DYNAMICAL SYSTEMS, 2017 Taylor & Francis
https://doi.org/10.1080/14689367.2017.1381232 Taylor & Francis Group

M) Check for updates

Criteria on existence of horseshoes near homoclinic
tangencies of arbitrary orders

Sergey Gonchenko?, Ming-Chia Li® and Mikhail Malkin®

2Supercomputer Technology Inst., Lobachevsky State University of Nizhny Novgorod, Nizhny Novgorod,
Russia; ®Department of Applied Mathematics, National Chiao Tung University, Hsinchu, Taiwan; “Inst. of
Information Technology, Mathematics, and Mechanics, Lobachevsky State University of Nizhny Novgorod,
Nizhny Novgorod, Russia

ABSTRACT ARTICLE HISTORY
Consider (m + 1)-dimensional, m > 1, diffeomorphisms that have a Received 15 May 2017
saddle fixed point O with m-dimensional stable manifold W?*(0), one- Accepted 11 September 2017

dimensional unstable manifold W¥(0), and with the saddle value o
dif_ferent from 1. We assume thaF WF(0) and WH(O) are tangent at the Homoclinic tangency;
points of some homoclinic orbit and we let the order of tangency topological horseshoes;
be arbitrary. In the case when o < 1, we prove necessary and suffi- chaotic dynamics; regular
cient conditions of existence of topological horseshoes near homo- dynamics; criteria of chaos
clinic tangencies. In the case when o > 1, we also obtain the criterion

of existence of horseshoes under the additional assumption that the

homoclinic tangency is simple.

KEYWORDS

1. Introduction

Homoclinic orbit, or Poincaré homoclinic orbit, is an orbit that is bi-asymptotic to a saddle
periodic trajectory. By its definition, any homoclinic orbit belongs to the intersection
W*N W* of the stable and unstable manifolds of the corresponding periodic orbit. Depend-
ing on whether this intersection is transverse or non-transverse, the homoclinic orbit is
called transverse or non-transverse, respectively. The latter case is called also the homoclinic
tangency.

In fact, the possibility of existence of homoclinic orbits in multidimensional dynamical
systems was discovered by H.Poincaré as early as in the end of the nineteenth century. Now,
more than a century after Poincaré, the presence of transverse Poincaré homoclinic orbits
is regarded as the universal criterion for chaos, i.e. for presence of complicated dynamics.
Actually, the set A of nonwandering orbits from a small neighbourhood U of a transverse
homoclinic orbit has nontrivial structure: in particular, it contains countably many peri-
odic and homoclinic orbits, continuum Poisson stable orbits, etc. The collection of such
results can be referred to as the Poincaré-Birkhoff-Smale-Shilnikov theory. One of the
main results of this theory states that the set A is uniformly hyperbolic and admits a com-
plete description in terms of symbolic dynamics [30,32], and moreover, it is locally maximal
[30], i.e. the largest closed invariant set in U.
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The problem of studying behaviour of trajectories near a nontransversal homoclinic
orbit becomes much more complicated and, moreover, it cannot be solved as complete
description, especially when nearby systems are considered. The point here is that arbi-
trarily small smooth perturbations of any system with homoclinic tangency can lead to the
appearance of homoclinic and periodic orbits of any order of degeneracy, see e.g. [15,16].
Therefore, a special attention should be paid to those problems which are related to the
study of characteristic features of homoclinic structures and their principal bifurcations.

A problem of such type was studied first in the famous paper by N.K. Gavrilov and L.P.
Shilnikov [1]. In that paper, three-dimensional (3D) flows (and thus, two-dimensional (2D)
diffeomorphisms) with quadratic homoclinic tangencies were considered and many impor-
tant homoclinic phenomena were discovered. In particular, all quadratic tangencies with
o < 1 were partitioned into two classes with respect to the type of the structure of the set A
of trajectories from a small neighbourhood U = U(O U Ty) of the orbit I'y homoclinic to
the saddle O : namely, the first class corresponds to the trivial structure of A (in which case
A =0 UTy), and for the second class, there are nontrivial hyperbolic subsets in A. In [1],
it has been developed an effective technique based on geometric and analytical conditions
for the existence of such subsets. This technique also allows one to describe these subsets
in terms of symbolic dynamics. In [4,13], these methods were generalized for multidimen-
sional systems with homoclinic tangencies of arbitrary finite orders in the sectionally dissi-
pative case (i.e. with o < 1). In particular, in [13], the classification results for homoclinic
tangencies (with respect to the structure of the set A) were presented, and in [4], nontrivial
non-uniformly hyperbolic subsets were proved to exist in A and their symbolic dynamics
was described.! As for topological horseshoes, certain conditions on their existence near
arbitrary homoclinic tangencies were established in [21,22] for the case of 2D dissipative
diffeomorphisms.

In this paper, we examine multidimensional diffeomorphisms with homoclinic tangen-
cies to a saddle fixed point whose unstable invariant manifold is one-dimensional (1D). We
consider the problem on the structure of the set A of orbits lying entirely in a sufficiently
small neighbourhood of a non-transverse homoclinic orbit.

It is worth saying that this problem, unlike the one in the case of transverse homoclinic
orbit, has several fundamental peculiarities as follows. First: the problem does not allow a
simple univalent answer (in contrast to the case of transverse homoclinic orbit); actually, we
can distinguish and classify two totally different situations: either the set A has trivial struc-
ture, or A contains infinitely many horseshoes. Second: if one proposes additional conditions
in topological terms (e.g. assuming the homoclinic tangency to be isolated or one-sided, see
Definition 2.2 from Section 2), then one may obtain classification results only in the cases
when o < 1 (see Theorem 2.3 and Corollary 2.4), or when o > 1 for 2D diffeomorphisms
(see Corollary 2.5). As the example from Section 2.5 shows, in multidimensional cases with
o > 1, some additional assumptions are required. Therefore, we suppose that the homo-
clinic tangencies under consideration are simple by terminology of [18,19], see Section 2.2.
This additional assumption allows us to obtain some important classification results for the
case o > 1 (see Theorems 2.12, 2.13).

Throughout this paper, we assume the following. Let f be an (1 + 1)-dimensional C'-
diffeomorphism, r > 2, with a hyperbolic fixed point O which has multipliers A;, ..., A, ¥
such that

0<[iml =---=lhal =Ml <1<yl (1)
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and

o =|Mllyl#1,

o here is called the saddle value. We assume also that f has a homoclinic orbit I'y to O at
which the m-dimensional stable manifold, W°, and 1D unstable manifold, W%, of O are
tangent, and this tangency can be arbitrary (in particular, we let the tangency be of any
finite or even infinite order, see statements of Theorems 2.3, 2.12 and 2.13).

