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Abstract The classical matrix-tree theorem discovered by G. Kirchho� in
1847 expresses the principal minor of the n × n Laplace matrix as a sum
of monomials of matrix elements indexed by directed trees with n vertices. We
prove, for any k ≥ n, a three-parameter family of identities between degree k
polynomials of matrix elements of the Laplace matrix. For k = n and special
values of the parameters the identity turns to be the matrix-tree theorem.

For the same values of parameters and arbitrary k ≥ n the left-hand side of
the identity becomes a speci�c polynomial of the matrix elements called higher
determinant of the matrix. We study properties of the higher determinants;
in particular, they have an application (due to M. Polyak) in the topology of
3-manifolds.
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1 Introduction and the main results

1.1 Introduction

Let G be a directed graph with n numbered vertices. Given a n × n-matrix
W = (wij), one can relate to G a monomial of the matrix elements

〈W | G〉 def=
∏

[ab] is an edge of G

wab.
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Denote now by Ŵ the Laplace matrix, i.e. a matrix with nondiagonal entries
wij (1 ≤ i 6= j ≤ n) and diagonal entries −∑j 6=i wij (1 ≤ i ≤ n). The classical
matrix-tree theorem discovered by G. Kirchho� in 1847 [5] and proved in its
present form by W. Tutte [9] says that the diagonal minor det Ŵi of size (n−1)
(where Ŵi is obtained from Ŵ by exclusion of the row and the column number
i) is

det Ŵi = (−1)n−1
∑

G∈Tn,i
〈W | G〉 (1)

where G runs through the set Tn,i of all trees with the vertices 1, . . . , n and
all the edges directed towards the vertex i. The theorem has numerous gener-
alizations to other minors, to Pfa�ans and more; see [2,3] and the references
therein for a review, proofs and some related results.

In 2016 J. Awan and O. Bernardi [1] de�ned and studied an analog BG
of the classical Tutte polynomial for the directed graph G. (See e.g. [8] for a
de�nition of the classical Tutte polynomial; the Bernardi polynomial is de�ned
below in Section 1.2.) For every directed graph G the BG = BG(q, y, z) is a
polynomial of three variables; its degree in q is equal to the number of vertices
in G and the total degree in y and z does not exceed the number of edges in
G. The main result of this article is Theorem 1.3 which is equivalent to the
identity

∑

G

BG(q, y, z)〈Ŵ | G〉 =
∑

G

[BG]k(q, y − 1, z − 1)〈W | G〉;

see Section 1.2 for the exact formulation. The summation is taken over the set
of all directed graphs with n vertices and k edges, and [BG]k means the degree
k part (with respect to y and z) of the polynomial BG.

Matrix-tree theorems are obtained by specialization of parameters in the
main identity. In particular, if k = n then substitution of q = −1, y = 0 and
z = 1 turns the left-hand side into the determinant of the Laplace matrix Ŵ ;
changing the summation range appropriately one can get its principal minor
(of any size) as well. The right-hand side in this case becomes exactly the
right-hand side of (1). For an arbitrary k and the same values of q, y and
z the left-hand side of the identity turns into the alternating sum over all
possible totally cyclic graphs with n vertices and k edges; this sum deserves to
be called the higher determinant of the matrix (see its exact de�nition and the
analysis of properties in Section 1.3 below). The right-hand side then becomes
a sum over the set of all acyclic graphs, giving thus a \higher analog" of the
matrix-tree theorem.

The article has the following structure: in Section 1.2 we give necessary
de�nitions and formulate the main result, Theorem 1.3, and its analog for
undirected graphs, Theorem 1.4. In Section 1.3 we consider corollaries of The-
orem 1.3 for special values of the parameters; in particular, the section contains
a de�nition of the higher determinant (De�nition 1.8), and the higher analogs
of the matrix-tree theorem (Corollaries 1.11 and 1.12).



3

Section 1.4 contains various digressions and rami�cations of the main sub-
ject: analogs of the matrix-tree theorem for undirected graphs (Section 1.4.1),
analysis of properties of the higher minors (Section 1.4.2) and a nice appli-
cation of the higher determinants in topology (Section 1.4.3): a formula, due
to M. Polyak [6], expressing the Casson{Walker invariant of a 3-manifold as a
combination of higher minors of its chainmail adjacency matrix.

Proofs of the theorems are collected in Section 2. Section 2.1 contains the
proofs of the main results, Theorems 1.3 and 1.4, and Section 2.2, the proofs
of the properties of the higher minors (Propositions 1.18 and 1.19). Higher
matrix-tree theorems (Corollaries 1.11 and 1.12) are given two proofs: �rst, in
Section 2.3 we derive them from Theorem 1.3 by specialization of parameters
(plus some craft. . . ). Then, in Section 2.5 we give another proof of the same
results containing no reference to Theorem 1.3. The key ingredient of the
second proof is Proposition 2.2; it was �rst obtained as [1, Proposition 6.16]
by specialization of parameters in an identity for Bernardi polynomials, but we
are giving its direct proof thus answering a request from [1] (Question 6.17).

1.2 Graphs and Bernardi polynomial

The following theory has two parallel versions | for directed and undirected
graphs | so let us introduce notation for both cases simultaneously.

Denote by Γn,k the set of directed graphs with n vertices numbered 1, . . . , n
and k edges numbered 1, . . . , k; in other words, an element G ∈ Γn,k is a k-
element sequence ([a1b1], . . . , [akbk]) where a1, . . . , ak, b1, . . . , bk ∈ {1, . . . , n}
are understood as vertices and every [ab], as an edge from the vertex a to the
vertex b. Loops (edges [aa]) and parallel edges (pairs [aibi] = [ajbj ] with i 6= j)
are allowed. Similarly, by Υn,k we denote the set of undirected graphs with n
numbered vertices and k numbered edges. By a slight abuse of notation e ∈ G
will mean that e is an edge of G (regardless of number). By ν(G) and ε(G) we
denote the number of vertices and edges, respectively, in G (that is, ν(e) = n
and ε(G) = k for G ∈ Γn,k or G ∈ Υn,k). The forgetful map |·| : Γn,k → Υn,k
relates to every G ∈ Γn,k the undirected graph |G| = ({a1, b1}, . . . , {ak, bk})
obtained by dropping the orientation of all edges: [ab] 7→ {a, b}.

