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Abstract

DR-cycles are certain cycles on the moduli space of curves. In-
tuitively, they parametrize curves that allow a map to P' with some
specified ramification profile over two points. They are known to be
tautological classes, but in general there is no known expression in
terms of standard tautological classes. In this paper, we compute
the intersection numbers of those DR-cycles with any monomials in
1-classes when this intersection is zero-dimensional.
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1 Introduction

1.1 Relative stable maps and double ramification cy-
cles

Let ay,...,a, be a list of integers satisfying > a; = 0. To a list like that we
assign a space of “rubber” stable maps to CP' relative to 0 and oo in the
following way:.

Denote by n, the number of positive integers among the a;’s. They form
a partition g = (fu, . . ., ftn, ). Similarly, denote by n_ the number of negative
integers among the a;’s. After a change of sign they form another partition
v=(v,...,V,_). Both g and v are partitions of the same integer

1 n

Finally, let ng be the number of vanishing a;’s.

Notation 1.1 To the list aq, ..., a, we assign the space

~

Mg;al,m,an =M

g,no;uw(

CP*,0, 00)

of degree d “rubber” stable maps to CP* relative to 0 and oo with ramification
profiles ;1 and v, respectively. Here “rubber” means that we factor the space
by the C* action in the target CP'. We consider the pre-images of 0 and oo
as marked points and there are ny more additional marked points.



Thus in the source curve there are n numbered marked points with labels
ai,...,a,. The relative stable map sends the points with positive labels to
0, those with negative labels to co, while those with zero labels do not have
a fixed image.

We have a forgetful map

P Mgy, an = Mg

Definition 1.2 The push-forward

p* [Mg;al,‘..,an]\,irt

of the virtual fundamental class under the forgetful map p is called a double
ramification cycle or a DR-cycle and is denoted by DRy(ay,. .., an).

It is known (see [1]) that the Poincaré dual cohomology class of
DR,(a1,...,a,) lies in the tautological Chow ring of M,,. The virtual

dimension of M., . .. and hence the dimension of DR, (ai,. .., a,) equals
29 — 3+ n.
Problem. Find an explicit expression for the class DRy (aq, ..., ay).

This is a well-known problem publicized in particular by Y. Eliashberg
in view of applications to Symplectic Field Theory. Recently R. Hain [3]

found the restriction of DRy(ay,...,a,) to the locus ./\_/l;n of curves with
compact Jacobians. His expression is a homogeneous polynomial of degree 2g
inay,...,a, with coefficients in HY (ﬂ;n). A simpler proof of Hain’s formula
was found by S. Grushevsky and D. Zakharov [2]. In this paper we find
the intersection numbers of DR,(ay, ..., a,) with monomials in t-classes.
Note that these numbers involve more than the knowledge of DRy (a4, ..., ay,)

on M;n Thus our results are in some sense complementary with Hain’s,
even though they are still insufficient to deduce the complete expression
for the double ramification cycles. For a given monomial in 9, ..., 1, the
intersection number we find is a non-homogeneous polynomial of degree 2¢g in
variables ay, ..., a,. This gives additional evidence to the following folklore
conjecture.

Conjecture 1.3 DRy(aq,...,a,) is a polynomial in ay,...,a, with coeffi-

cients in HY(M,,,).

We start with the intersection number of DR-cycles with the power of
one 1)-class.



Notation 1.4 Denote by S(z) the power series

sinh(z/2) 2%k 22 2 2®
Q /2 ; 2ok + 1) 24 T 1920 T 322560

Theorem 1 We have

Hi;«és S(a’lz)

wgg_3+nDRg(al7 s ,Cln) = [229] S(Z) )
where [2%9] denotes the coefficient of z%9.

A generalization of this theorem to DR-cycles with forgotten points is
given in Proposition 3.4. It turns out that for a forgotten marked point the
factor S(a;z) must be replaced by S(a;z) — 1.

1.2 Several 1-classes

Our next goal is to express the integral over a DR-cycle of a monomial in
-classes at different marked points. We will use the following notation.

e We let ((2) = e*/2 — e */2. (In the previous section we were using
S(z) = ((z)/z, but here {(z) is much more convenient.)

e For a permutation o € S,, denote a; = a,(;y and 2] = 2,(;).

e Finally,
¢ 2 = ad — bc.
Theorem 2 Given a list of n integers ay,...,a,, satisfying > a; = 0 and

a list of non-negative integers dy, . ..,d, satisfying Y . d; = 29 — 3 + n, the
integral

DRg(a17 [P an) (lil .o ql)g"
of a monomial in Y-classes over a DR-cycle is equal to the coefficient of
ziil “ e Z;ibn

in the generating function

Zl e Zn
Z “ .. Z
C( 1 + + n) oESH
o(1)=1
! ! ! ! ! !/ ! !
C(al a2)<(a1—|—a2 ag)_uc(al—ir ctal an)
! / / ! ! ! ! !
2] %y Z1+ 2y 23 7tttz 2,
/ / / / / / :
p ay Qg || Gy ag ap—1 Gy o
1 / ! / / / / n
Rl R || ”R2 %3 Pp—1 *n




Remark 1.5 The expression for the generating function is not written in
a symmetrical form: the first marked point is singled out, since we only
sum over the permutations that fix the element 1. However the generating
function turns out to be symmetric in all n variables. The expression can be
symmetrized by extending the summation to all permutations and dividing
by n.

Remark 1.6 At first sight it appears that the generating function has simple
poles along the hyperplanes a;z; — a;2; (because of the determinants in the
denominator) and z; + - -+ + z, = 0 (because of the ((z; + -+ + z,) in the
denominator). It is easy to see, however, that these denominators actually
simplify.

Indeed, in each summand the factor a}z — abz] simplifies with ((a}z} —
ayzy). But this was the only factor of the form a;z; — a;21, thus no factor
like that remains in the denominator of any summand and hence of the total
sum. Since the first marked point was singled out arbitrarily, this implies
that no factor of the form a;z; — a;2; remains in the denominator.

As for the factor z; + - - - + z,, it simplifies with

if we take into account that a} +---+al,_; = —al,.

The only case where this proof breaks down is when n = 2. Indeed, in
this case 21 + 29 and ay29 — agz; = a1(z1 + 22) are twice the same factor, but
this factor is only compensated for once in the numerator. In this case the
generating function does contain a singularity of the form 1/(z; + z2) (see
Example 1.7). This singular term should be ignored when we extract the
coefficients.

Example 1.7 For n = 2 we let a; = a, as = —a. There is only one permu-
tation in S5 that fixes the first element. Thus we get the generating function

2122 C(a(z1 + 22)) _ ((a(z1 + 22))
Q(Zl + ZQ) 21 (I(Zl + 2’2) Z9 CL(Zl + ZQ)C(Zl + 22)
1 21 2 1)(3a2 -7
:Z1+22+a24 <21+22>+(a 5)7(6(? )(21+Zg)3+-..



It follows that
a? —1
24 7
(a®> —1)(3a* - 7)
5760 ’

DRl(av _a’)wl - DRl (CL, _OJ)Q/}Z =

DRy(a, —a)y;} = DRy(a, —a)y; =

DR?(aa —a)l/}%wz = DR2<a7 _a)wlw%
_ 3a®>—=1)Ba®>-7) (a®*—1)(3a®>—T7)

5760 N 1920
Example 1.8 For n = 3 we have a3 = —(a; +az). There are two summands
in the formula corresponding to the permutations (1,2,3) and (1,3,2). We
get

1 C(ayzy — agzy) 22 C((al +ag)(z1 + 22 + 23))
C(Zl + Z9 + 23) a129 — A9 a9223 + (a1 + CLQ)ZQ

C(arzs + (a1 + az)z1) 23 C(GQ(Z1 + 29 + 23))
arzz + (a1 +ag)z  azzz + (a1 + az)z .
Expanding this expression we get, in particular,

a2 +a%—1
DR, (ay, as, az)yi = %,

a?+a?+a%2—2
DRl(al,GQ,%)%?/JQ = -1 224 3 )

where we have re-introduced az for more symmetry.

1.3 Completed cycles as a particular case of Theorem 1

Let /V;LK;R(CPl, 00) be the space of degree K relative stable maps f: C' —
CP! with branching profile x = (ki,...,k,) over co and with one marked
point z € C satisfying the condition that f(z) = 0. It is a natural problem
to find an effective cycle representing the homology class

0

[mg,l,K;n(Cpla OO)]Virt w;n
Okounkov and Pandharipande gave an answer to this question when m is
equal to the virtual dimension K +n+2g — 2 of MZ,LK;N(CPl, o0) and thus
the answer is just a number. To simplify the formula we assume that the n

pre-images of oo in our space of relative stable maps are numbered. Then
we have the following equality.



