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Abstract

We propose a classification of symmetric conservative clones with a finite carrier.
For the study, we use the functional Galois connection (Invg, Polg), which is a natural
modification of the connection (Inv, Pol) based on the preservation relation between
functions f on a set A (of all finite arities) and sets of functions h € A% for an
arbitrary set Q.

1 Introduction

Clones of conservative functions on an arbitrary set A are a naturally generalization of
closed classes of Boolean functions preserving 0 and 1. Some important information about
conservative clones can be found in the papers [I] and [2]. In 2005, S. Shelah [3] found
an unexpected application of conservative clones to Computational Social Choice. Using
the methods of [3], a complete classification of symmetric classes of selection functions
with the Arrow property was obtained in [4]. A further development of this approach
requires an explicit classification of symmetric conservative clones with a finite carrier, as
well as a description of the corresponding fragment of the functional Galois connection
(Invg, Polg). Functional Galois connection (Invg,Polg) is a natural modification of the
connection (Inv, Pol) based on the preservation relation between functions f on a set A (of
all finite arities) and sets of functions h € A9 for an arbitrary set Q. The (Invg, Polg)-
connection is a convenient tool for studying closed classes of discrete functions since, on
the one hand, it is easily transformed into a (Inv, Pol)-connection and, on the other hand,
it is closely related to the functional closure.

2 Notation and basic definitions

Let A be an arbitrary non-empty set. For any set Q the symbol A9 denotes the set of
all function f: @ — A. Elements of the Cartesian power A", n < w, are identified with
sequences (ag, a1,...,a,—1), a; € A, i <n, i.e. with functions a: n={0,1,...,n—1} —
A; therefore, for any sequence a € A< the standard notations dom a and ran a denote the
domain and the range of a, respectively. The set {a € A": |[rana| = k } is denoted by Aj}.
In a natural sense, we use the notations A”, = J,,, A%, AL, = ngm A}, etc. Usually,



when writing sequences we omit special characters, i.e. instead of (ag,a1,...,a,_1) We
write agai ...a,_1.

The symbol O(A) denotes the set of all functions over A (of all arities), i.e. O(A) =
Unew A", For any n < w and F C O(A), the symbol JF|, denotes the set of all n-ary
functions in F, i.e. Fp,) = FN AA" . For every natural number n, function f € O(A)[n) and
functions hg, k1, ..., hm_1 € A% the symbol f(ho,hy,...,hm_1) denotes the composition
of these functions defined by

f(hoshas ooy him—1)(q) = f(ho(@)h1(q) - - hm—1(q))

for each ¢ € Q. We hope that it is always clear from the context what the expression
flapay ...an—1) denotes, the value of the function on the sequence apa; ...a,—1 or the
composition f and aga; ...a,_1. For example, for any f: A — Aand a=apay...a,_1 €
A™, we have f(a) = f(ao)f(a1)... f(an—1) (if n =1, we identify an element ay € A and
the corresponding one-element sequence).

The function f € O(A)[,) which assigns to each sequence a € A", a = apay ... a, 1,
the element a; for some fixed number ¢ < n, is called the n-ary i-th projection and is
denoted by el'. The set of all projection e € O(A) is denoted by £(A). In accordance with
the standard notation, we sometimes write z; instead of e}'. For example, for any binary
function f, we write f(x2,71) instead of f(e3,e?).

The restriction of a function h: Q@ — A to a set P is denoted by h|p, i.e. hlp =
hn (P x A) (we do not assume that P C Q). The symbol h|¥ denotes the set { f €
APVdom .14 n = h}. For any set H of functions (perhaps with different domains), we
denote H|p = {h|p: h€ H} and H|" =J,cpy h|".

Forany H C A9, h = hohy...h,_1 € H" and ¢ € Q we denote H(q) = {h(q): h€ H}
and h(q) = ho(q)hl(q) ce hn,]_(q).

The set of all subsets of A is denoted by Z(A). The set of all k-element subsets of A
is denoted by [A]¥, i.e. [A]¥ = {B C A: |B| = k}. The symbol S4 denotes the set of all
permutations of A.

Definition 1. A set F C O(A) is called a clone (with the carrier A) if it is closed with
respect to composition and contains all projections.

Definition 2. A natural isomorphism from clone F to clone G with carriers A and B,
respectively, is a pair of one-to-one functions o: A — B and 7: F — G for which

f € Finy = 7(f) € Gy

for all f € F and natural number n, and

for all f € F and a € dom f.
Clones F and G are naturally isomorphic if there is a natural isomorphism from F to

Gg.

Definition 3. A clone F C O(A) is called symmetric if for any function f € O(A) and
permutation o of A
feF=f,eF,
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where for any f € O(A) the function f, is defined by

fo(a) =07 (f(o(a)))

for all a € dom f.

3 Galois connections (Invg, Polg)

The Galois connection (Inv,Pol) is one of the basic concepts in the theory of discrete
functions, see [5], [6]. Galois connection (Inv,Pol) allows one to characterize clones using

their invariant sets. Recall that a function f € O(A)(,) preserves a predicate P C A™ if

1.1 1
agay -« Qpy_1s

n—1 _n—1

—1
S ayay ay,_y from P we have

0,0 0
for all agaj ...a s Oy

m—1»

flabad...al M f(aai...a}™Y) .. f(ad_jab,_i...aY) € P.

For any set F C O(A) the set of all predicates P such that any function f € F preserves
P is denoted by Inv F. In the opposite direction, for any set P of predicates the set of
all functions f € O(A) such that f preserves any predicate P € P is denoted by PolP.
The pair (Inv,Pol) is a Galois connection between boolean lattices & (U, .., Z(A™))
and Z(O(A)). Any Galois closed set F € O(A) is a clone. If A is a finite set, the class of
Galois closed sets F € Z(O(A)) coincides with the class of all clones with the carrier A.

However, it will be more convenient for us to use the concept of functional Galois
connections.

Definition 4. Let A and @ be non-empty sets. A function f € O(A)[, preserves a set
H C A® if for all hg,hy ..., h,_1 € H the set H contains the function f(hg,hy...,hp_1).
For any set 7 C O(A) the set of all sets H C A9 such that any function f € F
preserves H is denoted by Invg F. Any set H € Invg F is called a Q-invariant set of F.
For any set H C Z2(A%) the set of all functions f € O(A) such that f preserves any
set H € H is denoted by Polg D.

Proposition 1. For all sets A # @, F C O(A), Q, H/H' C A%, P and function
f:P—=>Q

1. HelnvgF = {h(f): he H} € InvpF,
2. H elnvgF = H|p € InvpngF,
3. H € nvoF = H|F € InvpyoF,
4. HH € InvgF = HNH' € InvgF,
Proof. By a direct verification. O

There is a simple relationship between these two preservation relations. Consider an
m-ary predicate P over A as a set of functions a: m — A. It is easy to verify that for any
function f € O(A), P € Inv { f } if and only if P € Inv,, { f }. On the other hand, suppose
that @ is a finite set of cardinality m, and let some numbering Q = { qo,q1,--.,¢m—1 } be
fixed. It easy to check that a function f € O(A) preserves a set H C A% if and only if
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f preserves the predicate P = { h(qo)h(q1) ... h(¢m-1): h € H}. These arguments allow
us immediately to obtain some statements for (Invg, Polg) connection. In particular, the
following proposition holds.

