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A B S T R A C T

The effect of cyclic loading on relaxation dynamics and mechanical properties of metallic glasses is studied using
molecular dynamics simulations. We consider the Kob-Andersen three-dimensional binary mixture rapidly
cooled across the glass transition and subjected to thousands of tension-compression cycles in the elastic range. It
was found that during cyclic loading at constant pressure, the system is relocated to progressively lower levels of
the potential energy, thus promoting greater densification and higher strength. Furthermore, with increasing
stress amplitude, the average glass density increases and the minimum of the potential energy becomes deeper,
while the elastic modulus is reduced. The typical size of clusters of atoms with large nonaffine displacements
becomes smaller over consecutive cycles, which correlates with the gradual decrease in the potential energy.
These results are important for thermomechanical processing of metallic glasses with improved mechanical
properties.

1. Introduction

Understanding the quantitative correlation between atomic struc-
ture and mechanical and physical properties of amorphous materials
such as metallic glasses is important for various structural and biome-
dical applications [1]. It is commonly accepted that deformation of
amorphous materials occurs via a series of sudden rearrangements of
small groups of particles often called shear transformation zones [2–4].
Interestingly, it was recently demonstrated that the shear modulus as
well as local shear transformations can be accurately predicted using
the ‘flexibility volume’, a parameter that combines the information of
both static atomic volume and thermal vibrations [5]. The results of
atomistic simulations of cyclic nanoindentation of metallic glasses have
revealed hardening effects that arise due to local stiffening and densi-
fication of the region containing the original yielding path [6–9]. It was
also shown that upon cyclic compression, an amorphous frictional
granular matter approaches an asymptotic configuration with maximal
volume fraction, and the universal reduction in dissipation is de-
termined by frictional losses and changes in the neighbor list [10,11].
However, the influence of complex deformation protocol and sample
preparation history on fatigue lifetime, structural changes, and yielding
requires further investigation.

Recent molecular dynamics simulation studies of the fatigue mechanism
in metallic glasses under tension-compression, strain-controlled cyclic loading

revealed that a shear band is initiated at the sample surface due to a slow
accumulation of shear transformation zones, followed by a relatively quick
propagation of a shear band across the sample [12,13]. In contrast, the results
of atomistic simulations of metallic glasses under the uniaxial stress-control
mode have shown that the plastic deformation in small-size samples proceeds
via network-like shear-transition zones [14]. Furthermore, it was demon-
strated that low-cycle fatigue tests on metallic glass nanowires result in work
hardening or softening, depending on the applied load, and, after strain-de-
pendent microscopic damage accumulation, a shear band forms rapidly
[15,16]. More recently, it was also found that well-annealed metallic glasses,
subjected to periodic compressive stress below yield, exhibit softening with
either decreasing cycling frequency or increasing stress amplitude [17]. De-
spite extensive efforts, however, how exactly the yielding transition and shear
band formation depend on the cyclic loading conditions (stress versus strain
controlled), frequency, and system size remains not fully understood.

In recent years, the mechanical response of amorphous materials
subjected to periodic shear was extensively studied using either
athermal, quasistatic [18–24] or finite temperature [25–33] molecular
dynamics simulations. Under cyclic loading, athermal systems were
shown to settle into the so-called limit cycles, where all particles return
to their positions after one or several shear cycles [19,20]. Moreover,
the number of shear cycles required to reach a steady state increases
upon approaching the yield strain from below [18–20]. Above the yield
point, periodic deformation of well-annealed glasses results in sudden
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formation of a system-spanning shear band after a number of transient
cycles and in an increase of the potential energy [12,22,29]. Re-
markably, it was recently demonstrated that in contrast to dense
amorphous systems, where the yielding transition is associated with a
drop of the elastic modulus and enhanced particle diffusion, weakly
jammed solids exhibit two-step yielding process; namely, softening at
intermediate strain amplitudes and the onset of diffusion at distinctly
larger yield strain [30].

In this paper, we investigate mechanical properties and structural
relaxation dynamics of poorly annealed binary glasses under periodic
tension-compression, stress-controlled loading using molecular dy-
namics simulations. It will be shown that during several thousand cy-
cles in the elastic range, the amorphous systems continue to explore
progressively lower potential energy states and become more dense.
The slow relaxation process is associated with small-scale irreversible
particle rearrangements that are facilitated by the applied loading. As
the stress amplitude increases, the average glass density becomes larger
and both the potential energy and elastic modulus are reduced.

The rest of the paper is structured as follows. The details of the
molecular dynamics simulation model and the stress-controlled cyclic
loading protocol are described in the next section. The numerical results
for the time dependence of the potential energy, glass density, and
elastic modulus as well as the analysis of nonaffine displacements are
presented in Section 3. The main results are briefly summarized in the
last section.