Let Ube a small neighbourhood of the contour O U I'g and A be the set of f~orbits lying
entirely in U. The main problem is to study the structure of the set A.

We consider the following two different general cases:*

(1) the sectionally dissipative case, where o < 1, and
(2) the sectionally saddle case, where o > 1.

The sectionally dissipative case is a very popular topic in chaotic dynamics, and many
relevant results have been obtained for this case. Among numerous papers concerning it,
we would like to mention especially the pioneering papers by Gavrilov and Shilnikov [1]
and Newhouse [25] which have caused actually a big interest in the study of the correspond-
ing problems. One of the most important results here is that bifurcations of such systems
can lead to appearance of periodic attractors, see [1,3,19,25,28]. Moreover, the famous New-
house phenomenon [25] takes place here: namely, there exist open regions (called Newhouse
regions) in which systems with infinitely many periodic attractors are dense.

Note that the Newhouse phenomenon can be observed not only in the sectionally dissi-
pative case. In general, the Newhouse regions (i.e. open regions in the space of C"-dynamical
systems, r > 2, in which systems with homoclinic tangencies are dense) exist in any neigh-
bourhood of any system with homoclinic tangency, see [18,26,28,29]. In particular, in the
sectionally saddle case, the Newhouse phenomenon is sometimes related to existence of
infinitely many stable invariant curves [17] and even of infinitely many strange attractors,
e.g. discrete Lorenz-like attractors [6,10-12]. Actually, the condition ¢ < 1 means that the
so called effective dimension d, of the system® equals 1 [34] (in this case, all k-dimensional
volumes with k > 2 are contracted exponentially under iterations in a neighbourhood of
the homoclinic trajectory), and therefore, only 1D dynamical behaviour is expected here.
In contrast, when o > 1, the effective dimension may be arbitrary [34].

The content of the paper is as follows. In Section 2, we define and discuss principal
notions and state main results: Theorems 2.3-2.13. In Section 2.1, we discuss the prob-
lem on existence of topological horseshoes in the sectionally dissipative case and state
the main results with respect to this topic (Theorem 2.3 and Corollaries 2.4 and 2.5). In
Section 2.2, we introduce the notion of simple homoclinic tangency and of simple homo-
clinic tangency of order n. These definitions can be regarded as generalizations of the notion
of simple quadratic (with » = 1) homoclinic tangency introduced in [19]. We also give nec-
essary technical details as preliminaries for proofs of main results: namely, properties of
local and global maps are considered in Section 2.3. In Section 2.4, we discuss the problem
on existence of topological horseshoes near simple homoclinic tangencies by paying a spe-
cial attention to the sectionally saddle case (see Theorems 2.12 and 2.13). In Section 3, we
prove Theorems 2.3-2.13.
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2. Definitions and statements of main results
Let us recall first some facts and results concerning homoclinic tangencies.

Definition 2.1: We say that

(i) fpossesses trivial dynamics near the homoclinic orbit 'y C{I'} if A = O U {I"}, where
{T"} is the set of homoclinic to O orbits which are close to I';

(i) fhas a topological horseshoe if A contains an f-invariant subset A such that f|z
is topologically semi-conjugate to a subshift of finite type with positive topological
entropy;

(iii) fhasa hyperbolic horseshoe if A from (ii) contains a uniformly hyperbolic nontrivial
closed invariant set (here ‘nontrivial’ means that the restriction of f on this set has
positive topological entropy).

Let M* and M~ be a pair of points of I'y such that M* € W NUy, M~ € Wi NTj,.
Let IT* and IT~ be sufficiently small neighbourhoods of the points M* and M, respectively,

and let M* = fi(M~) for some positive integer g. Denote the map f IUO by Ty and the map

f‘?| - by T (thus, T;(M~) = M™"). The map Ty is called the local map because it is defined
in a small neighbourhood of O; while the map T, is called the global map because it acts
along the global piece of the orbit I'.

The following definition is related to topological classification of (homoclinic)
tangencies.

Definition 2.2: The homoclinic tangency is isolated if, for some neighbourhoods IT* and
I1-, the point M* is a unique intersection point of the curve [, = Ty (W NIT7) N IT*
with W} . We say that the isolated homoclinic tangency is one-sided if W} _ divides IT*
into two half-parts and the curve I, belongs as a whole to the closure of exactly one half of
IT*; otherwise, we will call the isolated tangency topologically crossing. We say that a one-
sided tangency is from below if the point M~ is not an accumulation point of the curves

Ti(l),i=0,1,...,ie,

M~ ¢ | 1Ty 2
and is from above otherwise, i.e. if

M~ e 1Ty (3)
(see Figure 1 for illustration).

2.1. Topological horseshoes in the sectionally dissipative case

In this section, we observe topological properties of orbits lying entirely in a small neigh-
bourhood of the homoclinic orbit I'y in the case when o < 1.

Note first that in the sectionally dissipative case (o < 1), condition (2) can be regarded
as a certain criterion of trivial dynamics, and the following result confirms this fact.
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Figure 1. Examples of one-sided homoclinic tangencies: (a) from above, (b) from below, and (c) topolog-
ically crossing.

Theorem 2.3 ([On topological horseshoes in the sectionally dissipative case]): Let
a diffeomorphism f have a homoclinic tangency and o < 1. Then the following
holds

(1) if the tangency satisfies condition (2) (in particular, when the tangency is from below),
then f possesses the trivial dynamics near I'y;

(2) otherwise, if condition (3) holds (in particular, when the tangency is from above), then
[ has infinitely many topological horseshoes near I'y.

Note that Theorem 2.3 can be regarded as a criterion of existence of topological horse-
shoes in a small neighbourhood of a homoclinic tangency for the case o < 1. In particular,
it implies that if y < 0, then horseshoes may not exist only when a part of the manifold
W*(0) lies in Wi _(O).

Also note that sometimes without additional assumptions for f in the case o < 1, we
can say even more than Theorem 2.3 states. For example, the geometry of the problem
is such that infinitely many first return maps T; = T) Toi 0 U L S G i Ry l_c, k+ 1,
are defined here. Indeed, the domain of the map T, : [T" — I1~ is some strip o C IT"
and T (6) = o} C I1™ (see Figure 5 and Section 2.3). In turn, the strip o;' is transformed
under T into horseshoe-shaped figure Ty0/', see Figure 2.