Proposition 2. For any non-empty sets A and Q the pair (Invg,Polg) is a Galois con-
nection between the Boolean latices P (P2 (A?)) and P(O(A)). Any Galois closed set
F € O(A) is a clone.

Also note that for any clone 7 C O(A), Fi,) € Invign) F. It immediately follows that
each clone F with a finite carrier is uniquely characterized by the set Inv F. Thus, a family
of Galois connections (Invg,Polg) unites the concepts of invariant sets and functional
closure. In some papers, other Galois connections (Invg,Polg) are considered. E.g., the
case Q = [A]" is studied in [3], [4].

4 Decomposition theorems

Now we will show that under certain conditions, the set InvgF is arranged quite simply.
Let A, Q be arbitrary sets, and let H C A9 and Z C 2(Q). The set

H(g:) :{(H|R)|Q RE%}

is called a decomposition of H over Z. It is easy to verify that the following proposition
is true.

Proposition 3. For all H C A% and # C 2(Q)
1. HC N\ H),
2. (NH)) |r = H|r for any set R € #.
Definition 5. A set H C A9 is decomposable over Z if H = ﬂH(@).

We show that clones satisfying the conditions A?, A¢, and A2 defined below have

9

Q-invariant sets that are decomposable over non-trivial sets Z.

Definition 6. Let F be a clone with a carrier A and n a natural number, n > 2. The
clone F satisfies the condition

o A? if there is a natural number ¢ < n such that for all a € A and a € rana there
is a function s € Fp,,) for which

s(a) = a and s(x) = @; for all x = zgz1...2p—1 € AL ;

e A2 if for all a € A3 and a € rana there is a function d € Fig for which

d(a) = a and 9(zzxy) = O(zyzr) = d(yzx) = x for all x,y € A;

e AZ?if for all a,b € A3 such that rana # ranb, and for all a € rana, and b € ranb
there is a function w € F[g) for which

w(a) = a, w(b) =b and w(zz) = z for all z € A.
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Definition 7. Let A, B C A, Q, H C A® be non-empty sets and n a natural number.
We denote by

(1) Q)3 the set of all sets P = {p,q} € [Q]? such that there is a permutation ¢ € S4
for which h(q) = o(h(p)) for all h € H,

(2) [Q]?f‘d the set of all sets P = {p,q} € [Q]? such that h(q) = h(p) for all h € H,

(3) [Q]3" the set of all sets P = {p,q} € [Q]? such that there are a,b € A for which
h(p) =aVh(q)=0bforallhe H,

(4) QY the set {g € Q: |H(q)| <n},
(5) QY the set {q € Q: |H(g)| C B}.
We will use the following technical definition.

Definition 8. Let H C A9, p,q € Q and a € H(p). We say that H weakly separates p
from q at the point a if H contains functions hq and hy such that

hi(p) = ha(p) = a and hi1(q) # h2(q)

If H weakly separates p from q or q from p at least at one point, we will simply say that
it weakly separates p and q.

We say that H strongly separates p from q at the point a if for each b € H(q), H
contains a function A such that

h(p) = a and h(q) = b.

Any function 9 € O(A)g satisfying d(zxy) = O(wyr) = Od(yrx) = x is called a
O-function (the terms majority function and discriminator are also often used). Any
function w € O(A) satistying w(zz ...z) = x is called an idempotent function.

Theorem 1. Let A, Q and H C A® be non-empty finite sets. Let F be a clone with the
carrier A, and let at least one of the following two conditions hold:

(a) F satisfies A9,

(b) F contains a O-function, and |H(q)| <2 for all ¢ € Q.
Then H € InvgF if and only if the following conditions hold:
1. H|p € InvpF for all P € [Q' U[Q1%° U[QI%,
2. H is decomposable over [Q]' U [Q]3° U [Q]%".

Proof. If |Q| = 1, the theorem is obvious. Assume |Q| > 2. In the if direction the
theorem follows immediately from Proposition |1l Let us prove the only if direction. Let
H € InvgF. Item [I] again follows from Proposition [I} To prove item [2| we first prove the
following Lemmas. We assume that all the premises of the theorem hold.



Lemma 1. Let p,q € Q, a € H(p) and H weakly separate p from q at the point a. Then
H strongly separates p from q at the point a.

Proof. Obviously, the lemma is true if H(q) < 2. Suppose, on the contrary, that H(q) > 3.
Let b € H(q). Suppose that H does not contain a function h such that h(p) = a and
h(q) = b. Choose functions hq, hi,hs € H and distinct elements d, ¢ € A for which

ho(p) = hi(p) = a, ho(q) = ¢, hi(q) = d, ha(q) =b.

By the above supposition, b ¢ {¢,d }, so cdb € A3. By the premises of the theorem there
is a O-function 9 € F such that 9(cdb) = b. Consider the function f = d(hg, hi, hs). Since
H € InvgF we have f € H. However, it is easy to calculate that f(p) = a and f(q) = b,
a contradiction. O

Lemma 2. Let P = {p,q} € [Q]?>. Then one of the following three cases holds:
1. H|p is the set of all functions h € A9 such that h(p) € H(p) and h(q) € H(q),

2. H|p is the set of all functions h € A such that h(p) € H(p) and h(q) € H(q), and
h(q) = o(h(p)) for some o € Sa,

3. H|p is the set of all functions h € A such that h(p) € H(p) and h(q) € H(q), and
(h(p) = aV h(qg) =) for some a,b € A.

Proof. Let H do not weakly separate p and ¢. Since H does not weakly separates p from
q, there is a function o: H(p) — H(q) such that h(q) = o(h(p)) for all h € H. Obviously,
o is a surjective function. Suppose that o(a) = o(b) for some distinct a,b € H(p). Choose
a function hg,hy € H such that ho(p) = a and hy(p) = b. We have ho(q) = hi(gq). This
means that H weakly separates ¢ from p at the point hq(q), a contradiction. Therefore,
o is a one-to-one mapping. We can extend o to some permutation of A. So, we have the
case 2

Let H weakly separate one of the elements p, ¢ from the other at least at two distinct
points. Without loss of generality, we assume that H weakly separates p from ¢ at least at
two distinct points. By Lemma [I} H strongly separates p from ¢ at least at two distinct
points. So, for any b € H(q) there are functions hg, hy € H such that ho(q) = h1(q) = b
and ho(p) # hi1(p). Hence, H weakly (and, by Lemma strongly) separates ¢ from p at
any point b € H(q). We have the case

Now let the two previous assumptions do not satisfied. Without loss of generality, we
assume that H weakly separates p from ¢ at the unique point a. If |H(p)| = 1, by Lemma
we have case |1} Let |H(p)| > 2, @’ be an arbitrary element of H(p) \ {a}, and h an
arbitrary function in H for which h(p) = a’. By Lemma [I| there is a function hy € H
such that ho(p) = a and ho(q) = b. So, H weakly separates ¢ from p at the point b. By
assumption, there is at most one such point b € H(q). We have h(q) = b for any function
h satistying h(p) # a, the case O

It follows from Lemma [2| that it suffices to prove that H is decomposable over [Q]?.

