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Abstract

Asymptotic behavior of large excursions probabilities are evaluated for Euclidean norm of a wide
class of Gaussian non-stationary vector processes with independent identically distributed com-
ponents. It is assumed that the components have means zero and variances reaching its absolute
maximum at only one point of the considered time interval. The Bessel process is an important
example of such processes.
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1. Introduction

Let X(t) := (X1(t), X2(t), ..., Xd(t)) ∈ Rd, d > 1, t ∈ [0, T ], be a Gaussian multi-dimensional
process with independent identically distributed zero-mean components Xi(·), i = 1, . . . , d. We
assume here that the variance of a component reaches its maximum at only one point of the time
interval. We call the L2 norm in Rd of this process a β-process. In this paper we evaluate an exact
asymptotic behavior of the probability

P (max
[0,T ]

β(t) > u) as u→∞. (1)

Our general setting includes several important special cases. One is when the coordinates Xi

are standard Brownian motions, so that the β-process is the classical Bessel process, another one
is the Bessel bridge, which components are standard Brownian bridges.

The Bessel process and the Bessel bridge are diffusion processes; they are usually studied with5

stochastic calculus, see e.g. [7], [10], [19], [20]. The Bessel process is related also to many other
models in financial mathematics such as the log-normal model, the Cox-Ingersoll-Ross (square-
root) model, the Heston model, and many others described in [20] (Section III.3) and [7], see also
[12] for Cox-Ingersoll-Ross process.

Maximum trajectories distributions for the Bessel process and the Bessel bridge are represented10

as series, see e.g. [3] for the Bessel process and [6], [8] for the Bessel bridge (Gikhman-Kiefer for-
mula). One can use this series representation in various evaluations but the fact that all the terms
of these series give contributions to the asymptotic in question makes the task much harder. The
celebrated work [6] uses rather subtle PDE techniques to derive not only Gikhman-Kiefer repre-
sentation but, for even dimensions, a decomposition in cylinder functions series. With this series15

decomposition, similarly to the Kolmogorov-Smirnov series, the first member gives the desired
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asymptotic behavior so that one can obtain the tail asymptotic behavior of the maximum distri-
bution for the Bessel bridge. In [6], I. I. Gikhman gives, as an example, an explicit expression
of the series in case d = 4. The latest advances in this direction are presented in [18], where the
Gikhman-Kiefer formulas are extended to non-integer dimensions, and the tail distribution of the20

maximum is studied as the dimension parameter tends to zero or to infinity. For completeness, we
mention the work [2] where the distribution of the maximum of the Bessel process on an expanding
time interval is studied by mostly numerical methods.

We obtain here exact asymptotic behavior for the probability (1) using methods that are not
based on the Markovian nature of the underlying processes. Instead, we develop and use an exten-25

sion of the Pickands’ Double Sum Method for large deviation probabilities of Gaussian processes
and fields, [13], to random fields whose variances achieve their maximums on manifolds of arbitrary
dimension. Similar problems related to Gaussian stationary processes are in particular described
in [13], Corollary 7.3 and [17]. Gaussian vector processes with non-stationary components are also
considered in [13], Theorem 9.3, and [14], where a special non-Euclidean norm allows to apply30

methods developed for Gaussian processes. For completeness it is worth noting that the process
β(t) is so-called Gaussian chaos process and could be studied using methods analogous to [15], [21],
see also references therein. From this point of view, this article can be a starting point of studies
of high excursion probabilities for non-stationary Gaussian chaos processes.

Thus methods described here are somewhat combinations of the methods developed for ho-35

mogeneous Gaussian fields and for non-homogeneous Gaussian fields having the unique maximum
point of theirs variances, [13]. A particular case of the main result of our work is obtained in [4],
see also [11].

Introduce necessary notation, assumptions and definitions. First assume that there exists a
unique t0 ∈ [0, T ] such that

max
t∈[0,T ]

σ(t) = σ(t0) = 1,

where σ2(t) = varX1(t). Denote by r(s, t) the correlation (normed covariance) function of X1(t).
Assume that r(s, t) = 1 iff s = t ∈ [0, T ]. Assume also the following, see [5], [9].40

E1 X(t) is a. s. continuous.

Remark that this condition holds, i.e. there exists an a. s. continuous version of X(t), if for
some positive Γ and γ,

E(X1(t)−X1(s))2 ≤ Γ|t− s|γ , s, t ∈ [0, T ]. (2)

In contrast to [13], [4], [16] we do not assume directly (2).

E2 (Local stationarity). There exists a stationary process with correlation function ρ(t) such that

lim
s,t→t0

1− r(s, t)
1− ρ(t− s)

= 1.