Theorem (Okounkov, Pandharipande [12]). For m = K +n + 2g — 2 we
have

n n
0 "k

V(€' 0] 7 = it 2015 )6 T s hiz)

i=1

Using the degeneration of the target it is not hard to generalize this
formula to several relative points with ramification types p1, ..., us. In par-
ticular, for the case of two relative points, the following expression is given
in [12], Eq. (3.11) or [14], Eq. (10). Let a4, ..., a, be the list of elements of
w1 merged with the list of elements of 115 with reversed signs. Thus > a; = 0.
Denote by 1, the 1-class at the marked point z.

Theorem (Okounkov-Pandharipande, Rossi) We have

[T, Staiz)

M S(z)

g yua (CPTo 1 p2)]™ 472072 = [2%]

It is easy to see that this formula is a particular case of Theorem 1,
namely, the case when ay, = 0 while all other a;’s do not vanish. The case
where a; = 0 and some other a;’s may also vanish is covered by a more
general computation in Proposition 2.5 of [13].

Actually, we don’t have an independent proof for the case a; = 0 we just
invoke the above result. Our proof for the case ays # 0 is quite different and
doesn’t generalize to a; = 0. Thus we get the same answer for a;, = 0 and
as # 0, even though we do not know any proof that would work in both
situations.

1.4 A conjecture on "

Here we show that our formulas are compatible with a conjectural identity
on virtual fundamental classes. This section can be skipped in first reading.

Let us return to the opening question of Section 1.3: find an explicit cycle
that represents ¢! in the space of stable maps. For simplicity we consider

here the space ﬂg717d(CP1) of genus G degree d stable maps f with no
relative points and just one marked point z satisfying f(z) = 0.

Notation 1.9 Let DR,(ay, ..., a,) be a DR-cycle in ﬂg,n and 7: Mg,n —
Mg,n,l the forgetful map forgetting, for instance, the n'" point. We will
denote the image of the DR-cycle in M,,,_1 by DRy(ay, ..., a, 1;ay,). Sim-
ilarly, if we take the image of a DR-cycle under a map forgetting several
marked points we will put tildes over the corresponding a;’s.

7



To formulate the conjecture, let us first describe a particular homology
class in MOGM(CP shown in the figure.

1<

The left-hand side of the figure represents the space of rubber maps of
genus g with branching profiles (kq,...,k,) and (K —p,1,...,1). The right-
hand side of the figure represents the space of stable maps to CP* relative to
0. The branching profile over 0 is given by the partition (ki,...,k,,1,...,1).
The source curve in the right-hand side is not necessarily connected and has
Euler characteristic 2 — 2G’, where G’ = G — g — n + 1. Multiplying the
virtual fundamental classes of both spaces we obtain a virtual fundamental
class on the product space.

Now, there is a natural forgetful map from the product space to the
space W?;’Ld((CPl). It is obtained by contracting all the rubber components
in the target rational curve, forgetting the marked points shown in white on
the picture, and stabilizing the resulting map. We will denote the image of
the virtual fundamental class under this map by

~ isc virt
DR, (,—kl,...,—kn; 1p) R [M‘é,Odﬁ(@Pl,O)] .

Here 17 means that there are p points marked with the integer 1 that are
forgotten by the forgetful map; the boxed number corresponds to the only
marked point that survives after we apply the forgetful map; & is the partition
(ki,...,kn, 1975%). Even though the notation is pretty complicated, it is
actually still incomplete: indeed, in the second factor what we mean is not
the virtual fundamental class of the space itself, but its image under the

forgetful map to the space /V&Ld(CPl).

8



Conjecture 1.10 We have

m A vir
mly [MG,l,d((CPI)] b=
G—n+l1 g m+p

1 m! Kip &
Do 2 22 g 2 1k

n>1 g=0 p=0 K=p ki, ke i=1
S k=K

_ —_disc virt
DR, ( T 1p> X [MdG,707d;K(<CP1, 0)} ,
where G' =G —g—n+1, k= (ky, ..., ky, 1975).

This conjecture is proved in genus 0 (see [8]). It is also known that the
conjecture is true for any m if it is true for m = 0 (unpublished). For m = 0
the conjecture describes a splitting of the virtual fundamental class of HOGJ’d
according to the type of singularity of the map f at the marked point .

Now we add another piece of evidence in favour of the conjecture.

Theorem 3 Let g > 0, n > 1, and ky,...,k,. Denote K = > k; and
assume let m = K +n + 2g — 2. Then we have

g

ZZMKL!—p)'w?_K“ []# DR, <,_k1,,,_’_kn; 1p> _
' ' i=1

p=0

m!—H‘;}' i 205 (2 [T 5k:=),
' i=1

where the integer corresponding to the marked point x s bozed.

The left-hand side of the equality extracts the numerical terms from the
conjectural expression of ¢™, that is, those terms where the power of the
1-class matches the dimension of the DR-cycle. The right-hand side of the
equality coincides with Okounkov and Pandharipande’s expression for the co-
efficients of the completed cycles (see Section 1.3). Thus the theorem shows
that the conjecture allows one to recover Okounkov and Pandharipande’s
result enriching it with non-numerical terms that are invisible in their for-
mulas.
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2 DR-cycle times a -class

2.1 The splitting formulas - formulations

In this section we express the product of DRy(ay, ..., a,) and the class ¢, for
some s € {1,...,n} in terms of other DR-cycles. This will make it possible
to evaluate monomials in 1-classes on a DR-cycle by induction. Note that we
can only do that if a; # 0. Conjecture 1.10 is intended to be a generalization
of our recursive formulas to the case a, = 0, but it is still open.

The picture below shows a cycle in Mg’n obtained from two DR-cycles
via a gluing map.

The two DR-cycles are constructed in the following way. The list
ai,...,a, is divided into two disjoint parts: I U J = {1,...,n} in such a

way that » ., a; > 0 or, equivalently, > ._,a; < 0. In the figure, for in-
stance, we have 1,2,s € [ and n € J. Then a new list of positive integers
ki, ..., kp is chosen in such a way that
p p
iel i=1 icJ i=1

Now two DR-cycles of genera g; and go are formed as shown in the figure
and glued together at the “new” marked points labelled £y, ..., k,. Since we
want to get a genus g in the end we impose the condition g; +¢g2+p—1 = g.
We denote by

DRgl(CLI, —kl, ceey —k?p) X DRQQ(CLJ, ]{?1, ceey k’p)

the resulting cycle in Mg,n.

10



Let r = 29 — 2+ n be the number of branch points of our initial DR-cycle
DR(ay,...,a,). Let v’ =2g; — 2+ |I| + p and " = 295 — 2+ |J| + p be
the numbers of branch points in the two components of the target curve. (In
both cases we don’t count 0 and oc.)

Theorem 4 Let ay,...,a, be a list of integers with vanishing sum. Assume
that as # 0. Then we have

asz/JSDRg(al, N

13) S BID BEALL IV WS I WO}

I1,J p>1 g1,92 k1,.. ,kp

Here the first sum is taken over all I LU.J = {1,...,n} such that ), . a; > 0;
the third sum is over all non-negative genera g1, g satisfying g1+go+p—1=
g; the fourth sum is over the p-uplets of positive integers with total sum

Yoicr @i = — Y ;i The number p is defined by

i sel,
P=\ = if selJ

Theorem 5 Let aq,...,a, be a list of integers with vanishing sum. Assume
that as # 0 and a; = 0. Then we have

assDRy(ay, ..., a,) =

11



P
DD 5%DRgl(aI,—kl,...,—kp)&DRW(aJ,k:l,...,kp).

1,J p>1 g1,92 k1,....,kp

Here the first sum is taken over all I LU.J = {1,...,n} such that ), ., a; > 0;
the third sum is over all non-negative genera g1, g satisfying g1+go+p—1=
g; the fourth sum is over the p-uplets of positive integers with total sum

Yoier @i = — Y ey i The number € is defined by

1 of selleld
e=< —1 if seJlel,
0 otherwise.

We will call these Theorem 4 the splitting formula with respect to branch-
ing points and Theorem 5 the splitting formula with respect to a marked point.
Before proving the theorems let us formulate some corollaries that we will
use in our computations.

Corollary 2.1 Assume that as # 0. We have
ras Y. 'DRy(ay, . .., a,) =

1 ~ ~
—52(%"1‘%) VDR (ar, .y @iy e @Gy Ay @+ Q)

1,jF#S
1 ~
~5 Z sign(a;) Z be I *DRy_1(ay, ..., @, ..., an,b,c).
1#£s b+c=a;

b-c>0

Here, as before, r =29 — 2+ n and a hat means that the element is skipped.

Proof. We will use the splitting formula with respect to the branch points.
Since we are interested in the intersection number of our DR~cycle with 7~
we only need to keep those terms of the splitting formula for which the sth
marked point stays on a DR-cycle of dimension » — 2. This implies that the
remaining DR-cycle is of dimension 0, that is, it is of the form DRg(a, b, ¢).
The expression in the corollary is a sum over all splittings of this form. <

This corollary gives a recursive relation for intersection numbers of DR-
cycles with powers of one 1)-class. We will use it to prove Theorem 1.