Define
o= () H).
PelQ]?
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By Proposition 3] H C H*. Therefore, it suffices to prove the reverse inclusion.

We prove that for any set Q' C @Q and function f € H* there exists a function h € H
such that f|g = h|g/. By induction on the cardinality of Q. If |Q’| = 1, this follows from
Proposition [3]

Let |Q'] > 2 and f € H*. Choose two distinct p,q € Q'. By the induction hypoth-
esis there are two functions hy, h, € H that coincide with f on Q' \{p} and Q' \ {¢},
respectively. In addition, by definition of H*, there is a function h,, € H that coincides
with f on {p,q}, i.e. hpe(p) = f(p) and hpe(q) = f(g). Choose an arbitrary J-function
0 € F, and consider the function h = 9(fp, fq, fp.q). We have h € H because H € InvgF.
Moreover, the following equalities are true:

)fa(P) fp.a(P)) = O(fp(p) f(p)f(p)) = f (D),
h(q) = 0(fp(@) fo(@) fp.q(@)) = O(f(a) fo(@) f(a)) = f(a)s
h(z) = 8(fp(x)fq(x)fp,q($>) = a(f(x)f(x)fp,q<x)) = f(x)

for all z € Q" \ {p,q}. The induction step is proved.
O

Theorem 2. Let A, Q and H C A® be non-empty finite sets and n a natural number,
n 2= 3. Let F be a clone with the carrier A satisfying AJ.
Then H € InvgF if and only if

1. H|p € InvpF for all P € [Q'UQIZ°U{QM Y,

2. H is decomposable over [Q]' U [Q]%" U {Qg) }.

Proof. If |Q| = 1, the theorem is obvious. Assume |@| > 2. In the if direction the
theorem follows immediately from Proposition [Il Let us prove the only if direction. Let
H € InvgF. Item|l| again follows from Proposition I} To prove item [2] we first prove the
following Lemmas. We assume that all the premises of the theorem hold.

Lemma 3. Let j <n, b€ A and b € ranb. Then there is a function t € F for which
t(b) =0 and t(x) = x; for allx = zox1 ... Tn-1 € AZ,,.

Proof. By condition A we have that there is a natural number ¢ < n such that for all
a € A} and a € rana there is a function s € F,) for which s(a) = a and s(x) = x; for
all x = xoxy...2p—1 € AZ,,. If j = 4, the lemma is proved. Let j # 4, and 7 be the
transposition (7, j) € S,,. Choose a function s € F,) for which s(b(7)) = b and s(x) = ;
for all x = A% . It is easy to see that we can put t = s(x(0), Zr(1),- - - » Tr(n—1))- O

Lemma 4. Let p,q € Q, a € H(p), |H(q)| = n and H weakly separate p from q at the
point a. Then H strongly separates p from q at the point a.

Proof. For an arbitrary element b € H(q), assume that H does not contain a function h
such that h(p) = a and h(q) = b. Choose a functions hg, h1, ho € H, and distinct elements
c,d € A such that

ho(p) = ha(p) = a, ho(q) = ¢, hi(q) = d, ha(q) = b.
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By the above assumption, b ¢ {¢,d }. Using the inequality |H (q)| = n, choose n — 3 func-
tions hs, ha, ..., hp—1 from H such that b = ho(q)h1(q)h2(q) . .. hn—1(q) is a repetition-free
sequence. The sequence a = ho(p)hi(p)ha(p) ... hn—1(p) belongs to AZ,,. By Lemma
there exists a function ¢ € F for which t(a) = ho(p) = a u t(b) = ha(q) = b. Consider the
function h = t(ho, b1, ..., hn—1). Since H € InvgF we have h € H. However, it is easy to
calculate that h(p) = t(a) = a u h(q) = t(b) = b; a contradiction. O

Lemma 5. Let P={p,.q} €[Q]*>, P ¢ QY;). Then one of the following two cases holds:
1. H|p is the set of all functions h € AT such that h(p) € H(p) and h(q) € H(q),

2. H|p is the set of all functions h € A such that h(p) € H(p) and h(q) € H(q), and
h(q) = o(h(p)) for some o € S4.

Proof. If H does not weakly separate p and g then we have the case[2] which can be proved
in the same way as in Theorem [I]

Otherwise, we show that the case[I] holds. Without loss of generality, we assume that
|H(p)| < |H(q)|- Therefore, we have |H(q)| = n. We show that without loss of generality
we can assume that H weakly separates p from ¢. In fact, otherwise there exists a surjective
function o: H(p) — H(q). Hence, |H(p)| = |H(q)|, and p and ¢ can be interchanged if
necessary.

Let H weakly separate p from ¢ at the point @ € H(p). By Lemma 4] it suffices to
show that H weakly separates p from ¢ at each point o’ € H(p) \ {a}.

Choose an arbitrary element o’ € H(p) \ {a }. Using Lemma choose some functions
ho,h1,...,hn—1 € H such that ho(p) = @/, hi(p) = ha(p) = ... = hp_1(p) = a, and
b = ho(q)h1(q)h2(q) - .. hn—1(q) is a repetition-free sequence. Since the sequence a =
ho(p)h1(p)he(p) ... hn—1(p) = d’a...a belongs to A%, it follows from Lemma (3| that F
contains a function ¢ such that t(a) = o’ and ¢(b) # ho(g). Then the values of the functions

ho and h = t(hg, h1, ha, ..., hy—1) coincide (and are equal to a’) on p and are different on
g. The function h belongs to H because H € InvgF. So, H weakly separates p from ¢ at
the point a’. O

It follows from Lemma |5| that it suffices to prove that H is decomposable over [Q]? U
{ ng) }. Define
H* = (H|Q<;>)|Q n () Hlp)®
Pe[Q]?
By Proposition 8], H C H*. Therefore, to prove the second part of the theorem it suffices
to prove the reverse inclusion.

We prove that for any set @' C @Q and function f € H* there exists a function h € H
such that f|g = h|g/. By induction on the cardinality of Q'. If Q' C Qg?) or |Q'| =1,
the statement follows from Proposition [3]

Let Q| > 3, Q ¢ Qg}l), and f € H*. Choose two distinct p,q € Q' such that
H(q) > n. By the induction hypothesis there are two functions h,, hy € H that coincide
with fon Q' \ {p} and Q" \ { ¢}, respectively. In particulary,

hq(p) = f(p) and hy(q) = f(q).



