MATRIX MODELS AND A PROOF OF THE OPEN ANALOG OF WITTEN’S

CONJECTURE

ALEXANDR BURYAK AND RAN J. TESSLER

ABSTRACT. In a recent work, R. Pandharipande, J. P. Solomon and the second author have ini-
tiated a study of the intersection theory on the moduli space of Riemann surfaces with boundary.
They conjectured that the generating series of the intersection numbers satisfies the open KdV
equations. In this paper we prove this conjecture. Our proof goes through a matrix model and is
based on a Kontsevich type combinatorial formula for the intersection numbers that was found by
the second author.
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1. INTRODUCTION

The study of the intersection theory on the moduli space of Riemann surfaces with boundary
(often viewed, with the boundary removed, as open Riemann surfaces) was recently initiated
in [PST14]. The authors constructed a descendent theory in genus 0 and obtained a complete
description of it. In all genera, they conjectured that the generating series of the descendent
integrals satisfies the open KdV equations. This conjecture can be considered as an open analog
of the famous Witten’s conjecture [Wit91]. The construction of the higher genus moduli and
intersection theory was found by J. Solomon and R.T. in [STal]. The details of these constructions
also appear in [TesI5], Section 2. A combinatorial formula for the open intersection numbers in
all genera was found in [Tes15].

In this paper, using the combinatorial formula from [Tes15], we present a matrix integral for the
generating series of the open intersection numbers. Then applying some analytical tools to this
matrix integral, we prove the main conjecture from [PST14].

The introduction is organized as follows. In Section [I.I]we briefly recall the original conjecture of
E. Witten from [Wit91]. In Section we recall Kontsevich’s combinatorial formula and Kontse-
vich'’s proof ([Kon92]) of Witten’s conjecture. Section [1.3|contains a short account of the main con-
structions and conjectures in the open intersection theory from [PST14) [STal Burl5, Burl4l [STh].
Section describes the combinatorial formula of [Tesl5] for the open intersection numbers of
[PST14, [STa].

1.1. Witten’s conjecture.
Notation 1.1. Throughout this text [n] will denote the set {1,2,...,n}.

1.1.1. Intersection numbers. A compact Riemann surface is a compact connected smooth complex
curve. Given a fixed genus g and a non-negative integer [, the moduli space of all compact Riemann
surfaces of genus g with [ marked points is denoted by M, ;. P. Deligne and D. Mumford defined
a natural compactification of it via stable curves in [DM69] in 1969. Given g,[ as above, a stable
curve is a compact connected complex curve with [ marked points and finitely many singularities,
all of which are simple nodes. The collection of marked points and nodes is the set of special
points of the curve. We require that all the special points are distinct and that the automorphism
group of the curve is finite. The moduli of stable marked curves of genus g with [ marked points
is denoted by M, and is a compactification of M. It is known that this space is a non-singular
complex orbifold of complex dimension 3g — 3 + [. For the basic theory the reader is referred
to [DMG69, [HMIS].

In his seminal paper [Wit91], E. Witten, motivated by theories of 2-dimensional quantum grav-
ity, initiated new directions in the study of Mg,l. For each marking index ¢ he considered the
tautological line bundles

Li — Mng
whose fiber over a point
(X, 21,...,2) € My,
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is the complex cotangent space T} % of X at z;. Let

%’ S HQ(Mg,l; Q)

denote the first Chern class of LL;, and write

(1.1) <7‘a17'a2---7'al>; = / PIrps? -yt
M,,

The integral on the right-hand side of ([1.1)) is well-defined, when the stability condition
20—2+1>0

is satisfied, all the a;’s are non-negative integers, and the dimension constraint
3g-3+1=)
i

holds. In all other cases < Hizl Tai>z is defined to be zero. The intersection products are often
called descendent integrals or intersection numbers. Note that the genus is uniquely determined
by the exponents {a;}.

Let t; (for ¢ > 0) and u be formal variables, and put

v = i tiT;.
i=0

Let
: =0,
Fg(to,tl,...) Z:Z !
n=0
be the generating function of the genus g descendent integrals ([1.1)). The bracket <7”>; is defined
by the monomial expansion and the multilinearity in the variables ¢;. Concretely,

e
Fo(to, tr,...) = Z (o0 Ty >gH .
1=

(} 0 ni!’

where the sum is over all sequences of non-negative integers {n;} with finitely many non-zero
terms. The generating series

(1.2) F¢ .= Zqu_QFgc
g=0

is called the (closed) free energy. The exponent 7¢ := exp(F°) is called the (closed) partition
function.

1.1.2. KdV equations. Put ({7, Ta, -+ 70 )) = %. Witten’s conjecture ([Wit91]) says
a1 0lag ag

that the closed partition function 7¢ becomes a tau-function of the KdV hierarchy after the change
of variables ¢, = (2n + 1)!!T,,41. In particular, it implies that the closed free energy F° satisfies
the following system of partial differential equations:

(1.3)

(2n 4+ 1)u((ra75))" = ((Ta-170)) ((70))" + 2((a-176)) ((76))" + <<Tn M) nzl
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These equations are known in mathematical physics as the KdV equations. E. Witten ([Wit91])
proved that the intersection numbers ((1.1)) satisfy the string equation

1 ¢ 1 ¢
<7-0H7—ai> - E <Ta]-—1HTai> )
i=1 g 7=1 1#£]

9
for 29 — 241 > 0. This equation can be rewritten as the following differential equation:
8FC o Z aFC t2

o~ 2 T

E. Witten also showed that the KdV equations (|1.3) together with the string equation (|1.4)) actually
determine the closed free energy F'° completely.

(1.4)

1.1.3. Virasoro equations. There was a later reformulation of Witten’s conjecture due to R. Dijk-
graaf, E. Verlinde and H. Verlinde ([DVV91]) in terms of the Virasoro algebra. Define differential
operators L,, n > —1, by

u—2
1.5 L_y:=-— ti — 2,
(15) ato * ; “at 9 0
30 2i+1 0 1
Loi=— >— e
0 20, ; > 'or, T 16
while for n > 1,
Ln::_3-5-7--~(2n—|—3 +§: (20 + 1 22+3)---(2i—|—2n—|—1)ti %)
on-+l Otnin on-+l Otitn
2 n—1 . . . )
u (=20 —=1)(=2i+1)--- (=20 +2n—-1) 0
- _1 i+1 )
3 ;( ) onil 6,00 1

The Virasoro equations say that the operators L,, n > —1, annihilate the closed partition func-
tion 7€

(1.6) L,7*=0, n>-1.

It is easy to see that the Virasoro equations completely determine all intersection numbers. R. Di-
jkgraaf, E. Verlinde and H. Verlinde ([DVV9I1]) proved that this description is equivalent to the
one given by the KdV equations and the string equation.

Witten’s conjecture was proven by M. Kontsevich [Kon92]. See [KLO7, Mir07, (OP05] for other
proofs.

1.2. Kontsevich’s Proof. Kontsevich’s proof [Kon92] of Witten’s conjecture consisted of two
parts. The first part was to prove a combinatorial formula for the gravitational descendents.
Let G, be the set of isomorphism classes of trivalent ribbon graphs of genus g with n faces and
together with a numbering Faces(G) =~ [n]. Denote by V(G) the set of vertices of a graph G € Gy,.

