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1. INTRODUCTION

Consider the Riccati equation

y′ + F (x, y) = 0, F (x, y) =

2∑

i=0

fi(x)y
i, y = y(x), x, y ∈ R

1. (1)

Riccati himself studied the following equation in [1]:

y′ + ay2 + bxp = 0, y = y(x), x, y ∈ R
1, a, b, p = const ∈ R

1. (2)

It is known that Eq. (2) admits separation of variables and, accordingly, integration by quadratures in
the case p = 4n(1− 2n)−1, where n is an integer (see [2]). Also this equation can be integrated by
quadratures for p = −2. Liouville proved that, for all the other values of the parameter p, this equation
cannot be integrated by quadratures [2, p. 137 (Russian transl.)]. The change of variables y = (az)−1z′

reduces Eq. (2) to the second-order equation

z′′ + abzxp = 0, (3)

whose solution can be expressed in terms of cylindrical functions (see, e.g., [3]).
The main method traditionally employed in the study of Eq. (1) consists in transforming this equation

by a suitable change of variables into its simplest form, which can be integrated by using elementary
methods. This approach has limited use and can be applied effectively in the cases described above.

This paper contains an asymptotic analysis of solutions of Eq. (1) based on methods of two-dimen-
sional power geometry [4], [5]. We shall establish conditions for expressing solutions of this equation in
terms of convergent functional series. Further, we shall consider the case in which the functions fi(x)
can be expanded in convergent power series in a neighborhood of infinity. The exact definitions will be
given below. The present paper is a continuation of the study begun in [6], where it was shown that it is
possible to use methods of power geometry for the analysis of solutions of Eq. (1) of the following form:

y′ + y2 + c(x) = 0, c(x) =

n∑

k=1

ckx
pk , pi+1 < pi, i ∈ {1, 2, . . . , n− 1}, p1 �= −2.
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CONVERGENT SERIES EXPANSIONS FOR THE RICCATI EQUATION 593

Definition. A solution y(x) of Eq. (1) is said to be right extendable if it is defined in a neighborhood of
the point x = +∞.

In what follows, right extendable solutions will be called, for brevity, extendable.

We shall study extendable solutions of Eq. (1) under the assumption that the functions fi(x),
i ∈ {0, 1, 2}, can be represented as uniformly and absolutely convergent series in a neighborhood of
the point x = +∞:

fi(x) =
∞∑

j=1

cijx
pij , pi,j+1 < pij, lim

j→∞
pij = −∞, i ∈ {0, 1, 2}. (4)

Equation (1) is assumed to be inhomogeneous, because the homogeneous version is a Bernoulli
equation, which can be integrated. Thus, from now on, we assume that, in (4), c01c21 �= 0.

Further, we shall use terms adopted in power geometry [4]. Under condition (4), the Newton
polygon N of Eq. (1) is the closed convex hull of the points

Q = (−1, 1), Qij = (pij , i), i ∈ {0, 1, 2}, j ∈ {1, 2, . . . }.

In the present paper, we consider the case in which the point Q belongs to the right boundary of the
polygon N , i.e., the following inequalities hold:

p01 + p21
2

≤ −1, p11 ≤ −1. (5)

It will be shown that, in this case, the extendable solutions of Eq. (1) can be expressed as convergent
functional series. If condition (5) does not hold, then formal (in general, divergent in a neighborhood of
the point x = +∞) series for existing extendable solutions of Eq. (1) can be calculated. This situation
will be studied elsewhere.

Let us consider two cases. In the first case, the following condition holds:

p01 + p21
2

< −1, p11 ≤ −1. (6)

This case is pictured in Fig. 1.

Fig. 1.

Under condition (6), an essential role in the calculation of expansions of solutions to Eq. (1) is played
by the two edges [QQ01] and [QQ21] and the vertex Q of the polygon N . To these edges and the
vertex correspond truncated equations whose solutions are first approximations of solutions to Eq. (1)
as x → +∞.
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In the second case, where

p01 + p21
2

= −1, p11 ≤ −1, (7)

the right boundary of the polygon N is the edge [Q01Q21] (see Fig. 2).

Fig. 2.

To this edge also corresponds a truncated equation whose solutions are first approximations of
solutions to Eq. (1).

