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ABSTRACT. In our recent paper we proved the polynomiality of
a Poisson bracket for a class of infinite-dimensional Hamiltonian
systems of PDE’s associated to semi-simple Frobenius structures.
In the conformal (homogeneous) case, these systems are exactly the
hierarchies of Dubrovin-Zhang, and the bracket is the first Poisson
structure of their hierarchy.

Our approach was based on a very involved computation of a
deformation formula for the bracket with respect to the Givental-
Y .-P. Lee Lie algebra action. In this paper, we discuss the structure
of that deformation formula. In particular, we reprove it using
a deformation formula for weak quasi-Miura transformation that
relates our hierarchy of PDE’s with its dispersionless limit.
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1. INTRODUCTION

In [3], Dubrovin and Zhang proposed an axiomatic construction of
a bi-Hamiltonian integrable hierarchy on the loop space of a confomal
semi-simple Frobenius manifold. In [1], we have proposed a simple con-
struction that associates an infinite Hamiltonian system of PDEs to an
arbitrary cohomological field theory under some analytic assumptions
on its partition function. In the conformal semi-simple case both con-
structions give the same system of PDEs, though it is clear that the
second one is in some sense weaker since it requires more input and
says nothing about integrability. Still it has a big advantage that it is
applied in a much more general case.

One of the key concepts in both constructions is a weakened version
of a Miura transformation, so-called quasi-Miura transformation (or
even weak quasi-Miura transformation in non-homogeneous case), that
is, a change of coordinates on the loop space. Namely, in order to
obtain a Poisson bracket, we have to apply a change of coordinates to
the fixed local operator 0,. The weak quasi-Miura transformation, of
course, depends on the particular cohomological field theory that we
started with.

The key property of that Poisson bracket, conjectured in [3] and
proved in [1], is the fact that its expansion in a dispersion parameter A
is polynomial in the derivatives of the dependent variables for all semi-
simple Frobenius structures. It was proved using the known results for
the n copies of KAV hierarchy and an explicit formula for Givental-Lee
infinitesimal deformations of the bracket. Let us recall that the Given-
tal group acts transitively on the space of all semi-simple Frobenius
structures in a fixed dimension n and it allows to transfer the results
established for a particular Frobenius structure to the whole orbit of
its action.

The main trouble with the Poisson bracket in [1] is that we were
able to work with it only using the property that it is the unique
operator that takes a given set of Hamiltonians into the equations of
the hierarchy, together with a detailed study of the Hamiltonians and
equations. This very indirect approach gives a remarkably complicated
formula for the Givental-Lee deformations of the bracket that, at the
first glance, has no nice structure at all and is obtained through a
sequence of really complicated calculations that just occassionaly give
a concise answer. Also this approach says nothing about the quasi-
Miura transformations, and, therefore, gives no new tools to study the
second bracket of Dubrovin and Zhang.

The purpose of this paper is to revisit the deformation formula for
the bracket in [1]. That is, we obtain a nice deformation formula for
the weak quasi-Miura transformation and use it to give an alternative,
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more conceptual proof for the deformation formula of the bracket. Of
course, the paper is therefore unavoidably very technical.

1.1. Organization of the paper. In Section 2 we recall all basic
concepts that we need in this paper, that is, we introduce the neces-
sary minimum of variational calculus, main properties of cohomological
field theories, the construction of the Dubrovin-Zhang hierarchies, and
Givental deformations of CohFTs. In Section 3 we compute the infin-
itesimal deformations of the quasi-Miura transformations with respect
to the Lie algebra of the Givental group. In Section 4 we use the results
of Section 3 in order to revisit the deformation formulas for the Poisson
bracket of the Dubrovin-Zhang hierarchies that we first obtained in [1].

1.2. Acknowledgement. A. B. and S. S. were supported by a Vidi
grant of the Netherlands Organization fo Scientific Research. A. B.
was also partially supported by the grants RFBR-10-01-00678, NSh-
8462.2010.1, and the Moebius Contest Foundation for Young Scientists.

2. BASIC CONCEPTS

In this section we briefly recall the setup of [1]. Throughout, we con-
sider a vector space V' of dimension s equipped with an inner product
(, ). We fix an orthonormal basis {e,}, « = 1,... s, and write 1 for
the element > " _ | e,.

2.1. The variational calculus. Let B be some open ball in V. We
consider the formal jet space J°°(S!, B) of maps from S! to B, and
denote a typical element of it by u = (uq0, Ua,1, Ua2; - - ), Where Uq i 1=
OFuy /0%, k > 1. The Poisson bracket on this formal jet space is
defined on the space of functionals of the form

(1) F(u) = }{f(as,ua,uml,...)da:

where z € S and

(2) f($7uaaua,1,---) :thfk(llf,ua,uo“l,...)

k=0

is a formal power series where in each degree k, the function f; depends
smoothly on x and a finite number w, ;. The nice case is when each
fr is a polynomial in the variables u,;, ¢ > 1 of degree 2k, where
deg(ua,i) = 1.