Corollary 2.2 Let t and s be two different elements in {1,...,n}. Assume
that both as and a; are non-zero. Then we have

(asd}s - atwt)DRg(alv s 7a’n)

12



= > > > H DRgl(aI, —ky,...,—k,) RDRy,(ay, ki, ..., k)

selted p>1 g1,92 k1,....kp

-3 Y “ ’DRgl(aI,—kl,...,—kp)&DRQQ(aJ,kl,...,kp).

tel,seJ p>1 g1,92 k1,....kp

Here, as before, the first sum is taken over all I U J = {1,...,n} such that
Y icr @ > 0; the third sum is over all non-negative genera g1, go satisfying
gL+ 92+p—1=gq; the fourth sum s over the p-uplets of positive integers

with total sum ., . a; = —) .. a;.

Proof. This follows directly from the splitting formula with respect to the
branch points. It suffices to notice that the expressions it provides for as;
and a;1; only differ in the definition of 7. O

Multiplying the identity in this corollary by any monomial in 1)-classes
of degree 2g — 4 + n we obtain a simple way to “move” a -class from one
marked point to another.

2.2 The splitting formulas - proofs
2.2.1 Plan of proof

Our proof uses the Losev-Manin compactification LM, of Mg, o. It is the
moduli space of chains of spheres with two special “white” marked points 0
and oo at the extremities of the chain and r more “black” marked points on
the other spheres. The black points are allowed to coincide with each other
and there should be at least one black point per sphere. For more details

see [11].
°

We have two forgetful maps from the DR-space My, .
LMr+no/S7“ & mg;ah-.~,an i> mg,m

where ng is the number of indices ¢ such that a; =0 and r = 29 — 2 + n is
the number of branch points.

The map ¢ assigns to a relative stable map its target rational curve.
The marked points are the r branch points and the images of the marked
points in the source curve. The map p assigns to a relative stable map its

13



stabilized source curve. (This is the map that we used to define the DR~cycle
DRy(aq,...,a,).)
The proof of the splitting formulas proceeds as follows.

1. Identify the w-class on the DR-space with the 1-class on the Losev-
Manin space.

2. Express the 1-class on the Losev-Manin space as a sum of boundary
divisors (we will do that in two ways, whence two splitting formulas).

3. Lift these divisors to the DR-space

4. Subtract the difference between the ¢-class on the DR-space and the
-class on My,,.

We start with two lemmas that will be needed in the course of the proof.

2.2.2 DR-cycles with disconnected domains

Consider the space of stable maps to CP! relative to 0 and oo, but with
disconnected domains

M X e X M

eql k
G107 55l

gk?“iv--walgk.

We assume that 2g; — 2 4+ n; > 0 for each 7. From the corresponding rubber
space

nq 9k5aq,--

<Mgl;a%""7a1 >< e >< M k .7a£€lk)

there is a natural forgetful map p to the product of moduli spaces Mg, ,, X

e X Mg, g

Lemma 2.3 The image of the virtual fundamental class of

gl X X .
<./\/lgl,(;Ll,...,(JL}L1 gk,a’f,...,aﬁk>

~

mn Mgl,m X oee X Mgkynk under the forgetful map p vanishes.

Even though the computations of this section take place in the DR-space,
the goal of the paper is to study the DR-cycles, that is, the images of the
virtual fundamental classes of DR-spaces by the map p. Therefore in the
sequel of this section we will perform all our computations “modulo terms
with disconnected domains”. In other words, we will disregard all the terms
that, according to the lemma, vanish after the push-forward by p.

14



Proof. We will call parts the k connected components of the curves.

The proof is obtained by a sequence of standard moves in the spirit of [1].
First we rigidify the rubber space by adding a marked point to the first part.
This allows us to replace the space of rubber maps by a space of relative
stable maps to CP! relative to 0 and oo, the image of the new marked point
being fixed at 1 € CP'. Second, we lift the natural C* action from the target
CP! to the parts 2, ...,k of the source. Finally, we apply the localization
formula to show that the virtual fundamental class vanishes.

Adding a new marked point. Consider the space
<Mgl;aim,ah1,0 X X M, o ak > )

where the index corresponding to the extra marked point is typed in boldface.
If 7 is the forgetful map that forgets the new point, we have, by the dilaton
relation,

— __ ~ 7 virt
Tx { |:<Mgl;a%,‘..,a}b1,0 Xoee X Mgk;alf,...,aﬁk) ] wnﬁ-l}

— __ ~ 7 virt
= (2g1 - 2 + nl) [(Mgl;a%v"'aa%l Koo X Mgk;alfv“'aalfzk> i| :
Thus it suffices to prove that the image of

~ qvirt
[(Mgl;a%,...,a}”,o X oo X Mgk;aff,...,aiik> ] Vny+1
vanishes in Mg, ,, 11 X -+ X Mg, ..

Introducing a C*-action The space

~

<Mg1;a%,---:a%170 XKoo X Mgk;alfv--waﬁk)
is naturally isomorphic to the space of stable maps to CP' relative to 0
and oo, the image of the extra marked point being fixed at 1 € CP'. We lift
the natural C*-action from the target CP' to the maps from Parts 2,...,k
of the source curve. The C*-action on the first part is trivial, so that the
image of the extra marked point remains fixed.

15



Localization. Let m = > (2g; — 2+ n;). Then the virtual dimension of
X = <M a1 10 X oo X Mgkﬂlfw-waﬁk)

gl7a17"'7an1 )

equals m.

The invariant locus of the C*-action is composed of maps to CP! with a
bubble at 0, at co or both. Indeed, a C*-invariant map has no marked or
ramification points over the main component of the target CP'\ {0,000} on
parts 2,...,k.

A component X; of the invariant locus with a bubble only at 0 or only
at oo is a product of two rubber spaces of total virtual dimension m — 1.
A component of the invariant locus with bubbles both at 0 and at oo is a
product of three rubber spaces of total virtual dimension m — 2. Thus the

localization formula .
[X]Virt _ Z [Xi]wrt
e(V;)

represents the virtual fundamental class of dimension m as a sum of contri-
butions over loci X; of smaller dimensions. If we denote by t the equivariant
variable, the invariant part of the localization formula is obtained by ex-
tracting the coefficient of t° from each summand. We see that in our case
this coefficient is always equal to 0, because we need a power of ¢t in the
denominator to get from dimension m — 1 or m — 2 to dimension m.

This proves the lemma. &

2.2.3 Pull-backs of divisors from the Losev-Manin space

Consider a DR-space Mgm,_“,an and consider the forgetful map
q: Mgy, an = LMyi0g /S

Let LI be a partition of the set of indices 7 such that a; = 0. Let ' +7r" = r.
Denote by D, o gy the boundary divisor in the space LM, 1, /S, with self-
explanatory notation.

Lemma 2.4 Modulo terms with disconnected domains, we have

] virt

Q*DW o 8) [Mgar..an

ZZ Z Z H rgl,ah E1,.. ﬁkp]wrt X [mgzahklwwkp}vm‘

1,J p>1 g1,92 k1,....kp

Here the first sum is taken over all I U J = {1,...,n} such that o C I,
B CJand . a; > 0; the third sum is over all non-negative genera g, go
satisfying g1 + go +p—1=g; the fourth sum is over the p-uplets of positive
integers with total sum .. a; = = .. a;
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Proof. This lemma is a version of Jun Li’s degeneration formula [9, 10]. It
should be applied to the target rational curve where all branch points have
been marked and numbered. We then take the sum of contributions from all
possible ways to put r’ marked point on one component of the degeneration
and 7" on the other component. After this we can forget the numbering of
the branch points once again.

In the degeneration formula we see DR-spaces with both connected and
disconnected domains over each component of the target. However, since
we are working modulo terms with disconnected domains, only the terms
indicated in the lemma survive. &

2.2.4 Comparing the v-classes on different spaces

Recall the two forgetful maps from the DR-space
p : Mg;al,“.,an _> Mg’n
and
q- Mg;al,‘..,an — LMT-‘:—TL()/S'I"

Den(ie by W, and ¥, the 1-classes at the sth marked point on ﬂg;al,m,an
and on My, respectively. Denote by 1y and 1), the 1)-classes on the Losev-
Manin space.

Proposition 2.5 Assume that as # 0. We have
asVs =q"y if as>0,
—aVy = q" Yo if as <O.
This simple but very useful statement first appeared in Ionel’s paper [4].
Assume for definiteness that a; > 0. Then ¢ obviously identifies the tangent

line to 0 in the target with the asth power of the tangent line to the sth
marked point in the source, which proves the proposition.

