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0. Introduction

Let G be a simple, simply connected, simply laced algebraic group over C, B c G a
Borel subgroup with unipotent radical N.

There is a cluster space A ([3]) and a dual cluster space X ([12]) associated to the
open double Bruhat cell in the base affine space G/N. We are interested in the following
functions both playing a crucial role in the study of canonical vector space bases of the
ring of regular functions H°(G/N,Og,n) on G/N.

On the one hand, Berenstein-Kazhdan’s decoration function f? defined in [4], a reg-
ular function on A. The decoration function is a crucial part of the construction of a
decorated geometric crystal and thus intimately connected to the canonical basis Bcan
of H*(G/N,Oq /n) independently constructed by Kashiwara and Lusztig [28,25].

On the other hand, a remarkable vector space basis B, called theta basis, was re-
cently constructed (up to a natural conjecture, see Remark 5.4) by Gross—Hacking—Keel—-
Kontsevich [23] using methods in mirror symmetry. An important ingredient in the con-
struction of B is a regular function W on X which we call the GHKK-potential.

By identifying a certain p-map in the sense of [22, Chapter 2] we relate the GHKK-
potential to the decoration function as follows.

Theorem A. There exists a reqular map p: A — X such that
fP=Wop.

The cluster spaces A and X are unions of open tori A = Usg Ts;, X = Us Ts;, which
are glued via certain birational transformations, called A- and X-cluster mutations,
respectively. The elements Y in the common index set of the two dual toric systems
are called seeds. The families of charts, equip A and X with the structure of a positive
variety admitting tropicalization as explained in Section 1.4.

The functions fZ and W lead to polyhedral parametrization of Bea, and B, respec-
tively, one for each seed X: By [23] the integer polyhedral cone

Cs = {z € [Tx]irop | [W‘Tz]tmp(x) >0}

parametrizes B. By [4] the tropicalization of the decoration function f? cuts out an
integer polyhedral cone

Cy ={z € [Ts]irop | [fB‘TE]tmp(x) 0}

which parametrizes Lusztig’s canonical basis of the base affine space of the Langlands
dual group of GG. The explicit constructions in this paper involve the cones Cs, = C; and
Cx, = C; attached to seeds ¥ =i coming from reduced words i of wyg.

The construction of the theta basis B for the ring of regular functions on an A-
cluster variety due to [23] relies on certain assumptions. In the course of the proof of
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Theorem A we construct in Proposition 5.2 for any frozen vertex of such a cluster space
(A, X) an optimal seed. In [21] Goodearl and Yakimov announced the existence of a
maximal green sequence. From this, [3, Proposition 2.6.], [23, Theorem 0.19, Lemma
B.7] and Proposition 5.2 the existence of a theta basis for the partial compactification
G/N of GVo¢ parametrized by Cs, follows. For the convenience of the reader we give
independently of [21] maximal green sequences for G¥°*° in the appendix.

Theorem A is deduced by studying the interplay of Gross—Hacking—Keel-Kontsevich’s
polyhedral parametrization C; and the parametrization arising from the tropicalization of
the Berenstein—Kazhdan decoration function C; with classical polyhedral parametrization
of Lusztig’s canonical basis obtained by Lusztig and Kashiwara.

Both Lusztig’s and Kashiwara’s construction yield a family of polyhedral parametriza-
tions, one for each reduced word i of the longest word wg of the Weyl group of G, by
the cone of graded i-Lusztig data gr £; and the graded string cone gr S;, respectively. We
related gr £; and gr S to the functions fZ and W by introducing regular function [; and
5; on certain tori grlL; and grS;j, respectively, satisfying

grLi = {z € [gr Li]trop | [li]trop(7) > 0},
grSi = {x € [gr Silerop | [$i]trop (@) 2 0}

We denote the corresponding objects for the Langlands dual group of G by ', s, grL;",
grS;”, gr £y and grSy.

There are certain toric charts Ty and T; of A and X, respectively, attached to every
reduced word i. Motivated by the Chamber Ansatz due to Berenstein—Fomin—Zelevinsky
[2] and [5, Equation (4.14)] we introduce explicit torus isomorphisms gr CA; : T; — grlL; ",
grNA;: T; — grS;", gr CA; : grS; - T; and grmi tgrlly — T;. The terminology gr NA;
here stands for graded Neighbour Ansatz.

The interplay between the various parametrizations is summarized in the following
theorem.

Theorem B (Theorem 6.5, Theorem 7.5, Lemma 8.1). For every reduced word i we have
5i = W‘T. o grﬁi, l; = W‘T o grmi,
1

fB‘T. =57 ogrNA;, fB‘T =1 ogrCA;.

Furthermore, we obtain the following family of commutative diagrams of linear maps
indezed by reduced words

[gr NAi]trop [gr CAi]trOp
v
grs; —

gr LY (1)

[gr CAi]trOp [grmi]tmp

Q) =—0

gr S; grLl;.
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We obtain Theorem A using Theorem B. By the commutativity of (1) the two candi-
dates for p induced by the maps T; - T; obtained by going around the left square and
the right square in (1), respectively, coincide.

Another consequence of Theorem B is a lattice isomorphism from the graded string
cone to the graded cone of Lusztig’s parametrization, recovering a result of Caldero—
Marsh—Morier-Genoud.

There are two natural types of inequalities for both gr S; and gr £;: One type yields the
inequalities for a polyhedral parametrization of a canonical basis of the ring H°(N, Ox)
of regular functions on the unipotent radical. We call these inequalities the cone inequal-
ities for the sake of this introduction. The other type of inequalities describes the graded
lift of a polyhedral parametrization of HY(N, Oxr) to a polyhedral parametrization of a
canonical basis of H*(G/N,O¢ /), called here grading inequalities.

We show that under Caldero—Marsh—Morier-Genoud’s map the cone inequalities of
the graded cone of Lusztig’s parametrization is mapped to the grading inequalities of
the graded string cone and vice versa. We further give an affine unimodular map between
the corresponding weight polytopes.

In certain cases, polyhedral parametrizations by a cone of canonical bases of rings
of regular functions on a variety X lead to flat degenerations of X to the toric variety
defined by the cone. In the case of flag varieties, an overview of many such cases is given
in [11].

Theorem B implies that, in the case of the base affine space, the toric fibers appearing
in the degeneration construction by Caldero ([7]) and Alexeev-Brion ([1]) also appear in
the degenerations constructed by Gross-Hacking—Keel-Kontsevich ([23]). In the special
case of G = SL,,(C) this was proven previously in [6].

Moreover, toric degenerations associated to the graded cone of Lusztig’s parametriza-
tion and the graded string cone were constructed in [10]. Hence, Theorem B pro-
vides further evidence that there should be a natural connection between a sub-
class of Fang-Fourier-Littelmann’s toric degenerations constructed in [10] and Gross—
Hacking—Keel-Kontsevich’s toric degenerations constructed by cluster duality (see [11,
10.1]).

1. Background and notations
1.1. Simply-laced Lie algebras

Let g be simple, simply laced complex Lie algebra of rank n, I := [n]:={1,...,n},
C = (¢i,5)i jer its Cartan matrix and h c g a Cartan subalgebra. We choose simple coroots
{hq }aer € b and simple roots {ay }aer € H* with a,(hp) = ¢q,p and denote by A* c h* the
positive roots associated to the simple roots {ay}.

The Weyl group W acts on h* via

Sapp=pt—p(ha)ae ael e
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For a € I we denote by a* the element of I such that

wo(aa) = —Qax (2)

The fundamental weights {wg }qer € h* of g are given by w,(h;) = d,,;. We denote by
P = (wy | a € [n])z the weight lattice of g and by P* = (w, | a € [n])n c P the set of
dominant weights.

The Langlands dual Lie algebra g of g is the simple, simply laced complex Lie
algebra with Cartan matrix C, Cartan subalgebra h*, simple roots {hg }qer, simple co-
roots {g faer and hg(ap) = ¢qp. The fundamental weights of Lg are {wY}er c b where
ag(wy) =0q.p-

1.2. Weyl groups and reduced words

The Weyl group W of g is a Coxeter group generated by the simple reflections s,
(a € I) with relations

2 .
sy =1d,

Siy Siy = SiySiy if ¢, i, =0 (commutation relation),

SiySiySiy = SiySiy Siy  if iy 4, =1 (braid relation).

The group W has a unique longest element wq of length N = #A*. For a reduced
expression s;,---s;, of wo we write i := (i1,...,ix) and call i a reduced word (for wy).
The set of reduced words for wq is denoted by W(wyg).

We have two operations on the set of reduced words W(wy).

Definition 1.1. A reduced word j = (j1,...,jn) is defined to be obtained from i =
(i1,...,in) € W(wq) by a 2-move at position k € [N — 1] if iy = j, for all £ ¢ {k,k + 1},
(ik+1,%%) = (Jks Jr+1) and ¢, 4,,, = 0.

A reduced word j = (j1,...,jn) is defined to be obtained from i = (i1,...,ix) € W(wq)
by a 3-move at position k € [N — 1] if iy = j, for all £ ¢ {k—1,k,k+ 1}, jk-1 = Jr+1 = ik,

Jk = k-1 = iks1 and ¢, 4, = —1.

