DOUBLE RAMIFICATION CYCLES AND QUANTUM INTEGRABLE SYSTEMS

ALEXANDR BURYAK AND PAOLO ROSSI

ABSTRACT. In this paper we define a quantization of the Double Ramification Hierarchies of [Burl5b]
and [BR14], using intersection numbers of the double ramification cycle, the full Chern class of the
Hodge bundle and psi-classes with a given cohomological field theory. We provide effective recursion
formulae which determine the full quantum hierarchy starting from just one Hamiltonian, the one
associated with the first descendant of the unit of the cohomological field theory only. We study
various examples which provide, in very explicit form, new (1 + 1)-dimensional integrable quantum
field theories whose classical limits are well-known integrable hierarchies such as KdV, Intermediate
Long Wave, Extended Toda, etc. Finally we prove polynomiality in the ramification multiplicities of
the integral of any tautological class over the double ramification cycle.
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INTRODUCTION

One of the main features of the algebraic setting of Symplectic Field Theory (SFT) [EGHO00] and
its approach to the relation between integrable systems and moduli spaces of holomorphic curves is
the appearance of infinite dimensional quantum integrable systems associated to higher genus curves,
as opposed to the fact that, in the Dubrovin-Zhang construction [DZ05] of integrable hierarchies from
cohomological field theories, higher genus curves control the dispersive expansion of a still classical
system.

Of course the target manifolds considered by the two theories are different. In the simplest algebraic
setting, SFT coincides with relative Gromov-Witten theory of a trivial P'-bundle over, say, a closed

Kéhler manifold X, relative to the zero and infinity sections. The Dubrovin-Zhang (DZ) hierarchy is
1
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instead associated with Gromov-Witten theory of the base manifold X. At genus 0 the two theories
recover the same classical dispersionless integrable hierarchy, a system of conservation laws (basically
because on a genus 0 curve with marked points, there is a, unique up to a C*-symmetry, meromorphic
function with given divisor of zeros and poles supported on the marked points). In higher genus,
however, the two theories differ, the first giving rise to a quantization and the second to a dispersive
expansion of the starting dispersionless system.

More in general one can substitute the Gromov-Witten theory of the target space X with a cohomo-
logical field theory (CohFT) on M,, and the relative Gromov-Witten theory of the P!-bundle with
its intersection theory with the double ramification cycle DRy(a1,...,a,) € H*(M,,; Q). In this
setting, in a recent paper [Burl5b], the first author made a conjecture that the right classical hierarchy
in the SF'T construction to be compared with the full genus dispersive DZ-hierarchy is not the genus 0
SFT, but instead the double ramification (DR) hierarchy, corresponding to intersecting the given Co-
hFT with DRy(a1,...,an) X Ay, where )\; is the i-th Chern class of the Hodge bundle on M, ,,. The
conjecture states that the DR-hierarchy and the DZ-hierarchy associated to a given CohFT are equiv-
alent through a Miura tranformation (see [DZ05] for details) and has been checked in [Burl5b] and
[BR14] for various CohFTs (trivial CohFT, Hodge CohFT, Gromov-Witten theory of P! and in part
for Witten’s r-spin classes). This offers a natural candidate for the construction of a quantization of
the full dispersive DZ-hierarchy, something we call the quantum double ramification (¢DR) hierarchy:
the intersection of the given CohFT with DR, (a1, ..., a,)x A(¢), where this time A(e) = 1+ > 9_; €\,

In particular, if we denote by € and & the dispersion and quantization parameters respectively and

g2 . . . . .
put € = =, we can summarize the situation in the following diagram:

[DZe—p = DRecg | —"— [aDR._, |
€

| |
[DZ= DR] —— [aD

As explained above, the equivalence in the lower left corner of the diagram is via a Miura transforma-
tion and is still conjectural in general (although the accumulating evidence is quite strong).

The gDR hierarchy has the nature of an integrable quantum field theory in one space and one time
dimensions. It contains N bosonic fields u®(z,t) = >,z pPe™*, a = 1,..., N defined (formally) on

the circle, where the Fourier coefficients pf are interpreted as creation and annihilation operators with

the commutation rules g,p@ | = ihkﬁa55k+j’0, where 7% is a symmetric nondegenerate matrix. Its

integrability is inherited by the classical limit and consists in an infinite family of commuting hamil-
tonian operators Gggq4, 8 =1,...,N,d=—1,0,1,....

In the paper, after introducing the relevant deformation quantization of the standard hydrodynamic
Poisson bracket of dispersionless DZ hierarchies and a study of its propagator (see [DZ05]), we define
the qDR hierarchy using intersection numbers of a given CohFT with the double ramification cycle
and the Hodge and psi classes and prove commutativity of the (quantum) flows. We also prove a
quantum version of the recursion relations from [BR14] which allow to reconstruct the entire qDR
hierarchy starting from G alone, the hamiltonian operator associated to the first descendant of the
unit in the CohFT. Thanks also to this recursion we are able to study various examples, effectively
computing the quantization of the KdV, Intermediate Long Wave and extended Toda hierarchies.
For the dispersionless limit of the KdV hierarchy we are able to prove that an explicit generating
function for the quantum Hamiltonians (which appeared in [BSSZ15], see aso [Ros08]) satisfies indeed
our recursion. Finally, in an Appendix, we prove that the integral of an arbitrary tautological class
over the double ramification cycle DRy(az,...,ay) is a polynomial in the ramification multiplicities
ai,.-..,ay. This means, for instance, that for tautological CohFTs the DR Hamiltonian densities are
given by differential polynomials, a general assumption under which we work in this paper.
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1. DEFORMATION QUANTIZATION OF THE STANDARD HYDRODYNAMIC POISSON BRACKET

In this section we describe a deformation quantization of a Poisson algebra which appears in multiple
contexts. It is the natural Poisson structure arising from the algebriac setting of rational Symplectic
Field Theory [EGHO0] (see for instance [Ros10]), it is the normal form of any (0, n)-Poisson brackets
of hydrodynamic type according to the classification of [DZ05] and it is the relevant Poisson structure
for the double ramification hierarchy associated to a given CohFT, according to [Burl5b].