The total derivative acting on such functionals is defined as

_of of
(3) Onf =5+ 21; By
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and § 0, fdx = 0. The variational derivative is given by
0f N~ qyens OF
(4) —— = (=1)°) :

The natural group of coordinate transformations acting on this for-
mal loop space is given by tranformations of the form

(5) Uy > Uy = Z thayk(ua, ceyUanmy), det (8Ga,0> £ 0.
k=0

a’u,g

In case each Gy, is a polynomial of degree 2k in the variables u, ;, © > 1
(and therefore depends only on g, U 1, - - - , Ua2k), this is called a Miura
transformation. When G, is merely a rational function of degree 2k
(and therefore may depend on higher derivatives than u, o), it is called
a quasi-Miura transformation. We shall refer to the general case, where
each Gy, is a function of a finite number of variables (u,, ..., Uan, ), as
a weak quasi-Miura transformation.

The following Lemma is very useful in many of the calculations later
on:

Lemma 1. For an arbitrary function U and for any a = 1,...,s, we
have:

© oY g3

Proof. A straightforward calculation (we use only that 0, 0 0/0u, s =
0/0uq.s © O — 0/0ua 5—1)1

0 Za e aaU 88+1

oo

= 0(0 . ou ., — .
:Z 3 s am—8:18 O: F ZauasaH
(

uasl

g

For any weak quasi-miura transformation as in Equation (5), we
introduce the differential operator

(o]
Ol

8U5 s

(8) g = o2

and its formal adjoint

() (L) =S (~0,) 0 Do

s=0 auﬁ’s
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Using the formal adjoint of the equality of Lemma 1, one easily shows
that

(10) S (L)oo =0

2.2. Cohomological field theories. We refer to [7, 12, 13] for an in-
troduction to cohomological field theories. Here we are only interested
in the associated partition function which is a formal power series

(11) Z<t07t1a - ) = exXp (Z hg_ng(t07t17 s )) )
g=0

where ¢, = {t14,...,tsx}, kK = 0,1,2,..., are the components of a
vector t = Y tareaz’ of V @ C[[z]]. We shall always assume that
hlog Z is analyfic in the variables t; and a formal power series in A and
tak, k> 1.

The structure of a CohF'T implies that Z satsisfies the following two
properties (see, e. g., [4, 8]):

e / is tame in the sense that

0?F,
Otg 0t 4

Oui(Fy) =0, g>1,k>3¢g—2, a=1,...,s,

(12) Oa,k< >:0, k>0 a=1,...,s,

where the formal vector fields O, are recursively defined in
terms of Fy by

o = PF,
O 1= _ _ 70 Oppin
5= ;g%i%o ki1

Equations (12) are called the topological recursion relations.
e / satisfies the string equation, that is, for each ¢ > 0

OF, OF, 040
14 =N ¢, g4 22N 42
(14) Dtro z’; 7k+18tu,k + 9 Za: 0

v,

We do not impose any kind of homogeneity, in which case the coho-
mological field theory would be called conformal. This means that the
underlying Frobenius manifold is not required to have an FKuler vector
field. The reason for this is that homogeneity is not well compatible
with the action of the Givental group, cf. Section 2.4 below.
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2.3. The principal and full hierarchies. Here we describe one of
the core constructions of [3, 1], the construction of two Hamiltonian
hierarchies of PDE’s associated to a CohFT. First, we introduce the
notation

- O*F,
(15) Qapipg = ) ﬁgat—g
g=0

and write Q[O?]p, 5.4 for the constant term in 7 in this formal power series.

We also introduce new coordinates

9" Qo010
(16) W = ———7—
oty o

a,patﬁ,q ’

Again, this is a formal power series in h and we write w, ; = Vo, +O(h).
The v, are the coordinates of the principal hierarchy that we now
describe.