We call a total ordering < on A* convex if for 81, B2, 1+ P2 € AT either 81 < f1+52 < (o
holds or f2 < 81 + B2 < 1. By [35, Theorem p. 662] the set of total convex ordering is
in natural bijection with the set of reduced words. Namely, for a reduced word i =
(i1,..-,in) € W(wq) the total ordering

i, <i 84, (aiQ) <Goee i SigttSinog (aiN)

on A" is convex and every convex ordering on A" arises that way. We write A] =
{B1,B2,...,Bn} for the set of positive roots ordered with respect to the convex ordering
<; and throughout identify A] with [N] via
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Bi = k. (3)
We make use of the following alternative labeling of A throughout.

Definition 1.2. For a € I we write {8y € A] | iy =a} ={Ba1,..,Ba,m, } Withmg =mg; € N
and B41 <i -+ <i Ba,my, -

1.3. Simply-connected algebraic groups

Let G be the simple, simply-connected, complex algebraic group with Lie algebra g.
Let T c¢ G be a maximal torus with Lie algebra . For a € I, let ¢, : SLy - G be
the embedding of SLy corresponding to the simple root «,. We embed the Weyl group
W ~Normg(T)/T of g as a set into Normg(7') via

Sa P Sq = Qg ([1) _01) € Nol"In(;'(T)7 (4)

7y = zy if length(xy) = length(z) + length(y).

We denote by AN and N~ the maximal unipotent subgroups of G generated by
{gpa(éi) la e I,t ¢ C} and {@a(i?) |a € I,t € C}, respectively, and set B = TN
and B~ =TN".

1.4. Tropicalization

We recall the notion of (min-plus) tropicalization from [23, Section 2]. Let G,,, be the
multiplicative group. For a torus T = G¥ we denote by [T Jirop = Hom(G,,, T) = Z*

its cocharacter lattice. A positive (i.e. subtraction-free) rational map f on T, f(z) =
ZU,EJ cu;z;u

S R with ¢,,d, € R,, gives rise to a piecewise-linear map
ue K “u

[f]trop : [T]trop - [Gm]trop = Z> Z + min (xa u) — min <l’, u) 5
ueJ ueK

where (-,-) is the standard inner product of Z*. We call [ f]irop the tropicalization of f.
More generally, for a positive rational map

f=(fiyeeei ) : G > Gy,
we define its tropicalization as

[f]trop = ([fl]tropa R [ff]trop) : [Gﬁm]trop - [an]trop-

The function f is called a geometric lift of [f]irop. Note that there are several choices
of geometric lifts of a piecewise-linear function.
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2. Lusztig’s parametrization
2.1. Lusztig’s parametrization of the canonical basis

We denote by U, the negative part of the quantized enveloping algebra of g. Let
i=(i1,...,in) € W(wo) be a reduced word and {f,...,8n} = A]. In [28, Section 1] a
PBW-type basis

(w5,) (z5y) +
B; :{Fi,ﬁf ...Fi’BiN | (z5,,... 28, ENAI},

of U; is defined, where

Fi:B] = Til'”Tij—l F]
is given via the braid group action 7; defined in [29, Section 1.3], X (m) is the g-divided
power defined by X (™) := m and [m]=q¢™ L+ qm 2+ .+ g™

By [28, Proposition 1.1.3] B; is a basis of U, . The Z[q]-lattice £, defined as the span of
B, is independent of the choice of reduced expression i, as is the induced basis B := 7 (B;)
of £/qL, where 7 : £ - £/q£ is the canonical projection. There exists a unique basis B
of £ whose image under 7 is B and which is stable under the QQ-algebra automorphism
preserving the generators of U, and sending ¢ to q¢ . We call B the canonical basis

oqu’.

Definition 2.1. For i € W(w) and = = (21,...,2x) € N¥  we denote the element
Fi(gi)u-Fi(gz ) by F* and call z its i-Lusztig datum. Using identification (3) we write
L;=NA =NV

for the cone of all i-Lusztig data. We call £; the cone of Lusztig’s parametrization of the
canonical basis.

Lusztig’s canonical basis has favorable properties. In particular, it projects to a basis of
every irreducible finite dimensional U, -representation. By specializing ¢ = 1 one obtains
a canonical basis for every irreducible finite-dimensional G-representation V). From this
we obtain a canonical basis of the ring of regular functions H°(G/N, Og/zr) = @rep+ Va,
which by Lemma 2.8 is parametrized by a graded version of NA1 as defined in Section 2.3.

2.2. Transition maps and geometric lifting

Using the identification (3) we associate to the cone L£; of Lusztig’s parametrization
the torus

Li=Gh =GY.
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Following [30, 42.2.6] we introduce transition maps.

Definition 2.2. We specify <I>; : L -» LLj as follows. If j e W(wy) is obtained from i e W(wy)

by a 3-move at position k then we set for z = (z1,...,2N)
iy = TpTE+1 Tp-1Tk
jx =21y Th—2y —— 5 Tk-1 T Thv1, ——— Tk+2,-- -, TN | -
Tp-1+ Th+1 Th-1+ Th+1

If j e W(wy) is obtained from i€ W(wg) by a 2-move at position k we set

i
<I>Jas = (xla"'7xk—17xk+l’xk7xk+27'"7mN)‘

For arbitrary i,j € W(wg) we define (I>} : Lj -» LL; as the composition of the transition
maps corresponding to a sequence of 2- and 3-moves transforming i into j.

Using Definition 1.2 and the identification (3) we define for a € I and i € W(wyg) the
positive regular map [; , on L; by

mg
lia(x)= Z T
r=1

Recalling from Section 1.4 that [LjJop = ZN we obtain that Lusztig’s parametrizations
L; c ZV are cut out by [li,altrop:

Lemma 2.3. For reduced words i,j € W(wq) we have:

(1) Ga=lao®.
(2) Li={z€[Liltrop | Va e I: [lialtrop(z) > 0}.

Proof. Statement (1) is a straightforward computation and Statement (2) follows directly
from the definition. O

We emphasize that Lemma 2.3 is simply a reformulation, adapted to our setup, of
well-known facts about Lusztig’s parametrizations obtained in [30,5].

2.8. Lusztig’s graded parametrization

In this section we provide a geometric lift of the defining inequalities of the graded
cone of Lusztig’s parametrization of the canonical basis of the ring of regular functions
H°(G/N,Oq/n) = ®Vy. For this we extend the functions [ from L; to

grll;:= G,In x 1L

via the canonical projection grlL; - IL; and additionally introduce
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Definition 2.4. Using (2) we denote by {li _a}qc[»] the positive rational functions on grlL;
satisfying:

(1) For (\,z) egrL; one has l; _;, (A\,x) = )\iﬁva‘l.
(2) Fori,jeW(wo) one has [j_o =i o(id x ®}) with ®{ as in (2.2).

Example 2.5. For g =sl3(C) and i=(1,2,1) we have (note that iy =iz =1, i} =2)
li,-1(A1, A2, 21, 22, 3) = Aoy

For j=(2,1,2) we have

T1T2

li-2(A1, Ao, @1, @, 3) = [ o 0(id x }) (A1, Ag, @1, 2, 23) = Ay :
T +T3

We also introduce the analogue of [ , for “g as follows:

Definition 2.6. For i € W(wq) and a € I we set V[i,a := [; , and define the positive rational
functions {Ii,—a}ae[n] on grlL; by requiring:

(1) For (A\,z) e grL; one has [; _;, (A, z) = [Tber )\ziN‘wa__l.
2) Fori,j e W(wg) one has [; _, = [; _,o(id x ®) with ®} as in (2.2).
Js ’ 1 1

Remark 2.7. In Corollary 6.6 we show that [; , and Ti,_a are regular.
The functions [l a ]trop cut out Lusztig’s graded parametrization

grLi = {(A ) € [grLiluop | Va e ~[n]u[n] : [lialuwop(A, x) 20} ()
Similarly, we define Lusztig’s graded parametrization associated to g as

gr Ly = {(\,z) € [gr Lilwop | Ya e ~[n] U [n]  [ia]uop(A ) 2 0} .
We have:
Proposition 2.8.
(1) Fori,jeW(wq) one has

gr Ly =[idx (I)j-]tmp grLl;.

(2) For Ae NT andieW(wyg) the set

Li(A) = {z € [LiJuop | (A, 2) € gr Li}
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parametrizes Lusztig’s canonical basis of the irreducible representation V (Y 4er AaWa)-

Before giving the proof, lets us recall that by [28] (see also [5, Proposition 3.6. (i)]) £L;
has a crystal structure isomorphic to B(oo) in the sense of [25]. We denote the Kashiwara
involution defined in [25, Section 8.3] by * and set

ea(w) = ca(a”) = max{éqz” € L},

where é, is the Kashiwara crystal operator ([25, Section 7.2] corresponding to the simple
root a,. Since €, is defined on the canonical basis B (see [30,5]) we have for i,j € W(wyq)
and x € £;

€q ([@;]trop 3:) =eq(x). (6)

Furthermore, by [5, Proposition 3.3 (ii)] we have for = € £;

g (T1,...,xN) = 1. (7)

Proof of Proposition 2.8. Statement (1) is a direct consequence of Lemma 2.3, the defi-
nition of the cone of Lusztig’s graded parametrization given in (5) and Definition 2.4.

