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Abstract

In this paper, linear discrete-time time-invariant,(LID%¥1) normal and descrip-
tor systems with norm-bounded parametric uneertainties are under consid-
eration. The input signal is supposed te,be a “eolored” noise with bounded
known mean anisotropy level (spectral color):” The conditions of anisotropic
norm boundedness for such class of systems are derived. The algorithm is
based on convex optimization téehnique.” A numerical example is given.

Keywords: descriptor systems, uncertain linear systems, norm-bounded
uncertainties, colored noise, stochastic systems.
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1. Introduction

In recent years problems of robust control and performance analysis of
uncertain systems affected by external disturbances have become one of the
most popular résearch areas in modern control theory. Considerable attention
is paid to problems of robust stabilization and robust performance analysis
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of uncertain normal dynamical systems in both continuous and discrete-time
cases [1, 2, 3, 4].

Ho- and H, -norms have become the most popular criteria in robust
performance analysis of linear systems. The squared Hs-norm of a linear
time-invariant system can be interpreted as a trace of its steady-state‘outs
put covariance under the assumption that the system is driven by Gaussian
white noise with identity covariance matrix. So, Hs-norm is a useful mea-
sure of performance when the system is affected by the Gaussianswhite noise.
In order to find solutions of robust Hsy-control and robust,Hs-performance
analysis see [5, 6, 7] and references therein.

In discrete-time H, -approach the input signal is assumed to be square
summable. The so-called bounded real lemma plays ansimportant role in
solving this problem. In the context of both normaltand _descriptor systems,
results on H., -control are proposed, for exampley in [4, 8].

A descriptor system framework for mathematical”modelling and control
design has been extensively developed [8;9, 10,"11]. Linear discrete-time
descriptor systems found their application in biplogical complex systems [16],
in hydraulic systems [17], and in electrical 'Systems [18]. In the last few
years, a number of papers dedicated toydeseriptor systems appear in different
research topics, see [12, 13, 14, 15mEirstly, this approach simplifies the design
of mathematical models, secondlyysimulation of the system’s dynamics is
more illustrative, and, thirdly, some state variables are redundant, this fact
allows to have more freedom while designing control laws [10, 12]. Finally,
descriptor systems ate a“general case of standard state-space systems: a
descriptor systemavithout algebraic equations can be easily transformed into
the standard state-space one. Despite obvious advantages, in discrete-time
case, a specific behavior such as noncausality may occur while solving the
system’s equations, due to the presence of algebraic constraints in the model.
Motivatedyby this fact, many efforts have been made towards developing
methods for solving a number of control problems.

A number of fundamental results on Hs- and H, -performance analysis
based on the theory of normal state-space systems are successfully extended
tondescriptor systems [8, 19, 20, 21]. All of the results mentioned above deal
with uncertainty-free discrete-time descriptor systems. Interest in stability
analysis and control of descriptor systems with parametric uncertainties has
grown recently due to their frequent presence in dynamical systems, which
are often causes of instability and poor performance of control systems. It is
known that analysis and control problems for uncertain descriptor systems



are much more complicated comparing to the normal ones. Discrete-time
descriptor systems with norm-bounded parametric uncertainties are inves-
tigated in [8, 22, 23]. These papers provide different versions of bounded
real lemma for uncertain descriptor systems. Ho-performance analysis for
uncertain descriptor systems is still an open problem.

However, in practical applications, the system is affected by a cotrelated
random disturbance. In this case, the above mentioned H,- and Hg -criteria
have an important drawback, namely mathematical models ofanput distur-
bances do not capture main properties of real signals. To evereceme this
drawback, the anisotropy-based concept was suggested by I.Vladimirov and
described in details in the papers [24, 25]. Anisotropy-based theory stud-
ies disturbance attenuation capabilities of the system. in-presence of colored
random input disturbances. Mean anisotropy quantitatively characterizes
spectral color of Gaussian sequences, and it is strongly connected with the-
oretical information approaches of signals’ description. Anisotropic norm is
a special case of the stochastic norm. In cage of bounded mean anisotropy
anisotropic norm of the system defines its perfermance index. Other results
on control of stochastic systems based on/theoretical information approach
are presented in [26, 27].

Some results on anisotropy-based robust control design and performance
analysis for normal systems with norm-bounded uncertainties are obtained
in [29, 30]. These results”are based on solving of algebraic Riccati equa-
tions and have large computational complexity. To this end, the problem of
developing numerically effective methods of robust performance analysis of
uncertain linear systemsyis’an open problem.

The key featurenof the anisotropy-based approach is that anisotropic
norm of thedsystem lies between the scaled Hy-norm and H., -norm [24,
28]. Anisotropy=based control theory allows developing a unified theoretical
framework,for performance analysis and control synthesis, which covers pop-
ular Ho- and"H ., -approaches as limiting cases. From the practical point of
view, additional information about the input disturbance allows to expend
less energy for control, and, at the same time, remove strong assumption that
the input disturbance is a white noise sequence.

This paper addresses the robust anisotropy-based analysis based on con-
vex optimization technique for both normal and descriptor systems with
norm-bounded parametric uncertainties. We state a novel condition for the
robust anisotropy-based performance analysis of discrete-time systems. It
is shown that this condition is expressed as strict LMIs. An algorithm of
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a-anisotropic norm computation, based on this condition, is also considered.
We explain how this condition can be applied for Ho— and H., — robust
performance analysis of discrete-time uncertain systems. The numerical ef-
fectiveness of proposed methods is confirmed by numerical examples.