Under condition (6), we shall prove the existence of solutions of Eq. (1) in the form of a series in
powers of x whose coefficients are functions depending on lnx. An algorithm for calculating such series
will be given. These series uniformly and absolutely converge in a neighborhood of the point x = +∞.
In the case (7), there may be no extendable solutions. From the truncated equation we shall derive
conditions for their existence and calculate convergent series that are expansions of such solutions in a
neighborhood of the point x = +∞.

Note that, in the present paper, in contrast to traditional power series (expansions), the exponents
are not necessarily integers. In Theorem 1, we describe the series expansion of an extendable solution
of Eq. (1) whose first approximation is determined by the edge [QQ01] of the Newton polygon of Eq. (1).
This solution is a uniformly and absolutely convergent (in a neighborhood of the point x = +∞) series
in powers of x whose coefficients are polynomials in lnx. In the terminology adopted in power geometry
(see [4]), the expansion of the solution can be of two types: a power-law expansion (the solution is
expanded in a power series with constant coefficients) and a power-logarithmic expansion (a series in
powers of x with coefficients that are polynomials in lnx). An essential role in the determination of the
form of an expansion is played by the presence or absence of the so-called critical numbers of the first
approximation of the solution (see [4]).

The family of solutions whose first approximations are defined by the vertex Q is described in
Theorem 2. These solutions are uniformly and absolutely convergent (in a neighborhood of the point
x = +∞) power series with constant coefficients; i.e., in this case, we deal with a power-law expansion
of solutions of the family.

In Theorems 3 and 4, we study the case in which condition (7) holds. In Theorem 3, we present
conditions for the existence of extendable solutions to Eq. (1) in this case, and in Theorem 4, we describe
convergent series expansions of such solutions. The first approximations of the solutions are solutions
of the truncated equation corresponding to the edge [Q01Q21] of the polygon N , and they are of the
power-law form. Here the expansion can be of the power-law or the power-logarithmic form.
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A linear-fractional transformation of the variable y reduces the Riccati equation (1) to an equation of
the same form. After the power transformation y = z−1, the edges [QQ01] and [QQ21] interchange.
This allows us to use Theorem 1 and obtain series expansions of solutions of Eq. (1) whose first
approximations are determined by the edge [QQ21] of the polygon N . A detailed description of these
expansions is left to the reader. Note only that solutions are expanded in uniformly and absolutely
convergent (in a neighborhood of the point x = +∞) series in powers of x with coefficients that are
functions of lnx.

Remark 1. In Theorem 2, we describe families of solutions whose first approximations are solutions of
the truncated equation corresponding to the vertex Q. Similar families can also arise in other situations.
It is easy to obtain the corresponding statements by using considerations in the proofs of Theorems 1, 2,
and 4. To make the exposition easier, we shall restrict ourselves in Theorem 5 to the description of one
such family.

As pointed out above, in the analysis of solutions of the Riccati equation, we use the methods of
two-dimensional power geometry that were developed by Bryuno (see [4]). At the same time, we must
also refer to [7], in which interesting results related to the asymptotic analysis of solutions of the Riccati
equation were obtained. In [7], other methods were used to study the so-called stabilizing solutions
of some forms of the Riccati equation. In terms of power geometry, the case studied in [7] is related
to the situation in which the vertex Q of the Newton polygon lies to the left of its right boundary, i.e.,
condition (5) does not hold. As noted above, this case is not considered in the present paper.

2. STATEMENT OF THE MAIN RESULTS

Theorem 1. If conditions (4) and (6) hold, then Eq. (1) has the following extendable solution:

(1) if p11 < −1 and p01 �= −1, then

y = a1x
s1 +

∞∑

i=2

ai(x)x
si , (8)

si+1 < si, lim
i→∞

si = −∞, s1 = p01 + 1, a1 =
−c01

p01 + 1
;

(2) if p11 < −1 and p01 = −1, then

y = −c01 lnx+

∞∑

i=2

ai(x)x
si , si+1 < si < 0, lim

i→∞
si = −∞; (9)

(3) if p11 = −1 and p01 + c11 �= −1, then the expansion of the solution is of the form (8), where

s1 = p01 + 1, a1 =
−c01

p01 + c11 + 1
;

(4) if p11 = −1 and p01 + c11 = −1, then the solution is of the form

y = −c01x
p01+1 lnx+

∞∑

i=2

ai(x)x
si , si+1 < si < p01 + 1, lim

i→∞
si = −∞. (10)
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Here the ai(x) are functions that are polynomials in lnx.

