
lable at ScienceDirect

Fluid Phase Equilibria 501 (2019) 112273
Contents lists avai
Fluid Phase Equilibria

journal homepage: www.elsevier .com/locate /fluid
Prediction of viscosity-density dependence of liquid methaneþn-
butaneþn-pentane mixtures using the molecular dynamics method
and empirical correlations

Vasily Pisarev a, b, *, Nikolay Kondratyuk a, b, c, **

a Joint Institute for High Temperatures of RAS, 13/2 Izhorskays Str, Moscow, 125412, Russia
b National Research Institute Higher School of Economics, 20 Myasnitskaya Str, Moscow, 101000, Russia
c Moscow Institute of Physics and Technology (State University), 9 Institutskii per, Dolgoprudnyy, 141700, Russia
a r t i c l e i n f o

Article history:
Received 24 March 2019
Received in revised form
27 July 2019
Accepted 9 August 2019
Available online 11 August 2019

Keywords:
viscosity
Batchinski equation
Hard sphere correlation
Expanded fluid correlation
Molecular dynamics
Hydrocarbons
* Corresponding author. Joint Institute for High
Izhorskays Str, Moscow, 125412, Russia.
** Corresponding author. Joint Institute for High
Izhorskays Str, Moscow, 125412, Russia.

E-mail addresses: pisarev@ihed.ras.ru, vpis
kondratyuk@phystech.edu (N. Kondratyuk).

https://doi.org/10.1016/j.fluid.2019.112273
0378-3812/© 2019 Elsevier B.V. All rights reserved.
a b s t r a c t

We present a study of viscosities of n-pentane and binary and ternary methaneen-butaneen-pentane
mixtures in liquid state at the temperature 360 K by the non-equilibrium molecular dynamics simula-
tions with a modified fully flexible version of the all-atom TraPPE-EH force field. The Batchinski corre-
lation h ¼ C=ðv� bÞ is used to describe the viscosities of pure n-pentane. The calculated viscosity-density
dependence for liquid n-pentane is in agreement with the experimental data. We show that the
viscosity-volume dependencies of liquid binary and ternary mixtures can be fitted by the Batchinski's
equation as well, and the coefficients for the mixtures are obtained by linear mixing of the coefficients for
pure components. The model can be used for the interpretation and interpolation of the experimental
data on viscosities of hydrocarbon liquids. The Batchinski-like behavior of viscosity of liquid mixtures in
some density range can be used as a test for more complex correlations, which we show by comparing
the hard sphere correlation and the expanded fluid correlation for hydrocarbons.

© 2019 Elsevier B.V. All rights reserved.
1. Introduction

Knowledge of the transport properties of hydrocarbon fluids is
important for many industrial applications. In particular, viscosities
of fluid alkane mixtures are important parameters for simulations
of flows in porous media in problems of oil and gas extraction,
storage and processing [1]. The properties of pure alkanes are
extensively studied experimentally and are available for wide
ranges of temperatures and pressures [2e9]. A large field of
research is the systematic study of the properties of hydrocarbon
mixtures [10e15], due to the number of possible combinations.

To calculate the viscosities of hydrocarbon mixtures, various
theoretical and empirical correlations and mixing rules are used.
Viscosity models that can be used for hydrodynamic simulations
must work in a wide range of pressures and reproduce the
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properties of both pure components and arbitrary mixtures. The
reservoir fluid may be in liquid, vapor or supercritical state, and a
good viscosity model must be applicable to all those states. Another
complication lies in the possibility of metastable phases. For
example, the liquid fractions may contain large quantities of dis-
solved gases. The development of mixture viscosity equations has
over century long history [16], and a multitude of methods and
approaches has been proposed [17e20].

Empirical and semitheoretical correlation methods typically
relate the transport properties of a complex fluid to its composition,
temperature, pressure and/or density, and possibly the properties
of pure components at the same thermodynamic conditions. In that
respect, the correlations that relate the viscosity of a mixture to the
viscosities of its constituents at the same pressure and temperature
have a disadvantage compared to the correlations that treat the
mixture as an “effective fluid”, as the mixture and its components
in pure state may be in different phases at given pressure tem-
perature. An example is a liquid with a dissolved gas: the pure
components exist in phases with vastly different densities and
transport properties. Viscosity correlations based on mixture den-
sity andmolar or mass fractions of its component are free from that
drawback and offer a unified framework to describe mixtures of
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liquids, liquids with dissolved gases, metastable liquids and dense
fluids [18,21e27]. The models that are able to produce good esti-
mates of the viscosities of mixtures from the correlation parame-
ters for individual components alone, without the need of
additional empirical cross-interaction terms, are of particular in-
terest, as introduction of the correlation parameters for a new
species automatically produces good a priori estimates for the
properties of its mixtures with other species.

Many of the semitheoretical models are based on the corre-
sponding states approach. This approach relates the properties of a
substance or a mixture to the properties of a reference substance
using appropriate scaling relations, usually based on the critical
parameters [18,28e31].

Another semitheoretical approach is f-theory [32,33], which
divides the intermolecular forces into the attractive and repulsive
parts and correlates the viscosity to the attractive and repulsive
contributions at a given density. However, that approach requires
an equation of state (EoS) to separate the contributions, and the
coefficients of the model are EoS-specific.