For statement (2) note that by [25, Proposition 8.2], Lusztig’s canonical basis of the
irreducible representation V(Y ,c; Aawa) is parametrized by {z € £; | Va € I : g} (x) <
Ao }- It thus suffices to show that for a € I

Enx () < Agr < [lia],,, () 20. (8)

trop

For i = (i1,...,in) € W(wy), we define i*°? := (i%,...,4}). By [5, Proposition 3.3 (iii)]
(see also [28]) we have for x = (x1,...,2zN) € L; that

x*:[(l)i Op:ltrop(il?N,...,:ltl). (9)
By (6), (7) and (9) we obtain

6;}\}(.%‘) =eix, (") =€ <[<I>§mp]trop JJ*) =eir, (TN, ... 21) = 2N. (10)
From (10) and Definition 2.4 we deduce (8). O

Remark 2.9. In general there is no closed explicit description of [l; - Jtrop. For arbitrary
reduced words in type A the explicit form of [l; 5 ]rop is Obtained in [17, Theorem 2.16]
by combinatorial means. For two special classes of reduced words it is obtained in [36] and
in [37]: In [36, Proposition 7.4] reduced words adapted to the Dynkin quiver @ of g with
vertex set I satisfying a certain homological condition are treated. By [38, Corollary 3.23|
these are precisely the reduced words i adapted to @ such that w, spans a minuscule
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g-representation for every sink a € I. For a different class of reduced words satisfying
a combinatorial condition called “simply-braided for a € I” (see [37, Definition 4.1}),
the function [l; _a]trop can explicitly be obtained from the “bracketing rules” in [37,
Theorem 4.5].

3. String parametrization
3.1. String parametrization of the canonical basis

Let B(oo) be the crystal of U, in the sense of [25]. Recall that the string parametriza-
tion of the canonical basis corresponding to the reduced word i = (i1,142,...,in) € W(wq)
is given by the set of i-string data of the elements in B(oo). Here the i-string datum
stri(b) € N&V of b e B(o0) is determined inductively by

z1 =max{k e N | & be B(c0)},
" éitbe B(oo0)},

ro = max{k e N | & &/

xn =max{k e N | éfNéfIIVV_’ll---éfllb € B(o0)}.

Following [5,27] we call

S; = {str;(b) | be B(o0)} c NV
the string cone associated to i.
3.2. Transition maps and geometric lifting

Using the identification (3) we associate to the string cone S; the torus

Si =Gpmi =GX.
Following [5] we further introduce positive rational functions \Il; : S; -» Sj such that the
tropicalization [V; Jirop gives the transition map between the string cones associated to

i
reduced words i,j € W(wyp):

Definition 3.1. We specify \IJ; : S -> Sj as follows. If j € W(wy) is obtained from i e W(wy)

by a 3-move at position k then we set for z = (z1,...,2x)
i TETr+1 Tr+1Tk-1 + Tk
\Ijjx: Ti1yee ey Tp-2y, —— »Tk-1Tk+1l, — s Lk+2,---, TN |-
Tr-1Tk+1 + Tk Tk+1

If j e W(wy) is obtained from i € W(w() by a 2-move at position k we set
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i
\IIJI = (xlv"'7:Ek—17xk+17xkaxk’+27'"7xN) .

For arbitrary i,j € W(wg) we define \Il; :Si -> Sj as the composition of the transition
maps corresponding to a sequence of 2- and 3-moves transforming i into j.

Recall that [Si]rop = ZN . By [5,27], we have on B(o0)

strj = [\IJ}]trop o str; .

In the remainder of this subsection we introduce certain positive functions s; , on S;
and show that the string cone S; ¢ [Si]irop = Z" is cut out by the functions [5i.a ]trop-

Definition 3.2. We denote by {s; » }4er the positive rational functions on S; satisfying:

(1) For x € S; one has s;;, (z) = zn.
(2) Fori,jeW(wo) one has s, = 6;, 0 ¥] with ¥} as in (2.2).

Remark 3.3. We show in Corollary 7.6 that s; , is regular.

Remark 3.4. By Theorem 6.5 and Theorem 7.5 the function s; , is closely related to the
function [; _, given in Definition 2.4.

Proposition 3.5. For i€ W(wg) we have
Si = {z € [Si]trop | [Si,a ltrop(z) 20 for all a e I}. (11)

Remark 3.6. In general there is no closed explicit description of the function [sj 5 ]trop-
Explicit inequalities for the string cone S; are obtained in [27] for a special class of
reduced words and in [20] for all reduced words in type A (also in [5] for arbitrary
reduced words but in a less explicit form). In [17] we show that the functions [8; a ]trop
recover the string cone inequalities from [20)].

Before proving Proposition 3.5 we recall from [24,34] that [S;]wop has the structure
of a free crystal in the sense of [9] given as follows. For = = (z1,...,2x) € Z" = [Silirop,
ke[N]and a eI we set

N
Vk’(x) =X+ Z Che%p €L,
l=k+1
ef(x) = max{v*(z) | ke [N], ix = a} € Z, (12)

fa(x) = (Te + 0g 1(2)) te[N] € [Si]trops

where k(z) € [N] is the smallest k& with i = a and v*(2) = & (z). The maps f* and &}
satisfy
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E; = 8; o [\P}]tropa (13)
[ ]trOp o f f [ ]trop (14)

By [34, Theorem 2.5 and its proof] we have for a € I
foSicSi. (15)
Lemma 3.7. Denoting the set on the right hand side of (11) by P, we have

(1) Pi={x €[Siltrop | Yk € [N], ¥V jeW(wo) = (¥(2))k 2 0},
(2) (f2) HaePilei(z) >0} c Py,

(3) forallzeP;andacl :e;(x)>0,

(4) forallzeP;: (NVael :ei(x)=0) < z=(0,0,...,0).

Proof. The proof of claim (1) is along the lines of [20, Proof of Theorem 5.4] adapted
to our setup. Note that P; consists of all z € [Si]uop such that (\Il; (z))n > 0 for all
j € W(wo). We show that any such x satisfies (¥j(z))x > 0 for all k£ € [N] and for all
jeW(wyp).

Suppose this is not the case and let

k=max{¢e[N]|3jeW(wy): (9] (x))g<0}

We choose j with (\I/; (z))r <0 and write a2’ = \I/; (z). Up to 2-moves and 3-moves not
affecting z, there exists a reduced word j' € W(wg) which is obtained from j by a 3-move
at position j with k € {j —1,5}. Since, by our assumption on k the inequality z%,, >0
holds, we have by Definition 3.1

(\Il1 (gc)) ( W, (2! ))g+1 =min {z}_,, 2} -,,} <0

contradicting the maximality of k.

Let us now prove claim (2). Assume for x € P; that we can find a € I such that €} (x) >0
and (f)™'(z) ¢ P;. In other words there exists j € W(wyq) such that (\I’Ji-(f;)‘lx))N <0.
Using (14) we see that ((fr)™* \Il; z)n <0. Thus a =iy, (\IJJl z)y =0and 0 = 52(\113 x) =
ex(x) where the last equality uses (13). This contradicts our assumption X (z) > 0.

For claim (3) note that the definition of P; implies, together with (13), 5 (x) > 0.

Next we assume in contradiction to claim (4) that there exists x € P; with € (z) = 0 for
all @ € I and xp # 0. We further assume that k£ is maximally chosen with this property.
By claim (1) we have P; c Zg) and hence z; > 0. We thus obtain the contradiction
g, (x) 2k (x) =2, >0. O

Proof of Proposition 3.5. Denoting the set on the right hand side of (11) by P; we have
S; ¢ P; by definition.
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Let x € P;\ S; minimize Y ke[ N] Tk ON Pi\ Si. We show
Vael :e,(z)=0 (16)
as follows. If there exists an a € I with ¢}(z) > 0 we obtain y := (f)™'(z) € P; by
Lemma 3.7(2). Since Yjpcn]¥k = Zke[n] Tk — 1 we conclude from the minimality as-
sumption on z that y € S;. Using (15) we obtain the contradiction =z = f (y) € S;.
Thus (16) holds. But now Lemma 3.7(4) tells us that x = (0,0,...,0) € S; contradicting
T € Pi\Si. O

Remark 3.8. The reason we use for a € I the notation €, f, is that we may interpret

this crystal structure on S; (i € W(wg)) as a realization of the *-crystal structure on
B(o0), where * denotes the Kashiwara involution [25, Section 8.3]. By doing this we get
an identification for the string polytope S;(A) (A € P*) defined in (46) as

B(\) ={z e B()|eq(x) <{ag,\) Yael}

in the spirit of [25] (see also Remark 3.10). This is addressed in more detail in [18,19].

Remark 3.9. In the special case that g is of type A, a proof of the equality &; = P; was
obtained in [20] using explicit defining inequalities for S; derived in [20].

3.3. Graded string cones

Following [27], we define the graded string cone

grs; = {()\,x) eZ! xS

N
A Zmax{xk+ Z ciz,ikxg} for allae[},

th=a £=k+1

which parametrizes a basis of HY(G/N,Og,r) by [27, Proposition 1.5].