All these series are absolutely and uniformly convergent in a neighborhood of the point
x = +∞.

Remark 2. As is seen from Theorem 1, the expansions of the solutions are power-logarithmic. If,
in Theorem 1, the additional conditions p01 < −1 and p11 < −1 hold, then the expansion is of the
power-law form:

y = a1x
s1 +

∞∑

i=2

aix
si , (11)

ai = const, si+1 < si, lim
i→∞

si = −∞, s1 = p01 + 1, a1 =
−c01

p01 + 1
.

If, in Theorem 1, the additional conditions p11 = −1 and p01 + c11 < −1 hold, then the se-
ries of the expansion of the solution is also of the power-law form (11), where s1 = p01 + 1,
a1 = −c01/(p01 + c11 + 1).

Theorem 2. If condition (4) holds and pi1 < −1, i ∈ {0, 1, 2}, then Eq. (1) has a one-parameter
family of solutions of the following form:

y = a+

∞∑

i=1

aix
si , si+1 < si < 0, lim

i→∞
si = −∞, ai = const; (12)

if condition (4) holds, p11 = −1, and p01 + 1 < −c11 < −p21 − 1, then Eq. (1) has a one-parameter
family of solutions of the following form:

y = ax−c11 +
∞∑

i=1

aix
si , si+1 < si < −c11, lim

i→∞
si = −∞, ai = const. (13)

Here a �= 0 is an arbitrary constant. All these series are absolutely and uniformly convergent
in a neighborhood of the point x = +∞.

Now consider the case of (7). In this case, Eq. (1) does not always have extendable solutions. Let us
state necessary conditions for the existence of such solutions.

Theorem 3. If (4) and the the condition (p01 + p21)/2 = −1 > p11 holds, then, for

4c01c21 > (p01 + 1)2,

Eq. (1) has no extendable solutions.

If, under condition (4), the equalities (p01 + p21)/2 = p11 = −1 hold, then, for

4c01c21 > (p01 + c11 + 1)2,

Eq. (1) has no extendable solutions.

Remark 3. It follows from the proof of Theorem 3 that condition (4) in this theorem is superfluous.
For the validity of the theorem, it suffices that the functions fi(x), i ∈ {0, 1, 2}, possess the power-law
asymptotic expansion

fi(x) = ci1x
pi1(1 + o(x−ε)), ε = const > 0, i ∈ {0, 1, 2},

as x → +∞.
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Theorem 4. If (4) and the conditions p01 + p21 = −2, p11 < −1, and 4c01c21 ≤ (p01 +1)2 hold, then
Eq. (1) has extendable solutions that can be expanded in absolutely and uniformly convergent
(in a neighborhood of the point x = +∞) series of the form (8), where s1 = p01 + 1 and a1 is an
arbitrary root of the quadratic equation

c21v
2 + (p01 + 1)v + c01 = 0. (14)

If condition (4) and the relations

p01 + p21 = −2, p11 = −1, 4c01c21 ≤ (c11 + p01 + 1)2

hold, then Eq. (1) has extendable solutions that can be expanded in absolutely and uniformly
convergent (in a neighborhood of the point x = +∞) series of the form (8), where s1 = p01 + 1, a1
is an arbitrary root of the quadratic equation

c21v
2 + (c11 + p01 + 1)v + c01 = 0. (15)

It follows from this theorem that the expansions of solutions here are either of the power-law form or
power-logarithmic.

Theorem 5. If conditions (4) and (6) hold, p01 = −1, and p11 < −1, then Eq. (1) has a
one-parameter family of solutions of the form

y = a− c01 lnx+
∞∑

i=2

ai(x)x
si , si+1 < si < 0, lim

i→∞
si = −∞, (16)

and if p01 > −1 and p11 < −1, then Eq. (1) has a one-parameter family of solutions of the form

y = a+ a1x
s1 +

∞∑

i=2

ai(x)x
si , (17)

s1 = p01 + 1, a1 =
−c01

p01 + 1
, si+1 < si, lim

i→∞
si = −∞.