If the tangency is one-sided from above, see Figure 2(a), each of these first return
maps is, in fact, a (topological) horseshoe maps; if the tangency is a topologically crossing,
then every pair of the first return maps may be associated with an appropriate horseshoe
map, see Figure 2(b). Though Theorem 2.3 says nothing about hyperbolicity, neverthe-
less, one can apply some indirect facts, namely Katok Theorem, in order to deduce the
following.

Corollary 2.4: In the case 2 of Theorem 2.3 the set A contains infinitely many hyperbolic
horseshoes.
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Figure 2. Geometrical horseshoes in the cases of (a) one-sided tangency; (b) topologically crossing tan-
gency.

Proof: In the paper [23] by Katok it was proved (see Corollary 4.3 from [24]) that any C'**
diffeomorphism on 2D manifold with positive topological entropy has a uniformly hyper-
bolic nontrivial invariant set such that the restriction of the diffeomorphism to this set is
topologically conjugate to a topological Markov chain (a horseshoe). We now may apply
this result to the sectionally dissipative case, i.e. when o < 1. Indeed, by Theorem 2.3, we
get that the restriction of f to each topological horseshoe has positive topological entropy.
The latter means that there are f-orbits having the first Lyapunov exponent £, positive. Now
the sectional dissipativity also implies that the first return maps near I'y contract exponen-
tionally all 2D volumes. Therefore, all remaining Lyapunov exponents must be negative.
Remark that in the paper [23] by Katok, the proof of Corollary 4.3 for 2D diffeomorphisms
is based just on multidimensional result (Corollary 4.1) on existence of topological horse-
shoes provided that the positive and negative Lyapunov exponents exist and there are no
zero Lyapunov exponents. As we have shown, in the case under consideration, zero Lya-
punov exponents are absent due to the sectional dissipativity.* O

Thus, in the sectionally dissipative case, relation (2) provides, in fact, the criterion for
trivial dynamics near homoclinic tangency. In contrast, in the case ¢ > 1 one has totally
different horseshoe geometry, even in dimension two, see Figure 3 for illustration. However,
Theorem 2.3 can be evidently applied to the case o > 1 for 2D diffeomorphisms, since we
can always consider ! instead of f. Then, the following condition

M ¢ U Ty (1)}, (4)
where [ is the curve on 1~ defined as [, = T, (W, > NIIT) NI, must be considered

instead (2). Thus, we have the following

Corollary 2.5 ([On topological horseshoes in dimension 2 and o > 1]): Let f be t2D and
o > 1. Then the following holds
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Figure 3. Geometry of horseshoes in the case o < 1(a),(b) and in the case o > 1(c),(d).

(1) if the tangency satisfies condition (4), then f possesses the trivial dynamics near I';
(2) otherwise, if condition (4) is not satisfied, f has infinitely many topological horseshoes
near I'y; moreover, the set A contains infinitely many hyperbolic horseshoes.

Unfortunately, this approach with changing fto f! is not suitable in higher dimensions
since the unstable manifold of the point O for f~! will have dimension greater than 1, i.e.
such diffeomorphisms do not belong to the class of systems under consideration. Therefore,
multidimensional case with o > 1 requires another technique and certain specification of
the problem, see next subsection.

2.2. Definition of a simple homoclinic tangency

In this section (as in [17,19]), we assume that f satisfies some additional general conditions.
First, we make some assumptions on the multipliers of O. Let these multipliers A,, ...,
Am> y be ordered by the rule (1). We call leading (or weak) those multipliers of O that are
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equal to |4 | in absolute value. Accordingly, other stable multipliers (less than |A, | in modu-
lus) are called nonleading (or strong stable). We consider the following generic assumption:

(A) the leading stable multipliers of O are simple.

Then two different types of saddle fixed (periodic) points are defined. Namely,

(A1) the point O is a saddle, i.e. the multiplier A, is real and |A,| > |Aj| for j =2, ..., m;

(A2) the point O is a saddle-focus, i.e. the multipliers A, and X, are complex conjugate,
M= =2, 0<i<1,0<p<mandi > |A|forj=3,...,m.

When the point O has non-leading stable multipliers, we need more assumptions. Recall
the following facts.

First, W’ contains the invariant C"-smooth strong stable manifold W;. C W} - which
touches at O the eigenspace of Df corresponding to the non-leading multipliers A;. Hence,
dim W5 =m — 1 if Al holds,and dim WS = m — 2 if A2 holds. Also, it is well known
(see e.g. [20,32]) that W} _admits invariant C"-smooth strong stable foliation F* containing
Wi as aleaf.

Another fact we need (see, for example, [20,27,32]) is that the manifold W*(O) is a part
of the so-called extended unstable manifold W**(0O). It is a smooth (at least C'*€) invariant
manifold which is tangent at O to the eigenspace of Df corresponding to the leading stable
multipliers, thus, W* is two- or 3D depending on whether O is a saddle or saddle-focus,
respectively. Though manifold W* is not uniquely defined, any such a manifold contains
W4, and moreover, any two such manifolds are tangent to each other at points of W} .
Thus, at the homoclinic point M~ € W% , the tangent space to W*¢, denoted by 7~ W**, is
uniquely defined. Since M* = T, (M), we can extend W*¢ up to the homoclinic point M*.
Denote the tangent space to W*¢ at M* by T+ W*. Evidently, Ty+ W = DTy (Ty- W*)),
where DT denotes the linear part of the global map T; = f%: I~ — I1* at the point M.

We also consider the following general conditions (the same as in [18,19]):

(B) M* ¢ W2 and

(C) Ty—- WHe is transverse to F*(M*) at M*, where F*(M™") is the leaf of the foliation F*
containing the point M*.

Definition 2.6: A homoclinic tangency satisfying conditions A-C is called simple.

The notion of simple quadratic homoclinic tangency was introduced in [18,19] as a
‘homoclinic version’ of quasi-transversal intersection [27]. Thus, Definition 2.6 is an exten-
sion of this notion to tangencies of any orders when dim W*(O) = 1.

See Figure 4(a) for illustration of conditions A(1), B, and C in the case when the point O
is a saddle with 2D stable manifold. In Figure 4(b) and (c), two main cases of non-simple
homoclinic tangencies are shown when condition C is violated. The condition of simple
homoclinic tangency in the coordinate form are shown in Section 2.3, see formulas (11)
and (12).

Thus, we generalize the notion of simple quadratic homoclinic tangency introduced in
[19]. We can adapt also this definition to arbitrary homoclinic tangencies and, in particular,
to homoclinic tangencies of finite order.