Remark 3.10. By [25,34] the string cone S; has a crystal structure isomorphic to B(oo)
with €% (x) given by (12) (see also Remark 3.8). Furthermore, by [25, Proposition 8.2]
Lusztig’s canonical basis of the irreducible representation V(3 ,c; Aawq) is parametrized
by the set of z € §; such that €% (z) < A, for all a € I. This gives an alternative proof that
gr S; parametrizes Lusztig’s canonical basis of H°(G/N,Og/n)-

In the following we introduce positive functions on

arS; =Gl xS;,

m

whose tropicalization cut out gr S;:
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Definition 3.11. With the notation of Definition 3.2 we specify for a € I the positive
functions on grS;

5i,a()‘7x) = 5i,a($)7

N
5i,—a(>\,x) =)\ Z (x;l H x;cu,ik)
ke[N] 0=kt

ik=(l
Example 3.12. For g =sl3(C) and i=(1,2,1) we have (note that iy =i3=1)
5i,1(A1, A2, 21, X2, 23) = 3,
5i,71()\1a )\2,$1,(172,.CL‘3) = )\1$le2$§2 + )\11‘51.
For j=(2,1,2) we have

. i r3T1 + T2
si,2(A1, A2, 1,22, 23) = 552 0(id x W5) (A1, Ag, 21, 22, 23) = Q.
3

si,—2(A1, A2, 21,20, 23) = Aoz5t.
Proposition 3.13. For reduced words i,j € W(wq) we have

(1) Sj-a = 8i-a® \1/37
(2) gr&i={(Axz) € [grSiluop|Yae-[n]u[n] : [sialiwop(A z) 2 0},

Proof. Statement (1) is a straightforward computation. Statement (2) follows from
Proposition 3.5. O

We introduce the analogues of s; , and gr&; for Lg as follows.

Definition 3.14. For a € I we specify on grS; the positive functions §; , := s; , and

N
s - () & (! T1 07
bel ke[N] t=k+1
1L=a

Definition 3.15. We introduce the graded string cone of “g as

grS; == {(\,z) € [grSiluop | Va e -[n]u[n] : [§ialtrop (A, z) >0} .
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4. The cluster spaces of the base affine space
4.1. Generalized minors and the open double Bruhat cell

In the following we identify the weight lattice of g with the group of multiplicative
characters on T. For a dominant weight A : T — G,,, we define the principal minor
Ay : G - A to be the function defined on the open subset N~TN c G by

A(u tu™):=X(t) u eN ,teT,u" eN.

Let 7,d be extremal weights such that v = w1\, § = wa A for some wq,ws € W, X € P*.
Recall the embedding of sets (4) of W into Normg (7). The generalized minor associated
to v and 4 is

Ay s5(g) = Ax(wy ' gws), geG.

The base affine space G/N is the partial compactification of the open double Bruhat
cell

G™ := Bwy B B_

obtained by allowing the generalized minors A, ., and Ay, e, w, to vanish (see [3,
Section 2.6]).

4.2. The cluster ensemble of the open double Bruhat cell

4.2.1. Cluster seeds

Following Fomin—Zelevinsky, Berenstein—Fomin—Zelevinsky and Fock—Goncharov [14,
3,15,12] we recall the definition of the cluster ensemble associated to GV¢. We start by
introducing the notion of a seed.

Definition 4.1. A seed is a datum X = (A, {-,-}, {ex trear, Mo), where

(i) A is a lattice,

(i) {-,-} is a skew-symmetric Z-valued bilinear form on A,
(iii) Mo c M is a finite set,
(iv) {ek}renr is a basis of A.
We associate to a seed ¥ = (A, {:, -}, {€ex }kerr, Mo) a quiver I'y; as follows. The vertices
{vi}kenmr of T's, are indexed by M. If {ex,e;} > O then there are {ej,es} arrows with
source v and target vy in I's. A vertex vy is called frozen if k € My and mutable if
keM~ M,.
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Let 3 = (A, {-,-},{ex }rers, Moy) be a seed. For each k € M ~ My we define the seed
pr(Ts) = (A, {ex, e}, {e) }kenr, Mo), called the mutation of ¥ at k, by setting

,  |e;j+max(0,{ej,ex})er ifj*k
e
—€k lfj =k.

The quiver u(I's) =T, 5, called the mutation of I's at k, is obtained as follows. The
vertices and frozen vertices of I's; and ui(I's) coincide. Furthermore ux(T's) has the
same arrows as ['s, except:

(i) All arrows of 'y, with source or target vi get replaced in pg(I's) by the reversed
arrow.
(ii) For every pair of arrows (hy,hs) € I'y, x I's; with

v = target of h; = source of hg

we add to ui(I'y) an arrow from the source of hy to the target of hs.
(iii) If a 2-cycles was obtained during (i) and (ii), the arrows of this 2-cycle get canceled

in pe(I's).
(iv) Finally we erase all arrows between frozen vertices.

To a seed X = (A, {-,-},{ex }rers, Mp) we assign the A- and X-cluster tori
Ty := SpecZ[ A | ke M] and Ty := SpecZ[Xi' | ke M].
We also consider the tori
Tal = SpecZ[Af' | ke M\My] and Tg:= SpecZ[X{' | ke M\My]
corresponding to the mutable vertices along with the natural maps
Ly Tgf > Ty and 7s: Ts - Tgf

We introduce birational A-cluster transformations py @ Ty -» T,, » and X-cluster
transformations 7iy : Ty -» T,U«k 0

n 27 g A
pr A = Ji{ej.er}>0 Ak j:{ej,en}t<0 A ’ (17)
Ay else,
» X];I if £ =k,
ke s X (1+ nggn{ee,ek})—{”’e’“} else. 1)
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For seeds 3 and ¥’ obtained by a sequence of mutations we define ,ug, : Ty, -> Ty and
E%; : Tg -> Tzz by composition.

The cluster space A and the dual cluster space X are the schemes obtained by gluing
the tori (Ty) and (Tyx) via (17) and (18), respectively. The spaces A and X are related
by a set of maps, which are referred to as p-maps in the literature. We recall the definition
following [22, Chapter 2]:

Definition 4.2. A p-map is a family p = (py) : A - & of morphisms
ps: Ts - Ty,

which is compatible with mutations, i.e. py = ﬁg, opyo ,ug,, and satisfies

(puos(A)), = ] Al for ke, (19)
LeM\ My
(72 ops(A)), = J] Al for k € M\ M. (20)
LeM

If My = @ holds, i.e. if there are no frozen vertices then there exists a unique p-map.
For an arbitrary cluster datum as in Definition 4.1 the situation is as follows. For a seed
> we write

Ty =TI xTL, Ty:= T x T,

Written in the torus coordinates of a fixed seed ¥ any two p-maps p,p’ : A - X defer
by a morphism dyx,, : T;O - Tgo, ie.

Py, = (1d X 620) . plzo : TZO - Gr{rqz) mutable} % TfEO N GT{T;) mutable} % Tgo _ TE()' (21)

Here - denotes the multiplication in Ty, .

Conversely, any mutation compatible family of maps (Ty, -» Tg), with ¥ running over
the set of seeds, is a p-map if it satisfies equations (19) and (20) for a fixed seed ¥ with
pEo € Hom(T 3o TEO )2

Lemma 4.3. Let py € Hom(Tyx,, Ts,) satisfy (19) and (20) for ¥ =%q. Then
pi= (B5° ops, on3,) A= (Tx) > (Ts) = X
is a p-map. In particular, the map p is reqular.
Proof. Associating to the seed o = (A,{:,-},{€x}rersr, Mo) the seed ng = (A {- -},

{ex}rerr, @) we obtain the cluster spaces AY and X¥. In other words, ng is obtained
from ¥ by defining all k € M to be mutable. Thus, we have Ty, = ngf and Tgo = Tng.
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Let p’ denote the unique p-map between AY and X¥. Then p’ satisfies (19) and (20).
Consequently, there exists Jy,, : Ton - Tgo, satisfying (21).
From (18) we deduce
A5 0 Py, ops, = Ay’ © (id x dx, - Py, ) o x5, = (id x dx, ) - (B5° 0 Py, on5, ) -
The claim now follows, since regularity as well as the validity of (19) and (20) is not
affected by multiplying with id x ;. O

4.2.2. Seeds associated to reduced words
Following [3] we associate to every reduced word i € W(wq) a seed ¥;. We throughout
identify

Y and i,

i.e. we denote the seed ¥ also by i. Consequently, we write T;, Tj, ,uJi. and ;’I} for Ty,,
Tzi, ng and ﬁg;, respectively.

The quiver I'; can be described as follows. We denote the vertices of I'y by {vy, | k € M},
where

M:={-1,...,-n}u{l,...,N}. (22)

Using Definition 1.2 we write vy = vg - if B¢ = B4, and set vgq o := v_,. The frozen vertices
of 'y are

{w_g =va0|ael}u{w,:=vem, |acl}. (23)

In order to define the arrows in I'; we introduce the following notion. For k € [-n] we
set i = —k. For k € M we denote by k" = k; the smallest £ € M such that k < ¢ and
i¢ = 1. If no such ¢ exists, we set k* = N +1. For k € [N], we further let £~ be the largest
index £ € M with ¢ < k and i, = i.

There is an edge connecting v and v, with k < £ if at least one of the two vertices is
mutable and one of the following conditions is satisfied:

(1) £=k*,
(2) £<k*<l* cpe<0andk,le[N].

Edges of type (1) are called horizontal and are directed from k to ¢. Edges of type (2)
are called inclined and are directed from ¢ to k.