Here a �= 0 is an arbitrary constant and the ai(x) are functions that are polynomials in lnx. All
these series are absolutely and uniformly convergent in a neighborhood of the point x = +∞.

We can describe similar families of solutions by using Theorems 1 (items 3 and 4) and Theorem 2.
Similar families of solutions can also be obtained by using Theorems 4 and 2.

3. PROOFS OF THE THEOREMS

Before proving the theorems, we give the following lemma.

Lemma. The following estimate holds:
ˆ +∞

x

lnk t

t1+β
dt ≤ c lnk x

xβ
, k, β = const, β > 0, x ≥ ec|k|, c =

2

β
. (18)
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Proof. Note that if, for two differentiable functions h1(x) and h2(x), the following conditions hold:

lim
x→+∞

hi(x) = 0, i = 1, 2, h′1(x) ≥ h′2(x), x ≥ x0, (19)

then h1(x) ≤ h2(x) for x ≥ x0. For the functions h1(x) and h2(x) we take the functions appearing,
respectively, on the left- and right-hand sides of inequality (18) and set x0 = ec|k|; then we obtain the
required estimate. The lemma is proved.

In the proofs of the theorems, by U = {x : x ≥ R > 1} we denote a neighborhood of the point
x = +∞ in which the series (4) are absolutely and uniformly convergent. By the norm ‖W‖ of an
absolutely convergent series W =

∑∞
i=1 wi we shall mean

∑∞
i=1 |wi|.

In a neighborhood of U , the following estimates hold:

‖fi(x)‖ ≤ Dxpi1 , D = const > 0, i ∈ {0, 1, 2}. (20)

Proof of Theorem 1. First, consider the case in which p11 < −1 and p01 < −1. Further, we shall
denote

s1 = p01 + 1, δ1 = −p11 − 1, δ2 = −2− p01 − p21, δ = min(δ1, δ2). (21)

It follows from the assumptions of the theorem and the inequality p01 < −1 that −s1, δ > 0.

Consider the following equation:

u′1 + f0(x) = 0.

Such equations, in contrast to truncated equations, will be called incomplete.

The solution u1(x) =
´ +∞
x f0(t) dt of this equation can be expressed as the following uniformly and

absolutely convergent series in a neighborhood of U :

u1(x) = a1x
s1 +

∞∑

i=2

bix
si ,

s1 = p01 + 1, a1 =
−c01

p01 + 1
, bi = const, si+1 < si, i ≥ 1, lim

i→∞
si = −∞,

and it follows from (20) and (21) that the following estimate is valid:

‖u1(x)‖ ≤ D1x
s1 , x ∈ U, D1 = const > 0. (22)

Consider the sequence of functions (k = 1, 2, . . . )

uk+1 = uk+1(x) =

ˆ +∞

x
f0k(t) dt, (23)

f0k(x) = (h2k − h2k−1)f2(x) + ukf1(x), h0 = 0, hk =
k∑

i=1

ui.

It is easy to see from (23) that the following inequalities hold:

‖um(x)‖ ≤ Dmx−(m−1)δ+s1 , x ∈ U, Dm = const > 0, m = 1, 2, . . . .

Now let k ≥ 1 be an integer so large that the inequality

kδ − s1 ≥ 6DA, A = D1 + 1,

holds. We choose a number C ≥ 1 such that, for all 1 ≤ m ≤ k, the estimates

‖um(x)‖ ≤ ACm−1x−(m−1)δ+s1 , x ∈ U.

hold.
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We choose a number R1 ≥ R such that 2C ≤ Rδ
1. Under these assumptions, for x ≥ R1, the following

inequalities hold:

‖u2k(x)f2(x)‖ ≤ DA2C2(k−1)x−2(k−1)δ+2s1+p21 ≤ DA2Ckx−kδ+s1−1,

‖hk−1‖ ≤ Axs1
k−1∑

i=0

(Cx−δ)i ≤ 2Axs1 ,

‖2uk(x)hk−1f2(x)‖ ≤ 4DA2Ck−1x−(k−1)δ+2s1+p21 ≤ 4DA2Ckx−kδ+s1−1,

‖uk(x)f1(x)‖ ≤ DAC(k−1)x−(k−1)δ+s1+p11 ≤ DACkx−kδ+s1−1.