Let us introduce formal variables \;, 7 € [n]. For an edge e € Edges(G), let A(e) := 5=+, where i

and j are the numbers of faces adjacent to e. Then we have

9| Edges(G)| V(&)

m\ (20— 1)
(1.7) > <Hm> H(A?Tl): 2 | Aut(G)]

at,...,an>0 \i=1 g =1 z GeGy

H Ale).

ecEdges(G)

The second step of Kontsevich’s proof was to translate the combinatorial formula into a matrix
integral. Then, by using non-trivial analytical tools and the theory of tau-functions of the KdV
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hierarchy, he was able to prove that 7¢ is a tau-function of the KdV hierarchy and, hence, the free
energy F° satisfies the KdV equations (|1.3)).

1.3. Open intersection numbers and the open KdV equations.

1.3.1. Open intersection numbers. In [PST14] R. Pandharipande, J. Solomon and R.T. constructed
an intersection theory on the moduli space of stable marked disks. Let Mg ; be the moduli space
of stable marked disks with & boundary marked points and [ internal marked points. This space
carries a natural structure of a compact smooth oriented manifold with corners. One can easily
define the tautological line bundles L;, for i € [{], as in the closed case.

In order to define gravitational descendents, as in , we must specify boundary conditions.
Indeed, given a smooth compact connected oriented orbifold with boundary, (M, 0M) of dimen-
sion n, the Poincaré-Lefschetz duality shows that

H"(M,0M;Q) = Hy(M; Q) = Q.

Thus, given a vector bundle on a manifold with boundary, only relative Fuler class, relative to
nowhere vanishing boundary conditions, can be integrated to give a number. The main construction
in [PST14] is a construction of boundary conditions for L; — MW. In [PST14], vector spaces
Si = S; 011 of multisections of L; — OMg x;, which satisfy the following requirements, were defined.
Suppose ay, ..., q; are non-negative integers with 2 . a;, = dimg Mo,k,l =k + 2l — 3, then

(a) For any generic choice of multisections s;; € S;, for 1 < j < @;, the multisection

S = Sij
i€l
1<j<a;
vanishes nowhere on OM .
(b) For any two such choices s and s’ we have

/ e(E,s) :/ e(E,s),
Mo k1 Mo ki

where E := @, L, and e(E, s) is the relative Euler class.

7 )
The multisections s;;, as above, are called canonical. With this construction the open gravitational
descendents in genus 0 are defined by

(1.8) <7'a17'a2 . -Talak>g =9 T e(E,s),

where FE is as above and s is canonical.

In a forthcoming paper [STal, J. Solomon and R.T. define a generalization for all genera. In [STa]
a moduli space M, },; which classifies stable genus g Riemann surfaces with boundary, together
with some additional structure, is constructed. By the genus of a surface with boundary we mean
the genus of the doubled surface. The moduli space Mg,k,l is a smooth oriented compact orbifold
with corners, of real dimension

(1.9) 3g—3+k+ 2L

The stability condition is 29 —2+k+2[ > 0. Note that naively, without adding an extra structure,
the moduli of stable surfaces with boundary is non-orientable for g > 0. The construction of the
moduli space, the definition of open descendents and an alternative proof of orientability also
appear in [Tes15|, Section 2.
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On M, ;; one defines vector spaces S; = S; 1, for i € [I], for which the genus g analogs of
requirements @@ from above hold. Write

(1.10) (TorTay *+ Ta0" ) 1= 2o / e(E,s),
g ﬂgkl

for the corresponding higher genus descendents. Introduce one more formal variable s. The open
free energy is the generating function

n 0

(1.11) F°(s,to,t1,...;u) ::Z Z 'k' 2
g=0 =0

where v := ), t:7;, § := so, and again we use the monomial expansion and the multilinearity in
the variables t;, s.

1.3.2. Open KdV and open Virasoro equations. The following initial condition follows easily from

the definitions ([PST14]):

1S _
[Ty ltos.

(112) im0 =07

In [PST14] the authors conjectured the following equations:

OF° & OF°
1.13 :§ tis1—— +uls,
(1.13) oty L 15, tu s

OF° <2i+1 OF° 2 9F° 1
1.14 = t; - .
(1.14) ot > 5 o, T3 9s T2

1=
They were called the open string and the open dilaton equation correspondingly.

o l+Fk o . . .
Put ((7a,Tay ++ 70,0"))" 1= 5—0—L——. The main conjectures in [PST14] are
ay~raz a]

Conjecture 1 (Open analog of Witten’s conjecture). The following system of equations is satisfied:

(115) (204 Du () = u(marm)) () — o (ar))+
A )+ ) 021

In [PST14] equations were called the open KdV equations. It is easy to see that F° is
fully determined by the open KdV equations , the initial condition and the closed free
energy F*°.
Let 7° := exp(F° + F°) be the open partition function. In [PST14] the authors introduced the
following modified operators:
ot 3n+4+3  o"

(1.16) Lni=Lnt “nsasnﬂ T unas”’ n=-l,

where the operators L, were defined in Section |1.1.3

Conjecture 2 (Open Virasoro conjecture). The operators L,, n > —1, annihilate the open parti-
tion function:

(1.17) L,7°=0, n>-1
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In [PST14] equations (|1.17]) were called the open Virasoro equations. Again it is easy to see that
the open free energy F° is fully determined by the open Virasoro equations (1.15)), the initial
condition

and the closed free energy F*°.

From the closed string equation it immediately follows that the open string equation
is equivalent to ((1.17)), for n = —1. Moreover, from the equation Ly7¢ = 0 it follows that the open
dilaton equation is equivalent to , for n = 0.

Remark 1.2. More precisely, in [PST14] it was conjectured that there exists a definition of open
intersection numbers for g > 0, for which the open KdV and open Virasoro equations hold. The
definition was later given in [STa.

Although it was not clear at all that the open KdV and the open Virasoro equations are com-
patible, in [Burl5| it was proved that they indeed have a common solution.

For g = 0 the conjectures were proved in [PST14]. In [STa] the conjectures are proved for g = 1
and the open string and the open dilaton equations are proved for all g.

The main result of this paper is the following theorem.

Theorem 1.3. Conjectures[1] and[g are true.

1.3.3. Burgers-KdV hierarchy. Let I be a power series in the variables s, g, t1,... with the coef-
ficients from Clu,u™!]. In [Burl] the following system of equations was introduced:

2n + 1 1 0? o 1 1 . | 3 e
(118) U2 Ftn = (éa—t% + Fth—tO + §Ft20 + §Ft0,t0 + Fto,to) Ftn71 + 5 tOFto,tn—l + ZFt07t07tn—1,
1 1 c
(1.19) Fs=u <§ t% + 9" tosto + Fto,to> :

It was called the half of the Burgers-KdV hierarchy. This system is obviously stronger than the
system of the open KdV equations (1.15). In [Burld] it was actually shown that the half of the
Burgers-KdV hierarchy is equivalent to the open KdV equations together with equation (|1.19)).

Denote by Foa unique solution of system ((1.18)-(1.19) specified by the initial condition
F°t.=0,5=0 = 0.

In [Burl5] it was shown that F° satisfies the open KdV equations, the initial condition (|1.12)
and the open Virasoro equations. This proved the equivalence of the open analog of Witten’s
conjecture and the open Virasoro conjecture. This also shows that Theorem immediately
implies the following corollary.

Corollary 1.4. The open free energy F° satisfies the half of the Burgers-KdV hierarchy.