Remark 4.4. The quiver I'; associated to a reduced word i has at most one edge between
any two vertices v, w. We denote this edge by [v,w] if it exists.
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Example 4.5. Let g =sl3(C) and i=(1,2,1). Then I'; looks as follows:

V-2 ()
U1

Lemma 4.6. Let j € W(wq) be obtained from i € W(wq) by a 2-move or a 3-move in posi-

V-1 V3.

tion k. Then the swapping of the vertex vy with the vertex vig,1 induces an isomorphism
of quivers T'; ~ pg_1T.

Proof. The statement follows from the construction of I'; and [39, Theorem 3.5]. O

Example 4.7. Consider the graph I'; from Example 4.5. Then p;11'; looks as follows:

U1
V-1 V3.

Swapping v3 and vy yields the graph I'o1s.

V_2 V2

We consider the families (Tyx) and (Tx) of all tori corresponding to seeds ¥ which can
be obtained from a seed ¥ = i corresponding to a reduced word i€ W(w) by a sequence
of mutations. By [3] the open double Bruhat cell G¥°-¢ is covered up to codimension 2
by (Tx) via

G (24)
24
g~ (Asil'"sikwik’wik (g))keM )

The associated gluing maps are given in Section 4.2.2. We call the pair (A, X') the cluster
ensemble associated to GV°.

Remark 4.8. We defer from the convention in [3] as follows. The reduced word i for G%°¢
is denoted by —1i in [3]. The quiver T'; is isomorphic to the quiver associated to i in [3],
i.e. obtained from the quiver associated to —i in [3] by turning around arrows.

We use the following fact later.

Lemma 4.9. For a € I and reduced words i,j € W(wq) we have the equality of functions

ma,i ma,j

H Xa,r = H Xa,r Oﬁ}-
r=0 r=0
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Proof. Without loss of generality we can assume that j is obtained from i by a 3-move
at position ¢ with vy = v, 5. The claim then follows since we have for r € [m] ]

Xa,,’l" if’]"(S—l,
Xowoflh = Xar(1+ (Xas)™) ifr=s-1,

Xar-1(1+Xq5) ifr=s,

Xa,r-1 ifr>s. O

5. Gross-Hacking-Keel-Kontsevich potential and Berenstein-Kazhdan decoration
function

5.1. Gross-Hacking-Keel-Kontsevich potential

Recall from Section 4.1 that the base affine space G/N is the partial compactification
of the open double Bruhat cell G%°*¢:

G/N=G"°u |J Da,

+ae[n]

where D, is the divisor given by the vanishing locus of the functions A, ., for a <0
and Ay, w, w, for a >0, corresponding to the frozen vertices of I'; by (24).

In [23] a Landau-Ginzburg potential W on the dual cluster space X associated to
G/N is defined as the sum W = ¥ ,c1,,] W of certain global monomials W, attached to
the divisors D,. We are interested in W

7. since the cone
1

—

CE = {.’E € [TE]trop

[Wg, Junon() > 0}

cut out by the tropicalization of W‘Ti’ up to a natural conjecture (see Remark 5.4),
parametrizes a canonical basis for the ring of regular functions on the partial compacti-
fication G/N of GWo-°.

Using (23) we have the following definition of W,, which in [23, Corollary 9.17] is
shown to be well-defined.

Definition 5.1. If there is no arrow in I's; from the frozen vertex w, to a mutable vertex
we call ¥ optimized for w, and have W, T, = X;i.

For certain toric charts we have a closed explicit description of W|s :

Proposition 5.2. Fvery frozen vertex w, has an optimized seed. Furthermore, for a € I
and i=(i1,...,in) € W(wo) we have
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WZN|T1(X) = X]_Vlv (25)
meqe—1 k

Weale,(X) = 3 TIXo0 (26)
k=0 £=0

Proof. By definition the quiver I'; is optimized for the frozen vertex v;,, and (25) follows.
It remains to show (26) and that for a € I the vertex w_, has an optimized seed.

Let i € W(wq), j € [mq — 1] and let Fi(j) be the resulting quiver after applying the
sequence of mutations at the vertices v, 1,v4,2,...,%4,; to I's.

Between two vertices there is at most one arrow in Fi(j ), Furthermore, we have for
Jj>2

[UO,aa Ua,j+1]a [va,j+1ava,j] € Fi(j)- (27)

We prove that [vg q,Vq, j+1] is the only arrow in Fi(j) with source vg 4.

Let j be minimal such that there exist an arrow [vgq,w] in I‘i(j) with w # vg 41
and w mutable. Then [v, j-1,w] is an arrow of Fi(j_l). Note that [v,, -1, w] has to be
an inclined arrow of I';. Since w and v, j—1 are mutable, there exists an inclined arrow
[w, vg,r] in T'; with r < j—1. This arrow stays unchanged under the sequence of mutations
at va1,040,2, .-, Var-1, Creates an arrow [w, v, r—1+5] in Fi(HS) for r + s < j and cancels

the arrow [vg 4, w] in Fi(j ) yielding a contradiction.
)

Hence, the seed X corresponding to Fi(m“_l is optimized for v, 0 = w_,. Furthermore,

from (27) we recursively compute (26). O
Example 5.3. Continuing Example 4.5 we have for g =sl3(C) and i=(1,2,1)

Woilg (X) = X230+ XX WAlg (X) = X357,
Woalg (X) = X5, Walg (X) = X5 + X7 X5

Remark 5.4. In [23] a canonical basis for the ring of regular functions on an A-cluster
variety, called theta basis, is constructed under the assumptions given in [23, Defini-
tion 0.6]. This assumption is called the full Fock-Goncharov conjecture and ensures in
particular, that the theta basis is naturally identified with the tropical points of the
corresponding X'-cluster variety.

The full Fock-Goncharov conjecture for a partially compactified A-cluster variety fol-
lows from the work of Gross—Hacking—Keel-Kontsevich (specifically [23, Proposition 8.24,
Proposition 8.25, Proposition 8.27, Lemma 9.10]) assuming

(1) the existence of a green-to-red sequence,

(2) that every frozen vertex has an optimized seed,

(3) the surjectivity of the composition of the projection onto the mutable part with a
p-map, i.e. the map referred to as po in 5.1.
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In the case of double Bruhat cells, Goodearl and Yakimov announced in [21] (see [23,
Example 0.15]) the existence of a maximal green sequence. For the convenience of the
reader in the appendix we independently give maximal green sequences for seeds of GV¢
associated to certain reduced words. By Proposition 5.2 every frozen vertex of I'; has an
optimized seed and by [3, Proposition 2.6.] assumption (3) holds.

In conclusion, the full Fock—Goncharov conjecture for G¥°°¢ holds and there exists a
theta basis for the partial compactification G/N of GV°¢ parametrized by Cs.

5.2. Berenstein-Kazhdan decorations

In [4, Corollary 1.25], Berenstein and Kazhdan introduced as part of the datum of a
G-decorated geometric crystal the decoration function f2 = ¥ .c.; f2 on G, where for
acl

AW() WaSaWq (g) fB( ): AVV() SqWq Wa (g)

fEL(g) = ’ a :
AVVO Wq ,Wq (g) AVVO Wa ,Wa (g)

For certain toric charts we have a closed explicit description of fZ:

Proposition 5.5. For a eI, i=(i1,...,in) € W(wqo) and A = (Ag)kerr € Ty we have

fz?\]"]ri(A) = A]_VlAN_7 (28)
-1
Fhle ()= 3 [ A TT A7 - (29)
ke[N] LeM
ie=a I<k<t*

Proof. Recall from (24) that we may identify for k € M the function Ay, .
G"°-¢ with the k-th coordinate function Ay in the ring of regular functions on Tj.

8y wp, ;. ON
/Lk. 1k7 Zk
Equality (28) follows directly. For equality (29) we first assume iy = a. By [5, Equa-
tion (5.8)] and [13, Proposition 2.7] we get

H A;ic;’-l?sik wy o (9)
AW() Wa,SaWa (9) _ beI~{a}

AWo Wa,Wa (g) B ke[N] Asil"'Sikwa»Wa (g)ASil”'Sik_lwa:wa (g) ‘

1L=a

fE(g) =

(30)

The claim follows from (30) using identification (24) since we have for k € [N] and a,be I
with a #b

SaWp = Wh,

[T A e = TTAS
SiqSipWh,Wh SiySip_q Wh,Wh *
Le M bel
L<k<t® b+a
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In order to establish equation (29) for general i, it is enough to show that the right
hand side of (29) is invariant under 3-moves. If j is obtained from i by a 3-move at
position k € [N] replacing (ig-1,%k,ik+1) by (ig,ik-1,7x) With iy = a then by Lemma 4.6
and (17)

* -1 4-1 ~Cig,a -1 4-1 “Cigia | _ A-1 4-1 “Cig,a
pe | A A T A, + A A TT A = A A T A
Le M Le M Le M
t<k<t* <kt <t L<k<t®

If i # a with ¢;, # 0 the claim follows by symmetry. For ¢;, = 0 there is nothing to
show. O

Example 5.6. Continuing Example 4.5 we have for g =sl3(C) and i=(1,2,1)

A A A
B 2 2 B 1
A) = A)=—
Ik, (4) ALA AAy Ik, (4) Az’

A A ALA
Bl (A)= —— Bl (A)= L =222
f72|Ti( ) A_QAZ’ f2 |Ti( ) Aq i A1 A,

We denote by Cs; the cone cut out by the decoration function fZ:

Cs = {A € [Tz]trop

[fB‘TELrOp (A) > 0}.