The paper is organized as follows. In section 2 problem statement is
discussed. Section 3 provides necessary background on linear discrete-fime
descriptor systems and anisotropy-based control theory. Section 44leals.with
preliminary results on the anisotropy-based analysis of certain linear systems.
Section 5 deals with main results of the paper. In section 6 an‘illustrative
numerical example is given. Finally, in section 7 some ¢onclusive remarks
and future work are discussed.

Throughout the paper, R, C, and R™*"™ denote thelsetof real numbers, the
set of complex numbers, and the set of all real matrices of dimension m x n,
respectively; I,, is n X n identity matrix; Z* is thesHermitian conjugate of the
matrix Z = [z;;] € C™*": Z* = [z;] € C™™; p(4) isthe spectral radius of a
square matrix A: p(A) = max|\;(A)[; 7(A4) stands for the maximal singular

J

value of the matrix A: 7(A) = \/p(A*A); Sym.(A) stands for symmetrization
of matrix A: sym (A) = A+ AT,

2. Problem Statement

In this paper, we dealwith uncertain linear discrete-time time-invariant
systems. A general state-spage/representation of such systems is given by

Ex(k+ 1. = A+ MAANy)z(k) + (B + MpANg)w(k), (1)
y(k) = (C+ McANe)x(k) 4+ (D + MpANp)w(k) (2)

where x(k) € R™is a state vector, w(k) € R™ is an input signal, y(k) € R?
is a measurable output, A € R?*? is an unknown spectral norm-bounded
matrix:

1Allz =a(A) <1
iff
ATA < I,
(or Frobenius norm-bounded matrix as [|A|lz < [|A||r). The matrices A,
B, C, D, My, Na, Mg, Ng, Mo, No, Mp and Np are constant real of

appropriate dimensions. We will use the following notations Ax = A +
MAANA, Ba = B—l—MBANB, Car =C+ McANc, DA = D + MpANp.
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Figure 1: Random signals with different mean anisotropy level A ().

Then, the transfer function of systemi(1)-(2) is defined as Pa(z) = Ca(zE —
AA)ilBA + DA.

The input signal w(k) is suppoesed to be a random stationary sequence
with bounded mean anisotfopy level A(W) < a. The parameter a is sup-
posed to be known and. always nonnegative. Mean anisotropy of the signal
characterizes its “spec¢tralcolor”. The realizations of random signals with dif-
ferent mean anisotropy levels are presented in fig. 1. The detailed necessary
background on the anisotropy-based concept is introduced below.

According’to [31, 32] a-anisotropic norm of a system is a particular case
of the stochastic norm and is defined as the supremum of the ratio of the
root mean, square value of the system output to that of the input over all
statioghary Gatssian inputs with mean anisotropy upper-bounded by a non-
negative parameter a. Thus, a-anisotropic norm characterizes a disturbance
attenuation level from random input w(k) to measurable output y(k) of the
system. It is denoted as

1PA ()l

In equation (1) we introduce matrix E. If matrix F is equal to I,, or has
a full rank, then system (1) is a normal one. If matrix E is singular, i.e.
rank £ = r < n, then system (1) is called descriptor or singular system. In



this paper both cases are concerned.
Hereinafter, we suppose that system (1)—(2) satisfies the following as-
sumptions:

rank E = rank [ET,CT, NZ], (3)
rank £ = rank [E, B, Mp]. (4)

It is easy to see that in case of a normal system (rank (E) =n) assump-
tions (3)—(4) are automatically satisfied.

Remark 1. Assumption (3) means that there are no disturbances in alge-
braic equations. In this case, algebraic constraints(don’t “eontain random
disturbance as an input signal. Assumption (4) means that measurable out-
put contains no state variables connected with the algebraic subsystem. On
the one hand, these assumptions restrict a sét, of descriptor systems to be
considered in this paper, on the other hand;*most of the practical systems
satisfy these assumptions [9, 16, 17]. It_should be noted that these assump-
tions are also required for correct computation of a-anisotropic norm of a
descriptor system in time domain.

The problem of robust anisotrepy-based performance analysis is formu-
lated as follows.

Consider system (1)“(2) with known matrices of appropriate dimensions
and unknown but norm-bounded uncertainty A. For the given scalar value
~v > 0, and known/honnegative mean anisotropy level of random input dis-
turbance A(W)& @ the problem is to check if

1. the systemis robustly stable (admissible);
2. its @~anisotropic norm is less than v > 0, i.e. ||Pa(2)]l, < 7-

The term,” admissible” relates to the descriptor systems theory. This
term will be discussed in detail in the next section.
3., Basics of LDTT descriptor systems and anisotropy-based theory

This section introduces main definitions and concepts from descriptor
system theory [8, 9] and anisotropy-based theory [25, 31, 32].



3.1. LDTI descriptor systems

A state-space representation of linear discrete-time descriptor systems is

Ex(k+1) = Aw(k)+ Bf(k), &)
y(k) = Cux(k)+ Df(k) (6)

where z(k) € R" is the state, f(k) € R™ and y(k) € R? are the“input,and
output signals, respectively, A, B, C' and D are constant realmmatrices of
appropriate dimensions. The matrix £ € R"*" is singular,i.e. /rank (E) =
r<n.