Lemma 2.6 Assume that a; # 0. Modulo terms with disconnected domains
we have

- p*d}s =
rgl,aj, k1,.. ,7kp]wrt X’ I:MQQ;G,JJfl,...,kp}

virt

1,J p>1 g1,92 k1,....kp

Here the first sum is taken over all IUJ = {1,...,n} such that ), ;a; >0
and s € J ifas >0 ors € I if ay < 0; the third sum is over all non-negative
genera g1, g satisfying g1+go+p—1= g, the fourth sum is over the p-uplets
of positive integers with total sum ), . a; ==Y .. a;
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Proof. In [10], Definition 3.1, Jun Li introduced the notion of a virtual
Cartier divisor, or a C-divisor on a stack. A C-divisor is simply a line bundle
with a section. If the stack is endowed with a perfect obstruction theory and
a virtual class, then it is easy to define a perfect obstruction theory and a
virtual class on the zero locus of the section of the C-divisor.

In our case, denote by L, the cotangent line bundle to the sth marked
point on the rubber space and by [, the cotangent line bundle to the sth
marked point on the moduli space ﬂgm. Then the line bundle L, ® p*lY
is endowed with a canonical section. Its zero locus is composed of rubber
maps such that the sth marked point lies on an unstable bubble. Thus
this locus becomes a C-divisor. Moreover, we claim that it is a actually a
sum of canonical C-divisors (L, s,) defined by Jun Li (Definition 3.3 and
Lemma 3.4). We now briefly recall their definition.

Any splitting of the target genus 0 curve determines a divisor Dpy in
the Losev-Manin space in an ordinary sense. This divisor can be canonically
transformed into a C-divisor. For any splitting data n of rubber maps, the
C-divisor D,, = (L, s,) on the moduli space of rubber maps is constructed
in such a way that the zero locus of s, is precisely the set of rubber maps
with splitting 1. Moreover, locally the C-divisor (L,, s,) is the pull-back of
its image divisor in the Losev-Manin space.

Assume, for definiteness, that a; > 0. Let n be any splitting data of
rubber maps such that the sth marked point lies on an unstable bubble.
Let D, be the corresponding C-divisor in the space of rubber maps and
Dy its image divisor in the Losev-Manin space. By Proposition 2.5, we
have L¥* = ¢* Ly, where Ly is the cotangent line bundle to 0 on the Losev-
Manin space. Moreover, in the neighborhood of the zero locus of s,,, we have
PH1E% = ¢*lyode, Where oqe is the cotangent line bundle to the right-hand
branch at the node.

The line bundle Ly ® 1, . has a canonical section with a simple vanishing
at the divisor Dpy. The preimage of this line bundle and its section defines
Jun Li’s virtual divisor (L,, s,) on the space of rubber maps. We see that the
section s, is naturally identified with the asth tensor power of the canonical
section of Ly ® 1. Globally we have the equality

QL =Ll
n

where the tensor product is taken over all splittings such that the sth marked
point lies on an unstable bubble.

According to Jun Li’s Lemma 3.12, the natural virtual fundamental class
on the zero locus of s, coincides with the product of the virtual fundamental
classes of the two DR-spaces up to a coefficient [[7_, k;.
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The sum in the lemma enumerates precisely all the splitting types n, mod-
ulo the ones with disconnected domains, on which the sth marked point lies
on an unstable bubble. The coefficient [[?_, k; comes from Jun Li’s computa-
tion, while 1/a; comes from the comparison between the line bundles. Thus
the sum in the lemma represents the difference between the two 1-classes. <

2.2.5 Expressing ¢y and ¢, as boundary divisors

The class ¥y on the Losev-Manin space LM, ,,, is easily expressed as a sum
of boundary divisors: namely, for any ¢ € {1,...,7 4+ ng}, we have

where the sum is over all boundary divisors such that the ¢th marked point
lies on the same component as oco. If 7 is the image of a marked point we
leave this expression as it is.

If 7 is a branch point, it makes sense to symmetrize the expression with
respect to the S, action, since we are working with the quotient LM, /S,

We get

where the sum is over all boundary divisors and r” is the number of branch
points on the component of co.

2.2.6 Computing p*i,

Now we prove Theorems 4 and 5 using the preceding lemmas to express p*,
in terms of boundary divisors. Assume for definiteness that a; > 0. Then we
have

asp*¢s =a,V, — as(qjs - p*ws) = q*¢0 - as(\ljs - p*d}s>
Equations (2) and (1) give two alternative expressions for ¢*iy while
Lemma 2.6 gives an expression for as(V,—p*1)s). All three expressions involve
very similar summations over the same set of divisors, but with different
coeflicients.

Proof of Theorem 4. We use Equation (2) for ¢*1)y. The coefficient of
p_ kl virt —_ virt
Zgll ng;ab—kh...,—kzp] X [MgQ;aJ,kl,...,kp]

19



in Eq. (2) equals r”/r. Its coefficient in Lemma 2.6 multiplied by a, equals 1
if s e Jor0if s el Subtracting the second coefficient from the first one
and using r’ + 1" = r we get

1!
— if sel,
r
,r,/
— if seJ
’
These are exactly the coefficients from Theorem 4. &

Proof of Theorem 5. We use Equation (1) for ¢*1y. Denote by [ the
index of the marked point with a; = 0 that appears in this equation. The
coefficient of

p

z;'l : ng;al,—kl,...,—kp]wrt X [Mgggaj,kl,...,kp]VIrt

in Eq. (1) equals 1 if I € J and 0 otherwise. Its coefficient in Lemma 2.6
multiplied by as equals 1 if s € J and otherwise. Subtracting the second
coefficient from the first we get

1 if sellel

-1 if seJlel,

and 0 otherwise. These are exactly the coefficients from Theorem 5. O
Both theorems are proved.

2.3 A digression on admissible coverings

Double ramification cycles have an alternative definition, using admissible
coverings rather than relative stable maps (see, for instance, [4]). To distin-
guish the two notions, just for the length of this section, we will write DR*™
and DR, The goal of this section is to explain what would change in our
results if we replaced DR®* by DR*¥™. This section is not self-contained,
since we don’t introduce the admissible coverings here; it can be skipped in
first reading.

Example 2.7 We have
DR{™™(a, —a) = a® = 1 € H' (M),
DRsltab(a7 ;\_(/1/) = a,2 € HO(Ml,l)’
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where the tilde means that the the corresponding marked point is forgotten.
Indeed, given an elliptic curve (C, z) with one marked point, there exists
a® points y such that z — y is an a-torsion point in the Jacobian of C. The
space of admissible coverings contains one point per y # x, that is, a®> — 1
points. The space of rubber maps contains one additional point correspond-
ing to y = x: it represents the map with a contracted elliptic component.

Theorem 6 The intersection numbers of a monomial P ---apdn with
DRde(al, ..y ap) and with DRZtab(al, ..., ay) coincide if none of the a;’s

vanishes. These intersection numbers may differ in presence of an a; = 0.

Corollary 2.8 At least for some g and n the class DRde(al, ..., ay) does
not have a polynomial dependence on aq, ..., a,.

Proof. Our formulas show that the intersection number of a given mono-

mial in v-classes with DRZtab(al, ..., ay,) depends polynomially on aq, ..., a,.
The intersection number of the same monomial with DRgdm(al, ..., ay) has

the same values for non-zero a;’s, but different values if some of the a;’s
vanish. Therefore this intersection number cannot depend polynomially on
ai,...,a,. Hence the class itself cannot depend polynomially on a4, ..., a,.

¢

Remark 2.9 Ultimately it’s Corollary 2.8 that convinced us that DRS*P-
cycles must be preferred to DR*™-cycles.

Proof of Theorem 6.

A. The first claim of the theorem is proved by checking that all the steps of
our computation of DRy(ay, ..., a,) ‘lil -1 oo through in the same way
for DR*™ and DR**" as long as a, . .., a, do not vanish.

Theorem 4 is the base of our computations. Its analogue for DR*™-cycles
is well-known (see [4], Lemma 2.4 for a proof modulo some omitted terms;
see [16] Lemmas 3.2, 3.3, 3.6, 3.7 for a detailed proof is genus 1 that easily
generalizes to higher genus). The proof is actually even simpler for DR*¥™-
cycles because the space of admissible coverings has the expected dimension,
so there is no virtual fundamental class involved. The combinatorial part of
the computation only uses Theorem 4 as long as there are no vanishing a;’s,
therefore it works in the same way for both DR*™ and DR®*.

The only part of the computation that does not generalize is the use of
Okounkov and Pandharipande’s computation in the case where there are /-
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classes only at the marked point with vanishing a;’s. If there are no vanishing
a;’s this part is not needed.

B. To prove the second claim of the theorem we will use the following

example. Let
e

be two cohomology classes in H?(M, ).
Proposition 2.10 We have

a?—1

DRy (a, —a) = (a* = 1)8 + "=,

a? —1

DR (a, —a) = a*B + 12

.

Proof. In this case the space of rubber maps has two irreducible compo-
nents of the same dimension equal to the expected dimension. Its virtual
fundamental class is the sum of the fundamental classes of the two compo-
nents. The first component coincides with the space of admissible coverings.
The second component is composed of maps with a contracted torus in the
source curve. Thus the difference between DR3™(a, —a) and DR5*™"(a, —a)
comes from the component with contracted tori, whose fundamental class
projects to 3. In other words, DR***(a, —a) — DR*™(a, —a) = B, which is
actually the only thing that is needed for the proof of the theorem.

