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Abstract—The Smale surgery on the three-dimensional torus allows one to obtain a so-called
DA diffeomorphism from the Anosov automorphism. The nonwandering set of a DA diffeomor-
phism consists of a single two-dimensional expanding attractor and a finite number of source
periodic orbits. As shown by V. Z. Grines, E. V. Zhuzhoma, and V. S. Medvedev, the dynamics
of an arbitrary structurally stable 3-diffeomorphism with a two-dimensional expanding attrac-
tor generalizes the dynamics of a DA diffeomorphism: such a 3-diffeomorphism exists only on
the three-dimensional torus, and the two-dimensional attractor is its unique nontrivial basic
set, but its nonwandering set may contain isolated saddle periodic orbits together with source
periodic orbits. In the present study, we describe a scenario of a simple transition (through
elementary bifurcations) from a structurally stable diffeomorphism of the three-dimensional
torus with a two-dimensional expanding attractor to a DA diffeomorphism. A key moment in
the construction of the arc is the proof that the closure of the separatrices of boundary periodic
points of a nontrivial attractor and of isolated saddle periodic points are tamely embedded.
This result demonstrates the fundamental difference of the dynamics of such diffeomorphisms
from the dynamics of three-dimensional Morse—-Smale diffeomorphisms, in which the closure of
the separatrices of saddle periodic points may be wildly embedded.

DOI: 10.1134/S0081543820010113

1. INTRODUCTION AND STATEMENT OF THE RESULTS

Let f € Diff!(M™) be a C'-smooth diffeomorphism of a closed n-dimensional (n > 2) mani-
fold M™ equipped with a Riemannian metric d. An f-invariant set A C M™ is said to be hyperbolic
if the restriction TA M™ of the tangent bundle TM™ of M™ to A can be represented as the Whitney
sum E} @ EY of df-invariant subbundles E} and E}} (dim E + dim E} = n, € A) and there exist
constants Cs > 0, Cy > 0, and 0 < A < 1 such that

ldf" ()|| < CsA™||v|| for v € E}, ldf ~™(v)|| < CuA™||v]| for v e E}, m > 0.

The hyperbolic structure leads to the existence of so-called stable and unstable manifolds, which
comprise points with identical asymptotic behavior under positive and negative iterations, respec-
tively. For every point x € A, there exists an injective immersion J3: R®* — M™ (whose image
Ws(z) = J5(R?) is called the stable manifold of x) such that the following properties hold:

(1) TuW*(z) = E};

(2) points z,y € M" belong to the same manifold W*(x) if and only if d(f™(z), f™(y)) — 0

as m — oo;
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3) fF(W3(z)) = W2(f (2));

(4) if z,y € A, then either W*(x) = W3(y) or W5(z) N W3(y) = &5

(5) if points z,y € A are close on M", then W*(z) and W3(y) are C'-close on compact sets.
This property is usually referred to as the theorem on the continuous dependence of stable
manifolds on the initial conditions.

The unstable manifold W (x) of a point = € A is defined as the stable manifold with respect
to the diffeomorphism f~!. Unstable manifolds have similar properties. In view of property (3),
stable and unstable manifolds are called invariant manifolds.

A point x € M™ is said to be nonwandering if for any neighborhood U(x) of x and any positive
integer N there exists an ng € Z, |ng| > N, such that f(xz) € U(zx). We will denote the set of
nonwandering points of a diffeomorphism f by NW(f). A diffeomorphism f is called an aziom A
diffeomorphism (or, which is the same, an A-diffeomorphism) if the set NW(f) is hyperbolic and
the periodic points are everywhere dense in NW(f).

Smale [20] proved the following statement, which is known as the spectral decomposition theorem.
Let f € Diff'(M™) be an axiom A diffeomorphism. Then the set NW(f) can be represented as
a finite union of pairwise disjoint closed invariant sets Aq,..., Ay, called basic sets, each of which
contains an everywhere dense orbit. In this case (see [15]), the manifold M™ can be represented as

k k
M™ = W) = W), where Wh(A) = | Wo(z), WA = | W)
i=1 i=1 TEN; zEA;
A basic set is said to be nontrivial if it is not a periodic orbit (in particular, is not a fixed point).

According to [6], a basic set A is said to be orientable if for any point z € A and any fixed
numbers a > 0 and 8 > 0 the intersection index of W (x) N Wi(z) is the same at all intersection
points (either +1 or —1), where W§(z) and Wj(z) are a- and S-neighborhoods of z in the intrinsic
metric of invariant manifolds. Otherwise a basic set A is said to be nonorientable.

A compact f-invariant set A C M" is called an attractor of a diffeomorphism f if A has a
compact neighborhood Uy such that f(Us) C intUys and A = (oo f¥(Ua). A repeller is defined
as an attractor for f1. -

For an axiom A diffeomorphism f, an attractor A is called an expanding attractor if the topolog-
ical dimension dim A is equal to the dimension of the unstable manifold W"(z), x € A. A repeller
of f is said to be contracting if it is an expanding attractor for f1.

Two diffeomorphisms f,g € Diffl(M ) are said to be topologically conjugate if there exists a
homeomorphism ¢: M™ — M™ such that ¢ o f = go . A diffeomorphism f € Diff*(M™) is
said to be structurally stable if there exists a neighborhood U(f) C Diff'(M™) of f such that any
diffeomorphism g € U(f) is conjugate to f.

