GALE DUALITY AND HOMOGENEOUS TORIC VARIETIES

IVAN ARZHANTSEV

ABSTRACT. A non-degenerate toric variety X is called S-homogeneous if the subgroup
of the automorphism group Aut(X) generated by root subgroups acts on X transitively.
We prove that maximal S-homogeneous toric varieties are in bijection with pairs (P, A),
where P is an abelian group and A is a finite collection of elements in P such that A gener-
ates the group P and for every a € A the element a is contained in the semigroup generated
by A\ {a}. We show that any non-degenerate homogeneous toric variety is a big open
toric subset of a maximal S-homogeneous toric variety. In particular, every homogeneous
toric variety is quasiprojective. We conjecture that any non-degenerate homogeneous toric
variety is S-homogeneous.

1. INTRODUCTION

Let X be an irreducible algebraic variety over an algebraically closed field K of charac-
teristic zero. The variety X is said to be toric if X is normal and admits an effective action
T x X — X of an algebraic torus 7" with an open orbit. It is well known that toric varieties
X are characterized by fans of polyhedral cones Y x in the vector space N ®z Q, where N
is the lattice of one-parameter subgroups in 7', see [12, 17, 14, 11].

The linear Gale duality as defined in [18, 9] (see also [2, Section 2.2]) provides an alter-
native combinatorial language for toric varieties. It is developed systematically in [9] under
the name of bunches of cones in the divisor class group. As is mentioned in the Introduction
to [9], this approach gives very natural description of geometric phenomena connected with
divisors. The aim of the present paper is to show that this language is natural also for toric
varieties homogeneous under automorphism groups.

An algebraic variety X is said to be homogeneous if the automorphism group Aut(X) acts
on X transitively. The class of homogeneous varieties is wide. In particular, it includes all
homogeneous spaces of algebraic groups. It is an important problem to classify homogeneous
varieties among varieties of a given type. In this paper we are interested in homogeneous
toric varieties.

Let X be a toric variety and S(X) the subgroup of Aut(X) generated by all root sub-
groups in Aut(X). It is well known that root subgroups are in one-to-one correspondence
with Demazure roots of the fan Xy, see [12, 17, 10]. Nowadays Demazure roots and their
generalizations became a central tool in many research projects, see [16, 15, 7, 8, 1, 5, 6].
For instance, Demazure roots and Gale duality was used in [8] and [1] to describe orbits of
the group Aut(X) on complete and affine toric varieties X, respectively.

We say that a toric variety X is S-homogeneous if the group S(X) acts transitively
on X. An S-homogeneous toric variety X is said to be maximal if it does not admit

a proper open toric embedding X C X' into an S-homogeneous toric variety X’ with
codimy/ (X"\ X) > 2.
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Consider an abelian group P and a collection A = {ay, ..., a,} of elements of P (possibly
with repetitions) that generates the group P. Denote by A the semigroup generated by A.
We say that a collection A is admissible if for every a; € A the semigroup generated
by A\ {a;} coincides with A. A pair (P, A), where P is an abelian group and A is an
admissible collection of elements of P, is said to be equivalent to a pair (P, A’), if there is
an isomorphism of abelian groups v: P — P’ such that (A) = A’

Our main result provides an elementary description of maximal S-homogeneous toric
varieties.

Theorem 1. There is a one-to-one correspondence between maximal S-homogeneous toric
varieties and equivalence classes of pairs (P, A), where P is an abelian group and A is an
admissible collection of elements in P.

If X is a toric variety corresponding to a pair (P,.A), then the group P is isomorphic
to the divisor class group Cl(X) and the collection A coincides with the set of classes of
T-invariant prime divisors [Dy], ..., [D,]. In particular, the dimension of X equals r—1k(P).

Let us give an overview of the content of the paper. In Section 2 we recall basic facts on
toric varieties and associated fans. Section 3 contains some background on Demazure roots
and corresponding root subgroups. We define strongly regular fans and prove that a toric
variety is S-homogeneous if and only if the associated fan is strongly regular (Proposition 2).

In Section 4 we collect basic properties of the linear Gale duality. Section 5 provides a
modification of this duality that takes into account a lattice containing a vector configura-
tion. We call this modification the lattice Gale duality.

In Section 6 we prove Theorem 1. Along with the proof we give an explicit description
of maximal strongly regular fans, see Corollary 2. Section 7 contains first properties and
examples of S-homogeneous varieties and strongly regular fans. Among others, we describe
S-homogeneous toric varieties X with CI(X) = Z and characterize strongly regular fans
consisting of one-dimensional cones.

Section 8 describes non-maximal strongly regular fans in terms of corresponding ad-
missible collections. A natural class of non-degenerate homogeneous toric varieties form
toric varieties homogeneous under semisimple group. Such varieties are classified in [3]. In
Section 9 we characterize this class in terms of admissible collections.

In Section 10 we show that any non-degenerate homogeneous toric variety is a big open
toric subset of a maximal S-homogeneous toric variety. This implies that every homoge-
neous toric variety is quasiprojective. We conjecture that any non-degenerate homogeneous
toric variety is S-homogeneous.

2. POLYHEDRAL FANS AND TORIC VARIETIES

In this section, we recall basic facts on the correspondence between rational polyhedral
fans and toric varieties. For more details, we refer to [11, 14, 17].

