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We explore whether a root lattice may be similar to the lattice & of integers of a
number field K endowed with the inner product (z,y) := Traceg/q(x - 0(y)), where 0 is
an involution of K. We classify all pairs K, 6 such that & is similar to either an even
root lattice or the root lattice ZH@. We also classify all pairs K, 6 such that & is a
root lattice. In addition to this, we show that & is never similar to a positive-definite
even unimodular lattice of rank < 48, in particular, & is not similar to the Leech lattice.
In Appendix B, we give a general cyclicity criterion for the primary components of the
discriminant group of .
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1. Introduction

Number fields are natural sources of lattices, i.e. pairs (L,b), where L is a free
Z-module of finite rank and b: L X L — Z is a nondegenerate symmetric bilinear
form; see [9]. Namely, let K be a number field,

n:=[K:Q] < oo,
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and let & be the ring of integers of K. We fix a field automorphism
6 € Aut K such that 6 is involutive, i.e. §? =id. (1.1)
Then the map
trgo: K X K —Q, trgo(z,y) := Tracey g(z - 0(y)) (1.2)

is a nondegenerate symmetric bilinear form such that for every nonzero ideal I in
O, the pair (I,tri,9) = (I, tri 0|rx1) is a lattice of rank n.

This construction admits a natural generalization, see [2] [3 [I0, Chap. 8, §7],
and references therein. Namely, let J be a nonzero (fractional) ideal of K, let a € K
be a nonzero element such that 6(a) = a, Traceg g(az - 6(y)) € Z for all z,y € J,
and let

tri0,5at J X J =L, trgega(z,y) = Traceg g(az - 0(y)).

Then (J,trk.9,7,q) is a lattice. The origins of this construction essentially go back to
Gauss. Indeed, for n = 2 and a = 1/Normg g(./), it turns into classical Gauss’ con-
struction, which yields correspondence between ideals and binary quadratic forms.

Some remarkable lattices are isometric to the lattices of the form (J,trx 9.7.4)-
For instance, if K is an mth cyclotomic field, then this is so for the root lattices
A,_q (with prime p), Eg, and Eg, where, respectively, m = p, m = 9, and m = 15,
20, 24. If m = 21, this is so for the Coxeter-Todd lattice, and if m = 35, 39,
52, 56, 84, for the Leach lattice. A classification of root lattices isometric to the
lattices of the form (J,trk g .4) for cyclotomic K is given in [5]. References and
more examples see in [2, [3, [I0, Chap. 8, §7]. So, given a lattice (L,b), it arises the
problem of finding out whether it is isometric to (J, trx ¢, 7,) for suitable K, 6, .J, a.

Another problem is to find out whether, for a given lattice (L, b) and a nonzero
ideal J of K, there exist 0 and a such that (J,trg g 4) is isometric to (L, b).

Among all nonzero ideals, there is a distinguished one, namely, & itself, for
which a = 1 is a distinguished value suitable for every 6. This leads to the problem
of finding remarkable lattices isometric (or, more generally, similar) to lattices of
the form (O, tri ).

This paper is aimed to explore whether (€, trx ) may be similar to a root
lattice, in particular, whether (&, trg ) itself may be a root lattice. It naturally
conjuncts with our previous publication [22]: both papers stem from our wish to
explore realizations in number fields of objects associated with root systems.

There is a classical construction of geometric representation of algebraic num-
bers, which embeds K into a Euclidean space, see, e.g. [6l Chap. 2, Sec. 3;[24], 6.1.2,
10.3.1]. One can ask in which cases this embedding endows ¢ with a structure of
a lattice (0, bk) isometric to a root lattice. If the latter holds, then necessarily
b (0 x 0) C Q. In Proposition 2] below is proven that this inclusion is equivalent
to the existence of an involutive automorphism § € Aut K such that bx = trg g.
Therefore, the construction of geometric representation does not provide a new (in
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comparison with the one we explore here) possibility of naturally endowing &' with
a structure of lattice isometric (or even similar) to a root one.

Before formulating our results, we recall some definitions and facts (see [I8]
Chap. 4,7, [10, [19]), and introduce some notation.

e A nonzero lattice is called a root lattice if it is isometric to orthogonal direct sum
of lattices belonging to the union of two infinite series Ay (¢ > 1), Dy (¢ > 4),
and four sporadic lattices Z', Eg, E7, Eg, whose explicit description is recalled
in Appendix A below. All lattices in this union are indecomposable (i.e. inex-
pressible as orthogonal direct sums of nonzero summands). By Eichler’s theorem
[19, Theorem 6.4] decomposition of a root lattice as orthogonal direct sum of
indecomposable lattices (called its indecomposable components) is unique.

e Given a lattice (L,b), we denote the orthogonal direct sum of s > 0 copies of
(L,b) by (L,b)*. For (L,b) = Z', we denote (L,b)* by Z*.

e A characterization of root lattices is given by fundamental Witt’s theorem.

Theorem (Witt [26]; see also [18, Theorem 4.10.6]). A lattice (L,b) is a root
lattice if and only if the following two conditions hold:

(i) the form b is positive-definite;
(i) the Z-module L is generated by the set {x € L|b(x,z) =1 or 2}.

e The lattices (L1, b1) and (L2, by) are called similar (equivalently, one of them is
called similar to the other) if there are nonzero integers mq,ms such that the
lattices (L1, m1by) and (Lo, mabs) are isometric.

e A nonzero lattice (L,b) is called a primitive lattice if the positive integer

drpy = ged{b(z, y) [z, y € L}, (1.3)

is 1. For every nonzero lattice (L,b), the lattice (L,b/d( ;) is primitive. Two
lattices (L1, b1) and (Lg, bg) are similar if and only if the lattices (L1,b1/d(z, b))
and (Lg, b2/d(1, p,)) are isometric. A root lattice is nonprimitive if and only if it
is isometric to A for some a;.