1.1. The standard hydrodynamic Poisson bracket. Referring the reader to [DZ05, Burlbb,
BR14] for precise definitions, we recall that a function f = f(u®, u$,us,,...;¢) is a differential poly-
nomial in the jets uf, = 1,...,N, k = 0,1,2,..., where u® = ug,uy = uf,..., if f is a formal
power series in € with coefficients that are polynomials in uj, for k¥ > 0, and power series in u{. The
degree of a differential polynomial is determined by setting degu$* = 7 and dege = —1. The space
of local functionals is given by the quotient of the space of differential polynomials first by constants

and then by the image of the formal z-derivative operator 0, = > )~ ug +1% (we adhere, here and

in the following, to the convention of sum over repeated greek indices, but not over latin ones). A
local functional is usually represented with the symbol of an integral over the circle f = [ fdz, to
represent the fact that the equivalence class of 0, f is zero. On the space of local functionals we have
the standard hydrodynamic Poisson bracket associated with a nondegenerate symmetric matrix n%?:

- 5f opn 09
5f .

where £L := Zkzo(—ﬁx)k%. With respect to this Poisson bracket, the time evolution of a dif-

ou

ferential polynomial along the flow generated by a local functional g, the Hamiltonian, is given by
0, — 0 dg
o ={f.g}:= 2 k>0 au]:kw NPyt 2%

1.2. Quantum commutator on local functionals. In [EGH00] the authors described a Weyl alge-
bra formed by (power series in i with coefficients that are) power series in pf, k& < 0, with coefficients
that are polynomials in pf}, k > 0, with o =1, ..., N. The product rule is described as follows: repre-
senting two power series in the “normal form”, i.e. with all variables with negative or zero subscripts
appearing on the left of all variables with positive subscripts,

F=3000 ST B (ks

g>0n>0 kq,...,kn<0

9=2.2. 2. Pile PO o),

g>0n>0 ki,....kn, <0
e Qn
orkn;g
the p<o variables of g with the py~( variables of f using [po‘,p?] = ihkﬁa56k+j70. Thanks to polyno-
miality of the coeflicients, this process is well defined and produces another element of the same Weyl

algebra.

where f,‘jl ’ (p>o) and g;z‘ll,?n" g(p>0) are polynomials, one obtains the product f g by commuting
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This definition of the x-product coincides with endowing

C[P11;>07 o ’PkN>0H[P11930a ce ap]kvgo, hl]

with the “normal ordering” x-product

%
St s
apk Bpék

frg=1f1e g.

The commutator is then defined consequently as [f,g] := fxg—gx* f.

We now want to describe how this x-product is translated to the language of differential polynomials
and local functionals. For the relevant definitions and notations we refer to [DZ05], but also to our
previous papers [Burl5b, BR14]. We will need, first, to extend the space of differential polynomials
to allow for dependence on the quantization formal parameter A. In view of the results of Appendix
B.2 we will make the following choice: a quantum differential polynomial f = f(u®,ug,...;e,h) is a
formal power series in i and € whose coefficients are polynomials in ug, for £ > 0, and power series
in uf. The quantization parameter has degree degh = —2. The space of quantum local functionals
is given, as in the classical case, by taking quotients with respect to constants and the image of the
Oy-operator. Consider now a change of variables

uf =Y (ik) pie’™,
kEeZ

which allows to express any quantum differential polynomial f = f(u®,ug,...;¢e,h) as a formal Fourier
series in x with coefficients that are (power series in ¢ with coefficients) in the above Weyl algebra.
When needed, we will stress the dependence of f on the formal variable x by writing f(z). Note that

O fa) = S ke 2L ()

Ipy = dug

Therefore, for any two differential polynomials f and g we have

h" of ‘ v B (TR "y
flz)*g(y) = Z JW(Q:) <H(_1) k) kﬁk(ss_k'i‘ k+1)(:1: - y)> 3u51—<y)’

Bn

>0 Pt} . Ouy
T15-,Tn 20
81400980 >0

where
0 (@ —y) = Y (k)%= s> 0.
k>0

The product of derivatives of the formal Fourier series d4(z — y) can be expressed as a linear combi-
nation of derivatives of the same object:

n—14> 1 ak 4
0@ —y) 6@y = Y (=)o (@ —y),
j=1
where a1,...,a, > 1 and the C;l"“’a’“ are rational numbers such that C;l’“”a” = 0 unless j =
n—1+>, ;ar (mod 2) (see Appendix A.2 and Lemma A.4 there). For any specific choice of
ai,...,ay, it is not hard to compute the coefficients C;l’“"a". We also have a general formula for the
top coefficient
Calv---van _ szl ak!

el N e (n— 1+ > 5 ag)!

Since the parities of the number of z-derivatives in the linear combination all agree, using the fact
that

8 (x —y) =6 (@ - y) + 6¥ (2 — ),
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where §() (z—y) := > ez (ik)*e®(@=Y) is the s-th derivative of the formal periodic Dirac delta-function,
5 (x —y) == 3o (ik)e*@¥) and 55f) (x—y) = (—1)569) (y — ), for s > 0, we obtain
(1.1)

—i n—1n n . n
fanat = 3 S @) Ean (Hnawk>x

n>1 k=1
T15Tn 20
81500458020

2n—14>"7_ (sp+rk)

. d"g
y C$1+r1+1,...,5n+rn+15(])(:1: — y)—(y)

In particular, we get

_ —g)nipn o f noo (T o
[f.9] = Z ( )n! 3uo‘1...8uo‘”(_1)2k=1 ’ (Hn kﬁk) X

n>1 k=1
T1 ey >0
(12) 815004,5n 20

2n—1+22:1(sk+7”k) 8”9
X C$1+T1+1,---,87L+T’n+18j _
]Z:; ! ; 8u1@11 . .8u,@;}
Notice how, for any quantum differential polynomial f and quantum local functional g, this formula
gives a quantum differential polynomial of degree deg([f,g]) = deg f + degg — 1.

Taking the classical limit of this expression one obtains (+[f,d]) [i=0o = {flr=0.ln=0}, i.e. the
standard hydrodynamic Poisson bracket on the classical limit of the local functionals.

2. QUANTUM DOUBLE RAMIFICATION HIERARCHY

2.1. Hamiltonian densities. Given a cohomological field theory cg,: V" — H®"(M,,;C), we
define the hamiltonian densities of the quantum double ramification hierarchy as the following gener-
ating series:

ih)9
Ga,d = Z (n') X

920,n>0
29—14+n>0
2.1
(2.1) N |
X Z / A ( h > wlcg,n—&—l (eﬂz ® ®:L:1€az) pgll .. .pg’sezxzal’
al,...,an €L DRQ(_Zaiyalv"van) t
Q1,...,Qn

fora=1,...,Nandd=0,1,2,.... Here DRy (a1,...,a,) € H*(Mg,;Q) is the double ramification

2

cyele, A (552) o= (14 (52) M+ + (55)" 2y), with A; the i-th Chern class of the Hodge bundle
and 1; is the first Chern class of the tautological bundle at the i-th marked point. When needed, we
will stress the dependence of G, 4 on the formal variable by writing G 4(z).