E3 There exist a positive function q(u) → 0, u → ∞, and a function h(t), h(t) > 0 for all t 6= 0,
such that

lim
u→∞

u2(1− ρ(q(u)t)) = h(t) (3)

uniformly in some neighbourhood of 0.

E4 For any t there exists the limit

h1(t) = lim
u→∞

u2(1− σ2(t0 + q(u)t)) ∈ [0,∞]. (4)
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In boundary cases t0 = 0 and t < 0 or t0 = T and t > 0, we define h1(t) = ∞. Moreover, if
h1(t) = 0 for some t, then there exist c > 0 and K < ∞ such that for every x ∈ [0, c], the45

number of roots of the equation 1− σ2(t) = x does not exceed K.

Note, that we need the second part of the condition E4 only to justify the existence of “large”
intervals B′k(u) in Section 3.5.

From E2 and E3 it follows regular variation property of 1− ρ(t) at zero with degree α ∈ (0, 2],
[1], see proofs and related details in [5], [9]. That is, 1 − ρ(t) = |t|α`(t), with `(t) slowly varying50

at 0, hence one can take h(t) = |t|α. Further, if h1(t) is positive and finite for t > 0, then it
follows from E4, that 1 − σ2(t0 + t) regularly varies at 0 when defined. Moreover, the degree of
the variation is equal to α as well, and h1(t) = h1(1)tα. The similar property holds for t < 0, with
the constant h1(−1). Notice that the restriction σ(t0) = 1 can be omitted by scaling.

Denote

L(u) :=

∫
|t−t0|≤ε

e−u
2(1−σ2(t))/2dt.

Notice that the asymptotic behavior of this integral as u→∞ does not depend on the value of ε,
ε > 0. Denote by χ(t) a fractional Brownian motion with drift, that is,

χ(0) = 0, var(χ(t)− χ(s)) = 2|t− s|α, Eχ(t) = −|t|α;

denote χ1(t) = χ(t) − h1(t), if h1(t) ∈ [0,∞), and χ1(t) = 0, if h1(t) = ∞. Further, denote for a
closed set S ⊂ R,

Pα(S) = E exp

(
max
t∈S

χ1(t)

)
.

Remark that if h1(t) = 0 for all t ∈ S, then Pα(S) = Hα(S), the Pickands’ constant. Hence, if
h1(t) = 0 for all t > 0, then

Hα := lim
Λ→∞

Λ−1Pα([0,Λ]) = lim
Λ→∞

Λ−1Hα([0,Λ]) ∈ (0,∞), (5)

see [5], [13], [16]. The same is valid for [−Λ, 0] with h1(t) = 0 for all t < 0. As well, in [5], basing
again on [13], it is shown that if h1(t) ∈ (0,∞] for all t, then

Pα = lim
Λ→∞

Pα([−Λ,Λ]) ∈ (0,∞). (6)

Remark that this relation is non-trivial if h1(t) ∈ (0,∞) for some t. It is also known that H2 =55

π−1/2, see e.g. [13].

2. Main result. Examples.

Now formulate main result of the paper.

Theorem 1. Assume that the process X(t) satisfy all the above assumptions. Then the following

relations hold as u→∞. If at least one of the constants h1(1), h1(−1) is equal to zero, then

P (max
[0,T ]

β(t) > u) =
Hα

2d/2−1Γ(d/2)
ud−2L(u)q(u)−1e−u

2/2(1 + o(1)). (7)

If h1(1) = h1(−1) =∞, then

P (max
[0,T ]

β(t) > u) =
π(d−1)/2

2d/2−1Γ(d/2)
ud−2e−u

2/2(1 + o(1)). (8)
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If at least one of the constants h1(1), h1(−1) is positive and finite while the other one, if exists, is

not zero, then

P (max
[0,T ]

β(t) > u) =
π(d−1)/2Pα

2d/2−1Γ(d/2)
ud−2e−u

2/2(1 + o(1)).

2.1. Examples.

Consider two corollaries from Theorem 1.60

2.1.1. Standard Bessel and fractional Bessel processes.

Let X1(t)
d
= BH(t), t ∈ [0, 1] be the fractional Brownian motion with the Hurst parameter H,

H ∈ (0, 1). We call the process β(t), the fractional Bessel process, BESQdH(t). A special case of
this process with H = 1/2 is the standard Bessel process, BESQd(t), [19]. Here we have, t0 = 1,
α = 2H, h1(−1) = h1(1) =∞ for H > 1/2, h1(−1) = 1 for H = 1/2 and h1(−1) = 0 for H < 1/2,65

q(u) = u−1/H , furthermore, L(u) = (1 + o(1))(22+1/(2H)u2H)−1 as u → ∞. Additionally, α = 1
for the case H = 1/2, therefore Pα = 1, [13].