Consider more variables sq,ss,... and let so := s. Let F' be a power series in the variables
80,81, ,t0,t1,... with the coefficients from Clu,u']. Let us extend the half of the Burgers-
KdV hierarchy by the following equations:

n+1 10° o 1., 1 .
(120) Tan = (58_1% + Fth—tO + §Ft0 + 5 to.to + F;fo,to anfw n Z 1.
In [Burl®| the extended system (T.18)-(T.20) was called the (full) Burgers-KdV hierarchy. Let Foet
be a unique solution of it specified by the initial condition

No,eact o
F |t21:07820:0 - 0
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We obviously have F et =0 = F°. In [Burld] it was proved that the function
7”:0,6:1:15 = eXp<ﬁo,e:pt _'_ FC)

satisfies the following extended Virasoro equations:

(1.21) LEFFoet =0, n > -1,

where

ext _ (i+n+1)! 0 3(n+1) 0
LS ._Ln+z “

3
S; +u + Op S F 5=
8sn+i 4 aSn_l 1 ’04

1>0

d 9
- = = 0.
0s_o 0s_q
In [Burlf] it was conjectured that, by adding descendents for boundary marked points, one

Here we, by definition, put

can geometrically define intersection numbers which will be the coefficients of F*¢**. In [STh]
J. Solomon an R.T. give a complete proposal for the construction in all genera, and it is proved
to produce the correct intersection numbers in genus 0. Moreover, with this proposal the extended
open free energy F°¢*! is defined, as well as the extended open partition function

7_o,eaat = exp(Fc ‘l’ Fo,ewt)'
It is proved in [STDH] that the following equations hold

1
a oext __ u” anil 7_0,6:10157 n Z 1.
sy, (n+1)! dsp

In [Burl4], Section 5.2, it is shown that 7°¢** satisfies these equations as well. Thus, Theorem [1.3
implies that 79¢* = 79 and we immediately obtain the following generalization of Theorem [1.3]

Theorem 1.5. The extended open free energy Fo¢* is a solution of the full Burgers-KdV hierarchy.

Remark 1.6. From the recent result of A. Alexandrov [Alel5] it also follows that the extended open
partition function 72¢* becomes a tau-function of the KP hierarchy after the change of variables
t, = (2n+ DTy, 1 and s, = 2" (n + 1) Ty, 0.

1.4. Combinatorial formula for the open intersection numbers. In [Tesi5] R.T. proved a
combinatorial formula for the geometric models which were defined in [PST14, [STa]. He showed
that all these intersection numbers can be calculated as sums of amplitudes of diagrams which will
be described below. In this paper a matrix model is constructed out of this combinatorial formula.
Using this matrix model we prove our main Theorem [I.3] R.T. also derived an extended formula
for the intersection numbers of [STh], and it will appear in a future paper.

A topological (g, k,l)-surface with boundary ¥, is a topological connected oriented surface with
non-empty boundary, genus g, k boundary marked points {;}cx), and [ internal marked points
{zi}iey- By genus we mean, as usual in the open theory, the doubled genus, that is, the genus of
the doubled surface obtained by gluing two copies of ¥ along 9%. We require the stability condition

29 — 2+ k+20 > 0.

Definition 1.7. Let g, k, [ be non-negative integers such that 29 —2+ k42l > 0, A be a finite set
and « : [I] = A amap. «, A will be implicit in the definition. A (g, k,1)-ribbon graph with boundary
is an embedding ¢ : G — ¥ of a connected graph G into a (g, k, [)-surface with boundary ¥ such
that

o {z;}ici) € o(V(G)), where V(G) is the set of vertices of G. We henceforth consider {x;}

as vertices.
e The degree of any vertex v € V(G) \ {x;} is at least 3.
e 0Y. C (G).
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FiGURE 1. Critical ribbon graphs.

o If [ > 1, then
Y\ UG) = H D;,
i€l
where each D; is a topological open disk, with z; € D;. We call the disks D; faces.

e If [ =0, then ((G) = 9%.
The genus ¢g(G) of the graph G is the genus of . The number of the boundary components of G
or ¥ is denoted by b(G) and v;(G) stands for the number of the internal vertices. We denote
by Faces(G) the set of faces of the graph G, and we consider o as a map

a: Faces(G) — A,

by defining for f € Faces(G), a(f) := a(i), where z; is the unique internal marked point in f. The
map « is called the labeling of G. Denote by Vi (G) the set of boundary marked points {; }icpu-
Two ribbon graphs with boundary ¢: G — X, /: G’ — Y/ are isomorphic, if there is an ori-
entation preserving homeomorphism ®: (X, {z}, {z;}) — (¥, {z/},{2}}), and an isomorphism of
graphs ¢: G — G, such that
(a) Yop=Dou.
(b) ¢(x;) =}, for all i € [k].
(c) & (o(f)) = a(f), where «, are the labelings of G, G’ respectively and f € Faces(G) is
any face of the graph G.

Note that in this definition we do not require the map ® to preserve the numbering of the internal
marked points.
A ribbon graph is critical, if
e Boundary marked points have degree 2.
e All other vertices have degree 3.
e If [ =0, then g =0 and k = 3.
A (0,3,0)—ribbon graph with boundary is called a ghost.

In Figure (1] two critical ribbon graphs are shown, the right one is a ghost. We draw internal
edges as thick (ribbon) lines, while boundary edges are usual lines. Note that not all boundary
vertices are boundary marked points. We draw parallel lines inside the ghost, to emphasize that
the face bounded by the boundary is a special face, without a marked point inside.

Definition 1.8. A nodal ribbon graph with boundary is G = (][, G;) /N, where
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FIGURE 2. A critical nodal ribbon graph.

e 1;: G; — Y; are ribbon graphs with boundary.
o N C (U V(G))) x (U;V(G;)) is a set of ordered pairs of boundary marked points (vq, v2) of
the G;’s which we identify.

We require that

e (5 is a connected graph,
e Elements of N are disjoint as sets (without ordering).

After the identification of the vertices v; and v, the corresponding point in the graph is called a
node. The vertex v; is called the legal side of the node and the vertex vy is called the illegal side
of the node.

The set of edges Edges(G) is composed of the internal edges of the G;’s and of the boundary
edges. The boundary edges are the boundary segments between successive vertices which are not
the illegal sides of nodes. For any boundary edge e we denote by m(e) the number of the illegal
sides of nodes lying on it. The boundary marked points of G are the boundary marked points
of G;’s, which are not nodes. The set of boundary marked points of G will be denoted by Vg (G)
also in the nodal case.

A nodal graph G = (][, G;) /N is critical, if

e All of its components G; are critical.

e Any boundary component of GG; has an odd number of points that are the boundary marked
points or the legal sides of nodes.

e Ghost components do not contain the illegal sides of nodes.

A nodal ribbon graph with boundary is naturally embedded into the nodal surface ¥ = (][, £;) /.
The (doubled) genus of ¥ is called the genus of the graph. The notion of an isomorphism is also
as in the non-nodal case.

Remark 1.9. The genus of a closed, and in particular doubled, nodal surface ¥ is the genus of the
smooth surface obtained by smoothing all nodes of .

In Figure [2 there is a critical nodal graph of genus 0, with 5 boundary marked points, 6 internal
marked points, three components, one of them is a ghost, two nodes, where a plus sign is drawn
next to the legal side of a node and a minus sign is drawn next to the illegal side.