We first consider a special case of the problem, namely, explore whether
(O, tri,9) may be a root lattice. The following examples show that such cases do
exist.

Example 1.1. Let n = 1. Then we have K = Q, 0 = Z, § = id, and Tracey jo(z) =
x for every z € K. Hence in this case (&, tr g) is the root lattice Z! (which is similar
but not isometric to Aq).

Example 1.2. Let n = 2 and let K be a 3rd cyclotomic field: K = Q(v/—3). Let
0 be the complex conjugation. Then & = Z + Zw, where w = (1 + /—3)/2, and

Traceg q(z) = = + 0(x) = 2Re(z) for every x € K. (1.4)

This shows that (&, trx ) is a root lattice isometric to As; see [22].
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Example 1.3. Let n = 2 and let K be a 4th cyclotomic field: K = Q(y/—1). Let
0 be the complex conjugation. Then & = Z + Z+/—1, and formula (4] still holds.
This shows that (&, trg ) is a root lattice isometric to A?; see [22].

Our first main result, Theorem [[.1] below, yields the classification of all pairs
K, 0 for which (0, trk ) is a root lattice.

Theorem 1.1. The following properties of a pair K, 0 are equivalent:

(a) (O, tri.9) is a root lattice;

(b) K, 0 is one of the following pairs:
(by) K =Q, 6 =1id;
(b2) K =Q(+/=3), 0 is the complex conjugation;
(bs) K =Q(v/—1), 0 is the complex conjugation.

We then address the general problem of classifying all pairs K, 6 such that the
lattice (O, trk g) is similar (but not necessarily isometric) to a root lattice (L, D).
It appears that such pairs are far from being exhausted by Examples We
obtain their complete classifications in both “unmixed” cases, namely, when the
Z-module L is generated by the set {x € L|b(z,z) = 1} and when it generated by
the set {x € L|b(x,x) = 2}. The first case is precisely the one in which (L,b) is
isometric to Z™. The second is the one in which every indecomposable component
of (L,b) is not isometric to Z'; the latter property, in turn, is equivalent to the
evenness of the lattice (L,b). Our next two main results, Theorems and
below, yield these classifications. In these theorems, m denotes the unique positive
integer such that

Traceg q(0) = mZ (1.5)
(such m exists because Tracey,q: ¢ — Z is a nonzero additive group homomor-
phism).
Theorem 1.2. The following properties of a pair K, 0 are equivalent:

(a) (O, tri.) is similar to Z™;

(b) (O,trk ) is similar to AY;

(¢) (O, trx,g/m) is isometric to Z™;

(d) (@,2trg9/m) is isometric to AY;

(e) K is a 2%th cyclotomic field for a positive integer a, and 6 is the complex

conjugation if a > 1, and 0 =id if a = 1.

If these properties hold, then n = 2°"! and m = n.

In (e), let (oo € K be a 2%th primitive root of unity, and let x; == {;a Then the
set of all indecomposable components of the root lattice (O, tri g/m) coincides with
the set of all its sublattices

Zaxj, 0<j<297t—1.

For every j, the value of tri,g/m at (z;,x;) is 1.

2050021-4



Bull. Math. Sci. 2021.11. Downloaded from www.worldscientific.com
by 95.221.48.161 on 12/21/21. Re-use and distribution is strictly not permitted, except for Open Access articles.

Root lattices in number fields

Theorem 1.3. The following properties of a pair K, 0 are equivalent:

(a) (O,tri,p) is similar to an even primitive root lattice.
(b) (O, trkp/m) is an even primitive root lattice.

()
(d)

n is even and (O, trg g/m) is isometric to A;/2.
K is a 2%3°th cyclotomic field for some positive integers a and b, and 0 is the
complex conjugation.

If these properties hold, then n = 2%3°~! and m = n/2.

In (d), let (oo and (3 € K be respectively a primitive 2°th and 3°th root of
unity, and let x; ; := @a(;b Then the set of all indecomposable components of the
root lattice (O, tri.9/m) coincides with the set of all its sublattices

Lx;  + in,j+3b—1 0<i< ga—1 _ 1, 0<j< gb-1_

For all i,j, the wvalues of trxg/m at (xij,xij), (T;;430-1,%; j430-1), and
(4,5, %; j430-1) are, respectively, 2, 2, and —1.

Note that if K is a dth cyclotomic field, and 6 is the complex conjugation,
then for d = 2%, the similarity of (€, trg ) to 72" was observed in [4, Proposi-
tion 9.1(ii)], and for d = 2- 3", the similarity of (&, trk ) to AgbA can be deduced
from [4l Proposition 9.1(i)].

Since Eg is the unique (up to isometry) positive-definite even unimodular lattice
of rank 8 (see [19] §6]), Theorem [[.3] solves in the negative for n = 8 the existence
problem of a lattice (&, trg ) similar to a positive-definite even unimodular one.
Our last main result, Theorem[L 4] below, shows that as a matter of fact the following
more general statement holds.

Theorem 1.4. Every positive-definite even unimodular lattice of rank < 48 is not
similar to a lattice of the form (O, tri.g).

Corollary 1.1. Every lattice (€, trg o) is not similar to the Leech lattice.

Theorem [[L4] excludes many lattices from being similar to lattices of the form
(O, trk g): recall [19, Chap. 2, §6] that if ®(r) is the number of pairwise nonisometric
positive-definite even unimodular lattices of rank r, then ®(8) = 1, ®(16) = 2,
(24) = 24, ®(32) > 107, $(48) > 10°.