By a lattice N we mean a free finitely generated abelian group. We consider the dual
lattice M := Hom(/N,Z) and the associated rational vector spaces Ngp := N ®z Q and
M@ = M ®Z Q

A cone in a lattice N is a convex polyhedral cone in the space Ng. If 7 is a face of a
cone o, we write 7 < 0. We denote by o(k) the set of all k-dimensional faces of o.

One-dimensional faces of a strictly convex cone are called rays. The primitive vectors of a
strictly convex cone ¢ in the lattice IV are the primitive lattice vectors on its rays. A strictly
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convex cone in NN is called regular if the set of its primitive vectors can be supplemented to
a basis of the lattice N.

A fan in a lattice N is a finite collection ¥ of strictly convex cones in N such that for
every o € Y all faces of o belong to ¥, and for every o; € X, ¢ = 1,2, we have 0, Noy =< 0;.
We denote by 3(k) the set of all k-dimensional cones in X. Let |X| denote the support of a
fan 3, that is the union of all cones in X. A fan is called reqular if all its cones are regular.

A toric variety is a normal algebraic variety X containing an algebraic torus 7" as an
open subset such that the left multiplication on T can be extended to a regular action
TxX—X.

Let > be a fan in a lattice N. For every cone o € Y we define an affine toric variety
X, := Spec(K[o¥ N M]), where ¢ is the dual cone in My to the cone o. Gluing together all
varieties X, along their isomorphic open subsets one obtains a toric variety Xy. Conversely,
any toric variety comes from some fan ¥ is the lattice N of one-parameter subgroups of the
acting torus 7. The dual lattice M may be interpreted as the lattice of characters of the
torus T'. For every m € M, we denote by x™ the corresponding character T" — K*.

It is well known that a toric variety Xy is smooth if and only if the fan X is regular.
Further, Xy is complete if and only if the fan ¥ is complete, that is |X| = Ng.

A toric variety Xy is degenerate if it is equivariantly isomorphic to the product of a
nontrivial torus Ty and a toric variety of smaller dimension X,. By [11, Proposition 3.3.9],
Xy is degenerate if and only if there is an invertible non-constant regular function on X
or, equivalently, the rays in ¥(1) do not span the space Ng. A variety Xy is homogeneous
if and only if X is homogeneous. So we assume further that Xy is non-degenerate.

3. DEMAZURE ROOTS AND STRONGLY REGULAR FANS

Let 3 be a fan in the space Ng. We denote by n, the primitive lattice vector on a ray
p € 3(l). Let N x M — Z, (n,e) — (n,e) be the pairing of the dual lattices N and M.
For p € 3(1) we consider the set R, of all vectors e € M such that

(R1) (ny,e) = =1 and (ny,e) 20 Vp' € a(l), p' # p;
(R2) if o is a cone in ¥ and (v,e) = 0 for all v € o, then the cone generated by ¢ and p
is in ¥ as well.

Note that condition (R1) implies condition (R2) if the support |X| is convex.
The elements of the set R := || R, are called the Demazure roots of the fan 3, cf. [12,
peEX(1)
Definition 4] and [17, Section 3.4]. If e € %R, then p is called the distinguished ray of a
root e.

Let X = Xy be a toric variety corresponding to the fan 3. Denote by G, the additive
group of the ground field K. It is well known that elements of R are in bijection with
Gg-actions on X normalized by the acting torus 7', see [12, Théoreme 3| and [17, Proposi-
tion 3.14]. Let us denote the G,-subgroup of Aut(X) corresponding to a root e by H,. Let
pe be the distinguished ray corresponding to a root e, n, the primitive lattice vector on p.,
and R, the one-parameter subgroup of T' corresponding to n..

There is a bijection between cones o € Y and T-orbits O, on X such that oy C o5 if and
only if O,, C O,,. Here dim O, = dim X — dim{o).

The following proposition describes the action of the group H, on X. The proof can be
found, for example, in [6, Proposition 5].

Proposition 1. For every point x € X \ X the orbit H,-x meets exactly two T-orbits Oy
and Oy on X with dim O; = dim Oy 4+ 1. The intersection Oy N H, - x consists of a single
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point, while
Oi.NH,-x=R.-y forany ye ONH,- .

A pair of T-orbits (O1,O;) on X is said to be H.-connected if H, -z C O; U O, for some
r € X \ X, By Proposition 1, we have Oy C O, and dim Oy = dim Oy + 1. Since the
torus 1" normalizes the subgroup H., any point of O; U O, can actually serve as a point x.

We say that a cone o9 in a fan ¥ is connected with its facet oy by a root e € Rif e,, <0
and o7 is given by the equation (-,e) = 0 in oy.

Lemma 1. [6, Lemma 1] A pair of T-orbits (O,,, O,,) is H.-connected if and only if oy is
a facet of oo and oo is connected with o1 by the root e.

Definition 1. A fan X is called strongly regular if every nonzero cone o € ¥ is connected
with some of its facets by a root.

We denote by S(X) the subgroup of Aut(X) generated by subgroups H,, e € R. Let
G(X) be the subgroup of Aut(X) generated by T and S(X). A toric variety X is said to
be S-homogeneous if the group S(X) acts on X transitively.

Proposition 2. A non-degenerate toric variety Xs, is S-homogeneous if and only if the fan
Y. 1s strongly reqular.

Let us begin with a simpler observation.
Lemma 2. A fan X is strongly reqular if and only if the group G(X) acts on X transitively.