In Figure |3| a non-critical nodal graph is shown. Here there is some vertex of degree 4, the
components do not satisfy the parity condition and the ghost component has an illegal node.
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FIGURE 3. A non-critical nodal ribbon graph.

Denote by Gy, the set of isomorphism classes of critical nodal ribbon graphs with boundary
of genus ¢, with k boundary marked points, [ faces and together with a bijective labeling « :
Faces(G) = [I], The combinatorial formula in [Tes15] is

Theorem 1.10. Fix g, k,l > 0 such that 29 — 2+ k + 21 > 0. Let A\y,..., \; be formal variables.
Then we have

l

(1.22) 275 Y (- HQ% igc;—:ll

(3 PR alZO i=1
9vi(Gi)+9(Gi)+b(Gi)—1
-y U [1 X
At (G)]
G:(]_[i G’O/NEGQ’;CJ ecEdges(G)
where
ﬁ, if e s an internal edge between faces i and j;
iTAj
Ale) == (mil) (2::) A2l if e s a boundary edge of face i and m(e) = m;
1, if e is a boundary edge of a ghost.
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2. MATRIX MODEL

In this section we present a matrix integral that is a starting point in our proof of Theorem [1.3]
Instead of deriving a matrix integral for the open partition function 7° directly from the com-
binatorial formula (1.22), we write a matrix model for an auxiliary function fg that is a sum
over non-nodal ribbon graphs with boundary with some additional structure. We then relate the
function fgR to the open partition function 7° by an action of the exponent of some quadratic
differential operator.
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The section is organized as follows. In Section [2.1] we give a slight reformulation of the com-
binatorial formula . In Section we introduce an auxiliary function fgR and relate it to
the open partition function 7°. This relation is given by Lemma [2.2] Section [2.3] contains a brief
review of basic facts about the integration over the space of Hermitian matrices. In Section
we give a matrix integral for the function f§. This is the subject of Proposition 2.4, The matrix
integral in this proposition is understood in the sense of formal matrix integration. In Section [2.5
we discuss how to make sense of it as a convergent integral.

We fix an integer N > 1 throughout this section and we set the genus parameter u to be equal
to 1.

2.1. Reformulation of the combinatorial formula. Here we reformulate the combinatorial
formula ((1.22). This step is completely analogous to what M. Kontsevich did in [Kon92] (see the
proof of Theorem 1.1 there).

Denote by G the set of isomorphism classes of critical nodal ribbon graphs with boundary
together with a labeling a: Faces(G) — [N] (a coloring of faces in N colors). For a graph G € G%
and an edge e € Edges(G), let

: if e is an internal edge between faces f; and fs;

- T Aa(mFa)’
Ale) = —(m—il)(?j) )\;(2}7;_1, if e is a boundary edge of face f and m(e) = m;
1, if e a boundary edge of a ghost.
Introduce formal variables A, ..., Ay and consider the diagonal N x N matrix

A = diag(A, ..., An).
From the combinatorial formula ((1.22)) it follows that

VB (@)

_ (@) T
ti=—(2i—1)ltr A=21 — Z [Aut(G)] H Ale) Ve (G

G=(11, G:)/NeG§} e€Edges(G)

(21)  F°

where ¢(G) :=[], ¢(G;) and

G L %7 if Gl is a ghOSt,
C( ’L) — 2*6[(Gi)+2vl(Gi)f‘VBAI(Gi)|+b(G¢)’ OtherWise.

Here e;(G;) stands for the number of the internal edges of the graph G;.

2.2. Sum over non-nodal graphs. Here we introduce an auxiliary function f§ and relate it to
the open partition function 7°.
We denote by Ry the ring of formal series of the form

FOL AN =) fn(A A,

m>0
where f,, is a rational function in A1, ..., Ay homogeneous of degree —m. We denote by R]_Vd C Ry
the subspace that consists of series of the form f = »_ . fn, where f,, is a rational function
in Aj,..., Ay homogeneous of degree —m. Note that the ring C[[\{',..., \y']] can be naturally

considered as a subring of Ry.
Let us introduce the following auxiliary set of graphs. Denote by G the set of isomorphism
classes of critical non-nodal ribbon graphs with boundary, that are not ghosts, together with
e a labeling a: Faces(G) — [N],
e amap [: Vey(G) = {1}
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such that on each boundary component of G the number of the boundary marked points v €
Vem(G) with B(v) = 1is odd. Vertices v € Vg (G) with S(v) = 1 will be called legal and vertices
v € Vpu(G) with 5(v) = —1 will be called illegal. The boundary edges of G are, by definition, the
boundary segments between successive vertices of G which are not the illegal boundary marked
points. We will use the following notations:

vpn+(G) = [{v € Vpu(G)|B(v) = 1},
vpm-(G) = [{v € Vpu(G)[B(v) = —1}].
Let
n(A) = Tclti:—(Zi—l)!!trA*Qi*1

Introduce an auxiliary formal variable s_ and define the following series of rational functions:

svBM+(G)  GUBM- (@)

O c &) 5 -
22)  KWss)=mee| > meEn| 1L M@ | mmi——am |

GeGym™™ e€Edges(G)
where
(23) E’(G) = 2—61(G)+2U1(G)—UBM+(G)+Z)(G)'
By definition, f% is an element of Ry/[[s, s_]].
Remark 2.1. We do not know if f§ belongs to C[[A[*,..., Ay 1]][[ ,s_]] or not. Several computa-
tions in low degrees motivate us to conjecture that fg € C[[A\*, ..., A\y']][[s,s_]]. Moreover, we
conjecture that there exists a power series f(to,t1,...,8,5_) € Cl[to,t1, - .]][[s, s_]] such that for

any N > 1 we have
fo|ti:—(2i—1)!!trA*2i*1 = In-
However, we do not need this statement in the paper.
Let
TR (A, 8) = 7'0|t1 (2i—1)! tr A—2i—

Lemma 2.2. We have

192 &3
(2.4) = e (e fR)

s—=0
Proof. The lemma easily follows from equation (2.1)), the definition (2.2) of f§ and the standard
result about the graphical representation of the action of the exponent of a quadratic differential

g3
operator. Note that the factor e corresponds to ghost components in critical nodal ribbon
graphs. 0

2.3. Brief recall of the matrix integration. We recommend the book [LZ04, Sections 3, 4] as
a good introduction to this subject.

2.3.1. Gaussian measure on the space of Hermitian matrices. Denote by Hy the space of Hermit-
ian N x N matrices. For H = (hi,j) € Hy let Ti; = hm’ and Tij = Re(hi7j),yi,j = Im(hm),z < j
Introduce a volume form dH by

dH = de“ I deisdys.

1<i<j<N
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Consider positive real numbers Ay, Aa, ..., Ay € Ryg. Recall that A := diag(Aq, ..., Ay). Introduce
a Gaussian measure dpa n(H) on the space Hy by

A n(H) = cpye 2N,
where the normalization

N
CAN = (27r)_N2/2H)\3/2 H (i + X))

i=1 1<i<j<N

is determined by the constraint

/ dHA,N(H) =1.
HN
2.3.2. Wick formula. For any polynomial f(H) € C[h;  |i<ij<n let
SEDawi= [ SH)dpan(H).
N

The integrals (f), 5 are described by the following result (see e.g. [LZ04, Section 3.2.3]).