2. Details of MD simulations

Molecular dynamics simulations are carried out on a glass former
that consists of the non-additive binary mixture (80:20) first introduced
by Kob and Andersen (KA) [34] to study properties of the amorphous
metal alloy Ni P80 20 [35]. In this model, the interaction between atoms of
types =α β A B, , is given by the pairwise Lennard-Jones (LJ) potential:
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where εαβ and σαβ are the energy and length scales of the LJ potential
[36]. The interaction parameters for both types of atoms are chosen
as follows: = = = = =ε ε ε σ σ1.0, 1.5, 0.5, 0.8, 0.88AA AB BB AB BB , and

=m mA B [34]. In addition, the cutoff radius is set to =r σ2.5c αβ αβ, to
improve computational efficiency. All physical quantities are expressed
in the reduced LJ units of length, mass, energy, and time, which are
defined as = = =σ σ m m ε ε, ,AA A AA, and =τ σ m ε/ , respectively. The
total number of atoms throughout the study is =N 40, 000tot . The
equations of motion were integrated using the velocity Verlet algorithm
[36] with the time step ▵ =t τ0.005MD using the LAMMPS numerical
code [37].

We next describe the preparation procedure and the stress-con-
trolled deformation protocol at constant pressure. The system was in-
itially equilibrated at the temperature ε k1.1 / B and constant volume,
which corresponds to the atomic density = + = −ρ ρ ρ σ1.2A B

3. Here, kB

denotes the Boltzmann constant. This temperature is well above the
glass transition temperature of the KA model at the density = −ρ σ1.2 3

[34]. In the next step, the temperature was instantaneously reduced to
=T ε k0.1 /LJ B below the glass transition, and the pressure along the ̂x

and ̂y directions was set to zero. In contrast, the normal stress along the
̂z direction was varied periodically with the period of oscillations
=T τ500 . More specifically, the normal stress σzz was changed piece-

wise linearly as follows: from 0 to σzz
max during T/4, from σzz

max to −σzz
max

during T/2, and from −σzz
max back to 0 during T/4. Thus, the average of

σzz over the oscillation period is zero, and the system was subjected to
5000 stress-controlled, tension-compression cycles. In all simulations,
periodic boundary conditions were applied along the ̂ ̂x y, , and ̂z di-
rections. The data for the potential energy, stresses, system dimensions,

and atomic configurations were collected in one sample for the post-
processing analysis (see Fig. 1).

3. Results

As described in the previous section, the normal stress in the ̂z di-
rection was applied piecewise linearly in time with the oscillation
period =T τ500 . As an example, the actual stress σzz measured in MD
simulations during the first 5 cycles after the thermal quench to the
temperature =T ε k0.1 /LJ B is presented in Fig. 2 for two values of the
stress amplitude. As expected, it can be seen that the stress variation is
linear with superimposed fluctuations during the consecutive time in-
tervals. Note also that in the case = −σ εσ0.8zz

max 3, the stress becomes
slightly smaller than the value − −εσ0.8 3, when the sample is at max-
imum tension. It should be emphasized that due to periodic boundary
conditions in the transverse directions, it is expected that a shear band

Fig. 1. A snapshot of the Lennard-Jones binary glass ( =N 40, 000tot ) after the
quench to the temperature =T ε k0.1 /LJ B. The time-dependent stress σ t( )zz is
applied along the ̂z direction, while the normal stresses along the ̂x and ̂y
directions are kept constant (see text for details). Note that atoms of types A and
B (indicated by blue and red circles) are now shown to scale. (For interpretation
of the references to color in this figure legend, the reader is referred to the web
version of this article.)
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Fig. 2. The time series of the normal stress σzz (in units of −εσ 3) during the first 5
periods after the thermal quench to the temperature =T ε k0.1 /LJ B. The stress
amplitude is = −σ εσ0.4zz

max 3 (blue lines) and = −σ εσ0.8zz
max 3 (red lines). The

oscillation period is =T τ500 . (For interpretation of the references to color in
this figure legend, the reader is referred to the web version of this article.)
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will be formed in a plane perpendicular to the loading direction at
sufficiently large strain amplitudes (not considered in the present
study). In order to observe the formation of shear bands at about °45
with respect to the loading direction, the simulation cell must have non-
periodic boundary conditions in at least one of the transverse directions
[12].