Proof. Without loss of generality we may assume that X is non-degenerate. Suppose that
the fan X is strongly regular. By Lemma 1, every point from a non-open 7T-orbit in X can
be sent by some subgroup H. to a T-orbit of higher dimension. It shows that every point
on X can be sent by an element of S(X) to an open T-orbit, and thus the group G(X) acts
transitively on X.

Conversely, suppose that the fan ¥ is not strongly regular. Let o be a nonzero cone in 3
which is not connected with any its facet by a root. By Lemma 1, the image of the orbit O,
under the action of any root subgroup H. is contained in its closure O,. Hence the closure
is invariant under the group S(X). This implies that O, is a proper G(X)-invariant subset
in X, a contradiction. O

Proof of Proposition 2. It remains to show that the group S(X) acts on X transitively
for every non-degenerate toric variety with a strongly regular fan . Let p1,...,p, be
the rays of . We denote by e; a root connecting the ray p; with its (unique) facet {0}.
By Proposition 1, the orbits of the root subgroup H., intersected with the open T-orbit on
X coincide with the orbits of the one-parameter subtorus R, represented by the vectors
n; := n,, in the lattice N. Since X is non-degenerate, the collection of vectors nq,...,n,
has full rank in N. Thus the open T-orbit on X is contained in one S(X)-orbit. Containing
an open subset on X, this S(X)-orbit is T-invariant. Lemma 2 implies that such an orbit
coincides with X. 0

Corollary 1. FEvery strongly regular fan is reqular.
Proof. 1t follows from the fact that every homogeneous variety is smooth. O

Example 1. The only non-degenerate smooth affine toric variety is the affine space A™.
Clearly, this variety is S-homogeneous, so a regular cone together with all its faces is a
strongly regular fan.
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Example 2. The automorphism group Aut(X) of a complete toric variety X is a linear
algebraic group, see [12, 10, 16]. It implies that X is homogeneous if and only if X is
S-homogeneous. It is well known that the only homogeneous complete toric varieties are
products of projective spaces P™ x ... x P" cf. [8, Theorem 3.9]. This implies that
complete strongly regular fans are precisely the products of fans of projective spaces.

Remark 1. Tt turns out that properties of regular fans and strongly regular fans are rather
different. For example, any subfan of a regular fan is regular, and for strongly regular fans
this is not the case. At the same time, there exists at most one maximal strongly regular
fan on a given set of rays (see Proposition 3 below), while some sets of rays can give rise
to several maximal (e.g. complete) regular fans.

Remark 2. For an S-homogeneous toric variety X, the groups S(X) and G(X) may coincide
and may not. For example, for the toric variety X = P" the full automorphism group
PGL(n + 1) is generated by root subgroups, while for X = A" root subgroups preserve the
volume form on A" and the acting torus 7" does not.

In general, the subgroup S(X) of the automorphism group Aut(X) generated by root
subgroups may be relatively small. Following [7], let us denote by SAut(X) the subgroup
of Aut(X) generated by all G,-subgroups in Aut(X). The following (non-toric) example
shows that the groups SAut(X) and S(X) may not coincide.

Example 3. Let X be an affine variety Spec(A), where
A=Kz, y,z,u,w]/(z + 2%y + 2% +u?).
Consider a one-dimensional torus action
te(r,y,z,u,w) = (z,y, 2, u, tw).

Denote by S(X) the subgroup of Aut(X) generated by G,-subgroups normalized by the
torus. It is shown in [15, Example 3.2] that any S(X)-orbit on X is contained in a subvariety
x = const. At the same time, the result of [13] implies that there is no non-constant invariant
regular function for the action of SAut(X) on X.

4. LINEAR GALE DUALITY

In this section we follow the presentation in [2, Section 2.2.1], see also [18]. By a wvector

configuration in a vector space V' we mean a finite collection of vectors vy,...,v, € V
(possibly with repetitions) that spans the space V. A vector configuration V = {vy,...,v,}
in a rational vector space V and a vector configuration W = {wy,...,w,} in a rational

vector space W are Gale dual to each other if the following conditions hold:
(i) We have v; Qi + ...+ 0, Qw, =0in V@ W.

(ii) For any rational vector space U and any vectors uy, ..., u, € U with v @ u; + ...+
v, @u. = 01in V ® U, there is a unique linear map ¢: W — U with ¢(w;) = u; for
1=1,...,r.

(iii) For any rational vector space U and any vectors uy, ..., u, € U with u; @ wy +...+
ur @ w, = 01in U @ W, there is a unique linear map ¢: V — U with ¢ (v;) = u; for
1=1,...,7.

If we fix the first configuration in a Gale dual pair, then the second one is determined up
to isomorphism. Therefore one configuration is called the Gale transform of the other.
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Consider vector configurations V = {vy,...,v.} and W = {wy,...,w,} in vector spaces
V and W respectively, and let V* be the dual vector space of V. Then Gale duality of V
and W is characterized by the following property: For any tuple (ay,...,a,) € Q" one has

awy + ...+ aw, =0 <= l(v;) =a; fori=1,... r with some [ € V*.

Let us present a construction which produces the Gale dual for a configuration V =
{v1,...,v.} in a space V. Take the vector space Q" and consider the surjective linear
map «a: Q" — V given on the standard basis e;,..., e, in Q" by a(e;) = v, i = 1,...,7.
Consider two mutually dual short exact sequences

0 Ker(a) Qr < Vv 0

* B 7\ *

0 (Ker(a)) @) Ve 0
Let ej,...,el be the dual basis in (Q")*. Setting W = (Ker(a))* and w; = f(e}) for
i=1,...,r, we obtain the Gale dual configuration W = {wy, ..., w,}.

