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ABSTRACT. We study a class of scalar differential equations on the circle S!.
This class is characterized mainly by the property that any solution of such an
equation possesses an exponential dichotomy both on the semi-axes Ry and
R4. Also we impose some other assumptions on the structure of the foliation
into integral curves for such the equation. Differential equations of this class
are called gradient-like ones. As a result, we describe the global behavior of
a foliation, introduce a complete invariant of the uniform equivalency, give
standard models for the equations of this distinguished class. The case of
almost periodic gradient-like equations is also studied, their classification is
presented.

1. Introduction. In 1973 a short note [21] was published where for nonautonomous
vector fields (NVFs) given on a smooth closed manifold M a definition of uniform
equivalency of two such NVFs was given and on this basis the structural stability
of nonautonomous vector fields was defined. When dim M = 2 a class of structural-
ly stable nonautonomous vector fields was distinguished, the invariant determining
the uniform equivalence was found, Morse type inequalities were derived connect-
ing the topology of M and the structure of a foliation into integral curves. When
these results were announced, articles on nonautonomous nonlinear dynamics were
rather rare (except, of course, periodic in time systems), though they existed, see,
for instance, [26, 37]. Now the interest to the nonautonomous dynamics became
much more intensive, several recent books demonstrate this [16, 5, 34]. This made
us return to this topic.

In this paper we present proofs of some statements of [21] for the one-dimensional
situation, that is when M is the circle S'. It is worth noting that the one-
dimensional case was not discussed at all in [21].

We study a class of nonautonomous scalar differential equations of the type

T = f(t,l’),

2010 Mathematics Subject Classification. Primary: 34C27, 34C40, 34D30; Secondary: 70G60.

Key words and phrases. Nonautonomous, one dimensional, exponential dichotomy, gradient-
like, uniform classification, almost periodic.

* Corresponding author: lermanl@mm.unn.ru.

1341


http://dx.doi.org/10.3934/dcdss.2020076

1342 LEV M. LERMAN AND ELENA V. GUBINA

where a scalar function f is 1-periodic in z and defines an uniformly continuous
map of R to the space V"(S1) of C"smooth 1-periodic functions in x, r > 1. This
space is endowed with C"-norm, thus V" (S') becomes the Banach space. The space
of maps R — V7 (S!) becomes itself a Banach space if we endow it with the norm
|v| = sup ||v(t)|| where || - || means the norm in V" (S?t).

teR

An ordinary differential equation (ODE) determines a foliation of the extend-
ed phase space R x S! into integral curves (graphs of solutions). Henceforth, we
consider the manifold R x S' with its uniform structure of the direct product of
the standard uniform structure on R given by the metrics |z — y| and metrics on
S! = R/Z induced from R.

Two such ODEs are called uniformly equivalent if their related foliations are
equimorphic (see below in more details). We present below four assumptions on
the class of ODEs under consideration. We call the equation gradient-like if these
assumptions are satisfied. For equations of this class we prove the following prop-
erties:

e A gradient-like ODE is structurally stable w.r.t. perturbations within the

class of uniformly continuous maps R — V" (S1);

e ODE:s of this class are rough, i.e. a conjugating equimorphism can be chosen

close to the identity map idgry st if a perturbation is small enough;

e A combinatorial type invariant is introduced which is the complete invariant

of the uniform conjugacy for the gradient-like ODEs;
e for each gradient-like ODE there is an uniformly equivalent asymptotically
autonomous ODE on S*;

e if a gradient-like ODE is in addition almost periodic in ¢ uniformly w.r.t. z,
then this ODE is uniformly equivalent to an autonomous scalar ODE with
simple zeroes.

Similar results can be also formulated and proved for the case of M = I, a segment,
as well, in this case the boundary curves R x I are supposed to be integral curves of
the differential equation to avoid some complications. The exposition in the paper
is carried out for the case S!.

The beginning of the study of nonautonomous vector fields from the viewpoint
of their roughness and their structure was initiated by L. Shilnikov, our joint note
[21] was the first result in this direction. The idea itself on the necessity of extend-
ing the notion of roughness (structural stability) [1] onto nonautonomous vector
fields goes back to A.A. Andronov and was publicized by his wife and collaborator
E.A. Leontovich-Andronova in her talk at the III All-Union USSR Mathematical
Congress [17].

The first problem here was to find a proper equivalency relation that could be
served for a basis of the classification for nonautonomous vector fields. By that time
there existed mainly two approaches to the study of nonautonomous systems. The
first traced back to Bebutov and his translation dynamical systems in the space
of bounded continuous functions (see [29]). This approach was later transformed
into the theory of skew product systems [37]. The second approach was the study
of a nonautonomous system itself but the problem on the equivalency of two such
systems and their distinguishing invariants was not formulated at that time.

2. Nonautonomous vector fields. Let M be a C°-smooth closed manifold
and V"(M) be the Banach space of C"-smooth vector fields on M endowed with
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C"-norm. A C"-smooth nonautonomous vector field on M (below NVF, for brevi-
ty) is an uniformly continuous bounded map v : R — V"(M). If this map v is also
C*-differentiable map, whose derivatives up to order s are uniformly continuous,
we call v to be a C™*-smooth nonautonomous vector field. Every nonautonomous
vector field v defines its solutions z,,, : R — M, (1,29) € R x M, being C*
maps if s = 0, and C**! maps, if s > 0. As a mapping from R x R x M — M,
(t;7,20) — x(t;7,20) € M, this mapping is of C™"{"s}  Solutions of the vector
field generate a foliation F' of the manifold R x M (extended phase space) into
its integral curves U(x(t),t). Henceforth we consider the manifold R x M with its
standard uniform structure (see, for instance [15]). All uniformly continuous maps
of R x M to itself are considered with respect to this uniform structure. Recall that
a homeomorphism h : M — M of a uniform space is called an equimorphism, if
both mappings h, h~! are uniformly continuous.

An equivalence relation for nonautonomous vector fields proposed in [21] is as
follows.

Definition 2.1. Two NVFs v1,v; are uniformly equivalent if foliations F}, F»
are uniformly equivalent, that is there is an equimorphism h : R x M — R x M
respecting foliations (i.e. sending every integral curve v of F} to an integral curve
of Fy preserving its orientation in R).

It is clear that this equivalency relation distinguishes NVF's in which the asymp-
totic behavior of integral curves are different. This relation allows us to introduce
the notion of structurally stable NVFs.

Definition 2.2. An NVF v is called structurally stable, if there is a neighborhood
U of v in the space NV such that all NVFs in this neighborhood are uniformly
equivalent.

The development of the modern theory of (autonomous) dynamical systems
showed that the topological equivalency relation is in fact too rigid to get a classifi-
cation of multidimensional dynamical systems: the structure of such a system can
be extremely complicated [9, 10] due, in particular, to the phenomena like Newhouse
ones [30, 31, 11].

Nonetheless, this equivalency relation is good enough to classify relatively simple
(Morse-Smale) systems, though even in this case the classifying invariant become
comparable in its complexity with the structure of a systems itself [13]. This is
the achievements of the recent time, at times when this theory started, it was not
known.

3. One dimensional gradient-like NVFs. From now on in this paper we consid-
er NVFs on the unique closed smooth 1-dimensional manifold, the circle S = R/Z.
We formulate first the restrictions on NVFs which will allow one to classify these
vector fields. Let x be a (1-periodic) coordinate on S!, then a NVF defines a scalar
ordinary differential equation (ODE, for brevity)

i=f(t,x), v S! (1)

with 1-periodic in x function f. Here f is continuous in both variables and uniformly
continuous w.r.t. t, differentiable in z uniformly w.r.t. ¢t. Hence, the usual existence
and uniqueness theorem is valid for this ODE and any its solution is extended in
t on the whole R. Recall that an integral curve of the equation (below IC, for
brevity) is the graph of the related solution in the extended phase space R x S*.
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Thus the extended phase space is foliated into integral curves. We intend to classify
these equations w.r.t. the uniform equivalency relation using some combinatorial
invariant to be defined later on. To do this, we impose some restrictions on the
class of NVFs under consideration.

The first of these restrictions is the following

Assumption 1. Any solution of (1) possesses an exponential dichotomy both on
Ry and R_ [27].

Recall the related definitions [27, 6, 8.