A third class of models relates the viscosity directly to the
measured thermodynamical parameters. One of the earliest cor-
relations is the Batchinski-Hildebrand rule [21e23] relating the
viscosity of liquids to the specific volume. The free-volume model
[34] uses three adjustable parameters and relates the viscosity
directly to the density, pressure and temperature. The expanded
fluid correlation [25,26] relates the viscosity of a fluid to the density
and temperature. The two latter approaches have the advantage of
being applicable to both gas and liquid phases.

The reference data are essential for testing any theoretical or
empirical viscosity model. For the particular problem of gas
condensate flow simulations, the data on mixtures of light hydro-
carbons are of great importance. There are data on viscosities and
densities of binary mixtures of methane with ethane [35], propane
[15,36,37] and butane [38e40]. There is a lack of data on transport
properties of methaneen-pentane mixtures and ternary mixtures
of light hydrocarbons. With the ever-increasing computation re-
sources, a perspective way to obtain data on thermophysical
properties for fluids is molecular dynamics (MD) simulations
[41e46]. The simulations provide precise control of the composi-
tion and thermodynamic parameters of mixtures. The choice of the
model of interatomic interaction offers a tradeoff between the
simulation cost and accuracy. Simple MD models such as point
particle models, coarse-grained or united-atom models [47e50]
give semi-quantitative results that can be used to verify theoretical
models [51e55]. More complex all-atom models [56e59] can
reproduce the properties of substances with greater accuracy for
the increased computational cost. Therefore, they become valuable
source of data on the properties of substances at extreme condi-
tions or in short-lived metastable states, for which the experiments
are costly and the experimental data are inevitably scarce [60e64].

In the current paper, we analyze some viscosity prediction
models for the liquid mixtures of light hydrocarbons with high
methane contents. The mixtures of methane (CH4), n-butane
(C4H10) and n-pentane (C5H12) are chosen as such components are
used as model gas condensate systems in the experimental studies
of flows in porous media [1,65,66]. The temperatures in the
experimental studies vary from room temperature to ca. 450 K.
However, both experimental studies [7,8] and simulations [67]
demonstrate that the viscosity-density dependencies for light hy-
drocarbon fluids are almost insensitive to the temperature. Hence,
data at a single temperature in the middle of that range can be used
as reasonable viscosity estimates at other temperatures.

We present new results on the molecular dynamics calculations
of viscosities of n-pentane and binary and ternary liquid mixtures
with a fully flexible modification of the all-atom TraPPE-EH [58]
forcefield. The temperature is fixed at T ¼ 360 K. We use the MD
simulations to calculate the dependencies of viscosity on density
for mixtures. The fit of the viscosity-density dependence and the
mixing rules are proposed to interpolate the viscosities of mixtures.
The accuracy and applicability of the mixing rules are evaluated
based on the comparison of the interpolated viscosities to the direct
MD calculations. We also evaluate other correlations proposed in
literature for hydrocarbons [24e26,30,68] based on the molecular
dynamics results.

2. Molecular model

The simulations are performed with a fully flexible modification
of the TraPPE-EH force field [58]. TraPPE-EH is a force field opti-
mized to give correct phase diagrams of pure n-alkanes and their
mixtures in Monte-Carlo simulations. The carbon and hydrogen
atoms are presented as separate force centers. The nonbonded in-
teractions are described with the Lennard-Jones potential:
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Uniform cutoff radius rcut ¼ 16 Å is used for all nonbonded in-
teractions. The classical Lorentz-Berthelot rules are used to calcu-
late the Lennard-Jones coefficient between different atom types:
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Our fully flexible variant of the TraPPE-EH forcefield adds flex-
ible bonds and angles to the original TraPPE-EH model with rigid
bonds and geometrically constrained HeCeH and CeCeH angles to
make it more suitable for molecular dynamics simulations. The
flexible model uses the harmonic bonds and angles, with the
missing spring coefficients taken from the AMBER forcefield [56].
Another modification was to set the equilibrium length of the CeH
bond to 0.55 Å. That was made as the TraPPE-EH model uses
Lennard-Jones interaction centers in the middle of the CeH bonds
which have the length 1.1 Å. Additionally, the TraPPE-EH model
switches off 1e5 nonbonded interactions involving hydrogens and
1e6 interactions between two hydrogen atoms. As LAMMPS only
allows to switch off 1e2, 1e3 and 1e4 interactions, the molecular
topology files included fictive bonds between carbon atoms and
hydrogens 4 bonds apart from it and between pairs of hydrogen
atoms that are 5 bonds apart. The fictive bonds have zero spring
constants, so that they do not contribute to the energy and the
forces. To make LAMMPS interpret the molecular model correctly,
the keywords angle yes dihedral yes to the LAMMPS special_bonds
command are used. Those keywords mean that only the atoms that
are explicitly defined in the same angle in the topology file are
treated as 1e3 neighbors, and only the atoms that are explicitly in
the same dihedral are treated as 1e4 neighbors.

Such modifications are shown to keep the accurate description
of the vapor-liquid equilibria from the original TraPPE forcefield. In
particular, it reproduces the molar compositions of saturated liquid
and vapor in methaneen-butane systems within 2e3% [69], the
densities of liquid n-pentane on the vapor-liquid saturation line
within 5% of the NIST reference data [70] and the values reported
for n-pentane saturation line in the TraPPE paper [58], and it pro-
vides the values of the bulk modulus of liquid pentane within 5% of
the experimental data [71]. The accuracy of the force field for
thermodynamic properties of n-alkanes is thus comparable to the
accuracy of widely used cubic equations of state such as Peng-
Robinson's [72] (see also Ref. [73] for a review on the PR equation
modifications). The force field parameters used in the model can be
found in Table 1 of Ref. [67].