Our definition of quantum double ramification hierarchy might probably also be referred to as
symplectic field theory hierarchy associated to the cohomological field theory

—82 —82 g
Cg,n (®?:1€ai) X <1 + <Zh> Al + . + <Zh> )\g) ;

given that, when we take the integral with respect to x of the above generating series and we take as
cohomological field theory the Gromov-Witten theory of a closed target symplectic manifold M, we
obtain indeed the definition of the SF'T Hamiltonians [EGHO0O0] for the standard stable hamiltonian
structure on M x S (see also [FR11]).
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As for the “classical” hamiltonian densities gop = Ga,pln=0 defined in [BR14], we would like to

rewrite the above expression in terms of formal jet variables u% = >, ., (ik)*p2e™®, o = 1,..., N,
s =0,1,2,.... Working under the assumption that the double ramification cycle DRy(a1,...,ay) is
a non-homogeneous polynomial of degree at most 2¢g in the variables ay, ..., a, (which is compatible

with the recent conjecture by Pixton on the double ramification cycle explicit form), we actually obtain
that each G, can be uniquely written as a quantum differential polynomial of degree deg G, < 0.
This means that the number of z-derivatives that can appear in the coefficient of e¥A7 is at most k+2j.
In fact, it is proved in Appendix B.2 that integrals of tautological classes over the double ramification
cycle DRy(az1,...,ay) are indeed non-homogeneous polynomials of degree at most 2g in the variables
ai,...,ay. S0, if the cohomological field theory we start with is tautological, this ensures that our
densities are quantum differential polynomials of non-positive degree.

Remark 2.1. Cohomological field theories that consist of tautological classes form a very large class
of cohomological field theories. In particular, all semisimple cohomological field theories and also
cohomological field theories whose shift is semisimple belong to this class (see e.g. [PPZ15]). A

We finally add manually N extra densities Go,—1 = 7q,u”. Recall that by éayp = f Gapdx
we denote the coefficient of e in G,, considered also up to a constant, for all & = 1,..., N,
p=-1,0,1,....

2.2. Main Lemma. In order to prove commutativity and recursion formulae for the quantum double
ramification hierarchy one can proceed exactly as in [Burlbb] and [BR14], respectively. However here
we will take a slightly different approach based on the following result from [BSSZ15]. For a subset
I ={iy,ig,...},i1 <ig <..., of the set {1,2,...,n} we will use the following notations:

Ap = (aiy, a4y, - . ), ar ::Zai.
el
Suppose the set {1,2,...,n} is divided into two disjoint subsets, I U J = {1,2,...,n}, in such a way
that a; > 0. Choose a list of positive integers k1,...,k, such that > *_, k; = a;. Let us denote by

DRy, (A1, —k1,...,—ky) X DRy, (Ay, k1, ..., k) the cycle in Mgy, 1 g,+p—1n Obtained by gluing the two
double ramification cycles at the marked points labeled by k1,...,k,.

Theorem 2.2 ([BSSZ15]). Let t and s be two different elements in {1,...,n}. Assume that both as
and a; are non-zero. Then we have

(asths — atwt>DR (a1,...,an) =
=2 20 2 H” S DRy, (A =k, —kp) B DRgy (Ag i, Ky)

seliteJ p>1 91,92 k1,....kp

-y yry v i

tel,scJ p>1 91,92 k1,....kp

DRgl(AI, k..., —ky) R DRy, (Ay ki, ..., ky).

where the first sum is taken over all I U J = {1,...,n} such that ay > 0; the third sum is over all
non-negative genera gi, gs satisfying g1+ go+p—1 = g; the fourth sum is over the p-uplets of positive
integers with total sum ar = —ay.

We now define the following generating function for intersection numbers involving the insertion of
psi-classes at two marked points:

(th)?
Ga,p;ﬁ,q(%y) . Z n! Z /DR (ao,a1 +1) ih ¢0 n+1x
g(a0,a1,...,an,an

9>0,n>0 " ag,...,0n41€Z
2g+n>0 S a;=0
QT ,...,Qip

(e} Qp —1A0T—10n 41
X Cgnt2 (ea®® 1€a1®65)>pa11...pa:e nty,

fora,f=1,...,N and p,q =0,1,2,.... Then we have the following
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Lemma 2.3. Foralla,6=1,...,N and p,q=0,1,2,..., we have

1
(2.2) axGa,p+1;B,q(377 y) — 8yGa,p;B,q+l(x7 y) = % [Ga,p(x)a GB,Q(Q)]
Proof. The proof is a simple consequence of the definition of the generating series and the application
of Theorem 2.2. O

2.3. Commutativity and recursion. As consequences of Lemma 2.3 we find
Theorem 2.4. For alla,3=1,...,N and p,q=—1,0,1,..., we have
[aa,p,éﬁvq] =0

Proof. One simply integrates equation (2.2) with respect to both x and y. Notice that G, 1 is a
Casimir of the standard quantum commutator and hence commutes automatically with all other G 4.

O
Theorem 2.5. Foralla=1,...,N and p=—-1,0,1,..., we have
1 _
(2.3) 0z(D—1)Gapy1 = 7 [Ga,p,GLl] ,
aGa, +1 1 -
(24) axTUZ == ﬁ [Ga,pa G570:| 5

whereD—€88+2h + D >0 U 9

s Qug -

Proof. Suppose p > 0. For both formulae one needs to integrate with respect to y equation (2.2) with
(8,9) = (1,1) and (5,q) = (B, 0) respectively and, for the first equation, use the following version of
the divisor equation

(2.5) [ Gaprraala)dy = (D = DGapir(a),
while for the second one, the fact that, by definition,

0Ga pi1(z)
(26) /Ga,p—l—l;ﬁ,[)(xvy)dy = apiutg

If p = —1, then we have

1 _
ﬁ[G 717G,6’q [Z naupk vG,B,q

e
— ik q zkm / N d
> i e, € 02 Go0;8,4(%, y)dy.

We again finish the proof using equation (2.5) or equation (2.6). O

2.4. String equation. We have the following immediate generalization of a Lemma from [Burl5b].

Lemma 2.6. We have G1o = %f (Muutu”)dx, so that, for any quantum differential polynomial

f f( ) z»"')z we h(l’UE%[f,éLo} :axf

Proof. The proof is the same as for the classical limit. Since DR, (0,a1,...,a,) = m*DRy (a1, ..., an),
Contl (€1 ® ®_1€q,) = T cgn (D] €q,) and A(e) = 7*A(e), where 7 : /\/lg nil — Mgn, the con-
tribution to Gio vanishes for ¢ > 0 or n > 2. For ¢ = 0 and n = 2 the result follows from
co3(er, eusen) = M- O

We also have the following version of the string equation for the quantum double ramification
hierarchy.