This paper is organized as follows. Theorems[[.JHI.4l are proved, respectively, in
Secs. BHEl Section Bl contains several general auxiliary results used in these proofs
and in the proof of Theorem [BJ] (see below). At the end of this paper, two short
appendices are placed. Appendix A recalls the explicit description of indecompos-
able root lattices. Appendix B contains a general cyclicity criterion for the primary
components of the discriminant group of (&,trk ) (Theorem [B). In the first
stage of this project, we used another approach to finding a classification of all
pairs K, 0 such that (&,trg ) is similar to an indecomposable even root lattice.
This approach led us to only a partial answer, see [2I, Theorems 4, 5] (in contrast,
in the present paper we obtain a complete classification, see Theorems and [[3).
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However, within this approach we obtained and applied a general cyclicity criterion,
which may be useful for other applications. Therefore, we consider it worthwhile to
publish it in Appendix B as Theorem [B.1]

Conventions, terminology, and notation
Given a lattice (L, b) of rank r > 0, we canonically embed L in the vector space
V = L ®;z Q over Q and extend b to a nondegenerate symmetric bilinear form
V xV — Q, still denoted by b. If (L,b) = (0, trk g), then r = n and V is naturally
identified with K. If M is a submodule of the Z-module L, then (M,b|yxar) is
called a sublattice of (L,b) and denoted just by M.

For every s € Z, we put

(L,b)[s] :=={z € L|b(z,x) = s}. (1.6)
Thus (L,b) is an even lattice if and only if (L, b)[s] = & for all odd s.
discr(L, b) is the discriminant of (L,b), i.e.
discr(L,b) := det(b(es, ¢5)) € Z, (1.7)

where ey, ..., e, is a basis of L over Z (the right-hand side of (7)) does not depend
on the choice of basis).
L* is the dual of L with respect to b, i.e.

L*:={xeV|bx L) CZ} DL (1.8)

The discriminant group of (L,b) is the (finite Abelian) group L*/L.

diser K/Q := discr(0, tri iq) is the discriminant of K/Q.

Tracey g(z) and Normy q(z) are, respectively, the trace and norm over Q of
an element x € K.

¢ and 0 are, respectively, the codifferent and different of K/Q, i.e.

¢ is the dual of & with respect to trg id, (1.9)
vi=cli={zc K|z C O} (1.10)

(¢ is a fractional ideal of K, & C ¢, and 0 is an ideal of &) [14] [20].

If a and b are nonzero ideals of & and a is prime, then ord,b is the highest
nonnegative integer ¢ such that a® O b.

K% :={x e K|0(z) = x}.

fx is the (finite cyclic) multiplicative group of all roots of unity in K.

@ is Euler’s totient function.

Z stands for the complex conjugate of z € C.

Given a field F, its multiplicative group is denoted by F'*.

2. Generalities

In this section, several auxiliary results are collected. We do not claim priority
for all of them and give a reference always when we know it. At the same time, we
prove all the statements, wanting to make this paper reasonably self-contained, and
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because our proofs, while being rather short, provide somewhat more information
than can be found in the literature.

Lemma 2.1. The following properties of a prime p are equivalent:

(i) Tracey q(x) € pZ for allx € 0.
(ii) Tracey q(aP) € pZ for allz € 0.

Proof. (i) = (ii) is clear. We shall prove the inclusion

Tracey (") — (Tracek g(z))” € pZ for every x € O, (2.1)
which readily implies (ii) = (i). The set of all field embeddings K < C contains
exactly n elements o1, ...,0,, and for every z € K, we have

Tracey g(z) =21 + -+ +xpn, where z; := 0(z) (2.2)

(see, e.g. [13, Chap. 12]). From ([22]) we deduce the existence of a symmetric poly-
nomial f = f(t1,...,t,) in variables ¢1, ..., t, with integer coefficients such that

Tracey q(2?) — (Traceg g ()P = (2] +--- +ah) — (x1 + -+ 2,)?
=p- flx1,...,2n). (2.3)

Let s; = si(t1,...,tn) be the elementary symmetric polynomial in ¢q,..., ¢,
of degree i. Then f may be represented as a polynomial with integer coefficients
in $1,...,8, (see, e.g. [I7, Chap. V, Theorem 11]). Since, for x € &, we have
si(z1,...,@,) € Z for all i, this implies that f(z1,...,2,) € Z. The latter inclusion

and (23] yield @2.1]). |

Corollary 2.1. The lattice (O, tri iq) is even if and only if the integer m is even.
Proof. This follows from (LH) and Lemma 2T with p = 2. m|

Lemma 2.2. Let (L,b) be a nonzero lattice of rank r.

(i) Ife1,... e, is a basis of the Z-module L and s1, ..., s, are the invariant factors
of the matriz (b(e;,e;)) (see [I1L (16.6)]), then the group

éZ/SiZ
=1

is isomorphic to the discriminant group of (L,b). In particular, si---s, =
|discr(L, b)| is the order of the latter group.
(i) discr(L,b) = d(}, ,diser(L, b/d(r,p))-
(iii) If (L,b) = (O, trk ), then
(iiiy) d(zpy = m (in particular, d(g, ) is independent of 0);
(iliz) n =0 modm.
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(iv) The discriminant group of (O, trk g) is isomorphic to O /o (in particular, up to
isomorphism, this group is independent of 0). Its order is equal to |disc K/Q|
(cf. 4 Corollary 2.4))).

(v) Let (L,b/drp)) be an even lattice. Then (L,b) is also an even lattice, and if,
moreover, (L,b) = (0, trk.g), then

(vi) n=0mod2 and n/2 = 0 modm;
(v2) n=0mod4 for § = id.

Proof. (i) Let ej,...,e" be the basis of V dual to ey,...,e, with respect to b,
ie. b(ei,e;) = §;;. In view of (L8)), since L = Ze; & --- & Ze,, we have L* =
Zei @ -+ @ Zey,. On the other hand, e; = Y77_, blei, e5)e}, ie. (b(ei,e;)) is the
change-of-basis matrix for passing from ej,...,e} to eq,...,e,. Since the Smith
normal form of this matrix is diag(sy, ..., s,), this implies the claim.

(ii) This follows from ([3]) and (L7T).