In genus zero (g = 0), it follows from the topological recursion rela-

tion and the string equation that Qf}p;g,q(to, t,...) = Q([S}p;ﬂ’q(v, 0,...)

depends only on v, = v40. With this fact, the principal hierarchy is
defined as

8’Ua [0]
= e =1,... > 0.
(17) at,qu 893 <Qa,0;ﬁ7q(vv Oa 07 )> ) B 17 S, q - O

It can be shown, cf. [1, Proposition 5|, that this is a Hamiltonian system

of PDE’s with the Hamiltonians given by h[o?,]p = QQ?}OWH, and the
Poisson bracket

(18) {F,G} = 7{2 %816—961:&

Vg,

For the full hierarchy, we have to use the coordinates wg, . It follows
from the higher genus topological recursion relations that the coordi-
nate transformation

(19) Vg > Wo =V +§:hgﬂ
« a — Va g (91511,0(975,1,0’

is a weak quasi-Miura transformation. That is, in each degree k of A,
the Q, .3, depends only on a finite number of variables w = (w, wy, . . .,
wsg). With this, the hierarchy associated to a CohFT is defined as

(20) = (9x (Qmo;ﬂ’q(w, Wi, Wa, . .. ))

Otsq
This system of PDE’s comes with a tautological solution called the
topological solution and given by w,(z,t) := wa(tg + x,t1,...) where
we shift along ty o with z, so that w,; = 0w, consistent with (16).
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To discuss the Hamiltonian structure of this hierarchy, we use the
coordinate change v, — w,, which we implement using the operator

(21) L3 = Z Oa e

82)5 s

With this operator, we define the Poisson bracket of the full hierarchy
as

(22) {F,G} := f Z

The Hamiltonians are defined by hq p := Qg pt1,1,0- Since 9/0ty 9 = 0y,
these are just the Hamiltonians of the principal hierarchy, deformed by
an J,-exact term. With this, and the equality (10), we compute:

(L)° 99
v 5w[3

he, .5 Oh
@) {HopHoah = § 3 G200, (1)) G2
v,6,v
* 6h[0(4)p 5h/[5?]q
7{2 (L*) . (LF)] S dx

v,6,v
[0]
5h£% hﬁq
E dx =0,
ov, 5@7

where in the last line we have used the fact that the h[o?]p are the Hamil-
tonians of the principal hierarchy.
Useful expositions of these constructions are also available in [2, 11].

2.4. The Givental group. The action of the Givental group on co-
homological field theories is best described in terms of its Lie algebra.
This Lie algebra splits into two parts, the upper (resp., lower) triangu-
lar part g, (resp., g_), defined as

(24) g+ := {u(z) = Zukzik, up € End(V), u(—2)" +u(z) = O} :

k>0

Explicit formulas for the action can conveniently be given by defining
Qap = tap — Op1, introducing ¢, , for p < 0, and redefining

(25) Fy:=Fy+ Z(_lyqu,iqu,—l—i-

>0

With this alteration of Fp, the same formula leads to a new partition
function Z and F' = hlog Z.
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The action of the upper triangular part on this partition function is
given by associating to r¢z¢, £ > 1, the formal differential operator

(20) S |2 3 Mazz -
26 Ty = T)ap | = a—1-i0
a,f3 ’ 2 it+j=0—1 aqalaqﬂd 8Qﬂ€ 1—3
—00<1,j <00
1 Jj+1
+§i (=) qa,-1-i95,-1-;
itj=t—1
0,5>0

To see that this operator coincides with the one given in [9] is a small
computation where one uses that the factor by which Fj is shifted in
(25) allows to turn the operator of multiplication by g, ¢ > 0, into
the derivation (—1)'9/0¢a, 1.

The action of the lower triangular part is given by the formal vector
field

(27) S E (s0) h E: =n+o? Z Ga,—1-:0
S( = Sz Ot,ﬁ -
—00<1,j <00

associated to the element s,27¢, ¢ > 1.

We rewrite the operators 7, and §; in this, a bit unusual way, in order
to shorten the computations below (cf. [1, Remarks 8 and 10]). In fact,
all but the first summands in Equations (26) and (27) obviously do
not contribute to the deformation formulas below; formally it can be
derived, for instance, as a corollary of Lemma 3 in Section 3.

We refer to [5, 6, 9, 12] for different expositions and further details
of the Givental theory.

3. DEFORMATION OF QUASI-MIURA TRANSFORMATION

3.1. The r-deformation formula. In this section, we prove a formula
for the r-deformation of the weak quasi-Miura transformation given by
the operator L§ := Y L§ 05, where L§ , = 0w, /v,

By r[w]., r[v]., r[t]. we denote the r,-deformations in the correspond-
ing coordinates. We use the same notation also for s,-deformations
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Theorem 2. We have:

(28) ZL“ szz—agw]wﬂ oo Zm 0

n=0
o A O(rt]-vy) o
-3 pgane Y 2y
—0 n
S rlfts o
— U Ws.m
m,s=0 ’ Ow Ws,m

Proof. The proof is a straightforward computation. Indeed, the chain
rule implies that