Corollary 1. For the fractional Bessel process with the Hurst parameter H,

P (max
[0,1]

BESQdH(t) > u) =

 π(d−1)/2

2d/2−1Γ(d/2)
ud−2e−u

2/2(1 + o(1)), H≥ 1
2 ,

H2H

H2(d+1/H)/2Γ(d/2)
u1/H+d−4e−u

2/2(1 + o(1)), H < 1
2 .

as u→∞.

2.1.2. Bessel bridge.

The Bessel process BESQd(t), t ∈ [0, 1], conditioned on BESQd(1) = x, is called the Bessel70

bridge, BESQd1(0, x) (in notation of [19]). If x = 0, then the components of the process X(t) are
also equal to 0 at t = 1, becoming the standard Brownian bridges, hence in this case the Bessel

bridge is the β-process with X1(t)
d
= B(t)− tB(1), t ∈ [0, 1]. Denote it by BESdbr(t). Here we have,

h1(1) = h1(−1) = 0, α = 1, therefore Hα = 1, [13]. Notice, that σ2(t0) = 1/4 with t0 = 1/2, so, to
apply Theorem 1, one has to scale the space. Hence q(2u) = 2−3u−2, L(2u) = (1+o(1))u−1

√
π/3275

as u→∞.

Corollary 2. For the Bessel bridge on [0, 1], starting and ending at zero,

P (max
[0,1]

BESdbr(t) > u) =
2d/2
√
π

Γ(d/2)
ud−1e−2u2

(1 + o(1))

as u→∞.

Any non-stationary Gaussian process satisfying assumptions E1-E4 generates the correspond-
ing β-process. In order to find the corresponding probability of large excursions it is sufficient
to compute constants from the assumptions and apply Theorem 1. Remark that the case of sta-80

tionary processes including diffusion ones, have been already considered by various modifications
of the Double Sum Method, see references in [4], [11], [13]. Such the processes are called there
χ-processes.
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3. Proof of main result

First we introduce an auxiliary Gaussian field on the cylinder [0, T ] × Sd−1, with Sd−1, the85

unit sphere in Rd; then we pick out a small informative parameter subset of the cylinder which
bears whole information of the desired asymptotic behavior. Then we prove basic local lemma of
the Double Sum Method which is similar to Lemma 6.1, [13]. The rest of the proof is somewhat
standard, it is a combination of Theorems 7.1, 8.2 proofs, [13], see also [9].

3.1. Gaussian field90

Introduce the Gaussian field

Y (t,v) = X1(t)v1 +X2(t)v2 + ...+Xd(t)vd, t ∈ [0, T ], v = (v1, ..., vd) ∈ Sd−1. (9)

By duality, for any closed S ⊂ [0, T ],

max
t∈S

β(t) = max
(t,v)∈S×Sd−1

Y (t,v).

Now we are in a position to use the Double Sum Method, [13], for evaluating asymptotic behavior
of

P ( max
(t,v)∈S×Sd−1

Y (t,v) > u) (10)

as u→∞.

3.2. Extracting small informative parameter set

It is convenient to use here non-standard spherical coordinates v = v(ϕ) on Sd−1 with

ϕ = (ϕ1, . . . , ϕd−1) ∈ Π := (−π/2, π/2]d−2 × (−3π/2, π/2],

angle coordinates of v,

v1 = sinϕ1,

v2 = cosϕ1 sinϕ2,

. . .

vd−1 = cosϕ1 cosϕ2 . . . cosϕd−2 sinϕd−1,

vd = cosϕ1 cosϕ2 . . . cosϕd−2 cosϕd−1. (11)

which are obtained from the classical coordinates by change ψi = π/2− ϕi, i = 1, . . . , n− 1.
Consider the set

Bu =
{
t : 1− σ2(t) ≤ u−2 logA u

}
, A > 1, (12)

and denote M := ([0, T ] ∩Bu)×Π. We have for all sufficiently large u,

P ( max
(t,ϕ)∈M

Y (t,ϕ) > u) ≤ P ( max
(t,ϕ)∈[0,T ]×Π

Y (t,ϕ) > u)

≤ P ( max
(t,ϕ)∈M

Y (t,ϕ) > u) + P ( max
(t,ϕ)∈[0,T ]×Π\M

Y (t,ϕ) > u).

