
This journal is©The Royal Society of Chemistry 2018 Soft Matter, 2018, 14, 6561--6570 | 6561

Cite this: SoftMatter, 2018,

14, 6561

Effective Hamiltonian of topologically stabilized
polymer states

K. Polovnikov, ab S. Nechaev*cd and M. V. Tammbe

Topologically stabilized polymer conformations in melts of nonconcatenated polymer rings and crumpled

globules are considered to be a good candidate for the description of the spatial structure of mitotic

chromosomes. Despite significant efforts, the microscopic Hamiltonian capable of describing such systems

still remains unknown. We describe a polymer conformation by a Gaussian network – a system with a

Hamiltonian quadratic in all coordinates – and show that by tuning interaction constants, one can obtain

equilibrium conformations with any fractal dimension between 2 (an ideal polymer chain) and 3 (a crumpled

globule). Monomer-to-monomer distances in topologically stabilized states, according to available numerical

data, fit very well the Gaussian distribution, giving an additional argument in support of the quadratic

Hamiltonian model. Mathematically, the polymer conformations are mapped onto the trajectories of a

subdiffusive fractal Brownian particle. Moreover, we explicitly show that the quadratic Hamiltonian with a

hierarchical set of coupling constants provides the microscopic background for the description of the

path integral of the fractional Brownian motion with an algebraically decaying kernel.

I. Introduction

Classical statistical physics of polymers relies on the study
of three archetypical polymer states: the ideal, swollen, and
collapsed polymer chains.1–4 Equilibrium conformational
statistics of linear polymers can be described by combinations
of these models for any concentrations and chain interaction
parameters.

In ideal macromolecules the elementary units do not interact
with each other apart from being sequentially connected.
A statistical description of ideal chains is based on the analogy
between the equilibrium ensemble of ideal polymer chain
conformations and trajectories of Brownian particles: similarly
to the ensemble of random walks, ideal linear polymers in a free
space have Gaussian statistics with the fractal dimension df = 2.
This analogy can be easily generalized to the case of ideal
polymers in external potentials.

A swollen polymer state emerges due to the presence of
excluded volume interactions, i.e. repulsion between monomer
units, which are distant along the chain but close in space. The
corresponding partition function can be interpreted as a self-
avoiding random walk. The properties of swollen polymers are

well understood due to the famous polymer-magnetic analogy
proposed by de Gennes5 for solitary chains and extended by
Des Cloizeaux6 to polymers in solutions. In particular, the
statistics of swollen chains in two- and three-dimensional
spaces is known to be non-Gaussian, though self-similar, with
corresponding fractal dimensions being equal to 4/3 in 2D and
approximately 1.7 in 3D.

Properties of collapsed polymer chains are governed by an
interplay of attractive and repulsive interactions between monomer
units. Implying existence of attractive interactions only, one
arrives at an unphysical conclusion that a polymer collapses to
a point. Stabilization of a polymer chain in the collapsed regime is
due to the equilibration between two-body attractive and three-
body repulsive interactions. In the mean-field approximation the
statistics of the resulting states can be described in terms of an
ideal chain in an external self-consistent field created by volume
interactions among distant parts of the chain (or other chains in
a multi-chain setting).1,7,8

It has become clear in recent years that these three classical
archetypes do not exhaust the variety of macromolecular states
existing in bio- and synthetic polymers. In particular, the statistics
of ring polymers with fixed topology is definitely not covered by
any of them. Contrary to linear polymers, rings preserve their
topology: for example, initially nonconcatenated rings cannot get
into a concatenated state without being ruptured. The resulting
topological repulsion between nonconcatenated rings drastically
changes the statistical properties of chains in a melt.9–15 It has
been conjectured in ref. 9 that conformations of long unknotted
and non-concatenated ring polymers in melts are compact
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fractals with the fractal dimension df = 3 starting from some
minimal scale, called entanglement length, Ne. This conjecture
is now well-established both numerically (see, e.g. ref. 16 and 17)
and in several competing semi-analytical theories.11–14