A significant role in the formulation of conditions of structural stability is played by the so-called
strong transversality condition. Let W1, Wy C M™ be two immersed manifolds that have a nonempty
intersection. By definition, Wy and Wy intersect transversally if for every point x € Wi N Wy the
tangent space T, M™ is generated by the tangent subspaces T, W7 and T, Ws. In particular, if W;
and Wy intersect transversally, then dim T, W7 4+ dim T, Wy > dim T, M™.

An axiom A diffeomorphism is said to satisfy the strong transversality condition if for any points
z,y € NW(f) the manifolds W*(x) and W"(y) have only transversal intersections. It is known [16,
19] that a diffeomorphism is structurally stable if and only if it is an axiom A diffeomorphism
satisfying the strong transversality condition.

Anosov diffeomorphisms underlie the construction of expanding attractors of codimension 1.
Following [20], one can construct a structurally stable diffecomorphism of the torus T™ whose non-
wandering set consists of a finite number of periodic sources and a codimension 1 expanding at-
tractor. To this end, one takes a codimension 1 Anosov diffeomorphism of the n-torus T™ and
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applies the so-called Smale surgery. The resulting diffeomorphism, as well as its inverse, is called
a DA diffeomorphism.

In the present paper, we consider structurally stable diffeomorphisms with an expanding at-
tractor (contracting repeller) of codimension 1 on closed n-manifolds M™, n > 3. A topological
classification of such systems under the assumption that the expanding attractor is orientable was
obtained for n > 3 in [10-13|. In particular, Grines and Zhuzhoma proved [12]| that for the diffeo-
morphisms under study the manifold M"™ is homotopy equivalent to the torus T", and if n # 4,
then M™ is homeomorphic to the torus T". In [21], it was proved that for n = 3 there exist no
structurally stable diffeomorphisms with nonorientable expanding attractors of codimension 1.

In particular, it follows from the results of the above papers that the dynamics of an arbitrary
structurally stable diffeomorphism f with an orientable expanding attractor (contracting repeller) of
codimension 1 is a generalization of the dynamics of a DA diffeomorphism: such a diffeomorphism f
may exist only on the n-dimensional torus, and the nontrivial basic set is unique; however, the
nonwandering set of f may contain not only nodal but also saddle trivial basic sets.

An arc of diffeomorphisms is a one-parameter family of diffeomorphisms ¢;: M™ — M"™ t € [0, 1],
that constitute a smooth mapping ®: M™ x [0,1] — M" such that ®|ym gy = ¢ An arc gy is
said to be simple if all its points are structurally stable diffeomorphisms except for a finite number
of bifurcation points such that the transition through each of them is a generically unfolded saddle—
node or period-doubling bifurcation.

The presence of a simple arc connecting a structurally stable diffeomorphism with an orientable
basic set of codimension 1 with a DA diffeomorphism was announced in [22] for n > 4. It was
pointed out there that if the dimension of the ambient manifold is 3, an obstacle to the proof of a
similar conclusion is the possibility of wild embedding of the closures of one-dimensional separatrices
of isolated saddle periodic points.

The following theorem is the main result of the present study.

Theorem 1.1. For any structurally stable diffeomorphism of a closed 3-manifold M3 whose
nonwandering set contains a two-dimensional expanding attractor, there exists a simple arc that
connects this diffeomorphism with a DA diffeomorphism.

2. NECESSARY PRELIMINARY INFORMATION

2.1. Embedding of frames of arcs and circles in 3-manifolds. In the three-dimensional
Euclidean space R3, consider the unit sphere S? = {(z1,z2,23) € R3: 2% + 2% + 23 = 1} centered
at the origin 0(0,0,0) € R3. We can represent the manifold R3\ O as S? x R by establishing a
correspondence between the points z = (z1, 79, 23) € R*\ O and p(z) = (¢(z),r(x)) € S? x R with

I T2 T3 2 2 2
o(@) = (—,—,—), r@) =logallel, el = /o + 23 + <2
el el Tel IR

We say that . ¢ R3\ O is an open ray emanating from O if p(L) = {s} x R for a point s € S
A one-dimensional manifold L ¢ R3\ O homeomorphic to R is called an infinite arc emanating

from O if r(L) = R.

Let e Nand Lq,...,L, be a set of pairwise disjoint infinite arcs emanating from O. The set
14
F,=|]JLju0
j=1

is called a frame of v arcs. We assume that each arc of the frame F), is invariant with respect to
the homothety A: R3 — R3 defined by the formula

A(:Ela €2, $3) = (2:1717 21:27 2$3)
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Fig. 1. Construction of a wild arc in R3.
A frame
v
F, = U L;UO
j=1

of pairwise different open rays Li,...,LL, emanating from O is said to be standard. A frame F), is

said to be tame if there exists a homeomorphism H: R3 — R3 such that F, = H(F,); otherwise
the frame F,, is wild.

