, T;11 = @. By analogy, T;14 = @.

Lemma 9 is proved. O

Lemma 10. /] |X;| > 2 then X; « X or X; @ X; forall j € {i +2, i+ 3}.

Proof. Suppose on the contrary that there exist vertices z1, 29 € X; and 2’/ € X for which 212’ € E
and zox' ¢ E. By Lemma 5, we have z129 € E. Symmetry considerations enable us to consider only
the case j = i + 2. Then 9, 21, 2/, v;14, and v;; 3 induce a subgraph Ps. Hence, X; * X;10 or X; @ X; 0.
Lemma 10 is proved. O

In the next two lemmas, we formulate and prove some sufficient conditions for the emptiness of all X;
and T; fori=1,...,5:

Lemma 11. /f some element of Y; # & is not adjacent to some element of Z; 11U Z; 13 # & then

5 5
=1 =1

Proof. Lety € Y;and z € Z;,1; assume in addition that yz & E. The case when z € Z; 3 is considered
by analogy from symmetry considerations. Since Z;;; # @, we conclude that X; = X;;3 = @ by
Lemma 6. Since Z; 11 # @, we have T;11 = T4 9 = T;13 = Tj 4 = & by Lemma 8.

Suppose that z € X;1. Then zy € F and xz ¢ E by Lemma 6. Thus, z, y, v;, v;44, and z induce
a subgraph Ps; and hence, X;1 = @.

Letz € X;19. Thenzy ¢ E and zz ¢ E by Lemma 6. Thus, y, vi11, 2, vi+4, and z induce a subgraph
Ps; and so, X;10 = @.

Suppose that z € X;14. Then zy € E and xz € E by Lemma 6. Thus, v;y3, 2, x, y, and v; induce
a subgraph P5 and, therefore, X; 14 = @.

Lett € T;. Thentz ¢ F and ty ¢ FE by Lemmas 7 and 8. Thus, y, v;, t, v;43, and z induce a subgraph
Ps;and so, T, = @.

Lemma 11 is proved. O
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Lemma 12. /f an element of Y; is adjacent to an element of Y12 UY, 3 then

Proof. Lety € Y; and y € Y;1 5 (the case of ¢y € Y;;3 can be considered similarly). Assume in addition
that yy' € E.

If 2 € X;11 then 2y € E and zy’ € E by Lemma 6. Then y, x, v/, v;12, and v;11 induce a sub-
graph Wy; and so, X;11 = @.

If z € X; then 2y € E and xy/ ¢ FE by Lemma 6. Then z, v;, v, ¥/, and v;4 3 induce a subgraph Ps;
and hence, X; = @. By analogy, X;12 = @.

liz € X;ygthenzy ¢ Eand xy’ € E by Lemma 6. Then z, y, viy4, v, and v; induce a subgraph Ks 3
and, therefore, X;, 3 = @. By analogy, X;,4 = @.

IfteTothenty ¢ E and ty’ ¢ E by Lemma 7. Then ¢, v;, y, 3/, and v;13 induce a subgraph Ps;
and so, Tj1o = O.

Ift € Tyyi thenty € Fandty € E by Lemma 7. Then v/, t, v;13, viro, and y induce a subgraph Wy;
and hence, T;; = @. By analogy, T;13 = &.

I[f t € T, then ty ¢ E and ty’ € E by Lemma 7. Then y, vit4, t, ¥, and v; induce a subgraph Ky 3;
therefore, T; = @. By analogy, T;14 = @.

Lemma 12 is proved. O

Using the above, we will prove that if S # @ then G contains few vertices:
Lemma 13. If S # & then |V| < 13.

Proof. Suppose the contrary.

Denote by V' the set of vertices that do not belong to S and are adjacent to the vertices of S. Since
G € Free({Ps}), we infer

V'C| (Z;uT)uWw.

e

=1

The graph G is atomic; therefore, if V/ # @ then V/ must not be a clique since otherwise it would be
separating.