Definition 2.7: Let fbe a C"-diffeomorphism under consideration and # be an integer with
1 < n < r. We say that the homoclinic tangency at M* is of order n if there exist local (near
M*) C"-coordinates (x1, ..., X, ¥) such that the corresponding local piece of W* is written
as y = 0 and the equation for the piece of W* near M* can be written (in the parameter
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Figure 4. (a) An illustration to definition of simple homoclinic tangency for a 3D diffeomorphism (satis-
fying conditions A-C). (b),(c) Two main cases of non-simple homoclinic tangencies when condition Cis
violated: (b) 7,,_ W"¢ is transverse to W _(O) and touches F*(M*) and (b) 7,,- W“€ touches W _(O). Here

loc loc
v, is a tangent vector to W*(0) at the point M* and v, is a tangent vector to F*(M*) at M*.

form) as follows
Xi = btt + O(t2)7 (l = 15 D) m)7 y= g(t)’
where g(t) is C" and

_dg(0)  _d'g(0) _  d"g(0)
8O =5 == g =0

=m+1)!'d#£0,

where ¢ is a parameter varying near zero, b; and d are some constants and X |b;| # 0.
If all derivatives d'g(0)/dt vanish fori =0, ..., r, we say that the tangency is of indefinite
order, and for the case r = oo this tangency is called flat.

By definition, tangencies of odd orders are one-sided, while, tangencies of even orders
correspond to topologically crossing tangencies. Tangencies of small orders have special
names: quadratic for n = 1, cubic for n = 2, and quadric for n = 3. Note that the order
of tangency may depend on the change of coordinates: for instance, quadratic tangency
can be transformed into a tangency of indefinite order by C'-change. Nevertheless, some
properties are invariant under coordinate change: the tangency remains isolated, one-sided,
topologically crossing, etc.

Note that the condition on finite order of homoclinic tangency is needed in order to
establish more detailed properties of the system than those which give us Theorems 2.3
and 2.13.°

Note that conditions B and C are independent of the choice of homoclinic points M* and
M~ because of invariance of the involved manifolds and foliations. Moreover, conditions
A-C make very important dynamical sense. Namely, if these conditions are satisfied then
(seee.g. [17])
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® fhas a global smooth invariant center manifold W* which contains the orbits O and T
as well as all orbits lying entirely in U.

According to [21], this manifold is normally hyperbolic, since f is exponentially con-
tracting along directions transverse to W¢, which correspond, at O, to the u-directions.
Therefore, either dim W¢ = 2 (if O is a saddle and so, A1 holds) or dimW¢ =3 (if Ois a
saddle-focus and so, A2 holds). Thus, the problem under consideration allows dimension
reduction to dimension two or three depending on whether O is a saddle or a saddle-focus,
respectively.

It is worth noting that, in general, one can guarantee only C'*¢-smoothness for W* (more
precisely, its smoothness does not exceed the integer part of In |A;|(In|A,[)~!, where i =2
in case Al, and i = 3 in case A2). Thus, condition D on finite order of homoclinic tan-
gency makes no sense when we consider the restricted system on W¢ (formally speaking,
the initial tangency becomes here indefinite). Besides, it is hard to check condition D unlike
conditions (A)-(C), which involve only first derivatives. Instead, in our approach in the
present paper,® we will assume that the homoclinic tangency is either simple one-sided or
simple topologically crossing. In these cases, we will obtain certain meaningful results on
existence of horseshoes (topological or even hyperbolic) when o > 1, see Section 2.4.

2.3. On coordinate forms of T and T,

For next explanations and calculations, we need ‘good’ analytical expressions for both the
local and global maps Ty = f ’U and T) = f1 |rr' Especially, this is important for the local
map Ty, since we consider orbits which are iterated under T, arbitrarily long and, thus,
we need expressions for Tj with arbitrary large i. Of course, best local coordinates would
be those in which the map T has linear form, however, sufficiently smooth linearizing
coordinates not always exist. Therefore, we will use other coordinates (possessing main
properties of linear coordinates) as stated in the following lemma.

Lemma 2.8 ([17]): Let fbe C" (r = 2) and O have multipliers Ay, ..., A, y satisfying (1).
Then the local map T, can be written, in some C'-coordinates (x, u, y) on U, as follows:

(x,u,y) = (flx + By (x, s ), Bu 4 hy(x, u, ), yy + ha(x, u,y)> , (5)

where eigenvalues of the matrix A are equal to |A| in absolute value, whereas eigenvalues of
B are smaller. Moreover, the functions hy, hy, hs satisfy the identities

h1(0,0,y) =0, h,(0,0,y) =0, hs(x,5,0) =0,
I’ll (x, u, 0) = 0, h3(0, O,y) = 0,
ohy _ oh, o
§|x:0,u:0: ’ g{mo,u:o: 8_)/ |y=0

ohy ©)

The form (5) (with identities (6) satisfied) is called the main normal form of saddle map.

Remark 2.9: If cond;ition A holds, we have in Lemma 2.8 that either xeR'and A = A in
case Al;orx € R, A = AR,, where A = |A|and R, = (Y o¥), in case A2.

sing cos¢
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Remark 2.10: If fis 2D, then form (5) of T is written as

Xx=Mx+hxyxy, y=vy+hs(x, y)xy,

where h,(0, y) = 0, h3(x, 0) = 0.

However, we need more information about iterations Tok, especially, for k large. If T is
linear, i.e. ¥ = Ax, # = Bu, j = yy, then the situation is trivial. We can write the map Tk :
O']? — akl either in the direct form x; = ;\kxo, U = Ekuo, = ykyo or in the so-called
cross-form x; = Akxo, U = ﬁkuo, Yo = ¥ ¥y1. Evidently, these two forms are equivalent.
Similar cross-form for the map Tok exists also in the nonlinear case [30], and if the map T is
written in the main normal form (given by Lemma 2.8), then the corresponding cross-form
of T is close to the linear cross-form, as the following lemma shows.

Lemma 2.11 ([17]): Let (xy, ug, yx) = Tok (%0, Uo, ¥o) and the local map T, be written in
the form (5) with identities (6). Then the following relations take place for large k:

X — f:\kon = ikék(anan)/k),
ue = ME(x0, uo, Y1), (7)
Yo — ¥ e = 7 Fme(xo, to, yi),

where ). and y are some constants such that 0 < A< |A1l . ¥ > |y| and the functions
&k, k> &k, Nk are uniformly bounded for all k, as well as derivatives up to order (r — 2).”