Lemma 2.3 (Wick formula). 1. If f(H) is homogeneous of odd degree, then (f), n = 0.
2. For any indices 1 < iy, ... 00k, J1, ..., Jor < N, we have

<hi1,j1 hiz,jQ s hi2k,j2k>A,N = § : <hip1:jp1 hiql Jay >A,N <hip2 3Jpo hiqz Jag >A,N T <hip;C Iy hiqk Jay, >A,N )

where the sum is taken over all permutations p1qip2qs - . . Prqr of the set of indices 1,2, ..., 2k such
that p1 < py < ... <pg and p; < g;.
3. We have

<h hk’l> o {/\ii)\j’ ij - k: Cmd Z = l)
LITRAIAN

0, otherwise.

2.4. Matrix integral for ff. In this section we present a matrix integral representation for the
function fg.

Let
o ]' 2m m A —2m—1
G(A,s) '_Z—m—i—l(m)s_/\ :
m>0

1 iH — s m iH+s m

Ig(H,A,s,5_) == tr L;E (( S—G(A, s_)> - ( S—G(A, s_)> )] :

Note that )

G(A,s_) =

A+ A —4s_

Therefore, the exponent 2 can be represented in the following way

s dt<A+\/A2—4s_—iH—s)
e'B = de .

AN+ /N2 —4s_ —iH + s

Proposition 2.4. We have

form i 3 1 2
2.5 V(A s, s2) =can o s wH A g 1y,
( N ) 9 ,

Hn
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FIGURE 4. Internal vertex

Here the integral is understood in the sense of formal matrix integration. It means the following.
We express es "H 5 ag a series of the form
et H+Ip _ Z SaSZ:Pa,b,m7
a,b,m>0
where P, ,, is a polynomial of degree m in tr H 3 and expressions of the form
tr(HA""HA™® ... HA™™), where dy,...,d, > 1.

Here the degree is introduced by putting
deg(tr H?) := 3, deg(tr(HA™HA™% ... HA™%)) == 1 +2 Z d;.
i=1

From Lemma 2.3] it follows that
12
CA,N/ Popme 2 A IH = <Pa,b,m>A,N
HN

is zero, if m is odd, and is a rational function in Ay,..., Ay of degree —%, if m is even. Then the
integral on the right-hand side of ([2.5) is defined by

form s 1 )
i _1
CA,N/ 66trH strH A+IBdH = E Sasb_ <Pa,b,2m>A7N-

Hy a,b;m>0

Proof of Proposition[2.4. We begin by recalling the derivation of the matrix integral for 7§ from
Kontsevich’s combinatorial formula ([Kon92]). Consider an arbitrary trivalent ribbon graph
without boundary with a coloring of faces in IV colors. It can be obtained by gluing trivalent stars
(see Fig. |4]) in such a way that corresponding indices on glued edges coincide. To a trivalent star we
associate the polynomial 3 tr //* € C[h;;]. Then the Wick formula (Lemma [2.3) and Kontsevich’s

formula ((1.7) imply that

T =can / T e g
HN
This is the famous Kontsevich integral ([Kon92]). We recommend the reader the book [LZ04,
Sections 3 and 4] for a more detailed explanation of this technique.
Consider now a non-nodal critical ribbon graph with boundary G € G%™". Each boundary
component is a circle with a configuration of vertices of degrees 2 and 3. Vertices of degree 2 are
boundary marked points and they are of two types: legal and illegal. In Fig.[5]we draw an example
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> tr (HA ™) (sA™)2(Hs_A3)(HA7Y) (ss_A™3)(HA™Y))

FIGURE 5. Boundary component

of a boundary component. Legal boundary marked points are marked by + and illegal ones by —.
Each graph from G’ can be obtained by gluing trivalent stars and some number of boundary
components.

Consider a boundary component of some non-nodal critical ribbon graph with boundary G €
GY"™". Recall that, by definition, the boundary edges are the boundary segments between suc-
cessive vertices which are not illegal boundary marked points. Let ey, es, ..., e, be the edges of
the boundary component, ordered in the clockwise direction. Moreover we orient each edge in the
clockwise direction, so that any boundary edge points from a source vertex to a target vertex. Let

bp(e:) H, if the source of e; is of degree 3,
€;) = . .
P s, if the source of e; is of degree 2.

The combinatorial formula ([2.2) suggests that to the boundary component we should assign the
following expression:

(2.6) ’AL ’ tr [li (bp(ei)w (2777;1((;))ST(ei)A—m(ei)—l)

where Aut denotes the automorphism group of the boundary component. An example is shown
in Fig. | For a moment we ignore the combinatorial coefficient (2.3)). If we sum expressions ([2.6)
over all possible choices of a boundary component, we get

(2.7) §trlzk (H +5)G(A,s_) Zk As))].

k>1 k>1

€ Clhi ),

Let us deal more carefully with the combinatorial coefficient (2.3]). Denote by vp3(G) the number
of the boundary vertices of degree 3 of the graph G and by ep(G) the number of the boundary
edges. Since 3v;(G) + vp3(G) = 2¢;(G), we have

=(&) —9—er(G)+20r(G)=vBM+(G)+b(G) _ 9er(G)—vi(G)—vp3(G)—vpn+(G)+b(G)

?

(_1)‘EdgeS(G)| :(—l)eI(G)(—l)eB(G) _ Z'3UI(G)+'UB3(G)(_1)UB3(G)+'UBM+(G) — Z‘UI(G)+UB3(G)(_1)UBIM+(G)‘
Therefore, we have to rescale expression ([2.7]) in the following way:
p g way

o [Z% (iHQ_SG(A,S))k—Z% <z’H2—l—sG(A’S>>k] |

k>1 k>1
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We immediately recognize here the function Ig(H, A,s,s_). Again, the Wick formula together
with Kontsevich’s formula ((1.7)) and the combinatorial formula (2.2]) imply that

form 3 1 2

i _1

f]o\f — CA,N/ 66trH +ip—5trH AdH
HN

The proposition is proved. O

2.5. Convergent matrix integral. One can show that the integral
CA,N/ eétrHS—%trH2AdH
HN

is absolutely convergent and determines a well-defined function of (A1,...,A\y) € RY;. It is not
hard to show that the asymptotic expansion of it, when \; — oo, is given by 75 ([Kon92]).
In our case we can also make sense of the integral in (2.5) as a convergent integral. Suppose

2
that \; are positive real numbers, s_ is a real number such that s_ < %, t=1,...,N,and s is a
purely imaginary complex number. Then the integral

CAN/ eétrH’d;trHQAHBdH:cAN/ eétrH:;f%trH?Adet A+\/A2—43——iH—S dH
C " A+ /A2 —4s_ —iH +s

is absolutely convergent and determines a well-defined function of A{,..., Ay, s and s_.

3. FORMAL FOURIER TRANSFORM OF T7°

In this section we introduce a certain version of the Fourier transform. It happens that af-
ter this transformation formula (2.4) becomes much simpler. The main result of this section is

Proposition
We again fix an integer N > 1 throughout this section and set the genus parameter u to be
equal to 1.

3.1. Formal Fourier transform. Here we define our version of the Fourier transform and de-

scribe its main properties. Section [3.1.1] is preliminary. The main definition is contained in
Section [3.1.2, In Section there is a slightly different version of it that will also be useful.
Section is devoted to the properties of our Fourier transform.