If hy(q) = f(q), we put h = f,.
Let f,(q) # h(q). Consider the set H|p where P = {p,q}. If the caseof the Theorem
holds, we have

hq(q) = o(hq(p)) = a(f(p)) = f(a),

a contradiction.
Then the case |1| of the Theorem holds. Choose n — 2 functions hs, hs, ..., h,_1 from
H for which ha(p) = hs(p) = ... = hp—1(p) = f(p) and

b = hy(q)hp(@)ha(q)h3(q) - - hn-1(q)

is a repetition-free sequence. Using Lemma |3| choose a function ¢ € F such that t(b) =
hp(g) = f(g) and t(x) = z¢ for all x = zoz1...2,—1 € AZ,. Consider the function
h = t(hg, hp, ho,hs, ..., hp_1). We have h € H because H € InvgF. Note that the
sequence

a = hq(p)hp(p)h2(p)h3(p) - . - hn-1(p)

belongs to AZ,. Moreover, for all z € Q' \ {p,q} we have hy(z) = hy(z) = f(z), and,
therefore, the sequence
hg(z)hp(z)ha(x)hs(x) ... hp_1(x)

also belongs to AZ, . Consequently,

h(p) = t(a) = hq(p) = f(p),
h(q) = t(b) = hy(q) = f(a),
h(z) = t(hg(z)hy(x)ha(x)hs(z) ... hy_1(z)) = he(z) = f(x)

for all z € Q" \ {p,q}. The induction step is proved. O

Theorem 3. Let A, Q and H C A® be non-empty finite sets. Let F be a clone with the
carrier A satisfying A2,
Then H € InvgF if and only if

1. H|p € InvpF for all P € [Q]* U{ng]: B e [A?},

2. H is decomposable over [Q]' U [Q]%" U { Qf]: B e [A]?}.

from Proposition [1f (note that for any P € [Qﬁ{’id the set H|p is preserved by any function
f € O(A)). Let us prove the theorem in the opposite direction. Let H € InvgF. Item

again follows from Proposition [f}

Define
H = () Hge)?n () =)0 ) (Hlg)?
Be[A]? Pe[Q%H S

Proof. As in the revious theorems, in the direction if the theorem follows immediately

By Proposition[3] H C H*. Therefore, to prove the theorem it suffices to prove the reverse
inclusion.

We prove that for any set Q’ C @ and function f € H* there exists a function h € H
such that f|o: = h|e:. Induction on the cardinality of Q. If |Q'| = 1 or Q' € Q! for
some B € [A]?, the statement follows from Proposition
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Let || > 2, Q' ¢ Q' for all B € [A]?, and f € H*. By the induction hypothesis,
for any ¢ € Q' there is a function h, € H which coincides with f on @'\ {¢}. Fixe some
family { hq }qeq of such functions.

Lemma 6. At least one of the following conditions holds:
1. There is ¢ € Q' for which hq(q) = f(q).

2. [Q]?fd N[Q')?> = @, and for all g € Q' and a € H(q) there is a function f,, € H*
satisfying
faalontay = halongay and fo.a(q) = a.

Proof. Let ¢ € Q', a € H(g) and f,, be a function from Q' to A, satisfying
faa = halongqy and fo (@) = a.

Let condition[1] do not hold. If [Q]%' N[Q']> # @, we have hy (') = hy (0') = f(1) =
f(q") for some distinct p’, ¢’ € @', a contradiction.

Hence, it suffices to show that f, , belongs to each of the sets H|Q[B]0Q/ where B € [A]%.
’ H
Suppose that there is B € [A]? such that
fq_,a ¢ HIQ[IE]QQ/' (*)

This means that for all g € H, if g and f,, coincide on the set (Qf] NQ)\{q}, then
g(q) # a. Recall that h, and f,, coincide on Q" \ { ¢ }. Therefore, hy(q) # a.
On the other hand, f and f,, coincide on Q" \ {¢}. Since f € H*, we have

f\Q[IfJ € H|Q§1~

Ifg ¢ QB?] or f(q) = f;..(q) = a these conditions contradict supposition (*). So, g € Qf],
and, consequently, |H(g)| < 2. Moreover, f(q) # a. Therefore, we have hqe(q) = f(q), a
contradiction. O

We continue the proof of the induction step. If h,(q) = f(q) for some ¢ € Q' we can
put h = hg. In the sequel, we assume that

hq(q) # f(a) ()

for all ¢ € Q’. Then by Lemma@ and the induction hypothesis, for any distinct p,q € Q’
and a € H(q) the set H contains a function hy, 4, that coincides with f,, on Q" \ {p}.
Thus, for all distinet p,q € Q' and a € H(q) we have

hp7q7a|Q/\{p7q} = hq|Q'\{p7q} = f|Q’\{p7q}
hp(q) = f(a), hq(p) = f(p)

hp.g.a(a) = a

hpshg, hp g0 € H.
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Case 1: ran f(p)h,(p) # ranhy(q) f(q) for some distinct p,q € Q.
Choose such p and q. Using A? choose an idempotent function wg € F2) such that

wo(f(p)hyp(p)) = f(p) and wo(hy(q) f(q)) = f(q)-

We can put h = wo(hq, hyp).

Case 2: H(p) # H(q) for some p,q € Q.

Choose such p and q. Without loss of generality, assume H(p) \ H(q) # &. Choose
a € H(p)\ H(q). Using A? choose idempotent functions wg,w; € Fig) such that

wo(f(p)a) = f(p), wolhe(q)f(q)) = f(q)
wy(hy(p)a) =a,  wi(f(@)hep.a(q) = f(q)-

We can put h = wo(hg, wi(hp, hgp.a))-

Case 3: Case 1 and Case 2 do not hold.

We have H(p) = H(q) for all p,q € Q'. Denote C' = H(p) for some p € Q'. If |C] <2
we go back to the induction base. Further, we assume that |C| > 3.

Subcase 3.1: there exist distinct p, g € Q' for which f(p) = f(q). Choose such p and
g and denote f(p) = a. Since the assumption (x%) is true and the Case 1 does not hold,
we have h,(p) = hy(q) = b for some b € A\ {a}. Choose c € C'\ {a,b}. Using A? choose
idempotent functions wg,w; € Fgj such that

wo(ac) = wo(ba) = a, wi(bc) = c and wi(afqpc(q)) = a.

We can put h = wo(hg, wi(hp, g p.c))-

Subcase 3.2: f(p) # f(q) for all distinct p,q € Q’.

First, let Q' contain only two elements p and ¢q. Denote f(p) = a and f(q) = b. Since
the assumption (xx) is true and the Case 1 does not hold, we have f,(¢) = a and f,(p) = b.

Further, by the assumption (%) and Lemma@ we have that there is a function b’ € H
such that h'(p) # h'(q). Denote h'(p) = ¢ and h'(q) = d.

We show that we can choose ¢ # b. Consider the set

D={zeC:forallhe Hh(p)=x— h(q) =x}.

It suffices to prove |D| < 1. Let z € D\ {d}. Choose a function h”/ € H such that
h"(p) = x. Using A? choose an idempotent functions w € Fjg for which w(cx) = 2 and
w(dz) = d. Then we have b = w(h/, k") € H, h'"(p) = = and h"’(q) = d, a contradiction.
So, D C{d}.

Now using A? choose idempotent functions wg, w; € Fiz) such that

wop(ac) = a, wo(ab) = b, wy(be) = ¢, wy(bd) = b.