Since Y is a.s. continuous, and since σ(t) reaches its maximum which is equal to one at only t0,
we have by Borel-TIS inequality, [13], for any positive ε, some B > 1/2, b > 0, and all positive u,

P ( max
(t,ϕ)∈[0,T ]×Π\Mε

Y (t,ϕ) > u) ≤ b exp(−Bu2), (13)
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where Mε = [t0 − ε, t0 + ε]× Π. Denote Ŷ (t,ϕ) = Y (t,ϕ)/σ(t,ϕ), σ2(t,ϕ) = EY 2(t,ϕ) = σ2(t),
(t,ϕ) ∈ [0, T ] × Π, the standardized field, and let ε > 0 from Assumption E3 be as small as
σ(t) > 0 for all t ∈ [t0 − ε, t0 + ε] ∩ [0, T ]. Using Assumptions E2 and E3 we derive for all
s, t ∈ [t0 − ε, t0 + ε] ∩ [0, T ] and some positive c0 and γ ∈ (0, 2], that

E(Ŷ (t,ϕ)− Ŷ (s,ϕ))2 = 2(1− r(t, s)) ≤ c0|t− s|γ .

Indeed, recall that 1− r(s, t) = (1− ρ(t− s))(1 + o(1)) = |t− s|α`(t− s)(1 + o(1)) with α ∈ (0, 2]
and `(x) slowly varying at zero, thus the inequality follows with any γ ∈ (0, α). Remark that we
used here uniform continuity of ρ which follows from E3. Moreover, it is easy to see that for all
s ∈ [t0 − ε, t0 + ε] ∩ [0, T ], ϕ,ψ ∈ Π and some positive c1, c2 we have,

E(Ŷ (s,ϕ)− Ŷ (s,ψ))2 ≤ c1|ϕ−ψ|2 ≤ c2|ϕ−ψ|γ .

More details how to prove this one can see in Lemma 1 proof below. From the last two inequalities,
we have for c3 = max(c0, c2)

E(Ŷ (t,ϕ)− Ŷ (s,ψ))2 ≤ 2E(Ŷ (t,ϕ)− Ŷ (s,ϕ))2 + 2E(Ŷ (s,ϕ)− Ŷ (s,ψ))2

≤ 2c3(|t− s|γ + |ϕ−ψ|γ) ≤ 4c3 max(|t− s|γ , |ϕ−ψ|γ)

= 4c3(max(|t− s|2, |ϕ−ψ|2))γ/2

≤ 4c3(|t− s|2 + |ϕ−ψ|2)γ/2 = 4c3|(t,ϕ)− (s,ψ)|γ .

Thus Condition E3 from [13] is fulfilled for the field Ŷ (t,ϕ), hence, by Theorem 8.1, [13], and
(12), (13), for some positive C,C1, C2

P ( max
(t,ϕ)∈Mε\M

Y (t,ϕ) > u)

≤ P
(

max
(t,ϕ)∈Mε\M

Ŷ (t,ϕ) > u

/√
1− u−2 logA u

)
≤ CTu2d/γ−1 exp

(
− u2

2− 2u−2 logA u

)
≤ C1Tu

2d/γ−1 exp
(
−C2 logA u

)
exp

(
−u2/2

)
.

On the other hand, it is easy to see that the right-hand side tends to zero faster than P (Y (t0,ϕ) >
u). Taking also into account (13), we have:95

Proposition 2. Under the conditions E1 − E4,

P ( max
(t,ϕ)∈[0,T ]×Π

Y (t,ϕ) > u) = P ( max
(t,ϕ)∈M

Y (t,ϕ) > u)(1 + o(1)) (14)

as u→∞.

3.3. Basic inequalities and lemma.

The proof of Theorem 1 is based on study of the asymptotic behavior of the probability (10)
for suitable small sets S. First we split M into small spherical cylinders. Denote

∆0(κ) := {ϕ : 0 ≤ ϕi ≤ κ(u), i = 1, ..., d− 1} , κ(u)→ 0 as u→∞,
Ik(κ) := {t ∈ [kκ(u), (k + 1)κ(u)]}, k ∈ Z, κ(u)→ 0 as u→∞, (15)

6



and
∆k,k = ∆k,k(κ,κ) := (t0 + Ik(κ))× (kκ(u) + ∆0(κ)), k ∈ Zd−1, (16)

Zd−1 is the integer lattice in Rd−1, Z = Z1. Denoting

K := {(k,k) : ∆k,k ∩M 6= ∅}, K− := {(k,k) : ∆k,k ⊂M},

we have,

P ( max
(t,ϕ)∈M

Y (t,ϕ) > u) ≤
∑

(k,k)∈K

P (max
∆k,k

Y (t,ϕ) > u); (17)

P ( max
(t,ϕ)∈M

Y (t,ϕ) > u) ≥
∑

(k,k)∈K−
P (max

∆k,k

Y (t,ϕ) > u) (18)

−
∑∑

P (max
∆k,k

Y (t,ϕ) > u,max
∆l,l

Y (t,ϕ) > u), (19)

the latter double sum is taken over all (k,k), (l, l) ∈ K with (k,k) 6= (l, l). Remark that by invariance
with respect to rotations, for all k,

P (max
∆k,k

Y (t,ϕ) > u) = P (max
∆k,0

Y (t,ϕ) > u).