Here we have taken into account the inequalities

p21 + s1 = p21 + p01 + 1 = −1− δ2 ≤ −1− δ, p11 ≤ −1− δ.

This yields

‖f0k(x)‖ ≤ 6DA2Ckx−kδ+s1−1, x ≥ R1.

Then it is easy to see that the function

uk+1(x) =

ˆ +∞

x
f0k(t) dt

satisfies the estimate

‖uk+1(x)‖ ≤ 6DA2(kδ − s1)
−1Ckx−kδ+s1 ≤ ACkx−kδ+s1 , x ≥ R1.

Therefore, the inequalities

‖um(x)‖ ≤ ACm−1x−(m−1)δ+s1 , x ≥ R1 (24)

hold for all integers m ≥ 1.

It follows from the estimates obtained above that the series
∑∞

i=1 ui(x) converges absolutely and
uniformly for x ≥ R1.

It follows from (23) that the functions hk(x) =
∑k

i=1 ui(x), k = 1, 2, . . . , satisfy the equations

h′k + h2k−1f2(x) + hk−1f1(x) + f0(x) = 0. (25)

We denote

h(x) =

∞∑

i=1

ui(x).

It follows from (24) and (25) that the series of the derivatives
∑∞

i=1 u
′
i(x) uniformly converges to the

function

−h2(x)f2(x)− h(x)f1(x)− f0(x)

for x ≥ R1. But, in that case, for x ≥ R1, the following equality holds:

h′(x) + h2(x)f2(x) + h(x)f1(x) + f0(x) = 0.

Thus, the series h(x) =
∑∞

i=1 ui(x) is a solution of Eq. (1). This series is of the form of the power
series (11), which proves Theorem 1 for the case where p11 < −1 and p01 < −1 (see Remark 2).

Now consider the case where p11 < −1 and p01 = −1. In what follows, we shall denote

δ0 = −p02 − 1, δ1 = −p11 − 1, δ2 = −p21 − 1, δ = min(δ0, δ1, δ2).

It follows from the assumptions of the theorem and from the equality p01 = −1 that δ > 0.
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The function

u1(x) = −c01 lnx+

ˆ +∞

x
(f0(t)− c01t

−1) dt

is a solution of the incomplete equation

u′1 + f0(x) = 0.

Just as in the previous case, we consider the sequence of functions (23). Repeating the arguments
used in the case where p11 < −1 and p01 < −1 and applying the lemma, we see that the functions uk(x),
k = 1, 2, . . . , are series in powers of x with coefficients that are polynomials in lnx and, for some R2 ≥ R,
they satisfy the estimates

‖uk(x)‖ ≤ ACk−1x−(k−1)δ lnk(x), A,C = const ≥ 1, x ≥ R2. (26)

In addition, it follows from (26) that the series
∑∞

k=1 uk(x) converges absolutely and uniformly for
x ≥ R2, and from (25) we find that this series is a solution of Eq. (1). It follows from the construction
of the functions uk(x) that this solution is of the form (9). The expansion of the solution in this case is
power-logarithmic.

Now consider the case where p11 < −1 and p01 > −1. Obviously, the first approximation of the
solution defined by the edge [QQ01] is a1x

p01+1, where a1 = −c01(p01 + 1)−1. It is easy to see that the
first approximation has a critical number equal to zero, which is a reason for a possible power-logarithmic
expansion of the solution.

In what follows, we shall denote

δ1 = −p11 − 1, δ2 = −2− p01 − p21, δ = min(δ1, δ2). (27)

It follows from the assumptions of the theorem that δ > 0.
Let us express the function f0(x) as the sum of two summands: f0(x) = g1(x) + g2(x), the first of

which contains the sum of the terms of the series f0(x) =
∑∞

i=1 c0ix
p0i with exponents p0i > −1 and the

second summand is the sum of the other terms of the series.
In Eq. (1), we make the change of variables

y = y1 + u1(x), u1(x) = −
ˆ x

0
g1(t) dt, (28)

after which Eq. (1) takes the form

y′1 + y21f2(x) + y1f1(x) + 2u1(x)f2(x)y1 + g2(x) + f01(x) = 0, (29)

f01(x) = u21(x)f2(x) + u1(x)f1(x).