Definition 3.1. Let z(t) be a solution of the equation (1). One says this solution
to satisfy an exponential dichotomy of the stable type on the semi-axis R, if there
are positive constants C, A such that the linear ODE € = a(t)¢, a(t) = fu(t, z(t)),
satisfies an inequality

¢

exp[/ a(s)ds] < Cexp[—A(t — 7)]

T

forallt,r, t>71 >0,

Definition 3.2. Let z(t) be a solution of the equation (1). One says this solution to
satisfy an exponential dichotomy of the unstable type on the semi-axis R, if there
are positive constants C, A such that the linear ODE & = a(t)¢, a(t) = fu(t, z(t)),
satisfies an inequality

T

exp[/ a(s)ds] < Cexp[A(t — 7)]
i
forallt,7, 0 <t <T.

Similar notions of exponential dichotomy of the stable and unstable types are
defined for the semi-axis ¢ < 0. To be more precise, let us present these definitions
as well.

Definition 3.3. Let z(t) be a solution of the equation (1). One says this solution
to satisfy an exponential dichotomy of stable type on the semi-axis R_, if there are
positive constants C, A such that for the linear ODE & = a(t)¢, a(t) = fo(t, z(t)),
an inequality

t

exp[/ a(s)ds] < Cexp[—A(t — 7)]

holds for all 7 <t <0.

Definition 3.4. Let x(t) be a solution of the equation (1). One says this solution
to satisfy an exponential dichotomy of the unstable type on the semi-axis R_, if
there are positive constants C, A such that for the linearized equation & = a(t)g,
a(t) = fz(t,z(t)), an inequality

T

exp[/ a(s)ds] < Cexp[A(t — 7)]
t
holds for all t < 7 < 0.
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It follows from the Hadamard-Perron theorem [2] that for a solution ~(¢) to (1)
possessing the exponential dichotomy of stable type on R, there is its uniform
neighborhood U C R x S! such that all solutions of the equation (1) starting at
t =ty > 0 within U exponentially fast tend to this IC as t — co. Moreover, such U
can be chosen in such a way that a quadratic Lyapunov function would exist in U
and lateral boundary curves of this U are the level lines of the Lyapunov function.
Recall how to construct such a function (see, for instance, [8]). Let us write down
the equation near the integral curve using local variables © = ~y(t) + u. Then the
equation transforms into the form

i = altyu+ hit,u), a(t) = fuolt, 7 (1), A(t,0) = hu(t,0) = 0. (2)

Since the map f :R — V7(S1), r > 1, is bounded and uniformly continuous, the
following estimate holds
|h(t,w)| < n(r)[ul, (3)
where continuous function n satisfies the conditions n(0) = 0, n(r) — 0, as r — 0.
Then a function is introduced

S(t,u) = /apz(s,t)ds u? = s%(t)u?, o(t,s) = exp[/ a(T)dr]. (4)

The improper integral converges uniformly w.r.t. ¢ and defines a bounded positive
function s(t) which is also bounded away from zero. Indeed, one has an estimate

/@2(5,t)d5 < C? /exp[—Z)\(s —t)]ds = C? /2.
i i

Denote ag = sup|a(t)] > 0. Then the estimate from below holds
t

o0

/cp2(57t)ds > /exp[—2a0(s —t)]ds = 1/2ay.
t t
Thus for function S the two-sided estimate is valid
(1/2a0)u® < S(t,u) < (C?/2)\)u?. (5)

Now let us show that S is the Lyapunov function for the equation (2) in a
neighborhood of its solution 4 = 0. This means that for any initial point (¢o,uo)
for the solution u(t) through (to,ug) to the equation (2) the following estimate for
the derivative of S takes place
d d
TS u®)ley = —[s* (0w ()], = 25(t0)s’ (to)ug + 257 (to)uolato)uo + hlto, uo)]-
Differentiation of s(t) gives s'(t) = —1/2s(t) — a(t)s(t). Hence we get

2s(t0)s' (to)ug + 25° (to)uolalto)uo + h(to, uo)] = —ug + 25> (to)uoh(to, zo)-

Therefore one has
d
St u(t)) iy = (1~ 262 (to)h(to, wo) [,
Due to the estimate (3), the function within square brackets can be made greater
than 1/2 choosing |ug| small enough. Let us observe that the derivative of S along

the system at the point (fo, ug) is the inner product (S, S,,) of V.S and the tangent
vector (1,u') to the integral curve at the point. From the estimate obtained it
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follows that at a fixed ¢ > 0 along the curve S(t,u) = ¢? the inner product
in bounded away from zero uniformly in ¢. Fixing ¢ > 0 small enough gives an
uniform neighborhood of the solution u = 0 defined as S < c?.

Now we consider again the equation (1). Henceforth we denote S} the section
t = 0in R x S'. Suppose an integral curve -y possesses exponential dichotomy of
the stable type on R;. Then all ICs through initial points being close enough to
the point y(tp) at t = tg > 0 possess also the exponential dichotomy of the same
type. This implies a set of traces on S§ for all ICs with the exponential dichotomy of
stable type on R be open and therefore to consist of a collection of disjoint intervals
(the cardinality of this collection of intervals is maximum countable). This implies
that the set of points on the section S}, through which ICs pass with exponential
dichotomy of the unstable type on R, forms a closed set. The cardinality of this
set is an interesting question when the Assumption 1 holds. Our further goal is to
distinguish a class of NVFs that are rough and can be classified somehow. This
requires of more rigid conditions on the behavior of their ICs. We shall call the set
of ICs with exponential dichotomy of the stable type on Ry by a stable bunch if all
of them have the same asymptotic behavior, i.e. any two solutions x1 (t), z2(t) from
this stable bunch satisfy inequality |z1(t) — z2(¢)] — 0 (mod 1), as ¢ — oco. In fact
the union of all IC of the same stable bunch are a global stable manifold for any
IC from this bunch. Hence, the boundaries of a stable bunch consists of one or two
ICs which possess exponential dichotomy of the unstable type on R .

Similar properties are valid for ICs which possess the exponential dichotomy on
semi-axis R_. Here we define an unstable bunch as the union of all ICs that possess
exponential dichotomy of the unstable type on semi-axis R_ and have the same
asymptotic behavior as ¢ — —oo. Then our next assumption is the following

Assumption 2. There are finitely many stable bunches and finitely many unstable
bunches.

The traces on S} of those ICs which belong to one stable bunch is an interval.
Extreme points of this interval correspond to ICs that possess exponential dichoto-
my of the unstable type on semi-axis R;. Similarly, the traces of ICs from one
unstable bunch on S} is an interval and its extreme points correspond to those ICs
which possess exponential dichotomy of the stable type on semi-axis R_. Thus,
from this Assumption it follows the existence of finitely many ICs with exponen-
tial dichotomy of the unstable type of semi-axis Ry and also does for ICs with an
exponential dichotomy of the stable type on semi-axis R_.

Our third assumption is

Assumption 3. No a solution exists such that this solution possesses simulta-
neously an exponential dichotomy of the unstable type on Ry and an exponential
dichotomy of the stable type on R_.

One more property of the class of ODEs under study has to be discussed. Con-
sider in R, x S! some stable bunch and let 7,72 be its boundary solutions (left
and right, respectively, in accordance with the orientation of S'). Hence these two
solutions possess an exponential dichotomy of the unstable type on R;. Choose
some solution ~y of the bunch. Due to the Hadamard-Perron theorem (or merely to
the existence of a Lyapunov function) one can choose an uniform neighborhood Uy
of 79 on Ry whose boundary curves are uniformly transversal to solutions of ODE
through these boundary curves and such solutions enter to the neighborhood and
stay there forever. Similarly, for the solution 7; there is its uniform neighborhood



NONAUTONOMOUS VECTOR FIELDS ON THE CIRCLE 1347

U, with the property of uniform transversality of its boundary curves but all solu-
tions passing through this neighborhood (except for 7 ) leave Uy at some t specific
for such solution. Without loss of generality we suppose Uy, U; be disjoint and we
can choose them as thin as we wish. Now an important question arises: consider
for ¢t > 0 the semi-strip between the right boundary curve of U; and left boundary
curve of Uy. Solutions within this semi-strip enter to it from the left and leave it
from the right boundary curve. These solutions cannot stay in this semi-strip for all
t > 0, since all of them belong to one stable bunch. Is the passing time through this
semi-strip uniformly bounded for all such solutions? The answer to this question
is essential for constructing equimorphism which conjugates equivalent ODEs. We
shall present below an example of a nonautonomous ODE that shows the answer to
this question be generally negative. Therefore this property has to be imposed to
avoid a structural instability. To this end, let us choose a sufficiently thin disjoint
neighborhoods U, . .., Us of those ICs which possess exponential dichotomy of the
unstable type on R;. Also we select by one IC from every stable bunch and choose
their thin disjoint neighborhoods Vi, ..., V,. All these neighborhoods U;, V; can be
chosen disjoint.