We can put h = wq(hg, w1 (hyp, ).

Now let |@Q'| > 3. Choose pairwise different p,q,r € Q'. Denote f(p) = a, f(q¢) = b
u f(r) = ¢. By by the assumption (#*) and Lemma |§| the function fpp and fy . belong
to H*. In addition, each of them satisfies subcase 3.1. Consequently, there are func-
tions hy . hy . € H which coincide with the functions f,; and fg,. on the whole set Q'
respectively. Using A? choose an idempotent function wg € Fiz) for which

wo(ba) = a, wo(bc) = b.
We can put h = wo(hy;, ;, hy ). The induction step is proved. O
11



Remarks Theorem [1|is close to the main result of paper [§]. In addition, Theorems
and [2|in a particular case are proved in [3]. In our proofs, we used some ideas of [3].

5 Conservative clones

In this section, we apply decomposition theorems to the classification of symmetric con-
servative clones with a finite carrier A.

Definition 9. A function f € O(A) is called conservative if
f(a) €rana

for each a € dom f. .

Note that in terms of (Inv, Pol)-connection a conservative function can be characterized
as a function preserving any unary predicate.

It easy to check that the set of all conservative function f € O(A) is a clone. We
denote this clone by the symbol C(A). Any clone F C C(A) is called conservative. The
case |A| = 1 is of no interest. Therefore, we further believe that |A| > 2.

Now we introduce the concept of characteristic of conservative clone.

Definition 10. Let F be a clone with a carrier A. Then r(F) is the minimal natural
number r for which there exists a r-ary function f € F that is not a projection. If
F =E&(A) we put 1(F) = w.

Obviously, if a clone F is conservative, then it does not contain O-ary functions and
any unary function f € F is a projection. So, r(F) > 2 for each conservative clone F.

Definition 11. Let F be a clone with a carrier A. Then, for any natural number n,
R, (F) is a binary relation on A™ defined by

aR,(F)b < (Jo € Sa)(Vf € F) f(b) = o f(a).

We define R(F) =, Ru(F).

n<w

Therefore, R(F) is a binary relation on A<%.

Definition 12. Let F be a clone with a carrier A. Then, for any natural number n,
D, (F) is a binary relation on A" defined by

aD,(F)b < (3a,b € a)(Vf € Fp)) f(a) = aV f(b) = b.

We define D(F) =, Dn(F).

n<w

Therefore, D(F) is a binary relation on A<%.

Now let F is a conservative clone with a carrier A. It easy to check that for any set
B € [A]? the set F|p<« is a clone with the carrier B, and there exists a natural isomorphism
(0B, 7B) from F|p<« to some Post’s class IIp of Boolean functions preserving 0 and 1 (A
Boolean function f preserves 0 and 1 if £(0,0,...,0) =0and f(1,1,...,1) =1, ie. if fis
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conservative). Note that Iz is defined up to a natural isomorphism of Post’s classes. For
definiteness, we choose some maximal by inclusion set IP of pairwise non natural isomorphic
Post’s classes and assume that Il belongs to P for any B € [A]?. In this case the class
IIp is uniquely determined for each B € [A]2. Also, in this case the natural isomorphism
(0B, 7B) is uniquely determined if IT5 is not closed with respect to duality (Post’s class P
is closed with respect to duality if for all natural number n and n-ary function f € P the
function f* = f(To,T1,...,Tn—1) belongs to P, i.e. if P is symmetric). If Iz is closed
with respect to duality, there are two distinct natural isomorphisms from F|g<. to Ig.
For definiteness, we assume that (o5, 75) is any one of these two natural isomorphisms.

Definition 13. Let F be a conservative clone with a carrier A. The family of natural
isomorphisms { (6B, 75) } Beja)2 from F|p<w to IIp is denoted by II(F).

Definition 14. The quadruple x(F) = (¢(F), R(F),D(F),II(F)) is called the character-
istic of a conservative clone F.

We show that the characteristic x(F) uniquely determines a conservative symmetric
clone F with a finite carrier. In addition to decomposition theorems, Post’s classification of
closed classes of Boolean functions is used in the following proofs. Post’s classification can
be found in [7] or (in a more modern version) in [6]. We will not refer to these works every
time we use them. We need only the classification of closed classes of Boolean functions
that are closed with respect to duality and consist of functions preserving 0 and 1. Recall
that there are only six such classes: Oy, Dy, Dy, Ly, A4 and Cy (in Post’s notation). Of
these, the classes O1, D1, D5, and Ly consist of self-dual functions. They are generated by
the functions x, TyVZTzVyz, zyVyzVez u x Py P z, respectively. Moreover, LyUDy C Dy.

We begin with the following lemma, which concerns not only symmetric clones.

Lemma 7. Let |A| > 2. Let F C O(A) be a conservative clone, and r(F) =r > 3. Then
there is Post’s class P € { Oy, D1, Do, Ly } and a surjective mapping 7: F — P such that
for each set B € [A]?, one-to-one mapping o: B — 2, natural number n, function f € Fn)

and n-tuple a € B,
f(a) = o7 (r(f)(o(a))).

If r > 4 then P = Oy and any n-ary function f € F coincides with some projection on a
set AZ,.

Proof. The proof follows easily from the following claim.

Claim 1. Let F C O(A) be a conservative clone, and v(F) = r > 3. Let a =
apay...an—1 € A%, f € Flp), and o: A — A.

Then f(o-a) = o(f(a)).

Proof. Tt is easy to see that f(o(a)) = o(f(a)) for any projection f € &,j(A). Further, let
b = (bo,b1,...,bi—1) be some repetition-free sequence of all elements from rana. Denote
¢ = b7!(a) and consider the function f’ = f(xe0), Ze(rys - > Te(n—1)) € Fpyy- For any
c € A we have

f'e) = f(c(8))

13



Since t < r, we have that f’ is a projection. Therefore,

O

Without loss of generality, assume 2 = { 0,1} C A. So, F|a<w is some of Post’s classes
of Boolean functions preserving 0 and 1. Denote P = F|o<w. Claim (1] implies that any
g € P is self-dual function (should be considered a function o: A — A such that o(0) =1
and o(1) = 0). Consequently, P € { O1,D1,Dq, 14 }.

Define 7(f) = fla<w. Then 7 is a surjective function from F to P. Claim [1| implies
that for any B € [A]?, one-to-one mapping o: B — 2, natural number n, function f € Fin)
and n-tuple a € B™, we have

f(a) == 7 (f)(o(a).

Now let > 4. Any class P € { Dy, D, Ly } contains some ternary function which
is not a projection. Hence, P = Oy, i.e. P consists only of projections el (1 < n < w,
0 <i<n). Let f be an arbitrary function from F7,; for some natural number n. Let i be
the number for which 7(f) = e'. For any a = (ag,a1,...,an—1) € A%, choose a function
0a: A — A for which 0a(a;) =1 and 4(z) =0 for all z € A\ {a; }. By Claim [I] we have

oa(f(a)) = floa(a)) = (7(f))(va(a)) = 1,
whence f(a) = a;. Therefore, f coincides with the i-th projection on AZ,. O

It follows from Lemma [7] that for any conservative clone F with r(F) > 3 each natural
isomorphism (o5, 75), B € [A]?, maps the clone F|g<« to the same Post’s class P. Obvi-
ously, this statement is also true for any symmetric conservative clone. We will denote this
Post’s class P by the symbol IIg(F). It is easy to see that for any symmetric conservative
clone F the class IIo(F) is closed with respect to duality. Thus, the case r(F) = 2 adds
two more possibilities: IIo(F) = A4 and IIy(F) = Cy.