OL%
@ e B,s
(29) r[w].Lﬁys = r[v].Lﬂ,s — g r{v].wsm s

o,m

Using that r[v]. commutes with 0/0vg s and the chain rule

(30) r[v]wsm = Tt wsm — Y [ty

v,l

8w5,m
8?},,71

for any values of (§,m), including (a,0), we see that the right hand
side of Equation (29) is equal to

(31) 02}85 : (T[t].wa — Z r[t].v%naav—lio;)

’Y’n

OWs m 0 Ow,
- ;n: (T[t]'w&m - Zr[t] Uyl avyl ) aw&m <8v575)

v,l

Note that

Qs O Ow, P*wq
2 E , — ,
(3 ) S c%%l 0w5,m 81)575 87}575(%%1

Therefore, we have
(33)

o O(r[t]wg) O(r[t].vy.n) Ow, 0 Ow,
T[w].L'B’S N 8@5,5 Z 8@5,8 van Z’T’[t].w(s’m aw(;,m 81}5,8

Lemma 1 implies that this formula is equivalent to the Equation (28).
U

3.2. Finite dependence on variables v and w. There is a problem
with the deformation formula given by Equation (28). It is not obvious
that under this deformation the operator is still well-defined on the
class of functions depending on a finite number of variables v and w
in every term of h-expansion and it is not obvious that under this
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deformation the coefficients of the operator still themselves depend on
a finite number of variables v and w.

Indeed,
RS : o (0F, 0F,
(34) T[t].’l}a - = (—1)Z+1 (’l"g) ” 896
2 Z:ZI itj=l—1 " 000 \ O Odu;
wv
- : Ey Ov
= Z (_1)H1 (W)W g—oav + good terms ,
(=1 itj=l—1 Qu,i Ou.j
wv

where by “good” terms we mean the summand that depends on a finite
number of variables vg,. We recall that the function 0F,/0dq,; doesn’t
behave nicely in coordinates v. In the same way, we have:

OF, Ow,
(35) r[t]w Z Z 1) w3 O‘ 8w -+ good terms .
=1 i+j=I-1 q“’z q”’]
(TR

We can collect here all the “bad” terms that potentially cause the
problems with finite dependance on v and w:

a(;ﬁo 8wa> 8<§F0 (;911“/>
Qi oqu,j qpsi 0qu,;

36 s L% %o o
( ) Z aw%n ﬁ sV Z v, av,@,n T

AL Y,M,8

aﬁ’O awém aLgs

as
aQ,u, aQV] aw&m

o,m

Before we’ll take care of these “bad” terms, let us prove a more
general statement about this kind of formulas.

Lemma 3. For any function U and for any variable ¢ = q,;, v and j
are some arbitrary indices, we have:

(37)
0 (U e 0(U%
> <wi’) o L300 = Y L, 0 gv;:>a:
v,n,s ) .S s

Ows O Py Ow, (Z ()G;Uav;); > s
B Z Vo dq 8w5 B Z vy, Ovg,s %
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Proof. The proof is a straignforward computation. Indeed,

(38)

Owsm OLG . _ oLg, . 9 [ Ows OGsm \ s
2. U0 s = 22U % = 2V Gy 9 )

o,m,s s d,m,s aq&m 61}578

::E:a(y&w> s ZawaaU Otiim o

aQ&m 37}5, dq 3Q6m 37}58

6,m,s

Z 8U)oz Z GQ(sm avur aQ)\,p o°
avu r aq}\ P 80575 !

6,m,s Q6 m v,r\,p
Owg Ovy,r
a (U 9 ) s 8wa (U 9% > S
=> 03 a;.
- 0vg s = ov,, Ovgg

Using Lemma 1, we see that the first summand here is equal to the
first summand on the left hand side of Equation (37). Meanwhile,
using Lemma 1 once again, we see that

(39) —Z&%Nww>— ng;ﬂﬁﬁw

o Ov,,  Ovgg =~ % Jvg p,
BUV r—i
6wa 0 (Z ( )8;3 0q >as
c%l,,r 811575 v

v,T,S

which is exactly the second summand on the left hand side of Equa-
tion (37) and the right hand side of that equation. d

Corollary 4. Formula (36) is equal to

T r\ 9i—1 (0] vy,r—i
ow, J (Zizl ()ax Qim0 v, ) s
a;.
vy, g,

(40) -

A7,

The coefficients of this operator depend on a finite number of the vari-
ables v and w in every term of the h-expansion.

This proves, in particular, that the deformation formula (28) pre-
serves the class of operators that are well-defined on the space of func-
tions depending on a finite number of variables v and w in each term
of the h-expansion.