Lemma 2.7. Foralla=1,...,N andd = —-1,0,1,... we have
aC;'oz,d—l-l

(2.7) Gaa= Dl
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Proof. We have
OCains _ 5~ (10

oul n!
g,n>0
2g+n>0

E g2 .\
/ A <> ¢g+109,n+2 (a ® ®j—i€q; @ e1) | | pei | emiaor,
DRy(ag,at,...,an,0) ih X II

a0,a1,...,an €%
Q1,y.eeny Qi

X

The same argument as in the proof of the previous lemma shows that

2
—&
/ A (h) wgﬂcg,n-%? (€a ® ®ijeq; ®e1) =
DRy(ag,a1,...,an,0) t

2 )
fDRg(ao,a1,...,an) A (T}S‘z) w(d)cgﬂ'b'i‘l (eOé ® ®zn:1604i) ) if 29 +n>1andd > 07
=140, if2g4+n>1and d=—1,
0d,—1Maar » ifg=0and n=1.

The lemma, is proved. U

2.5. Reconstruction of the hierarchy from G ;. Notice that equation (2.3) allows us to recover
the hamiltonian density G 441 up to a constant starting from the knowledge of G, 4 and G11. On the
other hand recursion (2.3) is insensitive to the constant term in G, 4. We see that the all hamiltonian
densities G4 can be determined up to constants starting from the knowledge of 5171 alone (and
the fact that Go,—1 = nauut for any CohFT). The constant terms can be recovered using the string
equation (2.7). We conclude that, once we compute ém, the quantum double ramification hierarchy
is completely identified.

3. EXAMPLES

In this section we consider several examples of the quantum double ramification hierarchies. In
all these examples the corresponding cohomological field theory is semisimple. This ensures that
the densities of the quantum double ramification hierarchies in these cases are quantum differential
polynomials.

3.1. Quantum KdV hierarchy. Consider the simplest cohomological field theory:
V= <61>, mi= 1, Cg,n(e?n) =1.

In [Burl5b] it was proved that the corresponding double ramification hierarchy coincides with the
Korteweg-de Vries hierarchy. Therefore, our quantum double ramification hierarchy in this case gives
a quantization of the KdV hierarchy. In Section 3.1.1 we compute several first quantum Hamiltonians
for the full hierarchy. In Section 3.1.2 we check an explicit formula for all quantum densities in the
dispersionless limit.

We will omit the first index in the densities G, ¢ and in the Hamiltonians Cmd.

3.1.1. Full hierarchy. Let us compute the Hamiltonian G;. For the classical part G we have

(see [Burl5b]):
— _ ud g
Gl‘h:O =91 = / <6 + 24uua:x> dx.

Let us compute the quantum correction. For this we have to compute the integrals

/ 1[)1)\]'7
DRy(0,a1,...,an)

for g,n > 1 and j < g. The dimension constraint says that 29 — 2 +n = 1 4+ j. This equation holds
only if g =1,7 = 0 and n = 1. Therefore,

Gi1—g, =1ih (/ ¢1> po = —th ( [ ¢1)\1> Po=—5; udz.
DRy(0,0) Mi 2

‘ h=0
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— uw o €2 ih
Gi1= / <6 + ﬂuum — 24u> dzx.

According to Section 2.5, this allows to compute all the densities G4. The first few are

2 g2 ih

We conclude that

Go ="+ 57ter — 3
G = lg) éuum - S;Uaﬂxwx —iht J;:m - ;ZZZ,
G2 = ujl e uz? tet <577%20 * %) e 8215644 —ih QUUZ; ‘- i’iﬁ?%
4
B 1;73360 + WL)Q%‘

In particular, for the quantum Hamiltonian G5 we get

4 2 2
— U u“Ug QU 2uug +u 9
Go= [ (2 42 e i B d

2 /(24—|—5 8 fas0 s ’ 2880> -

3.1.2. Dispersionless hierarchy. Consider the dispersionless part of the quantum KdV hierarchy. Let

G([jo] := Ggl,_- Introduce the generating series
GOy Z de
d>—1
Let S(z) := e%_ze_?zz.
Proposition 3.1. We have
(3.1 ) = LSy

y2S(Viry)
where \ is a formal variable such that \*> = h.

Proof. The proposition is an immediate consequence of the following formula that was proved in [BSSZ15].
Suppose g,n > 0 and 2g — 1 +n > 0, then we have

1/;%‘7_%" = Coef 24 <Hi:1 S(aiz)> )

/DRQ< S aparean) S(2)

However, we would like to present another proof of equation (3.1) that is based on our recursion from
Theorem 2.5. We can reformulate recursion (2.3) in the following way:
(32) 0.5 (G0) = ¥ [69(0), 6]
Let us check that the right-hand side of (3.1) satisfies this equation.

Denote the coefficients of the power series S(z) by s;: S(2) = >_,50 $i2%*. Since é[lo] = (% - ;—Zu) dz,
if we substitute (3.1) on the right-hand side of (3.2), we get B

(3.3) S(\/li)\y) Z (/\Qiy2>’”sragr+1 (“;) eyS(%y(’)I)u_'_

r>0
2
YA c—1—ri—r 2r1+2r 2ritL2ratl, yS(A_yaz)u
+t TR (M) T s 50, O uje” NV
25(Vidy) n%;] e
i>1

In order to shorten computations a little bit, let us make the following rescalings:

O > 10y, A= i

Vi
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Therefore, we have to prove that

2
(34) 0 9 <1€y5(/\y8w)U) __ 1 (Oy)¥ 5,02+ <U >€ys(>\y3w)u+
0

“oy \yS(\y) ~50w) 2 5
2
y ' " o i 'z )U
+ 250\) Z (/\y)2 1()\y)2 287‘137”20]2 1+1,2 2+1ujey5(>‘ya yu
y 71,7220
Jj=1

Here we use coefficients 5’;1’@ introduced in Section A.1. They are related to coefficients C7""** by
formula (A.8). By definition of the function C21+1:22+1(N) (see Section A.1), we have