The transfer function of system (5)—(6) is defined by the expression

P(z)=C(zE—-A)"'B+D, 2¢C (7)
where z represents z-Transform.

Definition 1. System (5) is called regular . I\ # 0 : det(AE — A) # 0,
AeC.

Regularity stands for existence andyuniqueness of the solution for con-
sistent initial conditions [9]. Hereinafter, we suppose that the considered
systems are regular. Now.we, give’some definitions, necessary for further
discussion.

Ho- and Ho, -norms of thetransfer function P(z) are defined as follows

1
2

L2 = (% /OQW Trace (P*(e")P(e")) dw) :

1Pl = sup 7 (P(e)).

we(0,27]

Definition 2. System (5) is called admissible if it is regular, causal
(deg det(2E—A) = rank E), and stable (p(E, A) = max |A|\c(,|qot(z5—1)=0) <
I

For more information, see [8, 9]. o
_ For regular system (5)—(6) there exist two nonsingular matrices W and
V such that WEV = diag(,,0) see [9].



Consider the following change of variables:
——1 . Jfl(k)
v = | 2 | 0

where z1(k) € R" and z2(k) € R*". o
By left multiplying equation (5) on the matrix W and using the\change
of variables (8), one can rewrite the system (5)-(6) in the form

zi(k+1) = Anzi(k) + Aza(k) + Bif (k) (9)
= Anri(k) + Agwa(k) + Baf (K), (10)
y(k) = Cizi(k) + Coxa(k) + D fik) (11)

where

A21 A22 BZ
C=CV=[C Cy]. (12)

Ag=TWAV = {AH Al?], By=TWBZ {Bl],

Matrices W and V are found from singular value decomposition (SVD) [33]
E =Uhdiag(S,0)H™.

Here U and H are unitary matrices,’S is a diagonal r X r-matrix, it is formed
by nonzero singular valués,of the matrix F

W ='diag(S™*, I,,_,)U", V =H.

Representation (9)-(11) is called SVD equivalent form of system (5)—(6)
see [9].

Causality 1sfan important property of discrete-time descriptor systems.
Noncausal, behavior means that the system’s state depends not only on the
current values/of the input signal but also on the future ones. In SVD equiv-
alent form /(9)—(11) system (5)—(6) is causal if Asy is nonsingular [8]. Hence,
noncausal behavior does not allow to implement equivalent transformation
from a'descriptor system to a normal state-space one. Consider the following
simple illustrative example.

Let the system have the following state-space representation:

[8 é]x(k:ﬂ) = [(1) ﬂx(kn{”ﬂk). (13)



The solution is defined as

xz(k’> = _f(k)7
xy(k) = —f(k) = f(k+1).

The transformation matrices W and V for system (13) can be selected as
= 10 — 0 —1
IS Bl b

10 — —
0 O}andWAV—[

0 -1

Then WEV = [ 1 0

]. Here Ay =0.

3.2. Basics of anisotropy-based theory

Now, we provide some background material 6m anisotropy-based analysis
of linear discrete-time systems. The concepts ofunean-anisotropy of Gaussian
random sequences and anisotropic norm of linéar'systems are introduced in
[24, 31]. More detailed discussion on mean anisotropy and anisotropic norm
can be found in [28].

Let W = {wi}_cock<oo be a stationary sequence of square summable
random vectors wy € R™. Asseribling the elements of W, associated with a
time interval [0, N], into a randomyector

Wo
Wo.n = : ) (14)

WN

we assume that Wy.n is absolutely continuously distributed for any N > 0.
Anisotropy*A (Wy.) is defined as the minimal value of the relative entropy
(KullbaeksLeibler information divergence) with respect to Gaussian distribu-
tionsin R™&#1) with zero mean and scalar covariance matrix given by

2me

AWo) = 2t (ZEB(Wax ) ) - H(Wo),

where

hWox) = =Bl f(Wo) = = [ fla)tn f(a)d,

Rm(N+1)
and f(z) is a probability density function of the vector Wy.y. Note that
Kullback-Leibler information divergence is a nonnegative functional. Hence,
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A(Wy.n) = 0. Clearly, A(Wy.y) = 0 if W,y is a Gaussian vector with zero
mean and scalar covariance matrix.
The mean anisotropy of the sequence W is defined by

A = i A L
It is shown in [28] that
A(W) = A(wo) + I (wo: {wi}r<o) (16)

where I (wo; {wg }r<o) = limg_s oo I (wo; Ws.—1) is the Shannon mutual infor-
mation [34] between wy and all previous values {wy,}k<geof the sequence W.

Remark 2. Shannon mutual information between random vectors £ and n
is defined as

I(&,n) = D(f&n”féfn)a

where f, is a probability density functiongD(‘]|-) is Kullback-Leibler infor-
mation divergence. So, mutual information is always nonnegative.

For the Gaussian stationary random sequence W Shannon mutual infor-
mation between wy and the.past history {wy}r<o is calculated as follows

I (wo; {0 k<o) = %ln det(cov(wg)cov(ig) ™), (17)

where
Wy = wo — E(wo|{wk }r<o) (18)

is the error of the mean-square optimal prediction of wy by the past history
(W) k<o, provided by the conditional expectation.

The random sequence W can be generated from white Gaussian noise V'
by»a shaping filter G(z) € Hy™"™. Then

iy <% /“ Lrace <@(W)@*(w)> dw) e (% /ﬂ Trace S(w)dw) v

™ —Tr

where S(w) = GW)G*(w), (-7 < w < @), Gw) = lim; G(le®) is a
boundary value of the transfer function G(z).