Assumption 4. For any € > 0 there are neighborhoods Uy, ..., Us, V1, ...,V such
that the passage time of ICs from one boundary curve to another one is bounded
from above.

The same assumption is assumed to be valid on R_.

Henceforth, we shall call scalar ODEs on S* which obey Assumptions 1-4 gradient-
like.

To demonstrate the essentiality of the Assumptions imposed, we present examples
of differential equations (1) showing that violating any of these four assumptions
may give an ODE being nonrough. Our first example was constructed in [19], it
shows that if there is a solution that fails to possess an exponential dichotomy on
some of two semi-axes Ry, R_, then the equation may become nonrough and its
structure is changed under a perturbation.

On the circle with coordinate ¢ € [0,27) mod 27 consider a nonautonomous
differential equation

¢ = cos p(sin? ¢ + e_tz). (6)
This equation is reversible w.r.t. two involutions on the circle Lq : ¢ — 27 — ¢ and
Ly : ¢ = ¢ + 7. Recall, this means that if ¢(t) is a solution to the equation, then
so does L;p(—t), that is 1 (t) = 2 — p(—t) and pa(t) = p(—t) + 7.

As t — +oo this equation tends to the autonomous differential equation given as
¢ = cos psin? ¢ that has a nonhyperbolic equilibrium ¢ = 0. This limiting equation
considered as nonautonomous one has the following foliation onto ICs. There are
four stationary solutions ¢(t) = 0,7/2, 7, 37/2. Two of them, ¢ = /2,37 /2 pos-
sess an exponential dichotomy on R, the first one is asymptotically stable and the
second is asymptotically unstable. More two stationary solutions do not possess an
exponential dichotomy neither on R4 no on R_. ICs corresponding to stationary
solutions divide R x S* into four strips. All ICs in each strip go from one stationary
solutions (at —oco) to another one (at co).

Now we take into account the rapidly decaying term exp(—t?) in the equation (6).
Solutions ¢ = m/2,3mw/2 stay unchanged and have the same type of dichotomies.
Let us consider the invariant strip —m/2 < ¢ < /2 with its foliation into ICs. Note
that —7/2 = 37/2 (mod 27). One can prove
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Lemma 3.5. There are two special ICs in this strip. One of them v, is monoton-
ically increasing and tends to o = 0 as t — oo but tends to p = —mw/2 as t — —oo.
Another one 7 is also monotonically increasing and is defined by reversibility as
©1(t) = —p(—t) where @(t) is the solution for ;.

Two special solutions indicated in Lemma do not possess an exponential dichoto-
my either on Ry (for 1) or on R_ (for 42). Observe that the straight-line ¢ = 0 is
transversal to ICs intersecting it. All ICs between two special ones 71,2 intersect
this straight-line and tend to ¢ = 7/2 as ¢ — oo and to ¢ = —7/2 as t - —0
and thus possess an exponential dichotomy. Other ICs lying in the strip below
~1 or above 2 do not possess an exponential dichotomy on the related semi-axes
since they tend in some direction in time to nonhyperbolic solution (1 or 72). The
behavior of ICs in the strip 7/2 < ¢ < 37/2 is similar.

This ODE under consideration changes its uniform structure under a perturba-
tion. Indeed, consider a perturbed equation ¢ = cos @(sin? ¢ + exp[—t2] — u) with
small positive u. One can verify that two new bunches appear for small u, one
stable and one unstable. They arise because of the bifurcation, when nonhyperbolic
equilibria on oo bifurcate into two close hyperbolic equilibria. The related folia-
tions are shown in Fig.1. The structure and bifurcation presented is similar to that
observed in the Ricatti equation & = x2 + exp[—t?] — p.

/2

/2

FiGure 1. Bifurcation from infinities, 4 = 0, p > 0.

The second example we shall consider shows that the violation of the third as-
sumption leads to a structurally unstable ODE. Consider an ODE that has a solu-
tion with exponential dichotomy of the unstable type on Ry and let a point m be
its trace on the section S}. Suppose the ODE under consideration is such that IC
through m possesses exponential dichotomy of the stable type on R_. This implies
that there is a sufficiently thin uniform neighborhood of this IC on R within which
the only IC through m lies in U entirely for all ¢. If for this ODE first two Assump-
tions hold, then point m serves the boundary point of two intervals corresponding
two neighboring stable bunches. Their other boundaries (to the left and to the right
from m) on S§ are points m;,m3 (these two points may coincide if the closure of
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two intervals make up S}). Let choose by one IC from both stable bunches. Denote
them as 71, 72. The minimal distance between related ICs on ¢ > 0 is some positive
number p. (Fig.2)

Now we perturb the ODE in such a way that the perturbed ODE would have
one IC with a dichotomy of the unstable type on R, close enough on R, to former
one through m and another IC with a dichotomy of the stable type on R_ being
close enough on R_ to former IC through m. This perturbation can be chosen in
two ways as shown in Fig.2. Since the uniform equivalence preserve an asymptotic
behavior of ICs, these two ODEs are not uniformly equivalent.

il

FIGURE 2. Bifurcation at the violation of Assumption 3.

T
o
i
o

To present an example that demonstrates a possibility to be unbounded for the
time of passage from one boundary curve to another one in a transitory strip, we
construct an equation # = f(¢,z) on the segment I = [—1,1] instead of S*. Tt is
easy to glue two such strips to obtain an example on S*. This shows the Assumption
4 be essential.

Consider a semi-bounded strip R4 x I with coordinates (t,z) and choose an
increasing sequence of numbers ¢, — oo such that tg = 0, top — top_1 =1, k > 1,
and tog+1 — top — 00, as k — oo. Within segments in ¢ given as [tax, tagt1], k > 0,
we take the function f(¢,z) = g(x) independent on ¢ and the same for all such
segments. Function g is of class C*°, odd and defined as follows

x+1, ifxel-1,-2/3],

g(z) > 0 with the only maximum within (—-2/3, —1/3),
9@) =93 4 =0 ifx e [—1/3,0],

g(z) = —g(—=z) for positive x.

We choose the function f independent in ¢ (autonomous) for all t € R, in semi-strips
x € [-1,-2/3] and z € [2/3,1]. Finally, in rectangles [tax_1, 2] X I, k > 1, of the
constant length we defined f (¢, ) in such a way that f is positive for ¢t € (ta—1, tax)
with the related foliation into integral curves within such the rectangle as in Fig.3
with the smooth continuation of the foliation on the boundaries into the left and
right neighboring rectangles.

Its specifics is that the solution z = 1/3 from the left rectangle goes up and
intersects the line x = 2/3 between t = tor_1 and t = tak, but solution z = —1/3
from the left goes up and cut the line = 2/3 at t = t9;. Similarly, solutions x = 1/3
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2/3

1/3

-1/3

-2/3

FiGure 3. Foliation inside the rectangle.

and z = —1/3 from the right rectangle, as ¢ decreases, intersect the line © = —2/3
respectively at ¢ = to,_1 and between ¢ = to_1 and ¢t = tg. All this guarantees
that

e each integral curve, except = —1, intersects the line = 2/3 entering thus
to the strip R x [2/3, 1] where the equation & = —(z — 1) works, such solution
possesses exponential dichotomy of the stable type on R ;

e there are countably many solutions of the full equation whose ICs coincide

with the segment @ = —1/3 on the time [tog, tog+1], they have their passage
time from ¢ = —2/3 to t = 2/3 greater than o), —tor41 and hence these times
unbounded.

4. Examples of gradient-like scalar ODEs. Here we present several simple
examples of scalar equations of the gradient type on S'. The first example is trivial,
it is an autonomous scalar ODE & = f(x) with a smooth 27-periodic f having only
simple zeroes (f’(m) # 0 at such a zero m) and hence there are only finitely many
zeroes (equilibria). Due to compactness of S1 all solutions to ODE tend, as t — 400,
to some of its equilibrium, their simplicity guarantees an exponential dichotomy of
the related constant solutions on R, as well as an exponential dichotomy on the
semi-axis Ry or R_ for all solutions that tend to this constant solution as t — oo
or t — —o0, respectively.

