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BASIC COHOMOLOGY OF CANONICAL HOLOMORPHIC
FOLIATIONS ON COMPLEX MOMENT-ANGLE MANIFOLDS

HIROAKI ISHIDA, ROMAN KRUTOWSKI, AND TARAS PANOV

ABSTRACT. We describe the basic cohomology ring of the canonical holomorphic foliation
on a moment-angle manifold, LVMB-manifold or any complex manifold with a maximal
holomorphic torus action. Namely, we show that the basic cohomology has a description
similar to the cohomology ring of a complete simplicial toric variety due to Danilov and
Jurkiewicz. This settles a question of Battaglia and Zaffran, who previously computed
the basic Betti numbers for the canonical holomorphic foliation in the case of a shellable
fan. Our proof uses an Eilenberg—Moore spectral sequence argument; the key ingredient
is the formality of the Cartan model for the torus action on a moment-angle manifold. For
an arbitrary complex manifold with a maximal torus action, we show that it is transverse
equivalent to a moment-angle manifold and therefore has the same basic cohomology.

1. INTRODUCTION

The moment-angle complex Zx corresponding to a simplicial complex K is a topological
space build up as a union of products of polydiscs and tori with respect to combinatorial
data given by K; see [3] where it was first defined in this fashion. The spaces Zx carry
natural torus actions. It was shown in [I5] and [I7] that an even-dimensional moment-
angle manifold Zy. corresponding to a complete simplicial fan ¥ admits complex structures
invariant under the torus action. Later it was shown [9] that Zx admits an invariant
complex structure only if K is the underlying complex of a complete simplicial fan (in
other words, K is a star-shaped sphere triangulation).

Another class of complex manifolds with holomorphic torus action was constructed by
Bosio in [2] and became known as LVMB-manifolds. It was proved in [9, Theorem 9.4] that
complex moment-angle manifolds are biholomorphic to LVMB-manifolds of certain type.
Both complex moment-angle manifolds and LVMB-manifolds are examples of complex
manifolds with mazimal torus action, completely classified in [9] in terms of simplicial
fans.

Battaglia and Zaffran [I] considered a certain holomorphic foliation on a complex
LVMB-manifold, which later was shown in to be a particular case of the canonical fo-
liation on any complex manifold with a holomorphic torus action [8]. We review the
construction of this canonical foliation in Section 2l Battaglia and Zaffran computed the
basic Betti numbers for their foliation in the case when the associated complete fan is
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shellable. Their method consisted in applying the Mayer—Vietoris sequence. They con-
jectured that the basic cohomology ring has a description similar to the cohomology ring
of a complete simplicial toric variety due to Danilov and Jurkiewicz [5]. The conjecture
was justified by the fact that in the case of a complete regular fan the foliation becomes a
locally trivial bundle over the associated toric variety with fibre a holomorphic torus (see
Remark 2.2]).

In this paper we first prove the conjecture for all complex moment-angle manifolds
with invariant complex structure (see Theorem [3.4]). Our approach is different from that
of Battaglia—Zaffran: we use the Eilenberg—Moore spectral sequence and establish the
formality of the Cartan model for the torus action on Zx (see Lemma [3.2)).

In the second part of the paper we study the notion of transverse equivalence for foli-
ated manifolds. It is useful, as the basic cohomology rings of transverse equivalent foliated
manifolds are isomorphic. We adapt the notion of transverse equivalence to our situation
of complex manifolds with maximal torus actions and their canonical foliations (see Defini-
tion[5.2]). We use the classification results of the first author [9] for complex manifolds with
maximal torus actions to show that the transverse equivalence class of such a manifold
is determined by its marked fan data (Theorem [5.7)). As a consequence, we obtain that
any complex manifold with a maximal torus action is transverse equivalent to a complex
moment-angle manifold (Theorem [£.8]). This gives a description of the basic cohomology
ring for any complex manifold with a maximal torus action (Theorem [5.9)). Since LVMB
manifolds are a particular class of maximal torus actions, the conjecture of Battaglia and
Zaffran is proved completely.

We note that our approach can be also applied to smooth moment-angle manifolds Zx
rather than complex ones. Nevertheless, it is important to emphasise the holomorphic na-
ture of the foliation under consideration. The reason is that we hope that our methods can
be applied for calculation of basic Dolbeault cohomology for the foliation and Dolbeault
cohomology of complex moment-angle manifolds. Recently these rings were computed for
the case when the foliation is transverse Kahler, which is the case if and only if the fan X
is polytopal (see [10]). In the general case, the description of the Dolbeault cohomology
rings is an open problem, which we shall address in the subsequent work.

2. PRELIMINARIES

2.1. The moment-angle complex. An abstract simplicial complex on the set [m] =
{1,2,...,m} is a collection K of subsets I C [m] such that if I € K then each J C I also
belongs to K. We always assume that @ € K.

The moment-angle complex Zi corresponding to K is a topological space constructed
as follows. Consider the unit m-dimensional polydisc:

D™ = {(21, .0, 2m) €C™ : |z|> < 1 fori =1,....,m}.