10



Covariance matrix of prediction error (18) and spectral density S(w) are
interrelated by Szego-Kolmogorov formula (19):

1 ™
Py / Indet S(w)dw = Indet cov(wy). (19)
T™J_n

Mean anisotropy of the sequence may be defined by the filter’s parameters,
using the expression

N mS(w) 1 mCow( W)
AW) = 4%/ In det ek dw = 47T1ndet e (20)

—T
Note that [32] matrix
m ¥
H=——— / S(w)dw
27(|GI3 )«
has trace equal to m. By the geometric-arithmetic mean inequality,

Trace H )

m

det H < (

So, taking into account the concavity.of function In det(-) on the cone of pos-
itive definite Hermitian matrices and using the Jensen inequality, it follows
from (20) that A(W) > —%ln det H > 0.

Remark 3. Mean anisotropyof the random sequence W, generated by shap-
ing filter G/(z), is fally defined by its parameters, so the notation A(G) will
be used further instead of A (V).

Let Y = 'PW be an output of the linear discrete-time (normal or descrip-
tor) systém P € Ho.P*™ with a transfer function P(z), which is analytic
outside™unit,disk |z| > 1, and has a finite H ., -norm.

Definition 3. For a given constant value a > 0 a-anisotropic norm of the
system, P is defined as

P
mHH:wp||ab:G€Ga, (21)
¢ 1G]]

i.e. the maximum value of the system’s gain with respect to the class of
shaping filters o
G,={G e M, : A(G) <a}.

11



So, a-anisotropic norm || P, describes the stochastic gain of system P
with respect to the input sequence W with known mean anisotropy level.
a-Anisotropic norm for both normal and descriptor systems is similarly de-
fined in the frequency domain. Formulas of a-anisotropic norm in frequenty
domain were obtained and discussed in [32]. All of the existing frequéncy=
domain approaches to computation of a-anisotropic norm require the knowl-
edge of the system’s parameters, being thus inapplicable to systems with
uncertainties. Also, these methods are computationally hard simce they are
related to inverting a function of a scalar parameter, depending onsintegrals
of the spectral density logarithms, and involves a factorization problem which
cannot be expressed explicitly in general case. The time-demain approach is
more attractive as it deals with well-known convex optimization methods of
polynomial complexity [35] and can be generalized on uncertain systems.

If K(W) = 0, then the input signal is the Gaussian )white noise sequence.
In this case, the shaping filter G(z) can be represented, for example, by an
identity m x m-matrix, i.e. G(z) = I,. Therefore, P(2)G(2) = P(z) and
IGll2 = v/m. Tn this case || P||, = 172,

If A(W) — oo, then lim, o || Rl, =]/ Pl|o. For more information, see
[24, 28].

4. Preliminary results foerisolving robust anisotropy-based analysis
problem

This section represents jpreliminary results on anisotropy-based perfor-
mance analysis fot. normal and descriptor systems with known parameters.
Some important results related to transformations of linear matrix inequali-
ties are also-tecalled here.

4.1. Modified amisotropy-based bounded real lemma for normal systems

Consider a LDTI normal system in the following form:

x(k+1) = Ax(k)+ Bw(k), (22)
y(k) = Cux(k)+ Dw(k) (23)

where z(k) € R” is a state vector, w(k) € R™ is a random stationary se-
quence with bounded mean anisotropy level A(W) < a (a > 0), y(k) € R?

12



is a measurable output, A, B, C, D are constant real matrices of appropri-
ate dimensions. The transfer function of system (22)—(23) is given by the

expression
T(z)=C(zI — A 'B+D.

System (22)—(23) is supposed to be stable, scalar values a > 0 ande. > 0
are known. The problem is to satisfy the inequality

170, <~

In [35] the condition of norm boundedness, using convex optimization, is
formulated as follows.

Theorem 1. For given scalar values a > 0 and ~(>"0"system (22)—(23) is
stable and its a-anisotropic norm is bounded by 7y, i.e

170, <~

if there exist a scalar value n > ~%, n x.n-matpiz ® = ®T > 0, and n x n-
matriz Y, such that the following inequalities hold true

n — (e 2 det(nlp— BT®B — DTD))/™ < +2, (24)
T o1, 1. T_yr_ L ]
—5Y = YT YASYB et YTy 0
ATYT —(I) 0 ATYT CT
BTYT 0\ "l BTYT DT | <o. (25)
1
oY Z5YT YA VB Yy — YT 0
L 0 C D 0 _[p |

4.2. Modified-bounded real lemma for descriptor systems in SVD equivalent
form

LDTT descriptor systems in a state-space representation are given as

Ex(k+1) = Axz(k)+ Bw(k), (26)
y(k) = Cx(k)+ Dw(k) (27)

where z(k) € R, w(k) € R™, y(k) € RP, rank E = r < n. Hereinafter we
suppose that the following assumption holds true for system (26)

rank [ E B | =rank E. (28)

13



We identify system (26)—(27) with the system P € H.?*™, given by its
transfer function

P(z)=C(zE - A)'B+ D.

For an admissible system P, given by (26)—(27), for a known méan
anisotropy level of the input disturbance a > 0 and a scalar v > 0 we haye to
find the conditions of anisotropic norm boundedness || P||, by a scalax value
7.