(iliy ) Since #(0) = O, and 1 € 0, we have {x-0(y) | z,y € 0} = . Combining
this with (2), (L3]), (LH), we obtain the desired equality.

(iii) This follows from (iii;) and (L3 because

tri,o(1,1) = Traceg g(1) = n. (2.4)
(iv) It follows from 0(&) = ¢ and formulas ([L2), (L8), (CI), (LIQ) that ¢ is

the dual of & with respect to trx g. Therefore, the discriminant group of (€, trx )
is ¢/0. By [11}, (4.15), p. 85], the latter group is isomorphic to ¢d/&0. Since @ = &
and 00 = 0, this proves the first claim.

By (i), the order of the discriminant group of (&, trk i) is |disc K/Q|. Since,
by the first claim, this group is isomorphic to the discriminant group of (&, trg g),
this proves the second claim.

(v) The first claim follows from (L3]). Let (L,b) = (O, trx,e). By (iii1), the
lattice (O, trxp/m) is even. By (24) this implies that n/m is an even integer;
whence (vq). If, moreover, = id, then m is even by Corollary 2T} whence (va)
because of the second formula in (vq). m|

Remark 2.1. By Corollary 2] and Lemma 22(iii; ), if an even lattice (L,b) is
isometric to a lattice of the form (&,trk ;q), then necessarily d(z ;) is even; in
particular, (L,b) is not primitive. For instance, this shows that (&, trx iq) cannot
be a primitive even root lattice.

For any root lattice (L,b), the form b is positive-definite. Hence if (L, b) and
(O,trk ) are similar, then trxg is a definite form. The following Lemma
describes when the latter happens.

Lemma 2.3. The following properties of a pair K, 0 are equivalent:

(i) trx,o is a definite bilinear form;
(ii) tri,p is a positive-definite bilinear form;
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(iii) either K is a totally real field and 6 = id, or K is a CM-field and 0 is the
complex conjugation.

Proof. By [24), trxe(1,1) > 0; whence (i) < (ii).

Let 71 (respectively, ) be the number of real (respectively, pairs of imaginary)
field embeddings K% < C. If § # id, then [K : K% = 2 and K = K%(\/a) for
a € K? let s be the number of field embeddings ¢: K% < R such that «(a) < 0.
The signature of (&, trk g) is then given by

rL+ o, T if # =1id,
sign(0, tr,9) = (ry+ra,m) (2.5)
' (r1+2ro + 8,7 + 2r0 —s) if 0 # id;
see [2] Proposition 2.2]. From (23] one readily deduces (ii) < (iii). O
Note that

if K is a CM-field and 6 is the complex
conjugation, then n is even, [K? : Q] = n/2, (2.6)
and (discr K%/Q)? divides discr K /Q;

see, e.g. [20, Chap. III, Corollary (2.10)].

Corollary 2.2. For a pair K, 0, if the lattice (O, trk g) is similar to a root lattice,
then either K is a totally real field and 0 = id, or K is a CM-field and 0 is the

complex conjugation.

Lemma 2.4 (cf. [I, Lemma 2]). Let 01,...,0, be the set of all field embeddings
K — C. Let x € O be an element such that o;(x) is a positive real number for
every i. Then the following hold:

(i) Traceg,q(x) is a positive integer and
Traceg q(x) > n; (2.7)
(i) the equality in [Z7) holds if and only if x = 1.

Proof. The equalities
Tracex g(x) = Y oi(x), Normyg(z) = [[oi(x) (2.8)
=1 1=1

(see, e.g. [13, Chap.12]) imply that Traceg,q(r) and Normpg q(z) are positive
integers. Combining (Z.8]) with the classic inequality of arithmetic and geometric
means (see, e.g. [23] Sec. 2]), we then obtain the inequalities

Traceg g(x) > n - Normg/g(z) >n-1=n. (2.9)
This proves (i).

2050021-9
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If © = 1, then the equality in (Z7) holds by (24]). Conversely, assume that the
equality in (Z7) holds for some z. In view of (2.9) we then conclude that

Normpg /g(z) =1 (2.10)
and the equalities in (Z9) hold too. The classic inequality of arithmetic and geo-
metric means tells us that the latter happens if and only if o1 () = - - - = o, (), i.e.
x is a positive integer. From (ZI0) and (28] we then obtain 2™ = 1, hence z = 1.
This proves (ii). m|

The inequality in Lemma [Z5[ii) below can be found in [3, Corollary 4].

Lemma 2.5. Suppose a pair K, 0 enjoys one of the following properties:

(TR) K is a totally real field, 6 = id;
(CM) K is a CM-field, 0 is the complex conjugation.

Then, for every nonzero element x € O, the following hold:

(i) trgg(z,2) is a positive integer;
(i) trg o(w, ) > n and the equality holds if and only if x is a root of unity.
The condition (O, trg g/m)[s] # & (see ([LLB]) implies the following:

(a) s>n/m;

(b) if s =1, then m = n;

(¢) if s=2 and (O, tri p/m) is even, then m =n/2,

(d) if s=4 and (O, tri,9/m) is even, then m =n/2 or n/4.

Proof. First, we note that if 0: K < C is a field embedding, then o(z - 0(x)) is a
positive real number. Indeed, if (TR) holds, then
o(K)CR and o(z-0(x) =o(z?) = (o(x))?; (2.11)

whence the claim in this case. If (CM) holds, then o(K) is stable with respect to
the complex conjugation of C and o(f(x)) = o(x) (see, e.g. [25, p. 38]). Therefore,

o(z - 0(x)) = o(2)0(0(x)) = o(z)o(x) = |o(x)[, (2.12)

which proves the claim in this case.
In view of this, (i) and the inequality in (ii) follow from (L2) and Lemma 24(i).
By Lemma P4(ii), the equality in (ii) holds if and only if

x-0(x) =1. (2.13)

Assume that (ZI3) holds. Then, in the notation of Lemma [Z4] every complex
number o;(x) has the modulus 1. Since z is an algebraic integer, by Kroneker’s
theorem [I5] (see also, e.g. [25] Lemma 1.6]) this implies that x is a root of unity.
Conversely, if = is a root of unity, then, in the above notation, o(z) is a root of
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unity too, hence the right-hand sides of the equalities in (2I1)), (212]) are equal
to 1. Whence, (ZI3)) holds. This completes the proof of (ii).

