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Ðàññìàòðèâàåòñÿ ïîòåíöèàëüíàÿ ôóíêöèÿ Êîíâåÿ ∇L(t1, . . . , tl)
óïîðÿäî÷åííîãî îðèåíòèðîâàííîãî çàöåïëåíèÿ L = L1 ∪ L2 ∪ · · · ∪
Ll ⊂ S3, êîòîðàÿ, âîîáùå ãîâîðÿ, íå îïðåäåëÿåòñÿ ïîòåíöèàëüíû-

ìè ôóíêöèÿìè Êîíâåÿ êîìïîíåíò Li è èõ èíäåêñàìè çàöåïëåíèé.

Îäíàêî, îêàçûâàåòñÿ, ÷òî ïåðâûå äâà íåíóëåâûõ ÷ëåíà ðàçëîæå-

íèÿ Òåéëîðà ôóíêöèè ∇L â òî÷êå 1 îïðåäåëÿþòñÿ òîëüêî èíäåêñà-

ìè çàöåïëåíèé. Â ðàáîòå ïðèâîäÿòñÿ äëÿ ýòèõ ÷ëåíîâ ðàçëîæåíèÿ

ôîðìóëû â òåðìèíàõ ñóìì ïî äåðåâüÿì ñ l âåðøèíàìè.
Êëþ÷åâûå ñëîâà: çàöåïëåíèå, ïîòåíöèàëüíàÿ ôóíêöèÿ Êîíâåÿ,

ðàçëîæåíèå Òåéëîðà.

Consider the Conway potential function∇L(t1, . . . , tl) of an ordered
oriented link L = L1∪L2∪ · · · ∪Ll ⊂ S3. In general this function isn`t

determined only by the linking numbers and the Conway potential

functions of the components. But the �rst two nonzero terms of the

Taylor expansion at 1 of the function ∇L can be calculated using only

the linking numbers. We give the explicit formulas for these terms by

using the summation over trees with l vertices.
Key words: link, Conway potential function, Taylor expansion.

Ïóñòü L = L1 ∪ L2 ∪ · · · ∪ Ll ⊂ S3 � óïîðÿäî÷åííîå îðèåíòèðîâàííîå
çàöåïëåíèå ñ l êîìïîíåíòàìè. Â [1] Äæ. Êîíâåé îïðåäåëèë äëÿ òàêîãî
çàöåïëåíèÿ ïîòåíöèàëüíóþ ôóíêöèþ ∇L(t1, . . . , tl) ∈ Z(t1, . . . , tl), â êî-
òîðîé êàæäîé êîìïîíåíòå çàöåïëåíèÿ ñîîòâåòñòâóåò ñâîÿ ïåðåìåííàÿ.

∗ÓÄÊ 515.162.8.
†Áóðÿê Àëåêñàíäð Þðüåâè÷ � àñï. êàô. âûñøåé ãåîìåòðèè è òîïîëîãèè ìåõ.-ìàò.

ô-òà ÌÃÓ, e-mail:buryaksh@mail.ru.

1



Íàïîìíèì ñâÿçü ôóíêöèè ∇L ñ íåêîòîðûìè äðóãèìè õîðîøî èçâåñòíû-
ìè èíâàðèàíòàìè çàöåïëåíèé. Â ñòàòüå [2] îïðåäåëÿåòñÿ ïîëèíîì Àëåê-
ñàíäåðà ∆L(t1, . . . , tl) ∈ Z[t±1

1 , . . . , t±1
l ] óïîðÿäî÷åííîãî îðèåíòèðîâàííîãî

çàöåïëåíèÿ L. Ïîëèíîì ∆L îïðåäåë¼í ëèøü ñ òî÷íîñòüþ äî óìíîæåíèÿ
íà ìîíîì âèäà ta11 ta22 . . . tall . Ïîòåíöèàëüíàÿ ôóíêöèÿ Êîíâåÿ îïðåäåëÿåò-
ñÿ îäíîçíà÷íî è ÿâëÿåòñÿ íîðìèðîâêîé ïîëèíîìà Àëåêñàíäåðà, òî÷íåå
ãîâîðÿ, ñïðàâåäëèâî ñëåäóþùåå ðàâåíñòâî (ñì. [1]):

∇L(t1, . . . , tl) =

{
∆L(t21)

t1−t−1
1

, åñëè l = 1;

∆L(t21, . . . , t
2
l ), åñëè l ≥ 2.