In the coordinates from Lemma 2.8, the manifolds W}’ _(O), W,

h (O) as well as W% are
straightened, i.e. they have the following equations:

u
oc

Wiee(0) = {y =0}, Wi (0) = {(x, u) =0}, Wi

loc

: {x=0,y=0}.

Therefore, we assume that the homoclinic points M* and M~ have the following coordi-
nates: M* = (x*, u*, 0) and M~ (0, 0, y~), where y~ > 0. Condition B means that ||x*| # 0.
Thus, in case Al, we have that x* # 0, since x € R! (and u € R™!), and without loss
of generality, we assume that x* > 0 here; in case A2 we have that x* = (x, xJ) and
|| + || # 0, since x € R? (and u € R"2).

In what follows, we will use in U local coordinates given by Lemma 2.8. Consider in
U small rectangle neighbourhoods IT* = {||(x — x*, u — u")|| < €¢, |y| < €o} and [1™ =
{ll(x, w)|l < &1, [y — y~| < &1} of the homoclinic points M*(x*, u*, 0) and M~ (0, 0, y™),
respectively. We assume that the constants &9 > 0 and &; > 0 are sufficiently small, so, e.g.
TNt =@ and T, 'MI- NI~ = 0.

Evidently, we can propose that any orbit of A, except for O, has intersection points with
IT" and [T~ (as I'y intersects IT* and I1~, any orbit close to I'y must also intersect IT* and
I17). Note that points from IT* can reach I1~ under iterations of the local map T,. The
set X of such initial points on IT* consists of infinitely many disjoint “strips” o0 C IT™,
k=ky, ko + 1, ..., that are defined as 0,? = To_k(l'l’) N IT*. Then, we can say that the so-
called successor map Ty : IT* +— IT~ by orbits of the local map Ty is defined on the set X,
and the range of Tj is the set X, consisting of infinitely many disjoint “strips” o) C IT~,
k =ko, ko + 1,..., such that o} = T¥o) (one can also write that o, = TF(ITT) N I17), see
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Figure 5. Towards construction of the strips o and o] = T (0?): (a) for 2D case and (b) for 3D case,
where the point O is a saddle-focus.

Figure 5(a) which illustrates the ‘strips’ in 2D case. In Figure 5(b), such a picture is shown
for 3D case, where the point O is a saddle-focus.

In the coordinates of Lemma 2.8, the global map T; = fI: TI~ — I can be written as
follows

(x—xt,u—u") = Fxj,ui,m—y ), ¥y = Gxy, ui, 1 —y), (8)

where C"-functions F and G are defined on I1~ and F(0) = 0, G(0) = 0, G,(0) = 0. Then
we can write the map T} in the following form

G—xta—ut)=ax+au+bly—y )+ O0(It WP+ ¢y —y)?). ©9)
j=ax4u+Wy—y)+O0(Iewl*+xwlly—y1),

) touches W;*

loc

where W(0) = 0 and ¥'(0) = 0, since the curve T; (W, at the point M*, and

det (a,
c,

Note that the matrix (10) is the Jacobian matrix for map (9) at the point M~ (x =0, u =
0,y=y7).Itisan (m + 1 x (m + 1)-matrix, so its determinant is well defined.

Note also that, in the coordinates of Lemma 2.8, the foliation F* has the form {x =
const, y = 0} and the tangent space TyW" to W" at any point M € W}’ is the plane
u = 0. Then condition C means, by (9), that the planes T+ W™ : {(x —xT,u—ut) =
ax+bly—y7), y=cx}and F*(M"): {)E =xt,y= 0} are transverse (here, the plane
Ta+ WH is given in a parameter form where x and (y — y™) are parameters). It means that
the system (0, u — u*) = ax + b(y — y7), 0 = cx has the unique solution. Thus, condition
Creads as

u
ocC

o

b
0) #£ 0, (10)

by #0, ¢#0 in the case Al (11)
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and as

b+ b, #0, ¢+ #0 in the case A2. (12)

2.4. Onsimple homoclinic tangencies in the sectionally saddle case

In this section, we consider, essentially, the multidimensional sectionally saddle case o > 1.
Concerning the homoclinic tangencies, we assume that they are simple, i.e. conditions A-C
are fulfilled, and, besides, they are isolated and, accordingly, either one-sided or topologically
crossing tangencies. Note that we do not assume here condition D to be satisfied.

In the case of a topologically crossing tangency, the diffeomorphism f has, of course,
infinitely many topological horseshoes. However,

e if the topologically crossing tangency is simple and the point O is a saddle, i.e.
if conditions Al, B, and C hold, then in U there exist infinitely many hyperbolic
horseshoes.

This fact follows from the Katok theorem, since the problem allows the reduction to
dim = 2 in this situation. Indeed, the 2D global invariant center manifold W* exists here
(see Section 2.2) and it is C'*“-smooth and, hence, the restricted system f e 18 smooth and
2D.8

The case of one-sided homoclinic tangency (with ¢ > 1) is more interesting here, because
the systems under conditions A-C can possess both trivial and nontrivial dynamics near
'y depending on the type of tangency. In order to prove the corresponding results, we
introduce the so-called ‘index of one-sided tangency’ that can take value +1 or —1 and is
defined as follows. For given diffeomorphism f, we take a pair of the homoclinic points
M*(x*,0) € W _and M~ (0, y”) € W}%_ and their sufficiently small neighbourhoods IT*
and IT~. Next, we consider the piece T; (W) NIT* of W*(O) which, by (9), has the
equation

x—xta—ut)=bly—y )+0(y—y)?), y=¥(y—y), (13)

written in the parametric form, where t = y — y~ is a parameter. Since W(0) =0, ¥'(0) =
0, the curve (13) touches the plane y = 0 at t = 0. Let this tangency be one-sided, then we
introduce the index v, as follows:

Vo = sign W(§) at& # 0. (14)

Thus, for the case when y > 0, the homoclinic tangency (one-sided and isolated) is ‘from
below” if vy = —1, and it is ‘from above’ if vy = +1. For the case when y < 0, the value of
index vy depends on the choice of homoclinic points: for example, vo(M*) = —vo(AM™));
it means that we can always take pairs of the homoclinic points so that vy = +1. Note that if
the tangency is of even order, then v, = sign d. This fact follows directly from Definition 2.2.

Theorem 2.12 ([Simple one-sided homoclinic tangencies with trivial dynamics]): Let f
have a one-sided homoclinic tangency satisfying conditions A1, B, and C and such that
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Figure 6. Examples of simple homoclinic tangencies with trivial dynamics for A, > 0, y > 0.