A vertex a of the graph G is called a sink if G has no edges [ab] starting
from it; a is called isolated if it is not incident to any edge (i.e. G contains
neither edges [ab] nor [ba]). An isolated vertex is a sink but a vertex a with a
loop [aa] attached is not.

Consider a graph G ∈ Γn,k and an edge e ∈ G. By G\e, G/e and G∨e we will
denote the graph G with e deleted, e contracted (here e should not be a loop)
and e reversed, respectively; the �rst two notations can be used for undirected
graphs G ∈ Υn,k as well. Note the shift of the edge numbers: if e ∈ G is the
edge number s, and e′ ∈ G is the edge number t 6= s then e′ ∈ G\{e} bears the
number t if t < s and t−1 if t > s. For G/e ∈ Γn−1,k−1 a similar renumbering
is applied both to the edges and to the vertices. A graph H ∈ Γn,m is called
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a subgraph of G ∈ Γn,k (notation H ⊆ G) if it can be obtained from G by
deletion of some edges.

Denote by Gn,k (resp., Yn,k) a vector space over C spanned by Γn,k (resp.,
Υn,k). The forgetful map extends naturally to the linear map |·| : Gn,k → Yn,k.
The direct sum Gn def= ⊕∞

k=0 Gn,k bears the structure of an associative algebra:
a product of the graphs G1 = (e1, . . . , ek1) ∈ Γn,k1 and G2 = (h1, . . . , hk2) ∈
Γn,k2 is de�ned as G1∗G2

def= (e1, . . . , ek1 , h1, . . . , hk2) ∈ Γn,k1+k2 , and then ∗ is
extended to the whole Gn as a bilinear operation. Note that G1 ∗G2 6= G2 ∗G1

(the edges are the same but the edge numbering is di�erent).
Following [1] de�ne the Bernardi polynomial as a map B : Γn,k → Q[q, y, z]

given by
BG(q, y, z) =

∑

f :{1,...,n}→{1,...,q}
y#f>G z#f<G

where f>G (resp., f<G ) means the set of edges [ab] of G such that f(b) > f(a)
(resp., f(b) < f(a)). See [1] for a detailed analysis of the properties of BG.

The undirected version of the Bernardi polynomial is the full chromatic
polynomial, which is a map C : Υn,k → Q[q, y] de�ned as

CG(q, y) =
∑

f :{1,...,n}→{1,...,q}
y#f 6=G

where f 6=G is the set of edges [ab] of G such that f(b) 6= f(a). The Potts
polynomial is de�ned then by the formula

ZG(q, v) def= (v + 1)k CG(q, 1/(v + 1)).

See [1] for details of the de�nition and [8,11] for the properties of the Potts
polynomial. In particular, there holds

Proposition 1.1 ([8]) ZG(q, v) = ∑H⊆G q
β0(H)vε(H),

where β0(H) is the 0-th Betti number of the subgraph H, that is, the number
of its connected components.

For any G ∈ Γn,k (resp., G ∈ Υn,k) we denote by Ĝ ∈ Γn,k−`(G) (resp.,
Ĝ ∈ Υn,k−`(G)) the graph G with all the loops deleted; here `(G) is the number
of loops in G. It follows directly from the de�nition of the Bernardi, the full
chromatic and the Potts polynomials that
Proposition 1.2

BG(q, y, z) = B bG(q, y, z)
ZG(q, v) = (v + 1)`(G)Z bG(q, v).

The universal Bernardi polynomial is an element of Gn,k[q, y, z] de�ned as

Bn,k(q, y, z) def=
∑

G∈Γn,k
BG(q, y, z)G.
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For a polynomial P ∈ C[q, y, z] denote by [P ]k the sum of its terms containing
monomials qsyizj with i+ j = k and any s. The universal truncated Bernardi
polynomial is an element of Gn,k[q, y, z] de�ned as

B̂n,k(q, y, z) def=
∑

G∈Γn,k
[BG]k(q, y, z)G.

Note that [BG]k = 0 if (and only if) G contains at least one loop; so, B̂n,k
contains only loopless graphs. B̂n,k is homogeneous of degree k with respect
to y and z and is not homogeneous with respect to q.

In a similar way, the universal Potts polynomial and the universal truncated
Potts polynomial are elements of Yn,k[q, v] de�ned, respectively, as

Zn,k(q, v) def=
∑

G∈Υn,k
Z bG(q, v)G,

Ẑn,k(q, v) def=
∑

G∈Υn,k has no loops

ZG(q, v)G.

For any i = 1, . . . , k and p, q = 1, . . . , n consider the map Rp,q;i : Γn,k →
Γn,k de�ned as follows: Rp,q;i(G) is the graph containing the same edges as
G, except the edge number i, which is replaced by the edge [pq] (bearing the
same number i). Also denote by Vi : Gn,k → Gn,k the following operator: if
G ∈ Γn,k and [ab] ∈ G is the edge number i then

Vi(G) =
{
G, a 6= b,

−∑c 6=aRa,c;iG, a = b;

then extend Vi to the space Gn,k by linearity. By de�nition, Vi = 0 if n = 1
and k > 0.