If v = 1, then the frame consists of a single arc. In 1948, Artin and Fox [4] constructed an
example of a wild arc (Fig. 1b). The intersection of the arc L; and the three-dimensional annulus
{(z1,22,73) € R3: 1 < 2?2 + 22 + 23 < 4} is shown in Fig. la. Here the arc L; passing through the
points a; and A(«;), i = 1,2, 3, is the union of all positive and negative iterations of all arcs in this
annulus under the homothety A.

The following tameness criterion is a corollary to [9, Lemmas 4.2 and 4.3].

Proposition 2.1. An arc Fy is tame if and only if there exists a 3-ball B(O), O € B(O), such
that B(O) is a topological submanifold of R? and OB(O) N Ly consists of a single point.
Note that even if each arc of a frame F, C R?, v > 1, is tame, the whole frame need not be tame.

In 1960, Debrunner and Fox [3] constructed an example of a wild frame with an arbitrary number
v > 1 of arcs each of which is tame. Moreover, for this frame F, = U;'/:1 L; U O, the sphere S?

intersects the arc L; for each j € {1,...,v} at exactly one point. Figure 2 demonstrates a wild
frame of six tame arcs L; passing through the points «; and A(q;), 1 =1,...,6, respectively.
Ly Ly

Fig. 2. The Debrunner-Fox example for v = 6.
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A(Ozg)

Alas)
Fig. 3. Nontrivial frame of circles generating a tame frame of arcs for v = 4.

Thus, Proposition 2.1 cannot be generalized to the case of v > 1. On the other hand, a necessary
condition for a frame F}, with any v to be tame is the existence of a foliation of the set R3\ O by
2-spheres each of which intersects each curve L; of the frame at a single point. Indeed, it follows
from the definition of a tame frame F),, = H(F,) that such a foliation is provided by the H-images
of the concentric spheres

PtZ{($1,$2,$3)€R3: x%+x§+:p§:t2}, t>0.

In [8], the following tameness criterion for a frame of arcs F), with any v € N was proved.

Proposition 2.2. A frame F, = U]’;l L; UO s tame if and only if there exists a home-
omorphism W:R3\ O — R3\ O such that every sphere W(P;), t > 0, intersects each arc Lj,
je{l,...,v}, at a single point.

Every standard frame of arcs F,, in R? is directly related to a frame of circles in the manifold
S? x S! through the cover 7: R3\ O — S? x S! defined by the formula

m(x) = (q(z),r(z) mod 1).

It can be verified directly that the standard frame F, and the space R? are mapped by 7 to the
frame of circles

L=J¢C,  Cy={g}xs"

We will call J,, the standard frame of circles. Any set C1, ..., C, of pairwise disjoint topologically
embedded circles each of which is a generator of the fundamental group 71 (S? x S') forms a frame
of v circles

W Ue,
j=1

We call a frame J, a trivial frame if there exists a homeomorphism ®: S? x S' — S? x S! such
that J, = ®(J,). Note that any frame of circles J, lifts to the frame of arcs F;, = 7~1(J,) U O,
and if the frame of circles J, is trivial, then by Proposition 2.2 the corresponding frame of arcs is
tame. The converse does not hold in general. For instance, in |7, Lemma 5.1], a nontrivial frame
of circles Jy is constructed for which the corresponding frame of arcs Fj, (passing through the
points o; and A(«;), i = 1,2,3,4) is tame (Fig. 3).
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This example can be generalized to the case of any v > 3. On the other hand, in [3, Lemmas 4.3
and 4.4], Debrunner and Fox proved that for v = 1 the triviality of a circle is equivalent to the
tameness of the corresponding arc. In [§8], a similar fact was proved for v = 2.

Proposition 2.3. A frame of circles Jo is trivial if and only if the corresponding frame of
arcs Fy, is tame.

2.2. Simple arcs in the space of diffeomorphisms. Consider a one-parameter family of
diffeomorphisms (arc) ¢, : M™ — M", t € [0,1]. Recall that an arc {¢;} is said to be simple if all
its points are structurally stable diffeomorphisms except for a finite number of bifurcation points
b; € (0,1) such that the transition through each of them is a generically unfolded saddle-node or
period-doubling bifurcation.

An arc {¢;} is said to unfold generically through a saddle-node bifurcation ¢y, if, in some
neighborhood of a nonhyperbolic point (p,b;), the arc ¢, is conjugate to the arc

~ 1 ~ *ro4n, +x
@?(%1,%2, s s Tldngy s L24mys - - - 7‘Tn) = <.’L’1 + 5',1:% + ta :I:2‘T27 ) :I:Qxl-i-nua %7 e 2n>7
where (z1,...,2,) € R", |z;| < 1, [t] < 1/10.

An arc {¢;} is said to unfold generically through a period-doubling (flip) bifurcation ¢y, if, in
some neighborhood of a nonhyperbolic point (p, b;), the arc ¢; is conjugate to the arc

:|:£E2+nu Zl:ll?n
2 T )

O (21,22, o s Tlqmy s T2fmys - - -1 Tn) = <—m1(1 :t?) + x:{’, +2x9, ..., 22149,
where (x1,...,2,) € R?, |z;| < 1/2, and || < 1/10.