Then
Ze = (H]D x HS) c D™,
IeK il il
where S is the boundary of the unit disk D.
The moment-angle complex is equipped with a natural action of the torus

T™ = {(t1, ... tm) € C™: |t;] = 1}.

When K is simplicial subdivision of a sphere, Zx is a topological manifold [4, Theo-
rem 4.1.4], called the moment-angle manifold.



BASIC COHOMOLOGY OF CANONICAL HOLOMORPHIC FOLIATIONS 3

We define an open submanifold U(K) C C™ in a similar way:

vy = (TTex ITc).
1€k i€l il
where C* = C\ {0}. The manifold U(K) has a coordinate-wise action of the algebraic
torus (C*)™, in which 7" is a maximal compact subgroup. Furthermore, U(K) is a toric

variety with the corresponding fan given by
Yk ={Rx(e;:iel): I € K},

where e; denotes the i-th standard basis vector of R and R> (A) denotes the cone spanned
by the elements in A.
Given a commutative ring R with unit, the face ring (or the Stanley—Reisner ring) of
K is
RIK] = Rlvr, o vm] /T
where R[vy,...,vn,] is the polynomial algebra, degv; = 2, and Ik is the Stanley—Reisner
ideal, generated by those monomials vy = [[;c; vs for which I is not a simplex of K.

2.2. Complex structure on moment-angle manifolds. Assume that Zx admits a
complex structure invariant under the action of 77". Then the action of 7™ on Zx extends
to a holomorphic action of (C*)™ on Zx. The global stabilisers subgroup

H={ge(C*)": g-z=uxforall x € Zx}

is a complex-analytic subgroup of (C*)™. The Lie algebra h of H is a complex subalgebra
of the Lie algebra C™ of (C*)™. It was proved in [9, Proposition 7.8] that h satisfies the
following conditions:

(a) the composite h — C™ Re, g g injective;
(b) the quotient map ¢: R™ — R™/Re(h) sends the fan Yx to a complete fan ¢(Xx)
in R™/Re(h).
Here we identify R™ with the Lie algebra t of 7. By [9, Theorem 7.9], the complex
manifold Zx is T"-equivariantly biholomorphic to the quotient manifold U(K)/H.

Conversely, it was proved in [15, Theorem 3.3] that if a complex subspace h of C™ satis-
fies the conditions (a) and (b) above, then the Lie subgroup H of (C*)™ corresponding to h
acts on U(K) freely and properly, and the complex manifold U(K)/H is T™-equivariantly
homeomorphic to Zx.

It follows that a moment-angle manifold Zx admits a complex structure if and only
if K is the underlying complex of a complete simplicial fan (that is, K is a star-shaped
sphere triangulation), and a stably complex structure on such Zx is defined by a choice
of a complex subspace h C C™ satisfying (a) and (b) above.

Construction 2.1 (Holomorphic foliation on Zx). Define the Lie subalgebra and the
corresponding Lie group

h = Re(h) C R" = t, H' =exp(h)) CcT™.

The restriction of the T™-action on U(K)/H to H' C T™ is almost free (i. e., all stabiliser
subgroups are discrete), see [4, Proposition 5.4.6]. Therefore, we obtain a smooth foliation
on Zx by the orbits of H'. To see that this foliation is holomorphic, let J € End(7 Zx) be
the operator of the complex structure on Zx, and u € h’. By condition (a) above, there
exists v € R™ such that v + v € h. Since b is a complex subspace, we have v — iu € §.
Hence, v € i'. Let X, and X,, denote the fundamental vector fields on Zx = U(K)/H
generated by u and v, respectively. Then X, = JX, because v — tu € h. Therefore, at
each point, JX, belongs to the tangent space of a leaf of the foliation. This means that
the foliation is holomorphic.
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Remark 2.2. If the subspace h’ C R™ is rational (i.e., generated by integer vectors),
then H' is a subtorus of 7™ and the complete simplicial fan ¥ := ¢(3x) is rational. The
rational fan ¥ defines a toric variety Vs, = Zx/H' = U(K)/Hg. The holomorphic foliation
of Zx by the orbits of H' becomes a holomorphic Seifert fibration over the toric orbifold
Vs, with fibres compact complex tori Hg/H (see [15, Proposition 5.2]).

2.3. Basic cohomology and equivariant cohomology. Let g be a Lie algebra. A
g*-differential graded algebra (g*-DGA for short) is a differential graded algebra (DGA for
short) equipped with an action of operators ¢¢ (concatenation) and L¢ (Lie derivative) for
¢ € g, see [6l Definition 3.1] for the details. For a g*-DGA (A, d4), the basic subcomplex
Apasg is given by

Apasg = {w € A: ew = Lew = 0 for any £ € g}.
Basic cohomology of A is given by
Hbasg(A) - H(Abasga dA)-

We omit g by writing Hyas(A) for simplicity when g is clear from the context.