D s ()2 ()2 O = N (k) S (ks )k ky =

r1,m220 k1+ko=k
Jj=21

Ay(k+1) _ Ay(k+1)
e 2 —e 2
gt ):
y Ay

e2 —e 2
Ay Ay

1 Ayk gk e2 +e 2
=m(kle?z te 2 ) —— Sy
A%y b3 b3

From this formula it follows that the right-hand side of (3.4) is equal to

1 u?
(35) WaxS()\yax) <2> . eyS()\yaz)u+
0 b (o (M o) T (e o)), souon
. e e — e —e u-e I
QyS()\y) ' e% — e_%
Let us compute the left-hand side of (3.4). We have
9 L ysOwonu I D Vo s B T TR
ay \ySOw) € T2 w2 o 2w A 4 e :
y \yS(\y) (e%’_e—%> e2 —e 2
Therefore,
(3.7)
( Ayz + _M) ( AyOx _M)
e 2 e 2 Ju-(ez —e 2
812 (1eyS(/\yOz)u> _ — - eyS(Ayaz)u+
oy \yS(\y) 2eH — e H)
A AyOx _Aydz A Ay _y
oot - ST (M ) | eSO,
2 ez —e 2 2 (e%y _ e—%y)

It is easy to see that (3.5) is equal to the first summand on the right-hand side of (3.7) and (3.6) is
equal to the second summand. Therefore, equation (3.4) is proved.
By Section 2.5, it remains to check that the right-hand side of (3.1) satisfies the string equation

G (y)
ou

This is a trivial computation. The proposition is proved. O

= yGO(y) +y7".
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3.2. Quantum ILW hierarchy. Consider the cohomological field theory formed by linear Hodge
integrals:

V = (e1), mi=1, c¢gn (61 ) =1+ pr +. +Ng>‘ga

where 4 is a formal parameter. In [Burlbb, Burlba] it was proved that the corresponding double
ramification hierarchy coincides, up to simple rescalings, with the hierarchy of the Intermediate Long
Wave equation. In particular,

- 2 1| gl
(3.8) 91:/ 74—259 9= ‘uu29 dzx.

Let us compute the Hamiltonian G of the quantum double ramification hierarchy.

Lemma 3.2. We have

_ 2 ! ih 29-2, ¢ | B2

g1 g1

Proof. Let us compute the quantum correction to the classical part (3.8). For this we have to compute

the integrals
/ Y1 A Ag—j,
DRy (0,a1,...,an)

where g,j,n > 1 and k < g. The dimension constraint implies that
g=k—7—n+3.
Therefore, we can only have the following possibilities:
l.j=n=1land k=g — 1.
2.j=1,n=2and k=g.
3.j=2,n=1and k=g.

Consider case 1. We come to the integral

/ PIAL .
DRy (0,0)

We have DR4(0,0) = (—1)9),. We also have )\?]_1 = 2XgAg—2, if g > 2. Since )\3 = 0, we conclude that

the last integral vanishes, if g > 2. If g = 1, then it is equal to —i and the corresponding quantum
correction is given by

(3.9) /udx

Consider case 2. We have (see e.g. [CMW12])

|BZg|
V1 AgAg_1 = a9 .
/DRg(O,a,—a) 7 (29)'

The corresponding quantum correction is equal to

B
(3.10) —ih/ Zezg_zug‘ 2| uugg | de.

Consider case 3. Since )\3 = 0, we have

/ Y1Aghg_2 = 0.
DR4(0,0)

So, there is no quantum correction in this case. Collecting corrections (3.9) and (3.10) we get the
statement of the lemma. g
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3.3. Quantum extended Toda hierarchy. Consider the cohomological field theory corresponding
to the Gromov-Witten theory of CP'. In [BR14] we proved that the double ramification hierarchy
in this case is equivalent to the extended Toda hierarchy of [CDZ04] by a composition of a certain
Miura transformation with a simple triangular transformation. In Section 3.3.1 we compute the
Hamiltonian G1; of the quantum double ramification hierarchy. In Section 3.3.2 we discuss how to
transform the quantum double ramification hierarchy in order to get a quantization of the extended
Toda hierarchy.
We will use our notations from [BR14, Section 6] throughout this section.

3.3.1. Quantum double ramification hierarchy for CP".
Lemma 3.3. We have

1\2,,w €0z _ €0z

— Ut ) U B ez +e 2 w

Gi1= / ( )2 +) e (szjlulu;g +q (u‘“ - 2) S0 4 gy
g>1 ’

——u —i—zhz 29— 2 u29 ) da.

Proof. The classical part @1,1}h:0 was computed in [BR14]. Let us compute the quantum correction.
We have to compute the integrals

(3.11) / P1dg—jCont1,a(1® @i1vi), i € {1, w},
DRQ(O A1y )

where g, j,n > 1. Denote by deg the cohomological degree. We have

n
degcgni1,a(1®@ @j_17) =2(9g —1—2d) + Z deg ;.
i=1

Therefore, the integral (3.11) is zero unless
. 1 ) 1
29—2+n:1+g—j+g—1—2d+§Zdeg%’ < j:2—2d+§Zdeg%—n.
Since deg~y; € {0,2}, we immediately conclude that d = 0 and j < 2. Therefore,
. 1
j :2+§Zdeg%‘—n.
We have the following formula:

2(—1)9"1\,_q, ifb=0,

(3.12) Cg.atb0(15% @ w®?) = { (=1)9),, if b=1,
0, otherwise.
This implies that n < 2. We have several cases:
1. j=n=1.
2.j=1landn=2.
3. j=2.

Consider case 1. We have to compute the integrals

/ P1Ag-1C4,2,0 (1®2) = (-1)? / Agth1Ag-1€9,2,0 (1®2) =2 / )‘9)‘3—1%-
DR,4(0,0) My.2

9,2

We have )\5_1 = 2Mg—2g, if g > 2. Therefore, the last integral vanishes, if g > 2. If g = 1, then it is
equal to —-5 and the corresponding quantum correction is

12
th
/ T u-dr.
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Consider case 2. The corresponding quantum correction is given by

. _ w , 1y B2,
Zzh(—sz)g ! Z (/DR o )¢1Ag_1(—1)9Ag> pepl, = zh/252(g R (2g§'u29u1dx.
g @, —a .

g>1 a€Z g>1

Consider case 3. We get that all ;’s are equal to w. By (3.12), the integral (3.11) is zero, if n = 2.
Suppose n = 1, then

/ wl)\gf2cg,2,0 (1 X W) = / )\3?,[)1)\972 = 0.
DR(0,0) My

We see that this case gives no contribution. The lemma is proved. Il

3.3.2. Quantization of the extended Toda hierarchy. According to [BR14] the double ramification hier-
archy is related to the extended Toda hierarchy in the following way. Consider a Miura transformation

£0x 1

(3.13) vl(u) =e 2 ul, v (u) = S(0,)u®.