3.3. The s-deformation formula. In this section, we prove a formula
for the s-deformation of the weak quasi-Miura transformation L§ :=
> aco LG 405, where LG . = 0w, /Ovg,s.
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Theorem 5. We have:

(41) swl. ZL;S&; = —Z (s1) 51— ZLO‘ -
5=0 0

Proof. The proof is again a straightforward computation. As in the
case of r-deformation, we use the chain rule:

OL%
a « B,s
(42) s[w].L@S = s[v].L@S — E s[v].wsm Tosm”

om

One can easily compute that s[v].w, = (s1),1 — D>, (51)y10w,/0v,.
Using this and the fact that s[v]. commutes with 0/0vg s, we obtain

03 8 &
(43) s[v].Lg, = — zy:(sl)%]lMLﬂ,S
OLY oL ow OoLg
B,s Bys o,m Brs
; ) O s ;(81)5,]1 ws o ,,(szm(Sl)y’ﬂ vy0 OWs

The difference of these two expressions is equal to the right hand side
of Equation (41). O

4. THE DEFORMATION FORMULA

Let us recall the deformation formula for the bracket. We use the
following notations:

) 0 0

(44) O¢ = Fur = nz;(_ax) o P
. > /n ok 0

Ter = nZ:O (k’>( 6" " Owen

We use the convention that (Z) =0ifn>0and k<0or k >n.
In the case of r-deformations, we have in [1] the following formula:

(45) Z A55 as_ Z <_1)i+1(t8)yu[

s=1 i+j=0—-1

0, >
D Quowy Z — L8000 N " ATEO;

ow
o s>1,¢

B:&
m -y (”“)ammwaaszwoz 04" o

¥,m a+b=n s>1,€ ’yn

M)+ > A ST 0 0 Q0 OZT Qi 0 —0x)""

s>1,y fte=s—1
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Qi
(IV) + Q,B,O;V,j Z a — s 1 0 Z A’Y 585
v,n

aw%” s>1,6
Py aree 3 (
s>1yy 0<u<v

W (1) T (-0 ol 00

v + 1 v—Uu U
v = () 0 i T Busa(-00 )
S

(VH) + Z AEW Z (e) 655“/910;%]'8:]; © Qu,i;E,Oa’v

s>1y e+ f=s—1
(VII) = 0, Q0051 > Z ) Oy Qa0 0 > AVOS

v,m u=0 s=1
(IX) = 0:Qpowjo1 Z ) (A6, Qpiin0) O
v 2<f<s

h aQﬁoﬂlVJ n Y,€ Qs

(X) +§<8IOZ ows “ow,, O ZA &
¥,m s>1

(XD) 4+ Y AP0 Y T (—0:)™

s>1,y m=0

n+1 s S

(XII) ZZ& Q““”Zaukﬁ)]

n=0 ( s>1
¢=1,2,3,.... In the case of s-deformations, the formula looks like

- DA%
B¢ _ s

(46) Z; (Zs JLAS ) ; <;(sl>ﬂawvo) .

We are going to reprove these formulas using Theorems 2 and 5.

4.1. The r-deformation formula.

Theorem 6. Let L be the operator of quasi-Miura tranformation dis-
cussed in Section 3. Then the deformation formula

(47) > rwl.LEody o (L), + ) L5 ody o (rlw].L*);

«

is equal to the right hand side of Equation (45).

The proof of this theorem is based on several easy observations about
the structure of the deformation formula (28). It is just a sequence of
very straightforward computations in Sections 4.2- 4.5, where the origin



14 A. BURYAK, H. POSTHUMA, AND S. SHADRIN

and the meaning of each term in Equation (45) becomes completely
clear.

In order to simplify the exposition of our calculations, we split the
formula (47) into several summands that are not well-defined as oper-
ators actions on a class of functions whose coefficients depend on an
finite number of variables v and w. We work with these summands
independently. So, according to Corollary 4, only the total sum of all
our operators (whatever they turn out to be in our computations) is a
well-defined operator whose coefficients depend on a finite numbers of
variables v and w in each term of h-expansion.

4.2. Internal terms. Let us begin with the following two terms that
come from the second summand on the right hand side of Equation (28):

(48) Lg o Z %:}:’0 09?00, o (L*)i
p=>0 ’
or(t].veo ¢
+ Lg 00,0 (—0y)P 0 ———=o (L"),
; 0Vap

We call these terms “internal” since they have a form of the same
quasi-Miura transformation of a deformed operator that depends only
on genus 0 data. This sum is equal to zero because of the following
lemma.