Table 1
Compositions of the mixtures studied in the current paper.

Mixture number NCH4
NC4H10

NC5H12

1 500 0 1000
2 1000 0 1000
3 1500 0 1000
4 0 600 1400
5 0 1400 600
6 700 700 700
7 1000 400 700
8 200 300 900
9 400 100 800
10 400 100 900
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3. Simulation details

MD simulations are performed for pure n-pentane C5H12 and
binary and ternary mixtures in the methane þ n-butane þ n-
pentane system. Temperature 360 K is considered. The simulations
are performed using the LAMMPS [74,75] package (19 May 2017
version). The compositions of the studiedmixtures are presented in
Table 1.

The viscosity calculations follow the same procedure as in
Ref. [67]. The calculations are performed using the reverse non-
equilibrium molecular dynamics (RNEMD) method [76]. In that
approach, the velocities of some pair of particles are swapped with
the periodicity Dtswap during the simulation, so that an artificial
momentum flux is created (see Fig. 1 for the schematics). The vis-
cosity is computed as the ratio of that flux to the shear rate that
appears in response to it:

h ¼ jzðpxÞ
vvx=vz

(3)

where jzðpxÞ is the flux of the x-component of momentum in the z
direction, vvx =vz the velocity gradient or shear rate, h is the dy-
namic viscosity coefficient.

The simulations are made at the constant densities defined by
Fig. 1. (a) A schematics of the Müller-Plathe RNEMD method. (b) Example
the initial simulation box dimensions. The initial configurations
were created by filling the simulation box with molecules
randomly distributed in space and in random orientations using the
LAMMPS built-in create_atoms random command. Then, the en-
ergy minimizationwas performed to avoid overlapping atom cores.
Energy minimization procedure uses the LAMMPS conjugate
gradient optimizer with the relative tolerance 10�6 in energy and
absolute tolerance 10�6 (kcal/mol)/Å2 in force. Both maximum
number of minimization iteration and force evaluations are set to
100,000. After the minimization, NVT (with the constant number of
particles N, volume V and temperature T) relaxation with the Lan-
gevin thermostat was applied for 50 ps and then NVT relaxation
with the chain Nose-Hoover thermostat for 200 ps. The coupling
time for the Langevin thermostat was 1 ps. For the Nose-Hoover
thermostat, the 0.5 ps coupling time and the default chain length
of 10 are used. After the relaxation, the thermostatting was
switched off and the NEMD runs for viscosity calculation proceeded
in the NVE ensemble (with the constant number of particles N,
volume V and energy E), as recommended in the original papers by
Müller-Plathe [76,77].

The calculations of the viscosity follow the same procedure as
used for methane and n-butane in Ref. [67]. The fix viscosity
LAMMPS command is used, which implements themomentum flux
by the swapping velocities between pairs of atoms. The simulation
cell was split into 50 bins in the z direction.We chose to use velocity
swaps between the carbon atoms in the simulation. As the masses
of the atoms that exchange their velocities are the same, such
procedure conserves both linear momentum and energy. To control
the magnitude of momentum transfer rate, the velocities of swap
partners were being chosen to be the closest to 100m/s, and 2
swaps were performed every 100 fs. That procedure yields
consistent momentum exchange rate of 0.48,10�3 a.m.u.,Å/ps2.
The exact value was obtained in each simulation run from the
LAMMPS output, and the value differs between trajectories only in
the third significant digit. The flux is obtained by dividing that value
by the cross-sectional area of the simulation cell, which depends on
the density. The first 1 ns after imposing the momentum flux was
s of the velocity profiles for n-pentane at two densities at T ¼ 360 K.



Table 2
Calculated viscosities of n-pentane and mixtures at 360 K. The subscripts denote the
standard uncertainty in the last digit.

Mixture Vmix (l/mol) Pressure (bar) Viscosity (mPa,s)

n-pentane 0.1144 6399 23812
0.1172 48011 22210
0.1193 35511 1979
0.1207 1913
0.1229 22910 1633
0.1244 1583
0.1258 1425
0.1265 1179 1424
0.1280 1406
0.1288 1272:5
0.1295 599 1363
0.1303 1334
0.1318 610 1226
0.1348 � 439 1153
0.1379 � 709 994
0.1435 � 959 932

1 0.0888 10518 21326 (0:2,10�3 a.m.u.,Å/ps2)
0.1004 3776 1604 (0:2,10�3 a.m.u.,Å/ps2)
0.1129 1128 773(0:48,10�3 a.m.u.,Å/ps2)

772 (0:19,10�3 a.m.u.,Å/ps2)
0.1264 527 591 (0:48,10�3 a.m.u.,Å/ps2)

610:3 (0:77,10�3 a.m.u.,Å/ps2)
2 0.0847 6506 1273:5

0.0948 3035 812
0.1058 1725 612
0.1175 1095 47:55

3 0.0677 17559 1949
0.0759 8738 1222:5
0.0846 4677 872
0.0940 2766 631
0.1041 1866 501
0.1148 1605 392