Denote by g, 4[v] the Hamiltonians of the double ramification hierarchy rewritten in the jet vari-

ables v$. Then the Hamiltonians EZZ [v] of the extended Toda hierarchy are related to g, ,[v] by the
following triangular transformation:

p+1
—Td _
(3.14) hapl] =D (S)hGup-ilv], p= -1,
=0

where the matrices S; were defined in [BR14, Section 6.1.2].

We can easily see that the Miura transformation (3.13) naturally induces a map between the Weyl
algebra in the variables p& and a Weyl algebra in variables pf with a deformed commutator. Indeed,
introduce Fourier components of the fields v*(x):

v (x) = Zﬁ%eim.
nez

Then the Miura transformation (3.13) induces a map from the Weyl algebra in the variables pg to the
Weyl algebra in the variables p& by

ine 1

(3.15) Py = Dn(p) =€ 2 ph, By o Pa(p) = S(ine)ps;.
The variables p satisfy a deformed commutation relation

N eims -1
[ﬁ;lmpg] =h - 5m+n,077a5'

If we apply the map (3.15) to the quantum Hamiltonians aa,p and then compose it with the triangular
transformation (3.14), we get quantized Hamiltonians of the extended Toda hierarchy. For example,

the quantized Hamiltonian F?Cll [v] is equal to

H,[v] = / <(U;)QB-(58I)U2 + <5‘§%oth (sg) - 1) ol <u1 + iZB_(sﬁx)vQ> 4

€d €0 2 ik
it “Fr) 2 S
+q< 5 coth( 5 )v 2)6 12v)dm,

where B_(z) := —=

l—e—*"

APPENDIX A. SUMS OF POWERS

In this section we collect some facts about sums of powers. We also prove that a product of
derivatives of d4(x) can be expressed as a linear combination of derivatives of J4 ().
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A.1l. Sums of powers. Let k > 1 be a positive integer and di,ds,...,d; be non-negative integers.
For any N > 0 let
Ady,dz,....d o d d
Clddi(N) = Y= aft. . ap.
al,...,akEZzo
a1+...+ap=N

Here we, by definition, put 0° := 1.

Lemma A.1. 1. The function édlv'“’dk(N) s a polynomial in N with rational coefficients.

k )
2. The degree of this polynomial is k — 1 + Z?Zl d; and the top coefficient is equal to %
- i=1%i):

Proof. For d > 0, the polylogarithm Li_4(z) is defined by

Li_ d dek

k>0
Note that in the case d = 0 our definition is slightly different from the standard one. It is easy to see
that
[[tiosfe) = 3
N>0
We have
d\?¢ 1 24 d 21
Al Li_ == —d! s
where a; 4 are some integers. Applying the equation % = liz

express Li_4(z) in the following way:

) d! b;
Li_a(2) = =S +> § _’dz)i7

for some integers b; 4. Therefore, we have

H 0. k=1432d:
i,d1,dy ‘
(A.2) HLI d; ( (1- Z)kJer + Z m, €idy,...d, € L.
For any d > 1, we have
1 (t+d—-1)(Gi+d—2)...(i+1)
(l—z)d:Z d—1)! o
i>0 )

From this formula it follows that the coefficient of 2V on the right-hand side of (A.2) is a polynomial
in N. The second part of the lemma is also clear now. O

Denote by 5’?1""@’“ the coefficients of the polynomial édl""’dk(N):

_ k—1+>"d; B
(A.3) Cdsdi (N) = Z del’""dej_
j=0

dy,

By the previous lemma, the coefficients 5;11 are rational. Note that ég Lol — 0, if at least one d;

1S non-zero.

Lemma A.2. Suppose that di,...,d > 1. Then the coefficient 536-[1"“’(1’“ is equal to zero, if j #
k—1+5"d; (mod 2).
Proof. We have

k=143 d;

k
(A.4) [[Lica(z)= > CLi().
i=1 Jj=1
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From (A.1) it follows that the polylogarithm Li_4(z) is a rational function in z. Moreover, from the
middle part of equation (A.1) it follows that

(A.5) Li_g C) = (=)™ Li_g(2), ifd>1.
Let us replace z by % in equation (A.4). Then we get
k k—1+3"d;
(- Ea T Licg(2) = Y. (—1PH O L (2).
i=1 j=1
Therefore, we obtain
k—1+>"d; k=143 d;
> CptLig(a) = Y (FDFHEATICH L ().
=1 =1

From (A.1) it also follows that the functions Li_4(z),d > 0, are linearly independent. We conclude
that the coeflicient C’dl’ “% can be non-zero only if j =k — 1+ Y d; (mod 2). O

Now we want to prove an auxiliary lemma that we will use in Appendix B. Let £k > 1 and n > 0.
Consider variables aq,...,an, b1,...,br and b. Let

A= (ala"-aan)a and B := (bl,...,bk).
For any polynomial P(A,b, B) € Clai,...,an,b,b1,...,bg], define the function S, g[P](A, N) by

k k
1
SpPI(A,N):= Y P(AD, B)Hbﬁ— 3 > P(A,O,B)Hbi, N >0.
bybi,e b €L, i=1 blyebp €L i=1
b+>b;=N S bi=N

From Lemma A.1 it follows that the function Sy p[P](A4, N) is a polynomial in ay,...,a, and N of
degree not more than 2k + deg P. Note that

(A.6) Sp,B(A,0) = 0.

Lemma A.3. Suppose a polynomial P(A,b, B) is even. Then the polynomial Sy g[P](A, N) is also
even.

Proof. By linearity, it is sufficient to prove the lemma when P is a monomial:

(It (1)

If d > 1, then the lemma follows from Lemma A.2. Suppose d = 0. Then we proceed in the same way
as in the proof of Lemma A.2. Let D := Zle d;. We have

Sy 5[P D+2k

T Z C] , Cj € Q.
Therefore,

D+2k

Tz Z SbB )ZN = Z chi_j(z)

% NZ0 j=1
From the definition of Sj, B[P] (A, N) it follows that

11+2
(A7) T‘ZZSbB N)zN = 21—2HL1 d;—1(2).
% N>0 i=1

Equation (A.5) implies that the right-hand side of (A.7) is multiplied by (—1)P*! under the map
zZ > % Therefore, the coefficient ¢; is zero unless j = D (mod 2). The lemma is proved. O
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A.2. Products of derivatives of J;(z). Recall that

0 (@) = Y (ik)%e™, s >0,
k>0

Lemma A.4. Suppose n > 1 and a1, ...,a, > 1. The product [}, 5Sfi)(x) can be expressed in the
following way:

n n—1+4>" a;

Hégrai)(m) _ (—i)n_l Z C;1,~~-,Gn5(+j)’
i=1 =1

where
no1430i75 Ny an o n
(A.8) Can _ ) (F1) Ot i f=n— 14 30 4 (mod 2),
’ 0, otherwise.