3.1.1. Fourier transform for C|[s]]. For an arbitrary positive real z € R, and a non-negative
integer m € Zx>,, we have the following classical formula:

z . _Llg2, 0, if m is odd;
— [ s"e 2" ds = (m—DI . .
2m Jp —72, il m is even.

A power series f € C[[s]] is called admissible if it has the form f = e f(s), where f(s) € Cls].
The space of admissible power series is denoted by C[[s]]*¢™ C C[[s]]. For an admissible power

series f € C[[s]]*™, f = e%f, the formal Fourier transform ®/™[f](z) € C[[z7}, 2] is defined by

form R
q)gm”m[f](z) =4 /%/}R f(—is+ z)es® "2%7ds :=
z fv(—is—f—z) ) F 1.0, _
= E 1/%/RT(ES?’) e 2%%ds € C[[z71, z].

k>0
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The reader can see that the formal Fourier transform of f is the asymptotic expansion of the

integral
\/ % /]R f(—is + 2)6583_%32‘1%,

3.1.2. Fourier transform for Ry[[s]]. An element f(A,s) € Ry[[s]] will be called admissible, if the

series f: fe s

when z goes to +o0.

= Zizo siﬁ, f; € Ry, satisfies the following property. There exists a sequence d;,

i > 0, of positive integers such that d; — oo, when i — oo, and ﬁ € R&di. The space of all
admissible elements will be denoted by R y|[s]]*™.

~ s3
For an admissible element f € Ry|[s]]°¥™, it can be seen that the element f = e~ f can be
expressed in the following way:
= Z gm(N) P,

where g, € C(A1,...Ax) are homogeneous linearly independent rational functions and P,,(s) €
Cls] are polynomials in s. The formal Fourier transform ®o™[f](A, z) € Ry|[[z"1, z]] is defined
by

form 4 19
L fI(A, 2) = ng(M\/; /R e'5 2 F P, (—is + 2)ds € Ry[[z71, 2]).

We again see that the formal Fourier transform can be considered as the asymptotic expansion of

the integral
1/ % /R FA, —is + z)eésg_%SZst,

3.1.3. Fourier transform for C[[to, t1,t2,...]][[s]]. A formal Fourier transform for power series from

when 2z goes to +o0.

Cl[to, t1, - - -]][[s]] is introduced completely analogously. We introduce a grading in the ring C|[to, t1, . . .

assigning to t; the degree 2i + 1. For d > 0 let C|[[to, 1, ...]]? be the subspace of C|[[to,t1,...]] that
consists of power series of the form f = ZmZd fm, where f,, € C [to,tl, ceey LL is a homo-

J
geneous polynomial of degree m. The subspace Cl[to, 11, .. .]][[s]]*™ C C[[to, %1, ..]][[s]] is defined
similarly to the previous section, using the filtration

Cl[to, t1, - - .]] = Cl[to, t1,...]]° D Cl[to, t1,...]]' D Cl[to, t1,...]* D ....
It is easy to see that if f € Cl[[to,1,...]][[s]] is admissible, then
f|ti:—(2i—1)!!trA*2”L*1 S C[[/\l_17 s 7)‘N1]]

is also admissible.
For an admissible element f € C[[to, 1, .. .]][[s]]?*™ the formal Fourier transform is defined by

form 31 .
ST (b, 2) 1= 4 [ == 5 / ¢T3 f(t,, —is + 2)ds € C[[to, t1, .. ][z, 2],
7r

where f = 6_%f.

The relation to the Fourier transform from the previous section is given by

(3.1) ol [f]],, = o™

=—(2i—1)!tr A-2-1 i=—(2i—1)!1tr A—2i—1
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3.1.4. Properties. Let us describe three basic properties of our formal Fourier transform. The
symbol A will stand for Ry or C[[t, 1, ...]].

Lemma 3.1. The map ®I°™: A[[s]]*™™ — A[[z71, 2]] is injective.

Proof. Suppose that A = Ry. The proof for A = C|[t,t1,...]] is the same. Suppose we have
~ 3
dJform[f] = 0 for some admissible f € Ry/[[s]]*¥™. Let f = e~ % f. We have

f: Z gm(A)P

where g,,,(A) € C(\y, ..., A\y) are linearly independent homogeneous rational functions and P,,(s) €
C|s] are polynomials in s. Since ®/°"™[f] = 0, we get

P form 3
\ /%/]R e'c 297 p, (—is+ z)ds = 0,

for all m. Let us choose a non-zero P,, and let P, = Zf:o a;st, where aj, # 0. A direct calculation

shows that
form i 1,
1/27T/ 6 25 2P (—is 4 2)ds = ap2" +sz
i<k
Therefore this integral is non-zero. This contradiction proves the lemma. ([l
Lemma 3.2. For any admissible element f € A[[s]]*™, the derivative % is also admissible and

(I)gorm [%] — %Cbgorm[f]

3 ~

s s3 2 7 ra
Proof. The proof is again presented in the case A = Ry. If f =e's f, then % =ec (%f + 8—’;)
Therefore, % is also admissible. Now we compute
form sy, [ (—i 2 _ o ~
ol £](A, 2) 1/%/ et 30 (%fm, —is +2) +im-f(A, —z’s+z)> ds =
52
= Zolm (A, 2)
The last equality follows from integration by parts. The lemma is proved. 0

Lemma 3.3. For any admissible element f € A[[s]]*™™, the product sf is also admissible and

omisf] = = (155~ g - =) 2L

Proof. The admissibility of the product sf is obvious. We compute

1 a 1 orm Jorm 52 ry . ig3_ 152,
(Zaz 222) f /27'['2/ {(z——;) f(—ls—f—z)} 65 T2 % (g =
form i 1.2
=4 /21/ isf(—is + 2)es® 35 ds.
T JR
Therefore,

1o 1 f"’“m 51,2
- - _ form . s =s%z :(I)form
(12 )it = 2 [ o= Fis ek osas = atrmisg,

The lemma is proved. O
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3.2. Fourier transform of 7°. Recall that
TR(A ) = %l imrprea—2ion € CIAT - AR ([s])-
From formula it is easy to see that the series 7§ is admissible. It is also easy to see that
[ =250 sisj,f]‘{,m, where g, € Ry . Thus, for any j > 0, the series e’ D in0 8 R 1

admissible. We conclude that the Fourier transform ®Jo [e§ fﬁ,} (A, z,s_) with respect to the
variable s is well-defined.

Proposition 3.4. We have
53 2
LT[RI(A, 2) = @ e R ] (A, 2 ZZ) .

Proof. By Lemma [2.2, we have

From Lemma [3.2] it follows that

52

form | g2 55— - T 50
o/ e fNe (A,z,s)=e

(@frm (16 ] (A 2,50)) =

53 2
= pJorm [fj"ve?] (A,z,s_ + %) :

Setting s_ = 0, we get the statement of the proposition. O
Propositions [3.4] and 2.4] together with Section [2.5] imply the following proposition.
Proposition 3.5. The series ®/o™[1%](A, z) is the asymptotic expansion of the integral

CAN i/eéss_éSQZdS/ 65trH3_7trH2Adet (A+\/A2 ZH+ZS—Z) dH
V2r Jk Hy A+VA2—22—iH —is+z ’

when 0 < z < \; and z, \; — +00.