Contrary to ideal and swollen chains, the interactions in
topologically stabilized globular polymers are substantially
non-local. In a dense system, such as a collapsed ring, the
topology is not screened and an explicit microscopic Hamilto-
nian for non-phantom rings is unknown. Development of the
description of topologically interacting polymers based on first
principles remains an open fundamental problem. The interest
in topologically regulated polymer conformations is driven by
experimental and numerical evidence that similar states may
be observed as transient metastable conformations of linear
polymers18,19 relevant for understanding chromosome packing
in living cells.20,21 This conjecture is based on the estimates that
the lifetime of such transient states may exceed the biologically
relevant timescales22 (see also ref. 17). As an alternative to this
view, there have been recently proposed several other possible
models explaining chromosome packing in living cells. Some
of them involve the concept of reversible bridging between
parts of the chromosomes23 and non-equilibrium loop extru-
sion processes24,25 and compactisation of chromosomes due to
the absence of crowding agents.26 All these models have a
common feature: in a wide range of length scales, the resulting
equilibrium chromatin packing is fractal with the fractal
dimension df lying in the interval 2 r df r 3. However, the
microscopic Hamiltonian of these self-similar conformations is
unknown, which sufficiently hardens the analytical tractability
of corresponding theories.

In this paper we show that it is possible to design a
Hamiltonian of pairwise interactions for polymer chains in
such a way that the resulting polymer conformations in thermal
equilibrium are fractal with prescribed fractal dimension
2 r df r 3. The statistics of the resulting chain conformations
is identical to the statistics of trajectories of a fractal Brownian
motion (fBm).27 From that perspective, our result is a general-
ization of the classical analogy between Brownian motion and
ideal polymer chains.

The paper is organized as follows. In Section II we recall a
mapping of polymer conformations onto particle trajectories.
In Section III we construct the microscopic Hamiltonian
that generates Gaussian polymer conformations and prove
that such a description is identical to the theory of the
fractal Brownian motion. In Section IV we generalize the
memory-dependent action derived in ref. 30, and establish
its connection with the action of a fBm particle and provide
the microscopic background for this correspondence. In
Section V we show that the simulation data from earlier
works,28,29 where topologically stabilized polymer states were
simulated, are consistent with the Gaussian monomer-to-
monomer distribution typical of the quadratic Hamiltonian
introduced in this paper, which forces us believe that the
proposed Hamiltonian is a good candidate for the pheno-
menological description of topologically stabilized polymeric
states.

II. Fractional Brownian motion as a
conformation of a polymer chain

Statistical properties of long (N c 1) polymer chains are
insensitive to specific microscopic details of chain flexibility,
which gives us the freedom to choose a particular microscopic
model of a chain. Here we use a beads-on-string model of a
polymer chain with pairwise interactions between the beads.
The chain conformation is characterized by coordinates of all
N + 1 units, X = {x0, x1,. . .,xN}. The typical bead-to-bead distance
is a fluctuating variable with the mean square b2, so the total
length of the chain is L = Nb. The potential energy U(X) of
volume interactions between the beads is assumed to be a sum
of pairwise interactions V(xn,xn0). The partition function P(xk,xm)
of the chain with k-th and m-th beads fixed at xk and xm,
respectively, can be expressed in terms of the Euclidean Feynman
path integral (the Wiener measure in the probabilistic language)2

with the action:

P xk; xmð Þ ¼
ð
DfXge�SfXg;

S ¼ 3

2b2

XN�1
n¼0

xnþ1 � xnð Þ2 þ
XN
n¼0

XN
n0¼nþ2

V xn; xn0ð Þ;
(1)

where the integration is taken over all possible conformations,
DfXg ¼

Q
nak;m

dxn. Here and below we measure all energetic

terms in the dimensionless units or equivalently kBT = 1.
In the absence of volume interactions, the partition function

(1) obeys the diffusion equation with x = xk � xm and s = |k � m|
playing the role of the coordinate and time, respectively. Therefore,
the equilibrium distribution of the monomer-to-monomer dis-
tance is the same as for the standard Brownian motion:

P xk; xm; sð Þ ¼ 3

2psb2

� �3=2

exp �3 xk � xmð Þ2

2sb2

 !
: (2)

The distribution (2) means that conformations of ideal polymer
chains are fractals with df = 2 similarly to Brownian trajectories.
Here we generalize this analogy to the case of arbitrary fractal
dimension df. Namely, we ask whether it is possible to choose
pairwise interactions V(xn,xn0) in (1) in such a way that the
resulting equilibrium monomer-to-monomer distances would
have a Gaussian distribution with some prescribed fractal
dimension df:

P xk; xm; sð Þ ¼ 3

2pb2s2=df

� �3=2

exp � 3 xk � xmð Þ2

2b2s2=df

 !
(3)

The behavior dictated by (3) is typical for the fBm, BH, with
H = 1/df, a process whose increments are the integrals
over increments of ordinary Brownian motion weighted with
a non-local algebraic memory kernel.27 This process is strongly
non-Markovian in a sense that correlations of fBm increments
(positive for H 4 1/2 and negative for H o 1/2) decay as a
power-law. However, fBm is a linear function of Brownian
motion, and is Gaussian in the sense of (3). It is, therefore,
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an example of a Gaussian process with a scale-free memory.
Importantly, fBm has stationary and self-similar increments.
This makes it a plausible candidate for the description of
crumpled polymer conformations.

