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In the 1940s, Karhunen and Loève proposed a method for processing a one-dimensional numeric time series by converting 
it into multidimensional by shifts. In fact, a one-dimensional number series was decomposed into several  orthogonal time 
series. This method has many times been independently developed and applied in practice under various names (EOF, SSA, 
Caterpillar, etc.). Nowadays, the name ‘SSA’ (Singular Spectral Analysis) is the most often used. It turned out that it is univer-
sal, applicable to any time series without requiring stationary assumptions, automatically decomposes time series into a 
trend, cyclic components and noise. By the beginning of the 1980s, Takens had shown that for a dynamical system such a 
method makes it possible to obtain an attractor from observing only one of these variables, thereby bringing the method 
to a powerful theoretical basis. In the same years, the practical benefits of phase portraits became clear. In particular, it was 
used in the analysis and forecast of animal abundance dynamics. In this paper we propose to extend SSA to a one-dimen-
sional sequence of any type of elements, including numbers, symbols, figures, etc., and, as a special case, to a molecular 
sequence. Technically, the problem is solved using an algorithm like SSA. The sequence is cut by a sliding window into 
fragments of a given length. Between all fragments, the matrix of  Euclidean distances is calculated. This is always possible.  
For example, the square root of the Hamming distance  between fragments is a Euclidean distance. For the resulting   
matrix, the principal components are calculated by the principal-coordinate method (PCo). Instead of a distance matrix, one 
can use a matrix of any similarity/dissimilarity indexes and apply methods of multidimensional scaling (MDS). The result 
will always be PCs in some Euclidean space. We called this method ‘PCA-Seq’. It is certainly an exploratory method, as is its 
particular case SSA. For any sequence, in cluding molecular, PCA-Seq without any additional assumptions allows presenting 
its principal components in a numerical form and visualizing them in the form of phase portraits. A long history of SSA ap-
plication for numerical data gives all reason to believe that PCA-Seq will be not less useful in the analysis of non-numerical 
data, especially in hypothesizing. PCA-Seq is implemented in the freely distributed Jacobi 4 package (http://jacobi4.ru/).
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В 1940-х гг. К. Карунен и М. Лоев предложили метод обработки одномерного числового временного ряда через его 
преобразование в многомерный путем сдвига несколько раз подряд и разложения на несколько ортогональных 
временных рядов методом главных компонент (PCA). Предложенный метод ранее независимо возникал и приме-
нялся на практике под разными названиями (EOF, SSA, Гусеница и т. д.). Оказалось, что он универсальный, применим 
к любому временному ряду и, не требуя предположения стационарности, автоматически разлагает его на тренд, 
циклические составляющие и шум. В наши дни чаще всего используется название SSA (сингулярный спектральный 
анализ). В начале 1980-х гг. Ф. Такенс показал, что для динамической системы сдвиги только одной наблюдаемой 
переменной позволяют построить аттрактор всей системы, и тем самым подвел под SSA мощную теоретическую 
базу. Тогда же выяснилась практическая польза фазовых портретов, что было применено, в частности, при анализе и 
прогнозе динамики численности животных. В настоящей работе предлагается распространить SSA на одномерную 
последовательность элементов любого типа, включая числа, символы, фигуры и т. д., и в качестве частного случая – 
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на молекулярную последовательность. Технически проблема решается практически тем же алгоритмом, что и SSA. 
Последовательность режется скользящим окном на фрагменты заданной длины. Между всеми фрагментами вычис-
ляется матрица евклидовых расстояний. Это всегда возможно. Например, квадратный корень из p-дистанции (дис-
танции Хэмминга) является евклидовым расстоянием. Для полученной матрицы методом главных координат (PCo) 
вычисляются главные компоненты. Вместо расстояний можно использовать любые индексы сходства/различия и 
применить методы многомерного шкалирования (MDS). В итоге все равно будут получены главные компоненты в 
некотором евклидовом пространстве. Мы назвали этот метод PCA-Seq. Это, безусловно, разведочный метод, как и 
его частный случай SSA. Для любой последовательности, в том числе молекулярной, PCA-Seq без всяких дополни-
тельных предположений позволяет получить ее главные компоненты в числовом виде и визуализировать их в виде 
графиков и фазовых портретов. Многолетний опыт применения SSA для числовых данных дает все основания пола-
гать, что PCA-Seq окажется не менее полезным при анализе нечисловых данных, особенно при выдвижении гипотез. 
PCA-Seq реализован в свободно распространяемом пакете Jacobi 4 (http://jacobi4.ru/).
Ключевые слова: временные ряды; SVD; PCA; PCo; MDS; SSA; молекулярные последовательности; p-дистанция.