The second example is less trivial but also well known. Consider a nonau-
tonomous equation ¢ = f(t,¢) where function f is 27-periodic in both variables
and smooth (in fact, it is sufficient f to be continuous in ¢, ¢ and differentiable in
¢ with a continuous derivative in (¢,¢)). Then the Poincaré map P : S — S! in
t = 27 is well defined. This map is a diffeomorphism on the circle (at least C'*) and
hence the Poincaré rotation number is well defined. Suppose this number is rational
p/q with incommensurate p,q. Then by the Poincaré theorem (see, for instance,
[14]) this map has a periodic orbit of the period g and any its orbit is either periodic
with the same period or tend to a periodic orbit as n — oo (n is the number of
iterations) and to (possibly another) periodic orbit as n — —oo. Suppose all these
periodic orbits are hyperbolic, i.e. DP? # +1 at any periodic orbit. Then there are



NONAUTONOMOUS VECTOR FIELDS ON THE CIRCLE 1351

only finitely many periodic orbits and hence the related nonautonomous ODE is of
the gradient type.

The third example is a so-called asymptotically autonomous scalar ODE [26,
40, 35]. Suppose on St a differential equation ¢ = f(¢,z) be given such that in
the space V"(St), » > 1, there are limits f — f, ast — oo and f — f_ as
t — —oo. We assume that both limiting ODEs on the circle with functions f, f—
have only simple zeroes as in the first example. Then any IC of the given equation
asymptotically approaches as ¢ — oo to some ga? I+ ((pg) = 0, and asymptotically
approaches as t — —oo to some ¢, f_(¢;) = 0 [26]. It follows from here that any
integral curve possesses an exponential dichotomy both on R4 and R_. In order the
equation would be gradient-like, one needs to require in addition that none IC exists
that asymptotically tends as ¢t — —oo to a stable zero of f_ and as t — oo does to
an unstable zero of fy. Then this ODE is a nonautonomous gradient-like one. As
an example of such ODE one can construct a glued differential equation. We take
a rough scalar autonomous equation with the function fi and another rough scalar
autonomous equation with the function f_. The nonautonomous equation is glued
as follows. Let for t < —T the equation with f_ is considered, and for ¢ > T does
the equation with f, . In the layer between two sections —T <t < T we can specify
a smooth foliation in such a way that traces of ICs for the equation with f_ would
join with traces of ICs to the equation with f; and all curves of the foliation in this
layer would intersect transversely sections S}, |t| < T. This makes the complete
foliation smooth. Sometimes, the systems of such type are called transitory [28].
The derivatives in ¢ for ICs will give gradient-like nonautomous ODE.

In the similar way examples of nonautonomous asymptotically periodic scalar
gradient-like ODEs can be constructed. To that end, one needs to choose two
periodic limiting ODEs as in the example 2 above (they play the role of limiting
equations at +00) given by functions f_(t,x) and fi (¢, x) being periodic in ¢ with
possibly different periods. Suppose their related foliations into ICs are disposed low-
er of S, (for f_) and above of S} (for f;). Then we get on S* two 1-periodic in =
functions f_ (=T, x) and f (T, z) being two points in the Banach space V!(S). Let
us join these points by a smooth compact path with the parametrization ¢t € [-T, T].
Then we get a glued function f(¢,x) which defines the nonautonomous ODE on S*
and coincides with f_(¢,x) when ¢ < —T and does with fi(¢,z) when ¢ > T. The
only thing we need to care about is that in a middle part of R traces of stable peri-
odic solutions to negative limiting ODE (for ¢ < —T') would not be connected with
periodic solutions of positive limiting ODE being unstable hyperbolic for ¢t > T.
This is achieved by a small perturbation of the ODE in the layer.

5. The properties of gradient-like NVF's and u-invariant. In this section we
define an invariant which is able to recognize different gradient-like ODEs on S?!.
This invariant is of combinatorial type, i.e. it is defined by a finite set of ingredients.

To construct the invariant we begin with some assertions necessary for the con-
struction.

Lemma 5.1. For a gradient-like scalar ODE at least one solution always exists
which has an exponential dichotomy of the unstable type on Ry, as well as at least
one solution with an exponential dichotomy of the stable type on R_.

Proof. Suppose, to the contrary, a gradient-like ODE has not any solution with
exponential dichotomy of the unstable type on R . This implies that there exists
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the unique stable bunch and the union of traces on ¢ = 0 of ICs from this bunch is the
whole S}. Choose some IC v from this bunch. There is an uniform neighborhood U
of v such that all ICs passing through a point (tg, z) € U stay inside it for all ¢ > ¢.
Thus, one can choose such a neighborhood for any IC of the bunch. The union of
these neighborhoods covers Ry x S, thus the intersection of these neighborhoods
with the section S§ gives a covering of S}. Compactness of S§ allows one to select a
finite covering and consequently to find a finite set of ICs ~1, ..., 7, around which
related neighborhoods Uy, ..., U, have been chosen. Denote related traces on Scl, of
these ICs as points py, . . ., p, enumerated in accordance with the orientation of S§.
Take some positive number € < 1/2n. For any p; there is T; > 0 such that for ¢t > T;
the distance between traces of those ICs, which start at ¢ = 0 at extreme points
of U; N S3, on the section S} will be lesser than e. Thus for ¢t > max {Ty,...T,}
the distances between traces of any two ICs from the bunch will be lesser than
n-e < 1/2. On the other hand, they should cover S}. This contradiction proves
the lemma. The similar proof holds true for the dichotomy of the stable type on
R_. O

Now we are able to define a combinatorial invariant which distinguishes two
uniformly nonequivalent gradient-like ODEs on S'. Let a gradient-like ODE be
given. Take the section Sj. We assume that S! is oriented by the coordinate. On
the section we consider the traces of all ICs which have an exponential dichotomy
of unstable type on R, . Denote this set of points as uq,...,u, where the order
from 1 to n is defined by the orientation of S}. Similarly, we consider the traces of
all ICs which have the dichotomy of stable type on R_. Denote them as s, ..., s,
where the order from 1 to m is also defined by the orientation of S}. These two
sets of points on S do not intersect in accordance with the Assumptions 1-3. Due
to Lemma 5.1, integers n,m are both positive. We shall call the set of points
{u1,...,upn, S1,...,Sm} the equipped set of points.

Definition 5.2. Two equipped sets on S' will be called equivalent, if there is a

homeomorphism A : S — S' such that h sends the set ui,...,u, of the first e-
quipped set onto the set v}, ..., u! of the second equipped set, and the set s1,..., sy,
of the first equipped set to si,...,s,, of the second equipped set.

A class of equivalent equipped sets will be called u-invariant. The main result of
the paper is the following theorem

Theorem 5.3. Two nonautonomous scalar gradient-like ODEs on S are uniformly
equivalent, iff they have the same u-invariant.

It is clear that two uniformly equivalent ODEs on S have the same u-invariant.
The proof of the inverse assertion is the main task.

Gradient-like ODEs possess also the property of structural stability. This notion
was introduced by Andronov and Pontryagin in 1937 [1] for autonomous vector
fields on 2-dimensional sphere (or on a disk with the proper assumptions on the
orbit behavior on the boundary cicrle) and was studied in many details, first on
sphere (Leontovich-Andronova, Maier [18]) and then on the torus (Maier). The
final result for any smooth closed 2-dimensional manifold was done by Peixoto
[33]. Multidimensional case was studied first by Smale [38] who defined the class
of vector fields and diffeomorphisms which were called later Morse-Smale systems.
Their study still continues till now [12, 13].

Leaning on Theorem 5.3 we will also prove
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Theorem 5.4. A gradient-like NVF v on St is rough, that is, for any € > 0 there
exists 6() such that all NVFs in the e-neighborhood of v in the space R — V1(S1)
are uniformly equivalent to v and an equimorphism realizing this equivalence can be
chosen d-close to the identity mapping idgrwg1. Moreover, all shifted NVFs vyy, are
also rough with the same 4.

Proofs of both theorems will be outlined in the next two sections.

6. A method to construct an equimorphism. To demonstrate the method
of constructing an equimorphism for two gradient-like ODEs with the same u-
invariant, we present here first the simplest possible situation when both differ-
ential equations are linear. It gives, in a sense, the simplest uniform version of the
Grobman-Hartman theorem [14]. For the case of two gradient-like nonlinear ODEs
the local construction of an equimorphism is similar.

Consider two scalar linear homogeneous differential equations

o’ = a(t)z(t), y' = b(t)y(t). (7)
Denote u(t, 7) the solution of (7) with the condition u(7r,7) = 1, and let ui(¢,7) be
the similar solution for the second equation
t t

u(t,7) = exp[/a(s)ds], up(t, 1) = exp[/ b(s)ds].
We assume both these linear ODEs to possess exponential dichotomy of the stable
type on R
t
u(t,7) = exp[/ a(s)ds] < Mexp[-At—7); t>7, A>0, M >0, (8)
and the same holds for the second equation with constants M, A;.
We defined above a Lyapunov function (4) for such equation. For equations under
consideration we denote related functions as S(¢,x), s(t), u(t, 7), Sit,x), s1(t), u1 (¢,

7).