We finish this section with a variant of the separation lemma, cf. [9, Lemma 4.3] or |2,
Lemma 2.2.3.2]. Let V be a vector configuration in a rational vector space V. Denote by
p; the ray in V spanned by the vector v; from V. Consider two strictly convex polyhedral
cones o and ¢’ in V' with

o(l)={p,i eI} and o'(1)={p;,j€J}

Lemma 3. Let (W, W) be the linear Gale transform of (V,V). Then the intersection of
the cones o and o’ is a face of each of them if and only if the cones cone(wy, k ¢ I) and
cone(ws, s & J) in the space W have a common interior point.

Proof. The intersection of the cones o and ¢’ is a face of each of them if and only if there
is a linear function [ € V* such that

l(v;) >0 forall te€l, I(v;) <0 forall je.
and for any s € I U.J we have [(vs) = 0 if and only if s € I NJ. This condition means that
there is a relation
> im 3 et Y =

ieI\J je\I t¢1ug

with some positive rational coefficients «;, 3; and some rational coefficients ~;. This relation

is equivalent to
Z MW = Z VsWsg

kgl s¢J
with some positive rational coefficients py and v,. The latter relation means that the cones
cone(wy, k ¢ I) and cone(ws, s ¢ J) have a common interior point. O

5. LATTICE GALE TRANSFORM

A wvector configuration N in a lattice N is a finite collection of vectors nq,...,n, € N
that spans the vector space Ng. Consider the lattice Z" with the standard basis ey, ..., e,
and the exact sequence

0 L z" N
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defined by a(e;) =n;, i = 1,...,r. Let us identify the dual lattice of Z" with Z" using the
dual basis e7,...,e*. Let M := Hom(N,Z). The homomorphism M — Z" dual to « gives

)y re

rise to the short exact sequence of abelian groups

0 P d zr M 0 (*)

Let a; = f(ef) with ¢ = 1,...,r. By construction, the vectors ay,...,a, generate the
group P. We call the collection A = {ay,...,a,} the lattice Gale transform of the config-
uration V. Replacing all groups in these sequences by their tensor products with Q, we
obtain the linear Gale duality considered above.

Conversely, given elements aq,...,a, that generate a group P, we can reconstruct se-
quence (x), the lattice N = Hom(M, Z), the dual homomorphism Z" — N and thus the
vectors ny, ..., Ny.

Remark 3. Let N = {nq,...,n,} be a vector configuration in a lattice N. The vector n; is
a primitive vector in NV if and only if the vectors ao, . . ., a, generate the group P. Indeed, n,
is primitive if and only if there is an element e € M such that (ny,e) = £1, or, equivalently,
there is a relation a; + asas + ... + a,a, = 0 with some integer as, ..., a,.

More generally, a subset n;,7 € I can be supplemented to a basis of N if and only if for
any ¢ € I the element a; lies in the subgroup generated by a;,j ¢ 1.

Example 4. The lattice Gale transform of the configuration N' = {n;,ns} in N = Z? with
ny = (1,0) and ny = (1,2) is the collection A = {ay,as} in the group P = Z/27Z with
ay; = ay = 1. At the same time, the linear Gale transform of the configuration V = {vy, vy}
in V = Q? with v; = (1,0) and vy, = (1,2) is the collection W = {0,0} in the space
W = {0}.

Now we are going to establish a relation between the lattice Gale duality and Demazure
roots.

Definition 2. A vector configuration N' = {n,...,n,} in a lattice N is called suitable
if for any @ = 1,...,r there exists a vector ¢; € Hom(N,Z) such that (n;,e;) = —1 and
(nj,e;) >0 for all j # i.

We recall that a collection A = {ay,...,a,} of elements (possibly with repetitions) of an
abelian group P is admissible if A generates the group P and for any a; € A the element
a; is contained in the semigroup generated by A \ {a;}.

Lemma 4. A vector configuration N = {nq,...,n.} in a lattice N is suitable if and only
if its lattice Gale transform A in P is an admissible collection.

Proof. An element a; € A is contained in the semigroup generated by A \ {a;} if and only
if we have a; = > i Q0 for some non-negative integers a;. The latter condition means
that there exists an element e; € Hom(N, Z) with

(niye;) =—1 and (nj,e;) =a; forall j#i.

6. PROOF OF THEOREM 1

We begin this section with some preliminary results. A collection of rays py,...,p, in
the space Ny is said to be suitable if the set of primitive lattice vectors on these rays is a
suitable vector configuration.
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Lemma 5. For a strongly reqular fan X, the collection of rays 3(1) is suitable.

Proof. By definition of a strongly regular fan, every ray p; is connected with its facet {0}
by a root e;. Then the vector e; satisfies the conditions of Definition 2. O

Definition 3. A strongly regular fan X is mazimal if it cannot be realized as a proper
subfan of a strongly regular fan >’ with >'(1) = X(1).

Proposition 3. For every suitable collection of rays pi, ..., p, tn Ng there exists a unique
mazximal strongly reqular fan ¥ with 2(1) = {p1, ..., pr}-

Proof. Let €2 be the set of strictly convex polyhedral cones ¢ in Ng with o(1) C {p1,...,pr}.
With every o € Q one associates a subset I C {1,...,r} as o(1) = {p;,i € I}.