6. Lusztig parametrization via cluster varieties

In this section we relate the cone gr£; of Lusztig’s graded parametrization to the
cone C; cut out by the tropicalization of the Gross-Hacking-Keel-Kontsevich potential
function W introduced in Section 5.1. Dually, we relate the cone grL; associated to
the Langlands dual Lie algebra g to the cone C; cut out by the tropicalization of the
decoration function fZ due to Berenstein-Kazhdan defined in Section 5.2.

Motivated by the Chamber Ansatz due to Berenstein-Fomin-Zelevinsky [2] as well
as by [5, Equation (4.14)] and [17, Section 5] we introduce the following coordinate
transformations using the notations of Section 4.2.2 and (2). First, we set for k,f € M =
~[n]U[N]

1 ifk<l<k®,
[k, 0] = =Cipip -4 3 if €=k or £=k* (31)
0 else.

Definition 6.1. We specify grmi € Hom(gr]Li,Ti) and grCA; € Hom(T;,grlL;) (A =
(Ag)rerr € Ty, (z,A) € grLy)):
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zl ifk<0,

(et NA (N, 2))p = d il if by kY € [N],

At i kY = N +1,
k

ar CA;(A) = (A;}’ma*)ad,(n Agf,k]]) )
ke[N]

LeM

Example 6.2. Let g =sl3(C) and i=(1,2,1). Then we have

grmi(A17A2axlvx27m3):(_7_7_7_7_)7
Tr1 9 X3 /\1 AQ

11 A, Ay As )
Ay  A37 A AT Ao Ay’ A1As )

gr CA; (A1, As, Ay, Ag, Ag) = (

Remark 6.3. In Lemma 8.1 we show that [gr ’NKi]trop and [gr CAj Jirop and consequently
also gr NA; and gr CA; are isomorphisms.

The families (gr NA;) and (gr CA;) have the following transformation behavior.

Lemma 6.4. Fori,j e W(wq) the following diagrams commutes.

grCA; gr NKi

— e S T

T
1} idx®} l i}

gr CA; gr NA;
T, —————=grly ————=Tj.

i

Proof. Without loss of generality we can assume that j is obtained from i by a 3-move at
position k with ¢, = a. Then by Lemma 4.6, the tori Tj and Tj are obtained from T; and T;
by X-cluster and A-cluster transformation at the 4-valent vertex k—1 of I'j, respectively.
The commutativity of the diagram then can be checked by direct computation. O

We relate the GHKK-potential and the BK-decoration function to the functions [ _,
and fi,_a introduced in Definition 2.4 and 2.6, respectively:

Theorem 6.5. For a € +I and i€ W(wq) we have

lia = Wa'T o grNA;, (32)

£2p =Tia0grCA;. (33)
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Proof. For a < 0 equalities (32) and (33) follow directly from Proposition 5.2 and Propo-
sition 5.5, respectively. For a > 0 equality (32) follows directly from Lemma 6.4 and
Proposition 5.2. In order to show (33) we compute using Lemma 6.4 and Proposition 5.5
fora=in, AeT;:

M -c Ca AN-
;a0 gr CAj(A) = (H Abv;;l’:) Aama-1Aam, [] Ayn. = ﬁ = f2]p,(A). ©

bel b+a

As a direct corollary of Theorem 6.5 we obtain:
Corollary 6.6. For a € I the functions l;_, and Ei,—a are reqular.

Theorem 6.5 has the following implications for the interplay of parametrizations of
canonical bases.

Corollary 6.7. We have the following equalities of cones:

é\i = [grmi]trop(gr ﬁi)?
gr L{ = [gr CAi]trop(Ci)-

Proof. The statement follows by the tropicalization of Theorem 6.5. O
7. String parametrization via cluster varieties

In analogy to Section 6 we relate in this section the graded string cone grS; to the
cone C; cut out by the tropicalization of the GHKK-potential function W. Dually, we
relate the cone grS;’ associated to the Langlands dual Lie algebra Lg to the cone C; cut
out by the tropicalization of the BK-decoration function fZ.

Motivated by the Chamber Ansatz due to Berenstein-Fomin-Zelevinsky [2] as well
as by [5, Equation (4.14)] and [17, Section 5] we introduce the following coordinate
transformations using the notations of Section 4.2.2, (31) and (2).

Definition 7.1. We specify gr CA; e Hom(grS;, T;) and grNA; € Hom(Ty, grS;) (A, z) €
grSi,X = (Xk)keM € Ti)i

AL T age T ir k<o,

. Le[N]
(gr CAij(\, @) ) =
I1 xgk,e]] else,
Le[N]
grNA;(X) = ((X;,lma)ad ) (Xk_le‘)ke[N]) '
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Remark 7.2. In Lemma 8.1 we show that [gr CA;]irep and [gr NA;]irep and consequently
also gr CA; and gr NA; are isomorphisms.

Example 7.3. For g =sl3(C) and i=(1,2,1) we have

— 2 1
ngAi(Ah)\Qamthvl'S)2(5813;3 2 T2 I8 2 )

)\11?27 /\296‘37 $1$3’ 3327 €3

1 1 X1 X X
ngAi(X1,X2,X1,X2,X3):(—,—,—1,—2,—1).
3

The families (gr CA;) and (grNA;) have the following transformation behavior.
Lemma 7.4. Fori,je W(wq) the following diagrams commutes.

grNA; gr é\Ai

T; grS; T;
,u} idx\IJ} ‘/ﬁ;
gr NA; gr €j ~
Tj ar Sj Tj.

Proof. Without loss of generality we can assume that j is obtained from i by a 3-move
at position k with i, = a. Then by Lemma 4.6, the tori Tj and Tj are obtained from
T; and T; by X-cluster and A-cluster transformation at the 4-valent vertex k — 1 of
I';, respectively. The commutativity of the left diagram then can be checked by direct
computation.

The commutativity of the right diagram is obtained as follows. Note first that the
graph T'; looks locally around k — 1 as follows:

Uja Uk
Vk-1

for some ji,50 € M ~{k—-1,k,k+1}. Let (\,x) € grS;. For m € [N] we define y,, =
HEE[N]\{k—l,k,k+1} 1‘Em’£ﬂ. Let X' = (ﬁ; o gr(ﬁl)()\,x) and X" = (gr@j oid x \I/;)(A,SC)
For m e [N]\ {j1,j2,k - 1,k, k + 1} we clearly have

Vs, Vk+1,

X! = X", (34)

Noting the swapping of k and k + 1 in Lemma 4.6 and the definition of [-,-] in (31) we
have
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7 -1 4
Xk—l =T Tk-1Tk+1 = Xk—l
" -1 -2 !
Xy = Yk T (Tre12p-1 + ) = X,

" -1 /
Xk+1 = Z/k+1$k+1($k+1xk—1 + 5l7k) = Xk+1-
If 51 20, j2 >0, we have

! -1 -1 -1 "
Xj, =Yy Te-1(1+ 2y @ @k) = X5,

X = yn i (L Xpa Xpan X5 1) 7= X7

It remains to show (34) for m e {-n,...,—1}. Using Definition 1.2 and v, o = v_g, the
following equality holds for any b € I and any reduced word i’ € W(wy):

F_IO (2r CAr (A 2)), , = A7 (35)

By Lemma 4.9 we deduce from (35)

e —
[T (@ ogr CAi()\,x))b’T =\t (36)
r=0

Setting —m = a € I we obtain

Ma,j

X5 T (erCRyoiax o)) ).
r=1 7

T (7 oer TRV ) = XL,

r=1 7

where the first equality follows from (35), the third from (36) and the second from what
has been shown above. O

We relate the GHKK-potential and the BK-decoration function to the functions s; _,
and §; _, introduced in Definition 3.11 and 3.14, respectively:

Theorem 7.5. For a € +I and i € W(wq) we have
Sia = WalTi ogr ﬁi, (37)
fPlp = 8ia0gr NA;. (38)
Proof. For a > 0 equalities (37) and (38) follow directly from Lemma 7.4 together with

Proposition 5.2 and Proposition 5.5, respectively. We define k(a, s) by vj(q,s) = Va,s. For
a < 0 equality (37) follows from Proposition 5.2 and (X € T)
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JRTRARRCEE I )
r=0/¢e[N] L<k(-a,s+1)

To prove (38) we compute using Proposition 5.5

bel N Ap- l=k+1
’ik =—a

v —C_a.b Ak N A@’ ~Cig,-a B
Si,a O8I NAI(A) = H Ab,mb’ n H (A—é) = fa |’]I‘; (A) |
ke[N]

As a direct corollary of Theorem 7.5 we obtain:
Corollary 7.6. For a € I the functions s; o and $; o are regular.

Theorem 7.5 has the following implications for the interplay of parametrizations of

canonical bases.

Corollary 7.7. We have the following equality of cones:

—

Ci = [gr ﬁi]trop(gr Si)7 (39)
grSl\/ = [ngAi]tropCi-

Proof. The statement follows by tropicalization Theorem 7.5 and Proposition 3.13. O

Remark 7.8. For the special case that g is of type A, equality (39) appeared in [31] for
the lexicographically minimal reduced word and in [6] for an arbitrary reduced word.

8. Unimodularity of cones and polytopes

In this section we view all cones as subsets of R and will refer to them by the
same name as their integral analogs.