4. ANALYTICAL COMPUTATIONS WITH THE MATRIX INTEGRAL

Let N be an arbitrary positive integer. Recall that the series 75 (A) € C[[A\[*, ..., Ay']] is defined
by

T](if(A) = Tclti:7(2i71)!!tr/\*2i71

Let A, := diag(\1,..., Ay, 2). We set the genus parameter u to be equal to 1. The following
proposition is the key step in the proof of Theorem

Proposition 4.1. We have

(4.1) OIm (101 (A, 2) = 75 (ML) [det [ A1)
s N ) N+1\ 1z 1+ZA_1

Before proving the proposition let us make a remark about the right-hand side of equation (4.1)).

We see that 751 (A.) € C[AT, ..., A ]I[[z71)] and 4/det (hzﬁ =y e AT AVTE])- So, on

the right-hand side of (4.1]) we multiply a power series in z~! and a power series in z. In general,
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the multiplication of two such series may not be well-defined. In our case, the issue is resolved as

follows. We have
det 1-— ZA71 — Zkzo ﬁz2k+ltrA—2k—l
1+ zA-1 ’

Therefore, ,/det (?‘L;jﬁj) has the form ) - fmz™, where f,, € C[ATY, ..., A\y'] is homogeneous

of degree —m. Thus, the product on the right-hand side of (4.1]) is well-defined.
Our proof of Proposition uses a famous technique, that is sometimes called the averaging
procedure over the unitary group. We recall it in Section [4.1] After that, in Section [4.2] we prove

Proposition [4.1]

4.1. Averaging procedure over the unitary group.

4.1.1. Polar decomposition. It is well-known that an arbitrary Hermitian matrix H admits a polar
decomposition, H = UMU™!, where U is a unitary matrix and M is a diagonal matrix with real
entries. Denote by Uy the group of unitary N x N matrices. Given a vector m = (mq,...,my) €
R, define a map mm: Uy — Hy by

7m(U) = U diag(my, ..., my)U "
For a Hermitian matrix H, let m(H) = (my(H),...,my(H)) be the vector of its eigenvalues. It

is defined up to a permutation of the coordinates. For a subset D C R, that is invariant under
permutations of the coordinates, let

/Hﬁ = {H S HN|m(H) € D} C Hn.
Suppose moreover that D C R” is compact and measurable. Let f: Hy — C be an arbitrary

smooth function. We denote by dU the Haar probability measure on Uy. We have the following
result (see e.g. [LZ04, Sections 3 and 4]).

Lemma 4.2. We have
f(H)dH =

N /
HD z 12' D

4.1.2. Harish-Chandra-Itzykson-Zuber formula. Let ayi,...,an,b1,...,by be arbitrary real num-
bers such that a; # a; and b; # b;, for i # j. Let A := diag(ay,...,an) and B := diag(by,...,bn).
Let t be an arbitrary non-zero complex parameter. The Harish-Chandra-Itzykson-Zuber (HCIZ)
formula says that

(4.2) / PHIAUBUTY) gr7 Hf\%; il det(e'i%) '

Un T H1§i<j§N(aj —a;)(b; — b;)
The right-hand has no poles on the diagonals {a; = a;} or {b; = b;}, and so it defines a smooth
function of 2N real parameters a, ..., ay, by, ...,by. Formula was originally found in [H-C57]
and then was rediscovered in [IZ80].

We will apply the HCIZ formula in the following way. Again, let D be a compact measurable
subset of RY, invariant under permutations of the coordinates. Let f: Hy — C be a smooth
unitary invariant function: f(UHU™') = f(H), for any U € Uy. Finally, consider pairwise
distinct purely imaginary complex numbers ay,...,ay and set A := diag(ay,...,ay).

Lemma 4.3. We have

43) [ f(H)er T AqH = (2m) = / FMydet (ebmier) T 2w,

’H?] N Hl<l<]<N a] 1<i<j<N m] + m;

(m; —m;)?dm; ... dmN/ (m=-f)dU.
Un

1<i<j<N
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where M := diag(my,...,my) and dM = dm; ...dmy.
Proof. The lemma follows from combining Lemma and the HCIZ formula (4.2)). U

4.2. Proof of Proposition [4.1} Suppose that A1,..., Ay and z are positive real numbers. Con-
sider Kontsevich’s integral

i 3_1 2
(4‘4) CAZ,N+1/ 66t1rH strH Ade‘
HN+1

As we already recalled in Section , the integral (4.4) is absolutely convergent and its asymptotic
expansion, when \;, z — 400, is given by the series 75_;(A.) (see [Kon92]). Suppose moreover
that z < \;. Using Proposition we see that equation (4.1]) is a consequence of the following
equation:

i 3_1 2
(45) CAz,N—H/ €6trH 2trHAde:

HN+1

— et [ det <A—|—Z> Z eéSS_;SQZdS\/ G%trHs_%trHQAdet (A+\/A2—22—iH+iS—Z) JH.
’ A—z)V2r Jp Ha AN+VAN2—22—iH —is+z

The integral is still absolutely convergent, when \;’s and z are complex numbers with
positive real parts. Moreover, the integral is semi-convergent, if \;, z are purely imaginary
non-zero complex numbers, and the asymptotic expansion of it, when \;, z — oo is still given by
the power series 75, ,(A). See the discussion of these subtle questions in [DIZ93, page 208].

Let \; and z be purely imaginary complex numbers with positive imaginary parts. Assume
moreover that |z| < |\;|. Consider the diagonal matrix

A:=VA%2— 22

where we choose a particular value of the square root, such that all entries of the matrix A have
positive imaginary parts. Let aq,...,ay be the diagonal elements of A. Let

A, = /A2 — 2% = diag(ay,...,an,0).

Let us perform the change of variables H — H —i(A,+ A,) on the left-hand side of equation ({4.5]).
It occurs that this kind of shifts is very useful in the study of Hermitian matrix models (see
e.g. [IZ92, page 5668] or [DIZ93] page 208]). We get

it H34 L tr H2 ;22
CAZ,NJrletrBz/ thrH +2trH A,+1 5 terH,
HN1

where B, = (AzJ’AZ)Z(QAZ_Az). Define ayy1 to be equal to 0. By Lemma , the last integral is
equal to

(4.6)
(N+1D)2-N-1
2m P c et B- ignp3 22 19 m; —m;
( ) ' Az ,N+1 egtrM +iZtr M det (eimiaj) H J ZdM,
(N+ DM cicjenia(as — ai) Jryn ISIJEN+L St Ty

where M := diag(my,...,myy1) and dM :=dmy ...dmy;1. Note that

23
5

N
CA.N+1 = cA7N(27r)_N, / % H(z +2;) and trB,=trB+ 3
i=1
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where B = ATAS2A-A)
6

det ( 3 “J) H My =i
1< j<N+1 m; + m;
SISV i aNgr Y T mi

. Expanding the determinant along the last column, we get

N+1
= S (C1)NHE g (edmie [ 0 mme
= 1<i<N+1,i#k m; +m;
k=1 1<GEN - 1<i<j<N+1 Y v
N+1

- Z det <62 Z >1§i§N+1,i7€k 11 + 11 +m,
1<GSN 1<i<i<N+1 m; I <i<N+1 Mk v
i,j 2k i#k
When we substitute this sum in expression (4.6)), we see that all the N 4+ 1 summands give the
same contribution to the integral. Therefore, we can rewrite (4.6 as follows:

N
z 2+ N 2 i3 i 2
(4.7) — | | fes [ es™NaTEMNHT gy X
2w 1 a; R
Pl

N2_N
« (27T) 2 CANe / 6étr(M’) +Zz—trM det( m2a3> >
Qa ) RN

N'T<icjen(a; = 1<i j<N

< 11 mj_midet(M/_mNH)dM’],

m; +m; M +m
1<i<j<N ]+ i + N+1

where M’ := diag(my,...,my) and dM’ := dmy...dmy. By Lemma , the expression in the
square brackets is equal to

i 3 L 2 H— my+1
cA’NetrB/ thrH +i trH+ tr H Ad t dH.
Hy H+mN+1

Redenoting my 1 by s, expression (4.7) is equal to

(48) idet (Z+A> Gé / e%s3+%sz2d8 |:CA,N€trB/ 6étrH3+ trH2A+zz—trH det H — SdH:| '
V 27 A R Hu H+s

Now we make the shift H — H 4 i(A + A) in the integral in the square brackets. Using also that
A=+VA —22= /(A —2)(A+ z2), we get that (£.8) is equal to

A i 1 AN+ A—iH +1
det +Z e /668 +352% 1g [CAN/ et rH =g H2A ot ( + ! +ZS> dH] )
HNn

A+A—1H —is

Finally, making the shift s — s+ iz, we come to

CAN det A+Z / S—szds/ egtrH?*_ftrH?Adet A+ A—iH +is—z dH
_Z 2w HN A+ A—iH —is+z )

Equation (4.5] D is proved, and, thus, also Pl"OpOSlthD

5. PROOF OF THEOREM [1.3]

From the dimension constraint it follows that, if an open intersection number is
non-zero, then the genus ¢ is uniquely determined by a;’s and k. Using this observation, it is easy
to show that, if the open KdV equations hold for v = 1, then they are also true for an arbitrary u.
The same is true for the open Virasoro equations. Therefore, without loss of generality, we can
assume that v = 1.
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Let G, be the shift operator which acts on a series f(tg,t1,...) € C[[to,1,...]] by

ko k1 ko
Gz[f](to,tl, .. ) = f (to — ;;tl — ;7t2 — ;, .. ) y

where &, := (2n — 1)!! and, by definition, (—=1)!!:=1. Let §¢:= 3", %

Proposition [4.1] implies the following corollary.
Corollary 5.1. We have
(5.1) plorm [1°] = G, [7°)e*".
Proof. 1t is easy to check that for an arbitrary N > 1 we have

1 —zA1
ti=—(2i—1)!tr A—2i—1 = {/det 14+ 2zA-17 )7

Therefore, by Proposition and equation (3.1)), we have

c

G,

— L 3
ti=—(2i—1)!tr A—2i—1 _TN+1(AZ) and e

(5.2) (@™ [7°]) ti=—(2i—1)ltr A=21 (G.[)e™) ti=—(2i—1)tr A=2-1 "

For an arbitrary m > 0 the functions tr A=!,tr A=3, ..., tr A=?™~! become algebraically indepen-
dent, when N is sufficiently large. Therefore, equation (5.2)) implies that ®/o™ [7°] = G [r¢]es".
The corollary is proved. 0

Let us prove that the open free energy F' satisfies the half of the Burgers-KdV hierarchy —
(L.19). In [Burld] it was obtained that the half of the Burgers-KdV hierarchy can be written in a
very convenient form using the Lax formalism. Let us briefly recall this result. A pseudo-differential
operator A is a Laurent series

m
A= D" an()o},
n=-—oo
where m is an arbitrary integer and a,, are formal power series in tg, t1, . ... We will always identify ¢,

with z. Let

A= zm: a, 0.
n=0

The product of pseudo-differential operators is defined by the following commutation rule:

8§of::ik(k—l)...(k—l+1)8lfak_l

l! oxt * 7’
1=0

where k € Z and f € C|[[to,t1,...]]. For any m > 2 and a pseudo-differential operator A of the
form

A=+ i ",

n=1

there exists a unique pseudo-differential operator Aw of the form
Am =0, + > 6,0;",
n=0

such that <A%>m = A.
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Consider the pseudo-differential operator L := 02 + 2Fy, , . In [Burld] it was proved that the
half of the Burgers-KdV system ([1.18))-({1.19)) is equivalent to the following system:

0 1 1
5.3 —f = (L”+§> F
(5:3) ot," — (2n+ D -
0 1
5.4 F=—Le".
(5.4) 9s° 27
Let us prove that the open free energy F° satisfies equations (|5.3)) and (| . Let
s Z2n+2 G (TC)
n o z é
E(tsy Sk, 2) :=&° —1—2 Gn o’ and (s, S, 2) == — e

From the fact that the closed partltlon function 7¢ is a tau-function of the KdV hierarchy it follows
that the series 1 is the wave function of the KdV hierarchy (see e.g. [Dic03]), that is, it satisfies
the following equations:

0 1 )
5.5 ) = (L’”’) :
(5-5) Ot (2n + 1)!! ’ +w
9, 1
5.6 = L.
(5.6) 8sn¢ 27+l (n 4 1)! 4
From Corollary [5.1] it follows that
(5.7) Plorm [eF"} = 15 —o.
Let us prove (5.3)). Let Oy, := % - m (L”+ ) . We have
orm 0 orm o1 by B7) by (53)
@17 [0y,e"] = O, @l [ W BT Otn (¢ls.=0) = (01, ) lumo £V 0.
By Lemma 3.1, we get O, e = O and equation (5.3 is proved.
Let us prove (| - Let Oy L We have
o emma 1 o . 2 1 .
ol [0, (% - §L) e e L R

By Lemma , we get O,ef” = 0 and equation (5.4)) is proved.

In [Burl5] it was shown that the open KdV equations follow from the half of the Burgers-KdV
hierarchy. Therefore, Conjecture (1| is proved. We also see that the open free energy F° satisfies
the initial condition F°|;.,—9s—0 = 0. In [Burlh| it was proved that such a solution of the half
of the Burgers-KdV hierarchy satisfies the open Virasoro equations . Thus, Conjecture 2| is
also proved.

6. VIRASORO EQUATIONS

The derivation of the open Virasoro equations from the open KdV equations (1.15]) was
given in [Burlb]. Another derivation was obtained in [Burl4]. In this section we want to show
that the open Virasoro equations can be very easily obtained from Corollary Again we can
assume that v = 1.

By Corollary [5.1]
dlormire] = G, [

From the closed Virasoro equations (|1.6)) it is easy to derive that (see e.g. [Burld])

o g 222 (19 1 n+1 ., o g
L, (Gz[T Jet ) = (2n+1 (;5 — 2—22—z> + T 22 ) (GZ[T Jet )
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By Lemmas [3.2] and [3.3] we have

22n+2
2n+1

10 1 n+1, ot n+10"
- - ot 2n (I)form o :(Dform o -~ ol —
<z 0z 222 Z) T ) S B [( gsn1 ° T asn ) "

ottt 3n+3 0"
_ _(I)form ol
B {(Sasnﬂ - 1 85”) ! ]

Here, as above, the circle o means the composition of operators. In the last operator inside the
Fourier transform we immediately recognize the difference between the open Virasoro operator L,

and the

closed Virasoro operator L,, (see (1.16))). Therefore, we get
dformiL, ] = 0.

Lemma 3.1 implies that £,,7° = 0. The open Virasoro equations are proved.
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