Let us again express the function f01(x) as the sum of two summands the first of which contains the
sum of the terms of the series

f01(x) =

∞∑

i=1

bix
pi

with exponents pi > −1 and the second summand is the sum of the other terms of the series:

f01(x) = g11(x) + g21(x), g11(x) =

n∑

i=1

bix
pi , g21(x) =

∞∑

i=n+1

bix
pi ,

pi+1 < pi, pn > −1, pn+1 ≤ −1.

It follows from (27)–(29) that the greatest exponent p1 in the series expansion of the function f01(x)
decreases by at least δ: p1 ≤ p01 − δ. Let us make the change of variables in Eq. (29) similar to that in
(28). Continuing, after a finite number of steps, we obtain an equation of the form (1) with the function

f0(x) =

∞∑

i=1

c̃0ix
q0i ,
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where the greatest exponent is q01 ≤ −1, but this case has already been considered above. If
q01 < −1, then the expansion of the solution will be of the power-law form, and for q01 = −1, it will
be power-logarithmic. Thus, for the case p11 < −1, Theorem 1 is proved.

The case p11 = −1 is studied by using similar arguments. As an example, consider the case where
p11 = −1 and p01 + c11 < −1. We denote

δ1 = −p12 − 1, δ2 = −2− p01 − p21, δ = min(δ1, δ2).

The function

u1(x) = x−c11

ˆ +∞

x
tc11f0(t) dt,

which is a solution of the incomplete equation u′1 + c11x
−1 + f0(x) = 0, satisfies estimate (22). Just as

in the case p11 < −1, p01 < −1, we can construct the sequence of functions (23) and show the validity
of estimates (24) in a neighborhood of the point x = +∞ for all integers m ≥ 1. It follows from (24) that
the series

∑∞
k=1 uk(x) converges absolutely and uniformly in a neighborhood of the point x = +∞, and

from (25) we find that, in this neighborhood, the given series is a solution of Eq. (1). It is easy to see that,
in the case under consideration, this series is a power series of the form (11). Thus, the corresponding
assertion of Remark 2 to Theorem 1 holds. This conclusion is fully consistent with fact that the first
approximation of the solution has no critical numbers (because −c11 > p01 + 1).

In the same way, we analyze the other situations in the case p11 = −1. Note that if p01 + c11 > −1,
then the first approximation of the solution is a1x

p01+1, a1 = −c01(p01 + c11 + 1)−1, and it has a
critical number (equal to −c11), whence the series expansion of the solution of Eq. (1) can be either
power-logarithmic or of the power-law form. This question is solved in a finite number of steps in the
calculation of the functions um(x). If p01 + c11 = −1, then the first approximation of the solution is
−c01x

p01+1 lnx, and the other terms of the series expansion of the solution of Eq. (1) are products of
powers of x and polynomials in lnx. Thus, the expansion in this case is power-logarithmic. Theorem 1
is proved.

Proof of Theorem 2. First, let pi1 < −1, i = 0, 1, 2. In this case, the functions u = a, where a �= 0 is
an arbitrary constant, are solutions of the truncated equation u′ = 0 corresponding to the vertex Q. Here
the order of these solutions is zero and satisfies the condition p01 +1 < 0 < −p21 − 1, which is necessary
for these functions to be the first approximations of the solutions of Eq. (1) (see [4]). In Eq. (1), we make
the change y = y1 + u, obtaining an equation satisfying the assumptions of Theorem 1 for the case
corresponding to Remark 2. This obviously implies the assertion of Theorem 2 for pi1 < −1, i = 0, 1, 2.
The expansions of the solutions are of the power-law form.