In what follows, we use two choices of κ(u) and κ(u). In the following Fundamental Lemma of
Double Sum Method a generalization of Pickands’ type small sets, see [13], is considered, namely
κ(u) = Λu−1, κ(u) = Λq(u). We denote the corresponding division sets by ∆k,k,u. Another choice100

is used in case h1(t) is equal to zero, see (4), in this case we take κ(u) tending to zero slower and
define the sets ∆k,k, (k,k) ∈ K by slightly different way, see section 3.4.

Lemma 1. Assume that the process X(t) satisfies the conditions E1–E4. Then for all Λ > 0 as

u→∞,

if t0 = 0,

P ( max
∆0,0,u

Y (t,ϕ) > u) = Pα([0,Λ])H2([0,Λ/
√

2])d−1 1√
2πu

e−u
2/2(1 + o(1));

if t0 = T,

P ( max
∆−1,0,u

Y (t,ϕ) > u) = Pα([−Λ, 0])H2([0,Λ/
√

2])d−1 1√
2πu

e−u
2/2(1 + o(1));

if t0 is an inner point of [0, T ],

P ( max
∆−1,0,u∪∆0,0,u

Y (t,ϕ) > u) = Pα([−Λ,Λ])H2([0,Λ/
√

2])d−1 1√
2πu

e−u
2/2(1 + o(1)).

Remark 3. In case χ1(t) ≡ 0, t ∈ S, Pα(S) = Hα(S), that is if S = [0,Λ], [−Λ, 0], or [−Λ,Λ],105

the corresponding assertion is valid for Pickands’ constants as well.

Proof: We reduce the field Y (t,ϕ), (t,ϕ) ∈ ∆l,0,u, l = −1, 0 to a field indexed on the
projection of a neighborhood of the point ϕ = (0, . . . , 0) ∈ Sd−1 into the tangent hyperplane
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{v : v = (ϕ1, ..., ϕd−1, 1)} ⊂ Rd in the following way. Introduce a Gaussian field on

[0, T ]× {ϕi ∈ u−1[0,Λ], i = 1, ..., d− 1}

by
Ỹ (t,ϕ) = X1(t)ϕ1 + ...+Xd−1(t)ϕd−1 +Xd(t).

The covariance function r̃(t,ϕ; s,ψ) of Ỹ (t,ϕ) satisfies Definition 7.1 [13] of local stationarity
structure at (t0,0) with Ct = (1,

√
2, . . . ,

√
2) ∈ Rd. Indeed,

1− r̃(t,ϕ; s,ψ) = 1−
d∑
i=1

r(t, s)
ϕ2
i + ψ2

i − (ϕi − ψi)2

2

= 1− r(t, s)
d∑
i=1

ϕ2
i + ψ2

i

2
+

1

2
r(t, s)

d∑
i=1

(ϕi − ψi)2

= (1− r(t, s))(1 +O(u−2)) + r(t, s)

d−1∑
i=1

(
ϕi − ψi√

2

)2

,

here ϕd = ψd = 1. Next, one can see that the covariance structure of this field is close on these
small division sets (i. e. for l = −1, 0) to that for Y (t,ϕ), (t,ϕ)∈∆l,0,u. Hence

P ( max
∆l,0,u

Y (t,ϕ) > u) = (1 + o(1))P (max
∆l,u

Ỹ (t,ϕ) > u),

where
∆l,u = (t0 + q(u)[lΛ, (l + 1)Λ])× {ϕi ∈ u−1[0,Λ], i = 1, ..., d− 1}, l = −1, 0.

This allows us to follow step-by-step the proof of Lemma 6.1 [13] to get the assertion of Lemma.
It is necessary only to notice that if h1(t′) =∞ for some t′, the weak convergence in C([−Λ,Λ]×
[0,Λ]d−1) of the conditional process

χ̃u(t,ϕ) = u
(
Ỹ (t0 + q(u)(t− t0),

√
2u−1ϕ)− u

)
+ w,

given Ỹ (t0,0) = u − w/u should be proved separately. In this case one should restrict the space
of continuous functions to C([−Λ, 0] × [0,Λ]d−1) in case t′ > 0, or to C([0,Λ] × [0,Λ]d−1) in
case t′ < 0. Using these restrictions, one can easily prove, that if t′ > 0 the weak convergence
χ̃u(·, ·) −→ χ(·, ·) in C([−Λ, 0]× [0,Λ]d−1) takes place given Ỹ (t0,0) = u− w/u, where χ(t,ϕ) =(
χ1(t), χ