Lemma 7. We have:

(49) Uao 08, + 0, OZ( 3x)poM:0.

p>0 8 5’17 p>0 avaap

Proof. We use that

50)  rllves =530 X (U s (m, aFO)

1>1 i+j=l—1 aq(%() aqu,’b aQV,J
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(and below we usually omit =, 37, ., 1 (—=1)"*'(r1), for briefness).
Using Lemma 1 and the topological recursion relation we have:

o (2
(51) Z 87”[ ] Vq, Oa a o Z (8(];1,,1' an”:J) ag

p>0 /Uﬁvp p>0 avﬁvp
o (40 OFy < 00,
=0, OQESOZI,‘] Z Ay, ag_'_ax o 0 8a,O;V,J (95
o€} 0N}
0,00l 0570 30 Pty 1., o 0 Pl
’ p>0 Jug, 0qui 8@570
o0 oF, o0l
= 0,000,070 —ai(m 0, 05 0
8.0 Qp.i Uﬁo
oF, 90
— 0,0 Q0 ool 49,0 Ll
© o, 00,5 7 x o B,O,,u,z—1+ 8%1, 87},6’,0
In the same way,
or(t].vso
52 —0p)P o ———=
(52 (0o g
p=>0 ’
(0] [0] a1310 an)]O v,
_Qa(]u,j 18 OQ,BO,uza aq,u,iTaOa

Therefore the left hand side of Equation (49) is equal to

I 0 o (0]
(53) 0,0 (2P0 Puvus _ OF M50y )
’ &Zu i 31}5 0 aqu i ava,O ’
0 0]
+8IOQ([1]OVjoa Q[ﬂo,u,z 10850
050 Ul g1 00,1 0 Qi 0 O
Here the first line is equal to zero just because
[0] o =
dug,o 8%,0  06,,1040,004,0
Qy,0=0~,0,q~,>1=0

The second and the third lines have exactly the same summands when
we take the sum over all i + 7 = [ — 1, but one of them comes with
the sign (—1)"*! while the other one appears with the sign (—1)¢=D+1,
Therefore, they cancel each other when we take the sum over all i+ 7 =
[—1. 0

4.3. External terms. In this section we compute the two terms com-
ing from the first summand on the right hand side of Equation (28).
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In terms of the operator A = Y, A%05 = 3 L} 0 9, o (L)}, they
can be written as

) 3 205 a4 3 e Yo, 210

¥,n S v,8 Y,m aw%n
Lemma 8. Formula (55) is equivalent to the sum of the lines (1), (111),

(1V), (V), (VI), (VII), (VI), (IX), (X), and (XI) on the right hand
side of Equation (45) and the following extra terms:

) Y Y (D g

I>1 i+j=I—1

(g;ii)an oATf@j + ZAEP@; o (_ax)n o (%)

=~ ow, ,, =~ Ow
Proof. We use that
(57) rlt]wao
) - -
=53 X 0 ‘“’axgq P <£JF aiF +haqagq )
I>1 itj=l—1 a psi v, j 1,10y,

(and below we usually omit 7,0, 37, ., 1 (—=1)"*' (1), for briefness).
Using Lemma 1 we see that

A(r[t]wg) ., OF n
(58) ZTW‘? =0 OZaww WQ%J’;@O 9,

n Bt

4+ = 5’ OZawaBO

ow. p,

The composition of the second summand here and the operator A gives
exactly the line (X) in Equation (45). The composition of the first
summand here and the operator A is equal to

50 005 5 (e X
v 10,8

s>1

o [ oF
:(I)+(IV)+Zaw ( E)ngo)a 0y Ak
n v,m

aq“ @ s>1
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Moreover,
(60) (9 Q.80 0y 0 A%(‘?S
Z@wyn 8%” 33650 ;
oF 0
= (0:82,.50) O © Avfas
Z 0q,,i (9w7 n 3 ;
0,0 5005 me“ o3 Arcer
xS v,5;8,0V aw'yn = S x*

Using skewsymmetry of A, that is, > o, A7°05 = — ZS>1( )% 0 A,
the fact that 3" ., (—9,)* " 0 A6, 1.0 = Qi 160, and the obvious
equation 9o X -9,Y = XY —9108,X -V, we see that the last
summand on the right hand side of Equation (60) is equal to

(61) (VIID) + (IX) — 0. .5.00; " © Q0.1 © Os.
On the other hand,
h O, i i
(62) D AT 0D D (~0u)" 0 =R o (~0,)
v,8 n T

is equal to the line (XI) in Equation (45). This follows directly from
the definition of the operator 75 ,,. Meanwhile,

. 9 [oF
63) Y ATG Y (-0 o 5 (—su) (~2,)
v,8 n Tn

0,5

=S AP0 (a0 B g 0, (~0,)

Ow.

OF 99
By Qs o n VJfO
+ZAS axozn:( 8$) aquz aw’yn ( 833)

For the first summand we try, using the Leibniz rule for 9,, to move
9% 0 (—0,)™ to 9. This gives

0
6 AT Y (oo T 00, ()
n n
= (V) + (VID) + > AP930, nQiin 00, © Qe o(—0a)
v,8

= (V) + (VII) + 0:Qpi-1,8.00, " © Qujieo(—0y).-

Observe that the last summand here cancels the last summand in for-
mula (61).