Ïðè l = 1 ìû âèäèì, ÷òî (t − t−1)∇L(t) ∈ Z[t±1], à åñëè l ≥ 2, òî
∇L(t1, . . . , tl) ∈ Z[t±1

1 , . . . , t±1
l ]. Äæ. Êîíâåé (ñì. [1]) îïðåäåëèë òàêæå

äëÿ íåóïîðÿäî÷åííîãî îðèåíòèðîâàííîãî çàöåïëåíèÿ L ïîëèíîì Êîíâåÿ
ΩL(t) ∈ Z[t±1], äëÿ êîòîðîãî ñïðàâåäëèâî ñëåäóþùåå ðàâåíñòâî:

∇L(t, . . . , t) =
ΩL(t)

t− t−1
.

Ñòîèò çàìåòèòü, ÷òî â ðàáîòå [1] íåò ÷åòêîãî îïðåäåëåíèÿ ôóíêöèè ∇L.
Òî÷íûå êîíñòðóêöèè ïîòåíöèàëüíîé ôóíêöèè Êîíâåÿ ìîæíî íàéòè, íà-
ïðèìåð, â ðàáîòàõ [3],[4].

Äëÿ ïðîèçâîëüíîé ôóíêöèè F ∈ Z[t±1
1 , . . . , t±1

l ] ïóñòü F̃ (t1, . . . , tl) =

F (1 + t1, . . . , 1 + tl), à ÷åðåç F̃
(i) îáîçíà÷èì îäíîðîäíóþ êîìïîíåíòó ñòå-

ïåíè i ðàçëîæåíèÿ ôóíêöèè F̃ â ñòåïåííîé ðÿä ñ öåíòðîì â 0. Ïóñòü lij
� èíäåêñ çàöåïëåíèÿ êîìïîíåíò Li è Lj. Ïóñòü Tl � ìíîæåñòâî äåðåâüåâ
ñ l ïðîíóìåðîâàííûìè âåðøèíàìè. Äëÿ T ∈ Tl îáîçíà÷èì ÷åðåç vi(T )
âàëåíòíîñòü i-é âåðøèíû äåðåâà T , à ïðè i 6= j ïîëîæèì

eij(T ) =

{
lij, åñëè âåðøèíû i è j ñîåäèíåíû ðåáðîì;

1 èíà÷å.

Ïóñòü w(T ) =
∏

i<j eij(T ). Õîðîøî èçâåñòíî, ÷òî åñëè l = 1, òî

ΩL(1) = 1, Ω′L(1) = 0. (1)

Îáîáùåíèåì ýòîãî ôàêòà ñëóæèò ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà. Ïóñòü l ≥ 2, òîãäà
à) ∇̃(i)

L = 0 ïðè i < l − 2 è l ≥ 3;

á) ∇̃(l−2)
L = 2l−2

∑
T∈Tl w(T )

∏l
i=1 t

vi(T )−1
i ;

â) ∇̃(l−1)
L (t1, . . . , tl) = −1

2

(∑l
i=1 t

2
i

∂
∂ti

)
∇̃(l−2)

L (t1, . . . , tl).
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Äîêàçàòåëüñòâî. Äîêàæåì ïï. à è á ïî èíäóêöèè. Ïóñòü l = 2. Íóæíî
äîêàçàòü, ÷òî ∇L(1, 1) = l12. Èìååò ìåñòî ôîðìóëà Òîððåñà (ñì. [5, 1, 3,
4])

∇L|ti=1 =

(∏
j 6=i

t
lji
j −

∏
j 6=i

t
−lji
j

)
∇L\Li

(t1, . . . , ti−1, ti+1, . . . , tl).

Ïðè l = 2 èç íåå ñëåäóåò, ÷òî

∇L(1, t2) =
(
tl122 − t−l122

)
∇L\L1(t2) =

(
l12−1∑
i=0

t2i+1−l12
2

)(
t2 − t−1

2

)
∇L\L1(t2) =

=

(
l12−1∑
i=0

t2i+1−l12
2

)
ΩL\L1(t2).