4 0.1145 1904
0.1175 1603
0.1206 1403
0.1269 1183:5

5 0.1086 1584
0.1145 1847 1252
0.1175 1127 1153
0.1206 127 932

6 0.0830 20610
0.0878 7978 1563
0.0903 6657 1443
0.0954 1133

7 0.0717 19119 23412
0.0739 15258 1988
0.0783 10468 1487
0.0830 7207 1193

8 0.0951 130612 27713
0.1075 3858 1604 (0.48,10�3 a.m.u.,Å/ps2)

1486 (0.24,10�3 a.m.u.,Å/ps2)
1502 (0.96,10�3 a.m.u.,Å/ps2)

0.1210 508 972
0.1355 � 347 691

9 0.1158 978 781
0.1303 387 571

10 0.1012 3779 1364
0.1075 1978 1052 (0.48,10�3 a.m.u.,Å/ps2)

1075 (0.24,10�3 a.m.u.,Å/ps2)
1051 (0.96,10�3 a.m.u.,Å/ps2)

0.1210 487 721:5
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used for velocity profile settling. To calculate the velocity profile,
the average velocity in each z bin was calculated every 50 fs. The
velocity profiles are accumulated for 3 ns after the initial steady-
state establishing and then time-averaged. As the Müller-Plathe
method creates momentum transfer from the middle of the cell to
the boundaries, the steady-state velocity profile has two symmet-
rical slopes. The average of those two slopes is used to calculate
vvx =vz in (3).

The simulations are performed in boxes with the side ratio
Lx : Ly : Lz ¼ 1 : 1 : 2, as z axis is used as the direction of momentum
flux. The periodic boundary conditions in three directions are used.
The equations of motions are integrated using the rRESPA scheme
[78] with 0.125 fs timestep for bond and angle vibrations, and 1 fs
for torsions and nonbonded interactions.

4. Termodynamic conditions

The experimental data on the viscosity of short alkanes and the
correlations recommended by NIST show that the viscosity-density
relations are insensitive to the temperature in the interval from 300
to 380 K [7,8]. Our previous MD simulations of the methane þ n-
butane mixtures have also demonstrated that the viscosity-density
relations for binary mixtures are temperature-independent in the
range from 300 to 360 K [67]. Therefore, all the simulations are
performed at the same temperature 360 K and the viscosity-
density relations for mixtures are investigated.

The densities of n-pentane andmixtures cover the range of both
stable and metastable liquid. The lower bound on density in sim-
ulations was dictated by the spontaneous formation of cavities in
the system when the pressure is too low.

5. Simulation results

The viscosities of pure n-pentane and liquid mixtures are
calculated at the temperature 360 K. The main sources of uncer-
tainty in the obtained viscosity values are the uncertainties in the
slope values and slight differences between the left and right
slopes. The average deviation of left and right slopes from the mean
value is 2.2% and the average slope uncertainty is 1.6%. The relative
combined standard uncertainty of the viscosity values is thus 2.7%,
and the 95% confidence interval is 5.5%. For a few points, the sim-
ulations are performed with the same simulation cell volume and
number of molecules but generated using a different random
number generator seeds for initial molecule placement and with
the momentum transfer rates higher and lower than the standard
value. The differences in calculated viscosities from repeated sim-
ulations are within 2 mPa s. The calculated viscosities are presented
in Table 2 as the functions of the molar volume. The table shows the
calculated values and the standard uncertainties. The volumes are
accurate to the last significant digit, as they are fixed in the MD
simulations.

The viscosity-molar volume relation for n-pentane calculated in
the MD simulations is shown in Fig. 2a in comparison with the
experimental data by Audonnet and P�adua (vibrating-wire visco-
simeter) at 353 and 383 K [8] and by Kiran and Sen (falling cylinder
viscosimeter) at 348 and 373 K [7]. From each of the experimental
works, the temperatures closest to 360 K from below and from
above are chosen for the comparison. One can see from Fig. 2a that
the temperature difference has almost no effect on the experi-
mental viscosity-density curves at the simulation conditions. Kiran
and Sen specifically note that the viscosity-density dependence
follows the same curve in the temperature range from 310 to 450 K
in their experiments. Hence, the comparison can ignore the tem-
perature for the chosen coordinates.

The experimental results from those two works show slightly
different P � Vm dependencies, which is attributed by Audonnet
and P�adua to the underestimated density in the Kiran and Sen's
measurements by 1e2%. If the densities from Kiran and Sen's work
are scaled upwards by 1.5%, that discrepancy does indeed fall
within the accuracy of the experiments. The flat portion in the
Kiran and Sen's result is explained in their work by the change from
laminar to turbulent flow around the sinker. Due to those reasons,
the further comparison is done to the Audonnet and P�adua's data.



Fig. 2. (a) Comparison of the viscosity-density dependence of n-pentane calculated in MD simulations and the experimental data. Circles: MD simulation, squares: experimental
data [8], right and diagonal crosses: experimental data [7], dashed line: Batchinski fit through the MD simulation data. The error bars show the standard uncertainty of the
simulation data. (b) Prediction of the viscosity of pure n-pentane by various correlations. PFCT: correlation by Pedersen, Fredenslund, Christensen and Thomassen [30,79], HS: hard
sphere correlation [24], EF: expanded fluid correlation [25].

Table 3
Parameters of the Batchinski's correlation for pure n-alkanes from the MD
simulations.