Suppose that (O, trxg/m)[s] # @, i.e. there is an element a € € such that
trg.g(a,a)/m = s. This and (ii) yield (a).

Since, by Lemma 22(iiiz), n/m is an integer, it follows from (a) that m = n if
s = 1. This proves (b).

Suppose, moreover, that (&, trge/m) is even. Then n/m is even by
Lemma [Z2(v1). This and (a) then imply that m = n/2 if s = 2. This proves
(c). Finally, if s = 4, then (a) implies that n/m = 2 or 4. This proves (d). O

Lemma 2.6 (cf. [4, Proposition 9.1(ii)]). Fiz a positive integer a. Let K be a
2%th cyclotomic field, let 8 be the complex conjugation if a > 1 and 8 =id if a = 1,
and let ¢ € K be a 2*th primitive root of unity. Then the following hold:

(i) n =271
ii o< <201 18 a basis of the Z-module O';
(i) {¢7)0<j <291 — 1Y} is a basis of the Z-module &
(iii) for every elements ¢* and (7 of this basis,
o n ifi=j,
tr ,0 Clvgj =
D=0 iz

(v) m=n.

Proof. We have n = ¢(2%) (see [I7, Chap. VIII, §3, Theorem 6]); whence (i).
(ii) We have K = Q((); therefore, & = Z[(] (see [25, Theorem 2.6]). The latter
yields (ii) because the degree of the minimal polynomial of ¢ over Q is n = rank &.
(iii) Since 6 is the complex conjugation and ¢ is a root of unity, we have the

equalities ¢* - 0(¢?) = ¢*~7, hence by (L2,
trico(¢t,¢7) = ’HaceK/Q(Ci_j). (2.14)

If i = j, then ZI4) and 24) yield trg o(¢?, ¢7) = n.

Let i # j. The element ¢*~7 is a primitive 25th root of 1 for some positive integer
s < a; hence its minimal polynomial over Q is 2 41 (see [I7, Chap. VIII, §3]).
Since 0 < 4,5 < 2%7! — 1, we have s > 2. Therefore, the degree of this polynomial
is at least 2. This implies that Tracegci—i);q(¢*7) = 0. In turn, from this, (ZI4),
and the equality

Trace g(x) = [K : Q(x)]Traceg) g(z) for every x € K (2.15)

(see, e.g. [27, Chap. 11, §10, (9)]), we obtain that trx ¢(¢%, ¢?) = 0.
(iv) follows from (iii), (L3]), and Lemma 22(iii; ). O

Lemma 2.7 (cf. [4, Proposition 9.1(i)]). Fiz a positive integer b. Let K be a
3%th cyclotomic field, let 6 be the complex conjugation, and let ( € K be a 3°th
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primitive root of unity. Then the following hold:
(i) n=2-3"1

(ii) {¢7]0<j<2-3""1 1} is a basis of the Z-module O

(iii) for every two elements (* and (7 of this basis,
n ifi=7j,

trieo(¢,¢7) =40 if 3°=1 does not divide i — j,

—n/2 ifi#j and 3*7! divides i — j;

(iv) m=n/2.

Proof. The same argument as in the proof of Lemma [Z8] yields (i), (ii), and (iv).

(i) Formula (ZI4) still holds and the same argument as in the proof of
Lemma [Z0](iii) yields the validity of (iii) for ¢« = j. Assume now that ¢ # j. Then
(77 is a primitive 3°th root of unity for some positive integer s < b. The degree of
its minimal polynomial over Q is

Q) : Q) =p(3%) =2-3""". (2.16)
Since the 3rd cyclotomic polynomial is t2+¢+ 1, this minimal polynomial is £23” " +

37" 41 (see [I7, Chap. VIIL, §3]). Given that 2 - 3~ — 35~ = 1 if and only if
s = 1, from this we infer that

Traceq(¢i-s) /(¢ ™) = {O %f e (2.17)
-1 ifs=1.
From (i) and ([ZI6) we obtain that [K : Q(¢*7)] = [K : Q]/[Q(¢*Y) : Q] =
n/(2-3°"1) = 3v=s. This, I5), and @I7) then yield
0 if s > 2,

Tracer/o(¢"7) = {n/z ifs =1 (2.18)

Clearly, ([2.18) is equivalent to (iii) for ¢ # j. |

Given a gth cyclotomic field K and a positive integer r dividing ¢, we denote
by K, and O, respectively, the unique rth cyclotomic subfield of K and its ring
of integers. They are Aut K-stable; for o € Aut K, we denote the restriction «|g,
still by a. If a is the complex conjugation of K, this restriction is the complex
conjugation of K.

Lemma 2.8. Let i and j be coprime positive integers. Let K be a ijth cyclotomic
field and let 0 be the complex conjugation. Then the following hold:

() the natural Q-algebra homomorphism

Ki®Kj*>K, TRy — Ty, (2.19)
Q

s an isomorphism;
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(ii) for every x € K; and y € Kj, the following equality holds:
Traceg/q(zy) = Traceg, () Tracek, /o (v), (2.20)

(ili) the restriction of homomorphism ZI9) to O; @, O; is a ring isomorphism
with O, which is also a lattice isometry

(ﬁivtrKue) z (ﬁjvtrK]‘,e) - (ﬁ,tI‘K’g).