For any set A of cardinality 3 we denote

Ri(A) = {(ab,cd) € A3 x A2:ab=cdV (b=cha#d)V(a=dAb#c)}.
For any set A of cardinality 4 we denote
Ri(A) ={(x,y) € A3 x A3: ranx = ranyorranx Nrany = & }.

For any set A of cardinality 4 and Post’s class P we say that a function f € O(A), is
Klein’s P-function if

1. for any B € [A])?, f|p» belongs to the clone F C O(B) which is naturally isomorphic
to P,

2. for any a € A} and permutation ¢ from Klein four-group of permutations of A,

o(f(a)) = f(o(a)).
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Theorem 4. Let A be a finite set, |A| > 2. Then any symmetric conservative clone
F C O(A) is uniquely defined by by its characteristics, i.e.

X(F)=x(G) = F =9 (5 %)

for all symmetric conservative clones F,G C O(A).
Let Q and H C A® be non-empty finite sets and F C O(A) a symmetric conservative
clone. Then r(F) > 2, and

1. Ifv(F) > 4, then H € InvgF if and only if
(a) H|p € InvpF for all P € [Q]7,
(b) H is decomposable over Q' U[Q]% U {Qg) 1.
2. If v(F) = 3 and IIy(F) # Ly, then H € InvgF if and only if
(a) H|p € InvpF for all P € [Q7° U Q7
(b) H is decomposable over [Q]' U [Q]5 U [Q]%".
3. If v(F) = 3 and IIy(F) = Ly, then H € InvgF if and only if

(a) H|p € InvpF for all P € [Q]3,
(b) H|Q<3) is preserved by a function £ € O(A)g) satisfying £(x,y,y) = L(y,v,y) =
H
é(y7 y7 ‘/L.) = x)
(¢c) H is decomposable over [Q]' U [Q]?}O U{ Q(I}?’) }.

4. If t(F) = 2 and the following cases do not hold: (i) |A| = 4 and Re(F) = R+, (i)
|A| =3 and Ro(F) = Ry, then H € InvgF if and only if

(a) H|p € InvpF|p<s for all P € Q¥ and B € [A]2,
(b) H is decomposable over [Q]' U[Q]%" U {Qf] : B e [A)?}.

5 Ifr(F) =2 and |A| =4, and Ro(F) = RL(A), then H € InvoF if and only if
(a) H|p € InvpF for all P € [Q]%",
b) H| ) is preserved by all Klein’s I1o(F)-functions,

Q
H

(¢) H is decomposable over [Q]' U[Q]%° U { Q(If) }.

6. If r =2 and |A| = 3, and Ro(F) = Ry(A), then H € InvgF if and only if
(a) H|p € InvpF for all P € [Q3° U Q%
(b) H is decomposable over [Q]* U [Q]i’,o U [Qﬁ{l

Proof. The proof is based on decomposition theorems and the following Lemma.

Lemma 8. Let |A| be a set of cardinality |A| > 2, and F be a symmetric conservative
clone with the carrier A. Let r(F) =1 < w. Then
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1. If r > 4, then F satisfies AS;

2. If 1(F) = 3 and I(F) # Ly, then F satisfies A?;
3. If v(F) = 3 and IIo(F) = Ly, then F satisfies A§;
4. If r =2, then one of the following cases holds:

(a) F satisfies A2,

(b) |A] =4 and Ra(F) = Ri(A), and F satisfies A3, and for all B € [A]3, F|p<w
satisfies A2,

(c) |A| = 3 and Ra(F) = Ry (A), and F satisfies AP,

Proof. First we prove the following claim. All function £ € O(A)3) satisfying

Uz,y,y) =Ly, 2,y) =y, y,x) ==
is called an ¢-function.
Claim 2. Let F C O(A) be a conservative symmetric clone and n a natural number.

1. If F contains an n-ary function f ¢ E(A) such that flan € E(A)|an, , then F
satisfies A7 .

2. If F contains a O-function, then F satisfies A°.
3. If F contains a L-function, then F satisfies A3.

Proof. Let f € Fy, \ £(A) coincide with e} on AZ, . Then f(a) = a; for some a =
apay ...an—1 € A? and j € n\ {i}. For any k € n\ {4,/ } denote the transposition
(aj,ax) € Sa by ok, and the transposition (j, k) by 7. For any k < n denote

fok (ka(O)v'T'Tk(l)a v 7xrk(n—l))7 if k e n\{Z,] }a
Sk: f> 1fk:.77
el if k=1.

7

For all kK < n we have

s(a) = ay, and sk|Av<Ln =ei'|an, .

Let b be an arbitrary n-tuple from A? and oy, an arbitrary permutation of A for which
ob(b) = a. Then for all k¥ < n we have
k

54, (b) = b and S§b|A2n =ejlan,,.

All the functions s¥_belong to F. Therefore, A% holds.

Now let  be a d-function from F, and a = agajay an arbitrary triple from A3.
Let 0(a) = a; and j € 3\ {i}. Denote the transposition (a;,a;) € Sa by o;, and the
transposition (i, j) by 7;. Let 87 = 0 (Tr;(0) T7;(1)5 Tr; (2))- Obviously, &’ € F. Moreover,
it easy to check that &’ is a -function and &’ (a) = a;. Therefore, A? holds.
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Arguing similarly, we find that if F contains an ¢-function, then for any a = agajas €
A3 and a € rana there is an /-function ¢ € Figj such that /(a) = a. We show that for any
i €{0,1,2} there exists a function s; € Fj3 such that

si(a) = a; and s(x) = zg for all x = Toz172 € A% ;.

If i = 0, we put sg = e3. If i # 0, choose /-functions £y, ¢; € F such that ¢y(a) = ag
and ¢;(a) = a;. It is easy to verify that the function

s; = Lo(x0, Lo, L)
satisfies the required conditions. O

Now, for r > 3, Lemma [§ follows immediately from Lemma [I] and Claim [2}

Before considering the Case r = 2, we prove several auxiliary assertions.

For any pair (a,b) € A2 x A2 we define the type t(a,b) € 2U22U {2} of (a,b) as
follows. Let a = apa; and b = byb;. Then for all 4,5 € {0,1}

0, ifa=Db

tlab) =4
a7 = .. .
17, if a; = bj and aq1—; 75 bl_j

2, if rananNranb =9

ifao = b1 and [ bo

Obviously, the type t(a,b) is defined for every (a,b) € A3 x A2.
For any i € {0,1} we denote the binary relation >; on A2 by

al>; b+ ((Vf S .7:[2]) f(a) =a; — f(b) = bz)
for all a = apa, b = bob € A%
For any pair a = aga; € A2, the symbol a denote the pair a;aqg.
Claim 3. For every i € {0,1} the binary relation t>; is reflexive and transitive. Besides,
for every i € {0,1}, pairs a,b,a’,b’ € A2 and permutation o € Sz

1. aDib:>0(a) |>Z‘J(b),

2. ap;b=ar;_;b,
3. aDibébbl_ia,
4. tla,b) =t(a’,b') = (a>; b — a' >; b').