3. EMBEDDING OF SADDLE SEPARATRICES OF A STRUCTURALLY STABLE
DIFFEOMORPHISM OF THE 3-TORUS WITH A TWO-DIMENSIONAL
EXPANDING ATTRACTOR

A key moment in the construction of a simple arc connecting a structurally stable diffeomorphism
of the 3-torus with a two-dimensional expanding attractor with a DA diffeomorphism is the proof
that the embedding of saddle separatrices is tame. This result demonstrates the fundamental
difference of the dynamics of such diffeomorphisms from the dynamics of three-dimensional Morse—
Smale diffeomorphisms, which are characterized by wild behavior of saddle separatrices. Let us first
describe the dynamics of a structurally stable diffeomorphism of the 3-torus with a two-dimensional
expanding attractor.

Let f: M3 — M3 be a structurally stable diffeomorphism of the 3-torus with a two-dimensional
expanding attractor. Without loss of generality, we assume that the manifold M? is the torus T® and
f: T3 — T3 is a structurally stable diffeomorphism whose nonwandering set contains an expanding
attractor A of topological dimension 2, which is orientable according to the results of [14]. The
proofs of the facts given below can be found, for example, in [12].

Since dim W¥(x) = 1 for every point x € A, we can introduce the notation (y, z)* and [y, z]°® for
open and closed arcs of W*(x) bounded by points y,z € W*(x), respectively. The set W35(z) \
consists of two connected components. At least one of these components has a nonempty intersection
with the set A. A point x € A is called a boundary point if one of the connected components of
W5(z) \ « does not intersect A. Denote this component by W% (x).

The set I'y of all boundary points of A is nonempty and consists of a finite number of pe-
riodic points, which are divided into associated pairs (p,q) of points of the same period such

PROCEEDINGS OF THE STEKLOV INSTITUTE OF MATHEMATICS Vol. 308 2020



SCENARIO OF A SIMPLE TRANSITION 147

Fig. 4. Arc [,,.

that the 2-bunch By, = W"(p) U W"(q) is a V-accessible boundary of a connected component V
of T3\ AL

For every pair (p,q) of associated boundary points of A, we construct a so-called characteristic
sphere. Let By, be a 2-bunch of A consisting of the two unstable manifolds W"(p) and W"(q) of
associated boundary points p and g, respectively, and let m,, be the period of the points p and g.
Then, for every point x € W"(p) \ p, there exists a unique point y € W"(q) N W*(x) such that the
arc (z,y)® does not intersect A. Define a mapping

€pq: Bpg \ {p;q} — Bpg \ {p, q}

by setting &pq(z) = y and &p(y) = x. Then &o(W"(p) \ p) = W"(q) \ ¢ and &(W"(q) \ q) =
W"(p) \ p; i.e., the mapping &, sends the punctured unstable manifolds of the 2-bunch to each
other and is an involution (&2,(x) = id). By the theorem on the continuous dependence of invariant
manifolds on initial conditions in compact sets, the mapping &4 is a homeomorphism.

The restriction 7|y, has exactly one hyperbolic repelling fixed point p; therefore, there
exists a smooth closed 2-disk D, C W"(p) such that p € D, C int f™r4(D,). Then the set
Cpg = Uzean, [€:&pq()]” is homeomorphic to the closed cylinder St x [0,1]. The set Cp, is called
a connecting cylinder. The circle &,,(0D,) bounds a 2-disk D, in W"(q) such that ¢ € D, C
int fr4(Dg). The set Spy = Dy, U Cpq U Dy is homeomorphic to a 2-sphere, which is called a
characteristic sphere corresponding to the bunch B,,.

Denote by T'(f) the set of nonwandering points of f that do not belong to A. Then

(1) each characteristic sphere Sy, bounds a 3-ball @, such that T'(f) € U(p7 Q)CTa Qpg;

(2) for every associated pair (p,q) of boundary points, there exists a positive integer k,q such

that T'(f) N Qpq consists of k,, periodic sources ar,...,ag,, and ky, — 1 periodic saddle
points p1, ..., pk,,—1 that alternate on the arc
kpq_l kpq
lpg = W*°(p) U U W=(pi) U U a; UW™(q)
i=1 i=1
(see Fig. 4).

Note that since the diffeomorphism f is structurally stable, every arc (z,y)® with x € W"(p)
and y € W"(q) that are not boundary points intersects W"(p;) at exactly one point for all i =
1,...,kpg — 1. Indeed, the converse would imply that there exists a point z € A such that W3(z) is
tangent to W"(p;), which contradicts the strong transversality condition. Then the intersection of

ILet V € M be an open set with boundary 8V (0V =clV \int V). Then a subset 6V C 9V is called a V-accessible
boundary (or boundary accessible from the interior of V') if for every point x € 6V there exists an open arc that
lies completely in V' and has x as one of its endpoints.
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Fig. 5. Illustration to the proof of Theorem 3.1.

the 3-ball @, and the two-dimensional unstable manifold of the saddle point p;, i =1,...,kyq — 1,
is precisely the 2-disk D,,.

Thus, the disks D), divide the ball @, into k,, three-dimensional balls Qq,, 2 = 1,..., kg, such
that «; € Qai.