Proof. Let (; € K; and (; € K; be respectively a primitive 7th and a primitive jth
root of unity. Then (;¢; is a primitive ijth root of unity, hence K = Q(¢;(;). This
shows that K is the compositum of K; and K;; whence (2.19) is a surjective homo-
morphism. The coprimeness of 7 and j implies that [K : Q] = ¢(ij) = p(i)e(j) =
[K; : QI[K; : Q]; hence (219) is an injective homomorphism. This proves (i).

By definition of the trace of an element of a number field, the left-hand side
of (Z2Z0) is the trace of the Q-linear transformation of K given by multiplication
by zy. In view of (i), it is equal to the trace of the Q-linear transformation of
Q&) ®Q> Q(¢;) given by multiplication by z ® y. Hence (see [8, Chap. VII, §5, no.
6]) it is equal to the product of traces of the Q-linear transformations of Q(¢;) and
Q(¢;) given by multiplications by respectively = and y. By the mentioned definition,
the latter product is equal to the right-hand side of (220). This proves (ii).

In view of the equality & = 0,0} (see [16] Chap. IV, §1, Theorem 4; 25| The-
orem 2.6]) the first statement in (iii) follows from (i). The second follows from the
first in view of (L2), (Z20), and the definition of tensor product of lattices (see

[19, Chap. 1, §5]). O

In the next lemma, we use that if K is totally real, then diser K/Q is positive
(see, e.g. [I4, Proposition 1.2a]).

Lemma 2.9. Let K be a totally real number field of degree n > 1 over Q.

(i) If n < 24, then {/discr K/Q > n.
(ii) If 3 <n <75, then {/discr K/Q > (n+1)?/2n.

Proof. This readily follows from [I2] Table 2 (Cas Totalement Réel), p. 1]. |

Lemma 2.10. Let K be a CM-field of degree n > 2 over Q. If n < 48, then

Y/|diser K/Q| > n/2.
Proof. In view of (2.0), we have the inequality

{/|diser K/Q| > "/¢/discr K2/Q. (2.21)

The claim then readily follows from the lower bounds on the right-hand side of
(221)), which is obtained by applying Lemma [2:9(i) to the totally real number field
K of degree n/2. m|
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Proposition 2.1. Let Ex be the n-element set of all field embeddings K — C and
let by be the Q-bilinear map

bg: Kx K —C, bg(z,y):= Z o(z)o(y). (2.22)

oc€FEK

Then the following hold:

(i) The Q-linear span of bx (K X K) is a proper subset of R containing Q.
(ii) b is symmetric and positive-definite.
(iii) Properties (a), (b), (c) listed below are equivalent:

(a) b (K x K) =Q.
(b) b (0 x 0) C Q.
(¢c) There is an involutive field automorphism 7 € Aut K such that b = tri ;.

(iv) If (c) holds, then either K is totally real and 7 = id, or K is a CM-field and
T 18 the complex conjugation.

Proof. Below we use the notation
1:C—C, uz):==

(i) In view of [222)) and ([2.8), for every ¢ € Q, we have bk (g, 1) = ng; whence
the inclusion Q C b (K x K).
For every o € Ek, we have 1 o 0 € Ex; therefore,

toFEg:={1o0|o € Ex}=FEk. (2.23)

From (222) and 223), for every z,y € K, we deduce the following:

bi(z,y) = Y o(@)o(y) =bk(y,)

cebK

= Z (too)(x)(too)(y) = Z §(x)d(y) (2.24)
occEx d€oEKk

= Z §(2)6(y) = bi (z,y);
Se€EK

whence the inclusion bx (K x K) C R. Since K is countable, while R is not, this
inclusion is proper.

(ii) follows from (224) and ([Z22)).

(iv) follows from (ii) and Lemma 23

(iii) Since ¢ C K, we have (a) = (b), and since K is the Q-linear span of &, we
have (b) = (a).

Next, (c) = (a) because of ([L2]).
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Conversely, assume that (a) holds. Then we have two nondegenerate Q-bilinear
maps
tri id
/\
Kx K Q.
~_ 7
b
Therefore, by [I7, Chap. XIII, §5] and (2)), there is a nondegenerate Q-linear
map 7: K — K such that

b (z,y) = Tracey g(z - 7(y)) forallz,y € K. (2.25)

We claim that 7 is an involutive field automorphism of K; if this is proved, then

(Z23), (C2) show that (c) holds.
To prove the claim, we notice that using (Z22]) and ([22)), we can rewrite (Z23])

as follows:
Z o(z)o(y) = Z o(z)o(r(y)) forall z,y € K. (2.26)
occEK occEK

Since for every o € E, the map K* — C*, 2 — o(x), is a group homomorphism,
by Artin’s theorem on the linear independence of characters [I7, Chap. VIII, §4,
Theorem 7], we conclude from (2Z:26]) that

o(y) =o(r(y)) foralloec Ex,yeK. (2.27)

In turn, (227) implies that the subfield o(K) of C is t-stable and the following
diagram, in which v := L|U(K), is commutative:

K —2-0(K)—1>0o(K) I K. (2.28)

T

Since each of the upper arrows in (Z28) is a field isomorphism, 7 is a field automor-
phism. Moreover, since 7 = 0! oy oo and ~ (being the restriction of involution ¢)
is involutive, 7 is involutive as well. This completes the proof. O

3. When is (0, trk,9) a Root Lattice?

Proof of Theorem [I.1l In view of Examples [[JHL.3] the “if” part is clear. To
prove the “only if” one, suppose that (&, trk g) is a root lattice. Then by Corol-
lary 2.2 either K is a totally real field and 6 = id, or K is a CM-field and 6 is the
complex conjugation.

There are two possibilities, which we will consider separately:

(a) The lattice (&, trg ) is primitive or, equivalently, at least one of its indecom-
posable components is not isometric to A;.

(b) The lattice (&, trg ) is nonprimitive or, equivalently, it is isometric to AJ* for
some aj.
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Our considerations below exploit the fact that
discrAg = ¢+ 1 for every /. (3.1)
We first assume that (a) holds. Then
m =1. (3.2)

If there is an indecomposable component of (&,trg g) isometric to Z', then
(O, tri.0)[l] # @. By Lemma 2E(b), this and (32) imply that n =1, i.e. K = Q
and 0 = id.