From expressions for u,u; the inequalities follow

1 M?
< g2 < 7
2a9 — (1) < 2\ 9)

1 M}
— <SPt < L
ang = 1) < o5
where ag = sup |a(t)|, bp = sup |b(t)|.
t t

Observe that functions s(t), s1(t) obey the equations
ds _ —2a(t)s?(t) — 1
dt 2s(t)

dsy  —2b(t)s7(t) — 1
dt 251(t)

Our goal in this section is to prove that the map from the semi-strip D in the

plane (z,t) near x = 0 onto the semi-strip D; in the plane (y,t) near y = 0

is an equimorphism. The strip D is defined by its boundary curves x = 0 and

x = C*/s(t), t > 0, where C* is some positive constant. This semi-strip contains
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the right curve but does not contain the left one = 0. Similar formulae define the
strip D; with the change x — y, C* — CY, s(t) — s1(¢), t > 0.

Let us define the map ® : D — D;. First we change the coordinates in both semi-
strips. Instead of (z,t) we take as new coordinates (C,t), similarly, we change (y, t)
to (C4,t). In accordance with the formulae for Lyapunov functions, these coordinate
transformations are smooth in both variables and linear in x (respectively, y) with
uniformly bounded coefficients being uniformly bounded away from zero. Then the
map P is defined as follows. Take any point (C,7) € D and consider the integral
curve of the first equation through this point. This curve intersects transversely
the level line of the Lyapunov function S defined by C* at some time T'(C,7) < 7.
We fix some smooth monotone function « : R — R given as T3 = «(T) with o/
positive uniformly bounded from above and from zero: 0 < rg < o' < rq. For
instance, as a such map one can take the identical map «(7T) = T. To facilitate the
exposition, we take just this identical map. Then the point on the right boundary
of D with coordinates (C*,T(C, 7)) is transformed at the point (Cy,T(C, 7)) on the
right boundary curve of D;. On the integral curve (¢,y(t)) of the second equation
through this latter point we choose that its point whose t-coordinate is 7. Then
C4-coordinate of this point is C; = y(7)s1(7).

Integral curve through the point (C = s(7)zo, ) is

t t
C
x(t) = xo exp[/ a(u)du] = @exp[/ a(u)du], z¢ > 0.

This curve intersects the boundary level line s(T")x = C* at the point with coordi-
nates (C*,T) where T is found from the equation
T
Cs(T) exp[/ a(u)du] — C*s(T) = 0. (11)
Denote R(T, C, 1) the left hand side of this equation. Function T(C, ) is a solution
to the equation R(T,C,7) = 0 existing by the implicit function theorem.

Integral curve (t,y(t)) of the second equation through the point (C},T) is given
as (its second coordinate)

cy exp[j b(u)du)
T
S1 T)

For the point ®(C,7) the time variable on this curve is 7y = 7. Cj-coordinate of
this point is found from the equation

Cr o1 (7) exp[jfj b(w)du]

C, = 51 (D) . (12)

The right hand side of the equation (12) will be denoted as g(T, 7). Thus the
map P is given in coordinates as follows
C = g(T(C’ 7—)77—)’ T =T. (13)

We need to prove the uniform continuity of this map along with its inverse one.
In fact, we need only to prove the uniform continuity of g(7'(C,7),7) in the strip
0 < C < C*. The uniform continuity of the inverse map is proved in the same way,

y(t) =
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since the inverse map is defined in the similar way. The uniform continuity of ®,
when it has been proved, allows to extend the map uniquely to the closed strip
0 < C < C* by the relation 7, = 7.

The uniform continuity of g is proved in two steps because the derivatives of ®
is not bounded if we consider the full strip 0 < C < C*. Therefore we fix some
v > 0 and prove that ®-pre-image in D of the line C; = v is a curve being the graph
of a function ¢(7), and this function obeys estimates 0 < dy < (1) < dy < C*.
Moreover, if v — 40 then both d;(v) tend also to zero. Thus choosing v small
enough we get that the semi-strip 0 < C < d; is transformed on the semi-strip
in Dy which belongs to the semi-strip 0 < C; < wv. Since 7-coordinate preserves
by @ this gives uniform continuity near the line x = 0. In the closed semi-strip
dy < C < C* the derivatives of ® are uniformly bounded and this guarantees the
uniform continuity for @ there.

Now consider in D pre-images of the Lyapunov function S; level lines defines by
constants v in Dy. First we will show that this curve is given as C' = ¢(7) for which
the inequalities hold

0<d; <2 <ds.

and dy, ds tend to zero, if v — +0.

To this end, we solve the equations (13) w.r.t. C setting C; = v. Since the value
of 7 preserves, then the solutions will give a function ¢(7) and we need only to
estimate them. These functions are given in the following way

C*s(7) exp [:f a(u)dul
s(T)

Here function T'(v,7) is a solution of the equations (12) with C7 = v. From this
equation an estimate for the difference 7 — T is derived using the exponential di-
chotomy

i(T) = , T =T(v,7).

1. MC{sqi(T 1 . M;C§sup(s 1
S Allnw <y nnf(p<)> = A L)
We consider v small enough positive, so r.h.s. will tend to infinity as v — 40, but
it is finite, if v holds fixed. We have a similar estimate from below

1 . Ctsup(sy)
" b Uit (s1)
Using these estimates for 7 —T we come to the following estimates for function (1)

By(v)*/* < (1) < Bi(v)M™. (14)

1
T—TZAo—Fln(U), Ao
0

These estimates say that the pre-image of any strip v < C; < Cf in D, is a strip
in D lying in the the strip 0 < d < C < C*. This implies that for proving uniform
continuity one may use estimates for the derivatives of g. These derivatives are as
follows

09 _ 99 0T
oC — aT 9C’
and using (12) we get
Ct b(s)d
gy CI@eBHE .
or s3(T) Cs(T) o O
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0
Therefore, the estimate for 29 in the strip C' > d is given as

oC
dg 0T, _ 2C7sup(s?)
|87 . %| ~  dinf(s?)
Now the calculation of derivative
Dg 09 0T  dg

Dr 9T dr ' ot

=R,. (16)

gives the formulae
@ _ Ol @ _ 01 8T _ C*SQ(T)

ar — $2(T) or  2s2(r)” ar  s%(7)
Thus, we come to the estimate

oT dg

il I < OF *
HaT +|8T —CI(C

(up(?) 1
inf(s?)inf(s2) = 2inf(s?)
These estimates for derivatives show the uniform finiteness of derivatives.

Now we are able to complete the proof of the uniform continuity of ®. Choose
the metrics in both strips:

p((C,7), (C", 7)) = max{|C — C"|, |7 — 7|},
p1((C1,71), (C1, 7)) = max{|Cy — C1, [ — 7]}
Let a positive € be given. Put v; = ¢/2 in (14) and take
6(e) = min{e/2, By(e/2)%/% /2Ry, ¢/ Ry}

Take two arbitrary points P = (C, ), P’ = (C’,7') in D at the distance p(P, P') < 6.
Three cases are possible: i) both P, P’ belong to the sub-strip 0 < C < §; ii) both
points belong to the sub-strip 6 < C' < C*; iii) one point, say P, belongs to first
sub-strip but P’ belongs to the second sub-strip. In the first case both points
®(P), ®(P’) belong to the strip 0 < C; < /2. Since p(P, P') = max{|C — |, |t —
7|} < &/2 and ® preserves T-coordinate, then pi(®(P),P(P’)) < e. The same
estimate holds for the third case due to estimates for derivatives of g. The second
case is reduced to the combination of the first and third ones if we joint points P, P’
by the segment on the right boundary of the semi-strip 0 < C' < 4.

The construction gives an equimorphism only in semi-strips « > 0 and y > 0.
In order to get an equimorphism of the whole strip around x = 0 and y = 0,
respectively, one needs to conform them along the straight-lines x = 0 and y = 0,
respectively. In the construction presented it is done automatically since the section
t = 7 is transform to the section t = 7. For the general case one needs to care about
it.