There are several ways of constructing a Langevin
formalism, which generates a process with fBm statistics.
However, if one adds a requirement that the resulting process
should also respect the fluctuation–dissipation theorem, there
is a preferred form, known as the fractional Langevin equation
(fLe) in the overdamped limit:32–34

xH

ðt
0

dtKðt� tÞdrðtÞ
dt
¼ FHðtÞ; FH t1ð ÞFH t2ð Þh i ¼ xHK t1 � t2ð Þ;

K t1 � t2ð Þ ¼ 2ð1�HÞð1� 2HÞ
t1 � t2j j2H

: (4)

In this paper, we show that for long polymer chains (N c 1)
a pairwise potential:

V(xk,xm) = akm(xk � xm)2 (5)

can be used to construct polymer chains with fBm-like equilibrium
distribution of the monomer-to-monomer distance (3) with any df

lying in the interval 2 o df o 3 provided that coefficients akm

depend only on chemical distance between monomers |k � m| = s
and decay asymptotically at s c 1 as

as B cs�g; g A (2,3) (6)

with c 4 0. The resulting large-scale fractal dimension of
conformational statistics is related to the decay exponent g by

df ¼
2

g� 2
(7)

If g 4 3, i.e. the coefficients in (5) decay faster than s�3, the
statistics of the corresponding polymer chain remains ideal at
large scales and the monomer-to-monomer distance is given by
(2). The value of g = 3 is critical, giving rise to logarithmic
corrections in (2).

Quadratic interactions in (5) can be interpreted as a set of
harmonic springs of varying rigidity connecting each pair of
monomers, as shown in Fig. 1. It makes sense, therefore,
to incorporate the nearest-neighboring harmonic interactions
(i.e., the first term in the action (1)) into the definition of V,
such that ak,k+1 = 3/(2b2). The potential of the form (5) has
appeared previously in various contexts. In particular, the resulting
Gaussian networks35–37 with (m,k)-depending rigidities are often
used for the description of 3D structures of proteins. In ref. 38
and 39 static and dynamic properties of marginally compact
trees with various fractal architectures were considered. A related
hierarchical variational approach for an account of volume
interactions of swollen polymer chains was proposed in ref. 40.
The potential of the form (5) has appeared for the first time in a
dynamic context in the work41 on the so-called ‘‘beta-model’’, a
Rouse-like model of a polymer chain with a time relaxation
spectrum of a certain specific form. In ref. 42 a similar model
was used for studying dynamic properties of a crumpled globule
in a viscoelastic environment.

Using a harmonic potential (5), we propose an alternative
form for the action of long fractional Brownian conformations,
N -N, which involves modification of the ‘‘kinetic’’ term in (1):

~Pðx; yÞ ¼
ð
DfXge ~S; ~S ¼

ð1
0

dx
ð1
0

dx0
@XðxÞ
@x

@Xðx0Þ
@x0

j x� x0j jð Þ

(8)

where the function j(|x � x0|) is a power-law decaying memory
kernel. Clearly, j(x) = dx corresponds to a simple Brownian
motion with H = 1/2. Action of the form (8) appeared previously in
ref. 30, where it was shown that (8) with j(x) = x�1/2 corresponds
to the statistics of trajectories of the Rouse particles, which is
known to be fBm with H = 1/4. Here we generalize this result and
show that for any 0 o H o 1/2 the corresponding ensemble of
fractal Brownian trajectories can be obtained from the action (8)
with j(s) B s�2H.

III. Gaussian chain with long-range
quadratic interactions

Here we prove the results outlined above, which connect the
modes described by (5), and (6) with the fractal Brownian
motion behavior (3). To simplify the description, take a ring
chain of N c 1 monomers, xN � x0. We consider phantom
chains here, so for |k � m| { N the distribution of xk � xm does
not depend on boundary conditions and this assumption does
not lead to any loss of generality. Also, assume for definiteness
that N is odd, N = 2n + 1. The potential (5) in this case acquires
the following form

VðfXgÞ ¼ cðx0; x1; . . . ; xN�1Þ ¼
X
mok

as xk � xmð Þ2 (9)

Fig. 1 Schematic image of the pairwise interactions (5) Vxk,xm
of the k-th

monomer (xk) with adjacent monomers of the chain with coordinates xk�1,
xk�2, xk�3,. . .. Elastic constants akm decay algebraically which is depicted by
dashed lines with increasing spacing.
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where s = s(k,m) is the shortest contour length between mono-
mers k and m:

s(k,m) = min(|k � m|, N � |k � m|) (10)

This distance s(k,m) is a symmetric and circularly periodic
function

s(k,m) = s(m,k); s(k + i mod N, m + i mod N) = s(k,m)
(11)

It means that there are n independent different values of a(s),
s = 1. . .n. Note that the standard ideal polymer ring corresponds
to only nearest-neighbor interactions, a(1) = 3/2b2 and a(s) = 0
for s 4 1.