Suppose that there exist two different nonadjacent vertices u € V/ and v € V' that are adjacent
to vertices @ € S and b € S respectively. If w and v have no common neighbor in S and ab ¢ E then
the vertices a, b, u, v and some vertices of a 5-cycle induce Pi, where k > 5. If u and v have no common
neighbor in S and ab € F then u,v € W, otherwise, G contains an induced subgraph Ps. Then v and v
are adjacent by Lemma 5; therefore, we may assume that a = b.

Consider the possible cases:

Ifu € W thenv € T; by Lemmas 5 and 8. Then a, v;, v;12, u, and v induce a subgraph Ks 3. Ifu € T;
then, by Lemmas 5, 8, and 9, we have v € W U Z; 1. The case v € W was examined earlier, and the case
v € Z;11 will be considered below. [fu € Z; thenv € Z;, 9 U Z;13 U T; 4 by Lemmas 5 and 8.

The cases v € Z; 15 and v € Z;1 3 are symmetric; therefore, we will consider only the first of them.
Then v;, vi43, a, v, and u induce a subgraph K5 3.

The cases u € Z;,v € T;14 and u € T}, v € Z; 11 are equivalent. Suppose that w € T; and v € Z;11.
Since T; # @; therefore, by Lemma 9, we have T;,11 = T; 4 = &. Since Z; 11 # &, we have T; o =
T;+3 = @ by Lemma 8. Furthermore, Lemma 8 implies that

Zi=Zliyo=Zix3=2Ziga =9
since otherwise T; = @.

The set X; must be empty since otherwise, by Lemma 6, we would have Z;,1 = @. By analogy, X3
must be empty since, otherwise, Z; 11 = @ by Lemma 6. 7
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Check that
Xip1 = X2 =Xy =W =0.
[fz € X;11 thenxv ¢ F and zu ¢ E by Lemma 6. Then a, u, v;, v;+1, and z induce a subgraph Ps; and
so, X;+1 = @. By analogy, X;19 = @. lf x € X;;4 then zu € F and xv € E by Lemma 6. Then v;42, a,
x, v, and v induce a subgraph K 3. Hence, X; 14 = @. 1fw € W thenvw € E anduww ¢ E by Lemmas 8
and 9. But aw ¢ E; otherwise, v;, vi12, a, w, and w induce a subgraph Ky 3. Then v, 4, w, vi12, u, and a
induce a subgraph Ps; therefore, W = @.

Recall that Z; 1 x T; by Lemma 8. If v’ € T; and v’ # w then wu’ € E by Lemma 5. Then v'a € F;
otherwise, v/, u, a, v, and v; 41 induce a subgraph Ps. If v € Z; 1 and v # v then vv’ € E by Lemma 5.
Then v'a € E; otherwise; v/, v, a, u, and v; induce a subgraph Ps. Thus, if some element S is adjacent
to a vertex in T; or to a vertex in Z;1 then it is adjacent to all elements in Z; 1 U T; simultaneously.
Consequently, S is a module in G.

By Lemma 11, no vertex in Z; 1 is adjacent to a vertex in the set Y; U Y;13. By Lemma 12, no vertex
inYj is adjacent to a vertex in Y;_o U Y} 4o for any j. Thus, by Lemmas 5 and 7, each of the sets Y1 —Y5 is
amodule in G. The same is true for Z;, 1 and T;. Hence, each of the sets S, Y1—Y5, Z; 11, and T; contains
at most one element; therefore, |V| < 13.

The proof of Lemma 13 is complete. O

In the following lemma, we prove an important consequence of the emptiness of S and all X; and T;
fori=1,...,5:

Lemma 14. /f
5 5

i=1 i=1
then G is the {Os}-free graph.

Proof. Suppose on the contrary that G contains pairwise nonadjacent vertices z, y, and z. Lemmas 4,
9, 7, and 8 together with the hypotheses of Lemma 14 imply that

Wn{z,y,z} =V(C5) N{z,y,2} = 2.