Component C (mPa,s,l/mol) b (l/mol)

CH4 [67] 1.4408 0.025317
n-C4H10 [67] 3.5384 0.080180
n-C5H12 (current work) 4.1593 0.097786
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The main discrepancy between our simulation results on n-
pentane and the experimental data, as can be seen from Fig. 2a, is
the slightly higher slope of the simulation results in 1 =h � Vm co-
ordinates. Due to that, the molecular model increasingly over-
pedicts the viscosity as the density increases. However, for the
densities studied by molecular simulations, the difference from the
experimental data does not exceed 10%.

One anomaly in the simulation data is several very close vis-
cosity values in the range from 0.1258 to 0.1295 l/mol. The data
points are collected with smaller increments in density at that
range to check whether that's a systematic effect or just the nu-
merical scatter. As the point at 0.1288 l/mol falls out of that “flat”
range and the uncertainty of the viscosity values is about 5%, that is
most likely the statistical scatter of the data points. All those points
are within 5% from the straight line in Fig. 2a.

6. Evaluation of viscosity correlations and mixing rules

In this section, we consider three empirical correlation methods
that fit the viscosity of the liquid phase to the experimental density
and pressure. Thewidely used Lohrenz-Bray-Clarke correlation [28]
is thus excluded from consideration, as its developed for use with
the densities calculated from an equation of state, so that its ac-
curacy with the experimental densities is poor.

6.1. Batchinski's correlation

A simple viscosity-density correlation is based on the observa-
tion first made by Batchinski [21] and later tested extensively for
various classes of fluids by Hildebrand [22,23] that the fluidity
(inverse of viscosity) is proportional to the free volume of liquid.
The correlation, as proposed by Batchinski, is as follows:

h ¼ C
Vm � b

; (4)

where Vm is molar volume, C and b are fitting constants. Batchinski
has originally found that the parameter b is proportional to the
critical volume, and Hildebrand has found a correlation between
b =C ratio and chain length in n-alkanes. This model, despite the
apparent simplicity, is demonstrated to give a reasonable descrip-
tion of viscosities of simple fluids such as Lennard-Jones liquid [80]
and liquid metals [81].
Originally, Batchinski assumed the parameters C and b to be

temperature-independent, so that the decrease of viscosity of liq-
uids with increasing temperature is considered purely as an effect
of thermal expansion. However, aweak temperature dependence of
those parameters can be introduced to improve the description of
the experimental and simulation data [5,23,81].

The viscosity of pure liquid n-pentane is fitted by equation (4)
for further analysis. The fitting parameters are found from the
linear regression of the viscosity-molar volume dependence in
coordinates 1 =h� Vm (see Fig. 2a). The parameters are presented in
Table 3, together with the parameters found in Ref. [67] for
methane and n-butane with the same forcefield model.

As noted in the previous section, the viscosity of pentane in-
creases slightly steeper with density in our MD simulations than in
the experiments. Hence, the Batchinski fit through the MD data
points overpredicts the viscosities at high densities. However, the
Batchinski correlation with the parameters from Table 3 still pro-
duces values within 10% from the experimental measurements up
to the density 8.6mol/l. This agrees to our previous recommenda-
tion that the Batchinski's correlation is accurate up to 2.5 the critical
density (the critical density of pentane is 3.216mol/l [70]). The
simulated states for n-pentane include both stable and stretched
metastable liquid, showing that the Batchinski's correlation can be
used to describe stable and metastable phase in a unified way.

To calculate the viscosities of mixtures, two approaches can be
employed. One is to relate the mixture viscosity to the viscosities of
single components, and the other is to treat the mixture as a quasi-
single-component fluid and find a suitable set of parameters that
correlate its viscosity to its temperature, pressure and density.

It has been shown in the previous work [67] that equation (4)
can be applied to dense fluid methane and liquid n-butane. It was
suggested that the Batchinski rule provides accurate description of
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liquid viscosity when the molar volume Vm >1:2b. At higher
compression degrees, equation (4) overestimates viscosities as it
does not take into account the reduction of excluded volume at
high pressures. Given that the parameter b is typically close to 1/3
of the critical volume, it has been suggested that the Batchinski rule
is applicable for pure components at the densities lower than 2.5
the critical density of a substance. The viscosity equations based on
pure component viscosities and cubic root and Arrhenius mixing
rules have been proven inferior to the quasi-single-component
mixture description and mixing rules for the viscosity-density
correlation equation. If the Batchinski's equation is used for mix-
tures, then the viscosity is expressed as:

hmix ¼
Cmix

Vmix � bmix
;

Cmix ¼
XNc

i¼1

xiCi; bmix ¼
XNc

i¼1

xibi;

(5)

where Vmix is the average molar volume in the mixture, Nc is the
number of components, xi aremolar fractions of the components, Ci
and bi are the parameters for the individual components.