The product
∆

def= V1 . . . Vk : Gn,k → Gn,k
is called the Laplace operator. Its undirected version ∆ : Yn,k → Yn,k is de�ned
as ∆(X) def= |∆(Φ)| where Φ ∈ Γn,k is any element such that |Φ| = X (it is
easy to check that ∆(X) does not depend on the choice of Φ).

Let W = (wij) be a n × n-matrix. Denote by 〈W | : Gn,k → C a linear
functional such that for any G ∈ Γn,k one has

〈W | G〉 def=
∏

[ij]∈G
wij .

It follows from the de�nition of the Laplace operator that

〈Ŵ | X〉 = 〈W | ∆(X)〉 (2)

for any element X ∈ Gn,k; here Ŵ is the Laplace matrix de�ned in Section 1.1
above. This equation explains the name \Laplace operator" for ∆. Note that
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since ∆(X) is a sum of graphs containing no loops, it is possible to change
arbitrarily the diagonal entries of W in the right-hand side of (2); for example,
one can use Ŵ instead.

The main results of this paper are the following two theorems: the directed

Theorem 1.3

∆Bn,k(q, y, z) = B̂n,k(q, y − 1, z − 1).

and the undirected

Theorem 1.4
∆Zn,k(q, v) = (−1)kẐn,k(q,−v).

They are proved in Section 2.

Remark 1.5 Note that the Laplace operator ∆ on directed graphs preserves
sinks (i.e. vertices i such that the graph contains no edges [ij]). Thererfore,
Theorem 1.3 can be re�ned according to the set I of sinks.

1.3 Minors and the matrix-tree theorem

A graph G ∈ Γn,k is called strongly connected if every two its vertices can
be joined by a directed path. A graph is totally cyclic (or strongly semicon-
nected) if every its connected component (in the topological sense) is strongly
connected; equivalently, G is totally cyclic if every its edge enters a directed
cycle.

A totally cyclic graph may contain isolated vertices. Let I = {i1 < · · · <
is} ⊂ {1, . . . , n}; by SI

n,k we denote the set of totally cyclic graphs G ∈ Γn,k
such that the vertices i1, . . . , is, and only they, are isolated. The set of all
totally cyclic graphs is denoted by Sn,k

def= ⋃
I⊂{1,...,n}SI

n,k.

Example 1.6 If a vertex a of a totally cyclic graph G ∈ SI
n,k is not isolated

then there is at least one edge [ab] ∈ G. So if I = {i1, . . . , is} and SI
n,k 6= ∅

then k ≥ n− s.
Let k = n − s. If G ∈ Γ In,k then every vertex a /∈ I is the beginning of

exactly one edge; denote it by [aσG(a)]. Also a is the end of exactly one edge
[ca], which means a = σG(c). Hence σG is a permutation of the k-element set
{1, . . . , n} \ I. For every such permutation σ there exist k! graphs G ∈ SI

n,k

such that σG = σ; they di�er by the edge numbering.
Geometrically G is a union of disjoint directed cycles passing through all

vertices except i1, . . . , is (some cycles may be just loops).

A graph G ∈ Γn,k is called acyclic if it contains no directed cycles (in par-
ticular, no loops). Let I = {i1 < · · · < is} be as above; by AIn,k we denote the
set of acyclic graphs G ∈ Γn,k such that the vertices i1, . . . , is, and only they,
are sinks. The set of all acyclic graphs is denoted by An,k

def= ⋃
I⊂{1,...,n} AIn,k.
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Example 1.7 Let n > k; then any graph G ∈ Γn,k has at least n−k connected
components. If G is acyclic then it contains a sink in every connected compo-
nent. So if AIn,k 6= ∅ where I = {i1, . . . , is} then s ≥ n− k ⇐⇒ k ≥ n− s.

Let k = n − s. Then for every G ∈ AIn,k one has s ≥ β0(G) ≥ n − k = s,
hence β0(G) = s. Thus each component of G contains exactly one vertex i` ∈ I
(for some ` = 1, . . . , s), which is its only sink. The equation for the Euler
characteristics β0(G)− β1(G) = n− k (where β1(G) is the �rst Betti number)
implies β1(G) = 0, so every G ∈ AIn,k is a forest. Each of its s components is
a tree; every edge of this tree is directed towards the sink i`.
Definition 1.8 Let I = {i1 < · · · < is} ⊂ {1, . . . , n}. The element

detIn,k = (−1)n
k!

∑

G∈SI
n,k

(−1)β0(G)G ∈ Gn,k

is called a universal diagonal I-minor of degree k; in particular, det∅n,k is called
a universal determinant of degree k.

The element

deti/jn,k
def= (−1)n

k!
∑

([ij])∗G∈S
∅
n,k+1

(−1)β0(G)G

is called a universal (i, j)-minor (of codimension 1) of degree k.
Example 1.9 Let I = {i1, . . . , is}. As mentioned already in Example 1.6, if
k < n− s then SI

n,k = ∅ and detIn,k = 0.
Let k = n − s. According to Example 1.6 for every permutation σ of

{1, . . . , n} \ I there exist k! graphs G with σG = σ. It is easy to see that for
every such graph G the coe�cient (−1)β0(G) is equal to (−1)n if σ is even and
to −(−1)n if σ is odd. Geometrically G is a union of disjoint directed cycles
passing through all the k = n − s vertices not in I. The cycles themselves
depend on σ only; the k! graphs G with σG = σ di�er one from another by the
edge numbering. For any n× n-matrix W = (wij) this implies the equality

〈W | detIn,n−s〉 =
∑
σ

(−1)parity of σw1σ(1) . . . wnσ(n) = detWI ;

here WI is the submatrix of W obtained by deletion of the rows and the
columns numbered i1, . . . , is. It is proved in a similar way that 〈W | deti/jn,n−1〉
is equal to the codimension 1 minor of W obtained by deletion of the row i
and the column j. This explains the terminology of De�nition 1.8.