The expression for DRS™(ay, ..., a,) is given by Hain [3] in full generality,
so our expression can be found as a particular case. Both formulas can also
be proved using a lifting of the WDV'V relation in the Losev-Manin space.

&

Corollary 2.11 We have
DR (a, —a,0)¢3; = (a* — 1)/12,

DRS*™(a, —a,0)2 = (20 — 1)/24.
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Proof. The classes DRy (a, —a,0) are obtained from DR;(a,—a) by pull-
backs under the forgetful map 7*: ./\_/11,3 — MLQ. It is straightforward to
compute the intersection of the classes thus obtained with /3. Note that the
second equality is a particular case of Example 1.8. What matters for us is
that

1
¥3(DR**"(a, —a,0) — DR*™(a, —a,0) = Y37°8 = 57 70
%

Thus we have found an example where the intersection numbers of the
same monomial in 1)-classes with a DR*™-cycles and with a DR**"-cycle
differ. This proves the second claim of the theorem. %

3 Generating functions for one -class

In this section we prove Theorem 1 that evaluates the power of a 1-class on
a DR-cycle. We also generalize it to DR-cycles with forgotten points. From
this we deduce Theorem 3.

3.1 Proof of Theorem 1

The proof of Theorem 1 splits into two very different cases: as; = 0 and

as # 0.

3.1.1 The case a, = 0.

Lemma 3.1 Let p: ﬂg;al,_,_7an — Mg,n be the forgetful map from the rubber
space to the moduli space. Assume that as = 0. Then we have p*1ps = .

Proof. Let f: C — CP' be a point of My, .. If the sth marked point
lies on a component of the source curve contracted by f then this component
is stable, because f is stable. If it lies on a component that is not contracted
by f then this component contains at least two more marked points: a pre-
image of 0 and a pre-image of co. Therefore it is also stable. Thus the sth
marked point never lies on a component of the source curve contracted by
the forgetful map. This allows us to identify the cotangent lines to the curve
at the sth marked point before and after the forgetful map. &
Note that the statement of the lemma is completely wrong if a, # 0.

23



Lemma 3.2 Let p, v be two partitions of the same integer d. Consider the
rubber space

M;p’#’y(CPl, 0, 00)
of relative stable maps to CP' with p marked points 1, . . . , Zp. Also consider
the moduli space

M, .., (CP',0,00)
of relative stable maps to CP' with p marked points 1, . . . , &, such that the

image of x1 is fized to be 1 € CP'. These two spaces are isomorphic to
each other; their perfect obstruction theories and virtual fundamental classes
coincide.

This is a well-known fact and the proof is a simple check.
The consequence of these two lemmas is that the intersection number

wzg*H”DRg(al, ceey Q)

is actually a Gromov-Witten invariant of CP' relative to two points. Indeed,
by Lemma 3.1, instead of evaluating 12973%" we can evaluate it directly on
the rubber space Mg;al,...,an- And, according to Lemma 3.2, this is equivalent
to finding a Gromov-Witten invariant of CP" relative to two points.

The Gromov-Witten invariants that we need were computed in [12],
Eq. (3.11) and [14], Eq. (10) if a4 is the only vanishing marking; while the
general case is covered by Proposition 2.5 of [13]. We do not have any new
contribution to this computation.

This proves the theorem for ay = 0.

3.1.2 Proof for a, # 0.

We proceed by induction on the number of branch points r = 2g—2+n,+n_.
The base case is r = 1, that is, g = 0, ny +n_ = 3. (Genus 1 is impossible,
because ny +n_ > 2.) We have

Mong+3

w:ODRo(G1,G2,a3,07~-7O) :/ ¢?0 =1,
N—_——

no

which coincides with the constant term of the generating function in the
theorem.
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Recall the recursion from Corollary 2.1:
ras Y. DRy (a1, . .., a,) =

1 ~ ~
—52(%"1‘@]‘) VDR (a1, oy @iy e @Gy Ay @+ Q)

1,JF#S
1 ~
~5 Z sign(a;) Z be I *DRy_1(ay, ..., @, ..., an,b,c).
i#£s b+c=a;

b-c>0

By the induction assumption, the sum (4) is equal to

sinh (%2) cosh (%= Sz
_ [Zzg]i Z h( 2 )z h( 2 )Hlizgzz)( l )

ra
% djs 2

991 1 a;z Hj i,sS(ajz)
= I, e ot (57) T

By the induction assumption, the sum (5) is equal to

c 12 s Oz
—k%ﬂgéi}@m%>§jﬁs@@awﬁla_i_lz

i#£s btc=a;
be>0

Qg 2

o 5(2)

[ 1 Z (ai cosh (aiz> _ sinh (%2) cosh (§)> [Tz S(ajz)‘

sinh (%)
Thus, (3) is equal to

a;z sinh (%2) cosh (2 . S(a;z
[7529] ! Z (ascosh( ; >+ h< 2) h(2)> Hﬁs@,s (a;z)

s 7 sinh (%) S(z)
L, S(a;z
:k%%@%+n—%ﬂéﬁ%lz
= )
The theorem is proved. &
Remark 3.3 Our formula for ¥""*DR(ay, ..., a,) coincides, up to a simple

factor, with the formula for one-part double Hurwitz numbers found in [7]
(first equality of Theorem 3.1). This is due to the fact that the recursion
relation of Corollary 2.1 coincides with the cut-and-join equation for Hurwitz
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numbers. Note, however, that in the Hurwitz numbers theory the formula
only holds for one-part numbers; in other words, all the numbers aq,...,a,
must be of the same sign except for a, that is of the opposite sign. If this
condition is not satisfied then the cut-and-join equation fails. In our situ-
ation, however, the signs of the numbers a; do not matter. Thus we get
the same generating function and the same cut-and-join equation, but their
interpretations and their ranges of applicability are different.

3.2 Proof of Theorem 3

The statement of Theorem 3 involves a combination of intersection numbers

of the form s
v DR (C17 [pK] ki k)

where the tilde means that the corresponding marked points are forgotten
and the boxed marked point carries the i-class. So far we have obtained a
formula evaluating a power of a v-class over a DR-cycle without forgotten
points. So our first task is to generalize it to a DR-cycle with forgotten
points.

Proposition 3.4 Let ay,...,a, and by,...,b, be two lists of integers such
that Y a;+ Y b; =0. Let s € {1,...,n}. We have

AL

I 5(a:2)

YO IPDR (ay, .. an; by, ..., by) = [229] 2 J <

(5(bjz) = 1)
?)

Example 3.5 If p > ¢ the virtual dimension of the DR-space exceeds the
dimension of M, ,, so the image of the virtual fundamental class under the
projection to ﬂgm vanishes. Thus the corresponding DR-cycle is equal to
zero. The generating function has p factors of the form S(b;z) — 1 that are
divisible by 22, therefore its coefficient of 2?9 also vanishes.

Example 3.6 Suppose that b, = 0. If 7: ﬂg,nﬂ — Mg,n is the forgetful
map, we have

DR(ay,...,an; bi,...,by_1,0) = m.@*DR(ay, ..., an; by,...,by_1) = 0.

As for the generating function, it contains a factor S(0)—1 = 0, so it vanishes
identically.
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Example 3.7 Let p=g and by = --- = b, = 1. Then we have

DRy(ay,...,an;1,...,1) =gl € H'(M,,).

Indeed, it is known that the map from Sym?C — Pic?(C') has degree 1 for
any smooth curve C. Thus we have

g! 1

3g—3+n g 1) = glg393+tn A  — _9° =
¢S DRg(a17. .. ,Cln, ]_, .. .71) g.’@bs Mg7n g! 249 249.

The generating function contains g factors

22

S(O)=1= o+,

thus 229/249 is its first non-zero term.
More generally, it is easy to show that

DRy (a1, ..., an;b1,...,by) = g! b2 --b; € H'(M,,,)

and therefore

¢§g_3+nDRg(a17 cee 7an;l~)1’ T ’bg) -

Lemma 3.8 For any j € {1,...,p} we have

¢§g—3+n+p DRg(a17 st a"ﬂ? Bl? tt 7bp)

-~

:¢§g—3+n+p DRg(al,...,an,bj; 51,...7?7]',...,5],)
_¢§gf4+n+p DRy(a1,...,as+bj, ..., ap; l~71,...,l~)j,...,l;p),

where a hat means a skipped element.

Proof. Let 7: Mg,nﬂ — ﬂgm be the forgetful map, where the (n + 1)st
marked point corresponds to the marking b;. We have

W*ws = ws - Ds,n+1:

where the divisor Dy 11 C Mgmﬂ encodes curves with a rational component
containing exactly one node and two marked points with markings s and n+1.
From this we deduce

¢§g—3+n+p DRg(a17 Y Bl, . ,bp)

27



= W*w§g73+n+p DRg(al, vy Oy, bj, 51, ceey bj, RN ,bp)
= (¢5 — D57n+1)7T*@Z)§g_4+n+p DRg(al, ey Qp, bj, 51, e ,bj, . 76;,)
= (Y275 — DT 2T Y DRy (ay, .y @, by bry ey Djy e, Dp)

~

:wgg73+n+p DRg(al,...,an,bj; 61,...,bj,...,l~)p)
_¢§g—4+n+p DRg(al,...,a8+bj,...,an; Bl,...,gj,...,bp).