Set p = po and ¢ = py,,. Then the basin W*"(«;) of each periodic source a; € lpg, i = 1,2, ..., kyq,
contains exactly two stable separatrices ¢;_1 = W*(p,—1) N W"(a;) and ¢; = W5(p;) N W"(«;) of
the saddles p;_1 and p;, respectively. The separatrices £;_1 and ¢; are said to be associated with the
source ;. Note that the period of these separatrices is equal to that of the source «; and is m,,.
Since «a; is a hyperbolic point, the diffeomorphism fmpq\wu(ai) is topologically conjugate to the
homothety A by a homeomorphism A, : W%(a;) — R3. Let L;_1 = ha,(¢;_1) and L; = hq, (£;).
Then the union

ani =L, tUL,UO
is a frame for two arcs associated with the source o;. Let
I3 = ().

Then J5" is a frame of two circles in S? x S! associated with the source a;.
Lemma 3.1. The frame of circles J5' is trivial.

Proof. By Propositions 2.2 and 2.3, to prove that the frame of circles J5" associated with a;
is trivial, it suffices to construct a foliation of W"(«;) \ a; such that each of its leaves is a 2-sphere
that encloses «; and intersects each of the separatrices ¢; and ¢;_1 at a single point.

Consider a point z; € ¢;, j € {i — 1,i}, and a fundamental domain [; C ¢; with boundary
points z; and f™e(x;). Take a tubular neighborhood V(I;) diffeomorphic to D? x [0, 1] under a
diffeomorphism h;: D? x [0,1] — V/(I;) such that f™4(h;(D? x {0})) C h;j(D? x {1}) (Fig. 5).
Since each arc (x,y)® with nonboundary x € W"(p) and y € W"(q) intersects W"(p;) at exactly
one point, by the A-lemma we can assume (up to an iteration of the neighborhood V'(I;)) that each
disk h;(D? x {t}) intersects the arc (z,y) with € D, \ p at a single point.

The set K, = D, \ int f~™»4(D,,) is diffeomorphic to the set S! x [0, 1] under a diffeomorphism
h: S x [0,1] — K, such that h(S' x {1}) = dD,. Denote by S;, t € [0, 1], the 2-sphere bounded
by the disks h;_1(D? x {t}) and h;(D? x {t}) and the cylinder C; = Uzen(stx g [®, &pq(@)]°. The
iterations of these spheres under f™»7 give the sought foliation of the set W"(«;) \ .

In fact, we can prove a stronger statement on the embedding of the frame J3" in S? x St.
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Lemma 3.2. For any standard frame of circles Ja, there exists a diffeomorphism §: S? x St —
S% x St such that § is isotopic to the identity and g(J2) = J5".

Proof. By Lemma 3.1, there exists a homeomorphism G: S2 x S' — §2 x S! with G(Jg) = J3.
By the results of [18], the homeomorphism G can be taken to be a diffeomorphism. Without loss
of generality, we will also assume that Jo = 7(OX7). Since G acts identically in the fundamental
group, there are two possibilities: either G is isotopic to the identity mapping or G is isotopic
to the involution ¥ obtained as follows. For any © € R, denote by Rg the map that rotates the
2-sphere S, = {(z,y,2) € R3: 22 4+ y? + 22 = r2} through an angle of © about the axis OX;. Let
v: R? — R3 be a diffeomorphism such that v|g, = Ror(r—1) for 1 <7 < 2 and v coincides with the
identity mapping outside the ring K1 = {(z,y,2) € R3: 1 < 22 + % + 22 < 4}. Then

0=m0(nlg,) t: 2 x St - §%xs!

is a sought diffeomorphism. Notice that v(J2) = Jo.
If G is isotopic to the identity mapping, then g = G, and if G is isotopic to the involution v,
then g =0vG. O

4. CONSTRUCTION OF A SIMPLE ARC

For p > 0, denote by G, the set of all structurally stable diffeomorphisms of the 3-torus with
a two-dimensional expanding attractor and with exactly p isolated saddle orbits. Thus, to prove
Theorem 1.1, it suffices to construct a simple arc I'y, r,_, that connects a diffeomorphism f, € G,
p > 0, with a diffeomorphism f,_1 € G,—1 (this is done in Lemma 4.2 below). Indeed, then the
simple arc

Pioto =Thufur % Lr g

connects? the structurally stable diffeomorphism fu whose nonwandering set contains a two-
dimensional expanding attractor with the DA diffeomorphism fj.

We decrease the number of isolated saddle points of a diffeomorphism f by constructing an arc
that unfolds generically through a saddlenode or period-doubling bifurcation. To implement such
a scenario, we should reduce the confluence objects to a canonical form. To this end, we reduce the
dynamics in the neighborhood of a source to a canonical expansion, and in Lemma 4.1 we lay an
unstable saddle separatrix in the basin of a canonical sink on a smooth arc. An important technical
tool of all the constructions is provided by the following classical facts.

Proposition 4.1 (Thom’s isotopy extension theorem, see [17, Theorem 5.8|). Let Y be a
smooth manifold without boundary, X a smooth compact submanifold in Y, and {fi: X — Y,
t € [0,1]} a smooth isotopy such that fo is an inclusion mapping of X into Y. Then, for an
arbitrary compact set A C'Y containing the support supp{f;} of the isotopy,® there exists a smooth
isotopy {g: € Diff(Y), t € [0,1]} such that go = id, ge|x = fe|x for all t € [0,1], and supp{g:}
belongs to A.