Now consider the situation in which p11 = −1 and p01 + 1 < −c11 < −p21 − 1. In this case, the
vertex Q corresponds to the truncated equation u′ + c11ux

−1 = 0, whose solutions are the functions
u = ax−c11 , where a �= 0 is an arbitrary constant. At the same time, the order of these functions
satisfies the condition p01 + 1 < −c11 < −p21 − 1, which is necessary for these functions to be the
first approximations of the solutions of Eq. (1). In Eq. (1), we make the change y = y1 + u and
obtain an equation satisfying the assumptions of Theorem 1 for item 3. It follows from the inequalities
p01 + 1 < −c11 < −p21 − 1 that, for the transformed equation, the conditions from Remark 2 hold.
Thus, the solution of the transformed equation is of the form (11). This implies the assertion of Theorem 2
in the case where p11 = −1 and p01 + 1 < −c11 < −p21 − 1. Theorem 2 is proved.

Proof of Theorem 3. Let us make the following change of variables in Eq.(1):

y = (2c21x
p21+1)−1(2w + p21 − c11x

p11+1)

and take into account the assumptions of the theorem in a neighborhood of the point x = +∞. Then the
equation takes the form

xw′ + w2(1 + o(x−ε))− w(1 + o(x−ε)) + a(x) = 0, a(x) = A+ o(x−ε),

A, ε = const, ε > 0, A >
1

4
.
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It is easy to see that if w(x) is an extendable solution of this equation, then the function |w(x)| is bounded
in a neighborhood of the point x = +∞. But, in that case, in a neighborhood of the point x = +∞, the
following inequality holds:

xw′ + w2 − w +A1 < 0, A1 = const >
1

4
.

The integration of the resulting inequality shows that the function w(x) cannot be found in a neighbor-
hood of the point x = +∞, i.e., all solutions of Eq. (1) are nonextendable. Theorem 3 is proved.

Proof of Theorem 4. First, let p11 < −1. Consider the truncated equation corresponding to the edge
[Q01Q02]:

u′ + c21x
p21u2 + c01x

p01 = 0.

The solutions of this equation are the functions u(x) = a1x
p01+1, where a1 is an arbitrary root of Eq. (14).

Making the change y = y1 + u(x), we obtain an equation satisfying the assumptions of Theorem 1.
This implies the assertion of Theorem 4 for the case p11 < −1. If p11 = −1, then the truncated equation
corresponding to the edge [Q01Q02], is of the form

u′ + c21x
p21u2 + c11x

−1u+ c01x
p01 = 0.

The solutions of this equation are the functions u(x) = a1x
p01+1, where a1 is an arbitrary root of Eq. (15).

Making the change y = y1 + u(x), we obtain an equation satisfying the assumptions of Theorem 1. This
implies the assertion of Theorem 4 for the case p11 = −1. Theorem 4 is proved.

Proof of Theorem 5. First, consider the case where p01 = −1 and p11 < −1. In Eq. (1), we make the
change

y = y1 + u1, u1 = a− c01 lnx+

ˆ +∞

x
(f0(t)− c01t

−1) dt,

where a �= 0 is an arbitrary constant. Further, we consider the sequence of functions (23) and repeat all
arguments used in the proof of Theorem 1 in the case where p11 < −1 and p01 = −1. As a result, we
obtain a family of solutions of Eq. (1) of the form (16).

Now let p01 > −1, p11 < −1. Using the arguments given in the proof of Theorem 1 for the similar
case and making the change of variable of the form

y = z +

k∑

i=1

bix
si , s1 = p01 + 1, b1 =

−c01
p01 + 1

, 0 < si+1 < si, bi = const,

we obtain an equation of the form (1) with the function f0(x) =
∑∞

i=1 c̃0ix
q0i , where the greatest

exponent is q01 ≤ −1. The case q01 = −1 has been studied above. In this case, the transformed equation
has a family of solutions of the form (16):

z = a− c01 lnx+

∞∑

i=k+1

ãi(x)x
si , si+1 < si < 0, lim

i→∞
si = −∞,

where a �= 0 is an arbitrary constant and the ãi(x) are polynomials in lnx. This implies the existence of
a family of solutions of Eq. (1) of the form (17).

But if q01 < −1, then the resulting equation is of the form satisfying the conditions for the first item
of Theorem 2. Therefore, this equation has a family of solutions of the form (12)

z = a+

∞∑

i=k+1

aix
si , si+1 < si < 0, lim

i→∞
si = −∞, ai = const,

where a �= 0 is an arbitrary constant. Thus, in this case, we also see that Eq. (1) has a family of solutions
of the form (17). Theorem 5 is proved.
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