Proof of Proposition 3.4. Applying the lemma successively for each j €
{1,...,p} we get the following expression:

¢3973+n+p DRg<a1, vy Qpy 617 s 7617)

_ || S(aiz)ll- S(bz)
— [»29 § p—|J| L1iFs jeJ =)
=) =) S(z)

This obviously factorizes into the expression given in the proposition. &

Proof of Theorem 3. The statement of the theorem immediately follows
from Proposition 3.4. We have

m! n .
—w;n*Ker k; DR (K— s =k, ..., —ky; 1p>
gp! (K —p)! 11 g 1
_ muH’;ﬁ k; i (f;) w;n—Ker DR, (, —ki, ..., =k ’ip)

p=0
H” 2 Hz l S . p
=m! 2 L[2%9) Z ) —1)
p=
k‘ n
_ i1 K-1 ,
= ml= L[2%]5(z) 1:]1 S(k;z).
This completes the proof of the theorem. &

4 Semi-infinite wedge formalism

In this section we sketch the theory of the semi-infinite wedge space following

[12], [6] and [15].
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4.1 The infinite wedge space

Let V' be an infinite dimensional vector space with basis labelled by the half
integers. Denote by i the basis vector labelled by i, so V = @, 1 7.

2
Definition 4.1 Let ¢ be an integer. An infinite wedge product of charge c is
a formal expression

i Nig A (6)
such that the sequence of half-integers i, 79,13, ... differs from the sequence
c—1/2,¢—3/2,c—5/2,... in only a finite number of places.

The infinite wedge product is anti-commutative under finite permutations
of factors.

Definition 4.2 The charged infinite wedge space is the span of all infinite
wedge products. The infinite wedge space is its zero charge subspace, that
is, the span of all zero charge infinite wedge products.

The infinite wedge space is spanned by the vectors

UA:Al—1/2/\)\2—3/2/\)\3—5/2/\...,

where (A\; > XAy > --- >0 >0 > ...) is a partition of any non-negative
integer.

On both spaces we introduce the inner product (,) for which the vec-
tors (6) are orthonormal.
Definition 4.3 The zero charge vector vy = —% A —% A -+ is denoted by
|0) and is called the vacuum vector. Its dual@ with respect to the inner
product is called the covacuum vector.

Definition 4.4 If P is an operator on the infinite wedge space, we define its
vacuum expectation value as (P)° = (0|P|0).

4.2 The operators

Definition 4.5 Let £ be any half integer. Then the operator Wy is defined
by Wy (iaAigA--+) — (EAdiAigA---). This operator acts on the charged
infinite wedge space and increases the charge by 1.

The operator ¥ is defined to be the adjoint of the operator W¥; with
respect to the inner product.
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The action of U} on basis vectors can be described as follows: it looks
for a factor k£ in the wedge product, anti-commutes it to the beginning of the
product, and erases it. If the factor k is not found the operator returns 0.
Thus it decreases the charge by 1.

Definition 4.6 The normally ordered products of W-operators are defined
in the following way

W, U if >0
WU = J 1 ] ~ (7)
J —wrw; it <0,

Note that the two expressions are equal unless ¢ = j. Also note that the
operator :W;W: does not change the charge of an infinite wedge product, and
can thus be viewed as an operator on the infinite wedge space.

Definition 4.7 Let n # 0 be a non-zero integer. We define the operator o,
on the infinite wedge space by

E . *.
an - \I/k,n\ljk. .
k€Z+3

The operator «,, attempts to increase every factor of an infinite wedge
product by n and returns the sum of successful attempts.

Remark 4.8 Let E;; for i,j € Z + % denote the standard basis of matrix
units of gl(co) = gl(V). Then the assignment E;; ~ :W;U5: defines a
projective representation of the Lie algebra gl(1") on the infinite wedge space.

These operators relate the infinite wedge space to the representation the-
ory of the symmetric group and to double Hurwitz numbers via the following
properties.

Proposition 4.9 Let v = (vy,...,vy) be a partition of N. Then we have

k k
H Ay, O> = Z XA(V)UM <O| H Q;
=1 A =1

where xA(v) is the character of the conjugacy class v in the representation \
and is set to be 0 if v and X are partitions of two different integers.

ua) = xa(v),

This proposition is a reformulation of the Murnaghan-Nakayama rule [5].
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Proposition 4.10 We also have

. 1 1
- g lezvk m| H o

E>1 0 v,

0)(0 [ [ v

where id the identity operator in the infinite wedge space.

)

This proposition follows from the orthogonality of characters.

The operator «,, will be used to “create” a branch point of order n over 0
(if n > 0) or a branch point of order —n over oo (if n < 0). Insertions of the
identity operator in the form of Proposition 4.10 can be used to describe a
pinching of the target sphere separating 0 from oco.

Notation 4.11 We denote by ((z) the function e*/? — ¢=%/2,

Definition 4.12 Let n € Z be any integer. We define the operator &,(z2)
depending on a formal variable z by

571,0

E(z) = *h=3) R
@)= 2 P )

keZ+1
Note that &,(0) = «, for n # 0.
Proposition 4.13 We have
[Ep(w), & (2)] = C(kz — lw)Eii(z + w);

in particular,
[€:(0), &1(2)] = ((k2)Epa(2)
and, taking a limit as z — 0,
[£:(0), £(0)] = kdrt1,0.
Most of the time these commutation relations will be the only properties of

the operators £ that we are going to use.

4.3 Commutation patterns

Now we briefly describe an algorithm to compute a vacuum expectation value

<ga1 (Zl) o 'gan(zn)>o

of a product of £ operators, where > a; = 0. The algorithm is described in
detail in [6] and [15].
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Definition 4.14 We say that the operator &,(z) has positive (resp., nega-
tive, zero) energy if the integer n is positive (resp., negative, zero).

Proposition 4.15 We have &,(2)|0) = 0 for n > 0, and (0|€,(z) = 0 for
n < 0.

Example 4.16 Here is how we use the above proposition to compute vac-
uum expectation values:

(E3(2)€5(w))” = (E3(2)&(w))” + (32 +3w)(&o(z +w))°

((3(z +w)
C(z4+w)

Here the first equality is the commutation of &(z) and £_s(w), while the
second equality follows from the proposition and the definition of &.

In general, the algorithm consists in “moving” operators of negative en-
ergy to the left. At each step we replace two successive operators by the
sum of their commutator (the commutator term) and their product in the
inverse order (the passing term). Both terms of this sum are still vacuum
expectation values of products of £-operators, multiplied by some product of
(-functions. As soon as an operator of negative energy reaches the leftmost
position in the product we can cancel the corresponding term in the sum.

It is easy to see that this algorithm always terminates in a finite number
of steps leaving us with a sum of terms of the form

CE) - CNE() - &))"

Since &y(z)vy = 1/((z)vy, the last expression is immediately computable.

Definition 4.17 Every term in the final sum together with the sequence of
steps of the algorithm leading to it is called a commutation pattern.

Definition 4.18 A commutation pattern is called connected if there is only
one & operator in the brackets of the corresponding final term.

Definition 4.19 A connected vacuum expectation value is the sum of out-
comes of all connected commutation patterns.

Notation 4.20 A connected expectation value will be denoted by (-), while
a possibly disconnected expectation value retains the notation (-)°.

Proposition 4.21 The connected expectation value is well-defined, that is,
it does not depend on the order in which the commutations of the algorithm
are performed.
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Sketch of a proof. Every & factor in the final bracket of a commutation
pattern arises from a combination of several factors &,, (z;) for i € I such that
> icrai = 0. In particular, if there are no non-trivial subsets I C {1,...,n}
such that ., ;a; = 0 the connected expectation value coincides with the
possibly disconnected expectation value. In general, the connected expecta-
tion value can be obtained from the possibly disconnected expectation values
using the exclusion-inclusion formula. Thus it can be defined unambiguously
without invoking our algorithm. &

5 Proof of Theorem 2

In this section we use the infinite wedge formalism to prove Theorem 2. The
proof is by induction, and the base case is Theorem 1. For that we first need
to restate both theorems in terms of the infinite wedge formalism.

In the rest of this section g will always be used to denote the genus of
some DR-cycle which is intersected with some 1)-classes. It is determined by
the dimension constraint that this intersection should be a number.