Let A = {a1,...,a,} be the lattice Gale transform of the vector configuration N =
{ni1,...,n.}. Denote by I'(¢) the semigroup in P generated by a;, j ¢ I. In particular, we
have I'({0}) = A, where A is the semigroup generated by .A.

Let

Y=%XPA) ={cecQ; I'(o)=A}.

We have to check four assertions.

(A1) ¥ is a fan and X(1) = {p1,...,pr}.

(A2) The fan ¥ is strongly regular.

(A3) The fan ¥ is maximal.

(A4) Every strongly regular fan S with 2(1) ={p1,...,pr} is a subfan of X.

We start with (A1). By definition, if 7 is a face of a cone ¢ from 2, then 7 is in Q and
I'(0) is contained in I'(7). In particular, if I'(c) = A then I'(7) = A as well. This shows
that a face of a cone from ¥ is contained in .

We have to check that the intersection of two cones from X is a face of each of them.
This follows from Lemma 3.

We proceed with (A2). Let 0 € ¥ and 7 be a facet of 0. We take p; € o(1) \ 7(1).
Assume that o(1) = {pg, k € I} for a subset [ in {1,...,r}. Since I'(¢) = A, we have

a; = E O(]CL] Wlth some CK] < ZZO

It means that there is a vector e € Hom(N, Z) with
(n;,e) =—1, (nj,e) >0 forall j#i, and (nge) =0 foral kel {i}.

In particular, all rays of the cone o except for p; lie in the hyperplane (-, e) = 0 and thus
we have o(1) = 7(1) U {p;}.

We still have to prove that the element e is a Demazure root of the fan 3. Condition (R1)
obviously holds. Let us check condition (R2). Let ¢’ € ¥ and e|,» = 0. We have to show
that the cone ¢” = cone(d’, p;) is in ¥. The condition ¢’ € ¥ means that the elements a,
with ps ¢ o/(1) generate the semigroup A. The condition e|,» = 0 implies that the element
a; is a non-negative integer linear combination of the elements aj, with pi ¢ o'(1) and k # i.
This shows that the elements ay generate the semigroup A as well, thus I'(6”) = A and
o’ e .

We conclude that any nonzero cone in X is connected by a root with any its facet, and
the fan X is strongly regular.
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We come to (A3). Assume that we can add to the fan ¥ some cones o4, . . ., 0y, from 2 and
obtain a strongly regular fan ¥'. For every o; there is a chain of facets {0} < ... <ol < 0;
connected by roots of the fan >’. Hence we have

[(o)=T(c))=...=T({0}) = A

(]
and o; € X, a contradiction.

Finally we prove assertion (A4). Let ¥ be a strongly regular fan with >'(1) =
{p1,...,pr}. Then for any ¢ € ¥’ we again have a chain of facets {0} X ... <o <o
connected by roots of the fan ¥’. This implies I'(0) = A and thus ¥’ is contained in 3.

This completes the proof of Proposition 3. U

Corollary 2. Every mazimal strongly reqular fan has the form
Y(PA) ={oeQ; I'(c)=A}
for some abelian group P and some admissible collection A of elements in P.

Corollary 3. Let ¥ be a maximal strongly reqular fan and o a nonzero cone in . Then o
1s connected with any its facet by a root of the fan .

Proof. The statement follows from Corollary 2 and the proof of (A2) in the proof of Propo-
sition 3. U

Proof of Theorem 1. By Proposition 2, S-homogeneous toric varieties correspond to
strongly regular fans. In turn, maximal S-homogeneous toric varieties correspond to maxi-
mal strongly regular fans. Lemma 5 and Proposition 3 show that maximal strongly regular
fans are in bijection with suitable collections of rays or, equivalently, with suitable vector
configurations A in a lattice N. By Lemma 4, the lattice Gale transform establishes a
bijection between suitable vector configurations (N, N') and admissible collections (P, .A).
It remains to notice that all fans, vector configurations and collections above are defined
up to isomorphism of the lattice N and of the group P, respectively. So maximal S-
homogeneous toric varieties correspond to equivalence classes of pairs (P, .A). 0

Remark 4. Let us recall why for an S-homogeneous toric variety X the group P constructed
above can be interpreted as the divisor class group Cl(X) and the collection A is the
collection of classes [D],...,[D,] of T-invariant prime divisors on X. It is well known
that T-invariant prime divisors on X are in bijection with rays of the fan >y, their classes
generate the group Cl(X), and the defining relations for this generating system are of the
form

(ny,e)[D1] + ...+ (n.,e)[D,] =0,

where e runs through the lattice M, see e.g. [14, Section 3.4]. This coincides with the
definition of the lattice Gale transform of the vector configuration {ng,...,n,}. Moreover,
since any effective Weil divisor on a toric variety is linearly equivalent to a T-invariant
effective Weil divisor, the semigroup A is the semigroup of classes of effective Weil divisors
on X.

7. FIRST PROPERTIES AND EXAMPLES OF STRONGLY REGULAR FANS

Let us list some basic observations on maximal strongly regular fans (P, A) and maximal
S-homogeneous toric varieties X (P,.A) corresponding to an admissible collection A in an
abelian group P.
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(P1) The variety X (P, .A) is affine if and only if P = 0 and A is the element 0 taken n
times for some n > 0. This follows from Example 1.

(P2) The variety X(P,.A) is complete if and only if P is a lattice and there are
a basis e1,...,e, of P and integers ny > 2,...,n, > 2 such that A =
{a1(n; times), ..., ay(ny, times)}. This follows from Example 2.