(1) eithery > 0, vy < 0inthecaseo < 1;
(2) or A >0, cvy > 0in thecaseo > 1;
(3) orA; >0,y >0,c <0, vy <0 independently ono.
Then f possesses trivial dynamics near I'y, i.e. A = O U T'.

In Figure 6, we show some examples of 2D diffeomorphisms with trivial dynamics near
a simple one-sided homoclinic tangency. We can see that, in all cases, the image T, Ty (o)
of any strip o (with sufficiently large k) under the corresponding first return map T; Ty}
does not intersect with 6. It means that any first return maps near homoclinic orbits have
no nonwandering points and, moreover, we can easily deduce from this, that only the orbits
O and I'j are nonwandering.

Concerning the existence of nontrivial dynamics near one-sided homoclinic tangencies
with o > 1, one can deduce some sufficient conditions like those that are presented in the
following theorem.

Theorem 2.13 ([Simple one-sided homoclinic tangencies with nontrivial dynamics at
o > 1]): Let f have a one-sided homoclinic tangency satisfying conditions A-C and let o >
1.

(1) If the point O is a saddle-focus, i.e. conditions A2 holds, then the set A contains
infinitely many topological horseshoes.

(2) Ifthe point O is a saddle, i.e. A1 holds, then in all such cases, except for the case A, >
0, cvg > 0, the set A contains infinitely many hyperbolic horseshoes.

We prove Theorem 2.12 in Section 3.2 and Theorem 2.13 in Section 3.3.

2.5. An example of diffeomorphism with a non-simple homoclinic tangency in the
caseo > 1

As one can see from the proof Theorem 2.3, in the sectionally dissipative case o < 1, condi-
tions A, B, C are not used. In contrast, in the sectionally saddle case o > 1, these conditions
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seem to be necessary, even for the existence of topological horseshoes. We will illustrate
this fact by considering the following model example of a 3D diffeomorphism go.

Let go have a saddle fixed point O with multipliers A;, A,, ¥ such that 0 < A, < A1 <
1 <y and A,y > 1. Let g have a quadratic homoclinic tangency at the points of some
homoclinic orbit I'y. We assume that the local map Tj is linear and the global map T; is
model, i.e. Ty has the form (x, u, y) = (A1x, A2u, yy) and T is as follows:

(x—x"u—uty) = (bl(y—y*), anx +by(y —y7), Eu—|—d(y—y*)2). (15)

Ifbyay ¢ # 0, the map T is diffeomorphism. However, we see that condition C is violated in
this case: the model T corresponds to the global map (9) with ¢ =0, i.e. (11) is not satisfied.
We assume that d < 0, i.e. the quadratic homoclinic tangency is from below’ Then it is not
very hard to establish the following dynamical properties of g;.

Proposition 2.14:

(i) If¢ < 0, then A(gy) is trivial, i.e. A(go) = O U [y.
(ii) If¢ > 0 and A,y < 1, then A(gp) is trivial, i.e. A(g) =0 U T,
(iii) If ¢ > 0 and Ay > 1, then A(g) contains infinitely many topological horseshoes 2.

Proof: As T, is linear, the equations of Wy (O) and W}’ (O) are y = 0 and (x = 0,
u = 0), respectively. We choose a pair of homoclinic points: M* (x*, u*, 0) € W} _ and
M~=(0,0,y7) € Wi assuming that u* > 0, y~ > 0. We consider sufficiently small rectan-
gle neighbourhoods IT*{|x — x*| < &g, |u — u*| < &0, |y| < €0)} and I {|x| < &y, |u| <
en, |y — y7| < &1)} of the points M* and M~ respectively. In the case under consideration,
the map Tok can be written in the form x;, = A’fxo, U = )Jguo, Yo = ¥ ¥y . Then, we
can write the exact formulas for the strips o) = Ty *(IT") N TI* and 0} = TX(ITH) N 1T,
where

0;? = {(x, u,y)||x—x+| <éeo lu—ut| <eply—y Ty | <y el

ol = {(x, u, )|Ix — Mxt| < Meo, [u— Mut| < Meo, [y —y7| < &) (16)
Consider the horseshoe T; (akl ). By (15), it has the coordinate y in IT* as follows:
y=kut 1+ ) +dy—y ) (17)
Note also that the coordinate y on the strip o, by (16), can be written as
y=y 7y (1+..)>0 (18)

In the case (i) ¢ < 0, we obtain from (17), since d < 0, that y < 0 for all horseshoes
Ti(o}). Thus, by (18), we have that Ti(c}) N cr;-) = @ for all sufficiently large i and j, see
Figure 7(a).

In the case (ii) ¢ > 0and A,y < 1, we obtain from (17), since d < 0, that y > cAku® (1 +
&) for the coordinate y on T (0}}). Thus, if T; () N 0]9 # (J, then

rut (1 4e0) =y iy (1 —ey).
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Figure 7. Examples of 3D diffeomorphisms with a non-simple quadratic homoclinic tangency (the case

where T, (W“¢) touches W ) when (a) A is trivial and (b) A contains horseshoes.

As A,y < 1, this inequality means that j > k for large j and k. Thus, Ti(0}') can intersect
the strip o ]9 with only number j greater than k, in turn, T) (o jl) can intersect the strip o)
only if i > j, etc. Evidently, this implies that A(gy) = O U T'y.

In the case (iii) ¢ > 0 and A,y > 1, we obtain from (17), since d < 0, that the top of the
horseshoe T (0}) (it corresponds to y = y~) has coordinate y satisfying y > cA5u™ (1 — &).
Thus, the top of T;(0}) is posed from above the strip o, since y * < A% for large k and
A2y > 1. On the other hand, the bottom of the horseshoe T (o}}) lies below W;_because
its y-coordinate equals y = cA5ut + de?, which is negative for large k. Thus, we have here
topological horseshoes €2 for all sufficiently large k, see Figure 7(b). O

3. Proofs of main results

3.1. Proof of Theorem 2.3

Now we assume only that a diffeomorphism f has a homoclinic tangency of the invariant
manifolds of a saddle fixed point O with multipliers Ay, ..., A,,, ¥ ordered by the rule (1)
and such that o = |A,||y| < L.