Values of the Bernardi polynomial at some points have special meaning:
Proposition 1.10

BG(−1, 0, 1) =
{

(−1)β0(G) if G is totally cyclic,
0 otherwise,

[BG]k(−1, 0, 1) =
{

(−1)ν(G) if G is acyclic,
0 otherwise.
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(Recall that ν(G) is the number of vertices in G.) For proof see [1, Eq. (45)
and De�nition 5.1]. Note that it follows immediately from the de�nition that
[BG]k(q, 0, 1) ≡ 0 if (and only if) G contains an oriented cycle (e.g. a loop), and
that BG(q, 0, 1) = qβ0(G) if G is totally cyclic. Thus one half of each formula
above is evident (but not the other half).

Take now special values of parameters in Theorem 1.3 to obtain

Corollary 1.11 (higher matrix-tree theorem for diagonal minors) For
every I = {i1, . . . , is} ⊂ {1, . . . , n} one has

∆ detIn,k = (−1)k
k!

∑

G∈AIn,k

G.

and also

Corollary 1.12 (higher matrix-tree theorem for codimension 1 mi-
nors)

∆(deti/jn,k) = (−1)k
k!

∑

G∈A
{i}
n,k

G. (3)

See Section 2 for detailed proofs.

Example 1.13 Let, as usual, I = {i1 < · · · < is} and W = (wij) be a n × n-
matrix. Examples 1.6 and 1.7 imply that for k < n − s Corollary 1.11 takes
the form 0 = 0.

Let now k = n − s; apply the functional 〈W | to both sides of Corollary
1.11. Example 1.9 and equation (2) imply that the left-hand side then becomes
the diagonal minor of the Laplace matrix Ŵ obtained by deletion of the rows
and the columns numbered i1, . . . , is. Example 1.7 now gives

Corollary 1.14 (of Corollary 1.11) The diagonal minor of the Laplace
matrix obtained by deletion of the rows and the columns numbered i1, . . . , is is
equal to (−1)n−s times the sum of monomials wa1b1 . . . wan−sbn−s such that the
graph ([a1b1], . . . , [an−sbn−s]) is a s-component forest where every component
contains exactly one vertex i` for some ` = 1, . . . , s, and all the edges of the
component are directed towards i`.

A similar reasoning using Corollary 1.12 yields

Corollary 1.15 (of Corollary 1.12) The minor of the Laplace matrix ob-
tained by deletion of the i-th row and the j-th column is equal to (−1)n−1

times the sum of monomials wa1b1 . . . wan−1bn−1 such that the graph ([a1b1],
. . . , [an−1bn−1]) is a tree with all the edges directed towards the vertex i.

Corollaries 1.14 and 1.15 are particular cases of the matrix-tree theorem
[9]. This justi�es the names of \higher matrix-tree theorems" given to their
generalizations | Corollaries 1.11 and 1.12.
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Remark 1.16 Higher matrix-tree theorems formulated here are series of iden-
tities indexed by an integer k = n, n + 1, . . . . Classical matrix-tree theorems
form the socle of this series at k = n. It should be noted, though, that special-
izations of Corollaries 1.11 and 1.12 to k = n do not cover all the varieties of
the matrix-tree theorems known. Thus, in [3] the matrix-tree theorems apply
to all minors of the Laplace matrix, while Corollaries 1.14 and 1.15 cover only
the case of diagonal minors (of any size) and of codimension 1 minors (both
diagonal and non-diagonal), respectively. So, the theory of higher matrix-tree
theorems is open for further generalization.

1.4 Remarks and applications

1.4.1 Undirected case

Values of the Potts function ZG(q, v) at some points have special meaning (cf.
Proposition 1.10 above):

Proposition 1.17 ([11, V, (8) and (10)]) For every G ∈ Υn,k

ZG(−1, 1) = (−1)β0(G)2`(G)#{Φ ∈ Sn,k | |Φ| = G}.
ZG(−1,−1) = (−1)n#{Φ ∈ An,k | |Φ| = G}.

(Recall that `(G) is the number of loops in G, and by Sn,k and An,k we denote
the sets of all totally cyclic and acyclic graphs in Γn,k, respectively.)

In view of Proposition 1.2 the �rst formula of Proposition 1.17 is equivalent
to

#{Φ ∈ Sn,k ⊂ Γn,k | |Φ| = G} = (−1)β0(G)Z bG(−1, 1).

and therefore

Zn,k(−1, 1) =
∑

Φ∈Sn,k

(−1)β0(Φ) |Φ| ,

Ẑn,k(−1,−1) = (−1)n
∑

Φ∈An,k

|Φ| .

Thus, substitution of q = −1 and v = 1 into Theorem 1.4 gives the identity

∆
∑

Φ∈Sn,k

|Φ| = (−1)n+k
∑

Φ∈An,k

|Φ| ,

which can also be obtained from Corollary 1.11 by summation over all I ⊂
{1, . . . , n} and application of the forgetful map |·|.
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1.4.2 Properties of the degree k minors

The universal minors detIn,k and deti/jn,k exhibit some properties one would
expect from determinants and minors:

Proposition 1.18 (generalized row and column expansion)

det∅n,k = 1
k

n∑

i,j=1

([ij]) ∗ deti/jn,k−1 . (4)

Proposition 1.19 (partial derivative with respect to a diagonal ma-
trix element) Let matrix elements wij, i, j = 1, . . . , n, of the matrix W be
independent commuting variables. Then for any i = 1, . . . , n and any m =
1, . . . , k one has

∂m

∂wmii
〈W | det∅n,k〉 = 〈W | det∅n,k−m + det{i}n,k−m〉. (5)

See Section 2 for the proofs.