(P3) The variety X (P, A) is quasiaffine if and only if the cone in the space Py = P ®7Q
generated by the vectors a ® 1, a € A, coincides with FPy. Such a variety is the
regular locus X" of a non-degenerate affine toric variety X, cf. [7, Theorem 2.1].

(P4) It P=P @ Py and A= A; @ Ay, then X(P,A) = X(P, A1) x X(P, Ay).

Example 5. Let P = Z/3Z and A = {1,1}. Then X(P,A) = X (o)™ with ¢ =
cone((1,0),(2,3)). If A = {1,2} then X(P, A) = X (o)™ with ¢ = cone((1,0), (1,3)).

The technique developed in this paper allows to obtain explicit classification results. As
an illustration, let us classify maximal S-homogeneous toric varieties X with dim X = d
and Cl(X) = Z. To do this, we need to find all admissible collections A in the group Z.
We divide all such collections into three types.

Type 1. The collection A contains both positive and negative elements. Here we have
X = X (o)™, where o is a strictly convex polyhedral cone with d + 1 rays in A<,

Type 2. All elements in A are positive. Consider the weighted projective space Z =
P(ay,...,a,), see [11, Section 2.0] for precise definition. Clearly, the variety X is a smooth
open toric subset in Z. Using Remark 3, one can check that X coincides with Z™¢ if and
only if for every subcollection A" C A that generates the group Z, the semigroup generated
by A" equals A.

Type 3. All elements in A are non-negative and A contains 0. In this case X is a direct
product of an affine space and a variety of Type 2 with smaller dimension.

Example 6. Let us classify varieties of Type 2 for d = 3. We have two possibility for the
variety Z.
1) Z =P(1,1,as,ay) with some as, ay € Z~y.
2) Z =P(ay1,a1,a9,as) with 1 < a; < ag and (ay, az) = 1.
In the second case we have X = 7' while in the first one this is not always true. For
instance, with Z = P(1, 1,2, 3) the subset 2"\ X is an irreducible curve.

The last observation concerns strongly regular fans composed of one-dimensional cones.

Proposition 4. Let ¥ be a fan with ¥ = 3(1) U{0}. Then X is strongly reqular if and
only if either ¥ = o(1) U {0} for a strictly convex polyhedral cone o or ¥ = Yip1.

Proof. Let (1) = {p1,...,p-} and N = {nq,...,n,} be the corresponding vector config-
uration in N. The fan X is strongly regular if and only if every p; is connected with {0}
by a root of ¥, i.e., there exists an element e; € Hom(N,Z) such that (n;,e;) = —1 and
(nj,e;) > 0 for all j # i. Note that the case (n;,e;) = 0 for some j is excluded because X
does not contain the cone cone(p;, p;).

Clearly, the fan Yp1 is strongly regular. If ¥ = o(1) U {0}, then for every p; there is a
linear function which is zero on p; and positive on all other rays. It shows that the desired
functions e; exist.

Conversely, assume that ¥ is strongly regular. The case r < 2 is obvious. So we suppose
that » > 3. Then the linear function e; + ... + e, is positive on all rays and thus the rays
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generate a strictly convex cone o. Existence of the functions e; implies that every p; is a
ray of o. 0

8. NON-MAXIMAL S-HOMOGENEOUS TORIC VARIETIES

In Section 6 we gave an explicit description of maximal strongly regular fans. The aim
of this section is to develop our combinatorial language further and to describe strongly
regular subfans of a given maximal strongly regular fan.

Let P be an abelian group, A = {ay,...,a,} an admissible collection of elements in P,
and A the semigroup in P generated by A.

Definition 4. A link is a pair (a, A’), where A’ is a subcollection of A, a € A\ A’, and
there exists an expression a = Y ; Q5ay, where a; runs through A’ and «; € Z-,.

We say that a subcollection B C A is generating, if the elements of B generate the
semigroup A. Let G be a set of generating collections in A.

Definition 5. A link (a,.A’) is called a G-link if for any B € G the condition A" U{a} C B
implies B\ {a} € G.

Definition 6. A set G of generating collections in A is called connected if the following
conditions hold:

(C1) A\ {a;} € G foranyi=1,...,r;

(C2) Be G and BC B' C A implies B’ € G;

(C3) if B € G and B # A then there is a G-link (a, A’) with A" C B and a ¢ B.

Let {p1,...,p-} be a suitable collection of rays in a space Ng and N' = {ny,...,n,}
the corresponding suitable vector configuration in N. Consider the lattice Gale transform

(P, A) of (N,N).

Proposition 5. Strongly reqular fans ¥ with (1) = {p1,...,p.} are in bijection with
connected sets G of generating collections in A.

Proof. With any subcollection B C A we associate a cone o(B) = cone(pj,a; ¢ B). By
Corollary 2, the maximal strongly regular fan %(P,.A) is the set of cones associated with
all generating subcollections in A, and any strongly regular fan ¥ with (1) = {p1,...,p.}
is a subfan of (P, A).

Let X¢ be the set of cones o(B), B € G. We are going to check that conditions (C1)-(C3)
are equivalent to the fact that XC is a strongly regular subfan of X(P, A).

Condition (C'1) means that X¢(1) = {p1,..., p,}. Since all cones in ¥(P, A) are regular,
condition (C2) means that with any cone o(B) the fan 3 contains all its faces o(B’). We
know that in (P, A) every two cones meet at a face. Hence conditions (C'1)-(C2) mean
that ¥¢ is a subfan of (P, A) with X¢(1) = {p1,...,p.}.