Let m e N and C1,Cs c R™ be two polyhedral cones. We call a bijection f: C; - Cs a
unimodular isomorphism of Cp and Cy if there exists a lattice isomorphism g : Z™ — Z™
such that f = 9‘01'

Lemma 8.1. We have the following unimodular isomorphisms:

[2r NAiJirop : g7 Li = Ci, (40)
[gr CAiJirop : g1 Si > Ci, (41)
[gr CAsltrop : Ci > gr Ly (42)
[gr NA; Jtrop : Ci — gr Sy . (43)
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Proof. Reordering the coordinates on x € [grLi]op ®z R as

(xl,...,$N,)\1,...,)\n)

the definition of [grmi]trop yields that the corresponding matrix has integer entries,
is lower triangular and all diagonal entries are equal to —1, whereas the definition of
[gr CAjJirop yields that the corresponding matrix has integer entries, is upper triangular
and all diagonal entries are equal to —1. Hence, [gr ’NKi]tmp and [gr CA;Jiop are lattice
automorphisms of Z"*". Using Corollary 6.7, claim (40) and (42) follow.

Reordering the coordinates on z € [grS;Jirop ®z R as

(Al,...,)\n,xl,...,x]\/)

the definition of [gr @i]trop yields that the corresponding matrix has integer entries, is
upper triangular and all diagonal entries are equal to —1. Hence, [gr (/?\Ai]trop is a lattice
automorphism of Z"*. Using Corollary 7.7 claim (41) follows.

Reordering the coordinates on y € [Si]rop ®z R as

(.’171,...,.’BN,)\n,)\n,l,...,/\l)

the definition of [gr NA;]uop yields that the corresponding matrix has integer entries,
is upper triangular and all diagonal entries in {-1,1}. Hence, [gr NA;]uop is a lattice
automorphism of Z"*V. Using Corollary 7.7 claim (43) follows. O

Using Lemma 8.1 we deduce a unimodular isomorphism of the graded string cone
and the graded cone of Lusztig’s parametrization which can be found in the literature
combining [33, Corollaire 3.5], [8, Lemma 6.3].

Proposition 8.2.

N —— —
(1) The map [grNA; o grCA;luop is a unimodular isomorphism of grS; and gr L;.
Ezxplicitly, it is given by

(N, 2" = [grm;l ogr ﬁi]trop()\,x),
Aw = Aar (44)

!
T =Ny = Tk — ., Cip iy To-
>k

(2) The map [gr CAiongAi_l]tmp is a unimodular isomorphism of grS;,’ and grL;.
Ezxplicitly, it is given by
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(N, 2") = [gr CAjogr NAi_l]trop(/\, x),

A = Aaes
¢ (45)
x) = (Z cik,a)\a) — Tl = Y. Cipin T
ael >k

Proof. The unimodularity follows from Lemma 8.1. It remains to show the explicit
description of the maps. We define k(a, s) by vi(q,s) := Va,s- Then (44) follows by tropi-
calizing the identities

s—1

$:1’T - H([gr @i]th()Vx));,lr = )‘ax;,ls H x;w,a’
=0 o>k(a,s)
)‘:z = H ([g[‘ éxi]trop()\ﬂﬂ));}’?« = Ag+-
r=0

Using gr NA; 7 (A, z) = A7 ! [ #a,s equality (45) follows by applying gr CA; and trop-
s>r
icalizing. O

We call two polytopes Py, P, ¢ R™ affine unimodular isomorphic if there exists a
lattice isomorphism ¢ : Z™ — Z™ and a vector v € Z™ such that g(P;) +v = P5.
For A € N the polytope

Si\) = {z e NV [ (\,z) egrS;} (46)
is called the string polytope of weight X. For A\ e N! the polytope

Li(N) ={z e NN | (\z)egrL;}
is called Lusztig’s polytope of weight .

Corollary 8.3. For A = (A1,...,A\n) € NV and X\* = (A\1+,...,\nx), the polytopes Si(\)
and Li(X*) are affine unimodular isomorphic.

Proof. By Proposition 8.2, we have
A71 —_ * *
[er NA; o gr CAiJerop ({A} x Si(A)) = {A"} x Li (A7)
and the claim follows. O

9. Proof of Theorem A

In this section we deduce Theorem A from Theorem 6.5. We set

p; = grNA; o DogrCA;: T; —» Tj,
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where D: G x G - GI x G denotes the regular map given by D(\,z) = (N, z) and

! _ Ca,b
)‘a - H )\b .
bel

By Theorem 6.5 we have for i € W(wq)
fB|Ti = W|Ti °Pj-
Thus, globally fZ =W op holds, where p = (py) : A - X is defined as
Py =My o pyops, : Ty - Ty. (47)

A priori py, is a rational function. It thus remains to show that py, is regular. We establish
the stronger statement that p = (py) is a p-map in the sense of [22, Chapter 2] (see
Definition 4.2):

Proposition 9.1. The map p = (py;) defined by (47) is a p-map.

Proof. By Lemma 4.3 it is enough to verify (19) and (20) for a single seed 3. We therefore
assume that > = X is associated to a reduced word i as described in Section 4.2.2. In

particular, in (22) we identified the vertices of the quiver associated to ¥; with the set
M =-[n]u[N]. For

ke M\My={ke[N]|k"e[N]}
Equations (19) and (20) hold since

_ (DogrCAsz),  (grCAjm),
o (DogrCA;x),. (grCAjz),.

[T T T T

(pi2);, = (srNAj 0o DogrCA; )

LeM L~ LeM LeM leM
l<k<lt<k* k<t<k*<et
Cig i =" Cig i ="

It remains to show (19) for k € My. Suppose that k € —=[n]. We have

(piz), = (grmi oDogr CAix)k =(Dogr (]Ai:z:);iL = (ngAix);i
_ H xzﬂe,k 1_ Th (xk:+) H le H J;Zl_

Le M Le M LeM
<k k<t<kt<e*
k+<£+ Cié’ikz_l
Cip,ig ="

Assuming that k% is not contained in My we thus obtain for the restriction p;ot; of p;
to the torus corresponding to the vertices ¢ € M\ M,
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(pi OLi)k = (xk") H le — H xéek,ee}.
Le M\ M, LeM\ M
k<t<k*<tt

Cip,ip, =

If k" is contained in M, we obtain

_ -1 _ {ew,ec}
(piow)= [I 2= I = :
ZEM\MQ ZEM\MO

k<t<kt<e*

Cipip, =

It remains to verify (19) for k € [N] with k* ¢ [N]:

—_— Cix-’ *
(pijz), = (gr NA; o DogrCA; m)k =(DogrCA;z), [] xb*’jéb*
bel
L,k Cix, -1 _—
= H :L’E HH%,%Z = (zp-) lxkl H Zy.
Le M bel Le M
I<k<l®
Cipif ="

Assuming that k™ is not contained in My we thus obtain for the restriction p;o¢; of p;
to the torus corresponding to the vertices ¢ € M\ M,

-1
(pi O[fi)k = (;L'k_) H Ty = H l'i;elwee}-
ZEM\MO EEM\MO
L<k<t*<k*

Cigyig =

If £k~ is contained in M, we obtain

_ _ {ekvee}
(pioti)y= I xe= ] =y . O
ZEM\MO ZEM\MO
I<k<lt<k*
Cip i ="
From explicit construction of p; for seeds ¥ = 3; associated to reduced words we
deduce

Proposition 9.2. The map p: A - X is a finite cover. The degree of p equals the deter-
minant of the Cartan-Matriz C = (cqp)-

Proof. By Proposition 8.2 the maps grNA; and gr CA; are isomorphisms. The claim
follows by inspecting the definition of D. O

Example 9.3. For g =sl3(C) and i=(1,2,1) we have

Ay AAs AAy A Ay ALA
p(A_1,A_2,A1,A2,A3):( 2 143 242 9, A3 1 1).

AT AQAy A1AsT A T Ao
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By Theorem 7.5 we obtain that the map p’: A - X defined by
pj:=grCAjoDogrNA;: T; » T;

also satisfies fg = W o p'. We deduce from a computation analogous to the proof of
Proposition 9.1 that the functions p’ and p coincide.

Remark 9.4. In [16] the first author gives another construction of the map p in type A
as a canonical choice of a p-map p: A - X without referring to the Chamber Ansatz. In
[16] the map p occurs as a crucial ingredient in the explicit definition of a B(oo)-crystal
structure on the analogues of C; c [T J4yop and Ci c [Ti]trop for the reduced double Bruhat
cell.
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Appendix A. Maximal green sequences

We refer to [26] for an overview over the topic of maximal green sequences. Goodearl
and Yakimov [21] announced that for G simple, simply connected the cluster algebra of
the double Bruhat cell B¥°® possesses a maximal green sequence. For B¥%¢ of type A a
maximal green sequence was constructed in [32]. Following a suggestion of the anonymous
referee we get the existence of maximal green sequences for double Bruhat cells of type D
and E which we demonstrate here, details of proofs and more general results appear in
another paper.

Recall, that for a quiver ) without frozen vertices, the principal extension is a quiver
QP"" such that for each vertex v € Q we add a frozen vertex v¢ and an arrow v — v?.
A vertex v of a quiver is green if in the principal extension all arrows joining the vertex
v and frozen vertices are directed from the vertex v to the frozen and red if the all
arrows joining the vertex v and frozen vertices are directed from the frozen vertex to v.
A mazximal green sequence is a sequence of mutations at green vertices which starts at
QP"" and terminates at a quiver where all mutable vertices are red.