1.4.3 Invariants of 3-manifolds

Universal determinants detIn,k have an application in 3-dimensional topology,
due to M. Polyak. We describe it brie
y here; see [6] and the MSc. thesis [4]
for detailed de�nitions, formulations and proofs.

A chainmail graph is de�ned as a planar undirected graph, possibly with
loops but without parallel edges; the edges (including loops) are supplied with
integer weights. We denote by wab = wba the weight of the edge joining vertices
a and b; waa is the weight of the loop attached to the vertex a. If the edge [ab]
is missing then wab = 0 by de�nition.

There is a way (see [6]) to de�ne for every chainmail graph G a closed
oriented 3-manifoldM(G); any closed oriented 3-manifold isM(G) for some G
(which is not unique). To the chainmail graph G with n vertices one associates
two n × n-matrices: the weighted adjacency matrix W (G) = (wij) and the
Laplace (better to say, Schroedinger) matrix L(G) = (lij) where lij def= wij for
i 6= j and lii def= wii−

∑
j 6=i wij . If all wii = 0 (in this case G is called balanced)

then L(G) is the Laplace matrix Ŵ as de�ned in Section 1.1.

Theorem ([6]; see details of the proof in [4])

1. The rank of the homology group H1(M(G),Z) is equal to dim KerL(G).
2. If L(G) is nondegenerate (so that M(G) is a rational homology sphere and

H1(M(G),Z) is finite) then

|H1(M(G),Z)| = |detL(G)| = |〈L(G) | det∅n,n〉| . (6)



11

3. If L(G) is nondegenerate then

〈W (G) | Θn〉 = 12 detL(G)
(
λCW (M(G))− 1

4 sign(L(G))
)

(7)

where λCW is the Casson–Walker invariant [10] of the rational homology
sphere M(G), sign is the signature of the symmetric matrix L(G), and Θn
is an element of Gn,n+1 ⊕ Gn,n−1 defined as

Θn
def= det∅n,n+1−

∑

1≤i 6=j≤n
([ij]) ∗ det{i,j}n,n−2−2

n∑

i=1

det{i}n,n−1 .

There is a conjecture that, (6) and (7) begin a series of formulas for invari-
ants of 3-manifolds; see [6] for details.

Corollary 1.20 ([4, Theorem 84]) If G is balanced then 〈L(G) | Θn〉 is
equal to −2 times the codimension 1 diagonal minor of L(G).

We give a detailed proof of this corollary at Section 2.4.

2 Proofs

2.1 Theorems 1.3 and 1.4

Recall that by ε(G) we denote the number of edges of the graph G (so ε(G) = k
if G ∈ Γn,k).

Proof of Theorem 1.3 For a graph H ∈ Γn,k denote by de�nition ∆H
def=∑

G∈Γn,k yG,HG. Clearly, if yG,H 6= 0 then Ĥ (the graph H with all the
loops deleted) is a subgraph of G; so, if yG,H 6= 0 then yG,H = (−1)`(H) =
(−1)k−ε( bH). Vice versa, for any subgraph Φ ⊆ G of a loopless graph G there
exists exactly one H such that Φ = Ĥ. To see this recall that Φ ∈ Γn,m is
called a subgraph of G ∈ Γn,k if it is obtained from G by deletion of some
edges, with the appropriate renumbering of the remaining ones (see the be-
ginning of Section 1.2 for details). If [ab] ∈ G is one of the edges to be deleted
then H contains the loop [aa] bearing the same number as [ab]. One has
B bH(q, y, z) = BH(q, y, z) by Proposition 1.2, and therefore

∆Bn,k(q, y, z) =
∑

H∈Γn,k
BH(q, y, z)∆H

=
∑

G∈Γn,k is loopless

∑

Φ⊂G
(−1)k−ε(Φ)BΦ(q, y, z) def=

∑

G∈Γn,k
xGG.

Use now the following
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Lemma 2.1 (Moebius inversion formula, [7]) Let f : ⋃k Γn,k → C be
a function on the set of graphs with n vertices. Define the function h on
the same set by the equality h(G) = ∑

H⊆G f(H) for every G ∈ Γn,k. Then
(−1)ε(G)f(G) = ∑H⊆G(−1)ε(H)h(H).

By [1, Eq. (21)] one has ∑Φ⊆G[BΦ]ε(Φ)(q, y − 1, z − 1) = BG(q, y, z), so it
follows from the lemma that for every G ∈ Γn,k
xG =

∑

H: bH⊆G yG,H = (−1)k
∑

Φ⊆G
(−1)ε(Φ)BΦ(q, y, z) = [BG]k(q, y − 1, z − 1).

Theorem 1.3 is proved.

Proof of Theorem 1.4 is similar to that of Theorem 1.3: again, if ∆Zn,k(q, v) =∑
G xGG then xG 6= 0 only if G has no loops. A graph H makes a contribution

yG,H 6= 0 into xG if and only if Ĥ ⊆ G. Unlike the directed case, for a subgraph
Φ ⊆ G having ε(Φ) edges there are 2k−ε(Φ) graphs H such that Φ = Ĥ: every
edge [ab] present in G but missing in Φ may correspond either to a loop [aa]
or to a loop [bb] in H; recall that a 6= b because G is loopless.

The contribution yG,H of all such graphs H into xG is the same and is
equal to (−1)k−ε(Φ)ZΦ(q, v). Now by Proposition 1.1

xG =
∑

Φ⊆G
2k−ε(Φ)(−1)k−ε(Φ)ZΦ(q, v) = (−2)k

∑

Φ⊆G

(
−1

2

)ε(Φ)

ZΦ(q, v)

= (−2)k
∑

Ψ⊆Φ⊆G

(
−1

2

)ε(Φ)

qβ0(Ψ)ve(Ψ)

= (−2)k
∑

Ψ⊆G
qβ0(Ψ)vε(Ψ)

∑

Φ:Ψ⊆Φ⊆G

(
−1

2

)ε(Φ)

= (−2)k
∑

Ψ⊆G
qβ0(Ψ)vε(Ψ)

(
−1

2

)ε(Ψ) (
1− 1

2
)k−ε(Ψ) = (−1)kZG(q,−v).