Introduction
In the 1940s, Karhunen and Loève proposed a method for 
processing a one-dimensional numerical time series by shift-
ing it several times and decomposing into several orthogonal 
time series by a multidimensional method of principal com-
ponents (PCA) (Karhunen, 1947; Loève, 1948). In the 1980s, 
Takens showed for a dynamic system, that shifts of only one 
observed variable allow constructing an attractor of the entire 
system, thereby bringing the method to a powerful theoretical 
basis (Takens, 1981).

The method was independently developed and applied in 
practice under various names (EOF, SSA, Caterpillar, etc.), 
including by us for the analysis of animals abundance dynam-
ics (Efimov, Galaktionov, 1983; Efimov et al., 1988, 2003), and 
for other topics (Golyandina et al., 2001, 2018; Golyandina, 
Zhigljavsky, 2013). Today the name ‘SSA’ (Singular Spectral 
Analysis) is the most often used. The method can be extended 
for a sequence of any type of elements, including numbers, 
symbols, figures, etc. and, as a special case, for a molecular 
sequence (Efimov et al., 2018). This is the point of this article.

Material and methods
Algorithm. Let there be a sequence Q = {q1, q2, …, qN} of 
any type of elements. Choose a lag L, N > L > 1. Denote by 
Qi the fragment Q of length L terminated by the element qi, 
Qi = (qi–L+1, qi–L+2, …, qi–1, qi), i = L, …, N. Compute the matrix 
of Euclidean distances D = (dij = d(Qi, Qj)) between all frag-
ments (this is always possible, for example, using the number 
of unmatched elements, but not only that). Apply the method 
of principal coordinates (PCo) to D and obtain its principal 
components PCs (Gower, 1966). Call this method ‘PCA-Seq’.

The usual method of finding principal components consists 
in the following (Jolliffe, Cadima, 2016). Let X be a centered 
matrix of objects’ coordinates in a certain Euclidean space. 
We can apply to X the singular value decomposition (SVD): 
X = PSVT, where P, VT are orthogonal matrices, and S is the 
diagonal matrix of X singular values. It is possible to apply 
SVD to a symmetric matrix XXT: XXT = PΛPT, where P is the 
same orthogonal matrix as for X, and Λ is a diagonal matrix 
of the matrix XXT singular values. But XXT = PSVT × VSPT = 
= PSSPT = PS2PT. Consequently, S2 = Λ and S = Λ1/2. That is, 
the matrix of singular values of the matrix XXT is the matrix 
of eigenvalues of the matrix X. Therefore, it is necessary to 
calculate the principal components by the formula U = PΛ1/2. 
This is very useful in practice if the number of objects is sig-
nificantly lower than the number of traits that are becoming 

more common in biological research, especially molecular 
ones.

More than half a century ago, Gower (Gower, 1966) found 
that if we calculate the matrix D of Euclidean distances be-
tween rows X, square these distances, double center and mul-
tiply them by –1/2, then we obtain the XXT matrix. Applying 
SVD to it, we obtain principal components. For this reason, 
Gower called this method the ‘principal coordinates (PCo) 
analysis’. However, it follows from the results of Gower that 
the matrix X itself is not needed and may not even exist in 
numerical form. To calculate the principal components of a 
certain set of objects, it is enough to have a matrix of Euclidean 
distances between them obtained no matter which way. If we 
calculate the Euclidean matrix of distances between the rows 
of the matrix of principal components, then it will coincide 
with the initial matrix of Euclidean distances D. This property 
can be used to verify the calculations.

PCo is quite often used for dissimilarity matrices, for which 
it is unknown whether they are Euclidean distances between 
objects or not. In the case of non-Euclidean distances, some 
dia gonal values of the matrix Λ will be negative. Small ne ga-
tive diagonal values can sometimes arise due to the accumula-
tion of computational errors. All such “components”, as well 
as zero ones, should be excluded from consideration.

Instead of a distance matrix, one can use a matrix of any 
coefficients of similarity/dissimilarity. In this case, it is neces-
sary to apply methods of multidimensional scaling (MDS). 
The results will always be the PCs in some Euclidean space 
(Gower, 1966). PCo has another name: metric multidimen-
sional scaling abbreviated as MMDS or simply MDS. It is 
more correct to call all the multidimensional scaling methods 
‘MDS’, and apply ‘MMDS’ to PCo only.

Data. The amino acid sequence of the Homo sapiens 
Cytb gene was used (Q0ZFD6_HUMAN, Swiss Model re-
pository) (Table 1). The sequence (length N = 380) contains 
two chains at positions 19−204, 259−359 and nine transmem-
brane helices at positions 30−56, 77−98, 113−133, 140−158, 
178−200, 229−246, 288−308, 320−339, and 345−372 (https://
swissmodel.expasy.org/repository/uniprot/Q0ZFD6).