Let us show that condition (C3) means that the fan Y€ is strongly regular. Existence of
a G-link (a;, A’) expresses the fact that there is a root e of the fan 3¢ such that (n;,e) = —1
and the condition (n;,e) > 0 is equivalent to a; € A’. Then (C3) means that every nonzero
cone o(B) in X€ is connected with its facet o(B U {a}) by a root associated with the
corresponding G-link (a, A’). O
Example 7. Let P = Z and A = {a; = ay = a3 = 1}. Here X(P, A) = ¥p2. The set
G ={A A\ {a1}, A\ {az}, A\ {az}} corresponds to the subfan ¥ = X(P, A)(1) U {0}.
Links in this case are precisely the pairs (a;,{a;}), ¢ # j. None of these links is a G-link.
Thus the fan Y is not strongly regular.
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Remark 5. In general, Proposition 4 and Property (P3) provide a criterion for the set

G={A A\ {a},..., A\ {a,}} to be connected.

9. TORIC VARIETIES HOMOGENEOUS UNDER SEMISIMPLE GROUP

In [3], a classification of toric varieties that are homogeneous under an action of a semisim-
ple linear algebraic group is obtained. Let us present this classification in terms of Propo-
sition 5.

Consider a quasiaffine variety

X = X1, 1) = (K™ \ {0}) x -~ x (K™ \ {0})

with n; > 2. The group G = G; X ... X G,,, where every component G; is either SL(n;)
or Sp(n;), and n; is even in the second case, acts on X transitively and effectively. Let
S = (K*)™ be an algebraic torus acting on X' by componentwise scalar multiplication, and

p: X = Y = Pulx...xprml
be the quotient morphism. Fix a closed subgroup S C S. The action of the group S on
X admits a geometric quotient px: X — X := X'/S. The variety X is toric, it carries the

induced action of the quotient group S/S, and there is a quotient morphism p*: X — Y
for this action closing the commutative diagram

px ¥
N
y
The induced action of the group G on X is transitive and locally effective. We say that
the G-variety X is obtained from X by central factorization. By [3, Theorem 1.1], every
toric variety with a transitive action of a semisimple group can be obtained this way.

The above diagram of quotient morphisms of homogeneous spaces gives rise to the dia-
gram of homomorphisms of divisor class groups

{0}
N

Zm
It shows that an admissible collection corresponding to the variety X is obtained as the
projection of the collection corresponding to the variety ). This way we obtain

X

P

Proposition 6. Toric varieties X homogeneous under an action of a semisimple linear
algebraic group are in bijection with pairs (P, A), where

1) P is an abelian group;

2) A = {ay (ny times), ..., an (N, times)} with some ny > 2,...,n, > 2, and the

elements aq, ..., a,, generate the group P.

A wvariety X represented by a pair (P, A) is an open toric subset in the variety X (P,.A)
corresponding to the connected set G of generating collections in A such that every collection
B in G contains at least one element from each of the m groups of elements in A.

It is easy to see that the variety X coincides with X (P,.A) if and only if the elements
{a1,...,an} \ {a;} do not generate the semigroup A generated by {ai,...,a,} for any
1=1,...,m.



GALE DUALITY AND HOMOGENEOUS TORIC VARIETIES 13

Example 8. Let P =Z/2Z®...®Z/27 (m times) and a; = (0,...,1,...,0) with T at the
ith place. Then the variety X is quasiaffine and coincides with X (P,.A) for any nq, ..., ny,.

Remark 6. In [3, Proposition 4.5], one can find a description of the fan ¢, where G is as
in Proposition 6.

Remark 7. Toric varieties Xy, where a fan ¥ contains some fan £¢ as a subfan, provide
examples of embedding with small boundary of homogeneous spaces of semisimple groups,
see [4] for details.

Problem 1. Classify toric varieties homogeneous under linear algebraic groups.

10. HOMOGENEOUS TORIC VARIETIES

We recall that a toric variety X is called homogeneous if the automorphism group Aut(X)
acts on X transitively.

Theorem 2. Let X be a non-degenerate homogeneous toric variety. Then there exists
an open toric embedding X C X' into a maximal S-homogeneous toric variety X' with
COdiHlX/(X, \ X) 2 2.

Corollary 4. Every homogeneous toric variety is quasiprojective.

Proof. 1t suffices to show that every maximal S-homogeneous toric variety is quasiprojec-
tive. This follows from Corollary 2, [9, Corollary 10.3] and [2, Theorem 2.2.2.6]. O

We begin the proof of Theorem 2 with a preliminary result.

Lemma 6. Let X be a non-degenerate smooth toric variety and x a point on X. Consider
an effective divisor D on X whose support does not contain x. Then there is a T-invariant
effective divisor D" which is linearly equivalent to D and whose support does not contain x.

Proof. The divisor D defines a line bundle L — X and L admits a T-linearization, see e.g.
2, Section 4.2.2] for details. In particular, the space of global sections H°(X, L) carries a
structure of a rational T-module, and any vector in H°(X, L) is a sum of T-eigenvectors.
Sections that represent effective divisors with support not passing through x form a subspace
U in H°(X, L). By assumption, the subspace U is proper. Hence there is a T-eigenvector
vin H(X, L)\ U. An effective T-invariant divisor on X represented by v is the desired
divisor D'. O

Proof of Theorem 2. Let X be a non-degenerate homogeneous toric variety and X the as-
sociated fan. Consider the set of rays (1) = {p1,..., p,}, the corresponding vector config-
uration {ni,...,n,} in the lattice N, and the lattice Gale transform (P, .A).