(1)
2 (ϕ1), . . . , χ

(d−1)
2 (ϕd−1)

)
with {χ(i)

2 (s)}, i = 1, . . . , d− 1, independent copies of χ2(ϕ) =
√

2ϕξ − ϕ2, ξ is a standard normal random variable. Hence, given Ỹ (t0,0) = u− w/u,

max
(t,ϕ)∈[−Λ,Λ]×[0,Λ]d−1

χ̃u(t,ϕ) −→ max
(t,ϕ)∈[−Λ,0]×[0,Λ]d−1

χ(t,ϕ)

weakly for t′ > 0. The case t′ < 0 is similar. Finally, if h1(t) =∞ for all t 6= 0, this limit is equal
to

max
ϕ∈[0,Λ]d−1

χ(0,ϕ),

thus Lemma.

3.4. Conclusion of Theorem 1 proof.

The rest of Theorem 1 proof mainly follows the proofs of Theorems 7.1 and 8.2, [13]. The field
Y (t,ϕ) is isotropic with respect to rotations ϕ and it is not stationary with respect to t. Therefore
the estimations of all sums (17, 18, 19) and similar sums below are somewhat combinations of
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corresponding estimations in [13] for stationary (homogeneous) and non-stationary fields, that is,
Theorems 7.1 and 8.2 proofs. By invariance w.r.t. rotations, the simple sums in (17, 18) are equal
to

N±
∑

k:∆k,0∩M6=∅
P (max

∆k,0

Y (t,ϕ) > u) (20)

where N± are the numbers of summands in k in (17, 18), respectively. We have,

N± =
vol(Sd−1)(1 + o(1))

κ(u)d−1
=

dπd/2(1 + o(1))

Γ(d/2 + 1)κ(u)d−1
(21)

as u→∞. The estimation of the sum in (20) is close to that in the proof of Lemma 8.2, [13] and
the corresponding estimation in Lecture 10, [16], with using here Lemma 1 instead of Lemma 6.1,110

[13].

3.5. Stationary-like (Pickands’) case.

First consider the case h1(t) = 0 for some t 6= 0, which generalizes the case β > α in notations
and conditions of [13], [16]. See also similar argument in [5] and [9]. Remark that three cases,
h1(t) = 0 for only positive t, for only negative t, and for all t, are considered simultaneously because115

of “two-sided” definition of Pα. In these three cases the only asymptotic behavior of the integral
(30) is evaluated by slightly different ways. Notice here that only “stationary-like side” gives a
contribution in the asymptotic behavior.

First consider a simplified model for X, namely, let (X0
i (t), i = 1, . . . , d) be a Gaussian sta-

tionary vector process with independent identically distributed zero-mean components satisfying
conditions E1 and E3, and let

X0(t) :=
(
σ(t)X0

1 (t), . . . , σ(t)X0
d(t)

)
, t ∈ [0, T ],

so that X0(t) satisfies the conditions E1-E4. Using finally standard inequalities including Slepian
Lemma we pass to the initial X. This approach was suggested in [13]. Recall that we consider the
case

lim
t→t0

1− σ2(t)

1− ρ(t− t0)
= 0. (22)

In the simplified model the Gaussian field (9) is

Y (t,ϕ) = σ(t)Y 0(t,ϕ), (t,ϕ) ∈ [0, T ]×Π,

in the same as in (11) spherical coordinates v = v(ϕ) with

Y 0(t,v) = X0
1 (t)v1 + . . .+X0

d(t)vd, t ∈ [0, T ], v = (v1, ..., vd) ∈ Sd−1.

Take small ε+ and ε− with ε+ > ε− > 0. For sufficiently large u0 and all u ≥ u0 there exists
ε = ε(u) ∈ (ε−, ε+) with (logA u)/ε ∈ N. We use this ε below on. Denote

Bk(u) = {t : kε ≤ u2(1− σ2(t)) < (k + 1)ε}, (23)

for all k ≥ 0 with Bk+1(u) ⊂ Bu. Since q(u) regularly varies with index −2/α, from (22) and (23)
we have,

ζ(u) :=
|B1(u)|
q(u)

→∞ as u→∞, (24)

| · | denotes the volume. Take κ(u) = u−1/2 (see (15)), and denote

∆k,k := Bk(u)× (kκ(u) + ∆0(κ))d−1, k ∈ Zd−1,

9



σk =
√

1− u−2kε, uk = u/σk.