Introducing additionally

að0Þ ¼ 2
X
s4 0

aðsÞ (12)

one can rewrite potential (9)

VðfXgÞ ¼ cðx0; x1; . . . ; xN�1Þ

¼ að0Þ
XN�1
m¼0

xm
2 � 2

X
mo k

aðsðk;mÞÞxmxk ¼ X Aj jXh i

(13)

where matrix elements of A depend only on the distance
between monomers s(k,m). The structure of this matrix shares
properties with a symmetric circulant matrix.31 For example, for
n = 3 and N = 7 the matrix A takes the form:

A ¼ �

�a0 a1 a2 a3 a3 a2 a1

a1 �a0 a1 a2 a3 a3 a2

a2 a1 �a0 a1 a2 a3 a3

a3 a2 a1 �a0 a1 a2 a3

a3 a3 a2 a1 �a0 a1 a2

a2 a3 a3 a2 a1 �a0 a1

a1 a2 a3 a3 a2 a1 �a0

2
666666666666666664

3
777777777777777775

; (14)

where, generally speaking, a1,2,3 are arbitrary positive numbers,
and a0 is given by (12).

Eigenvectors of a circulant Ap, A|Api = op|Api are known31 to
be

AðkÞp ¼
1ffiffiffiffi
N
p exp

2pipk
N

� �
; k ¼ 0; 1 . . .N � 1; (15)

and the corresponding eigenvalues op are

op ¼ að0Þ �
Xn
s¼1

aðsÞ exp
2pips
N

� �
þ exp

2pipðN � sÞ
N

� �� �

¼ 2
Xn
s¼1

aðsÞ 1� cos
2pps
N

� �� �
: (16)

Importantly, o0 = 0 has the degeneracy 2, and other eigen-
values: op = oN�p. Moreover, the spring constants a(s) should

decay faster than 1/s in order for expressions in (16) to con-
verge. Physically, it means that strongly attractive elastic net-
works with slower decay of as get collapsed into a single point in
the limit N - N. In the Appendix A we consider a particular
case of a(s) decaying as a general power law a(s) = cs�g and show
(see (A6)) that in this case the eigenvalues with p { N behave as

op �
Gð1� gÞ p

N

� �g�1
for 2o go 3

1

g� 3

p

N

� �2
for g4 3

;

8>>><
>>>:

(17)

where we keep only coefficients divergent at g - 3. Thus, for
g 4 3 the interaction matrix has the usual Rouse spectrum
(up to a g-dependent prefactor) meaning that at equilibrium the
chain is indistinguishable from an ideal chain (i.e., a Gaussian
chain with fractal dimension 2), and the existence of non-nearest
neighbour interactions a(s) for s 4 1 simply renormalizes the
chain persistence length. Meanwhile, if 2 4 g 4 3 a subtantially
different behavior arises.

The equilibrium properties of an elastic network are easier
to analyze in terms of normal relaxation modes, up = hX|Api,
p = 0. . .N � 1

up ¼
1ffiffiffiffi
N
p

XN�1
k¼0

xn exp
2pipk
N

� �
;

xk ¼
1ffiffiffiffi
N
p

XN�1
p¼0

up exp �
2pipk
N

� � (18)

In the new coordinates the potential (13) can be diagonalized,
providing the following form

VðfXgÞ ¼
XN�1
m¼0

Am um
�
XN�1
p¼0

opup

�����
�����Ap

* +
¼
XN�1
m¼0

XN�1
p¼0

um
�opup AmjAp

� 	

¼
XN�1
p¼0

op up
�� ��2

(19)

where in the last equation we used that hAm|Api = dm,p. In
equilibrium, the distribution of energy between the addenda of
(19) obeys the equipartition theorem, and therefore

up�up0 ¼
3dpp0
op

(20)

where the bar denotes the equilibrium ensemble averaging.
Now, to prove that in the equilibrium the monomer-to-

monomer distance xk � xm for 1 { s(k,m) { N is given by the
fBm distribution (3) we need to prove two statements: (i) that
the equilibrium distribution is Gaussian, and (ii) that its
variance grows as a power of s.