With any point x € X one associates the semigroup C(z) in C1(X) of classes of effective
divisors on X whose support does not contain x. For a point z in the open T-orbit on X
the semigroup C(z) coincides with the semigroup C of all classes of effective divisors on X.
Since X is homogeneous, we have C(x) = C for all points z € X.

By Lemma 6, the semigroup C(z) equals the semigroup generated by classes of T-
invariant prime divisors on X which do not pass through z. Under identification of the
group P with Cl(X), the semigroup C(z) coincides with the semigroup I'(¢), where o is
a cone in Y associated with the T-orbit of the point z. It shows that for a homogeneous
toric variety X we have I'(0) = A for every 0 € ¥, where A is the semigroup generated
by the collection A. In particular, I'(p;) = A for any ¢ = 1,...,r. It means that the set
{p1,...,pr} is suitable or, equivalently, the collection A is admissible.
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Finally, the condition I'(c) = A implies that the fan 3 is a subfan of the fan (P, A).
Equivalently, X is an open toric subset of the maximal S-homogeneous toric variety X’ =
X (P, A). The condition (1) = 3(P,.A)(1) implies codimx/ (X" \ X) > 2. O

Conjecture 1. Fvery non-degenerate homogeneous toric variety is S-homogeneous.

In view of Theorem 2, Conjecture 1 means that every toric variety Xy, where ¥ is a
non-strongly regular subfan of a maximal strongly regular fan, is not homogeneous. Com-
putations with low-dimensional toric varieties confirm the conjecture.

REFERENCES

[1] Ivan Arzhantsev and Ivan Bazhov. On orbits of the automorphism group on an affine toric variety.
Central Eur. J. Math. 11 (2013), no. 10, 1713-1724

[2] Ivan Arzhantsev, Ulrich Derenthal, Jirgen Hausen, and Antonio Laface. Cox rings. Cambridge Studies
in Adv. Math. 144, Cambridge University Press, New York, 2015

[3] Ivan Arzhantsev and Sergey Gaifullin. Homogeneous toric varieties. J. Lie Theory 20 (2010), no. 2,
283-293

[4] Ivan Arzhantsev and Jirgen Hausen. On embeddings of homogeneous spaces with small boundary.
J. Algebra 304 (2006), no. 2, 950-988

[5] Ivan Arzhantsev, Jirgen Hausen, Elaine Herppich, and Alvaro Liendo. The automorphism group of a
variety with torus action of complexity one. Moscow Math. J. 14 (2014), no. 3, 429-471

[6] Ivan Arzhantsev and Polina Kotenkova. Equivariant embeddings of commutative linear algebraic
groups of corank one. Documenta Math. 20 (2015), 1039-1053

[7] Ivan Arzhantsev, Karine Kuyumzhiyan, and Mikhail Zaidenberg. Flag varieties, toric varieties, and
suspensions: three instances of infinite transitivity. Sbornik: Math. 203 (2012), no. 7, 923-949

[8] Ivan Bazhov. On orbits of the automorphism group on a complete toric variety. Beitrdge zur Algebra
und Geometrie 54 (2013), no. 2, 471-481

[9] Florian Berchtold and Jiirgen Hausen. Bunches of cones in the divisor class group - A new combinatorial
language for toric varieties. Int. Math. Res. Notices 2004 (2004), no. 6, 261-302

[10] David Cox. The homogeneous coordinate ring of a toric variety. J. Alg. Geom. 4 (1995), no. 1, 17-50
[11] David Cox, John Little, and Henry Schenck. Toric varieties. Graduate Studies in Math., Vol. 124,

American Mathematical Society, Providence, RI, 2011

[12] Michel Demazure. Sous-groupes algebriques de rang maximum du groupe de Cremona. Ann. Sci. Ecole

Norm. Sup. 3 (1970), 507-588

[13] Adrien Dubouloz. The cylinder over the Koras-Russell cubic threefold has a trivial Makar-Limanov

invariant. Transform. Groups 14 (2009), no. 3, 531-539

[14] William Fulton. Introduction to toric varieties. Annals of Mathematics Studies, Vol. 131, Princeton

University Press, Princeton, NJ, 1993

[15] Alvaro Liendo. G,-actions of fiber type on affine T-varieties. J. Algebra 324 (2010), no. 12, 3653-3665
[16] Benjamin Nill. Complete toric varieties with reductive automorphism group. Math. Z. 252 (2006),

no. 4, 767-786

[17] Tadao Oda. Convex bodies and algebraic geometry: an introduction to toric varieties. A Series of

Modern Surveys in Math. 15, Springer Verlag, Berlin, 1988

[18] Tadao Oda and Hye Sook Park. Linear Gale transforms and Gel’fand-Kapranov-Zelevinskij decompo-

sitions. Tohoku Math. J. (2) 43 (1991), no. 3, 375-399

NATIONAL RESEARCH UNIVERSITY HIGHER SCHOOL OF EcoNowmics, FAcuLTty oF COMPUTER SCI-

ENCE, KOCHNOVSKIY PROEZD 3, Moscow, 125319 Russia

E-mail address: arjantsev@hse.ru