Proposition 4.2 (Franks’s lemma [5, Lemma 1.1|). Let 6 be a finite set of points of a man-
ifold M™, ¢: M™ — M™ a diffeomorphism, T = J,cp TM}, and T' = J,¢q TM:;(I). Then there
exists a neighborhood U(6) D 6 and a number € > 0 such that for any isomorphism G: T — T’
satisfying the condition |G — Dy|| < €/10 there exists a diffeomorphism : M™ — M™ such that
1 is e-close to ¢ in the O topology, Dy = G on T, and ¢ = f outside U(f).

21f ¢1 and co are paths in a topological space X with ¢1(1) = ¢2(0), then by the product of the paths ¢; and cz
we mean the path c1 % c2 defined as (c1 * ¢2)(t) = c1(2t) for 0 < ¢ < 1/2 and as (c1 * c2)(t) = c2(2t — 1)
for 1/2 <t <1.

3The support supp{ fi} of an isotopy {f:} is the closure of the set ;¢ (o ){z € X: fi(z) # fo(z)}-
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Since between any hyperbolic automorphisms of the same index (the number of eigenvalues
greater than 1 in absolute value) there exists a path of hyperbolic automorphisms, Franks’s lemma
can be generalized as follows.

Proposition 4.3. Suppose that a diffeomorphism pg: M™ — M™ has a hyperbolic point ro of
period mg, and let (Up, h) be a local chart of the manifold M™ such that ro € Uy and h(rg) = O.
Then, for any hyperbolic automorphism G with the same index as the automorphism (Dg(™ )y,
there exist neighborhoods Uy and Us of 1o, Us C Uy C Uy, and an arc @y: M™ — M™, t € [0,1],
without bifurcations, such that

(1) the diﬁeomorphism o, t € [0,1], coincides with the diffeomorphism ¢y outside the set

Uiso gpo( 1), and UZ:ol ©k(ro) is a hyperbolic orbit of period mq for every ¢y

(2) the diffeomorphism ho"h~ coincides with the diffeomorphism G on the set h(Uz).

Let us proceed to the details of the construction.

Let B, = {(w1,29,73) € R3: 22 + 23 + 22 < 72}, r > 0, be an open ball centered at the
origin 0(0,0,0) in the three-dimensional space R®. Consider the homothety A: R? — R? defined
as A(x1, 9, x3) = (221, 229, 23).

Lemma 4.1. Suppose that a dz’ﬁeomorphz’sm gpo M3 — M3 has a hyperbolic source o, and let
stable one-dimensional saddle separatrices 7% and 7% of saddles Py and Py lie in the basin of the
source W*(a), have period m equal to the period of «, and form a tame frame F3° = ’on U 7500 U a.
Let (Up, h) be a local chart of the manifold M? such that o € Uy, h(a) = O, and ¢ (Uy) D Up.
Then there exist neighborhoods Vi and Va of a such that Vo C Vi C Uy and an arc pp: M3 — M3,
t € [0, 1], without bifurcations that have the following properties:

the diffeomorphism g, t € , coincides with the diffeomorphism @qg outside the set
1) the di hi 0,1 ncid ith the di hi ide th
UZ:OI ok(V1), and U 0 900( ) is a hyperbolic source orbit of period m for every ¢y;
or every t € the one-dimensional separatrices an of the saddles Py and Py
2 0,1], th di l 7 d 7@ he saddles Py, and P
form a tame fmme F{t=~L, U2, Ua, and h(F§' N Vg) C O0X;.

Proof. Introduce the notation ¢g = " an_d ¢y = hedoh~!: R® — R3. By Proposition 4.3,
we can assume without loss of generality that ¢, = A on the disk Bj,, for some r9 > 0. Set
’y% = h(’nyO), i=1,2, and K, = By, \ B, for any r > 0.

0

Denote by E the set of expansions ¢: R3 — R3 that coincide with ¢, outside B,,/2 and with A
on Bgr$ for some s> 0. For any ¢ € E, set

_ Tk (i o b _ 1.2
—kU/» (v NEy), i=12  F =1U3U0.
S

By construction, the ¢-invariant curve ’y% coincides with the ¢g-invariant curve ’yéo outside B,,.
To prove the lemma, it suffices to construct an arc of expansions ¢,: R3 — R3, t € [0, 1], such that
(1') the diffeomorphism ¢,, ¢t € [0, 1], coincides with the diffeomorphism ¢, outside the set Bi,;
(2)) Fy* N BT’% C 0X;.
Then the arc ¢;: M3 — M3 can be obtained from the arc ¢, as follows. Let Vi = h™(B,,),
Vo =hY( T_l), and ¢; = h™'¢,h on Vi. Then, for every ¢t € [0,1], ¢; coincides with ¢g outside

the set Uk:o gpo(Vl), vi(2) = po(z) for z € cplg(Vg), ke {0,...,m—2}, and ¢(z) = gbt(cp(l)_m(z))
for z € g~ (Vo). B
To construct the arc ¢,, we fix the knots

=m(0X7]), Yo = 7r(OX1+)
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on the manifold S? x S'. For ¢ € E, set
%:w@%nmﬁ, i=1,2.

Then the curve :y\é is a knot on S? x S! whose homotopy class is 1 (see, for example, [2]).