In the case under consideration, by Lemma 2.8, we can write the local map T in the
following form

= Ax+h(xy), 7=yy+h(x ), (19)

where x € R", y € R, A is an (m x m)-matrix with eigenvalues Ay, ..., A,,. Let us clar-
ify that comparing (19) with (5) the coordinate x here is (x, u) in (5), the matrix A =
diag (/Al, 1§) and h = (hy, hy). Then, by (8), the global map T takes the form

x—xt=F(x,y—y),

_ 20
5= Gty —y) = cx+W(y—y )+ Ol + Ixlly — y1) (20)

where (x, y) € I17, (x, y) € IT*, F(0,0) = 0, G(0, 0) = 0 and W(0) = ¥'(0) = 0.
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If the homoclinic tangency is isolated then the function W(y — y~) vanishes only at
y =y~ . Besides, in the case of one-sided tangency, we have that either ¥ > 0 (the tangency
from above’) or ¥ < 0 (the tangency “from below” with y > 0).

Again, by Lemma 2.11, the map T : 00 C IT" — o] C 1~ can be written in the fol-
lowing cross-form:

x — Ax = ikr?k(xo,yk), o — ¥ e = 7Rk, y0), (21)

where (xo, ) € a,?, (x1, ) € okl and 0 < A < (Al Y > |yl

Proof of item 1 of Theorem 2.3: Take some strip o C I1™. Then coordinates (x, y) on o}
satisfy, by (21), the following inequalities:

Ilx — Abxt|| < | 4K g + OGK), y—y | <&

Let the corresponding horseshoe T (0}}) intersect a strip o for some i. By (21), the coor-
dinates (x, y) on o satisfy the following inequalities

lx — x| < &, Vﬁi()’f —e)+ 0@ ) < y =< Vﬁi(yi +&)+0F™)

Then system (20) with (x, y) € o} must have a solution (x, y) € 0. Evidently, there is a
constant A bigger than |A;|, such that [Ay| < 1 and ||.A¥|| < A*. Then since T} (oH)Nol #
@, it follows from (20) that the equation

Y I+ 0@ ) = ar(x, ) + Wy —y), (22)

where ||ai] < Ak, yE [y —enLy +e1l, lx—xT|| < ep,hasasolutiony € [y~ — e,y +
81].

Let the homoclinic tangency satisfy condition (2). If y > 0 (the main case), it follows
that W(y; — y~) < 0. Then the Equation (22) can have a solution only if

Y Y+ 0G ) —ar(x,y) <0

Since y > 0,7 > v, |lak] < A¥ and |5\y| < 1, the inequality above can hold only in the
case where i >> k. Thus, any horseshoe T;(0}') can intersect only those strips o whose
numbers i are much larger than k, see Figure 8(a). In its turn, the horseshoe T} (O’il ), again,
can intersect only some strips a](.’ with j > i, etc. It implies that some backward iterations of
any point from IT* must leave U, except, of course, for homoclinic points {I"}NIT*. Thus,
this implies that A = O U {T'} (if 'y is isolated, then {I"} = I'y).

If y <0, condition (2) implies the identity W (y; — y~) = 0. Evidently, the Equation (22)
can have a solution in this case again only for i > k. O

Proof of item 2 of Theorem 2.3: Now let condition (3) hold. By (20), the equation of the
curve T (W) N IT* has the following parametric form:

x—xt=F0,y—y), y=¥(y—y),



18 (&) S.GONCHENKO ET AL.

TI_IWS
M © Ak < Y-k

LN
Y % “’?

Figure 8. Towards the proof of Theorem 2.3: (a) to item 1 of Theorem 2.3; and (b) to item 2 of Theorem 2.3
for some degenerate case (for general case see Figure 3(b)).

(b)

where (x,y) € [T,y > 0and y € [y~ — &, y~ + &,] is the parameter. Consider first
the case y > 0. Since (3) holds, it follows that there exist y € [y~ — &1, ¥~ + &;] and §, >
0 such that W(y — y~) > 8. Consider a strip o) C IT*. It is posed in IT* at distance p
from the plane W;_: {y = 0}, where y *(y~ — &1) < px < ¥y *(y~ + &1). Let k be large
enough, so that §, > y ~¥. Then the horseshoe T (o)) has a non-empty intersection with
the strip ). Indeed, the segment y = y of the strip ¢ is mapped under T} into the segment
J() = W(F — y7) + ai(x, §) of the horseshoe Ty (o)) and thus, (§) > 8, — A* for large k.
On the other hand, the top of the horseshoe T (o)), i.e. the T}-image of the segment y =
y~ of o)}, has the coordinate y = y(y7) = ax(x, y7) < Ak for large k. Thus, we have that
7)) > pr~ vy * > y(y) ~ A ask — oo, since Ay < 1.

This implies that in the case when the tangency is one-sided from above, infinitely
many of the first return maps Ty = T, Ty : 6 — o will have topological horseshoes, see
Figure 3(b). If the tangency is more degenerate, e.g. as in Figure 8(b) (here W(y —y~) =0at
y > y~),one can construct topological ‘bi-horseshoé, using, for example, the strips o), o, |
and their horseshoes Tj (0}}), Ti (0}, ).

Evidently, the above arguments cover also the case y < 0, since we may consider here
only even numbers k.

Concerning the case of topologically crossing tangency, we note that the curve Ty W}!
intersects infinitely many strips o). Moreover, the strips o jl accumulate to W} . It implies
that (infinitely many) strips o} intersect horseshoes T; (o jl) for all sufficiently large
k and j. O

3.2. Proof of Theorem 2.12

As we said before, item (1) of Theorem 2.12 (related to the sectionally dissipative case o <
1) follows directly from Theorem 2.3. Thus, we need to consider the items (2) and (3) of
the theorem.
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Proof of item 2: Let now fbe a diffeomorphism having a one-sided homoclinic tangency
satisfying conditions A1, B, and C with 4, > 0, cvy > 0 in the case o > 1.
Since A1 holds, the local map Ty, by virtue of Lemma 2.8, takes the form

& i,7) = (hx+hi(x,u,y), Bu+h(x, ), vy + hs(x, u, ),

where x,y € R', u € R"" and the matrix B has eigenvalues A,,..., A,. Then, by

Lemma 2.11, the map Ty : 6 — o} can be written in the following cross-form (compare
with (7))

X = Mxo+005), w = 0%, yo = y*y+0G), (23)

where (xo, U, yo) € 0 C ITT, (x1, Uy, y1) € ol C 7,0 < A < |A1] and 7 > |y/|. Then,
using (9), we can write the first return map Ty = T; To" : o,? — IIT as follows:

G—xta—u")=by—y )+ 0 (M wl+G-—y)?),

- 2 24
j=arx+ Wi —y)+0 (Ml + Pl iy -y 1), Y

Let y be the y-coordinate of some strip G](.’ C IT*. Then we can write, by (23), that y =
Y Jy1 + O(p~/), where y; € [y~ — €1,y + &1]. Introduce the new coordinates

E=x—x", {=u—u", n=y—y.