Processing. Denote N – L + 1 by NL. For L = 2, … , 24, 
the sequence Q0ZFD6 represented as SeqL matrix of size 
NL × L (Table 2 with L = 8, as an example). For each SeqL, 
the matrix AL of size NL × 20 – each amino acid content in 
the fragment and the HL vector of length NL – the fraction of 
fragment positions coinciding with transmembrane helices 
are additionally calculated. For all matrices SeqL, matrices 
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of Euclidean distances between the fragments are calculated 
(square root of the p-distance (Hamming distance) between a 
couple of fragments is used as the Euclidean distance (Efimov 
et al., 2013)).

For all matrices of Euclidean distances, its PCs are cal-
culated by the method of PCo (Gower, 1966). The matrices 
PC- SeqL, AL and the vector HL were combined into one ma-
trix, and for it, the matrix of Pearson correlation coefficients 
was calculated between all columns. Only the correlation 

coef ficients exceeding a threshold of 0.316 in absolute magni-
tude (r2 ~ 0.1, i. d. 10 %; p < 10–8) were considered. Jacobi 4 
package was used for calculations (Polunin et al., 2014).

Results
For the first principal component PC1-SeqL, the correlation 
exceeding the threshold was found with a fraction of helix 
positions (0.370 ≤ r ≤ 0.547 in the range 4 ≤ L ≤ 18; rmax = 0.547 
for L = 12), leucine content in the fragment (0.95 ≤ r in the 
range 2 ≤ L ≤ 17; r12 = 0.974), proline content (0.331 ≤ r ≤ 0.364 
in the range 9 ≤ L ≤ 14) and tyrosine content (0.318 ≤ r ≤ 0.351 
in the range 14 ≤ L ≤ 18), what is more, correlations PC1-SeqL 
with the contents of proline and tyrosine have inverse signs in 
relation of correlations with the fraction of helix positions and 
the leucine content in the fragments. The graph of PC1-SeqL 
against the background of the fraction of helix positions is 
shown in Fig. 1, the dynamics of the leucine content against 
the same background is in Fig. 2, the scatterplot of PC1-SeqL 
vs the leucine content in the fragment is shown in Fig. 3 (all 
for L = 12).

Discussion
The good correlation of the first principal component with 
a fraction of helix positions means that the similarity of the 
fragments depends on how much the fragments intersect with 
α-helices. It is known that hydrophobic amino acids are most 
often found in α-helices, and hydrophilic ones are outside 
them. Leucine is a hydrophobic amino acid, and indeed it 
appears in α-helices of humans more often than other amino 
acids. This explains the high correlation between the first 
principal component and the leucine content in the fragments. 
Note that we did not specifically look for any information 
about the amino acids content in the fragments or about the 
secondary structure of the sequence. The only thing that we 
investigated was how much the fragments coincided with each 
other by amino acids in total for all L positions. If we had set 
another measure of similarity, then perhaps we would have 
discovered some other regularity. In this case, this one is found.

PCA-Seq is certainly an exploratory method, as is its 
parti cular case SSA. For any sequence, including molecular, 
PCA-Seq without any additional assumptions allows obtaining 
its principal components in a numerical form and visualizing 
them in the form of phase portraits. Today SSA for numeri-
cal series is a huge scientific field with applications in va- 
 rious sciences. There is no doubt that the analysis of non-
nu meric sequences will become a scientific field, no less in 
scope than SSA.

It should be noted that the approach of calculation is used 
in the standard SSA through a covariation (correlation) matrix 

Table 1. The amino acid sequence of the Homo sapiens Cytb gene  
(Q0ZFD6_HUMAN, Swiss Model repository, https://swissmodel.expasy.org/repository/uniprot/Q0ZFD6)

>tr|Q0ZFD6|Q0ZFD6_HUMAN Cytochrome b OS=Homo sapiens GN=CYB

MTPMRKTNPLMKLINHSFIDLPTPSNISAWWNFGSLLGACLILQITTGLFLAMHYSPDASTAFSSIAHITRDVNYGWIIRYLHANGASMFFICLFLHIGRGLYYGS
FLYSETWNIGIILLLATMATAFMGYVLPWGQMSFWGATVITNLLSAIPYIGTDLVQWIWGGYSVDSPTLTRFFTFHFILPFIIAALATLHLLFLHETGSNNPLGITSH
SDKITFHPYYTIKDALGLLLFLLSLMTLTLFSPDLLGDPDNYTLANPLNTPPHIKPEWYFLFAYTILRSVPNKLGGVLALLLSILILAMIPILHMSKQQSMMFRPLSQ
SLYWLLAADLLILTWIGGQPVSYPFTIIGQVASVLYFTTILILMPTISLIENKMLKWA

Note: The top line is the sequence identifier, the lower line is the sequence itself. The first and last fragments of length 8 are highlighted in bold type (see Table 2).