In [35] the condition of anisotropic norm boundedness for deseriptor sys-
tems is formulated in the following form.

Theorem 2. For given scalar values a > 0 and v > O*thewsystem (26)—(27)
with a transfer function P(z) € Hoo "™ is admissiblesand its a-anisotropic
norm 1s bounded by v, i.e.

1Pl <~

if there exist matrices L € R™", L > 0/Q=eR™", R € R g ¢
RO =7)x(=7) = scalar values n > 72 and.ov > 0, for which the following in-
equalities hold true

n — (e"*det(nly~ BrOBy — DY D ))V™ < 42, (29)
—%Q—%QT LAy By LT-QT -1 0
ATD A, + AFTIT —@ I1By ATDT CT + aATITCT
B?FT BImT —nIm B?FT D? + an?HTCZF <0
L-Q-1Q" LAy I'B, -Q-QT 0
0 Cd + aCdHAd Dd + DszHBd 0 —Ip
(30)

where
L 0 0 0
@_{O 0},11_{0 S},r_m R,
The mmatrices”Aq, Ba, Cq are defined by (12), and Dy = D.

Consider now limiting cases of anisotropic norm boundedness conditions
for.a.= 0 and a — oc.

1. If a = 0, then inequality (29) is equal to

n — (det(nl,, — BT®B — DTD))Y/™ < 42, (31)

14



Taking into account the relation between arithmetic and geometric
means, we get

1
(det(nI,, — BY®B — DTD))Y™ < —Trace (nl,, — B*®B — D' D)).
m

Inequality (31) leads to
Trace (BT®B + DT D) < m~2. (32)
It can be verified (see [35]) that the inequality (30)4s validyif
AT®A - ETOFE + CTC <(0. (33)

Conditions (32) and (33) are equivalent tothe imedquality

1
— || P||s"=y

Note that (33) holds true when E =71,

2. Clearly, there always exists sufficiently large value a such that (29)
is fulfilled. However, if a"<3weg, then n — ~2, and condition (29) is
violated. So, for a — oo theyeondition ||P||, < 7 coincides with the
condition || Pl < 7 (see'[21] for details).

Now recall some impertant’results required for further discussion.

Lemma 1. (Petersen’s lemma [36])
Let matrices MY R%? and N € R?™ be nonzero, and G = GT € R™".
The inequality

G+ MAN + NTATMT <0 (34)

is true for all’ A € RP*1: G(A) < 1 if there exists a scalar value € > 0 such
that

1
G+eMM™ + gNTN <0. (35)

Lemma 2. (Schur lemma [37])
For any symmetric matrix

X1 Xz
X5 Xoo

15



where X117 and Xoo are symmetric matrices.
If X117 > 0, then X > 0 if and only if

Xop — X5EX ' X1p > 0. (36)
If Xo0 > 0, then X > 0 if and only if

X1 — X1 X5t X5 > 0. (37)

5. Main Results

In this section problem of anisotropy-based analysis*formuncertain normal
and descriptor systems is discussed. Anisotropy-bagsedsbounded real lemmas
for both uncertain normal and descriptor systems aresproposed. The derived
conditions are based on the convex optimizationitechniques and guarantee
a-anisotropic norm boundedness for the considered systems.

5.1. Robust anisotropy-based analysis formormal systems with norm-bounded
uncertainties

Briefly, recall problem statement, of,anisotropy-based robust analysis in
the case of normal systems.

w(k+1) = (AT MyANDz(k) + (B + MsANg)w(k),  (38)
y(k) =CBMeANG)z(k) + (D + MpANp)w(k)  (39)

where z(k) € R” iSa statevector, w(k) € R™ is a random stationary sequence
with bounded aean ‘anisotropy level A(W) < a, y(k) € RP is a measurable
output, A €¢R?* is an unknown spectral norm-bounded matrix. The trans-
fer function of system (38)—(39) is given by Ta(2) = Ca(2] — Ax) "' Ba+ Da.

Thesproblem is to check if system (38)—(39) is stable and its a-anisotropic
norn is less than given positive value, i.e.

I7all, <~

is satisfied for a known mean anisotropy level @ > 0 and a given scalar value
v > 0.
To solve this problem, we now formulate the following theorem.
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Theorem 3. (Anisotropy-based bounded real lemma for uncertain normal
systems.) For the given scalars a > 0 and v > 0 system (38)—(39) is stable
and || Tall, < 7 if there exist such scalars n > 7, €1 > 0, €2 > 0, n X n-
matriz ® = ®T > 0, n x n-matriz II = I > 0 : ®II = I,, m X m-matfiz
U =0T > 0 and n x n-matriz Y, that the following inequalities hold true:

n— (e det(W))/™ < 47, (40)
E+61M1Mir Nir
< 0, 41
|: N1 —81[2q ( )
Q+€2NEN2 Mz
{ M .y < 0 (42)
Here
_ T T
B v —nl, BT D 0 " Ny 0 0
== B —II 0 | M= | My 0| M= " o 0]
D 0 —I, 0 WMp b
[l 1 ,p | 1
—§Y—§Y YA \YB oT-Y —§Y 0
ATYT —P. 0 ATy T cT
0= BTYT 0 "—nl, BTYT DT ||
1
<I>—Y—§YT YA YB ~Y —Y" 0
I 0 C D 0 —1I, |
YM, Mg 0 0 0N, 0 00
0 0 00 0 0 Ng 00
M,y = 0 0 0 0 |, M=, & oB 0 0
YM, YMz 0 0 0 OC N 00
0 0 Mo Mp b