If every indecomposable component of (&, try ) is not isometric to Z!, then
(O,tri,p) is an even lattice and (€, trg ¢)[2] # @. By Lemma 25|c), from this
and (3.2) we deduce that n = 2, i.e.

K =Q(Vec) for a square free integer c. (3.3)

Since the sum of ranks of all indecomposable components of (&, trg g) is n, we
infer from n = 2 and (a) that (&,trk g) is isometric to Ag. This, (32), B1)), and
Lemma [22[(ii), (iiiy), (iv) then imply that

|discr K/Q| = 3. (3.4)
On the other hand, (B3) yields

4c if c=2,3 mod4,
discr K/Q = (3.5)

¢ ife=1 mod4
(see, e.g. [13, Chap. 13, Proposition 13.1.2]). From B.3) and B.4]) we conclude that
c = —3; whence K = Q(v/—3) and @ is the complex conjugation. This completes
the consideration of case (a).

Now we assume that (b) holds. Then m = 2 and (&, trg g/m) is isometric to
Z*'. Hence (O, tri,p/m)[1] # @. By Lemma [Z5|(b), this yields n = a1 = 2, hence
again (B3) and (BH) hold. From (3I]) and Lemma22(iv) we obtain |discr K/Q| = 4.
In view of (B3, this yields ¢ = —1; whence K = Q(y/—1) and 6 is the complex
conjugation. This completes the consideration of case (b). O

4. When is (0,trg,¢) Similar to Z"?

Proof of Theorem Since Z™ is primitive, we have (a) < (c). If a lattice
(L,b) is isometric to Z!, then (L,2b) is isometric to Al. This yields implications
(a) & (b) and (c) & (d).

(a) = (e) Suppose that (O, trg ) is similar to Z". Then, by Corollary 2:2]
either K is a totally real field and 6 = id, or K is a CM-field and 6 is the complex
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conjugation. Since (€, trgg/m) and Z" are isometric, and the Z-module Z" is
generated by Z"[1], we deduce from Lemma 2Z5|(b) that

m=n, (4.1)
and ([@I) implies by Lemma [2Z5(ii) that
O is the Z-linear span of fix. (4.2)

Suppose that the order of the cyclic group pux is divisible by an odd prime p.
Then there is € pux which is a pth primitive root of unity. The minimal polynomial
of x over Q is tP~1 + =2 4 ... + 1, hence

Traceg(q) /() = —1 and [Q(z):Q=p—-12>2. (4.3)
Since Traceg,q(r) = [K : Q(x)]Traceg(s)/q(x), we obtain from (3] that

0 < Tracey g(—z) = ]% <n. (4.4)
However, in view of (L5) and (&), the integer Traceg q(—x) is divisible by n. This
contradicts ([@4]). The obtained contradiction proves that there a positive integer a
such that px is a cyclic group of order 2. In view of (£2]), this implies that K is a
2%th cyclotomic field. In particular, it is a CM-field, and therefore, 6 is the complex
conjugation. This proves implication (a) = (e).

(e) = (c) Let K be a 2%th cyclotomic field for a positive integer a and let 6 be the
complex conjugation. By Lemma[2.8] (whose notation we use), n = 24~ m = n, and
(O, tri g/m) is the orthogonal direct sum of the sublattices Z¢7, 0 < j <2071 — 1,
each of which is isometric to Z'. This proves implication (e) = (c).

The last statement of Theorem [[2] follows from Lemma [Z0](iii). O

5. When is (0, trk,g) Similar to an Even Primitive Root Lattice?

Proof of Theorem The implications (a) < (b) and (c) = (b) are clear.

(a) = (d) Suppose that (O,trg ) is similar to an even primitive root lattice
(L,b). Then, by Corollary 22 either K is a totally real field and § = id, or K is a
CM-field and 6 is the complex conjugation. Since (&, trg g/m) and (L, b) are isomet-
ric, and (L, b) is an even lattice generated by (L, b)[2], we deduce from Lemma[Z5|c)
that

m=mn/2, (5.1)

and (5J) implies by Lemma [Z3](ii) that & is the Z-linear span of px. Hence K is
a cyclotomic field and € is the complex conjugation.

There is an odd prime p dividing the order of px: otherwise, this order is 2¢ for
some a, hence m = n by Theorem [[L2] which contradicts (5IJ). Thus, we can find
an element € pux which is a pth primitive root of unity. The same argument as in
the above proof of implication (a) = (e) of Theorem [[L2 shows that ([@4]) holds. In
view of (3] and (@), the integer Traceg q(—=) is divisible by n/2. This and (@.4)
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then yield p — 1 = 2, i.e. p = 3. Thereby we proved that K is a 2?3th cyclotomic
field for some a > 0, b > 0. Since every 3’th cyclotomic field is simultaneously a
213%th cyclotomic field, we may assume that a > 0. This completes the proof of
implication (a) = (d).
(d) = (c) Let K be a 2%3°th cyclotomic field for some a > 0, b > 0. We use the
notation introduced in the paragraph immediately preceding Lemma and put
i:=2% j:=3" n;:=[K;:Q], n;:=[K;:Q]. (5.2)
By Lemma [2:8(i) we have n = n;n;. Hence by Lemma [Z8(iii) there is a lattice
isometry
(O, tric; 0/1i) ©z.(0),t0K5,0/ (05/2)) = (O trico/(n/2)). (5-3)
In view of (B2) and Lemmas 26 27 the lattices (0;,trg, 9/n;) and
(0, tri;,0/(n;/2)) are isometric to respectively Z" and A;j/Q. Since the lattices
7' ®7 Ay and Ay are isometric, the existence of isomorphism (53] then implies
that the lattice (0, trk 9/(n/2)) is isometric to AS/Q. This completes the proof of
implication (d) = (c).
The last two statements of Theorem follow from Lemma 26(iii), (iv),
Lemma 27(iii), (iv), and Lemma 23(ii). O