Let S(g*) denote the symmetric (polynomial) algebra on the dual Lie algebra g* with
generators of degree 2, and A(g*) the exterior algebra with generators of degree 1. The
Weil algebra of g is the DGA

W(g) = (A(g") © S(g"); dy(g))

with the standard acyclic (Koszul) differential dyy(q). We refer to W(g) simply as W when
g is clear from the context. There are two models for equivariant cohomology of A. The
Cartan model is defined as

Co(A) = ((S(g%) ® A)*, dy),

where (S(g*) ® A)? denotes the g-invariant subalgebra. We think of an element w € C4(A)
as a g-equivariant polynomial map from g to A. The differential dy is given by

dg(w)(§) = da(w(§)) — te(w(§)).
The Weil model is defined as
WQ(A) = ((W & A)basa d)a

where d = dyy ® 1 + 1 ® d4. The Mathai-Quillen isomorphism [12] implies that the Weil
model Wy(A) and the Cartan model Cq(A) have the same cohomology Hg(A). The algebra
Hy(A) is called the g-equivariant cohomology of the g*-algebra A.

A W*-algebra B is a g*-DGA which is also a W-module, see [7, Definition 3.4.1]. For
a Wr-algebra B, there are weak equivalences between By,s and the algebras Cq(B) and
W,y(B), see [7, Section 5.1]. In particular, we have Hyas(B) = Hy(B) if B is a W*-algebra.

Now let M be a smooth manifold equipped with an action of a connected Lie group G,
and let g be the Lie algebra of G. Then the algebra 2(M) of differential forms on M is a
W*-algebra, so we have algebra isomorphisms

s (M) = H(Co(2(M))) = H(Wy(2(M))).

If in addition G is a compact, then the algebra above is isomorphic to the equivariant
cohomology HE (M) := H*(EG xg M), see [7, Theorem 2.5.1]:

Hyas (2(M)) = He(M).
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2.4. The case of torus actions. Let G be a compact torus, and M a smooth G-manifold.
Let b’ be a subspace of the Lie algebra g of G, and H’ the corresponding Lie subgroup
of G. Assume that the action restricted to H’ is almost free. Then we have a smooth
foliation of M by H’-orbits. It follows from [T1, Lemma 4.4] that £2(7) and 2(M)% have
a structure of W(h')*-algebras.

Lemma 2.3. The natural inclusion Q(M)bGaS b (M )pasy is a quasi-isomorphism.

Proof. First, we show that the induced homomorphism Hpaspy (2(M)%) — Hypasy (2(M))
is injective. Let It 2(M)pasy — 2(M)S p be the linear map given by

I(a) :/ g adg, o€ 2(M)pasy,
geG

where dg denotes the normalised Haar measure on G. Then the composite 2(M )l?as by

2(M)pasy AN QM)E p is the identity. Passing to cohomology, we obtain that the
homomorphism Hbash/(Q(M)G) — Hypasp (2(M)) is injective.

Now, we prove that Hbash/(Q(M)G) — Hpasy (£2(M)) is surjective. This will be done
by showing that I(a) and « define the same cohomology class in Hypagsp (£2(M)).

Let [a] € Hpasty (£2(M)) be a cohomology class represented by a € 2yasy(M). Let
expg: 8 — G be the exponential map, and let v1,...,7, be a lattice basis of Kerexp.
Define

n
D = {v:Zai7¢:0<ai<1}.
i=1

Then the exponential map restricted to D gives a bijection expg |p: D — G. For v € D
and t € R, we define g; := exps(tv) € G and

1
by, = / g; (tx,)dt € pasy (M).
0
The form 6, is basic because G is a commutative group. We have

* *
. Gy — g
lim Zth— It

= Lx,g;a =ix,dgia+dix, gia =dix,g; o = dgiix, o,
h—0 h

implying that

1 1
dbg, = d/ giix,adt = / dgiix,adt = gla — gga = gia — .
0 0
Therefore
/ (fia — a)dg = / dfg,dg = d/ 64, dg.
91€G g1€G g1€G
On the other hand,
/ (gja—a)dg = I(a) — «a.
g1€G
It follows that I(a) and o represent the same class in Hpaspy (£2(M)). This together

with I(a) € uasy (M)C yields that the induced homomorphism Hiasy (2(M)Y) —
Hyasy (£2(M)) is surjective, proving the lemma. O
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3. BASIC COHOMOLOGY OF Zg

Here we consider moment-angle manifolds Zx equipped with a T™-invariant complex
structure. The purpose of this section is to describe the basic cohomology algebra of Zx
with respect to the canonical holomorphic foliation described in Construction 2Tk

Hpos(Zic) = Hyasty (£2(2k)).
We first reduce the computation of Hy (Zx) to cohomology of a special DGA:
Lemma 3.1. Consider the algebra
N 1= Cy (2(2)"") = (SO) © 2(2x)" ", dy ).
Then we have an isomorphism
Hi o (Zx) = HV).

Proof. Applying the quasi-isomorphism of Lemma 23] to the W(h')*-algebras 2(Z)) and
2(Z)™" we obtain

Hioo(2x) = Hiasy (2(2x)) = Hpasy (2(2)"") = H(Cy (2(2¢)")) = HWN). O

Recall that a DGA B is called formal if it is weak equivalent to its cohomology algebra:
(B,dp) ~ (H*(B,dp),0). (A weak equivalence is the equivalence generated by quasi-
isomorphisms; it may not be realised by a single quasi-isomorphism of DGA, but rather
by a zigzag of quasi-isomorphisms.)