Ïðèìåíèâ (1), ïîëó÷àåì ∇L(1, 1) = l12. Ïóñòü òåïåðü l ≥ 3. Èç ôîðìóëû
Òîððåñà ñëåäóåò, ÷òî

∇̃L

∣∣∣
ti=0

=

(
2
∑
j 6=i

ljitj + O(t2)

)
∇̃L\Li

(t1, . . . , ti−1, ti+1, . . . , tl). (2)

Èç (2) è ïðåäïîëîæåíèÿ èíäóêöèè ñðàçó ïîëó÷àåì ï. à. Â êàæäûé ìîíîì

èç ∇̃(l−2)
L íå âõîäèò êàêàÿ-ëèáî ïåðåìåííàÿ, ïîýòîìó äëÿ ïðîâåäåíèÿ øàãà

èíäóêöèè â äîêàçàòåëüñòâå ï. á äîñòàòî÷íî ïîêàçàòü, ÷òî äëÿ ëþáîãî i

∇̃(l−2)
L

∣∣∣
ti=0

=

(
2l−2

∑
T∈Tl

w(T )
l∏

i=1

t
vi(T )−1
i

)∣∣∣∣∣
ti=0

⇔

⇔ ∇̃(l−2)
L

∣∣∣
ti=0

= 2

(∑
j 6=i

ljitj

)2l−3
∑

T∈Tl−1

w(T )
∏
j 6=i

t
vj(T )−1
j

 . (3)

Â ïîñëåäíåì ðàâåíñòâå ñóììèðîâàíèå èäåò ïî âñåì äåðåâüÿì, ïðîõîäÿ-
ùèì ÷åðåç âñå âåðøèíû, çà èñêëþ÷åíèåì i-é. Ýòî ðàâåíñòâî âûïîëíåíî
â ñèëó (2) è ïðåäïîëîæåíèÿ èíäóêöèè. Òàêèì îáðàçîì, ï. á äîêàçàí.
Äîêàæåì â. Âîñïîëüçóåìñÿ ñèììåòðèåé ôóíêöèè Êîíâåÿ (ñì. [1, 3, 4]):

∇L(t−1
1 , . . . , t−1

l ) = (−1)l∇L(t1, . . . , tl)⇔

⇔ (−1)l∇̃L

(
− t1

1 + t1
, . . . ,− tl

1 + tl

)
= ∇̃L(t1, . . . , tl).
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Îòñþäà ñëåäóåò, ÷òî

∇̃(l−2)
L (t1, . . . , tl) + ∇̃(l−1)

L (t1, . . . , tl) =

= (−1)l∇̃(l−2)
L (−t1 + t21, . . . ,−tl + t2l ) + (−1)l∇̃(l−1)

L (−t1, . . . ,−tl) + O(tl),

çíà÷èò,

2∇̃(l−1)
L (t1, . . . , tl) = ∇̃(l−2)

L (t1(1− t1), . . . , tl(1− tl))− ∇̃(l−2)
L (t1, . . . , tl) + O(tl).

Â ñèëó ïîñëåäíåãî ðàâåíñòâà ï. â î÷åâèäåí.

Ôîðìóëó äëÿ ∇̃(l−1)
L (t1, . . . , tl) ìîæíî òàêæå íàïèñàòü â âèäå ñóììû

ïî äåðåâüÿì ñëåäóþùèì îáðàçîì. Ïóñòü T 1
l � ìíîæåñòâî äåðåâüåâ ñ l

ïðîíóìåðîâàííûìè âåðøèíàìè, ó êîòîðûõ îäíà âåðøèíà âûäåëåíà. Äëÿ
T ∈ T 1

l îáîçíà÷èì ÷åðåç q(T ) íîìåð âûäåëåííîé âåðøèíû.

Ñëåäñòâèå. Åñëè l ≥ 2, òî

∇̃(l−1)
L (t1, . . . , tl) = −2l−3

∑
T∈T 1

l

(vq(T ) − 1)w(T )tq(T )

l∏
i=1

t
vi(T )−1
i .

Çàìå÷àíèå. Ââåäåì (l × l)-ìàòðèöó A = (aij), ãäå

aij =

{
−
∑

k 6=i liktitk, åñëè i = j;

lijtitj, åñëè i 6= j.

Ïóñòü Aij � àëãåáðàè÷åñêîå äîïîëíåíèå ê ýëåìåíòó aij. Òîãäà (ñì. [6])
äëÿ ëþáûõ i è j

Aij = (−1)l−1
∑
T∈Tl

w(T )
l∏

i=1

t
vi(T )
i .

Çíà÷èò,

∇̃(l−2)
L (t1, . . . , tl) = 2l−2(−1)l−1Aij

l∏
k=1

t−1
k .

Àâòîð ïðèíîñèò áëàãîäàðíîñòü ïðîôåññîðó Ñ. Ì. Ãóñåéí-Çàäå çà êîí-
ñòðóêòèâíûå èäåè è ïîëåçíûå îáñóæäåíèÿ, à òàêæå ðåöåíçåíòó çà âàæ-
íûå çàìå÷àíèÿ.
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