PROOF. Inequality (24) does not allow to separate out certain matrices and
uncertainties. For this reason consider the new variable ¥ = ¥T > () such

that
¥ <nl, — B"®B - DD. (43)

Under (43), inequality (24) equivalent to (40).
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Using Schur complement inequality (43) is equivalent to

o1
¥yl — [ BT DT}[ v _ijHg}«)

or
U—pnl, BT DT
B —-3!' 0 |<o (44)
D 0 —I,

Rewrite the conditions of norm boundedness from Theéeorem 1 for sys-
tem (38)-(39). Inequality (44) is transformed to

U —nl, BT DT 0 0 ™ o 0
B —d 1 0 | +sym Mg 0 A{NB 0 0] < 0.
D 0o -1, 0 Mp b

Applying sequentially the conditions of Lemumas 1 and 2 to inequality (45)
and taking into account that ®~! =TI, Wesget (41).
Inequality (25) for system (38)—(39) takes the form

1 1 1 T
—§Y—§YT YA YB <I>T—YT—§Y 0
ATYT —d 70 ATYT cT
BTYT 0~ =gl BTYT DT | +
1
<I>—Y—§YT v4 ¥B ~Y —Y"T 0
] 0 C’ D 0 ~1I, |
YIMy 'YMg 0 0 0N, 0 00
g 0 00 0 0 Ng 00
+ sy 0 0 0 0 |A B < 0.
0 No 0 00
YMy, YMg 0 0 0 0 No 0O
0 0 Mc Mp p
(46)

Using the conditions of Lemma 1, we can easily transform inequality (46)
to (42). Expression (40) coincides with (24) from Theorem 1, so, ||Ta]l, < 7-

The proposed theorem provides a procedure of checking stability and a-
anisotropic norm boundedness of system (38)—(39). It should be noted that
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condition (40) also defines a convex set. Function (det W)? of the (m x m)-
matrix ¥ = T > 0 is concave upward over its argument for any 0 < p < %
The function (det ¥)m of the (m x m)-matrix ¥ = U7 > 0 is the geometric
mean of its eigenvalues %/A;(V)... A, (). See [39] for details.

The derived constraints allows to calculate a-anisotropic norm of ‘sys-
tem (38)—(39). Denoting £ = +? the problem of a-anisotropic norm<eal¢ula-
tion is to find

on the set
{777 67 ®7 \IIJ HJ Y7 €1, 62}

that satisfies (40)—(42), and ®II = [,,. If the minimum value &, is found, then
a-anisotropic norm of the system Tx(z) can be approximately calculated as

I7sll, = V.. (47)

The derived above conditions require mutual inverse matrices searching
procedure, which can be found, for examplejyin [38].

Algorithm 1. An algorithm of a-anisetropic norm computation for an un-
certain system can be represented, as‘follows.

1. Set j = 0, select somie matrices G; = G| and Gy = G

2. Solve optimizatioft problem

{A, &} = Inf{A, £}

on the set
{777 fa Au CI)a l:[ja ]'_‘[7 Y> €1, 52}

that satisfies (40)—(42), and

S IFAE

(o I, 1[G
+[ G2 In]_l HHI:]—M%<0, (48)
and -
- I,
{ h, -1 | A <0 (49)




3. If A\, < § where ¢ is a given accuracy, then

ITsll, = V&,

and algorithm stops, else go to the next step.
4. Set G; = —Hj_l, Gy = —(IDj_l, Jj =7+ 1. Go to step 2.

As it was shown in [38], for any initial condition GY and GY, th@sequence
A;j generated by the algorithm is a nondecreasing one and theréexist

limjos Aj = A7 20, limj o0 @5 = %, limy, oo IT; = T

Clearly, if \* = 0, then we get exact equality ®II = I,,4 otherwise an accuracy
of Algorithm 1 is defined by preassigned value § >A).

5.2. Robust anisotropy-based analysis for descriptor systems with norm-bounded
uncertainties

Finally, in order to introduce anisotropy~based bounded real, we recall
problem statement for uncertain discrete-time systems. A discrete-time de-
scriptor system is given by

Ex(k+1) = (A+ MiANy)z(k) + (B + MpANg)w(k), (50)
y(k) = (CA4McANc)x(k) 4+ (D + MpANp)w(k) (51)

System (50)—(51) satisfies assumptions
rank E* = rank [ET,CT, NZ], (52)
rank £ = rank [E, B, Mp]. (53)

Its trapSfer function is given by Pa(z) = Ca(2E — AA)"'Ba + Da. We
will use themotations

Mg = WMp = { ],NgzNB, M4 =WM,, Nd = N,V, Mg = Mc,

N¢ = NoV
where matrices W and V transform system (50)—(51) to SVD equivalent
form (9)—(11).
Other notations are taken from subsection 4.2.