Proof. The reflexivity and transitivity of ¢ and >; are obvious.

Let a = agay, b = bgby and a>; b. Without loss of generality, i = 0.

Assume f(o(a)) = o(ag) for some f € Fjg) and o € S4. Then we have o(f,(a)) =
f(o(a)) = o(ag) and, so, f,(a) = ag, whence f(o(b)) = o(f,(b)) = o(by). Item [1] is
proved.

Assume f(a) = f(a1ap) = ao for some f € Fg. Let g = f(x1,20). Then we have

g(apar) = f(arap) = ap and, so, f(b) = f(biby) = g(boby) = bo. Itemis proved.
17



Assume f(b) = f(bob1) = by for some f € Fpg. If f(a) = f(apa1) = ao, we have

f(b) = by, a contradiction. So, f(a) = a;. Itemlls proved.
Item [4] follows immediately from item [T}

Claim 4. One of the following five cases holds.
1. (Vi< 2)(Vx,y € A3) x>y,
2. (Vi <2)(Vx,y € A3)x>; y < t(x,y) =0,
3. (Vi< 2)(Vx,y € A3)x>; y <> t(x,y) € {0,1},
4. Al =4n(Vi<2)(Vx,y € A3 x>y ¢« t(x,y) € {0,1,2},
5. |Al =3 A (Vi <2)(Vx,y € A3) x>,y <> t(x,y) € {0,01,10}.
Proof. Let i be a fixed number in {0,1}.

O

Let I>; contain some pair (a,b) € A3 of type 00. Let a = aga; and b = agb;. Then we

have

a) apay B>; apby (supposition),

b) aopby >1—; aga; from (a) by itemlof Claim
¢) biag I>; arag from (b) by item [3| of Claim

d) agby >; a1by from (c) by 1ternof Claim

e) and (c¢) by transitivity,
by item I 4] of Claim [3 l
and (f) by transitivity,
by item [4] I of Claim [3] '

agay >; a1by from (a)
f) a1by >; brag from (e)
g) apay >; biag from (a)
h) agby >; ajag from (g)
(1) apay >; ajag from

The pairs from (c), (e
reflexivity of >; and item [4 of Claim [3] we have

(a) and (h) by transitivity.

x >; y for all (x,y) such that t(x,y) # 2.

If |A| = 3, we have the case [T} If |A] > 4, choose ¢ € A\ {ag,a1,b1 }, and continue.
(j) apby >; bic from (e) by 1tem.0f Clalml
(k) apay >; byc from (a) and (j) by transitivity.
The pair (agai, bic) has the type 2. So, we have the case

a
), (9), (i) have the types 11, 10, 01 and 1, respectively. Given the

If >; contains some pair (a,b) € A2 of type 11, arguments are similar. Furthermore,

we assume that >; does not contain pairs (a, b) of type 00 or 11.

Let I>; contain some pair (a,b) € A3 of type 01. Let a = aga; and b = a;b;. We have

(a’) apay >; a1by (supposition),

(V') a1by >; biag from (a’) by item [4] of Claim [3]
(¢') apay >; biag from (a’) u (V') by transitivity.
So, x >>; y for all (x,y) of type 10.

If x >; y for some pair (x,y) of type 1, we have
(d') aiag >; apay (supposition),

(¢') arag >; a1by from (a’) and (d’) by transitivity.
A contradiction because t(ajag,a1b;) = 00.
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Therefore, >; contains all pairs of types 0,01,10, and does not contain any pair of
types 1,00,11. If |A| = 3 we have a case[5] If |A| > 4, choose ¢ € A\ {ag,a1,b; }, and
continue.

(f") a1by >; bic from (a') by item [4] of Claim [3]

(¢') apay 1>; bic from (a’) and (f') by transitivity,

(W) bre>; arap from (g') by item 4 I of Claim [3] l

(i") apay >; ayap from (a’) and (k') by transitivity.

A contradiction because t(apai,ajag) = 1.

If ©>; contains some pair of type 10, arguments are similar. Now we can assume that
all pairs (x,y) € >>; have the type 0, 1, or 2.

Let I>; contain some pair (a,b) € A3 of type 2. Let a = aga; and b = byb;. We have

(a) apay >; boby (supposition),

(1) boby >; arao from (a”) by item [ of Claim 3]

(") apay > arap from (a”) and (b”) by transitivity.

Note that t(agai,aiap) = 1. If |A| = 4, we have the case If |A| > 5, choose
c € A\ {ap,a1,b, b1 }, and continue.

(d") boby >; cap from (a”) by item [ of Claim 3]

(") agay >; cag from (a”) and (d’) by transitivity, a contradiction because
t(apay, cag) = 01.

Now we can assume that all pairs (x,y) € >>; have the type 0 or 1. By item of Claim
we have that one of the cases holds. O

Claim 5. >g =01 = RQ(]:).

Proof. By Claim {4} we have (x,y) € >>; < (y,X) € I>;. It remains to use item [3| of Claim
[

We continue the proof of Lemma 8 Let r = 2. Consider the cases of Claim [4] taking
into account Claim[5] The case [I]implies r > 3, a contradiction. The cases [2] and [3] imply
A2,

Let the case [4] holds. We have Ro(F) = Ry (A) by Claim [5] Choose an arbitrary set
B € [A]3. Tt’s easy to see that the clone G = F | B<“ satisfies A%. Since Gig) € Inv 433G,
Theorem [3] implies that G contains some ternary function f for which

Flos, = edlps, and f(a) = ay

for some a = agajas € Bj.

For any b € A3\ B3 there is ¢ € B3 and o € S, such that o(b) = c. Without loss of
generality we take b = bybgb; and ¢ = ¢ocger. Denote f' = f(xg, xg,21). Since boby >; cocy
for any ¢ € {0,1}, we have

f(bobob1) = by <> f/(b0b1) =bg ¢ f/(COC1) =co < f(cococr),

so, f coincides with the projection e on the whole set A<3 It remains to use Claim [} l

Finally, let the case [§] holds. We have Ra(F) = Ry(A) by Claim [f} It is easy to sce
that each binary function f € F\ £(A) is uniquely determined by its value on any a € A3.
Let A ={a,b,c}. Then F contains exactly two functions u u v that are not projections
defined by
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Consider the function

f =v(v(u(zg, z1),u(zo, x2)), u(x1, 22)).

It easy to check that f is O-function (for this it is convenient to note that both functions
u and v are commutative and u(z,y) = z > v(z,y) = y). It is remain to use Claim[2] O

Now the proof of the theorem reduces to an analysis of the cases of Lemma |8 We will
collect some useful observations in one claim.