Proof. We have

n n—1+) a;

5(0”) _ Sa éalzuwan N iNz by eq. (A.3) > 'Eai—jéal,..-,ané(j) B
HJF(:E)_Z Z (N)e o Z v J +($)—
=1 N>0 =1
n—14+>"a; o 4
_ (_Z')nfl Z in71+zaifjc‘7q1,...7an5—({—j)(x).
j=1

By Lemma A.2, the coefficient 6’;””" can be non-zero only if j =n —1+>" ;a; (mod 2). The
lemma is proved. O

APPENDIX B. POLYNOMIALITY OF TAUTOLOGICAL INTEGRALS

In this section we prove that the integral of an arbitrary tautological class over the double ramifica-
tion cycle DRy(a1, ..., ay) is a polynomial in the ramification multiplicities a1, ..., ay,. In Section B.1
we briefly recall the notion of the tautological ring in the cohomology of the moduli space of curves.
Section B.2 is devoted to the proof of the polynomiality statement.

B.1. Tautological classes. The system of tautological rings is defined to be the set of the smallest
C-subalgebras of the cohomology rings,

RH*(Mg,) C H*(Mgy; C),

satisfying the following two properties:

(1) The system is closed under push-forward via all maps forgetting markings:

Tt RH*(Mgyn) = RH*(Mgrn_1).

(2) The system is closed under push-forward via all gluing maps:

gls: RH*(Mghnl"Fl) ®c RH*(Mgz,nz-‘rl) — RH*(M91+g2,n1+n2)7

gly: RH*(My_1n42) = RH*(Mgyn).

While the definition appears restrictive, natural algebraic constructions typically yield cohomology
classes lying in the tautological ring. For example, boundary classes, the standard ¢, k, and X classes
all lie in the tautological ring.

The tautological ring RH*(M,,,) can be also described as an image of a certain finite-dimensional
C-algebra Sy, called the strata algebra. We recommend the reader the paper [PPZ15, Sections 0.2,

0.3] as a very good introduction in this subject.
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B.2. Polinomiality of integrals. Recall that the double ramification cycle DRy(a1,...,ay) is de-

fined for arbitrary integers aq,...,a, such that a; +...4+ a, = 0. We remind the reader the following
two properties:
(B.1) DRy(—ai,...,—ap) = DRy(a1,...,ay),

DR,(0,...,0) = (—1)9),.

Proposition B.1. Let n > 1. For an arbitrary tautological class « € RH*(My,,) the integral

/ a
DRy(ay,....an)

s a polynomial in a1,...,a,. Moreover, this polynomial is even and its degree is less or equal to 2g.

Proof. There is nothing to prove for n = 1. Suppose n > 2. We will use the notations from [PPZ15,
Sections 0.2, 0.3]. The space S, , has a basis whose elements are the isomorphism classes of pairs
[T, 7], where
I'=(V,H,L,g: V= Z>p,v: H—V,.: H— H)
is a stable graph of genus g with n legs and
(B2) = [Tl T o™ € 1 (Vs )
veV i>1 heH

is a basic class on

Mr = ] My
veV

There is a canonical morphism
fr: Mr — MQJL'
The map q: Sy, — H*(M,,,) is defined by

q([T,7]) = &r(v)-

The tautological ring RH*(M, ;) coincides with the image of g.
Without loss of generality we can assume that a = ¢([I',~]). We proceed by induction on the
number of edges in the graph I'. Suppose it has no edges, then Mr = ﬂgvn and
n
(B.3) a=~=][]x" Tt

i>1 i=1

It is well-known (see e.g. [Ion02, Section 2.1]) that the class (B.3) can be expressed as a linear combi-

nation of classes of the form
n+m
d;
Tk <H ; ) )
i=1

for some m’s, where 7, : ngner — mg,n is the map that forgets the last m marked points. We have

n-+m n+m

S e (1T ) = [ [T v
DRy(a1,...,an) i=1 DRy(a1,...,an,0,...,0) i=1

In [BSSZ15] it is proved that an integral of an arbitrary monomial in psi-classes over the double
ramification cycle DRy(b1,...,b;) is an even polynomial in by,...,b; of degree not more than 2g.
Therefore, the integral [ DRy(ar,.an) & is an even polynomial in a1, ..., a, of degree not greater than 2g.

Suppose the graph I' has [ edges and [ > 1. Let us choose some edge e. Suppose e is separating,
then if we cut it in two half-edges, then the graph I' will become a disjoint union of two stable graphs.
Denote them by I'y and I's. Let V;, H; and L; be the set of vertices, the set of half-edges and the set

of legs of the graph I'; correspondingly. Denote by g; the genus of the graph I';. Let
o= T1 Tl T o € i), k=12

veV i>1 heHy,
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Denote by gi: mgl,“;l‘“ X mg2’|L2‘+1 — M, the gluing morphism. We see that
([T, 7]) = &r«(7) = gl (€01 (1) @ &4 (72)) -

Recall that for a subset I = {i1,12,...},i1 <i2 <...,of {1,2,...,n} we use the following notations:
Ar = (aiy, a4y, - . ), a1:Zai.
el
We have (see [BSSZ15])
gl*DRg(al, e ,an) = DRgl (ALI, _CLLl) (= DRQQ(ALQ, —aLQ).
Thus, we get

B.4 P oal) — * o)
( ) /DRg(a1,...,an) q([ ?fY]) </DR91(AL1’GL1)§F1 (71)> </DRg2(AL27aL2)€F (72))

The number of edges in each graph I'; is less than [. Therefore, by induction assumption, both factors
on the right-hand side of (B.4) are even polynomials in a;’s of degrees not more than 2g; and 2g
correspondingly. Therefore, the integral on the right-hand side of (B.4) is an even polynomial in a;’s
of degree not more than 2(g; + g2) = 2g.