Indeed,
5
V=yuz)uwuv(cs)
i=1
by Lemma 4; and for every ¢, by Lemma 5, the sets Y; and Z; as well as W are cliques. By Lemmas 7
and 8, W e Y; and W e Z; for each i. Thus, W N {x,y, 2} = @. Let x = v;. Then

{y, 2} € {wig2,vip3} U Zi11 UYiqp1 U Yoo,

whence {y, 2} N{vi12,v43} = @.ByLemma7, Z;11 e (Y; 11 UY;15)and Y;;1 @ Y; 5. Therefore, y and z
must be adjacent.

If each of the vertices z, y, and z has exactly three neighbors on a 5-cycle then, by Lemma 5, one
of them belongs to Y; and the other, to Y;;1. Therefore, by Lemma 7, they must be adjacent.

If 2 and y have exactly three neighbors on a 5-cycle and z has exactly four neighbors on it then,
by Lemmas 5 and 7, we may assume that x € Y; and y € Y, 5. This and Lemma 7 imply that z € Z; 3.
Then the vertices z, v; 41, 2, v43, and y induce a subgraph Ps.

If x has exactly three neighbors on a 5-cycle, while y and z have exactly four neighbors on it; then,
by Lemmas 5 and 8, we may assume that y € Z; and z € Z; 5. This and Lemma 7 implies that z € Y; 4.
Then the vertices y, v;41, , v;14, and z induce a subgraph Ps.

[f each of the three vertices x, y, and z has exactly four neighbors on a 5-cycle then, by Lemma 5, we
may assume that one of them belongs to Z; and the other, to Z;;; therefore, by Lemma 8, they must be
adjacent.

The proof of Lemma 14 is complete. O

JOURNAL OF APPLIED AND INDUSTRIAL MATHEMATICS Vol. 14 No.3 2020



488 GRIBANOV et al.
5. SOME RESULTS ON THE COMPLEXITY OF WVC

The following two lemmas were proved in [14]:
Lemma 15. The WVC problem for an {Os}-free graph G = (V, E) and a function w: V. — N is

solvable in time
0 ((Zw(v))3) .

veV

Lemma 16. For every fixed C, the WVC problem is solvable in polynomial time on the sum
of the vertex weights in the class of graphs with at most C vertices.

6. THE MAIN RESULT

The main result of the present article is as follows:

Theorem. The WVC problem is solvable in polynomial time on the sum of the vertex weights
in the class of {Ps, Ko 3, Wa}-free graphs.

PfOOf. LetG € Free({P5, K273, W4})

By Lemmas | and 2 and the remark after Lemma 2, we may assume that G is atomic and contains
either an induced subgraph C5 or an induced subgraph C7. By Lemmas 3 and 16, we may assume that G
contains an induced subgraph C5. By Lemmas 13 and 16, we may assume that S = @. Lemma 6 implies
that, for each i, every vertex in V'\ (X412 U X;43) is either adjacent to all vertices in X; simultaneously
or adjacent to none of them. By Lemma 10, the same holds for X5 and X; 3. Therefore, X; is a module
inG.

By Lemmas 12, 14, and 15, we may assume thatif Y; # @ thenY; % (Y; 12 UY;,3). By Lemmas 11, 14,
and 15, we may assume thatif Y; # @ and Z;11 U Z; 3 # @ thenY; e (Z;11 U Z;13). This and Lemma 7
imply that Y; is a module for all ¢ (recall that X; is a module for each i).

Since X; and Y; are modules for each i; therefore, by Lemma 8, Z; is also a module for each .

Since the sets X;, Y;, and Z; are modules for each i; therefore, by Lemma 9, T; is a module for each s.
Hence, W is also a module in G.

Therefore, for each ¢, the sets Y;, Z;, T;, and W and also each of the sets X;—Xj5 contain at most one
vertex. Hence, |V| < 26. This and Lemma 16 complete the proof of the theorem. O
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