Dg dg
< fr— .
= =R (17

7. Uniform equivalence and structural stability. If two nonautonomous gradi-
ent-like ODEs on S! are uniformly equivalent, then there is an equimorphism
h :Rx S' — R x S' which transforms the foliation into ICs of the first ODE
to the foliation of the second ODE. Restriction of h on S} sends this circle onto
some closed curve homotopic to S§ in R x S*. Since S} is the cross-section to ICs of
the first ODE, then the closed curve is the curve such that ICs of the second ODE
intersect it topologically transversally. Hence, traces of ICs from the skeleton of the
first ODE are transformed by h to points on the closed curve through which pass
some ICs of the second ODE. If IC 7 of the first ODE corresponds to an u-point,
then ~y possesses an exponential dichotomy of the unstable type on R. In particular,
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in some its uniform neighborhood U thin enough no other ICs can lie wholly for
all R. This implies that the related IC 4" = h(y) of the second ODE also has such
neighborhood U’. This means that ' can correspond only to u-point of the second
ODE (not its s-point), due to gradient-likeness of the second ODE and the uniform
equivalence of foliations.

The same holds true for ICs through s-points. Let us calla skeleton of the ODE
the set of those ICs whose traces on S§ make up the equipped set. Thus, the skeleton
of the first ODE transforms by h to that of the second ODE. Therefore a shift in
time of the curve h(S3) along ICs of the second ODE allows to move this closed
curve to the section S} and to get a homeomorphism S§ — S} that transforms the
equipped set of the first ODE to the equipped set of the second ODE. Thus, the
uniform equivalence of two nonautonomous gradient-like ODEs implies they to have
the same u-invariant.

Thus, to prove Theorem 5.3, we need, having the same u-invariant for two nonau-
tonomous gradient-like ODEs, to construct an equimorphism A : R x S! = R x S!
which transforms the foliation into ICs of the first gradient-like ODE to the foliation
of the second ODE. The idea of constructing equimorphism is close, in a sense, to
that performed in the linear case (see above) but with some modifications exploiting
the structure of ODEs. At the first step one needs to construct an equimorphism in
some special neighborhoods of their skeletons and after that to extend this equimor-
phism to the whole manifold R x S*. For a gradient-like ODE its skeleton depends
continuously on a perturbations in the class of uniformly continuous bounded maps
R — V7(S1). This allows us to prove that a conjugating equimorphism can be found
to be close to the identity map on R x S!. In the general case of two gradient-like
ODEs with the same u-invariant the construction of a conjugating equimorphism is
geometrical and requires a detailed description. We present here only some details
of this construction. A complete exposition will be done elsewhere.

We start with constructing a sufficiently thin neighborhood of the skeleton for
the ODE. Its u-points (ug,ua,...,u,) on S} are distributed on m intervals (s1, s2),
(52,83),. -+, (8m,s1) in S§ formed by the traces of s-points (Assumption 3). ICs
through wu-points which belong to the same interval (s;, s;+1) are in the same un-
stable bunch. Next, it is evident from Assumption 3, that all ICs through u-points
possess an exponential dichotomy of the unstable type on R (we call such IC to
be globally unstable). Similarly, s-points are distributed on n intervals (uq,us),
(uz,us3), ..., (un,ur), ICs passing through s-points of one interval belong to the
same stable bunch. It will be shown below that m = n. s-points possess an expo-
nential dichotomy of the stable type on R (we call such IC to be globally stable).

Choose IC 7 through the point w;. This IC belongs to some unstable bunch.
The intersection of this bunch with S3 defines some interval whose boundary points
are s;, s;+1 (in according to the chosen orientation of Sl). Recall that a sufficiently
thin neighborhood of 47 does not contain wholly (i.e. for all t € R) any IC distinct
from v; and boundary curves of this neighborhood are uniformly transversal to
all ICs passing through points of these curves. There is an alternative: either
no other points exist from the set of u-points which belong to the same interval
(84, 8i4+1) or there are such ICs. If the first case is realized, the second ODE also
has a corresponding IC ~; which passes through the point u} of its equipped set
and there is some its uniform isolating neighborhood Uj. We can construct an
equimorphism from U; to U] by the method similar to as in the preceding section.
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In the second case we gather all ICs from the same unstable bunch and they
are asymptotic to each other as ¢ — —oo and therefore cannot be divided by s-
points. Thus we have to construct a neighborhood U; for all this collection of ICs
from the bunch. All these ICs are globally unstable ones. We first choose some
isolating uniform neighborhood Uj of ;. ICs ~a, ..., 7s, which belong to the same
bunch, intersect the only boundary curve of Uy, these intersections are transversely
and give a successive series of points at times 7, < --- < 73 < 0. Thus, one can
choose isolating sufficiently thin neighborhoods Us,...,Us such that they do not
intersect for ¢ > 0 each other and Uj, but their boundary curves intersect the same
boundary curve of U; transversely at points close to traces of 7o, ..., vs. Moreover,
these intersection points separate disjoint segments on the related boundary curve
of U;. Thus, we construct a tree-shape neighborhood U; for all collection from one
unstable bunch through (s;, s;1+1) (see Fig.4).

F1GURE 4. Neighborhoods: crosses correspond to u-solutions, bold
points correspond to s-solutions.

Now we proceed in the similar way constructing neighborhoods Us, ..., U, in-
volving points g, +1, - . -, Uk, +k,, related with another unstable bunch, and so forth,
till we exhaust all collection of u-points in the equipped set. It is clear that the
neighborhoods can be constructed not intersecting and situated at a finite distance
from each other.

So far, the construction did not involve s-points si,...,S,. Now we contin-
ue the construction proceeding in a similar way but starting with ICs through
points si,...,8, on Si and using stable bunches with traces distributed on inter-
vals (u1, u2), (u2,u3), ..., (un,u1),. Thus, we construct other neighborhoods Vi, ...,
V;. These neighborhoods are also chosen sufficiently thin in order to be separated
from each other and from neighborhoods U;.

The U-neighborhoods and V-neighborhoods we constructed have the following
characterization. They contain wholly only those ICs which make up the skeleton.
All other ICs either leave the related neighborhood when ¢ increasing at some finite
time (for U;) or when ¢ decreasing at some finite time (for V;).
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Nevertheless, we need to control the time passage from one neighborhood to
another one and between different semi-strips composing the same U;. This is
impossible so far, since ICs may exist which leave some U;, enter into V-shaped
region bounded by two neighboring semi-strips from I; and go to co. Similarly for
V;, when ICs exist which go from —oo entering into its V-shaped region. To control
the passage time, we choose for every fixed U; by one IC passing in each V-shaped
region between two neighboring semi-strips of U; and construct sufficiently thin
neighborhoods of these ICs. Such ICs will be called separating. A separating IC
possesses an exponential dichotomy of the stable type on R, hence all ICs leaving
U; and entering into the V-shaped region tend as t — oo to the separating IC
and a time passage from the boundary of U; to the neighborhood of a separating
IC is finite due to Assumption 4. We do the same for V; neighborhoods. After
these constructions any IC either in finite time enters to some V; through its lateral
boundary curve (leftmost or rightmost one) and this time is uniformly bounded
from above for all such ICs (Assumption 4).

7.1. Conjugating equimorphism. Suppose we have two nonautonomous gradient-
like ODEs on S' with the same wu-invariant. Recall that objects related with the
second ODE we denote by the same letters as for the first ODE but with primes. At
the first step we define this equimorphism inside of the constructed neighborhoods
Uy, ..., Us, V1,..., V.. At the second step we extend the equimorphism outside of
the union of these neighborhoods defining it wholly in R x S*. Since the construction
is geometrical, it requires more room than we have here. So, we present only some
details, the complete exposition will be given elsewhere. The key observation here
is that any neighborhood U; corresponds to a unique unstable bunch. Similarly, a
neighborhood V; also corresponds to a unique stable bunch. Thus, ICs leaving U;
through their leftmost boundary curve L; should enter to some V; through its right-
most boundary curve R; and the same is true for the rightmost boundary curves
R; and Ly, for Vi, where k can be distinct from j. This implies a statement

Proposition 1. The number n of neighborhoods U; is equal to the number m of V;.

In order to demonstrate the main points of the construction and how to conform
them in order to guarantee that any IC of the first ODE would transform by an
equimorphism to some IC of the second ODE we discuss two points.