The mixing rule (5) is shown to work well for binary liquid
mixtures of methane and n-butane. In the present paper, it is
evaluated for the prediction of viscosities of binary and ternary
mixtures of methane, n-butane and n-pentane.
6.2. Hard sphere correlation

Assael, Dymond et al. [24,68] suggested a correlation that maps
the transport coefficients of hydrocarbons onto the transport co-
efficients of hard sphere fluid. The viscosity h of the real fluid is
correlated to the viscosity of the hard sphere fluid:

hðVm; TÞ ¼ RhhHSðVm; TÞ; (6)

where Vm is the molar volume of the fluid, hHS is the viscosity of the
hard sphere fluid of the same molar mass, Rh is the roughness
factor. The dependence of the hard sphere fluid viscosity on the
volume is expressed in terms of the reduced viscosity function:

h� ¼ �hHSðVm; TÞ
�
h0;HSðTÞ

�ðVm=V0Þ2=3; (7)

where h0;HS is the dilute-gas limit of the viscosity of the hard sphere
fluid, V0 is the molar volume for close-packed hard spheres. The
dilute-gas viscosity of the hard sphere system is expressed as

h0;HSðTÞ ¼
5
16

ffiffiffiffiffiffiffiffiffiffi
MRT
p

r
ð2NAÞ�1=3V�2=3

0 ; (8)

where NA is Avogadro's constant, M is the molar mass, R is the gas
constant. Thus, the viscosity of a real fluid h is related to the
reduced viscosity as

h� ¼ 16
5
ð2NAÞ1=3

� p

MRT

	1=2V2=3
m h

Rh
; (9)

The reduced viscosity of the hard-sphere fluid h� is a universal
function of the reduced volume Vm =V0 that can be found from
molecular simulations, and the following fit of this function is
proposed by Assael, Dymond et al.:
log10h
� ¼

X7
k¼0

akðV0=VmÞk: (10)

The polynomial coefficients ak are given in Ref. [24].
Thus, the real viscosity of a substance is mapped onto the uni-

versal viscosity-density relation for hard-sphere fluid (10) using
two substance-specific parameters, the effective hard sphere vol-
ume V0 and the roughness factor Rh. Those parameters are corre-
lated to the temperature and the chain length of n-alkanes in
Ref. [24].

An extension to that model is proposed later by Ciotta, Trusler
and Vesovic [27] to improve the prediction quality at very high
densities and ensure proper transition to the dilute gas limit. The
extended hard sphere (EHS) correlation is written in terms of the
residual viscosity, i.e. the difference between the fluid viscosity and
the dilute gas viscosity hG:

Dh� ¼ 16
5
ð2NAÞ1=3

� p

MRT

	1=2V2=3
m ðh� hGÞ

Rh
: (11)

The reduced residual viscosity is expressed as

log10ð1þ Dh�Þ ¼
X7
k¼1

akðV0=VmÞk: (12)

The coefficients for (12) are given in Ref. [27].
For fluid mixtures, Assael and Dymond suggested to use linear

mixing of the hard-sphere volumes and the roughness factors [68]:

V0;mix ¼
XNc

i¼1

xiV0;i;Rh;mix ¼
XNc

i¼1

xiRh;i: (13)

The resulting values of V0;mix and Rh;mix are then used to convert
the reduced hard-sphere fluid viscosity (10) or (12) to the mixture
viscosity.

It is not apparent from equations (10) and (9) that viscosity of a
liquid at constant volume has a very weak temperature depen-
dence. To have that property, the parameter V0 in the hard sphere
correlation varies quite significantly with temperature.
6.3. Expanded fluid correlation

Yarranton and Satyro [25] proposed a more generalized form of
the Batchinski correlation to cover the whole range of densities
range from dilute gas to liquid or dense fluid. The viscosity of a fluid
is written as the sum of dilute gas viscosity hG and the departure
function:

h¼ hG þ c1

"
exp

 
c2

exp
n�

r�s
�
r
�n � 1

o
� 1

!
� 1

#
; (14)

with fitting parameters c1, c2, “compressed state density” r�s and
exponent n are correlation parameters. Additionally, a pressure
dependence of the compressed state density is introduced in the
form r�s ¼ r0s expðc3PÞ.

The parameters c1 and n for all alkanes are fixed to 165 mPa,s
and 0.65 [25], respectively. The parameters c2, c3 and r0s for n-al-
kanes are presented in Yarranton and Satyro's paper [25].

Mixing rules for those parameters are investigated in Ref. [26],
and the best-performing set for alkanes is
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c3;mix ¼
 XNc

i¼1

wi

c3;i

!�1

;

r0s;mix ¼
 XNc

i¼1

wi

r0s;i

!�1

;

c2;mix

r0s;mix

¼
XNc

i¼1

wi
c2;i
r0s;i

;

(15)

where c2;i, c3;i and r0s;i are parameters for the individual compo-
nents, wi are mass fractions of the components.
6.4. Pedersen et al.'s corresponding states model

For the comparison, we consider the viscosity-pressure corre-
lation proposed by Pedersen et al. [30,79] for hydrocarbons based
on the corresponding states approach. It relates the viscosity of a
mixture at a given pressure to the viscosity of methane by applying
the following scaling:

hmix ¼ h0ðP�; T�Þ
amix

a0



Tc;mix

Tc;0

�1=6
Pc;mix

Pc;0

�2=3
MWmix

MW0

�1=2

;

(16)

where Tc;mix and Pc;mix Tc;0 and Pc;0 are pseudo-critical temperature
and pressure of the mixture and the critical parameters of the
reference substance, respectively, MWmix and MW0 are the mo-
lecular weights of the mixture and of the reference substance, amix
and a0 are shape factors, h0 is the viscosity of the reference sub-
stances at the pressure P� and temperature T�, which are defined
as:

P� ¼ P
a0Pc;0

amixPc;mix
; T� ¼ T

a0Tc;0
amixTc;mix

: (17)

The procedures to calculate h0ðP�; T�Þ, the pseudo-critical pa-
rameters and the average molecular weight for a mixture, and the
shape parameters are described in Refs. [30,79].