Observe that the sets of indices K and K− coincide for ε chosen above. Probabilities under the
sums in (17, 18) are bounded from above and from below by probabilities of events

Ak(u) =

{
max

(t,ϕ)∈∆k,0

Y 0(t,ϕ) > uk

}
and A′k(u) =

{
max

(t,ϕ)∈∆k,0

Y 0(t,ϕ) > uk+1

}
,

correspondingly. Take a ∈ (0, 1) and denote υ(u) = q(u)ζa(u). Notice that υ(u)/q(u) → ∞ as
u→∞. Define two sets of indices

D(u) = {(k,0) : |Bk(u)| > υ(u)} and D′(u) = {(k,0) : |Bk(u)| ≤ υ(u)}.

Now evaluate asymptotic behaviors of probabilities of the events Ak(u) and A′k(u) depending
on whether (k,0) ∈ D(u) or (k,0) ∈ D′(u). In particular we shall show that the sum of these
probabilities over the set D′(u) is negligibly smaller than the sum over the first set. Remind that

u ≤ uk ≤ u+ u−1 logA u

for all (k,0) with Bk+1(u) ⊂ Bu. It follows from the condition E4 that for all sufficiently large u,
every set Bk(u), k ≥ 0, consists of finite (not more that K) number of intervals, so that, there exist
subintervals B′k(u) of Bk(u), (k,0) ∈ D(u), such that |B′k(u)|/q(u)→∞ as u→∞. Therefore, for
all k, (k,0) ∈ D(u), the sets Bk(u) and the Gaussian fields Y 0(t,ϕ), (t,ϕ) ∈ Bk(u), satisfy the
conditions of Theorem 1, [9]. By this theorem we have,

P (Ak) =
Hα|Bk(u)|ud/2−3/2

k

(2π)d/2q(uk)
e−u

2
k/2(1 + γ(uk)),

and

P (A′k) =
Hα|Bk(u)|ud/2−3/2

k+1

(2π)d/2q(uk+1)
e−(uk+1)2/2(1 + γ(uk+1))

for (k,0) ∈ D(u), where γ(u) → 0 as u → ∞. Proofs of these relations follow from Lemma 1
applied in the case h1(t) = 0 with further inequalities (17 - 19) application. Similarly, it follows
from Lemma 1 (see also Lemma 1, [9]), that for (k,0) ∈ D′(u),

P (Ak) ≤ C
|Bk(u)|ud/2−3/2

k

q(uk)
e−u

2
k/2 ≤ C

υ(u)u
d/2−3/2
k

q(uk)
e−u

2
k/2,

where C is a positive constant independent of k. Denote

a(u) = ud/2−3/2q(u)−1.

Since q is regularly varying at infinity, without loss of generality we can assume that q is monotone,
see [1]. By definition ofM, since now q(u) is monotone, there exists a positive non-increasing δ1(u),
δ1(u)→ 0 as u→∞, such that for all k with ∆k,0 ∩M 6= ∅,

1− δ1(u) ≤ a(uk)

a(u)
≤ 1 + δ1(u).
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Since δ2(u) = supv≥u |γ(v)| → 0 as u→∞ and uk ≥ u, we have for (k,0) ∈ D(u),

P (Ak) Q (1± δ1(u))(1± δ2(u))
Hα|Bk(u)|ud/2−3/2

(2π)d/2q(u)
e−u

2
k/2,

P (A′k) Q (1± δ1(u))(1± δ2(u))
Hα|Bk(u)|ud/2−3/2

(2π)d/2q(u)
e−u

2
k+1/2, (25)

and for (k,0) ∈ D′(u),

P (Ak) ≤ C(1 + δ1(u))
υ(u)ud/2−3/2

q(u)
e−u

2
k/2. (26)

Now apply inequalities (17 - 19), changing events under probabilities there on Ak, for estimation
from above, and on A′k, for estimations from below. Write next

u2
k = u2 + u2(1− σ2

k) +
u2(1− σ2

k)2

σ2
k

. (27)

It follows from the inequality
u2(1− σ2

k)2

σ2
k

≥ u−2 log2A u (28)

that for some positive δ3(u) such that δ3(u)→ 0 as u→∞, uniformly in M,

1− δ3(u) ≤ σk exp

(
−u

2(1− σ2
k)2

2σ2
k

)
≤ 1 + δ3(u). (29)

Notice that u2(1− σ2
k) = kε and denote

Σ(u) =
∑

(k,0)∈D(u)∩K

|Bk(u)|e−kε/2 + C
(2π)d/2

Hα

∑
(k,0)∈D′(u)∩K

υ(u)e−kε/2,

Σ′(u) =
∑

(k,0)∈D(u)∩K

|Bk(u)|e−(k+1)ε/2.