The second summand on the right hand side of Equation (63) we
treat in the same way as the first summand: we apply the Leibniz rule
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to each factor in 92 o (—0,)" trying to hit 9 /9q,;. We have:

. OF 09,
Z A?Vaz o Z(—ax) 8(] 811)] £ 0( a'r)
» i v.n

OF 00, ;.
— (VI AP O\ o Z2tmdi€0
(VD + 2, A0 0 g D (0" o T3 TR (=00)

n

= (VI) + (II1) + % > AP0 (—0,)" o M(—ax).
20 s

n Oy

Using Lemma 1, wee see that the last term in Equation (65) and the
first term on the right hand side of Equation (60) are exactly the extra
terms (56) in the statement of the lemma. O

4.4. Extra terms. In this section, we deal with the terms coming from
the third summand on the right hand side of Equation (28). First of
all, observe that the operator ) 07U o d/0u, commutes with d, (we
use here notations of Lemma 1, that is, U is an arbitrary function and
uy, are either the variables v, , or w,, for some «). This means that
the two terms coming from the third summand on the right hand side
of Equation (28) can be written in terms of the operator Y ., A%05 =

Y Lg 00,0 (L*)i as

(66) —Zr wynzﬁwvn
¥,

Lemma 9. Formula (66) is equivalent to the sum of the lines (1)
and (XII) on the right hand side of Equation (45) and the following
extra term:

(67) _Z Z 1)+ (r, Waé; Z ow,,, DAL o,

0 ow
I>1 i+j=I—1 Qv.j T

Proof. The proof is a short Stralghtforward computation. Indeed,
(68)

=l oA (’Mfg o,

v,n,8
v , DA%
) Z Z ) Z 8$+IQM7i;V1j;700w %
l>]- ’L+] -1 Y,M,S y,n
OF 9ABE
H‘l n+1 5> Aas
o Z Z Tl [ald Z aa: < Qu,j;'y,0> 8
1>1 itj=l—1 s Oq,i oWy *
ow., , A%
H'l vn s s
XH Z Z 7"[ v aq Z 3q,,] awma .

1>1 i+j=l-1
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g

4.5. Proof of Theorem 6. The theorem is almost proved above, that
is, we have already derived all summand on the right hand side of Equa-
tion (45). But in the course of computations we got some additional
terms given by formulas (56) and (67). Let us recollect them here:

o Jwg
(69) Z Z 1)+ /w OF Z Mag o A%0:

I>1 itj=I—1 e Owy.
( ) Ow,, DA
aq"'j w’Y n S S
+ AP 0 (O o ——0 7 o 7 7s
’; s Yz ( m) aw%n —~ aqy’j aw%n T

Theorem 6 follows from the following lemma.
Lemma 10. The formula (69) is equal to zero.

Proof. We prove below (see Lemma 11) that

(70)
0 (Ge=e 0 Goe

p p

Observe that the sum of these two terms and the three summands in
the brackets in formula (69) gives an expression of exactly the same
type as considered in Lemmas 7, 8, and 9, with the difference that the
operator r[t]. is replaced by 0/0q, ;. This means that the sum of all
these five summands is equal to

(71) Y ALJ0d, 0 (L"), + L0, 0 (ALY,

where ALP is equal to the right hand side of Equation (28) with 7[t].
replaced by 0/0q, ;, that is,

a,sT T a,sTx

(i)
(72) > AL 0= I g o ZL7 o

’Y7n

SIS w2 &),

Do

- Z awwnaLas
0q,j 8w7n

¥,n,8

Lemma 3 used for U = 1 and ¢ = g,; implies that AL’ is equal to
zero. Therefore, formula (71) is equal to zero. Then, since formula (70)
is shown below to be equal to zero, we obtain that the sum of the
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three summands in the brackets in formula (69) is equal to zero, and,
therefore, the whole formula (69) vanishes as well. O

The still missing ingredient of our computations is the following
lemma that implies that the formula (70) is equal to zero.

Lemma 11. We have:

a a’Ua,(? a 61)5,?
(73) Xp:gz—qﬁ:)oagoaw+8x02p:(3x)pogj—‘::>o

Proof. The proof is analogous to the proof of Lemma 7. Indeed, using
Lemma 1, we see that

0 (ZUO‘ 0) 89[0] aQ[O]
qu,j D a,0;v,j o a,0;v,j
(74) Z 81)5 a a ° Z 81}5,, 9: B am ° 81)570

p

Meanwhile, in the same way,

o [ 2veo [0]
(75) Z(_ax)p ° <8qu,j> _ 0950, o (—8,).