The first point is a construction an equimorphism h within a fixed neighborhood
U;. This neighborhood contains all ICs of the skeleton which pass through u-points
of the equipped set and belong to the same unstable bunch. To simplify notations,
we omit the index i. We suppose the orientation of S! is fixed. We understand
the movement in a right direction on the circle when it is conformed with this
orientation. In particular, u-points corresponding to U; are distributed from the
left to the right: wi,us,...,us. For the second ODE we have the same set of -
points w1, ug, . .., us and a homeomorphism 7 : S§ — S} transforming the first set
to the second one. This homeomorphism can either preserve orientation on the
circle for the second manifold R x S! or reverse it. The first task is to construct
an equimorphism inside the region on the first cylinder R x S' bounded by two
extreme ICs 1 and 4 and containing inside other ICs o, ..., vs—1-

We start with the leftmost boundary curve L of the neighborhood Y. On this
curve we define some equimorphism to that boundary curve of the neighborhood U’
which is defined by the map 7. A construction similar to that as in Section 6 allows
one to extend this equimorphism into the strip bounded by L and 7;. The same is
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done for the rightmost boundary curve R for ¢ and IC ~,. Using unform semi-strips
of separating ICs we construct an equimorphism inside uniform neighborhoods of
these ICs for some T > 0, then extend this equimorphism till the boundary curves
of V-shaped regions for U and after that to other part of the region between v; and
~s. This gives an equimorphism of this region to the region on the second cylinder
R x St

The equimorphism on boundary curves L and R for U; defines equimorphisms on
boundary curves for two neighboring neighborhoods V; and V;;1. Then we proceed
extending this equimorphism inside of these neighborhoods, and so forth. The
main difficulty at these constructions is to care about the right continuation of the
maps in such a way that they would be coordinated at the points of ICs from the
skeleton, since these maps are extended to these ICs by continuity using the uniform
continuation.

8. Autonomization. In this section we introduce another invariant of uniform
equivalency which shows that a gradient-like ODE on S' is uniformly equivalent
to an asymptotically autonomous ODE. Let a gradient-like ODE be given. Then
a definite u-invariant corresponds to this ODE. Consider the circle S} and related
equipped set (u1,...,Up,S1,...8n). The numeration in each group (“u” and “s”)
is done in accordance with the orientation of S'. The section S} is divided into
n intervals by points w; : (u1,us2), (u2,us),..., (uy,ur). Each interval (u;, w;y1)
contains some number k; of s-points arranged in the orientation order, ki + ko +
-+« + k, = m. Observe that some k; may be zeroes.

Next we choose some smooth function f, on S whose all zeroes are simple. In
particular, this function has exactly n zeroes with positive derivatives at the points
(u1,...,uy) and no other such zeroes. Hence, more n simple zeroes s, i =1,...,n,
with negative derivatives should exist at some points within each interval (u;, u;11).
The collection of points (uy,...,un;s),...,s,) makes up a complete set of zeroes
for fi.

Similarly, there is a smooth function f_ with only simple zeroes, and its zeroes
with negative derivatives are just points (s1,...,Sm,). Then there are exactly m
simple zeroes (u},ul,) with positive derivatives at some points on every interval
(s5,8j+1). Again, we assume these be all zeroes for f_. Functions f,, f_ define each
autonomous ODEs at +o0o. The scheme of the asymptotically autonomous ODE
under construction is the following. Take an annulus (cylinder) K on the plane R?
with polar coordinates (r, ) : 1 < r < 2. We mark on the outer boundary r = 2
zeroes of the function f, in accordance with the agreement that /27 corresponds
to the coordinate on S'. Similarly, we mark zeroes of f_ at the inner boundary
r = 1 with the same agreement. Now we join points (u,...,u,) on the circle r = 2
by the disjoint paths with points (s],...s},) on the circle r = 1 in accordance with
the equipped set and the points (s1,...S,,) on the circle r = 1 with the points
(ul,...,u",) on the circle r = 2.

Namely, take the point u; of the equipped set. There is the unique IC with an
exponential dichotomy of the unstable type on Ry corresponding to uy. This IC
belongs to the unique unstable bunch of ICs. This bunch defines two boundary ICs
with a dichotomy of the stable type on R_, that is, two neighboring points s;, 5,11
(j is taken by mod m) from the equipped set. Within the interval on the circle r = 1
between its related zeroes s;, sj;1 with negative derivatives there is only one zero
u; with the positive derivative. We joint by a simple path point u; on the circle
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r = 2 with u; on the circle r = 1. Let us cut the annulus along this path, we get a
curvilinear rectangle which lateral sides are the doubled path, its upper side is the
former circle r = 2 and its lower side is the former circle » = 1. The construction
proceeds in this rectangle.

Take now us. If the equipped set for ODE does not contain s-points between uq
and ug (recall that ug is the next along the orientation), then both uq, us belong to
the same interval of S} defined by s-points. This means, due to the construction,
that both ICs corresponding to ui,us belong to the same unstable bunch. This
means that as t — —oo both these ICs are asymptotically approach to each other.
Then we need to join with a path point us on r = 2 with the same point u; as for
u1, this path should not intersect the previous path, that is, it should belong to the
rectangle. This second path distinguishes a curvilinear triangle with boundaries
composed from two paths and that arc on the circle r = 2 with extreme points
u1, up which contains a unique s’-zero. We cut off mentally this triangle from the
rectangle and get new rectangle.

Suppose now that on S(% between u; and us (in accordance with the orientation
of S}) there is at least one s-point of the equipped set, say s1 (one can always regard
this renumbering, if necessary, the set of s-points). On the interval in S} defined by
two neighboring points (u1, us) we get the ordered set of s-points s1, sa, ..., g, . The
next following by orientation s-point, sk, +1, (it may coincide with sy, if k1 = m) lies
out of (uy1,us). Now we choose an interval on the bottom circle r = 1 between two
zeroes with negative derivatives of the function f_ corresponding s, , S, +1. Due to
the choice of f_, between these two zeroes there is a unique zero with the positive
derivative u;ﬁ. Join by a path points us on r = 2 and u;ﬁ on 7 = 1 in such a way
that two paths constructed and two arcs of the circle r = 2 and r = 1 would give
a rectangle in the annulus. To complete the first step of the induction we connect
within the sub-rectangle obtained points s1, s2,..., Sk, by paths with the unique
point s} on r = 2 corresponding to a zero of fi with the negative derivative on the
interval (ug,us).

Thus we have made one step of the induction. Repeating this procedure gives
the annulus with all paths (see Fig.5). This construction gives the asymptotically
autonomous gradient-like ODE with its limiting ODEs defined by functions f,, f_.
The following theorem states this.

Theorem 8.1. For any gradient-like nonautonomous ODE v on S' there is an
asymptotically autonomous gradient-like ODE being uniformly equivalent to v.

Proof. To construct such an ODE we take on the cylinder R x S* the foliations
generated by © = f_ for t < —T and the foliation for £ = f, when t > T. In

the annulus ¢t = —T and t = T we construct smooth foliation as in the example
above in accordance with behavior of paths constructed. This gives the needed
asymptotically autonomous ODE. O

9. Almost periodic gradient-like equations on S!. In this section we apply
the theory developed in previous sections to the classical nonautonomous case —
almost periodic in time scalar differential equations on the circle S* = R/Z

&= f(t, ), ft,z +1) = f(t 2). (18)
We assume the equation, as above, be gradient-like one. The equation (18) is

generated by the map f :R — V7(SY), r > 1, being almost periodic and therefore
uniformly continuous.
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e

FiGure 5. Construction of asymptotically autonomous ODE:
crosses correspond to u-solutions, bold points correspond to s-
solutions.

Let us recall some notions from the theory of almost periodic functions [24, 7, 25].
A continuous map h : R — B into Banach space B is called almost periodic, if for
any € > 0 there exists a relatively dense set L(g) C R of e-almost periods such that
for any [ € L(e) the following inequality holds

sup||h(t +1) — h(t)|] < e.
teR

Recall that a subset L C R is relatively dense, if there is a positive number T" € R
such that any interval (a,a + T), a € R, contains at least one number [ € L.

There is another definition of an almost periodic function introduced by Bochner.
It relies on the following theorem by Bochner [3]. For a bounded continuous function
h : R — B consider the sequence of shifted functions {h(t + ¢,)}.

Definition 9.1. Function h is called normal, if for any sequence of its shifts {h(t+
t,)} there is a subsequence {h(t+t,, )} such that this subsequence converges in the
topology of uniform convergence on R.

Theorem 9.2 (Bochner). A continuous function h : R — B is almost periodic iff
it is normal.