Therefore, by (25) and (26),

∑
(k,0)∈K

P (Ak) ≤ (1 + δ4(u))
Hαu

d/2−3/2

(2π)d/2q(u)
e−u

2/2Σ(u),

∑
(k,0)∈K

P (A′k) ≥ (1− δ4(u))
Hαu

d/2−3/2

(2π)d/2q(u)
e−u

2/2Σ′(u).

where 1 ± δ4(u) = (1 ± δ1(u))(1 ± δ2(u))(1 ± δ3(u)). The sums Σ(u) and Σ′(u) approximate the
integral

Iσ(u) =

∫
t:1−σ2(t)≤u−2 logA u

e−u
2(1−σ2(t))/2dt, (30)

from above and from below, respectively. Indeed, it is easy to see, that

Σ′(u) ≤ Iσ(u) ≤ Σ(u),

therefore it is enough to show, that Σ(u) ≤ Σ′(u)(1 + ε+) for all sufficiently small ε+ and all large
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u. We have,

1 ≤ Σ(u)

Σ′(u)
≤ eε/2 +

C1υ(u)

|B1(u)|
∑

(k,0)∈D′(u)∩K

e−(k−1)ε/2 ≤ eε+/2
1 +

C1υ(u)

|B1(u)|

ε−1 logA u∑
k=0

e−kε/2

 , (31)

where C1 = C(2π)d/2/Hα. First, for sufficiently small x > 0, ex ≤ 1 + 2x. Now show that the
second summand in the brackets vanishes as u → ∞. It is evident for υ(u)/|B1(u)| = o(log−A u).
Otherwise denote %(u) =

√
|B1(u)|/υ(u) and write,

υ(u)

|B1(u)|

ε−1 logA u∑
k=0

e−kε/2 ≤ υ(u)

|B1(u)|
(%(u) + 1) +

υ(u)

|B1(u)|
∑

k∈[%(u)+1,ε−1 logA u]

e−kε/2

≤ γ(u) + e−%(u)ε υ(u)

|B1(u)|

∞∑
l=1

e−lε/2 ≤ γ(u) +
υ(u)

ε−|B1(u)|
e−%(u)ε− ,

where γ(u) → 0 as u → ∞, and we use that e−x ≤ 1 − x/2 for all sufficiently small x > 0. Thus
it follows from (31) that Σ(u) and Σ′(u) are close one to another as ε+ is small enough and u is120

sufficiently large. Now it remains to be noted that Iσ(u) = L(u)(1 + o(1)) as u→∞.
By rotation invariance, all the above relations in this case are valid for any ∆k,k, not only for

∆k,0. Hence the further proof of the assertion (7) is somewhat standard combination of arguments
in Chapters 2.7 and 2.8, see [13], including usage (20, 21) for single sums, estimation of the double
sum (19), the passage from the particular Y (t,ϕ) = Y 0(t,ϕ)σ(t) to the general Gaussian process125

by applying Slepian inequality. Final passage from M to [0, T ]×Π is based on Proposition 2.

3.6. Talagrand and transition cases.

Now consider the situation when h1(t) 6= 0 for all t 6= 0. In notations and conditions of [13]
and [16], this generalizes Talagrand case β < α, that is, h1(t) =∞ for all t 6= 0, and the transition
case β = α, when h1(t) ∈ (0,∞) for all t 6= 0, see also [5] and [9]. Since the rotation invariance,130

we take again κ(u) = u−1/2 in the Bonferroni inequalities (17 – 19), as in the stationary like case
above. Further, in double-side cases, that is, h1(t) ∈ (0,∞) for all t 6= 0, or h1(t) = ∞ for all
t 6= 0, we take κ(u) = 2Λq(u) with ∆0 = q(u)[−Λ,Λ]. In a one-side case, h1(t) ∈ (0,∞) for only
positive t, take κ(u) = Λq(u) with ∆0 = [0, q(u)Λ]; in the opposite one-side case, h1(t) ∈ (0,∞) for
only negative t, take the same κ(u) = Λq(u), but with ∆0 = [−q(u)Λ, 0]. It can be easily proved,135

using corresponding argument in [13] and [16], with Lemma 1 assertions, that for such the choices
of the partition cylindric parallelepipeds the only first summand in (20) gives contribution in the
final asymptotic behavior as u → ∞, and then Λ → ∞ in the transition case h1(t) ∈ (0,∞), and
Λ → 0 in the Talagrand case, h1(t) = ∞. Remark that in one-side cases, the only ”transition
side” plays a role. Notice again that, in fact, schemes of these assertions proofs, as well as the140

double sum (19) estimation, repeat the corresponding schemes in [5], [9], [13], [16], with taking
into account the number of the sphere partition spherical cubes (20, 21). Thus the statement of
Theorem 1.
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