> Oqp OVq 0

Therefore, the left hand side of Equation (73) is equal to

oQL) o0l
76 a$ a0,y B,0;v,5 8z
( ) ° < 61]570 81}&70 ° ’

which is equal to zero because of Equation (54). g

4.6. The s-deformation formula. In this Section we prove Equa-
tion (46) using Theorem 5.

Theorem 12. Let L be the operator of quasi-Miura tranformation dis-
cussed in Section 3. Then the deformation formula

(77) > slwlLiods o (LG + ) Lo ds o (s[w].LY);

«

is equal to the right hand side of Equation (46).

Proof. Theorem 5 implies that we can replace s[w]. in the formula (77)
by — >, (51)y,10/0w, . Since the operator d/0w, o, commutes with 0,
we see that the formula (77) is equal to

(78) s (Lo 0o (1))

awy’o

which is exactly the right hand side of Equation (46). O



[1]

2]

ON DEFORMATIONS OF QUASI-MIURA TRANSFORMATIONS 21

REFERENCES

A. Buryak, H. Posthuma, S. Shadrin, A polynomial bracket for the Dubrovin-
Zhang hierarchies, arXiv:1009.5351v1, 1-31.

B. A. Dubrovin, Hamiltonian perturbations of hyperbolic PDEs: from classi-
fication results to the properties of solution, in: New trends in mathematical
physics. Selected contributions of the XVth international congress on mathe-
matical physics, Rio de Janeiro, Brazil, August 5-11, 2006 (V. Sidoravicius,
ed.), 231-276, Springer, Dordrecht, 2009.

B. A. Dubrovin, Y. Zhang, Normal forms of hierarchies of integrable PDEs,
Frobenius manifolds and Gromov-Witten invariants, a new 2005 version of
arXiv:math/0108160v1, 1-295.

T. Eguchi, C.-S. Xiong, Quantum cohomology at higher genus: topological
recursion relations and Virasoro conditions, Adv. Theor. Math. Phys. 2 (1998),
no. 1, 219-229.

A. B. Givental, Gromov-Witten invariants and quantization of quadratic Ha-
miltonians, Mosc. Math. J. 1 (2001), no. 4, 551-568.

A. B. Givental, Symplectic geometry of Frobenius structures, in: Frobenius
manifolds. Quantum cohomology and singularities. Proceedings of the work-
shop, Bonn, Germany, July 8-19, 2002 (C. Hertling et al., eds.), 91-112,
Vieweg, Wiesbaden, Aspects of Mathematics E 36, 2004.

M. Kontsevich, Yu. Manin, Gromov-Witten classes, quantum cohomology, and
enumerative geometry, Comm. Math. Phys. 164 (1994), no. 3, 525-562.

M. Kontsevich, Yu. Manin, Relations between the correlators of the topological
sigma model coupled to gravity, Comm. Math. Phys. 196 (1994), 385-398.

Y .-P. Lee, Invariance of tautological equations II: Gromov-Witten theory (with
Appendix A by Y. Iwao and Y.-P. Lee), J. Amer. Math. Soc. 22 (2009), no. 2,
331-352.

S.-Q. Liu, Y. Zhang, Jacobi Structures of Evolutionary Partial Differential
Equations, arXiv:0910.2085v1, 1-59.

[11] P. Rossi, Integrable systems and holomorphic curves, arXiv:0912.0451v2, 1-20.
[12] S. Shadrin, BCOV theory via Givental group action on cohomological field
theories, Mosc. Math. J. 9 (2009), no. 2, 411-429.
[13] C. Teleman, The structure of 2D semi-simple field theories, arXiv:0712.0160v2,
1-34.
A. BURYAK:

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF AMSTERDAM,
P. O. Box 94248, 1090 GE AMSTERDAM, THE NETHERLANDS
AND
DEPARTMENT OF MATHEMATICS, MOSCOW STATE UNIVERSITY,
LENINSKIE GORY, 119992 GSP-2 Moscow, Russia
E-mail address: a.y.buryak@uva.nl, buryaksh@mail.ru

H. PosTHUMA:
DEPARTMENT OF MATHEMATICS, UNIVERSITY OF AMSTERDAM,
P. O. Box 94248, 1090 GE AMSTERDAM, THE NETHERLANDS
E-mail address: h.b.posthuma@uva.nl

S. SHADRIN:
DEPARTMENT OF MATHEMATICS, UNIVERSITY OF AMSTERDAM,
P. O. Box 94248, 1090 GE AMSTERDAM, THE NETHERLANDS
FE-mail address: s.shadrin@uva.nl