To get maximal green sequences for the types D,, and F, we consider a more general
situation.
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We need some notations. For natural numbers ki > ... >k, > 2 we denote by Ty, .,
a quiver which is a bougquet of equioriented quivers of types Ag,, ..., Ax, such that each
line quiver has one sink and all these sinks are glued together at the root of the bouquet.
We label the vertices of the bouquet Tk, .. k. as follows. The unique sink is labeled by 1.
We then traverse from the sink to the source of Ay, and assign gradually labels 2, ..., k;.
We continue with Ay, from the sink and assign gradually labels ki +1,... k1 + ko — 1;
ki + ko, ... k1 +ka+ks—2; and so on until Ag, with the labels k1 + ...+ kg1 — (s —2) +
ook +. +ks—(s—1).

Here we depicted T} 3 3.2.

-----

4 3 2

A banner By, of size m x £ ((m,¢) € Z2,) is a quiver which is the product of equior-
iented quivers of type A,, and type A, enriched with arrows in each type As x As-
subquiver, such that the added arrows divide the squares into two cyclically ordered
triangles.

Here is an example of B34, where each copy of type As is colored red, each copy
of type Ay is colored blue and the arrows diving the squares are colored black. (For
interpretation of the colors in the diagrams, the reader is referred to the web version of
this article.)

A multi-banner Ty, ., O A; is defined as follows. We take the equioriented quiver
of type A, with a single source and single sink and enrich the product T}, .. . x A; by
replacing each product of type Ay, x Ay with the banner By, ». In other words, we take
the amalgamation of the banners By, ¢,..., By, ¢ along Ay.

We assign the following labels to the vertices of the multi-banner Ty, ., 0OA,. Firstly,

we place the original bouquet T}, .. . at the source of A,. We place the copy T,S)
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at the vertex next to the source and so on, the last copy T,gf)m . at the sink vertex. We

label the vertices of the t-the copy Tlgf?...,ks’ 2<t<d, by ) where r denotes the label
of the original vertex of the bouquet Ty, g, 1<7r<ki+...+ks—(s—1).

Here is an example of T3 o O A4, where the quivers of type A3 in each T35 copy are
colored blue, the quivers of type Ay green, while the arrows corresponding to the type
Ay-quivers in the product are colored red. The arrows we add to the products in the
banner are colored black.

3 3(2) 33) . 3(4)
AN
X 22) 2®) 2@
2) 43) . 44
|
1 12 1) 1(4)

A maximal green sequence for the above example is given by successive mutations at the
following sequence of vertices read from left to right:

(4(4)’3(4), 2(4)’ 1(4)’4(3)’3(3)’ 2(3)’ 1(3)’4(4)’ 3(4)’ 2(4)’ 1(4)’4(2)’ 3(2)’ 2(2)’
1(2)’4(3)’ 3(3)72(3)7 1(3)74(4)73(4)72(4)’ 1(4)’4(1)’3(1)’2(1)7 1(1)74(2)’3(2)’
2(2)’ 1(2)’4(3)73(3)72(3)7 1(3)74(4)73(4),2(4), 1(4))'

We denote by T,. (r € [£]) the composition of mutations at the following sequence of
vertices in the multi-banner Ty, . 5, 0O Ap:

T, = ((k1+k2+...+ks—s+1)(r),(k1+k2+...+k3—s)(r),...,l(”)
Proposition A.1. For a multi-banner T, ., O Ay, the sequence
T (Tp1%n) . (1%, %)
s a maximal green sequence.
From this proposition we get maximal green sequences for type D,, (n >4), Eg, E7,
and FEg as follows.

For type D,,, we consider the following labeling of simple roots depicted in the Dynkin
diagram:
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Then, for the reduced word
ip=(12...(n-2)(n-1)n)""" e W(wy)

the quiver I';,, with frozen vertices cut off is the multi-banner 7T}, 5 o 0 A,,—;. Therefore
the maximal green sequence of Proposition A.1 for T}, 2220 A,_2 is a maximal green
sequence for the D,-type double Bruhat cell BY-¢.

We give an example of the graph I';, for D5 below. This is the multi-banner 75 5 o0 As3.
In every copy of 1522 we color the corresponding quiver of type As yellow and the
quivers of type A, green and blue, respectively. The type As quiver along which the
amalgamation is taken is colored red. The labels of the vertices are the labels used in
the definition of I';,.

Us V10 V15

U1 Ve V11

S
pa—

A maximal green sequence for the quiver I';, is in the example above given by the se-
quence of mutations at the vertices (15,14,13,12,11,10,9,8,7,6,15,14,13,12,11,5,4, 3,
2,1,10,9,8,7,6,15,14,13,12,11).

For general D, a maximal green sequence is given by successive mutation on the

V2

V13

vertices:
6(1),6(2),...,6(% -1), (48)

where we set
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J(k)==(N-kn,N-kn-1,....,N-(k+1)n+1),
S(k):=3(k),3(k-1),...,3(1).
The reader who prefers not to rely on Proposition A.1 will encounter no difficulty in

checking that (48) is a maximal green sequence by induction over n.
For type Eg, we consider the following labeling of simple roots:

Then, for the reduced word
ig, = (123456)° e W(wy)

the quiver I';,  with frozen vertices cut off is the multi-banner 73 3 o 0 As. We get the
following maximal green sequence from Proposition A.1:

(30,29, 28,27, 26, 25,24, 23,22, 21,20, 19, 30, 29, 28, 27, 26, 25, 18, 17, 16,
15,14,13,24, 23,22, 21,20, 19, 30, 29, 28, 27, 26, 25,12, 11, 10,9, 8, 7, 18,

17,16,15,14, 13,24, 23,22, 21,20, 19, 30, 29, 28, 27, 26, 25,6, 5,4, 3,2, 1,

12,11,10,9,8,7,18,17,16, 15,14, 13,24, 23,22, 21,20, 19, 30, 29, 28, 27,

26,25).

We depict the unfrozen part of I';,  below for the convenience of the reader:

" \m\m\m\m
U4 = V10 V16 = U2 = Uag

A A
/ / / /

For type Er, we consider the following labeling of simple roots:

> Va7-




V. Genz et al. / Advances in Mathematics 369 (2020) 107178 39

Then for the reduced word
ip, = (1234567)" € W(wo)

the quiver FiE7 with frozen vertices cut off is the multi-banner T 3o 0O Ag. Hence we

obtain from Proposition A.1 the maximal green sequence

(42,41, 40,39, 38,37, 36,35, 34, 33,32, 31, 30, 29, 42, 41, 40, 39, 38, 37, 36,
28,27,26,25,24, 23,22, 35, 34,33, 32,31, 30, 29, 42, 41, 40, 39, 38, 37, 36,
21,20,19, 18,17, 16, 15,28, 27, 26, 25, 24, 23, 22, 35, 34, 33, 32, 31, 30, 29,
42,41,40,39,38,37,36,14,13,12, 11, 10,9, 8,21, 20, 19, 18, 17, 16, 15, 28,
27,26,25,24,23,22, 35, 34, 33,32, 31, 30, 29, 42, 41, 40, 39, 38, 37, 36, 7, 6,
5,4,3,2,1,14,13,12,11,10,9,8,21, 20, 19, 18,17, 16, 15, 28, 27, 26, 25, 24,
23,22, 35,34, 33,32, 31,30, 29, 42, 41, 40, 39, 38, 37, 36)

We depict the unfrozen part of I'y,_ below for the convenience of the reader:

s v12 v19 V26 U3z V40

Then, for the reduced word
ip, = (12345678)% e W(wo)

the quiver I'y,  with frozen vertices cut off is the multi-banner 75 3 o O A7. Thus from
Proposition A.1 we obtain the maximal green sequence
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(56,55,54,53,52,51, 50,49, 48, 47, 46, 45, 44, 43,42, 41,56, 55, 54, 53, 52,
51,50,49, 40, 39, 38,37, 36,35, 34, 33,48, 47, 46, 45, 44, 43, 42, 41,56, 55,
54,53,52,51,50,49, 32, 31, 30,29, 28,27, 26, 25, 40, 39, 38, 37, 36, 35, 34,
33,48, 47,46, 45, 44, 43,42, 41,56, 55, 54,53, 52, 51, 50, 49, 24, 23,22, 21,
20,19, 18,17, 32,31, 30,29, 28,27, 26,25, 40, 39, 38, 37, 36, 35, 34, 33, 48,
A7,46,45,44, 43,42, 41,56, 55, 54, 53,52, 51,50, 49, 16, 15, 14, 13, 12, 11,
10,9,24,23,22,21,20,19, 18, 17,32, 31, 30, 29, 28, 27, 26, 25, 40, 39, 38,
37,36,35,34, 33,48, 47, 46,45, 44, 43,42, 41,56, 55, 54, 53, 52, 51, 50, 49,
8,7.6,5,4,3,2,1,16,15,14,13,12, 11, 10,9, 24, 23,22, 21, 20, 19, 18, 17,
32,31, 30,29, 28,27, 26, 25, 40, 39, 38, 37, 36, 35, 34, 33, 48, 47, 46, 45, 44,
43,42,41,56,55,54,53,52, 51, 50, 49).

We depict the unfrozen part of I';,  for the convenience of the reader:

\\\\\\\\\\\\
A A A A
A A A Aa

A A A A
A A A Aa
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