The anisotropy-based bounded real lemma for uncertain descriptor sys-
tems can be formulated as follows.
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Theorem 4. (Anisotropy-based bounded real lemma for uncertain descriptor
systems.) For the given scalars a > 0 and v > 0 system (50)—(51) is admis-
sible and || Pall, < 7 if there exist such scalars n > v*, &1 > 0, 3 > 0 and
matrices Q € R™", R € R g ¢ R=nx(n=n) §y ¢ Rmxm [, ¢ R,
L>0,TeR™>, YT >0:7TL=1,, such that:

n— (e det(¥))/™ < 4*, (54)
$ + €1M1Mir N;F
<0, 55
[ Ny —51[2q ( )
X+ €2N2TN2 M2
{ ME v < 0, (56)
here
v —nl, D;lf BlT
$= Dy —I, 0 )
B (O
0 0
Np 0 0
My=| Mp 0 ’Nl*[Ngoo}’
0 Mgl B
—3Q — Q" I'Aq B, L'™-Q"-1Q 0
AdTFT A, + AdTHT -0 1B, AdTFT C;lr
Y= BgI‘T BgHT -1y, B}FT D;lf ,
L-Q-1Q" T4, rB;  —Q-Q" 0
0 Cy Dy 0 -1,
d d
I“Mj3 I‘Mg 0 0 0 Nfl 0 00
TG IIMg 0 0 d
0 0 Nz 00
My= 0 0 0 0 , Ny = ONL 0 00l
I’Mj{ I‘Mg 0 0 c
0 0 Np 0O

0 0 M¢ Mp
L 0 0 0
@:[o 0],H:{0 S},r:[@ R].

ProoOF. Consider inequality (29) from Theorem 2. It can be rewritten sim-
ilar to (24) into the form

n— (e 2" det(W))/™ < 2,
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{\If—nIerBg@Bd DT } 0 (57)

Dy -1,

Taking into account condition (53), we get By = 0. Transform the ex-

pression BjOB; = [ Bf 0 | [ g 8 ] [ 1(3)1 ] = BYLB; > 0. So, inequal-
ity (57) is equivalent to

Vgl +BILB Dj | _,
Dy ~1, ’

using the conditions of Lemma 2, we have
v —nl, DI Bf
Dy -I, O < 0. (58)
By 0 -7

Here Y = L~'. Now we write the inequality of the form (58) for system (50)—
(51) with norm-bounded uncertainties.

U—nl,  (Dg+ MpANB)TY (B, + M&, ANE)T

Dy + MpANp —[p 0 <0 (59)
By + Mg ANG 0 -7
or
U —ql,, DI . BE 0 0
Dy —IBn0 VPasym [ | Mp 0 A[%@ 8 8] <0.

Using(thé.conditions of Lemmas 1 and 2, we can rewrite inequality (60)
as (55)"!

Under assumptions (52) and (53) we get that By = 0 and Cy = 0. It’s
easy tosehéck that in this case aCyllA, = 0 and aCyllB,; = 0 in (30). Now
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we transform expression (30) for system (50)—(51)

—31Q— Q"7 T'Aq By LT-Q"-1Q 0
ATTT A, + AT —© T1IBy AT o
BITT BITIT —nl, BITT DI | £

L-Q—3Q" Ay 'y -Q-Q" 0

0 Cy Dy 0 —,
rM¢ TME 0 0 J
nM4¢ Mg 0 0 0 N Od A&
0 0 Ng20 0
+ sym 0 0 0 0 | A o N O 0 0 < 0.
rM¢ TME 0 0 0 o AN
0 0 Mg Mp L
(61)

Applying Lemmas 1 and 2 to inequality (61);%we get
1

Y+ g—MQMQT + 9 Ng W < 0,
2

Y+ ea Ny Ny — Mip(—e9l4,) "My <0,

>+ 52N§N2 M2
ME —62[4q
The last inequality coincides with (56). Expression (54) is equivalent to (29).
Consequently, the conditions of Theorem 2 hold true for system (50)—(51),
it means that its aniSetropie norm is bounded by a positive scalar value, i.e.
I1Pall, <~

< 0.

The procedure of a-anisotropic norm calculation of the uncertain descrip-
tor system(50)=(51) is based on conditions of Theorem 4 and can be for-
mulated as follows. Similar to normal systems case introduce the notation
&€ = 2. So, @=anisotropic norm calculation problem is to find

& =infé

omythe set
{777 57 L7 \Ilv Ta Y7 Q7 R? Su €1, 82}

that satisfies (54)—(56), and YL = [,.. If the minimum value &, is found, then
a-anisotropic norm of the system Pa(z) can be approximately calculated as

IPAll, = V.. (62)
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When the problem of robust anisotropy-based analysis involves mutu-
ally inverse matrices search procedure, an algorithm of a-anisotropic norm
estimation is similar to Algorithm 1.

Remark 4. If mean anisotropy level goes to infinity, i.e. a — +oo, ¢hen
inequality (54) holds true for any ¥, and (55) is violated. Expression (56)
defines the condition of H., -norm boundedness for system (50)—(51). More-
over, the rank restrictions (52)—(53) are no longer required.