6. When is (0, trg,¢) Similar to a Positive-Definite Even
Unimodular Lattice of Rank < 487

Proof of Theorem [I.4l Arguing on the contrary, assume that (&, trg ¢) is similar
to a positive-definite even unimodular lattice (L,b) of rank n, where

8 <n <48 (6.1)

(the first inequality follows from the fact that 8 divides n, see, e.g. [10, Chap. 7, §6,
Corollary 18]). Since (L, b) is unimodular, we have

\disc (L, b)| = 1, (6.2)

and (62) implies, by Lemma 22(ii), that (L,b) is primitive. Therefore, (L,b) is
isometric to (0, trk g). By Lemmal[23] since (L, b) is positive-definite, the properties
listed in item (iii) of this lemma hold. In view of Lemma 22(ii), (iv) and ([@2]), we

have
Y/ |disc K/Q| = m. (6.3)

By Lemma 22|(v), since (L,b) is even, n/2 = 0 mod m. This and (6.3)) yield

Y |disc K/Q| < n/2. (6.4)

On the other hand, by Lemma 29(ii), Lemma 210} and (61I), for n < 48, we have

the inequality
(n+1)2/2n>n/2 if K is a totally real field,

{/|disc K/Q| >
n/2 if K is a CM-field,
which contradicts (6.4]). O
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Appendix A. The Z™, A,, D,,, and E,, Lattices

To be self-contained, here we briefly describe the lattices Z™, A,,, D,,, and E,, as
they play a key role in this paper. For details and a discussion of their properties

see [, 10}, 18].

Let R™ be the m-dimensional coordinate real vector space of rows endowed with
the standard Euclidean structure

R™ X R™ R, (21, .,y s U)) i= > 2505 (A1)
j=1

Denote by e; the row (0,...,0,1,0,...,0), where the number of 0’s to the left
of 1isj—1.

If L is the Z-linear span of a set of linearly independent elements of R" such
that b(L x L) C Z, where b is the restriction of map (Al to L x L, then (L,b) is
called a lattice in R™ and denoted just by L.

With these notation and conventions, we have:

Z™ is the lattice {(z1,...,2y)|2z; € Z for all j} in R™.

A, is the lattice {(x1,...,2,41) € Z"H1]| Z;L;Lll z; =0} in R"*1,

D, is the lattice {(21,...,2,) € Z"| 3°7_, x; = 0 mod 2} in R™, n > 4.
Esg is the lattice Dg U (Dg + %(61 4+ eg)) in RS.

E7 is the orthogonal in Eg of the sublattice Z(e7 + es).

Eg is the orthogonal in Eg of the sublattice Z(e7 + es) + Z(eg + es).

Each of these lattices except A; is primitive. Each of them except Z™ for every
n is even.

Appendix B. Cyclicity Criterion

Theorem B.1 (Cyclicity Criterion). Let n > 1 and let p be a prime ramified
in K. Then the following properties of € are equivalent:

(i) The p-primary component of the additive group of ring O/d is a cyclic group
(automatically nontrivial).
(ii) The following conditions hold:

(iiy) in O, there is exactly one ramified prime ideal p which lies over p;

(ii2) p is odd, ordy, pO =2, and O/p is the field of p elements.
Proof. Let ty,...,t,, be all pairwise distinct prime ideals of & ramified in K/Q.
For every tv;, there is a prime integer r; and a positive integer f; such that
G NZ=rZ and |0/ =r{" for every positive integer s (B.1)
(see, e.g. [I3, Chap. 12, §2, 3]). We put
e; := ordy,r; 0. (B.2)
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As v; is ramified, e; > 2. There are positive integers dy, ..., d,, such that
=1t (B.3)

(see, e.g. [20, Chap. III, Theorem 2.6]). By Dedekind’s theorem (see, e.g. [20, The-
orem 2.6, p. 199]), we have

d; > e; —1, where the equality holds if and only if r; 1 e;. (B.4)

By the Chinese remainder theorem (see, e.g. [I3] Proposition 12.3.1]), decom-
position (B3) yields the following ring isomorphism:

Ch= O/ e @0/t (B.5)

As every r; is prime, (BE), (B) imply that (i) is satisfied if and only if the
following two conditions (a) and (b) hold:

(a) there is exactly one i such that r; = p,
(b) the additive group of &/t% is cyclic.

Clearly (a) is equivalent to (ii;). We shall now show that (b) is equivalent to
(iiz) with p = v; and p = r;; this will complete the proof.

Assume that (b) holds. By (B:2), we have t& ™ D % D ;6. Hence there are
the ring epimorphisms

O)ri0 — O — O[5 (B.6)

Since r; is prime, it is the order of every nonzero element of the additive group of
O/r;0. The existence of epimorphisms (B.6]) then implies that

r; is the order of every nonzero element of

B.7
the additive groups of €/t¢* and @ /x5!, B7)

We consider two possibilities stemming from (B4):

(T) d; =e; — 1 (tamely ramified t;);
(W) d; > e; (wildly ramified t;).

First, assume that (T) holds. Then from (b), (B.Z), and (BJ) we infer that
fi=d; =1,10/t;| = r;. Hence e; = 2, and, by (B4), r; is odd. Thus, as claimed,
in this case, (iip) is fulfilled.

Next, assume that (W) holds. Then v D tJ; whence there is a ring epimorphism

Ot — 0. (B.8)
From (b), (B.1), (B.8), and (B.I) we then infer that r; = |0/«

to the inequality e; > 2. Thus, (W) is impossible.
This completes the proof of (b) = (iiz) with p = t; and p = r;. The converse
implication is immediate. O

_ fiei
=r;

contrary
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