As T™ is compact, cohomology of the Cartan model

C(2(2k)) = (S(E) @ 2(2)™", dy)

is the equivariant cohomology Hj..(Zx), which is a module over S(t*) = Hj..(pt) =
H*(BT™).

Lemma 3.2. The algebra C(2(Zx)) is formal. Furthermore, there is a zigzag of quasi-
isomorphisms of DGAs between Cy(£2(Zx)) and Hpm(Zx) which respect the S(t*)-module
structure.

Proof. In this proof, W is the Weil algebra W(t) of the torus T™. Let E = EU(m)
be the space of orthonormal m-frames in C>*. Let 2(F) be the inverse limit of the
algebras of differential forms on the smooth manifolds of m-frames in CY. We consider
the commutative diagram

QZ)" @W ———— 2(Zx)"" @ 2(E)

J J

C(2(2k)) +—— (2(Z)T" @ W)pas o (2(ZK)T" @ 2(E))pas —— 2(Zx x1m E)

lbas

J ] J ]

Wbas b — ” Q(E)bas = “Q(BTm)

<

1%

Here ¢ and tp,s are the quasi-isomorphisms induced by the inclusion W — 2(F) of a
free acyclic W*-algebra (see [7, Proposition 2.5.4 and §4.4]), and the restriction Wyas <
2(E)pas is the Chern—Weil homomorphism. The quasi-isomorphism ¢ is given by Cartan’s
Theorem (see [7, Theorem 4.2.1]). The isomorphism 1) follows from the fact that 7™ acts
freely on F.

The middle line of the diagram above gives a zigzag of quasi-isomorphisms between
C(£2(2x)) and 2(Zx xpm E) which respect the S(t*)-module structure.
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Now, the Borel construction Zx x7pm E is homotopy equivalent to the polyhedral
product (CP*)X, which is a rationally formal space by [14, Theorem 4.8] or [4, Theo-
rem 8.1.6, Corollary 8.1.7]. Rational formality implies a zigzag of quasi-isomorphisms be-
tween 2(Zx x7m E) and Hm(Z2x) = H*(Zx x1m E), as the de Rham forms 2(Zx x7m E)
is a commutative cochain model. This zigzag can be chosen to respect the H*(BT™)-
module structure (see [4, 8.1.11-8.1.12]). O

We have the following extended functoriality property of Tor in the category of DGAs,
which is a standard corollary of the Eilenberg-Moore spectral sequence:

Lemma 3.3 ([16, Corollary 1.3]). Let A and B be DGAs, let L, L' be a pair of A-modules
and let M, M’ be a pair of B-modules given together with morphisms

f:A—=B, g¢g:L—-M, ¢:L =M
where g and g’ are f-linear. If f, g and ¢’ are quasi-isomorphisms, then
Tors(g,g'): Tora(L,L") — Torp(M, M)
is an isomorphism.
Now we are ready to prove the main result:
Theorem 3.4. There is an isomorphism of algebras:
Hpos(Zi) = Ry, .. om] /(I + ),
where I is the Stanley—Reisner ideal of KC, generated by the monomials
with {iy,... ik} ¢ K,

and J is the ideal generated by the linear forms

v’il .. .Ulk

m
> (u,qle))vi with u e (4/h)".
i=1

Here q: t — t/b is the projection, and t = R™.

Proof. Denote g’ := t/h’. We have a splitting t = g’ & §’. Hence, S(t*) = S(g*) @ S(b™*),
and S(t*) is an S(g")-module via the linear monomorphism ¢*: g* — t*. We also obtain
a DGA isomorphism

(1) Ci(L2(2x)) = S(g") @ N,

where N = Cy (£2(Z2c)T") (see Lemma [31]) and the right hand side is understood as the
Cartan model of N/ with respect to the Lie algebra g'.

Recall that Hjm(Zx) = R[K] (see [3, Corollary 3.3.1]). Since the fan ¥ = ¢(Xk)
is complete, the Stanley—Reisner ring R[K] is Cohen-Macaulay, that is, it is a finitely-
generated free module over its polynomial subalgebra. Furthermore, the composite g’* —
t* — t} is onto for any I € K, where t; is the coordinate subspace generated by all e; with
i € I. Therefore, the criterion [4, Lemma 3.3.1] applies to show that R[K] is a finitely
generated free module over S(g™).

Consider the following pushout diagram of DGAs:

N 2 R 00 o) Cl2(Zx) —1—  C(220) = S@) @ N
* T*
R S(")

f*



8 HIROAKI ISHIDA, ROMAN KRUTOWSKI, AND TARAS PANOV

where the morphisms are given by

ffip—=p0), 7:p—pl, [ffru—1Qw, T:c—c®l.

We have a sequence of algebra isomorphisms:

(2)  Torgiy+) (R, S*(g") @ N) = Torgy) (R, Ci(2(Zx))) = Torg(y+) (R, Him(Zx))
= Torg gy (R, Him(2x)) = R @g(g=) Him(Zi) = Him(Zx)/S™ (6)
= Rlvy, ooy U] /(I + J).