Claim 6. Let A and Q be non-empty sets.

1.
2.

For any clone F C O(A) and natural number n, Fin) € Invan F.

For any sets H C A? and P € [Q]', the set H|p belongs to InvpF for any con-
servative clone F C O(A). Moreover, for all conservative clones F,G C O(A),
[A”]}_-["] = [A”]ém ={{z}: z€ A"}, and Fp|p = Gu|p for all P € [A”];-[”].

For all clones F,G C C(A) and a set H C A® if f|A§$:g\A§f and
Vg e Q)|H(g)| <, then H € InvgF < H € InvgG.

. For any conservative clone F C O(A), set BC A and set H C B?, H € InvoF <

H e IIIVQ}—|B<w .

For any clone F C O(A) and natural number n,
[A"%) = {{xy} € [A"): x # y and (x,y) € Ru(F) }.

Moreover, for all x = zgxy ... Tn—1 andy = Yo, Y1 - .- Yn—1 in A", if (x,¥) € Ru(F),
then

fx) =z & fly)=vi
for any f € Fi,) and i < n. Therefore, for all conservative clones F,G C O(A) if
R, (F) = Rn(G), then [A”]i__’&] = [A”]é’[i] and for all P € [A"];f Fin)lp = Gyl p-

n];

For any clone F C O(A) and natural number n,
[A"% = {{xy} €[A"): x# yand(x,y) € Du(F) }.

Moreover, if F is a conservative clone, then for all x and y in A™ if
(x,¥) € Dp(F) \ Rp(F) and max(|ranx|, |rany|) > 2, then

(a) there is the unique pair (a,b) € A% for which f(x) =aV f(y) =0b, and
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(b) Ful{xy} contains all functions f & ALY} satisfying f(x) € ranx, f(y) €
rany, and f(x) =aV f(y) =b.

Therefore, for all conservative clones F,G C O(A) if Dp(F) = Dyn(G), then
(A% = [A"]G, and Fiulp = Gplp for all P € [AMZ) \[A"]3 .

7. For any conservative clone F C O(A) with r(F) = 3 and p(F) = Ly, ~7:|A§g =
C(A)‘Ajg where L(A) is the clone generated by all conservative functions £ € O(A)3
satisfying ((x,y,y) = L(y, x,y) = Uy, y, ) = x.

8. For any conservative symmetric clone F C O(A), if |A] = 4, v(F)=2 and
Ro(F) = Ry, then Fl <o = K(A)|4<o where K(A) is the set (in fact, the clone) of
all conservative Klein’s Iy (F)-functions.

Proof. By a direct verification. O

Case 1 (r(F) > 4). By Lemma [7| any function f € F7, coincides with a projection on
AZ,. Therefore, by item [3[ of Claim @ any set H C A" satisfying (Vp € P)|H(p)| < r
belongs to InvpF. So, item [I] of Theorem [] follows from item [2] of Claim [6] and Theorem
To prove the statement (x x %) in this case, it suffices to note that (A™) ]_T[)n] = A”, and
Finjlan, = Epjlan, for any conservative clone F C O(A) with r(F) > 4, and use items
of Claim [} and Theorem

Case 2 (r(F) = 3 and IIg(F) # Ly4). Ttem [2| of Theorem 4| follows from item [2| of Claim
[6| and Theorem [ The statement (x * ) follows from items [6] of Claim [6] and
Theorem [Il

Case 3 (r(F) = 3 and IIg(F) = Ly4). Item [3| of Theorem 4| follows from items of
Claim [6]and Theorem[2] To prove the statement (xxx) in this case, it suffices to note that
(An)g’[n] = A7, for any conservative clone 7 C O(A), and use items Iﬂ of Claim@
and Theorem [2}

Case 4 (r(F) = 2 and the following cases do not hold: (i) |A4] = 4 and Ra(F) =
Ry, (ii) |A] = 3 and Ry(F) = R4). Item 4] of Theorem (4 follows from items of
Claim |§| and Theorem To prove the statement (x * *) in this case, note that for any
conservative symmetric clones F,G C O(A) and set B € [A]?, (A”)Egl] = (A”)[g}i]ﬂ = B"
and, if Tly(F) = Tlo(G), Fin)|B» = Gn)| B~ Besides, [A”]?_-[Zd] = @ for any clone F C O(A).
Now it is sufficient to use items [T} [2] of Claim [6] and Theorem [3]

Case 5 (r(F) =2, |A] =4 and Ra(F) = Ry). Item [5| of Theorem [4] follows from items
of Claim [6] and Theorem 2] To prove the statement (x * x) in this case, it suffices
to note that (A”)Sj) = A", for any conservative clone F C O(A), and use items

of Claim [6] and Theorem

Case 6 (x(F) = 2, |A| = 3 and Ry(F) = Ry). Item [6] of Theorem [4] follows from item
of Claim |§| and Theorem The statement (x % ) follows from items @ and
Theorem [1I

O

Remarks. The classification of symmetric conservative clones F with a finite carrier
can be further detailed, since the relations R(F) and D(F) have a very special form in
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this case, see [10]. The parameter r(F) is introduced in [3]. Symmetric clones with a finite
carrier containing all constants are described in [9] (note that conservative clones, on the
contrary, do not contain any constants).

References
[1] Csdkany B.: On conservative minimal operations. Lect. in Univ. Alg., Proc. Conf.,
Collog. Math. Soc. Janos Bolyai, Szeged. 43, 4960 (1986)
[2] Jezek J., Quackenbush R.: Minimal clones of conservative functions. Int. J. of Alg.
and Comp. 05(06), 615-630 (1995)
[3] Shelah S.: On the Arrow property. Adv. in Ap. Mat. 34, 217-251 (2005)
[4] Polyakov N., Shamolin M.: On a generalization of Arrow’s impossibility theorem.
Dokl. Math. 89(3), 290-292 (2014)
[5] Poschel R., Kaluznin L.. Funktionenund Relationenalgebren. Ein Kapitel der
Diskreten Mathematik. Veb Deutscher Verlag Der Wissenschaften, Berlin (1979)
[6] Lau D.: Function Algebras on Finite Sets. A Basic Course on Many-Valued Logic
and Clone Theory. Springer-Verlag, Berlin Heidelberg (2006).
[7] Post E.: Two-valued iterative systems of mathematical logic. Vol. 5 of Annal of Math.
studies, Princeton Univer (1942).
[8] Marchenkov S.: Clone classification of dually discriminator algebras with a finite
carrier. Mat. Zam. 61(3), 359-366 (1997) (Russian)
[9] Nguen, V. K.: Families of closed classes of k-valued logic that are preserved by all
automorphisms. Diskretn. Mat. 5(4), 87-108 (1993) (Russian)
[10] Polyakov, N.: Galois connections for classes of discrete functions and their application

to mathematical problems of social choice theory. PhD thesis, Moscow University
(2016)

22



	1 Introduction
	2 Notation and basic definitions
	3 Galois connections (InvQ, PolQ)
	4 Decomposition theorems
	5 Conservative clones