The advantage of this correlation is that it does not need the
density to predict the viscosity. That may give better predictions if
Fig. 3. (a) Viscosities of binary alkane mixtures studied in this work. (b) Viscosities of ternar
correlation using mixing rules (5), long dashes: hard sphere correlation (10)e(13), short dash
of the simulation data.
the accurate density data are unavailable, e.g. the density is esti-
mated from a cubic equation of state.
6.5. Correlation comparison

Fig. 2b shows how the correlations describe the viscosity of pure
n-pentane. The hard sphere (HS) correlation and the expanded fluid
(EF) correlation both produce good estimates of the pure compo-
nent viscosity in the investigated range. The correlation by Peder-
sen et al. does not give as good approximation as the previous two.

Fig. 3 shows the comparison of the viscosities calculated in MD
simulations to the predictions by the HS and EF correlations. As the
comparison demonstrates, all correlations show similar results for
binary mixtures and for lower densities. The difference between
correlations increases for ternary mixtures at high densities, with
the hard sphere correlation predicting lower viscosities than the
expanded fluid correlation.

Fig. 5a gives a closer look into the differences between the
Batchinski correlation, and the direct simulation results. The
magnitude of the differences is consistent for both binary and
ternary mixtures. The correlated viscosity values mostly lie within
5% interval from the simulations at moderate densities. Only one
point has shown a fractional difference above 10%. Closer investi-
gation reveals that the point corresponds to a state with
Vmix <1:2bmix and therefore Eq. (4) is not expected to provide a
good approximation. Thus, the 4 atoms difference in the chain
lengths between methane and pentane does not yet require
introduction of second-order terms into the mixing rules for the
Batchinski correlation (5).

Fig. 4 shows the comparison between the simulation results and
the Pedersen et al.'s correlation for some mixtures. It is clear that,
although both methods give the viscosities in the same range, the
correlation that uses only pressure shows larger deviation from the
MD results than the correlations that make use of the density data.
Hence, further analysis is restricted to the Batchinski, HS and EF
correlations only.

Fig. 5b shows the comparison of the Batchinski's correlation to
the simulation data and to the hard sphere and expanded fluid
correlations for two ternarymixtures. At the studied conditions, the
MD results do not match either the HS or the EF correlation, and
those two correlations deviate from each other as the density in-
creases. The departure of a correlation from the molecular
y alkane mixtures studied in this work. Symbols: MD simulation, solid lines: Batchinski
es: expanded fluid correlation (14)e(15). Error bars indicate the standard uncertainties



Fig. 4. Comparison of the mixture viscosities obtained from MD simulations and the
predictions of the Pedersen et al.'s correlation. Symbols: MD simulations. Lines: Ped-
ersen et al.'s correlation (interpolation through the points corresponding to the den-
sities from MD).

Table 4
Parameters of the Batchinski's correlation for pure n-alkanes from the experimental
data.

Component C (mPa,s,l/mol) b (l/mol) Data source

CH4 1.1327 0.02633 [6]
n-C4H10 3.5569 0.07898 [5]
n-C5H12 4.8615 0.09238 [8]

V. Pisarev, N. Kondratyuk / Fluid Phase Equilibria 501 (2019) 1122738
simulation data may be due to two reasons: either the correlation
itself is not capturing the mixture properties correctly or the
properties of the simulated system are not exactly the same as the
properties of the real system. Indeed, there are research articles
showing that reproducing transport properties requires very spe-
cific parametrization of the force field [49,50].

Thus, the closest match between the correlated viscosities and
the MD values cannot be used as a reliable judgment rule to choose
the correlation that better reproduces the actual viscosities. How-
ever, such rule can be derived if we assume the validity of the
Batchinski correlation and mixing rules for real hydrocarbons.
Then, we can test which of the correlations gives a more trust-
worthy result for mixtures by comparing those correlations to the
Batchinski formula correlated for experimental data on pure hy-
drocarbons. The coefficients for the correlation for pure hydrocar-
bons at temperatures in the range from 300 to 360 K are presented
in Table 4. The linear mixing of the Batchinski's equation parame-
ters produces good estimates of the viscosities for liquid and su-
percritical methaneen-butane mixtures at pressures from 10 to
20MPa (see Table 5), and the HS and EF correlations agree quite
Fig. 5. (a) Fractional differences between the mixture viscosities hB calculated using the Bat
Fractional differences between the correlations for the viscosities of ternary mixtures. hB is
correlation. Error bars indicate the standard uncertainties of the simulation data.
well for those systems.
Fig. 6 shows the viscosity estimates for some ternary mixtures

done with the Batchinski correlation, the HS correlation and the EF
correlation. The results of the EHS correlation, which is not shown
in figure, are virtually identical to the original hard sphere corre-
lation the for the compressed fluids. From the comparison, we can
conclude that the hard sphere correlation is closer to the Batchinski
correlation and thus can be considered a more reliable approxi-
mation than the expanded fluid correlation for n-alkane mixtures,
and the EHS correlation can be used for the unified description of
liquid, gas and supercritical phases.
6.6. Comparison of HS and EF correlations

The EF correlation has a tendency to overpredict the high-
pressure viscosities of mixtures having asymmetric components.
That comes from the correlation relying on pressure corrections to
the compressed state density to get the correct viscosities at high
densities. It appears that, due to low compressibility parameter c3
in light components, they lead to an underestimate of the mixture
c3 parameter when the mixing rules (15) are used. The HS corre-
lation has been developed under the assumption of the incom-
pressible core volume, so that it is free from such effects.