Trivial examples of gradient-like almost periodic equations on S* are the following
ones. The first is an autonomous differential equation on S', & = f(z), when a C*-
smooth 1-periodic function has only simple zeroes (where f’ # 0). For the second
equation consider the case when f(¢,z), f(t,x+ 1) = f(t,x), is T-periodic in ¢ and
the related Poincaré map on S' in the period T is a diffeomorphism of S' with a
rational rotation number. Then, as is known, all solutions are either nT-periodic
or tend to nT-periodic solutions as t — £oo. The integer n € N is the same for all
periodic solutions. If all periodic solutions have multipliers distinct of unity (i.e.
the related periodic points of the Poincaré map are hyperbolic), then this periodic
ODE is gradient-like one. A somewhat less trivial example is a small smooth almost
periodic perturbation of any of these two examples.
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The second example shows that an almost periodic solution can go around S*
infinitely many times when ¢ increases (decreases). For instance, any function of
the form z(t) = ot + u(t) (mod 1) with any « € R and arbitrary almost periodic
function u is almost periodic on S'. In fact, in this case we have a particular
example of an almost periodic mapping which takes its values in some metric space
(X, d) with the metrics d. Recall that a continuous mapping ¢ : R — X is almost
periodic, if for any € > 0 there is a relatively dense set L(e) C R such that for any
[ € L(e) the following inequality holds

d(g(t+1),9(t)) < eforanytcR.

Here we have X = S' = R/Z with the standard metrics d(z,y) = min{|z — y|, 1 —
|z —yl}, 0 <z, y < 1.

Another equivalent definition of a.p. mapping g : R — X is due to Bochner: any
sequence of shifts g(t+7,,) is precompact in the topology of the uniform convergence
of mappings R — X.

For the case of S! a function z(t) be an almost periodic function with values on
Sl if it is almost periodic as a function R — C understanding S* as being embedded
into C as |z| = 1.

In this section we prove the following theorem

Theorem 9.3. Suppose a differential equation & = f(t,z) on S is gradient-like
and almost periodic in t. Then each its solution which possesses an exponential
dichotomy of the unstable type on Ry is almost periodic and in fact possesses an
exponential dichotomy of the unstable type on R, and each its solution with an
exponential dichotomy of the stable type on R_ is almost periodic and possesses an
exponential dichotomy of the stable type on R. These a.p. solutions can be united
into finitely many n € N pairs — one stable and one unstable — bounded a closed
strip in R x S*. The union of these strips makes up the whole R x S'. Any solution
within such a strip, distinct from the boundary ones, tend to the boundary stable
almost periodic solution as t — oo and to the boundary unstable a.p. solution as
t — —oo. This ODE is uniformly equivalent to the autonomous scalar differential
equation @ = f(x) with a smooth function f having 2n simple zeroes on S*.

To begin with we formulate several auxiliary statements.

Lemma 9.4. Suppose v be an integral curve possessing an exponential dichotomy
of the unstable type on Ry. Then there is an uniform neighborhood of v in Ry x St
such that any IC intersecting this meighborhood belongs to the neighborhood only
during a finite time on Ry. The lateral boundary curves of this neighborhood are
uniformly transversal to ICs intersecting them.

Such a neighborhood will be called an isolating neighborhood of such integral
curve. As such a neighborhood of the IC related to v a neighborhood defined by a
level of the Lyapunov function corresponding to the solution z((t) defining ~ can
be chosen (see above).

Lemma 9.5. Suppose some IC of the unstable type on Ry for ODE (18) is given.
There is 6 > 0 such that if ||f(t,z) — g(t,x)|[y1(s1) < 0, then the boundary curves
of an isolating neighborhood U for this IC remain uniformly transversal for IC of
the perturbed equation & = g(t,x) and this neighborhood contains the only IC x4(t)
which stay wholly in U for all t € Ry. This IC x4(t) depends continuously on

Hf(t,l‘) - g(t,.’L‘)Hvl(Sl) at the “point” f
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Proofs of these lemmata can be obtained using standard results of the theory of
exponential dichotomy, see [8].

Consider some solution z(t) of the differential equation (18) which possesses an
exponential dichotomy of the unstable type on R,. Since this equation is gradient-
like one, such solution exists and, in virtue of Assumption 3, it also possesses expo-
nential dichotomy of the unstable type on R_. This implies this solution to possess
the exponential dichotomy of unstable type on the whole R. Choose some its isolat-
ing neighborhood U on R and consider any sequence of shifts 7, — oo as n — oo.
We need to prove that the sequence of shifted functions xo(t 4+ 7,,) is precompact,
i.e. a subsequence nj — oo exists such that the subsequence o (t + 7, ) converges
in the topology of uniform convergence of maps R — St.

Since ODE (18) is almost periodic, there exists some subsequence ny — oo as
k — oo such that the sequence of shifted functions f(t 4+ 7,,,x) converges in the
topology of uniform convergence in the space of continuous maps R — V7 (S1).
Thus, for any € > 0 there is an integer K (¢) € N such that for any k, k' > K(e) the
inequality holds for all ¢ € R: |[f(t + 7, ,2) — f(t + Tp,,,x)|| < €, where the norm
is taken in the space V" (S'). Differential equation & = f(t + 7, , ) evidently has
the solution xo(t + 7p,,). If U is an isolating neighborhood for IC corresponding to
xo(t), then its shift on ¢,, gives the isolating neighborhood of shifted solution. For
e small enough ODEs with r.h.s. f(t+7,,,2) and f(t+ 7, ,z) are close enough and
since f is rough, then all shifted equations are also rough with the same radius of
roughness. In particular, for € small enough an equimorphism realizing the uniform
equivalence of the foliation for ODE & = f(t + 7,,,x) and the foliation for ODE
& = f(t+ 7y, ,x) is close to the identity map idgysi1. This implies that in the
isolating neighborhood of the solution zq(t + 7,,) can lie wholly only one solution
of ODE with r.h.s. f(t+ 7,,,,2) and this solution has an exponential dichotomy of
the unstable type on R. Thus, we get a unique solution of the ODE & = f(t+7,,,,x)
with an exponential dichotomy of the unstable type on R. Shifting it back in time
on —7,,, allows us to find a solution z(t) of the same type for the initial ODE
(18). We can do the same procedure for xo(t) changing the sequence 7,, and sub-
sequences ng. In such a way, we shall find several solutions with the same type
of dichotomy of the initial ODE which are connected by this limiting procedure
with xo(¢). Since there are finitely many solutions with the dichotomy of unstable
type on R, we break all such solutions into several groups. It is clear that if, using
this procedure, we get a solution x;(t) from the solution x((¢) and next do it from
x1(t) to x2(t), then combining a proper sequence of shifts we get xo(t) from zq(t),
as well. Thus, solutions from different groups cannot be obtained from each other
by the limit. But all solutions from the same group can be obtained from each
other by the given procedure. In particular, this means that starting from solution
xo(t) we can get zo(t) itself using some sequences of shifts. In a sense, one group
of solutions corresponds to one periodic orbit and its shifts on the periods if one
considers a periodic gradient-like ODE. Observe, that solutions from one group are
separated from each other: these solutions are separated by their uniform isolating
neighborhoods.

Thus we proved that shifts of a given solutions xo(¢) with the exponential di-
chotomy of unstable type on R is precompact: its limit sets consists of solutions of
one group. Therefore, this solution is almost periodic.
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The same considerations work if we start from a solution of ODE (18) with the
exponential dichotomy of stable type on R_. Then we conclude, due to gradient-
likeness of (18), that this solution possesses by the exponential dichotomy of stable
type on R. After that we again break solutions of such type into groups, and so
forth. Solutions from different groups of stability cannot coincide and therefore all
extended phase manifold R x S is divided into several strips whose boundary ICs
are one stable and one unstable ones.

As an immediate application of this theorem, let us consider an almost periodic
perturbation of a periodic gradient-like ODE on S!. For the unperturbed ODE its
Poincaré map in the period is rough, that is, it has a rational rotation number and
all its periodic points are hyperbolic. Under a sufficiently small a.p. perturbation
near each hyperbolic periodic IC in R x S! a unique a.p. IC arises. The type of
exponential dichotomy for the a.p. solutions on R will be the same as was for the
related periodic solution of the unperturbed equation. All other solutions will tend
to a.p. solutions as t — +oc0. Thus we get

Corollary 1. A sufficiently small a.p. perturbation of a periodic gradient-like ODE
is uniformly equivalent to an autonomous ODE with the same number of its simple
zeroes as for the number of periodic orbits for the Poincaré map.

It is worth remarking that if an almost periodic ODE fails to be rough then it
may not have an almost periodic solutions at all. For instance, a periodic ODE
on S' having an irrational rotation number and realizing the Denjoy case for its
Poincaré map (for C'-smooth f) has not any almost periodic solutions. The first
such example for an almost periodic case was constructed in [32] (see its more
detailed consideration in [23]).
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