The statement (i) follows straightforwardly from the fact that
the statistical weight of the full conformation X = {x0,. . .,xN�1} is
a Gaussian function:

PNðXÞ ¼
1

ZN
exp � X Aj jXh if g: (21)
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where ZN is the partition function, and the Hamiltonian is given
by (13). Since the Hamiltonian is translationally invariant, we get:

Pðxk; xm; sÞ ¼
1

ZN

ð
exp � X Aj jXh if g

Y
iak;m

dxi

¼ 3

2pskm2

� �3=2

exp �ðxk � xmÞ2
2skm2

� � (22)

where the variance skm2 ¼ xk � xmð Þ2 � s2ðsÞ, which is some
function of the contour length s(k,m). Rewriting this variance in
terms of the normal modes (18) one gets:

s2ðsÞ ¼ 1

N

XN�1
p¼0

up e
�2pipk

N � e
�2pipm

N

� ������
�����
2

¼ 12

N

Xn
p¼1

op
�1 1� cos

2ppsðk;mÞ
N

� �� �
;

(23)

In (23) we used the degeneracy of the spectrum and the
equipartition theorem (20).

To prove the statement (ii), note that the asymptotic behavior
of (23) for s c 1 is controlled by the behavior of op for p { N
and the typical relevant p is of order N/s. Therefore, to have
algebraically decaying coefficients a(s), one can use the expres-
sion (17), which gives

s2ðsÞ � 1

N

Xn
p¼1

p

N

� �1��g
1� cos

2ppsðk;mÞ
N

� �� �

�
ðp
0

x1��gð1� cosxsÞdx

¼ s�g�2
ðps
0

y1��gð1� cos yÞdy;

(24)

where we used the notation

�g ¼
g for 2o go 3

3 for g4 3

(
(25)

The integral on the right hand side converges for all relevant
�g and for s c 1 only weakly depends on its upper limit, which
allows us to extract the leading asymptotic

ss2 �
sg�2 for 2o go 3

s for g4 3

(
(26)

Thus, if a(s) decays slower than s�3, the equilibrium con-
formations have fractal dimension df = 2/(g� 2), while for faster
decays of a(s) the chain adopts an ideal conformation akin to the
standard Brownian trajectory, and the presence of additional
terms in the potential (additional harmonic springs between
beads) just renormalizes the chain stiffness. The equilibrium
conformation of a chain is, therefore, an fBm with the Hurst
exponent

H ¼ �g
2
� 1 ¼

g=2� 1 for 2o go 3

1=2 for g4 3

(
(27)

This result is, so far, obtained just for the case when the
coefficients a(s) decay strictly as a power law. In order to address
a general situation, we evaluated (16) and (23) numerically for
several specific choices of a(s), in particular, of the form

aðsÞ ¼
c1s
�g1 for so s�

c2s
�g2 ; for s4 s�

(
; (28)

The corresponding behavior is shown in Fig. 2. We see that in
this case the chain as a whole is not a fractal anymore.
Separation of scales is clearly seen: for s { s* the behavior
of s2 is controlled by the exponent g1 while for s c s* it is
controlled by g2. This means not only that the large-scale
behavior of s2 depends only on the large-scale behavior
of a(s) in agreement with (26), but also that one can use the
Hamiltonian (13) to construct polymer conformations with
different fractal dimensions on different length scales and/or
for different parts of the chain. This might be useful, e.g., for
the description of heterochromatin consisting of active and
inactive domains (see e.g., ref. 43–45).

The interpretation of a fBm trajectory as a specific type of
polymer conformation suggests a natural way to determine the
power spectrum f (p) of the fBm. From the point of view of the
polymer analogy f (p) is related to the energy stored in the p-th
normal mode, so equipartition theorem connects it with the
eigenvalues op of the interaction matrix A:

f ðpÞ ¼ up�up � op
�1: (29)

Taking into account (17) and (27) one gets

f ðpÞ � N

p

� �2Hþ1
: (30)

which is a known result for the fBm.46 Interestingly, within the
Rouse approach to polymer dynamics, which corresponds to
postulating

@xi
@t
¼ @VðXÞ

@xi
þ d-correlated Gaussian noise (31)

as equations of motion for individual monomers, f ( p) is also
proportional to the relaxation time tp of the p-th mode.29,42

IV. Unifying action for fractional
Brownian motion

In this section we discuss how naturally one can reinterpret the
quadratic Gaussian interactions with algebraically decaying
coefficients in terms of an action with a memory-dependent
kernel as suggested by (8). The partition function of a polymer
chain with quadratic interactions (13) reads as

ZN ¼
ð
DfXge�S; S ¼ X Aj jXh i; (32)

where integration is taken over DfXg ¼
QN
k¼0

dxk and S is the

Euclidean action of a moving particle S̃.