The first isomorphism follows from (IJ). The second isomorphism follows from Lemma
and Lemma B3] In the third isomorphism, the higher Tor vanish because Hi.(Z2x) is
a free module over S*(g*). The fourth and fifth isomorphisms are clear. For the last
isomorphism, recall that ¢: t — t/h’ = g’ is the quotient projection, so that ¢*(u) =
Yot (u, a;)v; for any u € g™*.

On the other hand, we have a sequence of isomorphisms

(3) Tors(g/*) (R, S(g/*) (024 N) = Tor%(g,*) (R, S(g/*) ®N) = H(R) ®S(g’*) H(S(g’*) ®N)
= H(R 9550y (S(0") © N)) = HN) = Hip(Zi).

For the first isomorphism, the higher Tor vanish by (2). The second isomorphism is
by definition of Tor’. The third isomorphism follows from the Kiinneth Theorem, since
H(S(g™) ® N) = Hjm(Zk) is a free module over S*(g™*). The fourth isomorphism is
clear. The last isomorphism is Lemma [3.11

The theorem follows from (2)) and (3)). O

4. COMPLEX MANIFOLDS WITH MAXIMAL TORUS ACTIONS

We briefly recall the classification of complex manifolds with maximal torus action
given in [9]. Let M be a connected smooth manifold equipped with an effective action of
a compact torus G. We say that the G-action on M is mazimal if there exists a point
x € M such that dim G + dim G, = dim M. If the action of G on M is maximal, then we
can think of G as a maximal compact torus of the group of diffeomorphisms on M (see
[9, Lemma 2.2]). Examples of maximal torus actions include the half-dimensional torus
action on a smooth toric variety and the T™-action on a moment-angle manifold Zi.

Let % denote the category of complexr manifolds with mazimal torus actions, with
objects given by triples (M, G,y), where

e M is a compact connected complex manifold;

e (G is a compact torus acting on M, the G-action is maximal and preserves the
complex structure on M;

e y € M satisfies Gy, = {1}.

The set of morphisms Homg, (M1, G1,y1), (M2, G2,y2)) consists of pairs (f,«), where

e a: G1 — (G5 is a smooth homomorphism;

e f: My — M, is an a-equivariant holomorphic map, i.e. f(g-x) = a(g) - f(x) for
z € My and g € Gy;

o f(y1) =v2

Given a compact torus GG, we denote by g the Lie algebra of G and by exps: g — G the
exponential map. We think of Kerexp, C g as a lattice in g. Let “=garC=gaig
be the complexified Lie algebra. We denote by p: g€ — g the first projection.

As a combinatorial counterpart of 47, we consider the category %5 with objects given
by triples (X, b, G) satisfying the following:

e (G is a compact torus;
e X is a nonsingular fan in g with respect to the lattice Ker exp;
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e hh C g® is a complex subspace such that the restriction plp: h — g is injective; we
denote by ¢: g — g/p(h) be the quotient map of real vector spaces;
e ¢(X) :={q(o) C g/p(h): o € X} is a complete fan, and the map ¥ — ¢(X) given
by o +— q(0o) is bijective.
The morphisms Home, ((X1, b1, G1), (X2, b2, G2)) are defined as the set of smooth homo-
morphisms «: G; — G5 with the following properties:

o the differential da: g3 — g2 induces a morphism of fans ¥ — 3o (that is, for any
o1 € X1, there exists 09 € ¥ such that da(o1) C 03);
e the complexified differential da®: g¢ — ¢S satisfies da®(h;) C ba.

It is proved in [9, Theorem 8.2] that the categories %1 and %, are equivalent.

Namely, there is a functor F#;: €1 — %, defined as follows. For (M, G,y) € €}, there
exists a unique (3, h, G) € %5 such that M is G-equivariantly biholomorphic to the quotient
manifold Vx/H, where Vy is the toric variety associated with ¥ and H is the subgroup of
the algebraic torus G corresponding to b C g€. The category %, fully contains moment-
angle manifolds with invariant complex structures and LVMB manifolds (see [9, Section
10] for the details).

In the opposite direction, there is a functor %y: 5 — % defined as follows. Given
(3,h,G) € %, define the manifold M as the quotient Vy/H with the natural G-action.
This gives an object in %;. In particular, if ¥ is a subfan of the standard fan in g = R™
defining the toric variety C™, then the manifold Vs /H is G-equivariantly homeomorphic
to the moment-angle manifold Zi, where I is the underlying simplicial complex of . If
Y is a subfan of the fan defining the toric variety CP™, then the corresponding manifold
Vs /H is an LVMB manifold.

The functors %1 : €1 — %5 and Fo: €5 — € are weak inverse to each other.

Given (M, G,y) € €1, we define a holomorphic foliation on M as in the case of moment-
angle manifolds, see Construction 21l Namely, we consider the Lie subgroup H' of G
corresponding to the Lie subalgebra ' := p(h) C g. It was shown in [8, Propositions 3.3
and 5.2] that the action of H' C G on M is almost free. Thus we have a holomorphic
foliation of M by H'-orbits. We refer to this foliation as the canonical foliation on M
(see [11], Section 2]).