By Lemma 3.2, there exists a diffeomorphism g: S? x S — S? x S! such that g is isotopic to
the identity and LZ]\(/W\E’)O) =7, i = 1,2. Take an open covering D = {Dy,...,D,} of S* x S! such
that a connected component D; of p‘l(D,-) is a subset of K, for some r; < r;_1/2 and 1 < r¢/4,
i = 1,...,9q. According to [1, Fragmentation lemma|, there exist diffeomorphisms wy,...,w,:
S? x S — S% x S! that are smoothly isotopic to the identity and have the following properties:

(i) for each ¢ € {1,...,q}, there exists a smooth isotopy {w;+} that is the identity outside D;
and connects the identity mapping and wj;
(i) g =w; ... W,
Let w4 R3 — R? be a diffeomorphism that coincides with (p| K,.i)_l'&)\i,t p on K,, and with the
identity mapping outside K,,. Then the sought arc is defined by the formula

at :@1715...@[1’13. O

Lemma 4.2. There exists a simple arc Uy, y,_, 1 that connects a diffeomorphism f, € G,
p >0, with a diffeomorphism f,_1 € G,_1.

Proof. According to the results of Section 3, all trivial basic sets of f, lie on the arcs l,; =
W2 (p)uU Uk"q_l Ws(p;) U U 7% a; U W™?(q), which connect boundary points p and ¢. In the basin
W"(a) of every periodic source a; € lpg, i =1,2,...,kp,, there are exactly two stable separatrices
iy = W3(p;) N W («;) and €; = W3(pir1) N W (o) of the saddles p;—; and p;, which form a
frame of arcs Fy". In this case, Lemma 4.1 allows us to assume that there exists a local chart (U, )
on T3 such that o; € U, ¥(oy) = O, f™4(U) D U, and ¢(F5" NU) C OX;.

Consider an arc I, passing through at least one saddle point p;. Then two situations are possible:

(1) the point p; has a positive type of orientation;

(2) the point p; has a negative type of orientation.

In case (1), the source a; has the same period m,, as the point p;. Set [; = W, U P HOX).
Then [; is a smooth curve containing ¢;, and the points a; and p; are interior points for I;.

Set II; = {(x1, 22, 23) € R3: |24] < 1/2}. On the interval [~1/2,1/2] € OX}, we define a family
of mappings ¢y, t € [0, 1], by the formula

1 1
w@o—m+;q+5@p4y

Then we define a diffeomorphism @ : ﬁl — R3 as

ot(x1, 72, 73) = (p1(21), 272, 273).

By construction, the diffeomorphism @y has a saddle point P;(—1/4/5,0,0) and a source point
Py(1/4/5,0,0). For e > 0 and 6 > 0, set
1 1

I.=|—— —¢, +e| C OXy, Ves =< (z1,29,23) ER3: |21] < —=

5 \/— \/— 1 £,0 {( 1,42 3) ‘ 1‘ \/5
Take a neighborhood II of ¢; and a diffeomorphism 3: I} — II; such that B(pi) = P1, B(ay) = Pa,
and B(l; N1II;) = Ozy N1I;. Then the following diffeomorphism is well defined in some neighbor-
hood V;, 5,:

+¢, ¥3 + 13 <52}.

f=pfmmpt.
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By Proposition 4.3, we can assume that in the neighborhoods

Vpl = {(1’1,1’2,1’3) S ]R3Z

1 2 2 2}
1+ <e1, x5+ x5 <67 9,
\/5‘ 2 3 1

Vp, = {($1,$2,$3) € R%:

2, .2 _ 52

1 — —=| <e1, T3+ 3 <51}
\/_

of the points P, and P», the diffeomorphism f coincides with (Dgg)p, and (Dgp)p,, respectively.

Denote the restriction of f to the interval I, by ¢. On the cylinder V,, 5,, define a diffeomorphism (b
by setting

¢(x1, 9, LL’3) = (¢($1), 2%2, 21’3).

For § > 0, define a cutoff function ps(r), r > 0, equal to 1 for r € [0,] and to 0 for r > 2§. For
d2 = 61/2, define a family of diffeomorphisms a;, ¢t € [0,1], on the cylinder V;, 5, as

Gr(a1, 0, 3) = tpg, (Va3 + 23)d(x1, w2, 23) + (1 — tps, (Vad + 23)) fx1, 22, 23).

By construction, a;, t € [0, 1] coincides with f on OV;, 5., ap = f on Vz, 5, and a1 = 5 on V, 5,-
Since the diffeomorphisms f and ¢ coincide on the interval I., and cylinders Vp, and Vp,, we can
assume without loss of generality that the value of o is chosen so that the diffeomorphism a; has
no nonwandering points different from P; and P;.

For e9 = ¢1/4 and t € [0, 1], set

vi(21) = pey (|11 e (1) + (1 = pey(|z1])) (1), 21 € Ly

By construction, the diffeomorphism v; coincides with ¢, on I, and with ¢ on I, \ Is,. For
t €10,1], set v(z1) = tvg(x1) + (1 — t)p(x1). By construction, vy coincides with ¢ and v; coincides
with vg. Set wy = vy * vy and wy(x1, x2, x3) = (we (1), 222, 223) for (z1,22,23) € V, 5,

For 03 = 02/2, define a family of diffeomorphisms gt, t € [0,1], on the cylinder V, 5, as follows:

be(wr,wa,3) = pg, (Vg + a3 )Wy (w1, w2, 23) + (1 = ps, (V23 + 23 ) ) (w1, w2, w3).