Soft Matter Paper



6566 | Soft Matter, 2018, 14, 6561--6570 This journal is©The Royal Society of Chemistry 2018

Discretizing the memory-dependent action in (8), one
can write:

~S ¼
ðN
0

dx
ðN
0

dx0
@XðxÞ
@x

@Xðx0Þ
@x0

jðjx� x0jÞ

�
XN
k;m

ðxk � xk�1Þðxm � xm�1Þjk;m

¼
XN
k;m

jk;m � jk;mþ1 � jkþ1;m þ jkþ1;mþ1

 �

xkxm

(33)

We see that indeed the two expressions (21) and (33) are equal
provided that

akm = �(jk,m � jk,m+1 � jk+1,m + jk+1,m+1) (34)

for all k, m. For 1 { |k � m| o n this reduces to

aðs ¼ jk�mjÞ ¼ jðs� 1Þ þ jðsþ 1Þ � 2jðsÞð Þ ’ @
2jðsÞ
@s2

(35)

As we have shown in the main text, the large-scale statistics
of the chain depends only on the asymptotic behavior of a(s).
Thus, it is insensitive to particular details of the behavior of a(s)
or j(s) at small s. Assuming that for s - N

a(s) B s�g, g A (2,3), (36)

one can approximate the difference in (35) by the continuous
derivative. Thus, we arrive at the conclusion that (36) is
equivalent to

jðsÞ ’ s2�g

ðg� 2Þðg� 1Þ; g 2 ð2; 3Þ (37)

Thus, we have shown that (32) can be rewritten as the action
of a moving particle with the algebraically decaying memory
kernel

~S ¼ 1

2Hð2H þ 1Þ

ðN
0

dx
ðN
0

dx0
@XðxÞ
@x

@Xðx0Þ
@x0

jðjx� x0jÞ; jðsÞ ’ 1

s2H

(38)

We see that the action of the form (38) with j(s) decaying
as s�2H for large s, where H A (0,1/2), generates an equilibrium
ensemble of trajectories which is asymptotically equivalent to
the fractional Brownian motion with the Hurst exponent H.
In particular, for H = 1/4 we recover the action generating
trajectories of beads of the Rouse chain,30 while the case
H = 1/3 corresponds to the Hurst exponent of the crumpled
globule. For H = 1/2 algebraic representation is not valid and
the kernel collapses j(s) C d(s), recovering the kinetic action
for ordinary Brownian motion.

Interestingly, it is possible to link the discussed representa-
tion of the fBm action with the fractional Langevin equation
(fLe) (4) using a fluctuation–dissipation argument. The left-
hand side of (4) corresponds to a dissipative friction force F
acting on a fLe particle. At equilibrium, the average energy of
the particle is conserved and the work performed by this force
should be equal to the integral of the action S̃ along the
trajectory of the particle. For a particle moving from x1 to x2

during the time t, the expression (38) adopts the form:

~S ¼ 2

ðt
0

dt 0
ðt 0
0

dt 00
@xðt 0Þ
@t 0

@xðt 00Þ
@t 00

jðt 0 � t 00Þ ¼ �
ðx2
x1

Fdx (39)

Differentiating (39), one gets the following expression for the
force F:

FðtÞ ¼ �
ðt
0

dt 0Kaðt� t 0Þ@xðt
0Þ

@t 0
; Kaðt� t 0Þ � 1

t� t 0j j2H
; (40)

which, up to the choice of numerical coefficients, is identical to
the one on the right hand side of (4).

Thus, the analogy between conformation of a polymer chain
and trajectory of a subdiffusive fBm particle allows describing
the latter in terms of an action that implies velocity–velocity
correlations with an algebraically decaying memory kernel and
provides the microscopic model behind the path integrals of
moving particles with algebraic correlations. This action can be
used to calculate the work performed by the friction force along
the trajectory dictated by the fractional Langevin equation.
Note that in equilibrium the energy loss due to friction is

Fig. 2 Behavior of the dispersion s2(s), s = 1,. . .,n defined in (23) for a ring chain with n = 105 for three cases: (a) single power-low decay a(s) = s�8/3;
(b and c) combination of two power laws (28) (b): g1 = 4, g2 = 8/3, s* = 100, (c): g1 = 8/3, g2 = 4, s* = 100. Dash lines correspond to s2(s) B s2/3 (short
dashes) and s2(s) B s (long dashes). The plots are rescaled so that s2(s) = 1 for s = 1.
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compensated on average by the action of fractional noise in the
thermostat, which in the formalism presented here emerges from
the summation over ‘‘ghost’’ interactions between the particle
velocity at a given point and velocities in all its future positions.