Proposition 5.1 Letay,...,a, be a list of real numbers such that»_ a; = 0.
Denote J = {1,...n}\{s} and define

Jy={j€eJ :aq;>0}
and J_ = J\J;. Then

. S(a;z . o
R < 11 5%, 0 I1 —5159)>. ®)

jeJy J jeJ_ J

Remark 5.2 When a; = 0 for some ¢, we interpret the right-hand side of the
formula as follows. We first compute the vacuum expectation value using the
commutation relations of the £-operators (Proposition 4.13) where we keep a;
as a variable. It is easy to see that the result can be continued analytically
to a neighbourhood of a; = 0, so we take the limit a; — 0. Note that way
the apparent singularity coming from the factor ail will be cancelled with the
zero coming from ((a;z).

Lemma 5.3 Let aq,...,a, be a list of non-zero real numbers with vanishing
sum. Assume that it is split into a disjoint union of three sets

{1,...,n}={s}UJ U J_.
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Then the vacuum expectation value

<H E0(0)Ea (@) [T saj<o>>

JjeEJ 4 jeJ_

vanishes unless all the elements of Jy are positive and all the elements of J_
are negative.

Proof. Assume, for instance, that an element a; = a of J_ is positive.
We will apply our algorithm by moving this operator to the right. Since
[£.(0), E(0)] = adgarp, we see that the commutator term either vanishes or
contains an &, factor that is prohibited in a connected expectation value.
Thus to compute the connected expectation value we only need to take the
passing term. In other words we can just move the operator &,(0) to the
right-most position and we see that the expectation value vanishes, because

Ea(0)vp = 0. &

Proof of Proposition 5.1. We can assume that the a;’s do not vanish
since the case of vanishing a;’s is obtained by passing to the limit.

To compute the expectation value we apply our algorithm by commuting
E,.(r) with its right and left neighbours in an arbitrary order. At every
step the contribution of the passing term vanishes by the lemma. Using the
commutation formulas we get

jey J o jedo
29+n72]xn71 HjeJ S(ajx) _ ng] Hz’;és S(aix)
¢(x) S(z)

where we used S(0) =1 and S(—a;z) = S(a;z). &

=z

Proposition 5.1 allows us to restate Theorem 1 in terms of the infinite
wedge formalism:

Corollary 5.4 We have

P THDR,(ar, s an) = [0 < I Ve IT 5‘”(0-)>'

; a; ;
JjEJ+ JjeEJ-

On the other hand, Theorem 2 is equivalent to the following:
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Theorem 7 Let n be a positive integer, and let ay,...,a, be integers such
that >~ a; =0 and dy, . .., d, non-negative integers such that > d; = 29 — 3+
n. Then we have

fl . -zbZ”DRg(al, Cey Q)

dn] Z < [ B [(‘:a/l (xlllilia’; (xIQ)} e ‘]a: ga%l(x;ﬂ > : (9)

! n—1Tn

oesy, zy(ay — E - (], — K)

where S), is the group of permutations o of the set {1,...,n} with o(1) = 1.
As before, we define x; := ;) and a; == ag().

The fact that Theorem 7 is equivalent to Theorem 2 follows immediately by
repeated application of the commutation relation of Proposition 4.13.

Notation 5.5 In the following, if a sequence of integers aq,...,a, and a
corresponding sequence of formal variables zy, ..., x, have been defined, we
will often use the following abbreviation for the sake of clarity:

(c:j = gaj (IJ>
Definition 5.6 Let I C {1,...,n}. Given a list of integers ay,...,a, and
a list of variables x1,...,z,, let P be a polynomial in operators &;, i € I,

whose coefficients are rational functions in x; and a;. Let ¢t & I.
For any i € I we define O!P to be the result of the substitution

1
(€, &

6}*—)

a; Tt
Zg

Furthermore, we define O'P =3"._, O/ P.

Definition 5.7 Let n be some positive integer, let aq,...,a, be some se-
quence of integers, and let x1, ..., x, be a sequence of formal variables. Then
we define

t . _
G (CH, ey AT, ... ,xn) - 0,01::(,2 _ a02) o <aat_lxat _ agt).

To prove Theorem 7, we will need the following lemmas.

Lemma 5.8 For any positive integers t < n, and for all ay,...,a, € Z, we
have

1
Gt(al,...,an;xl,...,xn):(’)t---(’)2x—51. (10)
1

Note that the empty product of operators that appears on the right-hand side
in the case t =1 should be interpreted as the identity operator, as usual.
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Proof. We prove that the coefficients of 2% - - - 2% are equal on both sides

of the equation for any non-negative integers dy, . .., d,. The lemma is clearly
true when ¢ = 1. We proceed by induction on .
Denote by F* the right-hand side of equation (10):

1
Ft.=0'...0° =&,
Iy
Now assume that F! and G? are equal for some ¢, and are related by just a
series of applications of the Jacobi identity. Defining

G§+1 — Of+1Gt

it follows that O F* = éﬁ“, again related by a series of applications of
the Jacobi identity. We complete the proof by showing that G**! is equal to
G =3 G and this equality can be given just by application of the
Jacobi identity.
The terms of G**! are of the form
[' o [5017 502]? - ']? 501']7 gtJrl]? .- ']7 SUt]

At+1%o; QAo Lo
- at-i-l)(TlH - a0i+1) H](%
where o is some permutation appearing in the sum in G*, and where j runs
from 1 to t — 1, skipping .
First we look at the case where 0 < i < ¢. A term with the iterated
commutator appearing in (11) arises in G**! in precisely two ways:

(11)

( Ag; Tt41

b
Loy Tq, - a0j+1)

J

1. In G*1, as the first term of the Jacobi identity applied to
[' o [5017802]7 . ']7 gﬂ'i—l]’ [802‘7 £Ut+l]7 80'i+1]7 .- ‘]7 go't]

2. In @fﬂ, as the second term of the Jacobi identity applied to
[' o [5017802]7 .- ']7 60i]> [gai-i-lv Sot+1]a 80i+2]7 - ']> Sat]'

Taking into account the coefficients of these two contributions, we get

1 1
[T, (57 = a0,0) ((— = o) (B — )

J i
1
(agi§;i+1 — a0i+1)(% — at+1)
_ 1 1 1
= Hj(aaj;”:jH — anH) % — Qg1 % ~a,, )

J
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(where j runs over the same set as above) which is precisely the coefficient
of the iterated commutator appearing in (11).

In this way, we use all the terms of G'*! except three to get the terms
of the form (11) in G*™! with 0 < ¢ < ¢. The three terms we did not yet
use are C?g“, the second term of the Jacobi identity applied to éﬁ“ and the
first term of the Jacobi identity applied to Gt*'. The only remaining terms
in G are those of the form (11) with i = 0 and with i = ¢. By a similar
argument as the one above, the first is easily seen to be equal to the sum of
éff“l and the second term of the Jacobi identity applied to éﬁ“, whereas it
is immediate that the second is equal to the first term of the Jacobi identity

applied to @i“. This completes the induction. &
Corollary 5.9 Let a = (ay,...,a,) be an ordered set of integers. Denote
T = (x1,...,2,). Then the expression

1
F(z;a) := 0" O*—&,, (1)
X
is symmetric with respect to the action of S, on {1,...,n}.

Proof. The group S, is generated by S, and the transposition (1,2). The
fact that F'(z,a) is symmetric with respect to the action of 5], follows imme-
diately because the quantity on the left-hand side of (10) is symmetric with
respect to this action. The invariance under the transposition (1,2) is shown
as follows:

OQigl — [517 52] _ [52, 51] _ Olig2_

ag2x
x a1Ty — agr1  2("Zt — ap) )

&

Lemma 5.10 Let n be any positive integer, and let ay,...,a, be any inte-
gers. For any subset I C {2,...,n} we have

[Hx§]<(9”--~02xila>=< 1T %(Ho%&) 11 _%>

ielc i€I,a; >0 JEI,a,;<0

where I° denotes the complement of I C {2,...,n}.

Proof. Let k& = |I| + 1. By Corollary 5.9, we can assume that [ =

2, kY.
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First note that

1 An Ak+1 1
[Hx(?](')"...@?_gl _o .9 OF...0%_¢g,

X1 an A+1 T

ielc

where O! is defined by O! := adg,, o). This follows immediately from the
fact that we take the coefficient of ., --- 2% and the expansion of the fac-
tor L%wt appearing in the operator (9;-.

@)

Whenever a; = 0 for some ¢ > k, the operator f—: just acts as multipli-
cation by % from the left; since we take the connected vacuum expectation
value, it will be forced to involved in a commutator with a negative energy
operator from the left at some point. It is easy to see that the effect of this
commutator will be the same as the effect from the one coming from the
definition of O,.

For t > k with a; # 0, we use the standard Lie-theory fact that for any
t>k

@t . (;jk+1(f)k . 02%81 — gat<0)@t71 . @kJrlOk . 02%81
1 1

~ ~ 1
— O ORI OR L O (—E))E,,(0).
X1
Depending on the sign of a;, only one of these two terms will contribute
when we take the vacuum expectation value. Iterating this procedure from
t =k+1up tot=n completes the proof of the lemma. &

Remark 5.11 Using Lemmas 5.8 and 5.10, it is easy to see that Corol-
lary 5.4 is a special case of Theorem 7, i.e. that Theorem 1 is a special case
of Theorem 2.