Theorem 1.4 is proved.

2.2 Propositions 1.18 and 1.19

Proof of Proposition 1.18 Let [ij] ∈ G be the edge of G carrying number 1. If
G is totally cyclic, then there is a directed path in G \ ([ij]) joining j with i,
and therefore β0(G \ ([ij])) = β0(G). So G enters the left-hand side of (4) and
the (i, j)-th term of the sum at its right-hand side with the same coe�cient.

Proof of Proposition 1.19 Let q be an integer, 0 ≤ q ≤ k; denote by S
[i:q]
n,k

the set of all graphs G ∈ S
∅
n,k having q loops attached to vertex i. The

graph Ĝ(i) obtained from G by deletion of all these loops belongs either to
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S
[i:0]
n,k−q ⊂ S

∅
n,k−q or, if q > 0, to S

{i}
n,k−q (totally cyclic graphs with the vertex

i isolated). Vice versa, if q > 0 and Ĝ(i) ∈ S
[i:0]
n,k−q ∪S

{i}
n,k−q then G ∈ S

[i:q]
n,k .

Deletion of a loop does not break a graph, so β0(G) = β0(Ĝ(i)).
Let A ⊂ Γn,k. To shorten the notation denote

X(A) def=
∑

G∈A
(−1)β0(G)G ∈ Gn,k

(the \alternating-sign sum" of elements of A). If G ∈ S
[i:q]
n,k then there are(

k
q

)
ways to assign numbers to the q loops of G attached to i. The expression

〈W | G〉 does not depend on the edge numbering, so one has for q > 0

〈W | X(S[i:q]
n,k )〉 =

(
k

q

)
wqii
〈
W | X(S[i:0]

n,k−q) +X(S{i}n,k−q)
〉
,

and therefore

〈W | det∅n,k〉 = (−1)k
k!

k∑
q=0

〈W | X(S[i:q]
n,k )〉

= (−1)k
k! 〈W | X(S[i:0]

n,k )〉

+ (−1)k
k∑
q=1

wqii
q!(k − q)! 〈W | X(S[i:0]

n,k−q) +X(S{i}n,k−q)〉

= (−1)k
k∑
q=0

wqii
q!(k − q)! 〈W | X(S[i:0]

n,k−q) +X(S{i}n,k−q)〉

− 〈W | det{i}n,k〉. (8)
All the factors in the last formula, except wqii, do not contain wii. So, applying
the operator ∂m

∂wmii
to equation (8) and then using the equation again with k−m

in place of k one gets (5).

2.3 Higher matrix-tree theorems

Proof of Corollary 1.11 Take y = 0, z = 1 and q = −1 in Theorem 1.3. Now
one has

∆
∑

I⊂{1,...,n}
detIn,k = (−1)k

k! ∆
∑

I⊂{1,...,n}

∑

G∈SI
n,k

(−1)β0(G)G

= (−1)k
k! ∆

∑

G∈Γn,k
BG(−1, 0, 1)G (by Proposition 1.10)

= (−1)k
k!

∑

G∈Γn,k
[BG]k(−1,−1, 0)G (by Theorem 1.3).
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The polynomial BG(q, y, z) is symmetric in y and z, and [BG]k(q, y, z) is homo-
geneous of degree k in y, which implies [BG]k(−1,−1, 0) = (−1)k[BG]k(−1, 0, 1),
and therefore

∆
∑

I⊂{1,...,n}
detIn,k = 1

k!
∑

G∈Γn,k
[BG]k(−1, 0, 1)G = (−1)n

k!
∑

I⊂{1,...,n}

∑

G∈AIn,k

G

by Proposition 1.10.
By de�nition the Laplace operator preserves sinks (cf. Remark 1.5): if

i1, . . . , is are the sinks of G (in particular, if G ∈ SI
n,k) then ∆(G) = ∑H xHH

where the sinks of every graph H (such that xH 6= 0) are exactly the same,
i1, . . . , is. Since the sets SI

n,k with di�erent I do not intersect, and the same
is true for AIn,k, one obtains ∆ detIn,k = (−1)n

k!

∑
G∈AIn,k

G for every individual
I.

Proof of Corollary 1.12 Note that deti/in,k = det∅n,k + det{i}n,k. Applying the op-
erator ∆ to equation (4) and using Corollary 1.11 with I = ∅ and I = {i} one
obtains

0 =
n∑

i,j=1

∆(([ij]) ∗ deti/jn,k)

=
n∑

i=1

∆([ii]) ∗∆(det∅n,k + det{i}n,k) +
n∑

i,j=1
i 6=j

([ij]) ∗∆(deti/jn,k)

=
n∑

i,j=1
i 6=j

([ij]) ∗ (∆(deti/jn,k)−∆(det{i}n,k)
)

=
n∑

i,j=1
i 6=j

([ij]) ∗
(
∆(deti/jn,k)− (−1)k

k!
∑

G∈A
{i}
n,k

G

)
.

The (i, j)-th term of the last formula consists of graphs where the edge [ij]
carries the number 1. Hence di�erent terms of the formula cannot cancel, and
therefore every single term is equal to 0.

2.4 Corollary 1.20

(cf. the proof with the proof of [4, Claim 102]) For a balanced graph one has
〈L(G) | Θn〉 = 〈W (G) | ∆Θn〉; consider the three terms in the de�nition of
Θn separately.

First, by Corollary 1.11 one has ∆ det∅n,n+1 = 0.
By the same Corollary 1.11 one has ∆ det{i,j}n,n−2 = 1

(n−2)!