V. Discussion

In this paper we have shown that a polymer chain described by
the Hamiltonian of the form (13) with coefficients decaying
algebraically at large separation distances akm B |k � m|�g

for |k � m| c 1 adopts a fractal Gaussian conformation
with monomer-to-monomer distances growing as |k � m|1/2

for g 4 3 and as |k � m|(g�2)/2 for g A (2,3). Putting it in other
terms, this means that adjusting parameters in (13) one can
construct fractal Gaussian polymer conformations with any
fractal dimension df Z 2.

How physically relevant is this result? Can one, for example,
use this Hamiltonian to describe topologically stabilized polymer
states? The answer depends, to a large extent, on whether these
polymer states, like nonconcatenated rings in a melt and mitotic
chromosomes, are Gaussian or not. If they are, the potential (13)
seems to be a good phenomenological Hamiltonian for such
systems in the absence of an exact microscopic one, while if they
are not, it can only be used to reproduce those properties of real
chains which depend on the fractal dimension only.

To check whether the distributions obtained in numeric
simulations of topologically stabilized polymer states are
Gaussian or not, we used the available numerical data from two
independent sources: the conformations of a long unknotted ring
in a box with reflecting boundary conditions studied in ref. 28,

and those of partially equilibrated crumpled globule conforma-
tions of linear chains with periodic boundary conditions
generated in ref. 29. We plotted in Fig. 3 the distributions of
monomer-to-monomer distance x R |xk � xm| for different
values of s = |k � m| taken from the simulation data, and their
best fit by the Maxwell distributions

PðxÞ ¼ 4px2
3

2ps2ðsÞ

� �3=2

exp � 3x2

2s2ðsÞ

� �
(41)

Notably, a similar analysis was undertaken in ref. 47 where melts of
much shorter (up to N = 500) poly(ethylene oxide) rings have been
studied by molecular dynamics simulations (see Fig. 10 of ref. 47 for
comparison). In all cases one can notice some visible discrepancies
between numerical data and Maxwell distribution fit for small s,
which can be attributed to unscreened excluded volume interactions
and finite chain flexibility in the numerical experiments. Indeed, one
expects similar behavior for linear chains where screening of volume
interactions occurs at some finite concentration-dependent length
scale of the order of the chain persistence length.

Meanwhile, for larger values of s the fits in Fig. 3a and b, as
well as those in Fig. 10 of ref. 47 and 56, are remarkably good.
Most importantly, they remain equally good for s larger than
entanglement length Ne where the behavior of rings and
crumpled globules is no longer described by the Flory
theorem,7 which can be seen by deviation of s2(s) dependences
from s2(s) B s, as shown in Fig. 3c and d. We find that
the Maxwell curves fit the data of ref. 28 and 29 very well up
to s E N2/3, where the finite size effects become important.

We conclude, therefore, that the simple quadratic Hamiltonian
(13) with coefficients calibrated to match experimentally observed

Fig. 3 (a and b) Distribution of the monomer-to-monomer distance P(|xk � xm|,s) for different s for (a) partially equilibrated unknotted linear chains
simulated in ref. 29 and (b) equilibrium unknotted rings in a box simulated in ref. 28 (points) together with their best fits with Maxwell distribution (41)
(lines). (c and d) Variances of the best fit Maxwell distributions as functions of s, (c) data from ref. 29, Ne E 50, (d) data from ref. 28, Ne E 150.
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fractal dimensions seems to be a very good candidate for an
effective phenomenological description of topologically stabilized
states. Indeed, within this formalism it should be possible to
calculate various conformational characteristics of these states,
including gyration radius, asphericity parameters, return probability,
elastic properties, etc., and there is even some hope that more
complicated characteristics like knot invariants and surface expo-
nents for df = 3 might be tractable. Hopefully, further research will
shed more light on which of the properties of experimental systems
can be reproduced exactly, and which need a consideration going
beyond the phenomenological Hamiltonian suggested here.