The variation of the potential energy as a function of time is shown
in Fig. 3 for the stress amplitudes =σ σ ε/ 0, 0.2, 0.4, 0.6, 0.8zz

max 3 , and
1.0. It becomes apparent, when plotted on the log scale, that in all cases
the potential energy decreases monotonically during the whole time
interval of 5000 cycles, thus slowly approaching the level of energy
minimum. Note that similar results for the potential energy series were
reported for periodically sheared glasses at constant volume and suffi-
ciently high temperatures ⩾T ε k0.01 /LJ B in the elastic range [32,33],
while at lower temperatures and in athermal systems, the potential
energy levels off after about 100 shear cycles near the critical strain
amplitude [18,19,32]. Typically, the number of cycles required to reach
a steady state decreases when the strain amplitude is reduced away
from the critical value [18,19,22,32].

The upper black curve in Fig. 3 denotes the data for =σ 0zz
max , i.e., it

represents a physical aging process at constant pressure applied in all
three dimensions, which leads to progressively lower energy states and
higher glass density (discussed below). It was demonstrated previously
that, when the temperature of the KA mixture is reduced below the
glass transition and the system is allowed to evolve at constant volume,
the potential energy decreases as a power-law function of time and the
two-times correlation functions exhibit strong time and waiting time
dependence [38,39]. Furthermore, as shown in Fig. 3, with increasing
stress amplitude, the minimum of the potential energy becomes deeper
and the amplitude of the energy oscillations increases. Note that in
order to avoid overlap between different curves, the data are displaced
vertically in Fig. 3. The average value of the potential energy after 5000
cycles was estimated as follows. After the last cycle, the pressure was
set to zero in all three dimensions (i.e., =σ 0zz

max ) and the system was
allowed to relax during τ104 . Thus, the average value of the potential
energy during the time interval τ104 is reported in the inset to Fig. 3. It
can be seen that periodic loading with larger stress amplitudes results in
lower values of the potential energy.

Next, the time evolution of the average glass density is plotted in
Fig. 4 for the indicated stress amplitudes. It is evident that both
quiescent glass at constant pressure and periodically stressed glasses

become more dense over time. Similar to the potential energy, the
average glass density was extracted from the data during the additional
time interval of τ104 at constant (zero) pressure after 5000 cycles. The
results are summarized in the inset in Fig. 4. It can be observed that the
long-time average density becomes larger with increasing strain am-
plitude. Over many cycles, the more efficient packing at higher strain
amplitudes is achieved because groups of atoms can rearrange more
easily when a system is under tension, thus leading to lower energy
states at higher densities. Note, however, that the glass density at zero
pressure in the quiescent sample is slightly lower than at the strain
amplitude =σ σ ε/ 0.01zz

max 3 , as shown in the inset to Fig. 4. Most prob-
ably this behavior can be ascribed to a particular realization of disorder.

The time dependence of the elastic modulus, E, is reported in Fig. 5
for the selected strain amplitudes. In our study, the modulus was
computed simply as a ratio of the stress amplitude and the strain am-
plitude for every cycle. As can be seen, E increases on average as a
function of time for each stress amplitude. Note that the data are more
noisy at smaller stress amplitudes. Furthermore, the inset in Fig. 5
shows E, averaged over the last 100 cycles, versus the stress amplitude
σzz

max. Although the data are somewhat scattered, the trend is evident;
namely, the elastic modulus decreases at larger stress amplitudes. These
results are consistent with conclusions from the previous MD study on
periodically sheared binary glasses at constant volume, where it was
found that, with increasing strain amplitude up to a critical value, the
potential energy slightly decreases but at the same time the storage
modulus is also reduced [33]. This trend can be rationalized by rea-
lizing that, when the strain amplitude increases, nonaffine displace-
ments of atoms become increasingly broadly distributed in strained
samples, leading to a local stress relaxation and a decrease in the elastic
modulus [28].

We next analyze the spatial distribution of atoms with large non-
affine displacements after a full cycle. To remind, the nonaffine mea-
sure is computed numerically using the transformation matrix Ji, which
linearly transforms the positions of neighboring atoms during the time
interval tΔ and minimizes the quantity D t t( , Δ )2 in the following ex-
pression [4]:

∑= + − + − −
=

D t t
N

t t t t t tr r J r r( , Δ ) 1 { ( Δ ) ( Δ ) [ ( ) ( )]} ,
i j

N

j i i j i
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Fig. 3. The potential energy per atom U ε/ during 5000 tension-compression cycles
after the thermal quench for different stress amplitudes. The data are displaced by
− ε0.02 for = −σ εσ0.2zz

max 3 (red), by − ε0.04 for = −σ εσ0.4zz
max 3 (green), by − ε0.06

for = −σ εσ0.6zz
max 3 (blue), by− ε0.08 for = −σ εσ0.8zz

max 3 (orange), and by− ε0.10 for
= −σ εσ1.0zz

max 3 (brown). The data for =σ 0zz
max are indicated by the black curve.