Remark 5. Let the system be given by (50)—(51). If Mp=0 and Np =0,
then the conditions of Theorem 4 become simpler:

1 — (e72 det(W))"/™ < 4% (63)
$+€1M1Mir NlT
{ N, el <0y (64)
Y+ eaNgy Ny Mo
{ MI \o2 < 0. (65)
Here
B \If—nIm+Bg®Bd Dg _ 0 _
3_{ a i BT IV S A
FM;{ 0 0
M4 50 0 0 N 0 00
My = 0 0 0 ,No=10 N‘é 0O 0 0],
I‘Mﬁ 0 0 0 0 Np 00
0 Mg Mp

In this ease, we do not use the algorithm of mutually inverse matrices
computation’in order to find T.
6. Numerical example

Example 1. Consider a fully uncertain normal system with parameters:

—0.25 0 0
A= —-05 05 2 1,
0.13 —0.18 —0.66
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Table 1: Estimation of a-anisotropic norm

Mean anisotropy level A (V) 0 0.1 0.5 1.5 10
Estimation of [[7a], 0.8233 | 1.0173 | 1.2115 | 1.3305 | 1.3782
Exact upper bound ||7af|, | 0.7601 | 0.9396 | 1.1212 | 1.2695 | 1.3398
Norm of nominal system ||T°]|, | 0.6464 | 0.7859 | 0.9258 | 1.0423 | 10988
Exact lower bound || T, 0.5500 | 0.6650 | 0.7757 | 0.8694 1°0.9159

0 0
B=| 0 0 [,C=[12 0] D=[01 =005 ]
0.2 0.1

Uncertainties are presented by
My=1[025 —0.7 015]", Na=J]0 015 021 ],

Mg=1[0 0 02]" Wg="01 03],
Mg = Mp=0.2, No = [ 008,02 07, Np=[002 008 ].

The results of a-anisotropic nerm computation for different values of mean
anisotropy are presented in Table™l with tolerance § = 10~7. In considered
example, there are large deviations between lower bound and upper bound of
a-anisotropic norm of an uncertain system. The results show that proposed
algorithm provides agood estimation of a-anisotropic norm of an uncertain
system.

Example 2. We consider a model of hydraulic tank system with three tanks
represented inyFig. 2. A linearized and discretized state-space model with
discretization.step’h = 3 s in descriptor form is given by [17]

Eq(k+1) = Aq(k)+ Byu(k) + Beg(k), (66)
y(k) = Cq(k)+0.3n(k), (67)
whereq(k) is a vector consisting of the volumes in the tanks, u(k) is a pump

flow, £(k) is a plant noise, n(k) is a measurement noise. Matrices in state-
space representation (66)—(67) are given by

1 00 0.9692 00
E=101 0|, A= 0.0095 0.9867 0 |,
000 1 23328 1
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Figure 2: Hydraulic tank.system

0.056 [ 0.02
B,= {0003 |, Be=| 0014 C=[0 1 0],
0 b 0
[10.02 0
Define w = [¢ n|T. Then B, =~} 0.01 0 |, D, = [ 0 0.3 ] . In addi-
0 0

tion,

My =1[04, 201703 ]" and Ny=[02 0.1 0.1].

One can check, that the system is admissible for all A € [—1; 1], its worst
case generalized'spectral radius is p(F, A) < 1.

The exact upper bound of a-anisotropic norm of uncertain systems for
different<4mean anisotropy levels a is shown in Fig. 3. The dashed line in
Fig. 3-displays'the result of y-minimization using conditions of Theorem 4.
The estimation error is shown in Fig. 4.

7. Conclusions and Future Work

This paper is addressed to the problem of anisotropy-based performance
analysis for a class of uncertain discrete-time linear (normal and descriptor)
systems with Frobenius norm-bounded parametric uncertainties. A new class
of systems is taken up. Novelty and importance of proposed result consist
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Upper bound of a-anisotropic norm and its estimation
45 T T T T T T T T T

Aok R ......... ......... - ........ R e ........ .........

Exact upper bound
— — —Estimation algorithm

(e,

i :
2 25 3 35 4 4.5 5
Mean anisotropy level a

Figure 3: a-Anisotropic norm of uncertain,system and its estimation.

18 2 258 3 348 4 4.5 5
Mean anisatropy level a

Figure 4: Error of a-anisotropic norm estimation.
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in a general approach to robust performance analysis as it covers Hsp- and
Hoo - approaches for normal and descriptor systems. The problem of robust
performance analysis is solved via matrix inequality approach involving no
parameter uncertainties.

Since proposed methods are based on LMIs, the computational complexs
ity of both algorithms is defined by number of decision variables. The num-
ber of decision variables in algorithm, proposed by Theorem 3, is@n* %.n +
@ +4 with all uncertainties in the system’s model, and 3”2%—}-%—#3
when no uncertainties are presented in matrix B. Similar to normalssystems,
algorithm of robust anisotropy-based analysis for descripter systems involves
n2+2r2+r—nr+@+4andn2+w—nr—i—@—i—?)for fully
uncertain system and for system without uncertainties.in,matrix B respec-
tively. Clearly, if initial system is robustly admissible, then mutually inverse
matrices always exist. Hence, Algorithm 1 provides estimation of the upper
bound of a-anisotropic norm.

Obtained conditions open a prospective. field for further theoretical re-
search of discrete-time systems affected by randem disturbances. First of all,
the results can be applied to the design'of robust anisotropy-based output-
feedback and state-feedback controllers. Further, an anisotropy-based per-
formance analysis of certain and mmeertain systems with time-varying delays
are also a point of concern.

A number of interesting research papers on robust fault-tolerant con-
trollers with respect tosenser and actuator faults appeared in last few years
(see. [40, 41]). Anether possible extension of this work is developing of
anisotropy-based fault tolerant controller design for uncertain systems in
presence of colored neise.

Finally, proposed methods can be extended to robust filter design problem
for sensormetworks with guaranteed random disturbance attenuation. Some
existing results Jon filtering problem in sensor networks are presented in [42,
43].
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