5. TRANSVERSE EQUIVALENCE

Let (M, F1) and (Ma, Fy) be smooth manifolds with foliations F; on M; and F» on
My. We say that (M, Fy) and (Ma, Fy) are transversely equivalent if there exist a foliated
manifold (Mg, Fy) and surjective submersions f;: My — M; for i = 1,2 such that

° f;l(aci) is connected for all x; € M;, and
e the preimage under f; of every leaf of F; is a leaf of Fj

(see [13, Definition 2.1] for details).
The important property of the transverse equivalence is that the algebra of basic dif-
ferential forms is an invariant of the equivalence class:

Proposition 5.1. If foliated manifolds (My, Fy), (Ma, F3) are transversely equivalent via
(Mo, Fy) and f;: Mo — M;, then there is a DGA isomorphism (2, (M) = %, . (M>).

Proof. We show that each f*: 2} (M;) — (2, .(Mp) is a DGA isomorphism. The map f;*
is injective since f; is a submersion. To prove that f is surjective, we take a basic form
w e 2 (Mp) and construct w’ € 27 (M;) such that fw’ = w. Choose a point z; € M;
and ¢ tangent vectors vy,...,vy € TM;|s,. Take any zg € fi_l(aci) and tangent vectors
Uty ..., uqg € TMoly, such that dfi(u;) = v;. Then put W'(vi,...,v¢) = w(ug, ..., uq).
This definition is independent of all choices. First, it is independent of the choice of a
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point g, since f~!(x;) is connected, belongs to a single leaf of F and L¢w = 0 for any
section & of TFy. Second, the definition of w’ is independent of the choice of vectors
Uy, . .., Ug, since Ker dfi|y, C T Fylz, and w is a basic form. Thus, w’ is a well-defined basic
form and f(w') = w. O

Transverse equivalence is an equivalence relation on foliated manifolds. Restricting our
attention to complex manifolds with maximal torus actions and their canonical foliations,
we obtain the appropriate version of transverse equivalence, as described next.

Definition 5.2. Let (M, G1,1y1), (Ma,Ga,y2) € 1. We say that triples (M7, G1,y1) and
(Msy, G, y2) are principal equivalent (p-equivalent for short) if there exist (Mo, Go,yo) € 61
and morphisms (f;, ;) € Homg, ((Mo, Go,v0), (M;, Gi,yi)) for i = 1,2 such that

e Ker «; is connected;
e fi: My — M; is a principal Ker a;-bundle.

Lemma 5.3. Let (M,G,y),(My,Go,yo) € 1. Let F and Fy be the canonical foliations
on M and My, respectively. Let (f,a) € Homg, (Mo, Go,v0), (M,G,y)) be a morphism
such that

e Kera is connected;
o f: My — M is a principal Ker a-bundle.

Then,

o f~Y(x) is connected for all x € M and
e the preimage under f of every leaf of F' is a leaf of Fy.

Proof. Since Ker a is connected and f: My — M is a principal Ker a-bundle, we have that
f~(z) is connected for all z € M.

We put (X,5,G) = F1(M,G,y) and (3¢, ho,Go) = F1(Moy, Go,y0). It follows from
[9, Theorem 11.1] that « is surjective and the differential da: go — g induces a one-to-
one correspondence between the primitive generators of 1-cones in ¥ and the primitive
generators of 1-cones in X'. Let py: gé]c — go and p: g€ — g be the projections. We put
h' = p(h) and b = po(ho). Let go: go — g0/, and ¢: g — g/b’ be the quotient maps.
Since dofc(ho)gh and poda® = daopg, we have da(hy) C . Hence, da: go — g induces
a linear map da: go/b{, — g/h’. Since do induces a one-to-one correspondence between
the primitive generators of 1-cones in ¥ and the primitive generators of 1-cones in ¥/,
we have that da induces a one-to-one correspondence between the primitive generators
of 1-cones in ¢(X) and the primitive generators of 1-cones in go(X’). This implies that
da is an isomorphism. Therefore, (da)~1(h') = h)). Furthermore, since da is surjective,
its restriction da\%: hy — b’ is also surjective. For the corresponding Lie subgroups
H{) = expg by C Go and H' = expg b’ C G, the map |y : Hy — H' is also surjective.

Let L be a leaf of F. By definition, L is an H’-orbit, that is, L = H' -z for some
x € L, Since f: My — M is a principal bundle, there exists ¢ € My such that f(zg) = .
We need to show that f~1(L) = H) - v9. The map f is a-equivariant and a(H}) = H’
by the previous paragraph, which implies that H}, - zg C f ~1(L). To show the opposite
inclusion, let z{, € f~1(L). Then f(z}) € L. Hence, there exists /' € H’ such that
x = h - f(xp). Since a|y;: Hy — H' is surjective, there exists hy € Hy such that
a(hy) = K. Then we have f(hy - z() = B - f(z() = = = f(zo). Since f is a principal
Ker a-bundle, there exists k € Kera such that zg = k - (b} - z,). Now (da)~1(h') = b}
implies that Kerda C bj. Since Kera is connected, we obtain Kerow C H{,. Therefore,
k- hy € H) and zf, = (khy)~! - x¢ € HY - x9. Thus, f~1(L) = H}, - z¢ is a leaf of Fp. O

Theorem 5.4. Let (My,G1,y1), (Ma,Ga,y2) € €1 be complex manifolds with mazimal
torus actions. Let Fi and Fy be the canonical foliations on My and Mo, respectively. If
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(M, G1,y1) and (Ms, Ga,y2) are p-equivalent, then (My, F1) and (Ma, Fy) are transversely
equivalent.