The inset shows the average Umin, computed after 5000 cycles, as a function of the
stress amplitude σzz

max . The period of oscillations is =T τ500 and the temperature is
=T ε k0.1 /LJ B. (For interpretation of the references to color in this figure legend, the

reader is referred to the web version of this article.)

1 100 1000 5000
1.2

1.22

1.24

1.26

1.28

1.3

0 0.3 0.6 0.9

σzz
max

1.206

1.208

1.21

ρσ
3

Fig. 4. The time dependence of the glass density, ρσ3, during 5000 cycles for
the stress amplitudes =σ σ ε/ 0.0, 0.2, 0.4, 0.6zz

max 3 , 0.8, and 1.0 (from bottom to
top). For clarity, the data are displaced vertically by+ σ0.01 3 for = −σ εσ0.2zz

max 3

(red), by + σ0.02 3 for = −σ εσ0.4zz
max 3 (green), by + σ0.03 3 for = −σ εσ0.6zz

max 3

(blue), by + σ0.04 3 for = −σ εσ0.8zz
max 3 (orange), and by + σ0.055 3 for

= −σ εσ1.0zz
max 3 (brown). The vertical displacements of the data are marked by

the arrows. The inset shows the average glass density after 5000 cycles as a
function of the stress amplitude (see text for details). (For interpretation of the
references to color in this figure legend, the reader is referred to the web ver-
sion of this article.)
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where the sum is taken over nearest neighbors within the cutoff dis-
tance of σ1.5 from the position of the i-th atom tr ( )i . Based on the
previous analysis, it is expected that at sufficiently low temperatures,
the system starts to deform reversibly after a number of transient cycles,
and the nonaffine displacements of atoms after a full cycle will be

smaller than the cage size [32]. In contrast, above the critical strain
amplitude, it was found that in steady state of deformation at finite
temperature, a significant fraction of atoms undergo large nonaffine
displacements after a full cycle and form a system-spanning shear band
in both well [29] and poorly [33] annealed glasses.

The consecutive snapshots of atomic positions with large nonaffine
displacements are displayed in Fig. 6 for the stress amplitude

= −σ εσ0.2zz
max 3 and in Fig. 7 for = −σ εσ1.0zz

max 3. In each case, the non-
affine measure, Eq. (2), was computed for atomic configurations at the
beginning and at the end of a cycle when the applied stress is zero, i.e.,

=t TΔ . It can be seen from Figs. 6(a) and 7(a) that after the first ten
oscillation periods following the thermal quench, the atoms with rela-
tively large nonaffine displacements, >D T T σ(9 , ) 0.042 2, form a
number of compact clusters. After hundreds of cycles, the irreversible
rearrangements become rare and they mostly consist of isolated smaller
(type B) atoms that are more mobile. We note that the presence of a
finite number of atoms with large nonaffine displacements after 5000
cycles [see Figs. 6(d) and 7(d)] is consistent with the continuing decay
of the potential energy and glass densification shown in Figs. 3 and 4,
respectively. In other words, as the number of cycles increases up to
5000, the system continues to explore states with lower potential en-
ergy via occasional irreversible rearrangements of small groups of
atoms. Finally, the absence of a shear band that consists of atoms with
large nonaffine displacements during the time interval T5000 confirms
that the system deforms elastically even at the largest stress amplitude
considered in the present study.

4. Conclusions

In summary, the influence of the stress-controlled, tension-com-
pression cyclic loading on mechanical properties of binary glasses was
examined using molecular dynamics simulations. The model glass was
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Fig. 5. The variation of the elastic modulus, E (in units of −εσ 3), during 5000
cycles for the stress amplitudes =σ σ ε/ 0.2zz
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of this article.)
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represented by a non-additive binary mixture, which was rapidly
cooled from a liquid state to a temperature well below the glass tran-
sition. The uniaxial tension-compression loading was applied periodi-
cally, while the pressure in lateral directions was kept constant. In such
a setup, during thousands of cycles in the elastic regime, the systems
continue relocating into the states with deeper potential energy minima
and gradually become denser and stronger. It was found that under
cycling loading with larger stress amplitudes, the samples become more
dense, the minimum of the potential energy is lower, and the elastic
modulus is reduced. Finally, the slow relaxation process is accompanied
with the appearance of clusters of atoms with large nonaffine dis-
placements, whose typical size becomes smaller as the number of cycles
increases.
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