Suppose that the edge e is non-separating. Denote by T the stable graph obtained from I' by
cutting the edge e in two half-edges. We mark two new legs by n + 1 and n + 2 correspondingly. The
space ./\/l is naturally isomorphic to Mp. Let gl: My_1 42 — Mg, be the gluing morphism. We
can decompose the map &r: Mp — ./\/lg,n in the following way:

&r l
Mp —— Mz —— Mg_ Lnte —2— Myn

w

q([0,9]) = &re(v) = 9l (§5,.(7)),

where ¥ is the cohomology class on ﬂf induced from « by the isomorphism Mf‘ 5 Mp. Therefore,

Therefore, we have

(B:5) / (i) = [ 6.
DRy(a1,...,an) gl*(DRgy(ay,...,an))

Denote by [n] the set {1,2,...,n}. We have ([Zvo])

(B.6)

gl*DRy(ay,...,ap) =

Hk b; n+1 n+2
B7) = > > > > S DR\ (Ar[-b] ~B)R DRy, (4, [0], B)+

IuJ=[n] k>1 91,9220 B=(by,.. bk)eZ
ar>0 g1+g92+k=g b>1,643 bi=ag

Hk b n+2 n+l
Bs) + > ¥ 3 S DRy, (Ar[-b] —B)R DRy, (4, [0], B)+

IuJ=[n] k>1 g1,92>0 B=(by,..., bk)€Z>1
ar>0 G1+924K=9 451 b4 S bi=ay

Hk b; n+1 n+2
(B.9) +f Y > - =12 DR, (Ar, [0],—B) R DRy, (Ay, [0], B)+

IuJ [n] k21 91,9220 B=(by,...,by)€ZE |
ar>0 g1t+g2+k=g Sbi=a;

1 Hk b n+42 n+1
(B10)  +5 X > o =12 DR, (Ar, [0],—B)R® DRy, (Ay, [0], B).

IuJ=[n] k21 91,9220  B=(by,...,.by)€Zk |
ar>0 g1+g2+k=g S bi=as -
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n+1
Here the notation means that the point marked by n + 1 has ramification multiplicity —b. We
are grateful to D. Zvonkine for informing us about this formula.
Consider an arbitrary decomposition ILlJ = [n] and numbers g1, g2 > 0, k > 1, such that g1 +go+k =
g. Denote by ®,, 4, «.1,7 the stable graph described as follows:

e It has two vertices with k edges between them;

e The genus of the first vertex is g1 and the genus of the second one is gs;

e The first vertex contains the legs marked by I and also the leg marked by n + 1. The second
vertex contains the legs marked by J and also the leg marked by n + 2.

We see that each term on the right-hand side of formula (B.6) has the form
géglﬂQ,k,I,J*(ﬂl ® 52)7

where 87 and 9 are double ramification cycles on Mgl,l I|+k+1 and Mg%‘ J|+k+1 correspondingly. From
formulas in [PPZ15, Section 0.3] it follows that the class

£$g1’92’k7]7‘] (gf*(:?)) € H*(mq)gl,gQ,k,I,J;(C)

in the cohomology of

Mq)gl,gg,k,I,J = Mg1,\1|+k+1 X Mgz7|J|+k+1

can be expressed in the following way:

Eaprnrrs () =D (&, LGin) @ (&,,. (i)

J

where fﬂ are stable graphs, ; ; are basic classes and e; are some rational coefficients. Of course, fj,i, Vi
and e; depend on g1, g2, k, I, J, but in order to shorten the exposition of the paper, we omit it in their
notations. Most importantly, from the procedure, described in [PPZ15], it follows that the number of

edges the graphs I';; is not more than the number of edges in the graph I, so it is not more than [ —1.
From the induction assumption it follows that the function

1 ~
] €5 / nt1 &g * ('Yj,l) (/ nt2  &f * WJ}Q))
! ; DRy, (Af’v_B b DRy, (AJvE]’B) he

is an even polynomial in ay,...,an,b,b1,..., b, of degree not greater than 2(g; + g2). Denote it by

Py, g2.k,1,0(A, b, B).

Let us prove that the integral (B.5) is equal to

(B.11) Z Z Z Sb,B[Pyy g2.k,1,7)(As ar).

IuJ=[n] k>1 g1,92>0
g1+g2tk=g
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Consider the part of the integral (B.5), that corresponds to the term (B.7) in the expression for
gl*(DRy(a1, ..., an)):

H?:l bz’ ~
> > X > wz &, (7) =
IuJ=[n]k>1 91,9220 B=(by,.. ,bk)€Z>1 ) DRgl(AI:’—B)&DRgz(AL@,B)

ar>0 g1+g2+k=g b>1,b43 bi—ay

2.2 2 2. ”’Zej

IUJ=[n] k=1 91,9220 B=(by,....by)€ZY,
ar>0 grtorth=g ;- b+ bi=ay

X / n+1 €F % 7] 1 (/ n+2 51“. *(57],2)> =
DRy, (Ar]-b)-B) " DRy (As[b]B) 77
k
B12) = > > > > (H b,) Py o k.a(A,b, B).

IuJ=[n] k21 91,9220  B=(by,....by)eZl, \i=l
ar>0 g1+g2+k=g b>1,b43 bi=ag

Doing the same computation with the term (B.9) and adding it to (B.12), we get

(B.13) Z Z Z Sb,B[Pg1,g2,k,1,7) (A, ar).

IUJ=[n] k>1  g1,g2>0
ar>0 g1+g2+k=g

Let us consider the part of the integral (B.5), that corresponds to the term (B.8). We obtain:

22 X > ”ZZ%

IUJ=[n] k=1 91,0220  B=(by,...by)€Z
ar<0 GFI2HR=9 4y S b=y

X / nt1 & *ﬁ,l)> / n+2 e *(7',2)
< DRy, (o] DRg2<AJ, g
)IEDIEDD y ZZ%

IuJ=[n] k21 91,9220  B=(by,....by) €24,
ar<0 G1+92HR=9 o1 py S bi=—ar

X / 1 & (V1) (/ nte & *(73',2)):
DRy, (A1 -b]-B) o DRy, (-As[b],B) 7

k
(B14) = Z Z Z Z <Hbz) g1,g2,kIJ( A7bvB)

IuJ=[n] k>1 ¢1,9220 B=(by,.. ,bk)eZ’;l i=1
ar<0 g1+g2+k= gb>1 b+zb2_—a1

by eq. (B.1)

Doing the same computation for (B.10) and adding it to (B.14) we get

Z Z Z Sb,B[Pg1g2.k,1,5](— A, —ar) by e A3 Z Z Z Sb,8Py1,g2,k,1,7] (A, az).

IuJ=[nk>1 91,9220 IuJ=[n] k>1 g1,92>0
ar<0 g1+g2+k=g ar<0 g1+g2+k=g
Summing the last expression with (B.13) and using (A.6), we get (B.11). By Lemma A.3, the
sum (B.11) is an even polynomial in ay,...,a, of degree at most 2g. The proposition is proved. [
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