Then we can write the second equation from (24) in the form
YT+ D+ 0T = ahf(TE) + W) + [MFO) + 005, (29)

Since &, n are small, x* > 0, y~ > 0 as well as A; > 0 and ¢;vq > 0 (recall that v, is the
index defined by (14)), we obtain that Equation (25) can have solutions only in the case
when |y|™/ > A% Since |A,y| > 1, this inequality can be fulfilled only if k > j. Thus, any
horseshoe T (o)) can intersect only those strips o’ whose numbers are strictly less than k,
see Figure 6(b). It implies that some forward iteration of any point from IT* must leave U.
Thus, only two orbits, O and I', will stay always in U. O

Proof of item 3: Inthecasel; >0,y > 0,c; <0, vy < 0, Equation (25) has no solutions at
all, independently of o, since W(n) < 0 in this case, and, thus, the left-hand and right-hand
sides of (25) have opposite signs. It means that the horseshoes T (o}') do not intersect the
strips aio, see Figure 6(c), i.e. the dynamics is trivial. O

3.3. Proof of Theorem 2.13

Here fhas a one-sided simple homoclinic tangency with o > 1. The simplicity of tangency
means that conditions A-C hold.
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Proof of item (1): We consider the case where A2 holds, i.e. the point O is a saddle-focus.
Then, by Lemma 2.8, the local map T has the form

(%, i1, ) = (ARpx + i (x, u, ), Bu + hy(x, u, ), yy + hs(x, u, ),

where x = (x;, x;) and R, = () (f _Cf)i;‘;f ) is the rotation matrix on the angle ¢ € (0, ).

The global map T} = fI: I~ — IT* has now the form (9), where ¢ = (¢, c;), b = (by, by)7
and inequalities (12) hold, as well as the function W(y — y7) is a sign-determined function
fory # y~.

Consider the first return map Ty = T; Ty : 6 — 1" which can be written now
as

E—xtu—ut) =by—y )+ O wl+ (—y)?),
y= AF (¢ cos kg + ¢, sinkg)x; + (¢, cos kg — ¢; sinkg)x;,)
+ 9=y )+ 0 (M wl+ 2 wly—y1). @6

Let us show that, for infinitely many values of k, these maps T} are geometrically horse-
shoe maps. Introduce new x-coordinates as & = x; — x], & = x, — x; . Then, the second
equation from (26) can be written as

§ =+ (Ceostky +0) + OIEN ) + Wiy —y)

+0 (16wl + 241 E wiy = y71). (27)

where C = V(@ + ()2 + (x))?) and 6 € [0, 27r) is an angle such that cosf =
(ax) + czx;)/é, sinf = (ex] — cle)/é. Note that C > 0, since conditions B and C
imply, respectively, that (x{)* + (x5 )* # 0and ¢ + & # 0.

Consider first the case when W(s) = 0 at |s|] < & and y > 0. Then y from
(27) runs from Y, = Ak(é cos(kp +0) + O(|&I)) + O(Xk) t0 Ymax = MaXg<e, W(s) +
O(AF). However, values of the coordinate y on the strip o) satisfy the inequality

y Ry —e) <y <y RO +e).

Evidently, there are such §o > 0 and §; > 0 that (i) Ymax > o > 0 for all sufficiently large k
and (i) for any 0 < ¢ < 7, there are infinitely many such k that y,;, < —Ak8; (since C>0
and ||&|| is small). Thus, the first return map T, = Ty Tok for such k transforms the strip o
into the horseshoe Tj(0;) such that its top is posed from below o, and the images of upper
and below sides of the strip o, are posed from above o). Thus, we have that f possesses
infinitely many topological horseshoes. O

Other three cases (W(s) <0andy > 0, ¥(s) = 0and y <0, ¥(s) < 0and y < 0) are
considered similarly.
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Proof of item (2) of Theorem 2.13: Since A, is real here, the first return map T, = T; Tok :
cr,? > I can be written now as

G—xta—ut) = (b, b)) —y )+ O (M wl + G —y)?),
= x+ Wy —y)+
+O(1"Il(x, Wl + [l (x, u)llly—y‘l)- (28)

Introduce new x-coordinates as £ = x — x*. Then the second equation from (28) can be
written as

7=k (x* + 00D + O /m1H) + Wiy = ).

Consider the model equation y ¥y~ = c)»'fx+ + W(s) wheres € [ — &1, &€;] and for some
§>0 W(s) € [0, S] or ¥(s) € [—3, 0] and vy = signW(s); « ¢. Since |A;y| > 1, this model
equation has no solution only in the case where A; > 0 and cvy > 0. In other cases, at least
two solutions exist. Evidently, it gives us the sought result. O

Notes

1. Note that methods of [1,4] were applied for detection and description of hyperbolic invariant sets
like half-orienable and classical Smale horseshoes in two- and three-dimensional generalized
Hénon maps [7,9,24].

2. We do not consider here the case 0 = 1 because it is very specific and has been considered in
details, see e.g. [5,14].

3. The effective dimension of a system generically coincides with the maximal codimension of
admissible bifurcations (for example, it is possible that there appear periodic trajectories with
d, multipliers each equal to +1, while more than d, such multiplies cannot appear).

4. We thank Dmitry Turaev for letting us know the interesting fact that Katok Theorem can be
directly applied to the sectionally dissipative case. In fact, the corresponding multidimensional
version of Katok Theorem for diffeomorphisms contracting two-dimensional areas was pro-
posed in [31]. In fact, we repeat here the arguments from [31].

5. For example (see [4,8]), these theorems can be extended to provide infinitely many Smale horse-
shoes, and moreover, to provide existence of non-uniformly hyperbolic sets which almost coin-
cide with the whole A (and even coincide with A for a dense set of systems under consideration).

6. Condition D was essentially used in our papers [4,8] to obtain hyperbolic properties of systems
with homoclinic tangencies.

7. Concerning derivatives of order (r — 1), the following estimates hold as k — +oo:

Ik, well oo = o(12115), Myoll ., = o(ly|™),

while the derivatives of order r are estimated as follows:

1%k, vk, yoll e = 0(D ks o0 -

8. Note, however, if the point O is a saddle-focus, i.e. the conditions A2, B and C hold, we can-
not apply the Katok theorem directly, since dim W¢ = 3 and, formally, we have on W* the
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sectionally saddle case again (moreover, the map f|y. has the saddle-focus fixed point with
dim W* = 2).
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