In conclusion, consider briefly the dynamics of fractal poly-
mer states with a fractal dimension different from 2. Detailed
discussion of this topic goes beyond the scope of this paper, but
let us mention that there exist two broad approaches. One is to
develop a direct generalization of the Rouse model of polymer
dynamics in a simple2–4 or viscoelastic50,51 medium for the
df a 2 case. The resulting dynamics is characterized by mono-
mer displacement at intermediate times scaling as29,42,49

xn
2ðtÞ � xn

2ð0Þ
� 	

� t2z; z ¼ 2a
2þ df

; (42)

where a is the dynamical exponent characterizing the surrounding
medium, a = 1 for a simple medium, and a o 1 for the
viscoelastic one. Importantly, for the case of df = 3, a = 1 (42)
is in reasonable agreement with computer simulations of a
partially equilibrated system emulating the crumpled globule
model of a chromosome29 and is reproducing the dynamical
exponent z = 0.4 for the chromosome loci of E. coli observed at
timescales from 0.1 to 10 s.52 Available single-particle tracking
data for eukaryotic living-cells vary but typically give a some-
what smaller exponent, which might be explained within this
approach by the viscoelasticity of nucleoplasm due to protein
crowding. The Hamiltonian suggested above can be used to
go beyond scaling considerations for the dynamics of these
systems in the spirit of ref. 41 and 42. Indeed, within this
approach, the generalized Rouse equation for the dynamics of
the i-th bead takes the form

x
dxiðtÞ
dt
¼ f iðtÞ � riHðXÞ; f iðtÞf i 0 ðt 0Þh i ¼ 6xdðt� t 0Þdi;i0 ;

(43)

where ri denotes the gradient over xi, fi is the stochastic
thermal force, and H(X) is given by (13). Further generalization
in the case of the viscoelastic medium is also straightforward,
see ref. 42 and 49.

On the other hand, the very applicability of the Rouse-like
approach to, e.g., melts of rings is questionable. Indeed, the
presence of threading events slows down the dynamics53–55 and
seems to dictate the need for some generalization of the
reptation model of polymer dynamics2–4 to properly describe the
observed phenomena. Such generalizations, suggested in ref. 13
and 14, give rise to values of z E 0.26. . .0.28, which are much
smaller than those predicted by Rouse-like theory. Numerical
simulations of the dynamics of fully equilibrated ring melts
of rings with N up to 50047 and 150048 give rise to the effective

dynamic exponent which is in between the two predictions.
However, note that an underlying mechanism of classical
polymer dynamics is the Rouse motion of the chain along the
reptation tube. If similar Rouse-like movements in constrained
geometry turn out to be important for the ring melts as well,
the modified Rouse model with Hamiltonian-dependent force
described as suggested by (43) may still be relevant.
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Appendix A: spectrum of the
interaction matrix

Consider a chain with Hamiltonian (13) and coefficients behaving
as a(s) = cs�g. Here we analyze the spectrum (16) of the matrix A
for the physical range of exponents, g 4 2. In the continuum
limit one has:

op ¼ 2gc
N

pp

� �1�gðpp
2pp=N

x�g 1� cosðxÞð Þdx

� 2gc
N

pp

� �1�g
Iðg; p=NÞ � o p1�g


 ��  (A1)

where the integral I is

Iðg; p=NÞ ¼
ð1
2pp=N

x�g 1� cosðxÞð Þdx

¼ 1

g� 1

2pp
N

� �1�g
�< ig�1G 1� g;

2ppi
N

� �� � (A2)

and G is the holomorphic continuation of the upper incomplete
G-function:

Gðs; zÞ ¼ GðsÞ � GðsÞzs expð�zÞ
X1
k¼0

zk

Gðsþ kþ 1Þ

¼ GðsÞ � 1

s
zs þ 1

sþ 1
zsþ1 � 1

sþ 2
zsþ2 þ o zsþ2


 � (A3)

Using series (A3) one can rewrite the real part in (A2) as
follows:

< ig�1G 1� g;
2ppi
N

� �� �
¼ Gð1� gÞ cos pðg� 1Þ

2
þ 1

g� 1

N

2pp

� �g�1

þ 1

3� g
2pp
N

� �3�g
þ o

pp
N

� �4�g� �
(A4)

Collecting (A4) and (A2), one ends up with the spectrum

op

c
¼ �2g pp

N

� �g�1
Gð1� gÞ cos pðg� 1Þ

2
� 8

3� g
pp
N

� �2
þo pp

N

� �3� �
(A5)
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which yields the following asymptotic expression in the
limit p/N - 0:

op �
2gGð1� gÞ cos pð3� gÞ

2

pp
N

� �g�1
for 2o go 3

8

g� 3

pp
N

� �2
for g4 3

8>>><
>>>:

(A6)
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