∑
H∈A

{i,j}
n,n−2

H; this
is 1

(n−2)! times the sum of two-component forests such that i and j belong to
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di�erent components, and all the edges are directed towards i or j, respectively.
Then ∆([ij])∗det{i,j}n,n−2 = ([ij])∗∆ det{i,j}n,n−2 = 1

(n−2)!

∑
H∈A

{i,j}
n,n−2

([ij])∗H; the
right-hand side is 1

(n−2)! times the sum of all trees with the edges directed
towards the vertex j and such that one of the edges (this is [ij]) adjacent to j
has number 1.

Again, by Corollary 1.11 ∆ det{i}n,n−1 is 1
(n−1)! times the sum of all trees

with the edges directed towards the vertex i, without restrictions on the edge
numbering.

For any Φ ∈ Γn,k the number 〈W (G) | Φ〉 does not depend on the edge
numbering in Φ. The chainmail graph G in not directed, so W (G) is symmetric,
and the number does not depend on the edge direction in Φ as well (so, it
depends on |Φ| only). So, 〈L(G) | Θn〉 = ∑

H(c1(H) + c2(H))〈W (G) | H〉
where H runs through the set of all undirected trees. The coe�cients c1(H)
and c2(H) coming from the second and the third term in the de�nition of Θn
are as follows. c1(H) = 1

(n−2)! times the number of ways to assign numbers to
the edges times the number of ways to choose a root vertex which should be
an endpoint of the edge number 1; that is, c1(H) = 1

(n−2)! (n−1)!×2 = 2n−2.
Also, c2(H) = − 2

(n−1)! times the number of ways to assign numbers to the
edges times the number of ways to choose a root vertex (which can be any);
that is, c2(H) = − 2

(n−1)! (n − 1)! × n = −2n. Eventually, 〈L(G) | Θn〉 =
−2∑H〈W (G) | H〉, which is −2 times the codimension 1 diagonal minor of
L(G) by the matrix-tree theorem (Corollary 1.14).

2.5 A direct proof of the higher matrix-tree theorem

The matrix-tree theorem (Corollary 1.11) was proved in Section 2.3 above by
specialization of variables in Theorem 1.3. Here we give a direct proof of the
same result containing no reference to Theorem 1.3.

Consider the following functions on Γn,k:

σ(G) def=
{

(−1)β1(G), if G ∈ Γn,k is totally cyclic,
0 otherwise,

α(G) def=
{

(−1)k, if G ∈ Γn,k is acyclic,
0 otherwise.

where β1(G) def= β0(G) + k − n is the �rst Betti number of the graph G. The
key stage of the proof is the following proposition:
Proposition 2.2

∑

H⊆G
α(H) = (−1)ε(G)σ(G)

∑

H⊆G
σ(H) = (−1)ε(G)α(G).
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Like Theorem 1.3, it can be proved by specialization of parameters in a
certain identity involving Bernardi polynomials; see [1, Proposition 6.16]. We
will, nevertheless, give its direct proof; it will constitute an answer to Question
6.17 from [1]. Note that the two statements of the proposition are equivalent
by Lemma 2.1, so it will su�ce to prove the �rst one.

To prove the proposition use induction by the number of edges of the graph
G. If R is some set of subgraphs of G (di�erent in di�erent cases) and f is a
function on the set of graphs then for convenience we will write

S(f,R) def=
∑

H∈R
f(H).

Also by a slight abuse of notation S(f,G) will mean S(f, 2G) where 2G is the
set of all subgraphs of G.

Consider now the following cases:

2.5.1 G is disconnected.

Let G = G1t· · ·tGm where Gi are connected components. A subgraph H ⊆ G
is acyclic if and only if the intersection Hi

def= H ∩Gi is acyclic for all i. Hence
α(H) = α(H1) . . . α(Hm), and therefore S(α,G) = S(α,G1) . . . S(α,Gm). By
the induction hypothesis S(α,Gi) = (−1)ε(Gi)σ(Gi). So,

S(α,G) = S(α,G1) . . . S(α,Gm) = (−1)ε(G1)+···+ε(Gm)σ(G1) . . . σ(Gm)
= (−1)kσ(G).

It will su�ce now to prove Proposition 2.2 for connected graphs G.

2.5.2 G is connected and not strongly connected.

In this case G contains an edge e that does not enter a directed cycle. If H ⊂ G
is acyclic and e /∈ H then H ∪ {e} is acyclic, too. The converse is true for any
e: if an acyclic graph H ⊂ G contains e then H \ {e} is acyclic. Therefore

S(α,G) =
∑

H⊂G\{e},
H is acyclic

(
(−1)ε(H) + (−1)ε(H∪{e})

)
= 0 = σ(G).

So it will su�ce to prove Proposition 2.2 for strongly connected graphs G.

2.5.3 G is strongly connected and contains a crucial edge.

We call an edge e of a strongly connected graph G crucial if G \ {e} is not
strongly connected. Suppose e = [ab] ∈ G is a crucial edge.

Denote by R−e (resp., R+
e ) the set of all subgraphs H ⊂ G such that e /∈ H

(resp., e ∈ H). The graph G \ {e} is not strongly connected and contains one
edge less than G, so by Clause 2.5.2 above

S(α,R−e ) = S(α,G \ {e}) = 0. (9)
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Let now H ∈ R+
e be acyclic; such H contains no directed paths joining b

with a. The graph G \ {e} is not strongly connected, so it does not contain a
directed path joining a with b either. It means that such path in H will neces-
sarily contain e, and therefore the graph H/e ⊂ G/e (obtained by contraction
of the edge e) is acyclic. The converse is true for any e: if e ∈ H and H/e ⊂ G/e
is acyclic then H ⊂ G is acyclic, too. The graph G/e is strongly connected,
contains one edge less than G, and β1(G/e) = β1(G), so σ(G/e) = σ(G). The
graph H/e contains one edge less than H, so α(H/e) = −α(H). Now by the
induction hypothesis

S(α,R+
e ) = −S(α,G/e) = −(−1)k−1σ(G/e) = (−1)kσ(G),

and then (9) implies

S(α,G) = S(α,R−e ) + S(α,R+
e ) = 0 + (−1)kσ(G) = (−1)kσ(G).