Table 2. Takens embedding transformation  
of the amino acid sequence from Table 1

i qi–7 qi–6 qi–5 qi–4 qi–3 qi–2 qi–1 qi

   8 M T P M R K T N

   9 T P M R K T N P

10 P M R K T N P L

11 M R K T N P L M

12 R K T N P L M K

13 K T N P L M K L

14 T N P L M K L I

15 N P L M K L I N

16 P L M K L I N H

17 L M K L I N H S

18 M K L I N H S F

19 K L I N H S F I

20 L I N H S F I D

21 I N H S F I D L

22 N H S F I D L P

23 H S F I D L P T

24 S F I D L P T P

25 F I D L P T P S

26 I D L P T P S N

27 D L P T P S N I

28 L P T P S N I S

29 P T P S N I S A

30 T P S N I S A W

… … … … … … … … …

… … … … … … … … …

379 I E N K M L K W

380 E N K M L K W A
Note: The first and last rows are the first and last fragments of the sequence, 
the same as in Table 1. The number of a fragment is defined by the number of 
its last amino acid, therefore the table begins with row 8.
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only, and the MDS methods, including PCo, despite more than 
half a century-long history, are almost unknown. This gives 
reason to hope that PCA-Seq can be useful in the analysis of 
real data, especially in hypothesizing. PCA-Seq is a particu-
lar case of the geometric approach, in which any similarity/

dissimilarity relations between objects are modeled by the 
distance between points in a certain Euclidean space. In this 
case, the objects are fragments of any sequence by length L, 
including non-numeric, in particular molecular one. Orthogo-
nal rotations of the entire set of points leave the distances  

1.2

1.0

0.8

0.6

0.4

0.2

0

–0.2

–0.4

–0.6

–0.8

1.2

1.0

0.8

0.6

0.4

0.2

0

–0.2

–0.4

–0.6

–0.8

Fragment number

H12: r = 0.131; p = 0.0117
PC1-Seq12: r = 0.180; p = 0.0005

H12

PC1-Seq12

H
12

PC
1-

Se
q 1

2

0 50 100 150 200 250 300 350 400

8

7

6

5

4

3

2

1

0

–1

1.2

1.0

0.8

0.6

0.4

0.2

0

–0.2

Fragment number

        H12: r = 0.1311; p = 0.0117
Leucine: r = 0.2267; p = 0.00001

H12

Leucine

H
12 Le

uc
in

e

0 50 100 150 200 250 300 350 400

Fig. 1. PC1-Seq12 is first principal component of the Homo sapiens Cytb amino acid sequence (Q0ZFD6_HUMAN, Swiss Model 
repository) and H12 is the fraction of helix position in sequence fragments of length L = 12 (r = 0.547, N = 369, p < 10–9).

Fig. 2. Content of leucine in Homo sapiens Cytb amino acid sequence fragments (Q0ZFD6_HUMAN, Swiss Model repository) and 
H12 is the fraction of helix position in sequence fragments of length L = 12 (r = 0.499, N = 369, p < 10–9).
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between them unchanged. This allows calculating such axes, 
in the projection on which the maximum variances of the 
set of points are reached. These axes always exist, they are 
exactly the principal components. By construction, they are 
not statistically correlated with each other. 

This does not mean at all that they are meaningfully inde-
pendent. In particular, for a time series, it is a general rule that 
their PCs, despite being uncorrelated, break up into couples 
in which one component is derivative of another. When one 
component shifts from another by a quarter of a period, the 
correlation appears again. In successful cases, this allows pre-
dicting the future values of one component from the already 
known values of another and thus predicting, to some extent, 
the initial series. The sine/cosine couple is a telling example. 
Moreover, it is possible that there is a third component, as 
a rule, a trend, which, despite the lack of correlation with 
the first two, modulates their amplitude. Thus, it is a part of 
a general interconnected complex. In 3D phase space such 
components form a funnel. 

PCA-Seq is implemented in the freely distributed Jacobi 4 
package (http://jacobi4.ru/).

Conclusion
PCA-Seq is promising for processing molecular sequences – 
and then some.
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fragments (Q0ZFD6_HUMAN, Swiss Model repository) vs first principal 
component PC1-Seq12 (L = 12, r = 0.974, N = 369, p < 10–9).
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