Proof. This follows from Lemma [5.3] immediately. O

The p-equivalence class of a maximal torus action is determined by the combinatorial
data defined next.

Definition 5.5. A marked fan is a quadruple (‘N/ T, E,X), where

V is a finite dimensional R-vector space;

isa finitely generated subgroup of V that spans 1% linearly;

Y is a fan in V and each 1-cone of ¥ is generated by an element of F

X is a function A: &M — T, where X is the set of 1-cones of %, and X(p) is a

generator of p € DON

We say that a marked fan (V, f, i, X) is simplicial (respectively, complete) if the fan Y is
simplicial (respectively, complete). We denote by (gg the class that consists of complete
simplicial marked fans.
We say that marked fans (%,fl,il,Xl) and (Vg,fg,ig,Xg) are isomorphic if there

exists a linear isomorphism ¢: Vi — V5 such that

o (') =Ty; N N

e ¢ induces an isomorphism of fans ¥ and Xo;

. >\20$0| 1) =oAL

Construction 5.6 (the marked fan data of a maximal torus action). To each (M,G,y) €
%1 we can assign a complete simplicial marked fan (?,f,i,X) € Cé as follows. Set
(2,h,G) = Z1(M,G,y). As before, let p: g¢¢ — g be the projection, b’ = p(h) and
q: g — g/b’ the quotient map. For each 1-cone p € E(l), we denote by A(p) € Kerexpg
the primitive generator of p. Now set Vo= =g/b, T I : (KerexpG) Y = = ¢(¥) and
Ma(p)) == q(A(p)) for p € Y. This defines a map 3'71 € — %,. Its properties are
described in the next two theorems.

Theorem 5.7. Let (M1, G1,41), (M2, Ga,y2) € 61. Then, (My,G1,y1) and (Mz, G2,y2)
are p-equivalent if and only if the marked fans %1 (Mi,G1,y1) and F1(My,Ga,y2) are
isomorphic.

Proof. For j = 0,1,2, let (X;,b;,G;) := F1(M;,Gj,y;). Let p;: gg; — g; be the pro-
jection, f);- = pj(b;), ¢;: 8; — 9;/p;j(h;) the quotient map and expg,: 8; — Gj the
exponential map.

Suppose that (My,G1,y1) and (M, Ga,y2) are p-equivalent. Then there exists a triple
(Mo, Go,yo) € 61 and (fi, ;) € Home, (Mo, Go,yo), (M;,Gi,y;)) for i = 1,2 such that
Ker o is connected and f;: My — M; is a principal Ker o;-bundle. The map doy : go/ ho
g;/h, is an isomorphism (see the proof of Lemma IBI{I) and it induces an 1somorphlsm
between ﬁl(MO,GO,yO) and ﬁl(Mz,Gl,yl) Hence, ﬁl(Ml,Gl,yl) and 3'71(M2,G2,y2)
are isomorphic.

Conversely, suppose that %(Ml, G1,y1) and %(MQ, Go,y2) are isomorphic. By defi-
nition, this means that there is a linear isomorphism ¢: g1/h] — ga2/b5 such that

* o(q1(Kerexpg,)) = g2(Kerexpg,);
e ¢ induces an isomorphism of fans q1(X1) — ¢2(22);

) SDO)‘I

e Xaogl
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We construct (X, ho, Go) € %2 and use [9, Theorem 11.1] to show that (My,Gq,y1) and
(M, Ga,y2) are equivalent. Define

Lo := {(71,72) € Kerexpg, x Kerexpg, | ¢(q1(71)) = ¢2(12)}

and denote by go the linear hull of the discrete subgroup I'g in g1 X g2. Let expg, g, : 91 X
g2 — G1 x G be the exponential map. Then Gg := expg, x g, (80) is a subtorus of Gy x G
and I'g coincides with the kernel of expg, : go — Go. Since g1 and g2 are bijective on the
sets of cones of the fans, for each o1 € ¥ we can define ®(01) = q2’1 opoqy(o1) € ¥o. This

implies that, for each p; € Egl), the element A\g(p1) := (A1(p1), A2(@(p1))) is a primitive

element of I'g. Suppose that a cone o1 € X is spanned by p11,...,p1% € Egl). Then we
denote by ¥(o1) the cone in go spanned by Ao(p1,1),---,Ao(p1,k). Under this notation, we
have a nonsingular fan ¥y := {¥(01) C go | 01 € £1}. Let oi;: Go — G; be the projection
G1 X G9 — G restricted to Gg C G1 x Gy for i = 1,2. Then «;: Gy — G, is surjective and
its differential da;: go — g; induces a morphism of fans ¥y — ¥; that is bijective on the
sets of cones. In particular, do;: go — g; induces a one-to-one correspondence between
the primitive generators of 1-cones in ¥y and the primitive generators of 1-cones in X;.