Lemma 5.12 Let n be a positive integer, let aq,...,a, be a sequence of
integers and let xy,...,x, be a sequence of formal variables. Denote a :=
(a1, ...,a,) and T = (x1,...,x,). Then we have, for any p,q with 1 < p <
qg<n:

Tply

G"(a;1) = > 16 (ars2r), M ags2y)]

Aplq = Aqlp 77

where the sum is over all disjoint sets I and J such that TUJ ={1,...,n}
andp € I, g € J, and G s as defined in definition 5.7.
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Proof. Let us introduce the following notation. Suppose hy, ho,
operators. Let

., h, are

oobog " Loy, "'hayhcr ).
Qn(hlu"whn;xlu"wxn>:ZITT?) Inl[[ [ - 2]

oest (x01'_’x02)"'(x0n 1

For any o € S,,, we have the symmetry

Qnlhey, - -

o

- l’o'n)

S he,  Toyy e X, ) = Quhy, . by, T).
It can be proved in the same way as the symmetry of G"(a;z). We have

Qu(Eree o & 2,
a1

o _1n—1
G (a;x>:a§a2.)..a

The lemma obviously follows from the formula

Qu(hiz) = =22 5™ [Quy(hrs 1), Quy(hus ).
Tp 9 I11J={1,...n}

(12)

We prove (12) by induction on n. The case n = 2 is obvious. Suppose n > 3
Let us denote the set {1,2,...,n} by m. We have

Lyl
= Z [Qin(hr;21), Quy(hy; 2)] =
SIS
pel
qeJ
_ Z p(Ti — 1)
%#pq — %q)(2p — 1)
;T
‘ Z [Q11-1([hp, hil, hngipys Tis Trgipy), @ (b )]+ (13)
N T
i,pel
qeJ
h n—1(hm y I .
o _xq[ pr Qn-1(ha\(p}; Tm\ ()]

By the induction assumption the sum (13) is equal to

xp(xi - xq)
Qn_l([h hl]’ h’ﬁ 7, 7 xi, ZI/'H i, ) =
’i;p;l (zp — ) () — ;) P \{ip} \{i,p}

= Qn—1([hp, hil, b\ fip}s Tis T\ (i py )+ (15)
; Tp — I
1#£p,q
+ Z . Qn—1([Pp, hil, ha\ i pys Tis Tr\ (i p} )
i#p,g ¢
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It is easy to see that (16) is equal to

Lq

[P, Qn1(han\ (p}; T\ (p}) ]+ (17)

Lg — Tp
T
q
_I._

Qn-1([p, hal, hn\(p.g}; Tg» Tm\ (p.a})- (18)
Tp — Xq
Clearly, the sum of (15) and (18) is equal to @, (h;x) and the sum of (14)
and (17) is zero. The formula (12) is proved. &
The proof of Theorem 2 is by induction, starting from two base cases. In
the first case all ¥)-classes are at points on the DR-cycle which are not mapped
to zero or infinity. In the second case there is one point in the inverse image
of zero or infinity were some non-zero power of a i-class appears, and all
other 1)-classes again are at points which are not mapped to zero or infinity.
The induction will then be completed using Corollary 2.2, which allows us
to move 1)-classes between points on the boundary. We now prove the two
base cases.

Proposition 5.13 Let n be some positive integers, and let aq,...,a, be in-
tegers. Let dy,...,d, be a set of non-negative integers such that d; is zero
whenever a; # 0. Then Theorem 7 holds. That is, under the conditions
described above, we have:

DRy(ay,...,a,) [J o = (] =] <o”---02£51>. (19)

x
i=1 i=1 1

Proof. First note that by Lemma 5.8, equation (19) is indeed equivalent
to the described special case of Theorem 7.

Denote by I the set I = {1 <i <n:d; >0}. It is clear that the in the
left-hand side of (19), we can replace the product over ¢ from 1 to n by a
product over the set I.

By Corollary 5.9 we can assume that 1 € I and that ¢ < j whenever a; = 0
and a; # 0. Let ¢ be the number of ¢ for which a; = 0. By Lemma 5.10, the
right-hand side of equation (19) is equal to

! & 1 E;
i il ()t...(92_5) Sy

which shows that when I contains only one element, the statement of the
proposition is a direct consequence of Corollary 5.4.
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Furthermore, by [13], Proposition 2.5;

_ di+---+d, .
DRg(a17"'7an>ngz - < 1 )DRg(ala"'van>wfl+ T +1.

11 dy, ... d,

Using this and the expression above for the right-hand side of (19), it only
remains to show that

. ) 1 di+---+d edy—t417 1

It is a direct computation that this equation is equivalent to
1
Ot ce OQx—(c;l = (x1 + -+ l't)t7280($1 +---+ iUt),
1

which is clearly true when ¢ = 1, so we proceed by induction. Suppose that
the equation above is true for all ¢ <[ for some [ > 1.
Note that the action of Oé- on [[, O& is given by the following actions.

e replace x; by x; +
e replace a; by a; +

z;¢(ajz—arxy)
ajT—aix;

e multiply the result by = 2;5(ajz; — ajz;), which is equal

to x; when a; and a; tend to 0 (which is the case for us since i € I
implies a; = 0).

Thus, we have, by the induction hypothesis
OlJrl ce O2ga1 (xl) = Ol+1$1($1 + -+ Jfl)liQE()(:Ul + -+ l’l>
= (v1 + 1) (01 + -+ $l+1)l_250($1 + a1

l
+ le(xl + 4 l’l_:,_l)l_ng(ZL'l —+ .- [El+1)ZL‘j
j=2
= 1'1(.231 + -+ l‘l+1)l_1€0($1 + -4 ﬂfl+1).

%

Proposition 5.14 Let n be some positive integer, and let ay, . .., a, be some
sequence of integers with a; # 0. Let K be a subset of {2,...,n}, and suppose
that a; is zero for all © € K. Then for all sequences of integers dy, ..., d,
with d; # 0 if and only if i € K U{1} we have

DRy(a1,...,an) wal = [H ] <(’)" e Ozx_lgal (x1)> :
i=1 i=1

where g is determined by the usual formula.
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Proof. Let k:= |K|. By Corollary 5.9 we can reorder the set {1,...,n} in
such a way that the elements of K correspond to 2,...,k. By Lemma 5.10,
the statement of the proposition is equivalent to

k

Z DRy(ay,...,an) H(%%)dz

dryendy, i=1

E; 1 E;
(19 o) n5) =
i>ka;>0 1 j>kaj<0 7

We prove this statement using induction on k. If £ = 0, the statement is a
direct consequence of Corollary 5.4. On the other hand, the right-hand side
of (20) is equal to

m<< 11 é) O --oleLal | ] _‘C:—ZL >

. a; . ’
1 i>k,a; >0 ]>k,aj<0

: >
1T — Q277

(L5 (mosdos) (1 %))
i>k,a; >0 s€sS tese jokay<0 L
1 by -k
- ale—anlz{ k! )
E ok (o>>
O°E J g .
([T )T 115

(I gk—“nf(noe) %)

g=1 7 jeIc

™

Q

i

iel "

)

P& (0 & . &
(50 (o) 15}

q=1 7 ele

where the last sum is over all subsets S as in the line above, all subsets
I c {i;i>k,a; >0} and J C {j;j > k,a; < 0}, all positive integers ¢ and
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all sequences of integers £y, ..., k,. If we take the coefficient of :cill -z in

this expression, using the induction hypothesis and Proposition 5.13, we get

1k k
a; p!
— DRy, (as, a1, k1, - .., kp) ®DRy, (a1, @2, ku, . . ., ky) ) 1 pg2 - - - qpidn

(DRm(CLl,al, ]Cl, ce ,kp) X DR92<CL2,a2, ]Cl, ce ,kp)

where we use a; as shorthand for the set of variables {a;}ic;usus and ay as
shorthand for {a;}icreuseuse, and where the sum is over the same range as
in the previous equation (note that the genera ¢g; and gy are determined by
dimensional constraints). By Theorem 5, this combination is precisely equal
to the intersection of i-classes and a DR-cycle as in the proposition. O,

Proof of Theorem 7. The left-hand side of equation (9) is completely
determined by the case where a; is zero whenever d; is not zero, the case
there is precisely one ¢ with a; # 0 and d; # 0, and Corollary 2.2.

The right-hand side of the equation is completely determined by the same
two cases, and Lemma 5.12. By Proposition 5.13 the left- and right-hand
side are equal in the first case, and by Proposition 5.14 they are equal in the
second case.

Furthermore, intersecting the equation of Corollary 2.2 with a monomial
in ¢)-classes of total degree 29 — 4 + n, we see that the application of Corol-
lary 2.2 and Corollary 5.12 lead to equivalent operations on the left- and
right-hand sides of equation (9). &
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