That is demonstrated in Fig. 7 by the comparison of the HS and
the EF correlations for methaneen-decane [12] and n-hexaneen-
heptane [82] mixtures. When the chain length difference is small,
the EF correlation accurately predicts the viscosity of the mixture.
For the more asymmetric mixture, the viscosities from the EF cor-
relation grow too quickly. One can see from the linear extrapola-
tions in Fig. 7b that the EF correlation would indeed give a correct
estimate of viscosity for the methaneen-decane at a near-zero
pressure. So, the analysis in the previous section shows that the
EF correlation is expected to overpredict the viscosities at high
pressure even for less asymmetric methaneen-butaneen-pentane
chinski correlation (5) and the viscosities obtained directly in MD simulations hMD . (b)
the Batchinski correlation, HS is the hard sphere correlation, EF is the expanded fluid



Table 5
Estimates of the viscosity of methaneenbutane mixtures at T ¼ 310:95 K with the Batchinski's, hard shpere (HS) and the expanded fluid (EF) correlations, compared to the
experimental data by Gozalpour et al. [39]. The coefficients for the Batchinski's correlation are calculated using the values from Table 4 and mixing rules (5).

Pressure (MPa) xCH4
Density (kg/m3) hcalc (mPa,s) hexp (mPa,s) [39]

Batchinski HS EF

10.8 0.5155 404 60.2 59.5 60.6 60.6
12.27 0.5905 354 46.1 45.5 46.2 45.7
12.62 0.6111 323 38.8 38.7 39.0 40.8
13.79 0.736 265 28.5 29.8 29.4 30.5
20.68 0.736 329 41.9 41.8 42.3 40.6

Fig. 6. Estimated viscosities of some ternary mixtures at T ¼ 360K using various
correlations. Solid lines: Batchinski correlation with parameters fitted to the experi-
mental data (Table 4). Dashed lines: hard sphere correlation. Dotted lines: expanded
fluid correlation. The EHS correlation is not shown as its predictions are virtually
identical to the hard sphere correlation for the densities shown.
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mixtures.

7. Conclusions

In this work, we calculate the viscosity-density dependencies
for n-pentane and binary and ternary mixtures of methane, n-
butane and n-pentane in the liquid phase at the temperature 360 K
using MD simulations with a fully flexible version of TraPPE-EH
Fig. 7. (a) Comparison of the viscosity-density correlations for an n-hexaneen-heptane mi
mixture. Thin lines show the extrapolations of the correlated values to the low pressure re
forcefield. The calculated viscosity values for n-pentane agree
within 10% with the available experimental data in the same den-
sity and temperature range. The viscosity of both pure n-pentane
and mixtures can be described by the Batchinski's correlation rule
h ¼ C=ðVm � bÞ.

We show that the coefficients in the Batchinski correlation for a
mixture can be obtained by linear mixing of the coefficients for
pure components with the weights equal to the mole fractions of
the components in the mixture. For most of the mixtures consid-
ered, the deviation of the viscosity obtained by direct MD simula-
tion from the viscosity calculated using the mixing rules is of the
same order as the statistical uncertainty of the calculation.

That observation gives us a necessary condition for a predictive
viscosity correlation for mixtures: if the viscosities of some sub-
stances are known to follow the Batchinski's correlation at a certain
temperature, then the Batchinski correlation obtained by the linear
mixing of parameters for the pure components is a good estimate of
the viscosity-density relation in the liquid mixtures of those sub-
stances, and alternative correlations must produce the result
consistent with that relation.

Using that condition, we evaluate three correlations for fluid
viscosities proposed in literature: the viscosity-pressure correlation
by Pedersen et al., the hard sphere (HS) correlation by Assael and
Dymond, and the expanded fluid (EF) correlation by Satyro and
Yarranton. We find that the latter two correlations show better
agreement with the MD simulation results for both pure n-pentane
and mixtures, and with the experimental data on liquid pentane.
The HS and EF correlations give similar viscosities for pure hydro-
carbons and binary hydrocarbon mixtures, but they diverge at high
densities for ternary mixtures, especially when the molar fractions
of components are close. Fitting the available experimental data on
xture. (b) Comparison of the viscosity-density correlations for an methaneen-decane
gion.
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viscosity of methane, n-butane and n-pentane in the Batchinski
form allows us to estimate the viscosities of mixtures and show that
the hard sphere correlation and the Batchinski correlation produce
very close results while the expanded fluid correlation typically
overestimates the viscosities. Therefore, we argue that the hard
sphere correlation is a more suitable method to estimate the
viscosity-density relation for hydrocarbon fluidmixtures. To get the
viscosity estimated in a broad range of densities, the extended hard
sphere correlation by Ciotta, Trusler and Vesovic can be recom-
mended, as it produces virtually identical viscosities for com-
pressed fluids as the original hard sphere correlation.

It should be noted that the viscosity-density correlations are
very sensitive to the input densities, and thus obtaining accurate
viscosity-pressure relations with them requires an equation of state
that produces densities accurate to within 1e2%. If the accurate
density values are unavailable, the use of the corresponding states
viscosity-pressure correlations may be advantageous.

The presented data, mixing rules and analysis are useful for
simple estimates of liquid phase viscosity in hydrodynamic simu-
lations of flows of hydrocarbon fluids.
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