By construction, gt, t € [0,1], coincides with fon OVz, 615 30 =ay on V. s, Zt = w; on V5, and
b1 = 51 on V51,63~~

Set ¢, = a; * b and Uy = ﬁ_l(VEM;l). Then the sought arc I'y, ;| coincides with f outside

oo fE(U2); fulz) = f(2) for z € fR(Un) k= 0,...,mpg — 25 and fy(2) = B7H@(B(f'"1(2))))
for z € fmea=L(Uy).

In case (2), the saddle point p; has period my,/2, and the points o; and ;41 have period my,;
in this case, f™/?(e;) = ;1. Set | = W5 Uy~ (OX1) U f(¢~1(OX1)). Then I is a smooth curve
for which the points «;, p;, and ;1 are interior points. Let Iy = {(z1,z2,23) € R?: |z;| < 1/2}.
On the interval [-1/2,1/2] C OX1, we define a family of diffeomorphisms ¢; by setting

1
or(r1) = —x1 <1 + 1—0(215 — 1)) + 3.
Define a diffeomorphism ¢ : ﬁl — R3 as

o1(x1, 72, 73) = (0i(1), =272, 273).
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By construction, the diffeomorphism @ has three periodic points: the sources P;(—1/1/10,0)
and P»(1/4/10,0) of period 2 and the fixed saddle point P5(0,0). For € > 0 and § > 0, set

1 1 1
=|-— —¢,— +¢| COXy, Vs =< (z1,20) € R3: |zq| < —= +¢, x2+x2<52}.
\/ﬁ \/m 1 6 {( 1,Z2) ‘ 1‘ \/E 2 3
Take a neighborhood II; of the arc cl W;i and a diffeomorphism g: Il — ﬁl such that 8(«;) = P,

B(ait1) = Py, B(pi) = P3, and B(I N11;) = Ozq N1II;. Then the following diffeomorphism is well
defined in some neighborhood V;, s,:

Je

f=pfmalpt,

By Proposition 4.3, we can assume that in the neighborhoods

1
Vp, =< (x1,29,23) € R®: |21 + — <€,x2+x2<52},
P {(1 2,73) 5 1, Ty + w3 < 67
1
Vp, = {($1,$2,$3) eR®: |z — —TO' <er, x5+ 3 <5%},

Vp3 = {(wl,xg,xg) € ]R?’: ]a;,] < 51}

of the points P, P, and P3, the diffeomorphism fcoincides with (D@o)p,, (Dgo)p,, and (Do) py,
respectively. Denote by ¢ the restriction of f to the interval J.,. On the cylinder V,, s, define a
diffeomorphism ¢ by setting

P(x1, 22, 73) = (P(21), —222,223).

For 6 > 0, define a cutoff function ps(r), r > 0, equal to 1 for r € [0,4] and to 0 for r > 24. For
d2 = 61/2, define a family of diffeomorphisms a;, ¢t € [0,1], on the cylinder V;, 5, as

ay(r1,2,73) = tps, (\/ :L'% + :L'% )¢~5($1,x2,x3) + (1 — tps, (\/ :L'% + x§ ))f(:ﬂl,wg,mg).

By construction, a, t € [0, 1], coincides with fon OVz, 615 G0 = fon Vei60, and a1 = gz~5 on Vz s,
Since the diffeomorphisms fand gz~5 coincide on the interval J., and cylinders Vp,, Vp,, and Vp,, we
can assume without loss of generality that the value of J5 is chosen so that the diffeomorphism a;
has no nonwandering points different from P, P, and Ps.

For e9 = ¢1/4 and t € [0, 1], set

vi(21) = pey (|21 e (1) + (1 = pey (|21])) (1), 71 € Ty

By construction, the diffeomorphism v; coincides with ¢; on J., and with ¢ on Jg, \ Ja,. For
t €10,1], set v(z1) = tvg(x1) + (1 — t)p(x1). By construction, vy coincides with ¢ and v; coincides
with vg. Let w; = vy x vy and wy(z1, 22) = (wi(x1), —2292, 223) for (z1,x2,23) € V, 5,

For 03 = 62/2, we define the following family of diffeomorphisms by, t € [0,1], on the cylin-
der V¢, 5,:

be(wr,wa,3) = pg, (Vo3 + a3 )Wy (w1, 22, 23) + (1 = ps, (V23 + 23 ) ) (w1, w2, 73).

By construction, gt, t € [0,1], coincides with fon OVz, 615 30 =ay on V. s, by = Wy on Vz.1,55, and
b1 = 51 on V51,63~
Set ¢; = a; * by and Uz = B~ (V., 5,). Then, outside (J,Zy f"(Uz), the sought arc I'y, ;, , coin-

cides with f; fi(z) = f(2) for z € f¥(Uy), k = 0,...,mpg/2 = 2; and fy(2) = B~ (@(B(f~r0/2(2))))
for z € frwa/2-1(U,). O
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