Now define ho := (h1 x ha) N g§. Then by is a C-subspace of g5 C g& x g5. Moreover,
the restriction po|p, of the projection py: g§ — go is injective because both p1|y, and pay,
are injective. Put by := po(ho). Let go: go — go/b(, be the quotient map. Since ¢; and doy;
both are surjective, the composite g; o dov: go — g/h; is surjective for i = 1,2. We claim
that

(4) Ker g o day = Ker g2 o dag = by,.

The first equality above holds since g2 o das = ¢ o g1 o da; and ¢ is an isomorphism.
For the second equality of (@), let (v1,72) € Kergs o dag. Then we have ga(72) = 0 and
hence v € bh,. The identity g2 o dag = ¢ 0 q1 o day implies ¢ o q1(71) = 0. Since ¢ is
an isomorphism, ¢i(y1) = 0. Hence, 1 € h}. Therefore (v1,72) € hj. We proved that
Ker g2 o dag C by, For the opposite inclusion, let (71,72) € h. Then 71 € b} and 2 € b),.
Then g2 o dag(v1,72) = g2(72) = 0, which implies Ker g2 o dag D by,.

Since day: go — g1 is surjective and Ker gy o day = f){), we have that daq induces an
isomorphism dag: go/hly — g1/b}. Since the maps %y — 31 given by o + day(0o)
and 31 — ¢1(31) given by o1 — qi1(01) are bijective, the composite Xy — ¢1(21) given
by ¢ — q1 o day(0g) is also bijective. Now, both daj and gy = (day) ™! o g1 o day are
isomorphism, so that

q0(30) = {q0(00): 00 € Xo}

is a complete fan in go/bh and the map ¥y — go(Xo) given by og — go(oo) is bijective.
Therefore (X9, ho, Go) € %o.

Applying [9, Theorem 11.1] to the morphism «;: (3¢, ho, Go) — (X, bs, G;), we obtain a
aj-equivariant principal Ker a;-bundle Vs, /Hy — Vs, /H; = M;. It remains to show that
Ker «; is connected for ¢ = 1,2. Since o;: Gg — G is surjective, we have that Ker a; is
connected if and only if do;(Kerexpg,) = Kerexpg,. Recall that Kerexpg, = I'g. Take
71 € Kerexpg,. Since p(q1(Kerexpg,)) = q2(Kerexpg,), there exists 75 € Kerexpg,
such that g2(72) = w0 qi(y1). Then we have (y1,72) € T'o with dai(y1,72) = 71, showing
that doy(Kerexpg,) = Kerexpg,. Similarly, das(Kerexpg,) = Kerexpg,. Thus, Ker o
is connected. O

Theorem 5.8. For any (V,f,iX) € ng, there exists a moment-angle manifold Zi
equipped with a T™-invariant complex structure such that F1(Zxc, T™,y) is isomorphic
to (V,T, X, \).
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Proof. Let (f/,f, iX) € 6. Let XU = {P1,-.., pm} be the set of 1-cones of i and let
K be the underlying simplicial complex of 3, given by

K= {{ir,...,ix} C{L....m"} | piy + -+ + pi, € T},

Put 7; :== X(pj) for j = 1,...,m/. Since T is finitely generated, we can choose elements
Vi a1y« - -y Ym, m = m’, such that Y1, ..., Y, Vs a1y - - - » Ym generate I' and m — dim V' is
nonnegative and even. For i = 1,...,m, let e; denote the standard basis vectors of R™.

The collection of cones g := {Rx(e;: i € I): I € K} is the fan of the toric variety U(K).

Let A: R™ — V be the linear map given by A(e;) =7; for i = 1,...,m. Then there
exists a C-subspace h of C" such that Re: C™ — R"™ restricted to b is injective and
Re(h) = Ker A (see Subsection 2.2)). Therefore (X,h,7"™) € %1, and the moment-angle
manifold Zx = U(K)/H has the required properties. O

Theorem 5.9. Let (M,G,y) € €1 be a complex manifold with a mazximal torus action,
and let (V,I', X, \) = F1(M,G,y) be the corresponding marked fan data. Let 1 =
{P1,-..,pm} be the set of 1-cones of X.. There is an isomorphism of algebras:

Hp (M) = Rlvy,...,vm] /(I + J),

where I is the Stanley—Reisner ideal of the underlying simplicial complex of i, and J is
the ideal generated by the linear forms

m

> (u,A(Bi)vi, we VT

i=1
Proof. By Theorem (.8 for the manifold M, there exist a moment-angle manifold Zx with
isomorphic marked fan data. By Theorem (.7, the manifolds Zx and M are p-equivalent
as manifolds with maximal torus actions. By Proposition Bl their basic cohomology

algebras are isomorphic. Finally, the basic cohomology algebra of Zx is described by
Theorem [3.41 O
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