2.5.4 G is strongly connected and contains no crucial edges.

Let e = [ab] ∈ G be an edge and not a loop: b 6= a. Recall that G∨e means
a graph obtained from G by reversal of the edge e: e 7→ [ba]. Since e is not
crucial, G\{e} = G∨e \{e} is strongly connected. So G∨e is strongly connected,
too, implying σ(G∨e ) = σ(G).

Lemma 2.3 If the graph G is strongly connected and the edge e = [ab] ∈ G
is not crucial then S(α,G) = σ(G) if and only if S(α,G∨e ) = σ(G∨e ) = σ(G).

Proof For two vertices a, b of some graph G we will be writing a º
G
b (or just

a º b if the graph is evident) if G contains a directed path joining a with b.
Acyclic subgraphs H ⊂ G are split into �ve classes:

I. e /∈ H, but a º
H
b.

II. e /∈ H, but b º
H
a.

III. e /∈ H, and both a 6º
H
b and b 6º

H
a.

IV. e ∈ H, and a º
H\{e} b.

V. e ∈ H, and a 6º
H\{e} b.

Obviously, H ∈ I if and only if H∪{e} ∈ IV. One has ε(H∪{e}) = ε(H)+1,
so

S(α, I ∪ IV) =
∑

H∈I

(−1)ε(H)(1− 1) = 0. (10)

Also, H ∈ III if and only if H ∪ {e} ∈ V, and similar to (10) one has
S(α, III ∪V) = 0, and therefore

S(α,G) = S(α, I ∪ II ∪ III ∪ IV ∪V) = S(α, II). (11)

Like in Clause 2.5.3 if H ∈ V then H/e ⊂ G/e is acyclic, and vice
versa, if e ∈ H and H/e ⊂ G/e is acyclic then H ∈ V. The graph G/e is
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strongly connected, so by the induction hypothesis S(α,V) = −S(α,G/e) =
−(−1)k−1σ(G/e) = (−1)kσ(G), hence S(α, III) = −(−1)kσ(G).

If e /∈ H and H is acyclic, then H is an acyclic subgraph of the strongly
connected graph G \ {e}. The graph G is strongly connected, too, so e enters
a cycle, and β1(G \ {e}) = β1(G)− 1, which implies σ(G \ {e}) = −σ(G). One
has ε(G \ {e}) = k − 1 < k, so by the induction hypothesis

S(α, I ∪ II ∪ III) = S(α,G \ {e}) = (−1)k−1σ(G \ {e}) = (−1)kσ(G),

and therefore
S(α, I ∪ II) = 2(−1)kσ(G). (12)

A subgraph H ⊂ G of class I is at the same time a subgraph H ⊂ G∨e of
class II. So, (11) applied to G∨e gives S(α, I) = S(α,G∨e ). If follows now from
(11) and (12) that

S(α,G) + S(α,G∨e ) = 2(−1)kσ(G) = (−1)k(σ(G) + σ(G∨e )),

which proves the lemma.

To complete the proof of Proposition 2.2 let a be a vertex of G, and let
e1, . . . , em be the complete list of edges �nishing at a, except loops. Consider
the sequence of graphs G0 = G, G1 = G∨e1 , G2 = (G1)∨e2 , . . . , Gm = (Gm−1)∨em .
The graphs G0 and G1 are strongly connected; the graph Gm is not, because
it contains no edges �nishing at a (except possibly loops). Take the biggest
p such that Gp is strongly connected. Since p < m, the graph Gp+1 exists
and is not strongly connected; therefore Gp \ {ep+1} = Gp+1 \ {ep+1} is not
strongly connected either. So, the edge ep+1 is crucial for the graph Gp, and
by Clause 2.5.3 one has S(α,Gp) = (−1)kS(Gp) = (−1)kσ(G). The graphs
G0 = G,G1, . . . , Gp are strongly connected, so for any i = 0, . . . , p − 1 the
edge ei+1 is not crucial for the graph Gi. Lemma 2.3 implies now

S(α,Gp−1) = (−1)kσ(Gp−1) =⇒ S(α,Gp−2) = (−1)kσ(Gp−2)
=⇒ . . . =⇒ S(α,G) = (−1)kσ(G).

Proposition 2.2 is proved.
The rest of the proof of the matrix-tree theorem follows the lines of Section

2.1. Namely, let ∆ detIn,k = ∑
G∈Γn,k xGG; every graph G in the right-hand

side has vertices i1, . . . , is ∈ I, and only them, as sinks. For H ∈ SI
n,k the

contribution of ∆H into xG is nonzero if and only if Ĥ ⊆ G; in this case the
contribution is equal to

(−1)n
k! (−1)β0(H)(−1)# of loops in H = (−1)β0( bH)(−1)n+k−ε( bH) 1

k!

= (−1)k
k! (−1)β1( bH);
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the last equality follows from the expression for the Euler characteristics:
χ(Ĥ) = n− ε(Ĥ) = β0(Ĥ)− β1(Ĥ). Now by Proposition 2.2

xG = (−1)k
k!

∑

bH⊆Gσ(Ĥ) = 1
k!α(G) =

{
(−1)k

k! , G ∈ AIn,k,

0 otherwise.

This �nishes the proof.
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5. G. Kirchhoff, Über die Auflösung der Gleichungen, auf welche man bei der Untersuchung
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